Trigonometric Functions

Degree and Radian Measures

Degree and radian measure are the two ways of measuring an angle, depending on the
two ways to define a circle: the angle at the centre of a circle is 360° and the
circumference of a unit circle (circle whose radius is 1) is 21r.
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According to the figure, 360° corresponds to 21r.

If 8 is any angle in degrees, then its radian measure represents the length of arc of unit
circle corresponding to the angle 6.
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If 6 isthe measure of an angle in degrees, then it is written as 6° and if a is the radian
measure of an angle, then it is simply written as a.
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If an angle is * 360 of 5 complete revolution, then the angle is said to have a measure
of one degree, written as 1°.



A degree is divided into 60 minutes and a minute is divided into 60 seconds. One
sixtieth of a degree is called a minute, written as 1’ and one sixtieth of a minute is called
a second, written as 1".

1° =60’

1'=60"

Angle subtended at the centre by an arc of length 1 unit in a unit circle is said to have a
measure of one radian.

Length of the arc(l) = Angle subtended at the centre by the arc(6) x Radius(r),
where 6 is in radians.

Conversion of Degree to Radian and Radian to Degree

A circle subtends an angle of 21 radians or 360° at the centre. So,
21 radians = 360°
1 radian = 180°
7
1° = 180 radians
(180}

Or,1radian=" ™ /

* To convert an angle from degree measure to radian measure, multiply the angle with %
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* Fore.g., 60° = 60x =0 radian = — radian
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* To convert an angle from radian measure to degree measure, multiply the angle with ]—.
R

- Foreg, § radian — (% X Lw)c — 30°

Solved Examples
Example 1:
A horse is tied to a pole with the help of a rope measuring 22 m. The horse moves in a
circular path keeping the rope tight and covers a distance of 66 m. Find the angle (in
degrees) traced out by the horse at the pole while moving.

Solution:

Let the pole be at point O. The horse starts from position A and covers 66 m and stops
at B.
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From the figure, it is clear that the horse moves along the arc of the circle with radius
equal to the length of the rope.

Hence, we have

!
e="r
=66 m
r=22m
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6=22  radians
However, we have to express the answer in degrees.

1 radian = 180°

540 |” 5407 ”~|

3radians= * 22/ =171°49'54"

Thus, the horse moved by 171° 49’ 5.4”.

Example 2:

Find the angle between the hour hand and the minute hand at half past four.
Solution:

Angle traced by the hour hand in 12 hours = 360°
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Angle traced by the hour hand in 4 hours 30 min (2 hrs) =

Angle traced by the minute hand in 60 min = 360°

360

x}ﬂ'] =180°
Angle traced by the minute hand in 30 min = * 60 /
Thus, the angle between two hands = 180° — 135° = 45°
(
45 Ki] I radians
_\L 180/ 4

Sign of Trigonometric Functions

The sign of any trigonometric function depends on the quadrant in which the angle of
that trigonometric function lies. For e.g., the sign of trigonometric function sin 6 depends
on the quadrant in which angle 6 lies.

The signs of the six trigonometric functions in different quadrants are given in the table
below.

I Il 1] v
sin X + + - -
COS X + - - +
tan x + - + —

cosec X + + - _




SecC X + - - +

cot x + - + -

If we are given the value of a trigonometric function along with the quadrant, then we
can calculate the value as well as the sign of any other trigonometric function.
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5Ny =—-—
Example: If I3 and x lies in quadrant I11, then we can calculate the other
trigonometric functions as

sinx=—
13
-13

sin x 5

Ccoscc X

5in"x+cos x=1

cos” x=1—sin’ x
] _S l":
cos  x=1—| —
13
2
Cosy =+ —
13

Since x lies in the third quadrant, cos x is negative.

-12
cOosxy =
13
) 1 —13
T =—
cosx 12
sinx 5
lanx = =—
cosxy 12
| 12
and cotx = =—
tanx 5

An example based on the above concept is explained in the given video.



Solved Examples

Example 1:

1
cosfl =

B E{H{ZH 2+ cosec?
If V2 and 2

. then find the value of 2—coté

Solution:

|
cosf =
J2
sin @ = ++/1-cos’
. 1
sinfd =+
J2
However, 0 lies in the fourth quadrant, where sin 6 is negative.

| —
S8inf = ——= = cosecH = —/2
J2

colﬁ:c?sg:—l
sin ¢/
2+(—2) 5_3
24cosech = - =
2—cot B 2-(=1) 3

Trigonometric Functions

Like any function, trigonometric functions also have domain and range and can be

represented on a graph. The explanations of each of these graphs for all trigonometric
functions is as follows:

Domain > X: X € R

sin x

Range — [-1, 1]




Periodicity — 21T
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V= 5in X

COS X

Domain - x: XxX€eR

Range — [-1, 1]

Periodicity — 21
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Domain — x; x € R and <

Range — (=, =)

tan x
Periodicity — 1T
Domain - x:XxX€Rand x#nm, neZ
cot X Range — (-, «)

Periodicity — 1
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Domain — x; x € R and

Range - y:yeR,y<s-1ory=1

Periodicity — 21

Sec X
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Domain - x:x€Randx#nm,ne”Z

Range »y:yeR,y21orys-1

Periodicity — 21

cosecC X

M=o




Let us go through the following video to understand that how to find the value of
sin840°.

Solved Examples
Example 1:
Find the value of tan (1485°).
Solution:
We know that the values of tan x repeat after an interval of 1 or 180°.

~ tan (1485°) = tan (45° + 8 x 180°) = tan 45°
=1

Trigonometric ldentities

The two very important results that are extremely helpful in solving many questions and
proving identities are

sin (- x) = — sin x
cos (- X) = cos X

We have the following trigonometric identities related to sum and difference of two
angles:

cos (X +y)=cosXCcosy-sinxsiny
To know the proof of this identity, let us go through the following video.
CosS (X —y)=CcOoSXCoSy+sinxsiny
sin (X +y)=sin X cosy+cos xsiny
sin (X —y)=sinxcosy—-cos xsiny

tan x + tan v
tan(x+ y)=———
| —tan x tan v

. tan x — tan y
tan(x - y)=———""—
1+ tan xtan v



cot xcot v—1
':Dl [_1.' +_.||.~} -
col v+colx

cotxcotv+1
cot(x —y)=——
coly—cotx

With the help of the first identity, we can easily deduce the rest of the identities. Hence,
let us go through the following video to know how these can be deduced.

The following identities are the relations between trigonometric functions of an angle
and the trigonometric function of twice (or thrice) that angle.

X . . . - | —tan” x
cos2y=cos  x—sin"x=2cos x—l=1-2sin" x= —
l+tan” x
: . 2tan x
sin2y =2sinxcosy = ————
l+tan” x
- 2tanx
taniy=———
l—tan” x

sindx=3sinx-4sin" x
cosdx =4cos’ x—3cosx

. 3tanx—tan x
tanosx = -
1-3tan” x

The following are some identities involving addition and subtraction of trigonometric
functions:

- (x+v)  [x—»)

cosx +cos v =2cos |c03 |

o= ) o= )

(x+v) L (x=p)

COS X —COS ) = —25|n| = |sin| —= J
L2 . 2

. . L (x+vy [x—=w)
sin x +sin y = 2sin| ~— — |
oL S oL
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Using the identities listed in the previous point, we can derive the following identities:
2cos xcos v = cos(x+ v)+cos(x— v)
—2sin xsin y = cos(x+ v) —cos(x — )
2sinxcos v =sin(x+ y)+sin(x— y)
2cos xsin y =sin(x+ y)—sin(x — y)
Solved Examples

Example 1:

Prove that fn &(sin 58 +sin36) = tan 46(sin 50 - sin 30)

Solution:

L HS. = tand(sin50+sin30)

560 +30 (5&—33]
Jms 3

x2sin 4P cos = 2sin sin 46

=tanf}>~:25in[

_ sin i
cos
RH.S. = an4d(sin56-sin30)

2

= S0 40 % 25in# = cosdf = 2sinf = sin 48
cosdd
~LHS.=R.H.S.
Example 2:
Jl[cosx+msy}|’ +(sinx+siny)’ = chs(%]
LA

Prove

Solution:



Solving the expression in square root,

(cosx +cos ¥)* +(sinx +sin y)’

[ "’.x \ H—f‘l' [ [ x+y fx—p |
{2 ¢cos |c s| == |p + 251n|— c05|
2| 1 L2 L2
7L 2 2 ) 2 .2 )
x+w L x=v) R U B T TR (5 T
=41::m~"| - cns"[—'||-—lsln' |L‘U'5' - |
3
L ¥ o= vos o= )
.1'-1‘—1'\'[ _-'J.T+1" ENETEA
=4dcos |— 4008 |— +sin | : |
L2 ) L2 \
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- _]_'—]_'
:4cu3'|
5
| F
' A
[ 2 . . 2 f S x=v
ZoyJ(cosx+cos ) +(sinx+siny)” = [4cos” 5
V2]
(x—)
=2cos| |
2 )

Trigonometric Equations
Principal Solutions of Trigonometric Equations

Equations that involve trigonometric functions of a variable are called Trigonometric
Equations.

Trigonometric Equations have two types of solutions: Principal Solutions and General
Solutions.

The principal solutions of a trigonometric equation with variable x are those solutions for
which 0 < x < 2.

To find the principal solutions of a trigonometric equation, find the first few values of the
variable for which the equation holds true. Among these values, select those values that
lie in the range 0 < x < 2, for they are the principal solutions. Ensure that you don’t
miss a value that lies in this range.

1

For example, consider the trigopnometric equation sin x = vz,

sinT=gn 3 =gin M —gjp Lim - L

Now, we know that 4 ¢ ¢ 4 ﬁ



3T

T
However, among these values, only 4 and 4 lie in the range 0 < x < 2.
T 31T

Thus, the principal values of the trigonometric equation ared and 4 .
General Solutions of Trigonometric Equations

The general solution of a trigonometric equation is an expression involving integer ‘n’,
which gives all possible solutions of the equation.

There are some important theorems for finding the general solution of a trigonometric
equation:

If x and y are not odd multiples of x/2, then tan x = tan y implies x = nr +y, where n € Z.

To find the general solution of a trigonometric equation, first reduce the equation, if
required, to any of the following three forms:

sinx =siny
COS X = COS Y
tan x =tany

Next, apply the corresponding theorem to write down the general solution of the
equation.

28inxcosy =
For example, consider the trigopnometric equation
Now. 28I xcosx =sinlx
1

Ssinl2y=——
5

k| =

. . Im . In
= 5IN2x =sIn— 51N =—

|
2)

We now need to apply the theorem “For real numbers x and vy, if sin x = sin y,
then x = nmr
+(-1)"y, wherene Z.”

T -l'rJ
EI:HI+(—”J—I
Th

AT . . ITT
Lx=—(—1) —
2 " .



This is the general solution of the trigonometric equation.

Solved Examples
Example 1:

|'/ tan & + tan 26

Solve the equation * V3 ]+ tan@ tan26 = 1.
Solution:

|'/ tan & + tan 26

We have NE] ]+ tanf tan20 = 1

( tan & + tan 26
:>| 5
. v /=1 - tanOtan26
tan & + tan 26 -
=3
| —tan & tan 26

= tan (260+6) =3

— tan30 =3

T
== tan 3# = tan E

30 = mr+§,u-5 7

E}ZE--E,HFI
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Example 2:

Solve the equation 3c0s26 + sin%6= 2.
Solution:

3c0s%6 + sin%6 =2

3(1 - sin?6) + sin?6 = 2 [c0s?6 = 1 - sin%g]



3 - 3sin%0 + sin?6 =2
2sin26=1
1

sin2@= 2

2 2
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cos26 =10

cos 2 = cos x
2
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