


. 4.2 Calcull‘.\sv

GEOMETRICAL MEANING OF A DERIVATIVE

The essence of calculus is the derivative. The derivative is the -

instantaneous rate of change of a function with respect to one of
its variables. This is equivalent to finding the slope of the

tangent line to the function at a point. Let us use the view of

derivatives as tangents to motivate a geometric definition of the
derivative (Fig. 4.1).

y

Fig. 4.1

Let P(xy, f(xo)) and Q(xo + b, fx + h)) be two points very close
to each other on the curve y = f(x). Draw .PM and ON
- perpendiculars from P and O on x-axis, and draw PL as

perpendicular from P on ON. Let the chord PQ produced meet -

. the x-axis at R and ZOPL = ZORN = ¢.
Now in right-angled triangle OLP,

o 0= QL _NQ-NL _NQ-MP
PL MN ON-OM
= flro+h)—f(x) »

(g +h)—x

_ S-S
h

@

when h > 0, the point Q moving along the cﬁrve tends to P, ie,Q
— P. The chord PQ approaches the tangent line PT at the point P
and then ¢ — y. Now, applying lllm}) in equation (1), we get

11mtan¢ - lim.f(xo +h)—f(x0) :

>0 h—0 h
. +h)—

h—0 h
+h)—
or fl(xo) = lim f(x() })z f(xO)

h—0 .
This definition of derivative is also called the first principle of
derivative. Clearly, the domain of definition of f ’(x) is wherever

the above limit exists.

IR L8 Find the derivative of eJ; w.r.t. x using the first
' principle. ' ‘

Sol. Letf(x)= e sthenf(x+h)= e

fG+h) - f(x)

. a4 o
L= i h

=

._ I el rh—x g _,/x+h—\/; -.
50 (Vx+h-x h
G

Vs .. - le : -1
lim | ———
h—0 L\/;T;_,_\/;]x

(x+h=0) (Jr+h+x)

h(\Jx+h +x)

- ¢ lm (——ey-_l fim —2RE
0y Jho0 h(x+h+lx)’
wherey = Jx + —Jx (- when k —-0,y—=>0)"

| ¥
= eJ;Xlx _L._ =e__.
Jr+dx) 2x

I f(x) = x tan”! x, find f*(+/3 ) using the first -

- principle.

Sol. We have f"(x) = }1!1;;(1) L"*_")_‘fﬁ

h o
- /(4B) = m f(ﬁ +;2—f(J§)
_ gL ) ()
h—0 h .
B (5 en) e e (o)
h—0 _ h

NG NCES BN
= 1im 22 tan | 2 timtan T (V3 +4
0 b | 143(43 +h) h—%an (3 +1)

NN
tan .l( ] . .
: 4+J§h 1
+ lim tan™ (+/3+A)

4+\/§h h—0

=J§lim

h—0 h

4431

=>f’(~/3)= xﬁX1X%+tan_l\/§

3 + tan™ \/5

sl



Methods of Differentiation 4.3

Example EW Find the derivaﬁve of ,/4 —x w.r.t. x using the

. first principle.

Sol. Letf(x) J4=x, then f(x+h)= \J4- (x+h
(f( )) (x +h)—f(x)

h—>o h

4— h) —J4 -
e (x+ ) ,/ x
_h—0 h

{\/;1 (x+h) \/4 x}{rx+h \ﬁl x}

=;}_1?3 | h-{\f4——(x+h)+ 4= x}

_ (x+h) -(4-x)
”"0 h{\/zl x+h) + J4—x}
—h . _1

= lim —— =
h—0 h{\/47--x—h+ 4—x} 2\/4—*;
Using the first principle, prove that
_d_( 1 J -f'()
Ca\f®)) [r@T

,then ¢ (x +h) =

- 1
Sol.._Let¢— f()c) f(x+h)
Cod N d(x+h)—¢(x)
L {o(e) - IS

1 _'I
g LR ()

k-0 hv .
@S
=0 hf (x) f (x+h)

F(x)=f(x+h) i 1

= h w0 f(x) f(x +l.h)
, 1. '
70 7@

[fx) is differentiable = f(x) 1s continuous

= lim flc+h)=f(x)]

1. Differentiate the following functions with respect to
. x using the first principle:

a.. -\lsinx b. cos?x
¢ tan”' x © d.log x

2. Using the first principle, prove that
(f (X)g(JC)) f (X)— (g(x) + U(X)——(f (x))-

STANDARD DERIVATIVES -

a —x"=m"!,xeR,neR,x>0

d

c¢. —(@)=a'l
dx(a) a lna
d 1-

d. —(n ==

v dx( 1xh==

o d 1

e. —(lo =1
o g, x)=—log, e
4 ,

f. —(sinx)=cos

: dx(‘l X) x

g. d—‘x-(cosx)=—sinx

h. i(tanx)=se:c23"c
dx

i %(cotx)=—cosec2x

i 4 (secx) =secxtan x
)- e .

d o
k. 2; (cosec x) =—cosec xcot x

1. 1

d
. —(in" x)=
& (1-2%)
m. i(cos_1 x)= -
dx 1-2%)
- d O
n. —(tan "x)=
dx( . ) 1+ x?
d 1 -
0. —(cot x)=
dx( ) 14X
d —1 1 )
p. —(sec xX)=—F—
dx x\/(xz—l)
-1

d
q. —(cosec™lx) =

x\/(xz -1

Some Standard Substitutions

Expression Substitution
22 .
a’—x x=asinfor a cosf
2, 2

a“+x - x=aqatanBor acotf



4.4 Calculus

x? —a x=a secfor a cosecOd

a +x
a—x a+x )
: o d
B Exampic 4.5 [iaE] ) (142 (1—x""%), then find Ey

Sol. y=(1+x")(1 +x”2) (1-x
p— (1 + xl/4) (1 xll4) (1 +xlf2)
1 -x"?) (1 +x17)
=1-x ‘
dy

= —=-1
dx

IRCVNI XN If f/(x) =x|x]|, then prove that f*(x) = 2x].
—xz_, x< 0
Sol. f(x)= { .

xz,xZO

‘x=acosBoracos26

-2x,x<0
2x, x>0

= f'(x) ={
e f@=2x

1— cost T '
led.7 PSSR —, 7 |,then
- / ve (0.2)o(Z.7)

ﬁ d
: dx
Sol. We have
’1 cos 2x _
1+cos2x

= y=|tan x|, where x € (0,_ —g)u(g,n)

2sin’ x /—_

2cos* x

<(03)
: 2
=Y T
—tanx, xe( ,7[)
sec? X, 1f xe(O, E)
dy 2

dx
—sec? x, if xe(-;g, 77:]

2 .3 n
5 ¥ X X X b
Example 4.8 Ify 1+ — 1 —+ ; + -?;"- +-t —— then

n

show that Q—y+——=0.
dx

n!
dy 1 . 1 a
Sol. E = 0+1'+ (2x)+ ( X )+ +n!,(nx )
x x° x"”]
=1l+—+—+

....+__—
12 (n—1)!

x x2 xn-—l " "
= {1+—4+— -+t b —
2! (n-DY nl| n!

X
=y-=
n!
d n
s Bt
dx n!

DIFFERENTIATION OF INVERSE
TRIGONOMETRIC FUNCTIONS

Example4.9 Qahtl % fory =sin™ (cos x), where x € 0,2m).
Sol. We have

s T -
sin™! (cos x) = 5 cos™(cosx)

——Xx, if0<x<7rx -

/4 . :
5" Q2r-x), if t<x<2m-

——x, if0<x<m

3 e
lx——, fr<x<2m
2.
Clearly, it is not differentiable at x = 7. Therefore,

.d . -1 _ .—‘1, if O<x<xm
dx{sm (cosx)} = {

IRE I EBUN Differentiate sin

- x,if

1, if7z:<x<27z:

! (2x \/l -x? ) with respect to

a.——-<x<—_ b — <x<1 -
2 N V2

c.—1<x<—,L

. V2
Sol. Lety=sin"! (2x \1- x> )

Substituting x =sin6, where 8=sin"'x, and O [—% g] ,

we gety =sin" ! (2 sin@cos8) = sin” '(sin 26)
- 1 1 n 3 T T
A ——=<x<—= -~ <0<~ =2 <20< —
2 J2 4 4 2 2
=y =sin'(sin20) =20 =2 sin"' x
) _

. \fl—xz

-1 : T T T
b. = <x<1= — <0<~ =5 = <20<x
2 "4 2 2

=

&|&

= y=sin ' (sin 20) = sin" ! (sin (7~ 26)) =726
=y= w—2sin"'x

dy 2 2
\/l—r \/l—.—xz




. 1 ;4 i3 o K
- = D << <2< =
¢ ~1<x< ﬁ=> > 6< 4=> <20 >
= y=sin"!(sin26) =sin" (—-sm(71:+26))>
- =sin" ! (sin (- - 26))
=—m—20

=y ——7: 2 sin” 'x

- =>d—=—0—\/——— \/—-

; i [1=cosx 2sin* >

: Sol. y= tan - =tan!

| Sm.x 2sin> cos—
r
2

=ta.n_-l[tanzc-)=-)£ ('.'—71:<x<7r=>— -{<_7E)
2 2 2 2

CIfy=sin" [x,/l x——«/—wll— ]and

dy
0<x<1,th find 2 .
x en fin -

'Soj y=sin'1 xy1-— —‘&/_sll—xz] where 0 <x<1
_—sm Ly = (V)P = Vxy1 - #%]

—smlx sin”? v/x

[~ sin!x—sin™y =sin (xf1-y* -y \ﬁ— **)]
‘ Diﬁ‘erentiatingw r.t.x, we get :

Y 4 (V)
d"J J(f

[ ,/ -x 2\/—
dy a-x v
Example4.13 JB3 G EEg fory—tan ,—a<x<a.
. dx - Va+x

x
Sel. y=tan_1{ 2 },where—a<x<a
: at+x|

Substituting x = a cos6, we get
: _1{ 'a—acose}
y =tan R ———
ata cosf
4 1-cos@
= tan
: 1+ cos6
= tan™ {‘/ianz Q}
. 2

. el
|tan —
2

= tan™

1
E\ample4 i} Find Z};fory tan~' -—ﬁf} ~A<X<T.

Methods of Differentiation 4.5

Alsofor—a<x<ua, —1<cos <1

=0e(0,n)= g € (0, E)

_6_. = tan—l (tan Q) = g = l COS_I f
2 2 2 _ 2 a
% 1

-1

.y =tan  |[tan

‘Find % for the following functions:
3/4
x—=2
1.y=logie"| —
T g{ (x+2) }

2.y= sec'l[ﬁi:] + sin'l(ﬁzi)

3. ta 4x -1 24+3x
n! :
- 1 +5x2 3-2x
_ \/1+x2 -1 ‘
4, y= tan I(T],wherex¢0
5-y=tén“l a2 oY cqsx—bsinx v\';vhere—'zt— <'x<’£
. bcosx +a sinx )’ o 2. '

and % tanx>—1

7.y=sin” l[ x J+cos 1( ! J where 0 <x <
. - ——— — |, X [}
‘\/1+Jc2 \/l+x2 :

3

] where — 1<x<1 x¢0

-1 3a’x—x
~a(a* -3x%)

0.y sin-t| SEF12 1-x°
-y BT

10. y= tan™! (—x——)
1+1-%2

THEOREMS ON DERIVATIVES

‘8. y=tan

a —{fl(X)+fz(X)}——f1( )+ oS
d

b. —d—x(lg‘ x)= k— _f (x), where kis any constant.
d
¢ Zx—{fn () ()} = f(x)—fz(x) +fo(x)— f;(x)- :



4.6 Calculus

- In general; v
gener,
EITEYACYACIE CFIoY TASYACH

J{%fzo‘))('fx (0 f3(®)--)
+(il-f3,(x)) RN HE-)+-

A= fl(x) fz(x)
L@

a 1{f<x>} R
-2 W1C0) B

xample FSEN Find Ey fory=x sinx logx.
Sol. We have ' _
o d fd . '
2 (xsi ={— sin xlog x
-dx(xsmxlogx) {dx(x)} xlog
9 (sinx) logx+xsinx- (log.x)
+x;(smx) g3 e g

. ' . 1
=1xsinx X logx+xxcosxxlogx+xXsinxx —
x,
—smxlogx+x cos x log x +sinx

Example4 15 Ify ’ ,provethat(l xz) +y 0.

Sol. We have:
_ ’I =X
_ 7T \1ex
Differentiating w.r. t. x, we get v
11T d (1)
de 2\l+x) - de\lex
- d \d
1 [iex (1+x)_a(l—x)—(l—;);
- 2V1-x (1'-I-x)2

1 fl+x (+x)(-)-(1-x)(Q) -
5\[: '(lfx)z

(1+x)

B L
1-x (1+x)
dy__Jxx 1 4 o
= (l—l-x )— T—x (1+x)2 (l x )
: 1=x
=>(1_x)dx 1+x
(A-x)— ==

IRElERGE  Find the sum of the series 1 + 2x + 3x?

+ (n— 1)x" using differentiation.

)
Sol. Weknowthat 1+x+x>+...+x" 1= 11 ad
-X. -
Differentiating both sides w.r. tx we get-
0+1 +2x+3x2+ -+ (n— 1)33'-2

(1 X)—(l x")-(1- X)—(l x)

(1-x)*
= l+2x+3x2+.:..+(n_l)xn—2 —(1=x)nx"" +(1 x)
R - (1-x)?
= 1+2x+3x2+'-..+(n_1)xn—2="nX"“l+(n—1)x +1
i . (1—__x)2

IREN VI LERER If siny =x cos (2 +y), show that

dy cos®(a+y)
dx  cosa
atx=0.
We have
x=siny/cos (@a+y) - : I ( )
Differentiating w.r.t. y, we get ‘
dx _ cosycos(a+y) +sin ysin (a +y)
&y -~ cos’(a +y) '
dx _ cos(a+y —y)
&y cos® (a+y)
7, cos? (a+y).
= %= : C(()sa )
Putting x =0 in equation (1), siny =0 = y=nm,Vne I

=12 .-

, and find the vélue of dy/dx

Sol.

cos’ (a + nm) _cos’a

-=C0sa
COS a cosa -

DIFFERENTIATION OF COMPOSITE FUNCTIONS_

" (CHAIN RULE)

If f{x) and g(x) are two dlfferentlable ﬁmctlons then fog is also
differentiable, and (Ibg) (x) =f"(g(x)). g'®

or, 4 (o) )} = ;i(—) {(r08 )(x)}% ((x)).

. or
If y is a function of tandtlsafunctlon of x, then
Y _&
de dt  dx
Thus, if y= £ (¢) and ¢ = ¢(x), then f()
a .,
ot A0
dy _dy at
== X = Th
o d (D 9(x). 1srulelscalledChamRule



Methods of Differentiation 4.7

This chain rule can be extended as follows: » ' o ' (2
Lety '=f(t), t= ¢(Z), z= W(x)> B ) x cot (? — 1]

dy _dy at dz ..., , : ' = = _
then—=—x—X—=f(t)¢(z)l;l(x) . 2

& dt dz 3 |log sin(x——l)
Lety=logsinx —logt _ ' _ : 3

3_ ' . . ,
Putt:’gt dsm;f sin z, and puttmgz—x3 . Example 4.20 gl % fory=1log (x+ \/az + x?).
ly  dt S
AL NN Sy 3x2 .

= dx dtxdz dx ( )cosz Sol. y=log(x+ ‘/az +x2)

= (1/sin x°) (cos X’)x3x* = 3x"cot x*

| Example 4.18 [Be8 % fory=sine + 1),

Sol. Lety= =sin(x*+1).
Putting 2z = =x*+1, wegety—smu

Then % = % {log (et Jat +x%)}

Q = cosu and ,‘—1—.=2x
du . dx
dy : dy. du
N - = X —
o du . dx
= % = cosu 2x = 2xcos(x> +1)

Example 4.19 Bty \Fg {sin [%— - 1)} , then find % .

e efe(5)

_ 2 . 2 . dy . L
Putting x? 1=+, we getsin (L _ 1) —sinv=u,and Find o for the following functions:
_ T ' . ‘ 1. y=sinJ1-x) + cos'Vx
2 ' = [si
log {sin (i— - 1)} =logu=z, » 2. y=sinVx
3 . | 3. y esmx2
Dol ' ’ 2 4 =log\lsii1\/—:
wegety \/; z=log u, u=smvandv—?—1 (sm‘)
. ’ 5. y=a
. _ N+ sin x .
. g ,iz'=l,d—u=cosvand & _= 6. y=l°ge\’1_'sin » Where x = /3
dz 2z du uav & 3 : _ x
7. Ify=(1+x) 1+ 1 +xY... 0+x¥), then find
Now,_dl=d_y.x£x@_x£{‘i - —d—y-atx=0.
~dx  dz u dv  dx ' dx
: ' . dy log x
&y ) 1 22} x  cos v 8. Ifx”=e""7, prove that g
o B[ osy (2] - L (1+1og)
dx 2z J\u 3 3 u.flogu . oa i
' 9. Ifx 1+y +yvJ1+x =0, prove that Ey =——

(x+l)2 )




’ 4 8 Calculus

DIFFERENTIATION OF IMPLICIT FUNCTIONS

If variables x and y are connected by a relation of the form
f(x,y) =0 and it is not possible or convenient to express y as
a function x, i.e., in the form y=¢(x), then y is said to be an

impli'cit function of x. To find % in such a case, we

dlfferentlate both sides of the given relation with respect to
x, keeping in mlnd that the derlvatlve of ¢(y) with respect to

Lod

x1is —Exd—y
dy dx

For example,

' d, . -\ _ dy d(ay_. d
?i—x_(smy) =cosy—— Zx_(y )—2y =

d,.
It should be noted that zd—‘(sm y) =cosy
y ‘

but gx—(sin y) =cosy%-

“Similarly, we have 4 ( y3) =3y?,
A dy ] .

2 dy
dx
A direct formula for implicit functions

Letf(x,y) = 0. Take all the terms towards left side and put the left
side equal to f x, ).

whereas —j—x( ) 3y

dy differentiation of f w.rt. x keepmg y as constant
. Then —=-—
v dx differentiation of f w.r.t.y keepmg x as constant

B 1572yt fnd

Sol. We have
o xr42xy+y=4
Differentiating both sides w.r.t. x, we get

) Lonl)- Y

=2+2 (xi—+y 1)+3y2 Y _o
dx dx

- dy_ 2(x+y)
dx (Zx +3 y2 )
Alternative method

dy differentiation of f w.r.t.x keeping yas constant

4 differentiation of f w.r.t. y keeping x as constant

2x+2y
-2x+3y2

ll Example 4.22 Ify=x+___L1__

Sol.

‘ prove that — &

We have

Ax+_———

1

x+

X+---

-

dx2yx

y=xt ———7—

¥y

:> — —
dx 2y-—x

[Differentiating both sides w.r.t. x]

xample 4.23 If Vx + \/; =4, then find gx_ aty='i1.\.

Ly

Sol. Differentiating both sides of the given equation w.r.t. y, we

get

1,

2y—

Vi Jy-4

A

_1-4_ 4
1

Example 4.24 Bigke ,/x log, x ,then find % atx=e.

Sol.

dy .

1

- loc
dr 2xlog, x dxt og. 1]

xxl +1xlo
2y/x log, x x Be
dy
dx:lx=€ 2 (1+1)_

\/—

(+ loge=

1Y)



1. Ifx3+f=3axy;ﬂnd —le |

<2 Iflog(xzﬂi-yz)=2tan‘1 ( ) show that — 4
X/ dx

3. fy= sinx+y , then find %
4, fx= ,/ —y* , then find 2 in termas of .
XTyl=yt, then neT, mTams L

5. Ify=b tan™ (f+tan“ll), find 2.
a x) dx

6. Ify= /sinx+ sinx+‘/sinx+---tooo,provethat
dy _cosx
dx 2y-1

DIFFERENTIATION OF FUNCTIONS IN
PARAMETRIC FORM |

‘ _Sometlmes x and y are given as functlons ofa smgle varlable
i.e.,x=¢(f), y= y(r) are two functions and tis a variable. In such
a case x and y are called parametric functions or parametric

equations and ? is called the parameter. “To find % in case of

parametric functions, we first obtain the relationship between x
and y by eliminating the parameter ¢ and then we differentiate it
with respect to x. But every time it is not convement to eliminate

the parameter. Therefore, % can also be obtained by the

following formula
dy _ dy/dt
G dx dx/dt

Example 4.25 [Bgu8 % if x=a(6~sin B)andy=a(l —cos 9).

Soi. We have, x = a(8—sin 8) and y = a(1 — cos 6)

= & _ a(l—cos8) and ﬂ1~=asir19
do do

dy _dyldo

dx dx/db

asin@

_ _ 2sin(8/2)cos(8/2) - cot?
a(l—cos8)

2sin%(6/2) 2

Methods of Differentiation 4.9

Ifx*aseceandy—atanf)ﬁnd Z at

=

Wiy

Sol. We have x =a sec’8and y = a tan’@

& 3asec29——(sec0) = 3asec® Otan @
de do

and’ Zo = 3atan® G—B(tan._e) =3a tagzese& 6

dv dy/de 3atan®Osec’® _ tanf.
= = - - = ——'=5in@
dx dx/d6 - 3asec’Otan@ - sech
= (2) =sinZ = ﬁ
dx Jgrs3 3 2

Example 4.27 Lety=x3 —8x+7andx=f{({).If % =2 and

x=3 att=0, then find the value of ;ﬂ att=0.
. t

Sol. We have y=x>—8x+7
= & =3x>-8
e "5

It is given that when ¢ =0, x = 3.

L dy 2 o
.'.whent=0,—=3.3 =8=19.
Lodx 9.
dy dyldt - )
Also, Z = 2% (1)
o dx dxldt :
. dy dy
Since, when =0, ——19 nd
dx b
2
from(l), 19= ——
- dx/dt
& _2

: 3
2. Ifx=acos’ 6,y=bsin’ , find ‘;—y at 6=0..

3. Ifx—\/ s = e g > 0and -1 <t<1,

show that d— 4 .
dx

X
. . d .
4, Find Y atx = /4 for x= a[cost+llogtan2£
dx : | 2. 24

andy=asin £




4.10 Calculus

DIFFERENTIATION USING LOGARITHM

Ify= AP ory—fl(x) f®) f_v,(x)

ory= ADLE L)

. &%) 8(x) g3(%)--
then it is convenient to take the logarithm of the function
first and ther differentiate.

(Siﬂ x)log cos x» , fin d dy

For example, if y =

@ _ (diff. of y keéping base sin x as constanf)
+ (diff. of y keeping power log cos x as constant)

logcosx

. . 1 .
— (sinx) log sinx—— (—sin x)

+log (cosx). (sin x)0°gc°sx~l) COS X.

' E‘(aple\4 p1R Ifx" y"=(x ) i
Sol. We havex™y"=(x +y)'"+"

Taking log on both sides; we get

mlogx+nlogy= (m+n)logx+y)

Differentiating both sides w.r.t. x, we get

| 1 dy mind

+y£( x+y)

, prove that b_2
‘ de x

' {n m+n}dy _m+n_m
=> —— _— = —
dx x+y Xx

ﬂ{nx—i—ny—my—ﬁy}@' {mx+nx mx—my}

y(x+y) dx (x+y)x
L memydy  memy
yx+y)de  (x+y)x
Y2
dx x

for y = (sin x)"*&%.

dy
le 4.29 F d
Exampe 1n P

log x

Sol. Lety = (sin x)
Then y= elog xloo sin x
Differentiating both sides w.r.t. x, we get

& _ glogxlogsinx i {log x log sin x}

dx
: dy < logx
= =~ = (sinx)
i (sinx)
X {log sinxi— (Ing)+iogxi(logsinx)
dx dx g
Cdy . \ogx {logsinx 1
= — ={sinx ———+logx
i (sinx) > ogx s‘inxcosx
- 4 =(sin. )hgx {___logs +cotx10gx}
dx x

Example4.30 Bl xr ﬁndj‘:

Sol. Since by deleting a single term from an infinite series, it .
remains satne.
Therefore, the given function may be written as
y=x
=logy=ylogx
L ldy -

dxlox+l
s dx gx+y

[Diff. both sides w.r.t.x]
N4 {l-ylogx} _ y
“dx y x
d___ Vo
dx  x(1-ylogx)

32
Example %3 . Find the derivative of %)2—4)—— wr.t.x.

J_ (x+4)3’ 2
(4x-3)*?
Taking log of both sides, we get

Sol. Let =

-1 3
logy= Elogx +-2-10g(x+4)—§10g(4x—3)

’ Diﬂ'erentiating both sides w.r.t. x, we get

ldy 3 1 4 1
— —=X x4
ydx 2x 2x+4 3 4x-3

dy {1 3 16 }

= ==y +

Cac T |2x 2x+4) 3(4x-3)

P JxG+4)*? 1,3 16
de (4x-3)"? |2x 2(x+4) T 3(4x-3)

Use of logarithm helps in finding the sum of special series given
in the following examples. '

Example4.32 Ifx<l, prové that

1 2x  4x° 1
+ + Heoo= )
1+x 1+x> 1+x* 1-x




Sol. The given series is in the form

O ACIAGON
R 1€)) fz(x) fs(x)
k Then consider the product fl(x)sz(x)Xf3(x) f,,(x)

Now (1-)(1+) (1 +¥) 1+ .. A+ ) ()
—A-AA+D A+ . 1+ )

(=) +aY .+

LA+

V -n—.l ‘ -1
=(1-2 )+ )
=1_ x2"
’ n-1
Now whenn — o0, x> —0 (- x<1)
. taking n — e, in (1) we get
(1—x)(1+x)(1+x‘)(1+x)
_ Taking logarithm, we get-
log(1 —x) +log(1 +x)+1og (1 +x)+log (1 +x )+
Differentiating w.r.t.“x’, we get
1 - 1 2 4x°
— + + +
1-x  1+x 14x% 1+x*
1o, 2 4x° NI
T+ 142 14t 1-x

1. Find & fory=x".

* 2. If y* =", then find &

3. Ifx= eyJ.'e“—m” , where x > 0, then find %

4. If y = (tanx)®@"", then find % atx = /4.

J1 x? (2x+3)"? e &

= +2)2/3 , fin Td;atx=0.

DIFFERENTIATION OF ONE FUNCTION W.R.T.
OTHER FUNCTION. '

Letu=f(x)andv= g(x) be the two functions of x. Then to
find the derivative of f(x) w.r.t. g(x), i.e., to find ;— ,weuse
vV

du _dufdx

dv  dvjdx’

Thus, to find the derivative of fi (x) w.rt. g(x), we first
differentiate both w.rt. x. and then divide the derivative
of f(x) w.r.t. x by the derivative of g(x) w.r.t. x.

the formula:

Methods of Differentiation 4.11

|V NI CEXRE Differentiate log sin x wW.It. \COsx

Sol. I,et uélpg sinxand v= /cosx

. av sinx
Then, — =cotx and — =—
) 2v/cosx
Q duldx cotx
dv  dvldx - s x
2+/cosx
=_2+/cos x cot x cosec x
. 2. -
POC VK- REY Differentiate fan__l [M - w.rt. tan”! x,
wherex#0. *

IR FE o N
Sol. Let u= tan 1[_x_] and v=tan! x.
: . x
Putting x = tan 6,

: 2
we getu = tan” Vw1 1] .

_ tan‘i secf-1Y

= fan

= tan! (tan_

.1
Thus, we have u = Eta.n"1 x andv=tan x

1 1—0059) :

du 1
] 1 ddv 1

= — = =X——0r and —=

Cdx 2 1+x® dx o 1+x?

- du _duldx 1 xz)_l
dv  dv/dx 2(1+x) 2

PBENERM Find the derivative of f(tan x) w.r.t. g (sec x) at

IR
x= Z,wheref’(l)=2andg’(«/§)_=4.'

Sol. Letu=f(tan x)-and v=g(secx)

d
= Exli = f’ (tan x) sec’ x

Lodv
and E—g (secx) sec x tan x

du _ du [dv _ f'(tan x) sec? x
v axf dx g’ (sec x) secx tan x

f'[tan E)
- I:du] _ 4) SN2
dv g (sec %) sin % g'(\2)

232 _ 1
7 A



4.12 Calculus

" 1. Find the derivative of tan”' - = wr

- 2. Find'the derivative of sec™ (2 21. 'l] w.rt.
x - -

\ll—xz atx= %

3. Ify=f(), z=g0"), f'(x) = tan x and g/(x) = sec x,

" then find the value of lim M .
x—0 x

DIFFERENTIATION OF DETERMINANTS

To differentiate a determinant, we differentiate one row
(or column) at a time, keeping others unchanged.
For example, if

VIR L F1C)
AW = u(x) v(x)’th o
¢ o 76 20|70 5
: — {A(x)} = u(x) v(x) ul'(x) v,(x)
'Also ' . : _
r@) £, r0 £
o 0oL T o)

Similar results hold for the differentiation of determinants

of higher ‘order. Following examples will illustrate the

~ same.
. _ x +a* ab : ac
Iff)={ ab x+b% bc |,then
: T \ 1 ac be x+c? '

prove that f "(x)=3x>+2x (_ﬁz + b23+ c2).

Sol ‘We have

x+a. ab ac

f(x)= ab x+b b |

ac bc _x+c2
1 0 0 x+a® ab ac
=fx)=|ab x+b> bc |+ 0 1 0
ac bc x +02{ ac.  be x+c’

x +a’ ab ac

+ ab'r

x +bY bc|

: +8  be | x+a?
=>f'(x)=x L be | e ac

2

be x+c” ac  x+c
x +a° ab
ab  x+b*

=) =[x+ b)) (x+ ) - b2c2]+[(x+a)(x+c)
~a&* P+ [(x +a) (x+ b)) - B
=) =32 +2(a*+ b+ D)

+

' Example EX¥) Iff(x), g(x) and % (x) are three polynomials of

degree 2, then prove that

[Fx) 2(x)  A(x)
() gkx) #ix)
(=) g"(x) #(x)

Sol. Let f(x) = apx™ + ayx + a,, g(x)—bx2+b2x+b3 and
h(x) = ¢, + cyx + c;. Then,
Sx)=2ax+a, g’(x) =2b;x + by and h’(x) = 2¢c; x + ¢,
176 =24}, g”(x) = 2by, h"(x) = 2¢; and
@) =g"@)=h"(x)=0 -
In order to prove that ¢ (x) is a constant polynomial, it is
sufficient to show that ¢’ (x) = 0 for all values of x.
where,

is a constant
polynomial.

()=

#6)=

) gl A S glx) Ax)

) x| H ) g(x) ()

f”(x) gn(x) h"(x) f;u(x) g”r(x) h/u(x)
fx) glx) hx)

0 0 0
= ¢ x)=0+0+0=0 for all values of x
= $(x) = constant for all
Hence, ¢(x) is a constant polynomial.

sin x

sin x  cos x
1. Ify=|cosx —sinx cos x|, find 2
x -1

x" n! 2

, then find the value of

o = e

2. I f(x) =

nrn
COS X cos7 4

sin x

. nx
sin —
2




HIGHER. ORDER DERIVATIVES

Ify= y (x), then % , the derivative of y with respect tox,

tiated again. We call % as the first-order derivative of y

dy
with respect to x and the derivates of Z wrt x as the

second-order derivative of y w.r.t. x, and it is denoted by

d2y

the third-order derivative of y w.r.t. x and is denoted by

13
‘ fidx_{ and so on. The nth order derivative of y w.r.t. x is

denoted by d Y
“dx”

Ify=f(x), then the other alternative notations for
& &y &y 4y

,—=, - are
dx’ dx*’ &’ dx”
| yl’yZ’ Y35 s Vn ‘
y yn y”/ ’y( ) )
F0 @), f '"(x) 1" ()

The values of nth denvatives at x = a are denoted by

- Yn (a)5 yn(a), D" y(a),f"(a) or (d y]

dx™
x=a
-t
Example 4.38 [Ris A

* then prove that

' d’y dy
S+ —=(1-2x)—
a+x) o= (-2
l‘ C d tan_lx
antx_ @Y _ e §
Sol. y=em = dc  1+x°
tan~' x .
(1+x2)—— - eta"_lx(Zx)
: 2
izl _ (1+x )
ax* (1+x2)2
2 tan”) x 2
d_%__(ﬁx)__T— =>_d_';)_(1+x2)= (1_2x)gX
dx (l-+x ) dx

IPTTITE]L] ify=(7—1)", thenthe (2m)th differential

coefficient of y is

a.m _ b. 2m)!
c.2m d. m!
Sol. Expanding binomially, we get ’
y= (x2_1) mcox2m+ Cme 2( l)+
So on differentiating, all the terms, except first, reduce to
zero, therefore

is itself, in general, a function of x and can be differen- .

_ d? ;’ ' Simﬂaﬂy, the derivative of —5- W.rt.x is termed as
dx ' dx o

Methods of Differentiation 4.13

d2m

o (2 -H= '"C02m(2m—1)(2m 2) ...

=@2m)! -

RG] [fy=xlog {x/(a+bx)}, then show that

3dy & Y
xdx2 LXE—}’ .

7 Sol. Given y/x =[logx—log (a+ bx)] |

xdx x*° x
P, =
_xdx Y a +bx )

Differentiating again w.r.t. x
&y 2y &) dy__ &
dx? dx d (a +bx)2

3d2y_L2x_2_~( dy
2 -\
) dx

_ If y = (ax + b)/(x* + c), then show that
o v @y +») ¥y =3(" +y')”, where g, b, c are
constants and dashes denote differentiation

wrt.x. '

Sel. Given thaty @+c)=ax+b

Differentiating wrt.x '
YE+)+my=a ' )
Dlﬁerenﬁaﬁng againw.r.t.x : '
¥’ 6 +0)+y\2x+2xy +2y=0 :
= y"(% +0) +22xy" +y) =0 )]
Differentiating again w.r.t. x o
YOO+ )+ 207 + 220" + 3y7) =0 ,
= y"'(x2+¢) + 600" +7) =0 @
Multiplying ‘(2) by y”” and (3) by »” and then
subtracting, we get '

22y )y -6 (" +y)y" =0
= (2 +y)y" =309/ +¥)y"

2
- y) by (1)

2x —ZX) 2"[62X+( 1)n ——2x]

o d* :
2. If y = sin (sin x), and jdx—{-i- % tan x + f(x) = 0, then

find f(x).
3. If y =log (1 + sin x), prove thaty4 + 0 +y2 =(.
4.1ff(x)=(1 + x)", then find the value of £ (0) +/"(0) +
O, 10, 1O




4,14 - Calculus

PROBLEMS BASED ON FIRST DEFINITION
OF DERIVATIVE '

E\ample 24 A function f: R — R satisfies the equation
JG&x+y)=fx)f(y) forallx,y € R and f(x) 0 for
all x € R. Iff(x) is differentiable at x = 0 and
J7(0)=2, then prove that f*(x) = 2f (x).

Sol. We have f(x+y)=/(x)f(y)forallx,ye R
= fO)=/0)f(0) =>f O {/(0)-1} =0 =/(0)=1

[+ f(0)#0]
Now, /(0)=2 _
f(0 h) f(0) N
h—>0
' :ﬁm&ﬂ . f0)=1) 6))
l.x-—>0 h

- Now, f ‘(o= }111_13(1)
Sx)f (h) —f(x)

fx+h)-f(x)
I

- lim o)
-1t (hm ; (”) 1) 2169 " [Using (1)]

IRClnldIERRY Let /1 R — R satisfying | f(x)] <x3, Vixe R,

dlfferentlable atx =0 then find f 0).

Sol. Since, |f(x)[<x% V¥ x€ R ' )
-~ Atx=0,| £(0)| <0 = f(0)=0 Q)
S f(h) fO) _ f(h)
- f(O)= im P2 < lim " )
Now, —f% <|h| (from (1)) -

= —|h|< %ﬂsm
= lim—j:(h—)
h=0 h
. from (3) and (4), we get f7(0)=0.

Exmple EWER  Suppose p(x) =ag+ ax+ax’+ - +ax’.
B If| p (x)| < |¢** - 1| for all x > 0, prove that
la;+2ay+---+na,|<1. :

Sol. Givenp(x)=ay+ax+a’+---+ax"

| ‘p'(x)*0+al+202x+ --+na,,7c"_1
=p(1)=a,+2a,+--- +na, : 1))
Now,lp(l)ISO,(-l” =1’ ~1|=]1- 1| 0)

-0 (using Sandwich Theorem) (4)

=[p(1)]<0=p(1)=0 (-~ 1p(1)]20)
Aslp(x)|<|e”" - 1], we get :
RS- v A>-1,k20

C =p(i+R)-p)i<le -1 (2 p(1)=0)

|pA+m)=p®)| e -1|
nd IEEVEE b
Taking limit as & — 0, then

= im|EAHDZPO) e 1

: h—0 h : h—>0I h l
=<1
=lay+2a,+ - +na o<1 (from (1))

Let f(x-;y) f(x)-;—f(y) forallreal x and y.
If £7(0) exists and equals —1 and f(0) = 1, then

findf(2).
Sol. Sincef(x+y)= f®+10)

‘Replacing x by 2x and y by 0, then f(x) = _f(2x)2+ S (0)

= f(2x) + f(0) = 2f(x) = f(2x)— 21 (x) = £ (0) 1)
Now, f'(x)= }llmé M

f(2x+2h)_f(x)
= lim

2
h—0 h
[reazren
= lim-

k-0 |’ h

‘ 2h
e {f(2h)—f(0)}
h—0 2h

e lim {f(zx)+f(2h)—2f(x)}
=)

(from (1)) *
=f(0)
=—-1V xeR
Integrating, we get f(x) = —x + ¢
Putting x = 0, then f(0)=0+c=1
se=1
then f(x)=1-x
S fQ)=1-2=-1

Alternative Method 1

. f(x+yJ=f(x)+f(y)
L2 2

Differentiating both sides w.r.t. x treating y as constant.

Xty i_f’(x)+0 x+y
..f(2].2— 2 =>f( ]f(x)

Replacing x by 0 and y by 2x,

(given)

(given)

then f(x) = f"(0) = -1 (gtven)
Integrating, we have f(x) =—x +¢.
Puttingx =0, f(0)=0+c=1 _ (given)

soe=1
‘Hence, f(x)=-x+1
thenf(2)=-2+1=-1.



Alternative Method 2 (Graphlcal Method)

Suppose A(x, f(x)) and B(y, f(») be any tWo points on  the
curve y=f{(x). v
If M is the rmd-pomt of AB, then co-ordinates of M are

(x+y f(x)+f(y))

2’ 2 :
According to the graph, co-ordinates of P are

=)

and PL>ML = f(

x+y)> f@+O)
2

2

12

L
x

h h
o) M L
Fig. 4.2

But given f (x;y )= / (x)+f ) which is possible

when P > M,
i.e., Plies on AB. Hence, y =f(x) must be a linear functlon

Letf (x) axtb=>f(0)=0+b=1 _ (given)
andf’(x)=a=f"(0)=a=-1 ' (given)

A fE)=-x+] :
L f@Q)==2+1=-1

x+y)= fO+f©)
2 o2
satisfies the section formula for abscissa and ordinate on
L.H.S. and R.H.S., respectively, which occurs only in the
case of straight line.

Hence, f(x)=ax + b, fromf(0)=-1,a= - 1, andfromf(O)
=1,b=1=f(x)=-x+1.

R

and lim S ).—2 Fmdf(\/g) a.ndf’(l).-

x-0 X

Also in the given relation f (

)forallx,ye R(xy;ﬁ 1y}

: + '
Sol. f(x)+f)=1 [lx xyy) (0]

Putting x=y =0, we get (0)=0
Puttingy = —x, we get f(+x) +f(=x) =£(0).

= f(-x) =) @
also, hm I(—l = |

-0 X .
Now, [ (x)= L(x_i_z)_i(i) ) 3

. Let f(x +y) =f(x) . f(y) for all x and y. Suppose|

. Letf(x)=f(x)f(») V x,y € Randfis differentiable at

. Iff(x+2y) S20) e Randf @)1,

. Prove that }111

. Methods of Differentiation 4.15

_ i LER (0 (using (2) (9) =)

“h—0 h
f( x+h—x ] .
—(x+ A~
£y= fim LD (using (1)
n
i)
)= }‘Eo 1+x}fx+h)
h
i),
o 1+xh+x 1
=)= ;E?o ( R ) x(l+xh+x2)
1+ xh +x* -
h
. f(_—fj
T l+xh+x
=16= 5 ( h ) ><}'I—I+I(1)1+xh+x2
lf}-xh+x2
(usmg hm S ( ) )
=_>f’(x)=2x 1+1x2 =f(x)=

Integrating both sides, we get

fix)=2tan Y () + ¢, where f(0) =0 =>¢c=0 -
Thus, f(x) =2 tan .

af 1 T T
Hence,f(——)=2tan (——)=2—=—,and
\\3) 3/ 6 3
2 2 :
’1=——=—=1
fo 1+12 2

£(5)=2 and f(0)=3, find f°(5).

x=1suchthatf’(1)=1also f(1) #0,(2)=3, then find
@

3
£(0) =2, then find f(x).

fx+h)+f(x—h)- 2/()

2
-(without using L’Hopital’s rule)

=17

1. Derivative of tan~ {

MISCELLANEOUS SOLVED PROBLEMS

VI+x? =41-x2 th e
\/H—x-‘-\/l—x witn respect 10
CcOS = xz 1S

a. —-1/2 b. 172
¢ -1 :



4.16 Calculus

Sol. a.Letu= tan™! T
' V14+x* +41-x

1+x
Let x*>=cos 20
= u= tan~ {1 tanﬂ}
_ 1+tan@
=tan’ {tan(z— )}=%—9=§- %cos 12

Also v =cos™! P
du 1

dv 2
2. Letf and g be differentiable functions satlsfymg g’ (a)

=2, g(@)=band fog I (1dent1ty function). Thenf"(b) is

equal to
a l h2
2
5 .
. E d. None of these

Sol. a.Givenfog=1I
© = fog(x)==xforallx -
= f(g())g’(x)=1forallx

7] — 1 .
= f(gla)= 2(a) 2
SR | (- g@=b)
3. ()= cot*‘[ ‘2"_ ] thenf’(1)is
a-l b1
c. In2 d-In2
Sol. a. %(x")- = x"(lflogx), %(x"‘) = _x*(1+logx)

= SEO= L)

e e
4+{x"—-x7"

5 (x* +x *){1+logx)
2
[ ax7)

= f(1)=-1

Sol.

 Given J(1—x%) ++/(1-

4. Ify=tan — t+tan ——
e 1+x+x° x? +3x+3
_ 1
+ tan ™! ———+- -+ upto 7 terms, then y "(0) is
x> +5x+7 -
1 A
a — 5 . h - " 3
1+n° . ’ 1+n
e — 5 d. None of these
1+n
- 41 41
Sol. b. y = tan > +tan” — +.--+nterms -
1+x+x x“+3x+3 _
4 (x+D)—x ‘t a4 (x+2)—-(x+1) +
1+x(1+x) 1+(x+D)(x+2)
+ n terms

=tan~ (x+l) tan~ x+tan'1(x+2) tan'l(x+1)
--+tan” (x+n) -tan” (x+(n—l))

=tan" (x+n) tan! x
, 1 1
x) = —
4 l-i-(x+n)2 1+Jg2
1 —n?
= ! 0)= =—— '
y'© 1+n? 1+n°

- 11=2%) +0- ) =a( - ), and
L s 2 [l

_ 6
yé) ,then -
1-x

a. f(x,y) =yl © b, f(x, )=y
et y) = 2)%x? d. f(x,y) =x*%7?

d. Let x* = cos p and y* = cosq

%) = a(£’ -5)
= \H—-cos2 p) +\/(1icos2 q) = a(cos p—cosq)

= sinp + sing = a(cos p—cosq)

= 2sin (m) cos (p_—q_)
2 2

=—2asin(p_q)sin(——p+_q)‘ '
2 2
= tan(p q) L

2 a

(1
= p—q = tan —

- _ - 1
= cos'x’ —cos ly3 = tan 1(——)

a
2 2
Differentiate w.r.t. x, we have — 3x + 3y Q =0
1-x® 1- y‘S dx

:,d_yx_ly
dx 1-x

- Hence, f (x, )= =x*ly?



. _ )
6. Iff(x)=cosx.cos 2x.cos 4x . cos & . cos 16x,thenf’(z) is

_ .
2 bh —
a V2 5
el . _ d None of these

2sin x cos xcos 2x cos 4x cos8x cos16x
2sinx

Sol. a.f1 (x)‘=

_ sin32x

B 2% sinx
32¢os32xsinx—cosxsin32x
)= 3—12-x cos xsm.x2

sm-x

32X ==X 0

:>fl(_7_4z_)= : 2 % . =\'/§

\‘%f f(¥)=lx||s“‘x',then I’ —%) equals
(”)1/«/5(\5 4 03
a (2] (ST

2 T =

N

T

- () (Fer-2
(07

Sol. a. In the neighbourhood of — /4, we have
f(x) ( x)— sinx __ —smxlog -x)
sinx

= f/(x)= g Sinxlog ) ( cosxlog(—x).—— —-;—)

/N

= /() =(x —sinx (—cosxlog(—x) - §E’£)

x

= f'(~-m/4) = (g-)llﬁ (-:/—%log % + % X %)
_ (_)‘” (£ g 22

4 2
of wse e cOwcc\p\— 3‘~

&
8. Ify—m—(a b) tan” \[_' —
equal to
‘a.l - b a-x
x~b

1

C. ,[(a—x)(x—b) d —m

Sel. bLetx a cos’ 9+bsm e
. a—x=a—acos’ §—bsin’ 8=(a— b) sin’ 6, and

Methods of Differentiation 4.17 -

x—-b=acos’ 0+bsin’ 6— b= (a—b)cos* 8
y=(a—b)sin Ocos - (a—b)tan' tan 6
a—b

= —2—sin26—(a—b)9
dy dy/d9 (a—b)cos20—(a— b) 1-cos20
“dx dx/do (b—a)sin20 sin260
a-x '
o x~b
3
9. Ifx=acos6, y= bsiné, then d—{ is
a _3131 cosec’@cot’d  h % cosec*@ cotd
a a
3b 4 -
¢. ——cosec Ocoto d. None of these -
a .
Sol. ¢. We have y = bsin6, x = acosf.
Therefore, dl:ﬁ:—écote
. _dl a
do
R .
WA TR
der de\dx) dO\ a dx /
= 2 cosecze—@- = '—% cosec’0
a dx a

= d3y 4 dly d( icosecsejﬁ
2 dx\a? | dol 22 dx

== % 3cosec? 6(—cosecBcot 0) 112
=yl dx

-1
2 .
a asin@ a

=— 2 cosec*@cotd

= 2’- cosec Ocot § % 3

la+n™ a+x®  1+x)
10. If f() = {A+0)%?  (1+x)22  (1+x)™>|, then the '
A+x0)% 1+0%2  (1+x)%>
coefficient of x in the expa.nsion of f(x) is

al b0
e -1 d 2

1+ x)albl (1 + x)axbz 1+ x)“lbs

Ry c\t{“ Sol. b. We have f(x)= (1+x)azb1 (1 +x)a2b2 A+ 5%
fumehen A+x)% Qex)™ Qenoh]

=a0+a1x+a2r2.+--
ab ab, ab 11 1
=a,=f(0)=|1 1 1| +ilah ady, ayby
11 1] |1 1.1
11 1
+]| 1 1 11=0
ashy a;b, a3by|
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EXERCISES

10. Given that cos Z cosZ.cos ... SBX , then find the sum
2 4 8 x :
— sec’ —J£+—1—scc2 Iy
22 2 24 4
T . If0<x<1, then prove that
2x + -+ 00 ;_ I-2x 2x 4 4x®—8x” N _ 1+2x
' 4. 3 s L2
Compute the value of £(50). f*(50). \y{ 1- x+x - +xt 1-xtax _ 1+x+x
" If -—[(x — A"+ 4 (-1 4 ] =X
Y .
+ 2 - p2 h R>0 d k= ———m— >
2. I x* + = R (where ) an (1 42 )3 Ll ﬁnd the value of 4,, where 0 < r < m.
Y 13. Let f(x) and g(x) be two functions having finite non-zero

3™ order derivatives f7(x) and g”(x) for all x € R. If
J(x) g(x)=1forall x € R, then prove that

\/Ify——+ x 2 +1+loge\/x+ x* +1 prove that | fm gm=3[f—"‘g_”).

then find k m terms of R alone.

f g
l_ 2y =x)/ + log,y” where )’ denotes the derlvatlve w.r.t. x. \l/ 1)
' : Ifg(x)= ,» Where f(x) is a polynomial
2 e (x~a)a-b)x—0) ‘
4. If y = az——bz— tan a+b 2P 0 Show. , of degree < 3, then prove that
' 1 a f@x-a? |a* a1
that d*y __ bsinx : _ , . %(") ={1 & fOYx-b)2 > b 1].
dc®  (a+bcosx) 1 ¢ flOx-o2 | ¢ 1
o 1 ¥ ' \/ Iff(x)=e%, , where x> 0. Let for each positive integer n,
5. Differentiate tan™ ———= : , o & (1)
1+ (1 —x2) v : : L‘} Pn‘ be the polynomlel such that %2 =P, (;)e 1 »
o ~ forallx>0. Show that F,,,(x) = x [P(x)——P(x)] '
+sin {2 tan™! (———-J w.rt.x.
1+x )| 16. Letf:R— R is a function satisfies condition f(x +y°) =
~ _ ) F )+ [f@)) for all x, y €& R Iff(0)20. Find f(10).
-\4 If y = (1/2"") cos (n cos™ x), then prove that y satisfies 17, Letf(x+y)=f(x) + f(y) + 2xp — 1 for all real x and y and
: L | dy J(x) be differentiable function. If f’(0) = cosc, then
the differential equation (1 - xz) w dx rry=0. - provethatf(x)>0 V xe R.
: + 2+ +
\/ e 18. If f (x y)= JE+/0) for all real x and y and
7. Ifx'e (0,—) , then show that 3 3
L 2 S'(2) =2, then determine y = f (x).
~ J 7 . - 19. If f, g and h are differentiable functions of x and
-1 - . _ M !
= cos {5 (1 +cos2x) + \/(sm x—48cos” x) sin x} | La | | f g i |
: : Ax)=1(xf)"  (xg)" .. (xh)'},then prove that - .
7 sin x v : y 2 i '
14 Yyt o @fY gy (k)
sin“ x - 48 cos” x
S g h
s@=| g W

\{If f(x)=cos™ L (2cosx—3sinx) - .
L_ : ‘\/E - (x3fll)l ( 3g,,) (x3h,,),
¥ ‘ : p
+sin! —le X (2 cosx+ 3 sinx) wrt. \/1 +x% \/Z( Ify=f(a") and f(sin x) = log, x, then find Ex}—) , if it exists,
then find df (x)/dx at x=3/4. Ly where (% <x< n) :

\?/If[alsmx+azsm2x+ -+a smnx|<|smvc|forxe R, then
prove that|a, +2a,+3a;+ - +na, |<1.



Each Quesﬁon has four choices a, b, ¢, and d, out of which only
one is correct.

W~

1+cosx

. L )
1. ij’d};)fory=tan { l_cosx},where0<x<ﬂz,is

a. —1/2 b. 0
c. 1 d. -1

2. Kf(x)=]%*-5x + 6|, then f'(x) equals

b. 5—2xfor2<x_<3
d 5—-2xforx<3

a. 2x—5for2<x<3
c. 2.x_—5forx>2

1-6logx

' 2 2
3. _Ify=tan‘1 (____log(e/ x )] +tan™* (————3 +2log x) , then % is

log(ex?)

‘a. 2 b. 1
c. 0 d. -1

4. Iff(0)=0,17(0) =2, then the derivative of

y=f(f(f(f(x))atx=0is,

a. 2 » b. 8
e 16 d 4
dzy

Ty =ax"" +bx™", then x? el is equal to -

a. n(n—1)y b. n(n+ 1)y
c. ny d. n¥y
23 X" dy

. x° X .
6. Ify=1+x+ =—+=—++—,then = ise ual to
7 273l PR

n

a.y b.y+£nT

xn n
c.y—— d.y—l———|—
n! n!

@Y .
7. Ify=asinx+bcosx,theny2+ (Zy) isa

a. function of x b. function of y

c. function of xand y d. constant
—sin2
g 4 [LSI2X . cualto  (0<x<m2) -
dx \1+sin2x _
a. sec’ x b. —sec? (%— x)

c. sec? ZZ:—+x d. sec? E—x i
4 4
9. 1ty = (x+ |2 +a?) -then Y
. dx

ny b — Y

A, — , - ——
«/x2+a2 x*+a*

Methods of Differentiation 4.19

, nx nx
x*+a : ¥ +a? -

10. Iff(x)= \/1+cosz(x2) , then f’(if_J is

a fr/6 h —(x/6)
c. 16 d n/6
11. {-j;cos_1 Jeosx is equal to
1
a 5\/1+secx h 1+secx

‘c. —%\/Hsecx d —1+secx

. d :
12. Ify=log,(tanx), then (_y) is equal to
dx /4

4

a —— - b -4
" log2 , log2
—4 .
c. —— - d. None of these
log2
.1 :
13. Ify= 2% then (1-x) D s equal to
ll—xz dx A
axty h 1+xp
c. l-xy Cdxy-2
Jl+sinx++/1-sinx
14. Ify=cot™ 0<x<m?2),
|:\/1+sinx—\[l—sinx ( )
then Q=
dx
1 2
a — b —
5 3 c.3 dl

dy .
15. Ify= ,("),then —is
y=x¥ dxl .

a. y[x*(log ex) log x + x*]
b. y[x* (log ex) log x + x]
¢. y[x* (log ex) log x + x*']
a y[x* (log, x) log x +x™']

dl . 2 -1 1-x .
16. — t "— :
dx[sm co { 1+xﬂ is equal t(_)

a —1 h c.—— d1
‘ 2

N | =

”
L

1_7. Ify=ae™+ bg‘ ™ then dx;v —m?y is equal to
a. m*(ae™ - be ™) h1l

c. 0 . d. None of these

By



4,20 Calculus

. dn
18. o (logx)= .
-n ]
L o) .
x x
—2) : -
. (n 2)' - d. (_l)n—l (n 1)
x* o B
_ fogrionr i oo e &
19. Ify= logx+\/logx+ log x ++--co , then 'dxls
X g X
' h
2 , 2y+1
P SR a —1
x2y-1) x(1-2y)

20. The differential coefficient of f (log, x) with respect to x,
where f(x) = loge x, is

1
a. d b. —log,x
log, x x
c. 1 d. None of these
xlog, x

21, Ify= sec(tan'-l x), then Ey atx=11s

T . T
a cos— b sin—
4 . 2

e sin® d cos™
6 3

. 4 .
22. Iff'(x) = V2x*> ~1 andy=f(?), then Ey atx=11is
a2 ' b. 1 . '
c.—2 - : - d. None of these

_23. .Ifu=f(x;), 1.1=g(x2),f'(x)=cosxandg’(x)=sinx, @m % 1s

3 ' 2. 3 2
- a. 5'){.‘008.):3 COSCCX2 b. gsmx S€CX

Q

c. tan x d. None of these
. d*x =z
24, x=tcost,y=t+sint, then —; atr= 5 is
. (r+4 b _7r+4
2 : . 2
c. -2 d. None of these

25. If f(x) = V/1—-sin2x , then f'(x) is equal to
L\_ a. — (cos x + sin x), for x € (w4, 72)
b. cos x + sin x, for x € (0, w/4)
c. —(cos x + sin x), for x € (0, 7/4)
d. cosx —sinx, forx e (w4, 7/2)

26. Ify=x—x’ then the derivative of j}z with respect to x? is
ca l-2x h 2-4x :
¢ 3x =22 d. 1 —3x+2x?
* 27. The first derivative of the function

1 . ’1+ . .
!:cos'1 (sm \ Tx}-‘x":l with respect to x at x = 1 is

a. 34 b. 0

c. 172 d. -1/2 _
28. If y = sin px and y, is the nth derivative of y, then

Yy nh »n

Y3 Vs Ys|is

Yo V1 W

a. 1 b. 0

c.—1 d. None of these

29. A function £, defined for all posmve real numbers,
satisfies the equation f{ (x2) x? for every x > 0. Then the

value of /'(4) =
a. 12 b. 3
c. 32 ‘d. Cannot be determined

30. Suppose f(x) = ™ + e®, where a # b, and’ that f*"(x)
1 =2 ) 15f(x)=0 for all x. Then the product ab is
‘a. 25 ' b. 9
c. ~15 d -9

\/ Ify (b x) Vx -b ,then 131 wherever
L ,/a —X +qfx— . dx
}

it is defined is

a x +(a+b) b, 2x—a=b
(a-x)(x~0) 2@@
(a +b) 2x +(a +b)

Y R R )

2. The function f(x) = ¢ + x, being differentiable and one to
L'\ one, has a differentiable inverse ! (x). The value of

% (f™") at the point f(log 2) is

,_.
=]
[\
W | =

d. None of these

c —_—
4
\)(Let h(x) be differentiable for all x and let fx) = (for + ) h(x),
{4 Wherekissome constant. If 2(0) = 5, #’(0) = — 2 and f*(0)
1 18, then the value of kis

a. 5 b. 4
c. 3 d. 22
2" a
= tan-] 'y -0
34. Ify = tan [m) s then ?i'x— atx=01s

a. 1 b. 2
c.In2 d. None of these



 36.

. . i
The nth dérivative of the function f(x) = 1———2— (wherexe
] —x _

_ 35.
(1, 1)) at the point x =0 where n is even is
a0 ’ bon! '
.e. n"C, d. 2°C,
a2y

220 (2cos xcos3x) is equal to

a. 2 (cos2 x — 2%cos3x) b. 22° (cos 2x + 2% cos 4x)
c. 2% (sin 2% + 2% sindx) d. 2% (sin 2x — 2%sin 4x)

37. Ify= E—% ,then (1 -2 —% is equal to

Cay? b. Uy
c. -y d. —y/x
38. The derivative of y = (1 —x) (2 —x)...(n —x)atx=1is
a.0 ' b. (1) (n—=1)!
c.nt—-1 d. (D (n- DY

\){ Ify= cosv'l M) ,wherex € (0, E) , then
L 13 2
{

i

dy .

— 18

b. -1
d. None of these

[ 4

1
.0

o |x+1 dy .-
40. Ify=t ‘,’—— ,then = is
,y an x-1 dx .

-1 -1
a. o b, ———
2|xl"\/x2 -1 2xyx? —1
! d. None of these

_ - 2xx? -1

\ . .
-— y _ EX' .
> ) = log a, then T is equal to

. R 2
41. If sin” ["2

x“+y
a = b. _yz_
y x
T c x2_.y2 : d. A
x2+y x

' Y dy | 5m .
. Ify =cos™ (cos x), then —— atx= —- IS
dx 4
Li a. 1 b. — 1

d. None of these

' —Ji- —t
4. = Lte V1! and tan2 = |—, then 24
1+ +/1-¢ 2 ! dx

Methods of Differentiation 4.21

att=—1is
a.—l b. l
2 2
c. 0 d. None of these
1 4, .4 L4 3. dy
44. Ifx2+)72=tf; and x* +y* =7+ F,thenxyzx-=
a. 0 ' b. 1
e -1 d. None of these

45. If Y™ = (x+v1+2%), then’ 1 + Py, + xp is
}  (where y, represents rth derivative of y w.r.t. x)
a. m’y b. my?
\/ . my : - d. None of these
6. Suppose the function f(x) — f(2x) has the derivative 5 at

L % = 1 and derivative 7 at x = 2. The derivative of the

{  function f(x) — f(4x) at x = 1 has the value equal to

b : ‘

a. 19 . 9
c. 17 d. 14 .
47. Iff(x) = sin™! cos x, then the value of f(10) +f7(10) is
a11- % b, X _11
2 2 .
st '
c. —-11 d. None of these

\As/. If (sin x) (cos y) = 1/2, then d *y/dx® at (% /4, w /4) is
t a-—-4 - . b, -2 ’
‘e -6 d. 0
49. A function f satisfies the condition, f(x) = f"(x) + f"(x) +
" f"(x) + ---where f(x) is a differentiable function
indefinitely and dash denotes the order of derivative. If

£(0) =1, then f(x) is

a. e’ b. &

c. e” d. e* -
’ d

50. If V1-x* +Jl.—y2 =a(x-y),then EJ;- isequalto
1—x2 2
a. xz b. ! y2
1-y 1-x
2
-1 -
c. x 2 d. Y 21
1-y 1-x
51. Ify=x"+ I , then LA
dx
. X+ |
x*+ L
X2 400
2 .

a xy2 b xyz
2y—x ‘ y+x

2
c xy2 d xy2
yox 2+
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. i[;m-l [.f@_>ﬂ _
dx 1-3x

1 . 3

" 200  Wrax
o 2 -
T A+x)x T2+ x)x

53. Letg(x) be the inverse of an invertible function f(x) which
is differentiable at x = ¢, then g’(f(c)) equals

; L
a. f’(c) b. IZE)
¢. flo) d. None of these

54. Iff(x)=x+tanx andfis inverse of g, then g’(x) equafs
1+[g(x)—x] 2-[g(x)-x]
c. —1—2— d. None of these v
2+[g(x)—x]

55. If y\Ix2 +1= log(\/x2 +1—x), then

dy '
P+ 1) = +xy+l=
( ) ;

a. 0 1
c. 2 None of these

\é Ify= Narx-Na“x then — is equal to
L \/a+x+ a—x dx
S|

ay b ay P

b.
d.

a. —— . ——
x\/ a? - x* : a® -x?
a
c. Y d. None of these

xvx? —a2 :
57. If f(x) = x' tan (x ) ~xIn (1 + x%), then the value of
d'(f(x)
dx4

atx=01is

a. 0 b. 6

c 12 d. 24
\4 Let g(x) be the inverse of an invertible function J),
L which is differentiable for all real x, then g”(f(x)) equals
) b, LX) - )’
) : )
e L") )’ 'd. None of these

/L )
59. Iff (x) =|log, }x||, thenf’(x) equals
L, oL

,where x #0
|x

b. 1 for [x] > 1 and — 1 for x| < 1
x x
1 1
c. — — forjx]>1and — forxf<1
x x

d. 1 forx>0and—_l forx <0
x : x '

\Af y=|cosx]| + [sin x|, then @ atx= EL2 is
i dx 3
Ly

-3 _
a —— b. 0
2
1
c. 5(«/5 -1) d. None of these

61. Ifgis the inverse function of fand f”(x) = sin x, then g’(x)
is , ’
a. cosec{g(x)}
1

sinf{g(x)}

b. sin{g(x)}
d. None of these

2
62. Ifx= (), 5=y (), then %xTy is

N ¢’W” l//¢ b ¢rw” W¢
@) ' @
,c., ¢”’ i y/”
v : ¢”

a2 o
63. f(x)=¢"—e*-2sinx— 3 x°, then the least value of % for

_1s non-zero is
x=0
a.5 ‘ -b. 6
c..7 d. 8
64. If f(x) satisfies the relation

' f(Sx—sy)= 5/®)-3/(»)

VX, Y€ R, and f(0)=3

-2 2
and f7(0) = 2, then the period of sin(f(x)) is
a. 2z b. T
c 3z d. 4z

5. Instead of the usual definition of derivative Df(x), if we
Ll define a new kind of derivative, D*F(x) by the formula

D*(x) = }llig(l)f (x +hz (9

)P If f(x) = x logx, then
D*f(x)|, - . has the value

a. e ; b. 2¢

c. de- d. None of these

'\/ If f(x) = 2 sin” \/1——; + sin” (2 Jx(1- ));,,where

3. xe (0,%), then f”(x) is i |

, where f2(x) means

a —2 b
. . ZEro
x(1-x) -
SR d n
x(1—x) ’



d
71. Ify =sinx + ¢, then £z

67. If7(x)=—f(x) andg(x)=f"(x)and .

: 2 2 '
Fx) = ( f(%)) + [g (-)ZED and given that F(5) = 5,

then F(10)1s
a5 b. 10
c. 0 : d. 15
1+x -1 i
68. The derivative of tan™" . -with respect to
-1 2xV1-x? .
————|atx=0is
1-2x
- a. 1/8 b. 1/4
c. 172 “d 1
69. The nth derivative of xe¢* vanishes when
a.x=0 b. x=-1
c. X=-n d x=n
sd%y .

70. Ify? = ax’ + bx + ¢, then ——1s
y ydx

a. aconstant
¢. a function of y only
' 2

b. a function of x only
d. a function of x and y

2

dy
. X
: sinx—e
a. (—sinx + &) 3
(cosx+e*)
sinx—e* sinx+e”

" (cosx+e*)
2,2, . d’u
72. fu=x"+) and x =5+ 3¢t,y=2s—1t,then ;2— equalsto

" (cosx+e€*)

a. 12 v b. 32
e 36 d. 10
. T 2
73. Lety=t1°+1andx=ts+1,then % is
a. 2t : b. 20
2
c. —5- d None of these
16¢° . )
2
- X 3d y
74, Ify= xlo , then x° —= equals to
e g(a+bx) dax? 9
2
dy dy )
s : b. | x—-—
A x—- =y ( b
S 2
dy dy )
. y—- d. ——X
c ydx x _ (ydx

75. Let u (x) and v(x) be differentiable functions such that

u()_ '(x) an M’= enp+q as
o) Ve d(v(x)J e

the value equal to

" Methods of Differentiation 4.23

al : h O
c. 7 d -7
. d2y
76. Ifax*+2hxy + by’ =1, then = is
B - ab ab — b2
a o2 ' PPEETRY)
(hx + by) (hx + by)
) K + ab AN ¢ h
&0
U+ by) one of these
- __d%y
77, Ifx=7, =£, then —= =
it &
2 b e  al
2 (41) 2t)
2
78. If y=x-+ then 2 is
dy
ex
a. e - Ia
(1+¢%)
& ' N -1
(1+e*y (1+e*y
79. Iff(x)=|sinx — |cos x||, then the value f'(x) at x = 770/6 is
a. positive b. ﬂ

.2
d. none of these -

‘e S
\)0/ If graph of y = 11 (%) is symmetrical about y-axis and that of

L y=g(x) is symmetrical about the origin. If h(x)=f(x): g(x),
! Ph(x)
3

then atx=0is

a. can not be deterrhined b f(0) - g(0) .
0 d. none of these

81. Ifx=logpand y=l,then
b

d2y ) d2
a. ————2 0 b ——+ 0
ax? P= dx? -
2
cLybly afrd
dx d?  dx

2

\4 Lety=In(1 + cos x)?, then the value of ‘cjix—y 2 > equals

L

a0 2
I+cosx

o — 4 e —

" (1+cos x) (1+cos x)°

. In{x+h) - nx
sin{x+h -
83. Let f(x)— lim ( in(x )) (sinx) , then f [E\;
h—0 h 2
is
a. equalto 0 b equal to 1

T )
c. lnz _ ~d. non-existent
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Multiple Correct

Answers Type

Each question has four choices a, b, ¢, and d, out of which one or
_more answers are correct.

1. Ify= e +e-‘/;,then%isequalto
Ve _ -Vx S R

e —e - e’ —e
a ——— b

“ox 2x |
1 5 B N e
. ——y -4 d —=y* +4
2V 2Vx
2. Lety= \/x + ,/x +4/X+:0o  then % is equals to

1 b x
. 2y -1 : x+2y
1 : Yy

d

C. —F/—
Ji+4x 2x +y

© 3. If1isatwice repeated root of the equatlon a.x + b+ bx

+d=0, then
aa=b=d h.a+b=0_
c. b+d=0 da=d

. Ifx3—2x2yz+5x+y—5=0andy(1)=1,th_en
LO Cay(1)=43 b y”(1)=-4/3

"(1)——8——,7 d y'(1)=2/3

5 fx)= |J|r2 3|x| + 2|, then which of the followmg is/aye t:ue
a f/(x)=2x-3forxe (0,1)U(2,) :
b f(x)=2x+3forxe (—o0,2) U(-1,0)
¢ f/(x)=-2x-3forxe (-2,-1)
d None of these
4

- Vi
6. Ify xt -2 +1 d—y = ax + b, then the value of
X +«/_x+1

a-bis
T b4
t — h cot —
a. co 8 T
cta_nzfi ‘ ‘ dtans—n'
12 . : 8

. Jx- Jx -1 |
7. Letf(x)v= NEZENET 2N¥ T _ g

) ,/x— -1
a f(10)=1
b f'(3/2)=-1

. XL [(tnx)? + 21n (In x)]

Y logy }
d * Togx [210g (logx) +1]

9. Which of the following is/are true?
dy

a, - for y =sin™ (cos x), where x (O, n), 151

h % fory =sin~ l(cosx) where x € (7, 27),is 1 .

dy

-e. — fory=cos™ (sinx), where x e —E, Zr——) ,is—1
dx : 22 .
d & for y=cos™ (sinx), where x e Z, 3—75) is-1
dx 2" 2

10. Iff(x—y), f(x) f(y) and f(x +y) are in A.P. forallx,y,and -
f(0)#0, then
a f@=4) h f(Q)+f(-2)=0
. f@+f(4=0 d f()=r-2)

x'),thenﬂ 1S
dx

11. Ky= cosr‘(i2

+ _x2
a 5 forallx b > forall |x{<1
1+x 1+x° - i
c. 2 for [x[> 1 d. None of these

1+x° :
12. £ R” - R be a continuous function satisfying o

d (-y{) ~f)-f0) ¥ xye R Tf(1)=1, then

b lim f(1)=
x—0 b4

d limx. f(x)=0
x—0 '

a. ‘f’ is unbounded

i L4

x>0 X

13. 1f,(x)= & forallne Nandf(x)=x, then % 7.0}
is
o d
a f(x) dx{f,._l ()}

b f () f,_ v
¢ £ £ &) ... (%) .£,(x)
d None of these

¢. Domain of f(x)isx>1
d Range off(x) is(—2,-1]U(2,)

, then é}: 1s

(log x)\°Ee=
5 =X
8. Ify= e

a. 2 ((Inx) + 2lnx In(inx))
X

b 2 (log.x)"*) (2log (logx)+1)
X B

§ Reasoning Type

Soliltibns on page. 44 5

Each question has four choices a, b ¢, and d, out of which only
one is correct. Each question contains STATEMENT 1 and

STATEMENT 2.

a. ifboth the statements are TRUE and STATEMENT 2 is the
correct explanation of STATEMENT 1

b. if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1



d. ifSTATEMENT 1 is FALSE and STATEMENT 2is TRUE.

1. Statement 1: Let f(x) = x[x] and [/] denotes greatest
integral function, when x is not an integral, then rule
for f’(x) is given by [x].
Statement 2: f”(x) does not exist for any x € integer.

2. Statement 1: If f(x) is an odd function, then f”(x) is an
even function.
Statement 2: If /'(x) is an even functlon then f(x) is an
odd function.

3. Statement 1: Let f:R—> R isa real-valued function v x,

function.

\/hen function is constant.
Lo % Statement 1: For f(x) = sinx, 1 ’(m) = f"(37).
& Statement 2: For £ (x) = sinx, £ (%) =f (37).
” Statement 1: If differentiable function f&x) satisfies the

relation f(x) + f(x —2) =0 v x e R;-and if

() oo (570,

atement 2: f(x) is a periodic function with period 4.
. If for some differentiable function f1 (&)=0andf'(0)=0,

s

=b..

L
9

neighborhood of x ="

Statement 2: &is repeated root of f(x)=0.

Consider function f(x) satisfies the relation, fx+ %)

=fx)+f (y3) v X,y € R and differentiable for all x.

Statement 1: If f’(2) = a, then f'(- 2) = a.

Statement 2: f(x) is an odd function.

e

A

Linked. Comprehensron

Type

: Based upon each paragraph three multiple choice questions
| have to be answered. Each question has four choices a, b,¢c,and d,
1 out of which only one is correct.

! LgVFor Problems 1 -3
| () is a polynomial function f:R— Rsuch that
T =@,
1. The value of f(3) is
a4
c. 15
2. fx)is
a. one-one and onto
b. one-one and into
¢. many-one and onto
d. many-one and into
3. Equation f(x) = x has
a. three real and positive roots
b three real and negative roots
c. one real roots
d. three real roots such that sum of roots 18 Zero

d. None of these

c. if STATEMENT 1is TRUE and STATEMENT 2 is FALSE.

y € Rsuchthat|f(x)- f(y)l < |x—¥ y|3, then f(x) isaconstant

Statement 2: If derivative of the function w.rt. x is zero,

Statement 1: Then sign of f (x) does not change in the .

Z” ‘(E"\‘\\ ’k‘Q (\7

\/L Methods of Differentiation 4.25 -
( .
- For Problems 4—6
FiR-Rfx)=2+Xf (1) +xf Q) +f”(3) forallxe R.
4. The value of f(1)is
a 2 h3
5. f()is
a. one-one and onto b. one-one and into
¢. many-one and onto d. many-one and into.
6. Thevalue of /(1) +/"(2)+f"(3)is
a0 bh-1 c.2
For Problems 7-9

Repeated roots : If equation f(x) = 0, where f' (x) is a polynomial
function, and if it has roots ¢ a,ﬁ, . or acToot is repeated root, then
f(x) =0 is equivalent to (x — ¢ o — B)i= 0, from which we can
conclude that f"(x) =0 or 2(x— Q[(x— P)...] + (x— o) (e~ ﬁ) J=0o0r
& - 2{(x - B)..} + (& = A){& — B)...}] = 0 has root o
Thus, if ¢ root occurs twice in.equation, then it is common in
equations f(x) =0 and f ‘x)=0.
_ Similarly, if croot occurs thrice in equation, then it is common in
the equations f (x) =0, /"(x) =0 and f“(x) =0.
-~ 1. If x — c is a factor of order m of the polynomial f (x) of
degree n(1 < <n), then x = ¢ is-a root of the polynomial
(where f"(x) represent rth derivative of f(x) w.Lt. x)
a f"(x) b f77(x)
c. f () d None of these
8. fax’ +b’ +epx+dy= 0 and ax° + by + cx +dy =0
have a pair of repeated roots common, prove that -

e.—l a4

d3

o

3a2 2b2 C2 = 0_
ab —ab, aqa—ca da, -d;a

9. If o root occurs p times and f§ root occurs g times in
polynomial equation f(x) =0 or n degree( 1 <p, g <n), then
* which of the following is not true. (where f"(x) represents
rth derivative of f (x) w.r.t. x) ‘
a, if p < g <n, then aandBaretwooftherootsofthe
equation f?~'(x) =0 L
b if g <p<n, then ez and B are two of the roots ofthe
equationf71(x)=0 |
¢. If p < g <n, then equations f(x) =0 and /¥ (x) 0 have’
. exactly one root common
d If g <p <n,then equations f*(x) =0 and f7(x)=0 have
\/ exactly two roots common
For Problems 10 —12

-{ Equationx"~1=0,n>1,n€ N, hasroots 1, Ay, Ay, ey Gy y

10. Thevalueof(l-a))(1-ay)...(1—a, )is
a. n*2 b n
c. (—)n d. None of these
n-1 ‘
11. The value of z is
r= l —a,
n—1 _ n _
a 2" (n-2)+1 b 2" (n-2)+1
2" -1 2" ~1
2" Y n-1)—~1
c. ——;:1—1—)— d. None of these
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n—1
12 The value of z
-a

r=1 r

.'.Matrix-Match'Type z

Solutions on page 4.46°

Each question contains statements given in two columns which |
have to be mat_ched. Statements a, b, ¢, d, in column I have to be
matched with statements p, q, 1, s in column II. If the correct

n
4 match are a-p, a-s, b-1; c-p, c-q and d-s, then the correctly bubbled
4 x 4 matrix should be as follows

QO

d None of these
For Problems 13-15
®

n(n-1).

a b.

—9 ) =2 +xg"(1) +g"(2) and g(0) =f (1)* +3f () +f (%)
13 Thevalue of /(3)is

v

al b 0 ' : O
c. —1 da -2 4 v
14. The value of g(O) is @@
a0 b -3 \/1/
c. 2 d. None of these o
15. The domain of the functlon AC)) ) ColumnIl :
g(x) ip Graph of (x) is syrnmetnc |
a. (—eo, 11U (2,3] h (-2,0]u(],) satlsﬁes the rela - about point (1, 0 :

. (~o0,0]U(2/3,3]

d. None of these

For Problems 16 -18

16.

17.

gl +y)=g() +20) +3xy(x+y) V x,ye Randg'(0)=
4
Number of real roots of the equation g(x) =0 is
a 2 hO (| ‘d3

5\?}?@&4}?

i

; —f(l +x) forall

g q. Graph of f(x)iss

: about lmex =1

For which of the following values of x, \[g(x) is not
"defined ? '
a. [-2,0] b [2,9)
c. 1,11 d. None of these
18. The value of g’(1) is
a. 0 b1 2.
¢ -1 d None of these

7%

19.

20.

1
a0 b > ! d2 . 1+x
@) £, 16D 110 .
. The value of . v R, 2 +3 2f (x ,
Mmoo ey e e o ST |ar ( xs, y)- ,(')S'f‘f(.)andf’((}’)?l’-i- -1
eq:ago_ b2 c.—4 d 4 and(0)=g, thenf"(0) " |

roblems 19 -21

A curve is represented parametrically by the equations

x=f)=a"® andy= 8= b

b#1wherete R

In(a")

‘Which of the following is not a correct expression for % ?

a -1
f@?°

2

~(g®) ¢

-g()
f@

a O
g(®).

The value of ‘;c—f at the point where f(£) = g(¢) is

a,b>0anda#1,

then 5% @. at t 1
“dx : '
h. P(x) bea polynomlal of degree 4, with
P(2)——1 P'(2)=0, P”(2) 2, P (2)=-1
and P"'(2) 24, then P"(3)




derivative of the

rthobly

/4. Match the value of x in column II whe
function in column I is negative. ), g

Integer Type

[ \/1/ Iff(x) = ¢(x) and ¢"(x) =/(x) for all x. Alsof(3) 5 andf'(3)
el = 4. Then the value of [f(10)? ~[p(10)}is -

27 1f y=f(x) is an odd differentiable function defined on (—oo,
o0) such that /’(3) =—2, then |/ (-3)| equals

3. If x> + 3x* — 9x + c is of the form (x — a) (x — B), then

ositive value of ¢ is
\/P If graph of y = f(x) is symmetrical about the point (5, 0) and
(7) =3, then the value of /" (3)is
\/v Let g(x) = f(x) sin x, where f(x) is a twice differentiable
y function on' (—eo, o) such that f'(-m) = 1. The value of
' |g"()| equals
6 Letflx)=(x-1)(x-2)(x—-3) -
5040, then the value of nis -
y=f(x), where f ‘satisfies the relation f(x + ) = 2f(x) + /()

+y «/f(x V.x,y € Randf'(0)=0, then f(6) is equal to

If function f satisfies the relation f(x) X f'(-=x)= =) xf (%)
for all x; and f(0) =3, now if f{3) =3, then the value of f(—3)

is

Ly

(x—n),ne Nandf'(n)=

\\\‘
o

a+b 32 2,12
9. Ify= ——S/——andy =0 atx = 5, then the value of a”/b
X
is
108,08 X _ qlogyy (¥ +1)° _
\/1(;. Let y= 2 3 2 and & =ax+ b, then

74log,,x —x—1

the value of a + b is
h In(e+h) _ )
Limerm ey

h—0

11.
1-x S2 .3

- X
\)/{Ifthe function f(x) = —4e 2 +1+.x+x7+?and g(x)

__7 .
=f" ! (x), then the reciprocal of g'(—g) is

Methods of Differentiation 4.27

L213. Suppose that 7(0) =0 and f*(0) = 2, and let go)=flx+.
f(f(x))). The value of g ’(0) is equal to
’Vﬁ Suppose fx) = e™ + &, where a # b, and that f "(x)
2f7(x)— 15 f(x)=0 for allx Then the value of |ab|/3 is
7 A non-zero polynomial with real coefficients has the

L}- property that f(x) = f(x)-f"(x). If a is the leading
coefficient of f(x), then the value of 1/(2a) is
. A function is represented parametrically by the equatlons
L 1+t -3 2
) x=-—3—;y=——+— then the value of £1——x dy
t 22 ¢ dx dx
is
. \,Y7/ Let z = (cos x) and y = sin x. Then the value of
L/l d’*z
2—atx= is
dy

x* +xtanx—xtan2x
ax+tanx—_tan3x

0 a
“18. Letg(x)= . Ifg(0) exists

Ly 0; x=0
) and is equal to non-zero value b, then 52 b is equal to |
. . - a
‘Subjective -
1. Find the derivative of sin (x* + 1) with respect to x from
© first prmcxple (IT-JEE, 1978)
2. Find the derivative.of (IT-JEE, 1979)
F—;l— when x #1
fx)= xl_ x5 atx=1
- = when x =1
3
3. Given y= - +cos’(2x+1),  (OT-JEE,1980)
Y- x)
find 2
dx _
' i ‘ X dy
4. Lety=¢€™™ + (tanx)", find o (IT-JEE, 1981)

5, Let f be a twice. differentiable functlon such that

170 =—f (), and f*(x) = g(x), hx) = [f (1)} + [g(x))*. Find
h(10)if (5)=11. (UT-JEE, 1982)

6. If o be arepeated root of a quadratic equation f{x) = 0 and
A(x), B(x) and C(x) be polynomials of degree 3, 4, and 5,

A(x) B(x) C(x)
respectively, then show that |4(a) B(e) C(a)| is

A'(a) B'(a) C'(x)

d1v151ble by f(x), where prime denotes the derivates.

(IT-JEE, 1984)

7. Find the derivates with respect to x of the function

(108 s i1 %) (108 008 ) i | — | at x = =
I+x 4

(IIT-JEE, 1984)
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8. Ifx=cosec O—sin O andy= cosec” 8—sin" 6, then show

that (x* .+ 4) (%)2 = n?(y* + ‘4)' _'

< dy sm(%x) \/g ! ]
9. Find o atx=-1,when (smy) " 7+ 5 sec™! (2x) +'
2% tan (log (x +2)=0. (IT-JEE, 1991)
; ) N _ v
ax bx . ‘
10, Ify= +— + +1,
Y Gma)x-b)(x-0) @(-b)x-c) x-c
. y a b c
that —=— + + .
prove that y x[a—x b-x c-x)
. (I'T-JEE, 1998)
Objective
Fill in the blanks
2x dy
d inx?, then = =
1. Ify= /{x " )an f'(x)=s en e
: (OT-JEE, 1982)

2. Iff ), gr(x) h, (x), r = 1, 2, 3 are polynomials such that
fla)=gla)= h(a),r=1,2,3a0d

A0 £E) AR
a(x) g (x) g3(x)|, then ,F ‘(x)atx=ais
h(x) m(x) BG)

3. Iff(x)=log, (logx), thenf'(x)atx=e is

F(x)=

(IT-JEE, 1985)

(IIT-JEE, 1985)
] with respect to

4. The derivative of sec”! 3
2x° =1

J P atx=iis . (UT-JEE, 1986)
i Fa-3

5. Iff(9) 9, f (9)=4, then lim =
_ (I'T-JEE, 1988)
6. If f(x) be— 2| and g(x) =f [f(x)] theng'(x)= , for
x>20 (IT-JEE, 1990)

_7. Ifxe? =y +sin® x, then atx=0, %x- =

h (T-JEE, 1996)

8. LetFl (x) =f(x)gx) h(x) for all real x, where f(x), g(x) and
" h(x) are differentiable functions. At some point X,

F'(xp) = 21F(xo), S (x0)=4f(xo), & ’(xx0)=—"Tg(x0) and h'(xo)

. =kh(xp). Thenk = (lIT-JEE 1997)
9. If the function f(x) = x> + e 2 and g(x) =f~!(x), then the
value of g’(1) is (T-JEE, 2009)

True or false
1. The derivative of an even functlon is always an odd
function. (IXT-JEE, 1983)

Multiple choice questions with one correct answer

1 ff@=21@=1,g@=-1zg
g(x)f(a)-g(a)/(x) .

¢’(a)=2, then the value of

(UT-JEE, 1989)

10.

a-5 ' ‘b L
. 5 _
5 d. None of these
(IT-JEE, 1983)
. If}; = P(x), apolynormal of degree 3, then
d’y) _ : .
ZE [y de ] = | M@E, 1988)
a. P”(x)+P’(x) b. P”(x) P (x)

c. P(x)P”’(x) d. a constant

. Let f(x) be a quadratic expression which is positive for all

the real values ofx. If g(x) = f () +f"(x)+f " (x), then for any
real x,

a. g(x)<0 b.g(x)>0
c..gx)=0 d g(x)=0 (T-JEE,1990)
. Ify=(_sinxj“"“",then b _ (T-JEE, 1994)

dx
a. (sin x)>* (1 + sec’x log sin x)
h tan x(sin x)**~'. cos x
c. (sin x)** sec? x log sin x
d. tan x (sin x)®=*~!
3

x* ‘sinx cosx o
. Let f(x)=|6 ! 0 |, where p is a constant.
P 1.73

3 .
Then g;; (f(x)) atx=0is.

ap ' - bhp-p’
c.ptp d independent of p-
(IT-JEE, 1997)
. Letf R — R be such that f (1) =3 andf (1)=6. Then
1/x
RS
m P ) =
x>0 f(l)

a1 b. ¢! e e dé .
o (IT-JEE, 2002)
f(2h+2+1)-£(2)

Bt
o0 f(h — K +1)—f(1)
f/)=4

a. does not exist
¢c. is équal to 3/2

, given that f'(2) = 6 and

Chis equal to—-3/2
d isequalto3

(OT-JEE, 2004)
L If fx)is dlfferentlable and strictly i mcreasmg function,
) _
then the value of lim M is
=0 f(x) - £(0)
a1 bh O c.—1 da2 .
' (IT-JEE, 2004)
. If y is a function of x and log (x + y) — 2xy = 0, then the
value of y’(0) is
a l B | c.2 a0

(T-JEE, 2004)

If X+ y2 =1, then
~2()?+1=

c yy"+(y)-2 1=0

b.)/'y”‘l'()l’)z-i- 1 =0
d. " +2pP+1=0
AVE_TER 200M
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Px : ‘ ' Staternent 2: f(t) = f{¢ +2) for each real . ;
; 1. — is equal to ’ . a. Statement 1 is true, Statement 2 is true; Statement 2 is
o dy v _ ~_acorrect explanation for Statement 1.
, . 5 3 : h. Statement 1 is true, Statement 2 is true; Statement 2 is
@

a not correct explanation for Statement 1.
dx? & )\ dx c. Statement 1 is true, Statement 2 is false.
d Statement 1 is false, Statement 2 is true.

d’y (dy )‘2 e ( dy )‘3 : ) (UT-JEE, 2007)
e J\ax . dx? J\dx Integer Type _ . '
' . - . (UT-JEE, 2007) 1. Letf(8) = sin | tan” | =228 1| where— <0<,
Reasoning Type : o /cos 20 4 4
1. Letf(x)=2+cosx for all real x . : o
Statement 1: For each real ¢, there exists a pomt cin Then the value of - —(f(9)) is (ITJEE 2011)
[4 t— 71:] such that f’(c)=0 because . ( )

ANSWERS AND SOLUTIONS =

2x? +1 1 -
=x+ = + =x+ yx? +1

2 L/x +1} 2% +1 |
Also 2y =x"+xx* +1 +log,3(x+\/x2 +1)

= x(x N +1)+loge'(x -f-\/xz +1)

1 ) . ’- ’
= —x= —— - =xy”+log, y’, hence proved.
J Cxaf(x) | : e
=2@)-¥=1 . : 4. y=Atan™ (Btan ) where
- differentiating w.r.t. x : ‘ .

=2f®). f[)-2x=0

=f0).1 (%) =x - o ,/ —b2 a+b
=f60.S(50=50 - | *
2. P+y =R - _ 2 :AB_ 2
Differentiating w.r.t. x, = 2x+2yy’=0 ) ‘/7__ ) (a +b) \Ja +b T a+b’
x : ’
=>y'=-= ) 2x 1
y - . _ Q_ABsec 2x2
Differentiating (1) wrt.x, = 1 +yy” +(y") = & 2%
: N2 ’ 1+B* tan” —
o 140 | _
YTy | o1 (a +5)
, : "2 a+b’ 2 X
- ” 1 : I +b 24 =
 Given k= Y. =" +() _ (a )cos® 5 (a —b) sin >
AN , 2 , 2 .
T R e B
dx a+bcosx

{ . : d*y . bsinx
yl + x° o _
\}1 += ax* (a+b cosx)zb
5. Putting x = cos@

1 : ,
2 42 R : [ 6 N _ -
| y? +x R v y=tan™ cos. +sin 32 tan”! 1 -cos@
2 1+sin8 : 1 +cos@

3. y= _xz_ +—ix\/x2 +1+ %loge (x+\[x2 +"l)

. sin (5 —9) :
. - -1 . . -1 )
. =tan ——————<— +sin| 2tan" tan| —0
=y =x 4 al +x? 1|+ : _ 1+cos(£ —9) - \2
AN 2\ +1 2 _
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_r _cos’ x L J1-2
4 2 |
Q___ 1 + —2x
dx _2\/(T—x2) 2,/(1-+?)
1-2x |

2,[(1-+?)

6. y=(1/2""1) cos (n cos'x)

b__

dx 2"—1

| S A
sin|n cos

.d > n? .
=1-x%) (i—) = sin? (n cos™ x)

2

= Eznn_—2 [1 - cos? (n cosx)]

1
__ .2
- [22"“2 y]

Differentiating both sides w.r.t. x

1=

- '.=> Q1 —xz) -

=
Il

il

2 2
xz)ZQQ—Zx(dy) —2nty Zﬁ

dx dx? dx
dy dy 5 _
—d—x—2—x; +n y—O

cos™ {% (1+cos2x)+ \/(?;in2 x—48cos” x) sin x} o

cos™! {(7cos x)(cos x) + \[1 —49¢os” x\/ 1- cos? x}

cos "} (cos x)—cos ™} (7 cos x)

=x—cos! (7 cos x)
Now differentiating w.r.t. x, we get

dy _

dx

Tsinx

\/sm x—48cos? x

Tsinx

\/7 49cos’ x

=1+

(- cosx<7cosx)’

. R
8. f(x)=cos™ :/—_— (2 cos x—3 sinx)
13

10.

e 1 (2cosx+3sinx) -
13

=cos™} [L 13 cos (x +tan™! E)]
\/13 : 2 .
. ' 1 23]
+sin! | —=A/13 sin(x+tan-_1 —)]
) [\/13 -3
R ) | ( 12
=CO0S cos| x+tan 5 + sin sin x+tan 3
‘=’_'2x+tan'1§+tan'1—§—

=2x+£ .
2

S fG314)=2

Now letg(x)= \’1+x2\ =g'x)= —
: +x

. =g'(3/4)=3/5=f"(3/4)/g"(3/4) =10A3.
. Clearly, we can get a; + 2a, + 3a; +

vert nan-’ by

differentiating a, sin x + a, sin 2x.+ --- + a, sin nx and

putting x =0. ' . :

Thus, we have to prove that [f”(0)| < 1
Letf(x)=a;sinx+a,sin2x+ --- +q,sinnx’

= f(x)=a, cos x + 2a, cos 2x + --- + nad, cos nx

=/"(0)=a,+2a,+ - +na, : o

Also given |f(x)|<|sinx| forxe R S ¢ )

Putx=0=|£(0){<0=f(0)=0 ’

Now,f'(0)= lim L”)h‘fﬂ
f (h) ‘

0= lim =2 (sf©)=0)

. |f h)l'< i |52 .
=)= h—>0| |_ o B | =1 (@sl)]<sind
- Hence, |f(0)|< 1. '
We have cos>.c08>.cos — = w
S 2 4 8 x

Takihg log on both sides, we get

x x x . L
log cos —2-+logcosz+logcos§--- = logsinx—logx

Differentiating both sides with respect to x, we get

in®  sinZ
lsmz 1sm4 lsm _cosx 1

X

1 1 8

2cosz 4'cosf 8cosx six - x
2 4 8




1L

1 x 1 x 1 1
= —~tan>—~tan>——tan = = cotx——
2 2 4 4 8 8 ) x

Differentiating both sides with respect to x, we get

1 x 1 x 1 x - 1
——sec? = ——sec? = ——sec? =+ = —Cosec’x + —

Sec C
(22 ‘ 2 42 S 4 82 8 xz

= L sec? —+L5Pc2£+i5ec2£- - = cosec?x— L
2 2 £ 48 8 Y

The given series is in the form

RO L@ B,

Hi(x) fz(x) fa(x)

" Then cons1der the product fl(x) fz(x) f3(x) f (x)
" Also,

(1+x+x2)(1—x+x2)(1—x2+x)(l—x +2%) .-

' A= )
SRR+ (L=x 28 o (1= 2 +2)
=( +x4+x8)(‘1"-x4_+x8) (= 4T

n n+
=(l+xZ +x2 ) _

When n — oo, X R ch"+'l —0,asx<1
=1+x+)(1-x+2) (1 -F+xY)... 0=
Taking logarithm of both sides, we get

log (l +x +x )+log(1 —-x +x° )+log(1 x2+x)

+log(l-x +x)+ =0

Differentiating both sides w. r. t. x, we get

C142x . —142x | 2x+4x>  —4x® +8x7
Mx4xd 1-xax? 1-xf+xt 0 1-xt 4P
+..-=0
or 1-2x N 2x— 4x° 45 -8x’
‘ 1-x+x*  1-x +x* 1-x*+4°
_ 1+2x
l4x a2

12. x™

=4,

— 4™ + A,

= ——[(x —t(=1)"4,)e’]
=[x" - Ax"‘ '+A2x’" R L I
(—1) A,,,]e’+[m;e" —Al(m—l)x”"2+A2(m -2) 53
) 4,0
—x’"ex+( A+m)x™ e + {4,
" A+ A, ) @ | |
=>-4,+m=0,4-4,(m-1)=0, ...,-4,%+4,_,=0
=m, dy=A\(m—1)=m(m—1)=ml(m-2)!
Ay=A,m—-2y=m(m—1)(m-2)=mt(m-3) ...
Am::Am—l_
=A4,=m/(m-r)!

—A.(m—l)}f"-za'+---+

13.

14.

15.

=1 b FeYx-B)2| | b1

Methods of Differentiation 4.31

We have f{x) g(x) = 1 Differentiating w1th respect tox,we
get S .
Setfg’=0 ‘ ' ey

Differentiating (1) w.r.t. x, we get ‘
Sgt2g /g7 =0 : .

Differentiating (2) w.r.t. x, we get
f”’g+g’l7‘+ 3fl'g,+3g’ffl =O

LTV SHPAEL il

= L+ o+

N fIII 3 g” }_—”-

(o2 Joo- (g« /

=>—[’;, 43¢ )(fg') [ 2L g [Using (1)

LA Lg)

AR 4 IR f g

Byparnal fractlons, we have g(x)— . - f@) +
(x—a)(a- b)(a )

f®y
(b—a)(x-b)b-c)

f©
(c=a)e-b)z—c)

= EW= G he-oc—-a)

[f(a)(c b) , f®)a-0) , f()b- a)] R

(x a) (x-bd) (x )
1 a f(a)/(x—a) 1 a a
=g)=|1 b f(B)(x-b)|+l1 b b
' L e fllx—c)| [1 ¢ ¢
1 a —f(‘a)(x—a)_2 ‘1 a a*
:-‘%e 1 -f®)(x-b)2 =1 b B
1 e ~fEx=-e)?| |1 ¢ &

1 a fla)x—a)” az.a 1

1 ¢ f(c)(x—c)‘_2 1 e 1

From the given condition of the problem
A" _ o (1) s
dx"ﬂ = P’H'l ; € .

N i(dnf(X)] _ R'H(l)e—l/x
dx\  dx" _ x

d 1) = . 1 ~1/x
= Z(P" (;)e' ””) = Fn (;)e
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- 16.

= P() = y{P() Pi”}
o P = X [P( %)~ L (x)]
Givenfe+ ) =f@+IOF . o))
andf’(0)20 : ¢)
. Replacingx, yby O .
S©)=10) +£(0)’ = f(0)=0 ' : ©)
0 h Lo
AW ©= lim f(0+ h) f0) _ Mf;) _ @
S . f(O h“3 0
LetI.=f'(0)= hm Al +((h“3))3 /O

. Thus, f/(x) = lim

~orI=0,1,-1asf’(0)20

=1(x)= hm[ e

_ Thus,

I ()

w0 (R

=I=F

S 3
;1,’_’)’(’)(];;”3) ] _=13

£ ©=0:1)
f(x+h)ff(x)

S +(h”3)) ~ f(x)
= (n'?y
f(x)+(f(h”3)) — f(x)
(h1/3)

1/3
TAG ))] = (f0)

. [as f (0) 0,1 usmg 5]
Integrating both sides, we get
f(x)=corx+c asf((_))=0
= fx)=0 . orx
f(10)=0 .orl0

f x= fusing (1)]

=>f(x) 0,1

.

17. We have
x+h x
' ( 2 e £
_ mlﬂ.v) f(h) V1= £()
0 h -
(using the given definition)
D= hm(2 +f(h)— )
 Now substltutmgx y=0inthe g1ven functional relahon,
© we get

JO=O)+f0)+0-1=f0)=1

f( )=2x+ hmf(h)hf(o) 2x+ f'(0)
= f(x)=2x+cos &
Integrating, we get f(x) = #+xcosa+C
Here,x=0and f(0)=1
s 1=C

= f()=x>+xcosa+ 1.
It is a quadratic in x with discriminant.
D=cos’oi—4<0
and coefficient of x> = 1> 0.
~f(x)>0V xeR
Alternative Method E
fe+n)=f)+f+2xp-1 - @
Differentiate w.r.t. x keeping y as constant -
fe+y)=f)+2y '
Putx=0andy=x
We getf (x)=1"(0) +2x .
= f'(x)=cosa+2x o
= f(x)= =xcos a+x+e R )]
Putx=y=0in(1), we get f(0)=1(0) +f(0) 1=£(0)=1
Then from (2), we get f(x) =x* + (cos or)x + 1 ,
18- ..f(x-;y)=2+f(x?),+f(y) (1)\\
24+ f(3x)+ f(0)
. . 3
= f(3x)=3fx)+2=-(0) : @
In (1) putting x =0 and y = 0, then ‘
we get, f(0)=2 ' €))

f(x+h) S (x)

Replacing x by 3x andy by 0, then f{x) =

Now, 7 (x) 11

- f(3x;-3h) fx )
= lim
=i h

2+ /GI+IOH _

= lim 3
A0 . h

_ 1imf(3x)—3f(x)+f(3h)+2 :
h—0 3h ‘
i LGRSO

lim == [from (2]
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=f(0)=c(say)

df (sinx) (sm x)

(x3fu)/ (x3g")/ (x3hn)/

" =tan' T +tan' 3

. :.Q=O=> d’ y =0
f g h dx
=0+0+| f’ g’ Y d.c. Y= AU/ NS SN -

(x3.f”)l ‘(x3 II) (x3hn)/

=y'(0)= A TOMN S (SSLORSTO)SO)
=fSFONS (O Q)0

- ff@=c 20. Given that f (sinx)= ————= d(sin) =log, x
" inx)
A2 @=e=2 (gven) - log r-sin” (s )
In-'-f ’(2?= 25 - , (- sin™ sinx=—x forx € (7/2, 7))
tegrating both sides, we ge o _ :
f=2+d [from (2)] ——df; (t’) =log, (n—sin™' 1)
d=2 .
: _ o
, then f(x) = k2. Hence,y=2x+2. = S @) =log (m—sin 1) -
Alternative Method and y = f(a°)
: d
f(";y]=2+f(’2+f(” - 2 = e log, a
Differentiating w.r.t. x keeping y as constant, = a*log, a loge (- sin~! &)
we get f” (";y ); i S (using (1)
Putx=2andy=3x-2 ‘Objective Type
we getf'(x)=2 .
Integrating, we get f(x) =2x+¢ La —y¥ tan”! 1+cosx
Now, putx=y=0in (1) we get 3/(0)=2+ 2f(0) 1—cosx
=f(0)=2 o _ : :
~ Hence, f(x)= 2x+2 2 cos? x/2
19. Y =1 f , =\ etz |
~ and (xzf)”—(fo+x2f’) 2+2xf +x2f' ‘
S . g B = tan"!|cot=| = tan™ (cotz)
= A= X+ f xg'+g xh’+h ‘ 2
2f +4xf"+x 2f”2g+4xg’ +xig” 2h+4xk + X2 f” | #>y= ran~! {m(z_fj} _ T x
Ry Rj~Ryand then Ry — Ry~ 4R, 2R, ' 2 2)] 22
' dy i 1
f g ok R AR
: dx 2 2
=A=|xf" xg' xK T
2fn 2 ’ xzhn | 2 b f(x)=lx2_5x+6l={ x°—=5x+6 if x23'or‘xS2.
Taking x common fromRz and multiplying with R; —(x°=5x+6), if2«x<3
f g h : . L f’(x); (2x-5), if x>3o0rx<2
=>A=|f g ¥ 7| @x-5), | if 2<x<3
3 prr 3 347/ :
xf” xg" xh _ , _
o f g’ B f g h " 3.¢. Wehavey= tan™! ___10ge—logx_2 +tan™" (___3+210ng
dA I h | v g loge +logx \1-6logx
=>—=f & ¥ g _ | ,
dx 3 3 3 3 e 3 s 377 1=21 ’ 3+21 \
fn . hn x f x'g x’h — tan..] — 4108 X +tan_l- + ogx .
f ‘ g - b 1+2logx 1-6logx
o g W —tan-‘ 1—tan™! (2logx)+ tan™! 3+ tan™ (210gx)
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OO OF )
S OSOSOF )
— (O =2'=16

=R, y= Al B

dy

= 2= +)ax” —nbx™?
: dx
- .
o 9 pmaa™ +a(n Db
W
Y.
= X5 = n(n+l)y
. 2 3 n
6.c. y=1+x+ LA
2t 3! n!
2 ‘ n-1
= Q=0+1+x+—+ x
dx 2 T s 1)'
n 2 on
=>—dl+3c—_1+x+x—+ +
dx n! 2! n!
dy x"
= C=y—
dx Y n!

7.4. y=asinx+bcosx
Differentiating with respeet to x, we get

&
dx

=acosx—bsinx

\2 v

dy) . 2
Now, |=| = -b

| ow, ( (acosx sm.x)v

= a? cos? x + b% sin® x— 2ab sin x cos x, and
Y =(asinx+ b cosx)’

. =a?sin’ x + b* cos” x + 2ab sin x cos x

2 - .
~ So, (%) +y* = a?(sin’ x +cos” x) +b (sin® x +cos? x)

&Y |
N (Zx—) + y2 =(a2 +b2) = constant.

——x
Vl+sm2x cosx+sinx l+tanx

4
¥> Q =—sec2 (E—’x)
dx 4

- > %gx-[(ﬁ_m)"]

=n(x+\’x2+a2)-n_l.%(x+\/x2+a2)_
——n(x+\/x +a )"’]{"x ta +x]

8b. y Il sin2x cosx—sinx l—tanxztan(ﬂ )

w2 +a®

12.c.

Cn(x+Vx+a’)

x? +a?

10b Jx)= \/1+cos (x

= )= ———=(2 oS X )(— sin xz) (Zx)

24/1+cos?(x)?

—xsin 2x

= f'( )—
\/1+cos (x )
NC ﬂ

A n) ——2;—_— .
2 3
1+cos -~
2 R
SN NT /4
' f(z) 6

11.a. —co Cosx =
dx

. sinx
2Jeos xv1—cos x

1-cos®x _1 1+cosx
2\/cosx\/1 —CoSXx cosx
__logtanx '
-_vlogsinx ‘

N ’ ) 2
(logsin x)[s:; ; ]—(log tan x)(cot x)

(logsin x)’

<

(On simplification)

14 y=-cot‘l [\/1+sinx+\/l~sinxJ

\/l+sinx —Jl—sinx

' -1 ]2+2cosx -1} 1+cosx
=cot | ——— |=cot -
2sinx sinx

- -1 X » X
= cot cot— | = —
2 2




& _1
e 2
18,0, v= Y(x') V

= logy= x logx

lfdl = logx+ L z (wherex —z)
yde dx x .
- % - x(f ) [x" (}og ag)lpgaﬁi"‘l ]

-

- . 1-x
b, Lety= in? cot 1 {. [——
1§b ety =sli { 1+x}

Putx =cos 0= 0=cos” x

: ' 1—cos8 TR 9)
-2 - 2 1

=gin” cot =sin” cot tan —

= y . { l-fcose} ( 2

—cos’ ] _l+c056_.1+x
B 2)- 2 2

18.d. Lety=logx

19.c. y =,/10gx+y

=y* =logx+y

dy 1 dy _dy_ 1
A A

dx x dx dx "~ x(2y-1)
20.c. fllog,x)=log,(log.x) .

_df(log,x) 1 1

= 2y

e —=x" 1
( = x* log ex '

Methods of Differentiation 4.35

2ka, y= sec(tan™ x) = sec (sec'1 V1+x? ) = V1+x°

. o d
‘Differentiating w.r.t. x, we have d_y . =
- X 1 A

& =L
.—'f(x)2x 2x\/2(x)—1 .
Atx=1, E-—lex«/ =2

_cos x3x2 \

na. y=f(F)=

du
du dx f(x )3x

23a. dy ﬂ g’(x*)2x  sin x*2x
dx B
T =3 coseosecx?
2
24b. dx _dt _ cost—tsint
dy dy  l+cost
dt .
dfax
d%x - di\dy
A
Codr .
(=2sint —t cos?)(1+cost)—(cost —tsin#)(—sin#)
= " (1+cost)?
1+cost

Now, putt=r7/2

25c fE)=+1- sin2x = y/(cos x— sin x)?

= |cos x —sin x|
{ cos X —sin x, for 0<x<7/4

- —(cosx—sinx), form/4<x<m/2

forO<x<m/4
form/d<x<m/2.

- o= {f(cos x+sinx),

(cosx+sin x),
26d. Letu=)*andv=x"

.inz{i¢XQ]
C & o N\
= (1-2)=2(-A)(1-29=2x(1-x)(1-2) ()

dv
d —=2x 2
an X | @

(%)
du de) 2x(1-x)(Q- 2x)
Hence, — = =
dv (ﬂ ) 2x
dx

= (1-%)(1-20)=1-3x+2x

(from (1) and )



436 Calculus

~

27.a. f(x) cos~ [cos[2

= )= —% 5 J_ +x (1 +logx)
= f(H=-- +1 =3
4 .
sin px  pcospx —p°sinpx|’
28.b. D=|—- p3 .COS px p4 sin px p5 Cos px
- p6 sin px — p7 €os px p8 sin px
sinpx  pcospx ~— p? sin j)x
C=p° ;cos px psinpx  p’cospx
—sin px —pcos px p’sin px
|sinpx pcospx - p2 sin px
=—.p9 cos px psin px P’ cbspx =0
| sin px pcos px - p2 sin px

29.b. fo(\fz) 3 = 4= 12=>f(4) 3,
- 30.c. (a-2a—15)e®+(p*-2b—15)e™=0
= (@*—2a—15)=0and »*-2b-15=0
=(a—5)(@+3)=0and (b—5) (b+3)=0
=a=50or-3andb=50r-3 '
~a#bhencea=5and b=-3
ora——3ar_1db_ 5
=ab=-15

3/2 3/2
) ) -

“(a—x)" "+ (x=b

31.b. y= _\/a_—; +\/ﬁ

(,/a —-x +,/ )(a x—,/a x,/ ~b+x— b)
,/a x+\/x b
a—b—,/a —x./x—
= E - 2,/a -x
_ 2x—a-b
2,/a —x/x=b
32.b. flg(x)=x
= fEewE ©=1
= P+ g x)=1 .
= (V4 1 (flog) =1
= (€7 +1)g'(flog2)=1
= g(fllog2))=1/3
33.c. f(x)=(oc+ &) ' (x)+h(x) (k+ )
SO=H0)+hr(0)(k+1)
= 18=-2+5(k+1)=>k=3 '

1l

1+x e E_ l_-l-_x+x

X

34d

T = y'=s

X 2x - .
y=tan! | ot | = tant 267D ant2*

1 +2.I 2x+l

2
1+(2"“)2 1+(2")2

, 2°'m2

= y(0)=— = In2

35.b.

10

F9=1 2 e e 3] <1

= f"(0)=n!, where n is even.

36b.

=

_ 37.c.

38.b.

y =2cosx cos 3x=cos 4x + cos2x

d*° J’_420

P cos4x+2% cos 2x

1-x

Wehavey= 1t
1+x

Differentiating w.r. t. x, we get

_1(1- xlnl_t_i_l—x
2 (1+x dx\1+x ) .

1 firx (1+x)(=1)-0-x)()
2 \/: (1+x)"

o1
I-x (1+x)2
2 dy_ 1+x 1 (.2
(l_x )dx 1-x (1+"x)_2 (1 * )
o dy __ |=x
(1=x) dc 1_+x
-2 -y
(l—xz)% +y=0
Z= [2-x)(3- x) (n—x)+(1
(n—x)+-(1-x) 2=x) - (n-1-x)]
“Atx=1
E=—[(n—1)!+0+..-+O]=(—1)(n—1)!

39.a.

Let cosax= —5- , then singg= 2 .
. 13 3

So, y=cos ! (cos a. cos x — sin o.sinx) -

X) G- X)




40.a.

41.d.

s y=cos™ {cos(x + @)} =x+ @ (- x+ais inthe first
or the second quadrant) '

= fdl=1
dx
Letx=sec@
' +1
Then y = tan™! secd
secf—1

-1 ,1+c0s9- _1’( 9)
= tan =tan | cot—
1-cos@ _ 2

=>y=tan"' tan(zr———e-) BRI S
2 2 2 2

dx = 2

1
l»xI\/xz—l

. ' 2_ .2
We have sin”’ [x; o4 2)=loga,_
X+ y°

2.2 -
= £ = sin(loga)
x2+y
1-tan’0 . }
——— . T sin (log a), on putting y=xtan 0
1+tan” 0. : ’

= cos 20=sin (log a)
=20= cos™ (sin (log a))

= 0= -;— cos™! (sin(log @)

_ => tan™" (Z) = -;—cos"1 (sin (loga))

42b.

x
=2 = tan(l cos " (sin(log d)))
x \2
Differentiating w.r.t. x
x Y _ y
= dx2 =0
x
=x—-y=0
Y
dcx X

y=cos™ (cos x) = cos™ {cos -[2”-._ (2m—-x)}}.
=cos ™! [cos (2m—x)] ' '

=2n-X

dy _

2= t x=—

Methods of Differentiation 4.37

43.a. Lett= cos 26

44.b.

Then e—"— J1+cos28 —J1-co0s26

" \1+c0520 +~/T—cos260

_ cosf@—sin@ _ 1-tanf _ (7:

- cosf+sin@ h 1+tan9__ 4

tan?. = /1_—00_522 ~tan®
' 2 1+cos26

‘ Atr= l,cos29= l'=:‘9
-2 2

z
6

‘ /4 /3
Thenx=logtan —, y= — .
nx=lgln VT3

tan f_e)

Differentiating w.r.t. 6, e"£=—sec2 (E—O an
~ do 4
%scczg%isec%
d
5 _ﬁd!___:jTyB_': 2560290052%
dx ix_ x 2( 7
10 e» sec (-Z—B)
/4 n
: 2sec? =cos? —
Att——,le,0=£,idz= ' 6 6
6 dx

sec

dy _ 2
oot E sec? X
12 12
= —2teml‘:-c(-)s2 L o —sinZ= _L
12 12 6

.We‘havexz+y2;t_ '}\andx4+y4=t2+ Lz
. ’ t

=@+ =r+ iz—z
t

= (P +y Y =x"+y -2

=>2.x2y2=—2.' .
=>x2y2_=—1
a1
==>y2— .xz
::>2y-;iyx-‘=x—23
dy

':>x3y—-'=l

~dx

_glostan®/12 (o2 n
12

d
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45.a. We have

=>'y1(1+x)—my :
=2yp,(1 +x2)+2xy =2m’yy,
=y D)ty =my |
46.a. y=f()—-fI2x)=>y"=f(x)-2f @) :
=y’V)=1(1)-2f(2)=5,and _ o

Y@=r@-2r®=1 - @

- Now  lety=f(x)—f(4x)

' =y =f(x)-4(4x) - : _
=y’ M= (D-4"1@) . ' ©)]
Substituting the value of f* (2) 7 +2f (4) in (1) we get

FM-20+20@)=5
Fm-4@=19

: | | - |
47.a. f(10)= Sin—l cos 10 =sin"" sin ('2— —10)

= —sin™ Sin(lO—E)
2
' . r
=—sin" lgin | 37 -10+= )=—'37‘c.+£‘—10 =10- —
_ 2) 2 2

—sinx —sinx —-sinl10

f'® = m [sinx| f’(lO) - |sinl0]

S0,f(10)+£'(10)= 1_1—7—2”-

=1.

48 a. (sm x)(cosy)=

NI»—

@ _,

= (cos x) (cos y) ~siny sinx

dy

= o =(cot x) (cot y)

——dz 2x.cot cZycotx. &
= = —-C0SeC” X.CO COS €
ax* r- 4 dx

()™
Now =1
) dx (x/4,7/4)

2
ﬁ[f—{] =@ W-QMW)=-4
o /4, ml4)

49.a. Givenf;f’+f”+f'}'+...m
:>f' =f” +fl’”+f””+ e 00
=f-f'=f
=f=2f

Hence, —ff, = l/2=> fi}dx = J‘—;:dx

= logf(x) =x2+c¢
=>f(x) eJ':/2+c
- Also, f(0)=1=>c=0=>f(x) ="
50.b. Putting x = sin fand y = sin ¢
cos@+ cos¢ = a(sinf — sing)

9+¢cose ¢—a(20059+¢sin———9_¢)
2 2 2 2 J

=2 cos

= -9;‘11=cot_1 a
2

= 0-¢=2cot”a

= sin x —sin”! y= 2 cotl a

0=>dy =y

1
r—/—;}*- =

5la. y=x*+ L
y

:>y2 =x2.y+l

= 2y—=y.2x +x" =
SO

Y __ 2y

T dx 2y -x*

oy {m-, (I<_3_>)]
: _ dx

1-3x

Put Vx=tan@= O=tan'/x
tanB 3 tan 9))
1- 3tan 6

[ a 3tan9 —tan 9)]
tan~

tan™

B~

§~l‘=~

'1-3tan’@

%

4 m-‘ (tan 39)] :x(w)

o e

dx[3tan1\/—] 2\/"(1Tx)

53.b. Since g(x) is the inverse of function f(x), therefore
 gof (x)=1I(x)forallx
Now gof (x)=1(x),Vx



= (gofy (0)=1,Vx
=g (f)f '(x)= L,Vx

o = Vx
=g U= f()

=g (fle)= (puttmgx o)

fle ( )
54.c. f(x)=x+tanx
D=1 "0) +tanf ')
y=g)+tang(y)
x=g(x)+tang(x)
Differentiating, we get 1 =g’(x) +sec g(x) g'(x)

1 5 1
T 2+[g(x) - xT

55.a. y x> +1= log{\/xz +1 —-x}

Differentiating both sides w.r.t. x., we get

=g'(x)=
&' 1+seczg(x)

d +1+ 2x= 1 2x -1
2\’x +1 \’x +l—x 2 x* +1
-1
= (*+1) & +xy =X +1 ‘
dx \[xz +1

= o +1)dx

56.a. 1/a+x—,[a x
y= Ja+x+ a—x

ez ]
(a+x)—(a—x)

+xy+1—0

= V=

(a+x)+(a—x-)—2( a’ —xz)

= y=

2a 2\/11 —x? a—-\[a —x* | a
X

Differentlatmg w.r.t.x, we get

O i

dx

) 2 2

a—+Ja*—x

X’ —ayja® —-xt+a’ -2’ a( )
x2\Ja? -5 x2jat-x2

57.a.

58.a.

59.b.

60.c.

6l1.a.

62.b.

Methods of Differentiation 4.39

' 3
As fo)=x"an (F)—xIn (1 +2%) is odd, :d—digl is even
4 .
LISy et}
dx _
Giventhat g™ (x) =/(x) = x=g(f(x)) or g'(f(x)) /()= 1
1
200" 7y
”, f”( ) ’ —'f”(X)
=g"(f0) 0= ———5 =" ()= ———=
s T T
Forx>1, we have f(x) =|log|x||=log x
==
Forx <— 1, we have f(x) = |log|x|| = log (—x)
=/
For 0 <x <1, we have f(x) = |log|x}| =—logx
===
For—1<x <0, we have f(x) =—log (- x)
S
x
. l,, jx|>1
Hence, f'(x)=
==, Jxi<]
x

. 2r :
In neighbourhood of x = 3 jcosx| =—cos x and |sin x|

=sinx

= y=-cosx+sinx
dy .

= -~ = sinx+cosx
dx

2 _
= Atx= 3”, & =si 2n 5271: 3 1.

Since g is the inverse function of f, we have f{g(x)} = x

—(f {g(X)}) =1

=f {g(X)} g=1
=sin{g(x)} g’'(x)=1
1

=gW= ———
sin{g(x)}
We have x = ¢(2), y = w(f). Therefore,
dy
d_a ¥
dx ¢
:>d‘7=_d_£’ ___d y’\dt
d*  dx\ ¢ ¢’ dx
¢"V" W,¢I’ ¢’l’/’l W¢
¢/2 ¢’ ¢l3



4.40 Calculus

63.c.

64.b.

65.c.

66.b.

67.a.

fO)=e —e*—2sinx— %f

floy=e+e*-2 cosx—2x*
A x)=e"~e™*+2sinx—4x
)= +e*+2cosx—4
Nx)y=ée—e*-2sinx
fY(x)=€&+e*—2cosx

M x)=e"—e*+2sinx
Y (x)=¢"+e™ +2 cosx
Clearly, fV7(0) is non-zero.

Given f(ngsy)z 5/(9-3/0)

= f (Sx —3y ) _3/®)-3/) , which satisfies section
5-3 5-3

formula for abscissa on L.H.S. and ordinate on R.H.S.

Hence, f(x) must be the linear function (as only straight

line satisfies such section formula).

Hence, f(x)=ax+b

Butf(0)=3=56=3,f(0)=2=>a=2.

Thus, 7(x)=2x+3=>Period of sin(f(x)) = sin(2x + 3)is .

S* (x+h) - f? (%)
h

D= i

= lim M_—f@(f (x +h) + £ (x)

h—0 h

- 2 LI

=2f(x) *f'() :
= D*(xlog x) = 2x logx (1 +log x)
= D¥f(x)|-.—4e

\/; = cosf@
x€ (0 l)=> \/; =cosf.e ['0 L)
72 . ,ﬁ
e (E,z)
472

=20€ (E, ﬂ)
2

= fx)= 2sin ! \[1 —cos?@ +sin™! 2 Veos?0 sin’0)
=2 sin” '(sinf) + sin”'(2sin@ cos6)
=26+sin" (sin26)
=20+m-20"
=7

= (0)=0

ro- 12} 2]

Here g(x)=/"(»)

68.b.

69.c.

70.a.

and g’(x)=f"(x)=-f(x)

aro () A

= F(x) is a constant function.

=FA0)=5 _
Sl V1+x2 41 N
Letyztanl _1__ ,andz= tan_l E_.;—
X 1-2x

Putting x=tanfin y, we get

y= tan

dy

- (———) = tan™ (tan 2) ~Lin
- tan@ 2) 2

secH—1

1

— — =
dx  2(1+x%)

Putting x =sinfin z, we get

. _4(2sin6 '
z=tan l(—s—lmg)=tan_l(tan29)=20= 2sin” x
cos26
dz 2
- — =
dx 1-x?
@y
Thus,d—y—dx= ! -x? =>(Q) -3
dz dz 4(1+x%) dz)_, 4
dx
S&x)=xé*
)= +xe

flx)=€+e +xe
[(x)=2&+ €& +xe" =3&" +xe"

(%)= ne* +xé".
Now, f” (x)=0
=ne+tx=0=x=—n
y2=ax2+bx+c

dy .
=292 =2ax+b
dx

dy2 d
=2 Y| 422 =2
(dx) d ¢

d’y

=)

@’

2
Y

dx?

2ax+b2
a-| 2222
2y

dzy_ 4ay® ~(2ax +b)2

dx? N

= 4y

= 4y3

2

@

£y

dxz

4y2
=4aq (ax2 + bx+c)—(4azx2 +4abx +b2) _

=4ac— b* = constant.



71.c. y=sinx+ée = %=cosx+e"

= ‘—bc—=(cosx+e")_1 - | @ .
dy

Again iz—f =—(cosx+.e")'z(—sinx+e")éf
" dy? dy

Substituting the value of % from (1)

d%x (sinx—e") 1 sinx—é”
— = 5 (cos x+e =
dy (cosx + e ) (cosx+e"-)
72.4d. u=x2+y2,x=s+3t,y=2s—t
Now, =1, D=2 _ o)
ds ds .
d*x d?
220,22 = )
ds ds
d dx dy
Nowu=x*+y, —=2x—+2y —
w=E Y as ) ds
2 2 2 - 2 2
fl—;’— =2(£x-) 282 +2(-dl’-) +2y i—f
ds ds ds* ds ds?

2
From (1)and (2), 52—,;‘— — 21 +0+ 2x4 +0=10.
A} R

73.c. Here,y= A+ 1andx=£+1
- Bex—1=f=@E-1D"
So,y=(x— 1)5’4+ 1
. _ p
Differentiate both sides w.r.t. x, we get :lx}j_:% (x—l)”4

Again, differentiate both sides w.r.t. x, we get

dly 5 -3/4

22 ="(x-1
FEANTA )

d’y 5 5

5
e 161" 16() " 166°

74). From the given relation Y =logx-log(a+bx) .
x

d
. _y_) _y
. - dx
Differentiating w.r.t. x, we get 5 =
x
1 b a

X a+bx—-x(a + bx)

Methods of Differentiation 4.41

R A . _
'xdxya+bx‘ ®

Differentiating again w.r.t. x, we get

d2y+dy dy (a+bx)a- axb
L2 2 e
dc>  dx dx (a + bx)?

d’y a

x -
dx? (a+ bx)*

2

d’y _ a’x? - dy 2
=X 22T Gab)? (XE - y) by (D]
75.2. u(x)=Tv(x)=>u'(Kx)= Tv'(x) = p=T(given)

Id

IR 1) e

V() )
Now B_tq_= 7_+_0..= 1
p—q 7-0

76.a. @ +2hxy+by*=1
Differentiating both sides w.r.t. x, we get

v o dy dy
Yax + 2hx = +2hy+2by — =0
2 T

Ly =ty
dx hx + by
'Again differentiating w.r.t. x, we get
d’y
el
| dy d
hx +by)|a+h == |- (ax+h &
| »(a ) (e »(ne o)

(hx + by)2

L

L)’ (ab - Ry + % (hzx - abx)]

(hx +'by)2
d
) (* —ab_)(y—x?%x)
(hx + by)

_ (B —ab) { ' ax+hy]

(hx + by’ hx + by
_ W —ab

(hx + by)?

dy _dyldt 3" 3 d’y 3 3

b T 2 2l alx 4

d .
78.b. y=xte& = Y jre o &1
dx dy 1+eé°
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i(ﬂjzif 1 J Px d 1 \ax
KA O i (v v

fii_ —e* 1 e*

&y’ A+e")? (1+€*) (1+e°)

79. a. In the neighbourhood of x = 77/6, we have'f(x) =|sinx +

€0s x| =—sin x —'COS X
= f(x)=—cosx+sinx = f(77/6) = —cos(77r/6) + sin (77/6)

3-1

2
y=f(x) is an even function and y = g(x) is an odd function.

A(x) = f(>) g(x) is an odd function.

h(x)=— h(~x)

K (x)=K (%)

K (x) =—h"(=x)

h’/l(x) = h’//(_x)

Now, we cannot determine the vaiue of 2”'(0).

80

T |

—

8l.c. —=—i=m

82.a. y=2In(1 +cosx)
dy —2sinx
dx l+4cosx ,
dy (1+cosx) cosx—smx(—smx)}
E - [ (1+ cosx)?

=2 cosx+1 | -2
(a+ cosx)2 (1+ cosx)

In (1+cosx)’ 5
2= 2-e 2 2
Now 2¢ (1+cosx)
2
cd'y 2 -0
2 ey/2

83.a. Let g(x)=(sin x)"* = gIn*"Incin)

fix)=g'(x)=(sinx)"* | cot x(Inx) + m(—s:’i)]

—

Hence, f(g—) = g’(§)= 1(0+0)=0.

Y R Vi -

dy e e e —e

& wx 2x  20x

_ ,,(e‘/;+e—‘/;)2—4 _ \/))2—_4
2x 2Jx

2. a,c,d
: d;

2_ + :>_y.=*
yoEY dx 2y -1
dy__y
dx 2x +y

1£v1+4x

2

Alsoy= —+1=>
y

Alsoy?—y—x=0=>y=

_ 1+/1+4x
2 .
-4 1

1
Z ,/l +ax J1+4x
3. b,c,d.

11sarootoff(x) 0 f (x)=0and f”(x)=0, or
lisarootof ax’ +bx? + bx+d=0 4y
3ax* +2bx+b=0 2

= a+2b+d=0

a+b=0

b+d=0anda=d.

a,c. ’

x3—2x2y2+5x+y—5=0 _

Differentiating w.r.t. x, we get

&

(asy>0)

’

=) =

|

= 3x2—4xy2—4x2y%+5+ =0

_dy _ 3 -4 +5

Also, y”

_ (6x—4y" —8xpy")(4x"y—1) ~ (8xy +4x2y")(3x% — dxy? +5)

(4x’y-1)*

(6—‘4—8.;)(4—1)—(8 +4.£)(3 ~4+5)
= y(1)= 3
-1

5. a,b,c.

S@)=pA-3p]+2|

_f1X*=3x+2], x20

—{|x2+3x+2|, x<0
(¥ -3x+2, x®-3x+220, x20
—x2+3x—2, x2-3x+-2<0, x>0
x2+3x+2, x2+3x+220, x<0
~x?23x-2, X +3x+2<0, x<0
xe[0, 1]u[2, =)
—x? +3x-2, xe(l,2)

x?—3x+ 2,

X’ 43542, xe (-0, —2JU[-1, 0)

xe(-2,-1)

2
[~x" —3x+2,



rg"

2x—3, x€(0, DU(Z, =)
o= “2x+3, xe(l, 2)
=107 9043, xe(—e, -2)U(-1, 0)
{2x-3, xe(-2,-1)
6. b,c.

(x2 +1)2 —3x? (x2 +1+ \Bx) (x2 +1—«/§x)

r= x2+J§x+1 B x2+1+\/§x

%=Zx— B =a=2andb=-3

a-b=2+ \/_3- =tan ?—72[- =cot z

12
7. a,b,d. .
2,
e \(F/x—l) +1-2Jx -1 .
x-1-1
_ I,/x - -—ll x
x—-1-1
[ —xif xell, 2)
Cx if xe(2, )
8. b,d
y= x(logx)log(log'x)

= logy=(logx) (logx)****? . )
Taking log of both sides, we get

= log (logy) = log (log x) + log (log x) log (log x)
Differentiating w.r.t. x, we get

1 1dy 1 +210g(logx)l
logy ydx xlogx logx x
_ 2log(logx)+1 |

xlogx

= & _2 .lo—gz(Zlog (logx) +1)

. dx  x logx
Substituting the value of y from (1), we get
D = 2 (10g )5 Qlog (log ) +1)
dx x

9. a,b,c.

We have sin”™' (cos x) = % — cos™(cosx)

E—x, if 0<x<m
2

3’2——(27z—x), if 7 <x<2m

Methods of Differentiation 4.43

T .
E—x, f0<x<nm

3

X—.T, ifr<x<2rx

d - -1, if0<
.~ —{sin I(cosx)} = ,1 X<
dx 1, ifr<x<2m
1. /4 I ‘
We have cos™ (sin x) = Y — sin” (sinx)
(7
——Xx, if ——7£<xSE
=12 2 2
LY 4

T T
——(r-x), if =<x<—
L2 ( ) 2 2

. 7 i
d -1, f——<x<—
~ 2 (cos™ (sinx)) = 2
dx T £7/4
, if —<x<—
2 2
10. a,c.
Sflx=y),fx)f(»)and fx +y) are in A.P.
= flety)+fx-y)= 2f()f(y) forallx,y
Puttingx=0,y=0in (1),
we getf(0)+/(0)= 2/(0)/(0)
= JO=1 (- f0)=0)
Puttingx= 0,y =x, '
we get f(x) +/(-x) = 2/(0) /()
= f&)=f(=x) : (M
= S@=f=4./3)=/3)
Differentiating (1) w.r.t.x, f/’(x) + f'(~x)=0
= S@HH=0

i1. b,c.
y=cos‘1( 2x )
1+x2
N i( 2x )
dx 452 dx\l+x?
1—(l+x2)2
LAy 1ex 2lexh)-4y
de Ja—x2? (1+x7)?

dy (1+x2) ]—x%
— =2 201 222
dx [1-x )0 +x%)
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dy 1-x? 1Y)
——=-2 2 702
dx [1-x* | \1+x
—3? if | x>1
- & _Ji+x
o2 il
1+x
12. a,c,d.
. fOx+h) - f(x)
S x)= lim ——————=
x—0 h
T .
I+— ,
=ﬁmf£—jj=fwn=l
h0 h x x
—-x
X
= f(x)=Inxasf(1)=0
13. a,c

_“ ANe))
;{f"(x)}-dx{e’ b

‘ d
_ S %{fn (D} = f ) a0

=£,(0). {efrz‘”} £, (). ef"-"")—{f 20}

=S S () — {fn—Z(x)}

=1 ®) o) 7 {f =

=1 S ) o) = %A

) Sk ®) 0 P )
Use ™ = ﬂ(x) and fy(x)=x

Reasoning Type e

-X, —1<x<0
-0, 0<x«<l
1 a f(x)=xfx]=¢x, 1<x<2
2x, 2<x<3

-1, -l<x<0

0, O<x«l
=(@)=41 1<x<2 =f(x)=[]
2, 2<x<3

2.c.

=

=
=

Statement 1 is always true, but Statement 2 is not always
true, as if f’(x) = cos x, then f(x) can be sin x which is odd
function, but if f(x) = — sin x + 2, then f () is neither odd
nor even.

. Since [f(x)—f(y)| < lx—yl , Wherex #y

f@-ro)
x—y
Taking lim as y — x, we get

i /@=IO
x—-y yox

i 7@~
yox xX-y -
F@I<o

r@I=0 C: [ @I20)

2
Slx-y|

yox

» S@=0

=
4.b.

5. a.

=
=

6.d.

J(x)=c (constant)

Both the statement are true, but Statement 2 is not correct
explanation of Statement 1.

Statement 1 is true as period of sin x is 27,

Or, in general if for y =£(x), f(a) =/ (b), we cannot say f*(a)
=f'®).

fO)+fx-2)=0 Y]
Replacexbyx—2= f(x-2) +f(x-4)=0 2
From (1) and (2), /(x)—f(x—-4)=0

Replace xby x +4 = f(x+ 4) = (x).
SE=fx+4)=f(x+8)=-=£(x+4000)
J/0)=F"(e+4000). |

Hence, both the statements are true and Statement 2 is
correct explanation of Statement 1.

Hence, f(x) is periodic with period 4.

Statement 2 is true as /(@) =0 and 7"(¢}) =0, then definitely
oris repeated root of £ (x) = 0.

- But from data, we are not sure how many times a root

=
=
=
=

1.b,
Sol.

repeats. :

Also f(x) = (x — )" * g(x), which changes sign at x = @,
when 7 is odd and does not if 7 is even. Hence, Statement 1
is false.

. Givenf(x+y’ )~f(X)+f(y )VxyeR

Putx=y =0, we get /(0 +0)=£(0) +£(0) = £(0)=0.
Now, puty=-x"?, we get £(0) =/ () + /(<)

& fE0=0

f(x)is an odd function

J'(x) is an even function

J-D=a

Linked :C‘dr'npreh‘ensio'n ,
Type
For Problems 1 -3

2.3, 3.d.
Suppose degree of f (x) = n, then degree of f” = n—1 and
degf”=n-2,
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son=n—1+n-2 Eliminating ¢ from (3), (4) and (5) we have
Hence,n=3. 3q, ' 25, ¢ .
So put f(x) =ax’ + bx’ + cx +d. (where a % 0) 3 o
From /(2 =f(9)-f"@), % 2 o =0
we have 8ax® + 4bx +2cx+d - ab~ab, gay-ca diay—dya

—(3ax +2bx+c) (6ax +2b) 9.d.

- 2

- 18 @*x° + 18abx” + (6ac + 4b°) x + 2bc. For Problems 10—12

Comparing coefficients of terms, we have »

18a2=8a = a=4/9 : 10.b, 11.a, 12.c.
18ab=4b = b=0 ~ Sel. i
2e=6ac+4b> = c¢=0 : 10b. Since 1, a,, a,, -+, a,._, are roots of x" — 1 = 0, then
d=2bc = d=0 X-1=(x-Dx-a)(x—ay) - (x—a,1) @)
3 - xn _1 — —_— — ) asn V
= f(x)= ——, which is clearly one-one and onto. = =1 (r-ax—ay) - (F=ay)
= f3)= 12. ' = lim——= lim [(-ap)(r—ay) ~ (@~ a,1)]
: | | (i- x)_ (1-ay- (1-a,0)=
4x = (l-a —a)(1-a,)=n
- = = =4 . 1 2 n-1 °
Also, 9 x=x=0,x=+3/2 ‘ _ 11.a. From (1), log (x" - 1) = log(x — 1) + log(x — a;) + -
Hence sum of roots of equation is zero. +log (x — a,)

Differentiating w.r.t. x, we get
For Problems 4—6

n—1
4.d, 5.¢c, 6.d. o nf -1 + 1 + 1 et 1 @
Sol. Here,f(x) =X+ () +xf" )+ ") -l ox-l x—a x-a XAy
Pt S ()=af"@)=b f"G)=c a Puttn:gx— 2in(2), we get
fo)=x+a+brte T
=  f'(x)=3x*+2ax+b,or 2°-1 2-a 2_02. 274y
. n-1
f'(l)=3+2(l+b ’ 2 = 2_1 + > 1 +...+2 1 = n2 -1
= f7(x)=6x+2a,0r ' @ ~ % T 271
f7(2)=12+2a ' - Q. _ 2" -2"41
= f"(x)=6,0r S 2" -1
f,”(3) =6 ' (4) _ 2"_1 (n - 2) +1
From (1) and (4),¢c=6 2" -1 ‘
From (1), (2) and (3), we have a=-5, b=2 ! 1 1 i )
o f)= x;5x2+2x+6 12.c. From(2), — T n oot
f(x)=3x"—-10x+2 : x -1 x= x—q x—a X—ay_y
For Problems 7-9 - " 10+ x4 x4
Sol. 7.b,9.d. x" -1
7b. From the given information, we have f(x) = (x — ¢)’ g(x), 1 1 1
where g(x) is polynomial of degree n—m, T ia Tz 2 LA
Thenx=cis common root for the equatxons f(x)=0 NEe)) -
=0,/%(x)=0,.f""'(x)=0, ' o™ =10 xR )
~ where f'(x) represent rth derivative of f (x) W.L.L. X. = ng} 1
8. Letf(x)= a,x + blx +¢,x +d; =0 hasroots o, o, 5, '
then g(x) = a;x> + by’ + cx + dy = 0 must have roots o, @, ¥ - 1im( U S
=a,0’+b o? +co+d;=0,and ' o o\ x—a x—a x—a,_
a,00 + b2a2 +c0+dy=0 ) ,
o is also a root of equations f'(x) = 3a;x* +2byx +¢;=0 - lim a(n=Dx"2 = (1 +2x 4+ (1 -Dx" )
and g'(x)= 3ax?+2byx+ ¢, =0 : x-l ™
= 3a,0” +2b,a+c¢;=0,and : 3) 1 1 | »
3a,00 +2by0+ ¢, =0 @) = + +ot (applying L Hopital’s Rule
. I - al 1 a2 1 - an—l

Also from a,(1) —a,(2), we have v
(a,b,— myby) O + (13, o)) O+ diay —dpay =0 (5) onLHS.)
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IR G S A ) N S N
n 'l—al l_az l_an—l
1 1 1 n—1
= + +o-t =
1—a'1 l1-a, l-a,, 2

For Problems 13 —-15
13. b,14.¢c,15.c. '

Sol. * .
Hereputg'(1)=a,8"(2)=b Y
. Then f(x)=x2+ax+b,f(1)= 1+ta+b=>f'(x)=2x+ta,
=2 - |
Cnogx)=Q ta+bpl+Qx+a)x+2=x’3+a+b)+ax
+ 2.
= g’(x)=2.x(3+a+b)+aandg"'(x)=2(3+a+b).
Hence, g'(1)=2(3 +a+b)+a @)
2"(Q)=2( +a+b) 6))

From (1), (2) and (3), we have a = 23+at+b)ta
andb=2(3+a+b) '
= 34+a+b=0andb+2a+6=0
Hence, b=0and a=-3. So,f(x)=x2—3xandg(x)=—3x+ 2.

2 _ 2
A ,/" 3% i< defined if 2ok 20
g(x) =3x+2 - =3x+2

N x(x-3)
(x=2/3)

For Problems 1618

Sol.
16.d,17.¢,18.¢
g(x+y)=g(0)+g0)+3xy + 30" )
= gx+y)=gx)+6yx+ 3y2 (differentiating w.r.t. x keeping
as constant)
Putx=0
g0 =g O+ 3
go)=—4+ 3
gx)=—4 + 32
gx)=—4x + ©+e
Now putx=y=0in (1), we get g(0)=g(0)+g(0)+0
8(0)=0
gx)= © —4x
o()=0 = r-4x=0 = x=0,2,-2. Hence, three
roots.

[a(x) —Jx® —4x isdefinedifx’—4x> Oorxe [-2,0]U

2,%9). i
Also,g’()=3x"-4 = g()=-1

<0 =xe (—w,O]U(2/3,3]

Lued

44

For Problems 19-21

Sol.
19.d,20.d,21.b.

x=f()= 2 _ grinb "
y: a(t): b—ln(a') - (b]nn)—l :(alnb)—t = a—t]nb

- y=gld= A" =f(1) ®
- From equations (1) and (2)
=1
19.4. - y= 1
x
Ly 1 1
B RO
' 1
Also, xy=1 - =_g°
0, Xy fz('t) g®

dy _ y_

__20

Also,xy=1 =
4 i x £

20.d fi)=g) = fO=FH = =0

{- f(t) is one-one function}
Att=0,x=y=1
dy 1 diy 2
coxy=l o —=—and —5=—
dx x d? X

2
Atx=1, d—f=2
dx

21.b. wxy=1
s fg=1
o fe+gf =0
g e g7 =0
= fg' g +28"=0
.i_ig_”. + if_’: = _2
g gfr 9
From equation (2), g(f) =)
L gO=—" 0
andg”()=1" (1)
substituting in equation (3)
N Wi WA O N
'@ =0 f0 70

fO S, L6 11O,
O 7 =76 SO

Matrix-Match Type |

l.a. -»p;b.—=q,r;c.->s, r;d.—q,r
Sol.

a f(1-0)=f(1+x)
=-"(1-x)=f"(1+x).
Hence, graph of f(x) is symmetrical about point (1, 0)
(as if f(x) = -f(- x), then f(x) is odd and its graph is
symmetrical about (0, 0). Now shift the graph at (1, 0)).




b f(2-x)+f(x)=0
Replacexby 1 +x,thenf(2—(1 +x))+f(1 +x)=0
= f(1-x)+f(1+x)=0
=(1-0)+f'1+x=0
=f'(1-x0)=f(1+x)
=> Graph of f’(x) is symmetrical about line x = 1.
Also, putx=2in (1), we getf (- 1)=1"(3).

© 6 f(x+2)+f(x)=0

Replace xby x+2, we get f(x+4) +f(x+2) 0
From (1) and (2), we have f(x) =f(x+4)
Hence, f(x) is periodic with period 4.
Also,
Putx=—1inf"(x)=f"(x+4), we get [ (—1)—f 3).

d Puttingx=0,y=0 weget2f(0)+ {f(O)} =1
=f(0)=V2-1
Puttingy =2, 2/ () + {f(x)}* =1
Diff. w.r.t.x, weget
21 () +2f(x).f(x)=0 or
= f(x) =0, because f(x) > 0.

2, a.—>q; b.>r;e.—s; d.—p.

Sol.

dy _dyldt _ 127 —61-18
dx dx/dt 5:*—152-20
-6-18

LB _12-6-18
dxl,o

=2att=1.
t=1

'=>5£11

@

M)
@

f'()=f"(c+4). Hencef"(x) is periodic with period 4.

{~f(0)>0}

FEUHE}=0

b. Let us take P(x) = a(x — 2)* + b(x — 2)> + ¢(x — 2)* +

dx-2)+e

-1=PQ2)=e¢

0=P’'(2)=d

2=P"(2)=2c=>c=1
—12=P"”(2)=6b=>b=-2
24=p"(2)=24a = a=1

Thus, P”(x) = 12(x—2)* - 12(x—2) +2
=P"(3)=12-12(1)+2=2

\/1+x
¢. Here (1+y 1+— '«'}’=
+

NIE d
From (1)and (2), Yor2 =— &

\fl+x4 - dx

)

M)

@
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dy
1+y

dx
1+x

d Obviously, f(x) is a linear function.
Also from (0)=p and f(0) = q,f(x) =px+gq.
=/"0)=0

3. a——_)q,r,b—)p,r,s, ¢.—q,s; d.—>q,r.
Sol. _
a. We know that

( . -_1( 2x )
sin” | —— |,
1+x?

2
xz), if x>1
+Xx

4

= =-1

?

if —1<x<1

2tan! x =4 n—sin'l(

|
.- 2
—7L'—sml( x2), if x<-1
I+x
d . ‘ :
£=_1' 5 ifx<-lorx>1
+Xx
B ocosl| L |- tan'x, x>0
\/1—;2— —tan'x, x<0
%=—1 12 ifx<0
+Xx

_ ef-e, x21
X
e —-e|, x20 - <x<
C. y=|eM—e'={l . I’ S = e-e, O—lx<1
le”—el,x<0 [|e—¢™* -1<x<0
’ e*—-e x<-1

d .
= Ey >0ifx>1of-1<x<0.

d u=log|2x|,v=|tan x|

—, x>0
d_=l,andé’.‘= 1+x°
dx x dx . 1
_1+x2, x<0
1+x?
du , x>0
=>—d-—'— 2
v
I+x x<0
x

2

' +
Now we know that I+x =x+ l >2ifx>1and<-2if
x x ]

x<-1

= ﬁl— >2ifx<-~lorx>1
dv
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4. a.—>p,q,Ir; b.—q,8; .24 TI;3 d.—or
Sol.

a PGt
The graph ofy=* =2l

3

\ /

VNN

-3 42 41 | 2 3

! 1
|

Fig. 4.3

From the graph dy/dx is negative for p, g, T
b q,s
The graph of y = |log |x||

3.1

______\\
3 2. 41 T 2 B
Fig. 4.4
From the graph dy/dx is negative forq, s
c. qQr . -
~x, —4<x<-2
A—x, —2<x<0

y=x[x/2] =

0, 0<x<2
x, 2<x<4
Hence dy/dx is negative for g, r
d q
The graph of y = sin x|

4

Fig. 4.5
From the graph dy/dx is negative forq

Integer Type

L) 2 QUeF -
20 (6) () 0 ]

=2[f®)- 9(x)— $() - f0I) [/ ()= (x) and ¢/() =/ ()]

=0
= [f0)] - [9(x))* = constant

O[O =B - W =V~ [O =25

-16=9.

2.(2) Since f(x) is odd. Therefore fl—x) =~f(x) =/ () D)=
- =f®
= f@)=f®) ~[3)=3)=-2
3.(5) Here x= ais arepeated root of the equation f(x) =0
hence x = ais also a root of the equation f'(x) =01i.e., 3x?
+6x-9=0 '
or ¥+2x—3=0o0r(x+3)(x—1)=0
has the oot & once which can be either -3, orl.
If a=1,then f(x)=0givesc—5=00rc=5
If @=-3, then f(x) =0 gives 27 +27+27+c=0 ..c =-27
4.(3) Wehave f{5—x)= —fG+x)=>"(G-x)=- (5+x)
=1 (-2)=f(5+)=3)=f(N=3

5.(2) We have g(x) =f(x) sinx Q)]
On differentiating equation (1) w.r.t. x, we get
g’ (x)=fx)cosx +f(x) sinx @)

Again differentiating equation (2) w.r.t. x, we get
g’ () =fx) (-sinx) +f (x) cosx+f (x)cosx+f’* (x)sinx
| €)
= g (m)=2f (-mycos (—m)=2%x1x(-1) =-2
Hence g’ {-m)=-2
6.(8) In(f(x)=In(x—1)+In(x—-2)+ -+ In(x—n) .

5 f0)=/0) [x1_1+x1.2 o ]

= f@)=(x-2)(x-3)x-m)+E-1)(x-3) - G—m)+ -+
-1 (x=2) - (x=(n-1)) .

= f(n)=m-1)n-2)(n-3)-3.2- 1 (all other factors except
the last vanishes when x = n)

= 5040=(n-1)!

= n=8

7.9) £(0)= }‘ig(])f(ﬂh);f(xw)

= m (@) +x f()+h]f () =2f () =5 (0) -0y ()

h—0 h

as£(0)=0

_ (f)-f(O :
= },‘L%"(ﬂ%__g(_))”f @) = O +Jf)

= 0= T ¢ F10)=0)
£ 4 (4
=] @ Ja
= 2Jf(x) =x+e
2 :
= f()= "7 ¢ £(0)=0)
8.3) fO)XS () =A=)XS ()
o R X)) X[ ) =0

= 2{r)=0
= W fx)=k

Given (f(0))*=k=9 = k=9
“Thenf(3)f(=3)=9 = f(-3)=3



3, v2_sis S wa 3/2
Zbx 't - =x" (a+bx
a+ bx3/2 4 ( )

5/2

9.(5) y=——— = Y=
&) y= s/ Y ~

According to the question,

_?21 b5Y/255/4 _ % 5V4(a+b52)

0= 55/2

5/4 7/4
5 = 5b5—-— =0

4 4
b57/4 =554

b\/§=a
= a:b=\/§:1

4 2 »
CoxT = (x*+2x+1
10.(3) y= x(z_x_l )=x2+x+l

= 3bema_

U

4

dy =2x+1=ax+b
b

hencea=2and b=1

2

11.(2) Limitis/*(e) where for) =x"*= ¢ *

o = 2R

= fl(e)=e- %:2
e

12. (5) We have (gof) (x)=x
= g =1

when f(x =~—% = x=1
= g’(f(x))g’(—%)f’(l)ﬂ

7). 1 1
e /()% |
13.(6) g0 = f(~x+ F(f®)); fO=0; f(0)=2
gm=f(~x+ @) -1+ (@) @]

gO)= £ (fO)[-1+ ©)-f©O)]
=f(0)[-1+(2)2)]
=(2)(3)=6 ,
14. (5) According to question (a*=2a—15)e* +(b*—2b- 15)e>
=0
(@*-2a-15)=0 and b'-2b-15=0
(@—5)a+3)=0 and b-5)b+3)=0
a=5o0or-3 and b=5or -3
. a#b hence a=5 and b=-3
or a=-3 and b=5
= ab=-15

L el
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15. (9) Let degree of f(x)isn; degree of f(x)=n-1
degree of f(x)i1s(n—2) '
Hencen=n-1)+(n-2)=2n-3

. n=3
Hencef(x) a’+b+ox+d
F(x)=3ax*+2bx+c
f"(X) 6ax +2b

. ax® + b+ ox+ d=(3ax® + 2bx + c)(6ax + 2b)

(a#0)

- 184°=a = a=

17.(5) z=(cos x)’; y=sinx
dZ 4

. d :
— =-5c¢o0s'x-sinx; o =CoSsX
dx

dz .
. = =_5cosx-sinx
y

- d*z d(dz]
Nw—=—
dy? dx\dy) dy

=-5 4 [cos3x -sinx] "
dx

CoOsXx

=-5 [cos4x — 3 sin’x - cos’x] 1
cosx

=-5 (cos x — 3 sin’ - cos x)

= —5(cos3x 3 cos x(1 — cos’x))

=—5(4 cos’x — 3 cos x)

=-5cos 3x

d’z 5
— =—5 cos 120°= —
dy 2 2

+xt
18. (7)g(0) b= 11 x% +xtanx —x tan 2x
—0 x(ax + tan x — tan 3x)

. x+tanx—tan2x
= lim—m4mMmM8M8M8
x—0 gx +tan x —tan 3x

x3 2 s
xH x+—+—x" +::00
3 15

2x+§f‘—+3 32x5 +--
. 3 15
— lim

T x—0 x3 2 5
ax+| x+—+—x" +---00
3 15

3x+—27x +£ 243x° +--
3 15
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2 (_Z+ﬂxz+...w)
3 15 )

2
(a+1.—3)x+(§—.9)x3+—1§(—242)x5+---°°

= lim
x—0

b canbe finiteifa+1-3=0

. am2 amdb= 3 o(TY2 )L osb g
~ a=2andb 1_9_(3)(—26) 26 a

37

Archives

Subjective |
1. Letf(x)=sin(x*+ 1), then,f(x + k) =sin [(x+ h)* +1]
flx+h) - fx)

- i
hl-g(l) h

- lim sin[(x+h)2 +1] —sin [Jt:2 +1]
h—0 h

[sz + 1%+ 2xh +2J

= f’(x) =lim 2cos 5
: [hz +2xh)
sin | ————

, 2

h—0

© X
h
. h2+2xh:|
sin —
lim ———=(h+2x
=2cos(x2+l) bt h[h+2x] ( > )
2
=2xcos(x2+1)
x_71 AT 1);(_21 5 F 7
2x° -Tx + x— X -
2. f(x) =
'—l x=1 T x=1
? 3
L , x #1
2x-5
—l, x=1
3
S+ h)-f(1)
- = lim ———————-=
S @lem = lim =
1 -1
2+D—5 3
= lim 2(h+)-5 3
h—0 h

fim — 2"
-0 3h(2h -3)

) 2
h—>0 (2h —3).3
=-2/9,

3. Given y =5|:( } + cos? (2x +1)
1

x
_ x)2/3
Differentiating both sides w.r.t x, we get -

] s[(l,- =21 (—1)]

(- x)4_/3
+2cos (2x + 1)(-sin 2x + 1))2

&S

5[(1 L —

J — 2sin(4x +2)

3(1-x)"
(1 _ x)4/3
5(3-3x+2
= —L——E-F)—2 sin (4x + 2)
3(1-x) ,
5(5-3x) . ., .
= ——(——% -2 sin(4x + 2)
3(1- x) -
4. We are given that y = &% + (tan x)*
- =u+v
u= e and v=(tanx)”*
now L =sin 4 (x sin x3)
Cdx dx
= groin® [3x x cos x> + sin x°]
v=(tanx)*
= logv=xlogtanx
oo e 1dv 2
Differentiating w.r.t. x, we get — - =x sec“x+log
v
tan x
av <[ 2x
. —=(tan x)" | = + log tan x
dx sin 2x
" Hence, & = grin® (sin x> +3x% cos x3)
‘ dx
 2x o
+(tanx) ( - +log tan x)
sin2x

5. Given that fis twice differentiable function such that f”’(x)
=-f(x) and f'(x) = g(x), h(x) = [f D)} + [g)]*
=K (x)=2f(x)f"(x) +2g(x) g'(x) :
= 2f(x) g(x) + 2g(x) /"' (x) [ gx)=f"(x)
=g ®)=1"x)]

= 2f(x) g(x) +2g(x) (~f (x))
= 2f(x) g(x)-2f(x) g(x)
=0

~RHX)=0,V x
" = h is a constant function.



S h(5)=11
=h10)=11 .
A(x) B(x). C(x)
. 'LetF(x).=
| () B'(a) C'(a)

A(x) B'(x) C'()| o
F')=|4(a) Bl@) Cla)| @
4'(x) B'(a) C(a)
Given that « is a repeated root of quadratlc equation
f(x)=0. Therfore, we must have f (x) = (x— a)

A@) B(a) C(e)
 Now F(a)=|A(a) B(a) C(e)|{=0
4(e) B(a) C'(e)

4'(a) B'(a) .C'(a)
and F’(a) =|4(a) B(a) C(e)|=0

_ (> Ry and R; are identical)
Thus, x = atis a root of F(x)=0and F'(x)=0.
= (x - ¢ is a factor of F’(x) also, or we can say (x— a)*is
a factor of F(x).
= F(x) is divisible by f(x).
. Given that £ (x) = (log,s,, Sin x) (logsm Lcosx)”

. 2x
+ sin >
. 1+x

. 2
_ (log sin x] +2tan~ x

log cos x
=_u+v.
du dv
Sothatf'(x)= — + — 1
o thatf(x) = = + — | M
Now,

Tdu ) (log sinx )[cotx log cosx +tanx log sinx}

dx log cosx ' ‘(log cosx)2

du] ‘ log (1/\/—2_)
dx |y onsa log(l/\/—Z-)

tog(1/2) +1l0g(1/+2)
(log (1/\/5))2

=—8log,e. )]

@) B@) c@| o

(> Ryand R, are identical) -
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Also, ﬁz 22
dx . l+x
dv] 2 32 '
dx 2 2
x=n/4 1+ b 4 16+ 7
16
= From (1), /()] Slog, e+ —2
s = 4= e
w4 8287 16+ 22

8. Asx=cosecf—sin0 -
=>x2+4 (cosecB smH) +4= (cosec9+ sm0)2 4y
and y? +4= (cosec”B sin 9) +4 = (cosec” 0+ sin 0) 9)
Now,

dy

dy (d_B) _ n(cosec” ! 0)(— cosec O cot 0)—nsin" " BcosO

dx (ﬁ) B —cosecOcotf—cosh
de

n(cosec” Ocot 0 +sin" Bcos )
(cosecOcot 0 +cosB)

ncot O(cosec” 6 +sin” 6)
cot 0(cosec:"9 +sin 6)

n (cosec” 0 +sin” 0) ny* +4 F

(cosec@+sin ) N rom(1)and(2)]

n (y +4)
(x +4)

Squaring both sides, we get (a’y )
. N ) | dx
2, 2,2
+4| = | = +4).
(> )( ; ) w7 +4)

L s (7] 3
9. Given (siny) + EX sec” (2x)
+ 2% tan [log (x+2)]=0 o )
Forx=—1, we have .

(siny) SM(T) + ? sec™ (-2)+2 tan [log (- 1+2)] =0

' N \/g 2 1 .
= +— [=— |+ =tan0=
| (sx_ny) > ( 3 ) 2 an 0=0

1 T '
=—f\=>siny=—£,whenx=—l ¥))]

sin (”—)
Now, let u = (sin y) 2
Taking log on both sides, we get

X
log u=sin ( > ) log siny

Differentiating both sides w.r.t. x, we get

ldu = cos nx) o éin 4 cot dy . (7mx
la 7w x cotv 2 sin | &5
wde 2 p ) oBSmyT ety s

= du =(sin )Sin (%) Z cos (Ej log sin
©odx 7 2 2 & 7
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+sin(£2{)coty%] F3) =

Now differentiating (1) we get
. sin (‘{) T
= (siny) 2 €oS log siny
+sin(7rx) cot y dy] ——I—— +2*(log2)
2 dx 2x \/4x2 -1 '
2* sec” [log (x + 2)] o
x+2

tan (log (x +2)) +

. 3
Atx=—1andsiny=— —, we get
4 ,

= (_ _‘ET [o +ED). E;_ 1 (%LJ

_ f_f\/5+0+2‘1=
T _5()  Jl,1_
= 55 3(‘1")_;;‘-—1 2+2 0
N |
” dx
.10 = a’ +‘ bx +——+1
C Y G aGe—g G-bYxo) xc
_ ax’ ’+ bx +(c+x—c)
= Y GoaG-b—c) (=bYx-c) \ x—c
_ ax? . a bx + x
= YT GaG-br-o)  (r-bx-c) x-c
_ ax? o bx+x(x-b)
= VT GmaGohGE-9  -b)E—o)
. N ax2 . 'xz .
= T Gra-h-0)  -bE-0)
_ ax® +x2(x—a)
T Grae-be-o)
x3
= y=

(x—a)(x—b)x~¢)

3
(x—a)(x—b)(x—c)
= logy=3logx— {log(x—a)+log(x—b)+log(x—c)}
On differentiating w.r.t.x, we get

le_{uu’}
“ydx  x \x—a x-b x-c)

= logy=log{

Y
#e

{_ a b __c.
‘ x(x—a) . x(x-b) x(x—c)'

y{ a b c }
= + + .
xla-x b—x x-c

=

B

Objective
Fill in the blanks

1. y.=f(2§ :_11), f'(x)=sim,2
T3 _

Q:f, 2x-1} d (2x-1}
dx. X2 +1) dx\x* +1
_ (zx—1)2 2 (x? +1)-2x (2x-1)
= s
(x +l)

L) fx
& (x) &2
h(x) h(x
where f(x), g,(x), ,(x), r=1,2, 3 are polynomlals in x and
hence differentiable and f,(@) =g, (@)= h (a 1,2,3,. (¥))
Differentiating (1) w.r.t. x,

fx) £x) £

2. Giventhat F (x) s ®

v

= F'(x)=

Al) AHE) AE)] [AGF) ALE) AH)

+ei(x) g(x) g(x)| +ig(x) 22(x) &(x)

Wx) k(x) BG)| |HE) B K
M@ f@) £
F_'(a):gl(a) gz(a) g3(a)
W(a) h(a) h(a)

h(@) f,(a) £ [Aia) fle) £(a)

+lgi(a) g3(a) gi(a) +|gi(a) g2(a) g£:(a)

W(a) h(a) m(a) |k(a) hi(a) H(a)}

F(@)=D,+D,+D;

From (2), D, = D, = D; =0 (By the property of deterrmnants
that D =0 if two rows are identical)

= F’(a)=2zero.

Ioge x ~l loge (loge )

(loge_ x) , »

log, x x

=/®=



v

1r, .. |
;[l —log, (loge x)]

~ (tog, N
atx=e, we get

1—[1 ~ log, (log, €)]

1y, - -
;[1 ~log, 1]

f(e): £ 2 = 2
T )
1, 1
= 2(1-0) =~
e( ) e .
4. Letu=sec"‘( 21 : };v=\l]‘ —x*
- v 2x° - ‘
We have, u = cos™ (sz.;”- D=2 cos ! x
-~ du -2 dv —x
S — = and —_
dx 1- x? dx l—x?
-2
du 1-x* 2 - du
= — = == = — =4
dv —X x avl,_i2

x——>9 (J—

) x-9 . X—
6. f)=p-2| : _
= g) =) =x)-2|
||x—2|—2|—|x—2—2|(asx>20) |x 4)
=x—4 (asx>20)
~g@=1"
7. leenxe”'=y+sm x
Differentiating w.r.t. x, we get

e"y1+xe’y(y +x—\— E+231n X COSX

Putx=0=1 +0= % +0=>
8. F(x)=f(x)gx) h(x), V xeR

f(x); g(x), h(x) are differentiablé functions.

= F'(0)=f (1) g hx) /(%) & () hO) +/ ) g ' ()

At x =xg,

F'(xq) —f () g0xo) hloxg) 1 (x0) 8 (xo) A(xo) +f (xo)g(xo)

Yy

K (xg)-

Using the given values of F'(xp), £(xp), & () and A (xo)
we get 21F(xg) = 4/(xo) g(xo) hxo) ~ 7/ (x0) g(xo) h(x,)
+ kh(xg) f(x0) 8(X0)
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—21=4-T+k
=k=24 _
9. 0)=1, F()=3x2+ %e"/z

g(f&x)=x
= £U0)-f)=1

1
Putx= 0=>g(1).— 70 =2.

(- Flxg)=/ (o) g0xo) 2 (x0))

True or false -
1. Even function satisfies the relation f(x) = f(--x)

Diff. wrtx, =1 (x)=—" (—x) which is relation satisfied by
an odd functlon N

Multiple choice questzons with one correct answer

lc. lim g(x) f(a)-g(a) f(x)

gl +9) 1(0) =50}/ ()56 (0) g la)(a )

h—>0 h

R EEE LI [f(a+'h) 4f(a)]

h—>0 h h—0 h
=f(a) g'(@)-g(@)"(a)
=2x2-(-1)x1=5

2.c. Wehave y2 P(x), where P(x) is apolynomxal of degree 3
and hence thrice differentiable,

theny?=P(x) . : ' 0]
Differentiate (1) w.r.t. x, we get
2y % = P'(») ' ®

Again differentiate w.r.t. x, we get

&Y . dy .
2(3) +2y o7 =P7)

PET ., &y
G +2y_"£xl"P(")
=4y’ .‘;C ) -[P ()]

4352——213 P"(x) - [P(
o ) [P

[Using )

[Using(1)]

2
= 2y3i—f = P(x) P"(x
dx

——[P' @I

Again differentiating with respect to x, we get

2Ex— ( (;xi’) P (x) P(x) + P (x)
P'(x) = P'(x)P"(x)

=P"(x) P(x)
3.b. Letf(x)=a.x2+bx+c ‘
- As given that f(x)> 0, VxeR
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. a>0and b’ —4ac<0 ()|
© Now, g(x)=f()+f (x)+f"(x)
=al+bx+c+2ax+b+2a
=a?+Qa+b)x+Qa+b+c)
Here D= (2a+b)Y*—4a(2a+b+c)
=4c% + B2 + 4ab - 8a®—4ab - 4ac
=—4@+ (B —4ac)<0
'Alsoa>0from(1),=>g(x)>0 V¥ x€ R.
‘4., y=(sinx)™
C =logy= tanxlogsmx
Differentiating w.r.t. x, we get

. -1
— d_y =sec2xlog sinx + tanx —— .cosx
y dx sinx
= Y_ (sin x) ¥ [1+ sec” x log sin x].

x® sinx cosx
5d. Given f(x)=]6 -1 0- | where p is constant
p P P
6 —cosx sinx
=f"x=16 -l 0

p P P

[
|
J—
S

W), =6 -1 0 =0 (“R;=R)
p PP

: = Independent of p

6.c. Given limithas 1™ form

f+ x)}l_/ *_ i [f (fl("l)") ]x
R
lim [M] tm [f 1+ x)]

= L=lim

x—>0

=0l xf(1) s
(applymg | g Hopxtal s Rule)

Q)
= S0,
f(eh+2+ 1) -1(2) 0
7d. lim 5 [—form]
0 f(h—h +1)=7(1) 0

. Applying L” Hopital’s Rule, we get
£7(2h+ 2417)(2 +2h)
IIHO //(r=H* +1)(1-25)
_ (22 _6x2_
O 4x1

1) -1
8¢ L= i%—m

2o

- 1)

AL g _ ;
_lli% 70 (applying L’ Hopital’s Rule) .
f '(xz).Zx ,
= lim ~——~—-1=0-1=-1
=0 f’ (x)

~9a, Iog(x;l-y)= 2xywhenx=0=y=1
- Differentiating w.r.t . x, we get

1 - dy 2xdy
l+—=|=
=>x+y[ dx] 2%'+ dx

Putx=0andy=1

1 [, dy]
— 1+ ==
=0 1[ dx] 2+0

L dy ,
= -—=lory(0)=1
o ory’(0)

10b. X+ =1

=2x+2yy =0
=x+y/ =0
= 1+p/"+(/)’=0

"y &_1(5)_1@)’;@
@y dy\dy) dx\dy)dy

d| 1 1 1 d» 1

FIENE @@
ack

' Reasoning Type

1b. Given f(x) = 2 + cos x which is continuous and
differentiable every where f* (x)=—sinx=0atx=0, x
-~ Statement 1 is true.
Also, f(£)=f(t+2r) is true.
But Statements 1 and 2 are not related.

Integer Type

1.(1) A6 = sin | tan™! sin 0 ]] , Where @¢ (—%, %)

. -1 SiIl 0
=sm | tan | ——————
\’20Q82 0 IJ
=sin(sin™' (tan 6)) = tan 6
d(tan 9)
= d(tanb)




