Continuity and Differentiability

Short Answer Type Questions

1. Find the value of the constant k so that the function f defined below is

1-cos4
ﬂ,xio.

continuous at x =0, where f(x) = 8x*
k, x=0

Sol. It is given that the function # is continuous at x = 0. Therefore, lin(} f(x)=f(0)

—lim 1—cos4x —k

x—0 8x2

.2
:>11'm25m 2x —k
x—0 8x2

. 2
sin ZxJ i

x—0

:>lim(
2x
=k=1
Thus, f iscontinuousatx=0ifk=1.
2. Discuss the continuity of the function f(x)=sin x.cosx.

Sol. Since sin x and cos x are continuous functions and product of two continuous
function is a continuous function, therefore f(x)=sin x.cosx is a continuous function.

X +x*—16x+20

3. If f(x)= (x—=2)
k ,x=2

L X#E2

is continuous at x = 2, find the value of k.

Sol.  Given f(2) =k
P +x° —16x+20

Now, lim f(x) = lim f(x):lirrzlx
x—2" x—2" x—

(x=2)°

(x5 (x-2°
= hmw =lim(x+5)="7

x—2 (x_z) x—2
As f iscontinuous at x= 2, we have
lim £(x) = £(2)
=>k=1.

xsin 1 x#0
4. Show that the function f defined by f(x) = x is continuous atx = 0.

0, x=0
Sol. Left hand limit at x = 0 is given by
lim f(x)=lim xsinl =0 [since,—1< sinl <1]
x—0" x—=0" X X
Similarly, lim f(x)= lim )csinl =0.Moreover f(0)=0.
x—0" x—0" X

Thus, lim f(x)=lim f(x) = f(0). Hence f is continuous at x=0
x—=0~ x—0"



Sol.

Sol.

Sol.

Sol.

Given f(x)= Ll . Find the points of discontinuity of the composite function
x—

y=fLf0]

We know that f(x)= Ll is discontinuous atx =1
x—
Now, for x=1,

FUren=r1 ( j =
-1 1
-1
Which is discontinuous at x = 2.
Hence, the points of discontinuity arex =1 and x = 2.
Let f(x)= x| x|, forallx € R.Discuss the derivability of f(x) atx=0

1

_x-1

xz,if x>0
We may rewrite f as fx)= 5 .
—x,if x<0
—_— —_— 2_
Now, Lf'(O)zhmM:hmM:hm—hzo
=0 =0 h h—=0"

hm—_ozlimh:O

h—=0* h h—0"

Now, Rf'(0)=

Since the left-hand derlvatlve and right hand derivative both are equal, hence f is
differentiable atx = 0.

Differentiate +/ tan\/; w.r.t. x
Let y =+/tan \/; . Using chain rule, we have

dx 2tan\/_dx

2 Tm\/; .sec \/_—(\/_)

———(sec’Vx) [
2\/ tanf
(sec’ V/x)

) 4\/;\/&111 \/; ‘

If y=tan(x+y), findd—y.
dx

f(0+h) fO K

)

Given y = tan (x + y). differentiating both sides w.r.t. X, we have
dy
dx

dy
=sec’(x+ (1+—j
(x+Y) ,

or [1—sec’(x+ y)ﬂ =sec’(x+y)
dx

=sec’(x+ y)i(x+ y)
dx



d (x+
Therefore, Y _ sec (x+Y)

I m = —cosec’ (x+ y)

9. If ¢+’ =¢e™, prove that ? =—e’ "
X

Sol. Given that ¢* + ¢’ = ¢**”. Differentiating both sides w.r.t. X, we have
) d
et Do (1+ yj
dx

dx
o d ! !
or(e’ —e* +-‘)—y =e'+' —¢,
Which implies that ay. = et e = e e’ —e =—e’F
dx e’—e™ e’ —e'—¢’
.o dy . 3x—x 1 1
10. Find == jf y =tan~ <—.
dx 'y [ 1-3x2 ] \/3 \/5
Sol.  Putx=tanf, where —*<g<X.
6 6
3
Therefore, y = tan™' 3tanf—tan” &
1-3tan’ @

= tan~' (tan 30)

=36 (becausei <30 < 1)
2 2

1

=3tan" x

dy 3
H
ence, dx | 2

11. If y= sin”! {x\/l—x —\/;\/I—xz}and O0<x<l1,then find%.
X
Sol.  Wehave y:sin"l{xxll—x—\/gxll—xz},where0<x<1.
Put x=sinAand«/;=sinB

Therefore, y=sin"' {sin Ay/1-sin® B —sin By/1-sin’ A}

=sin"' {sin Acos B—sin Bcos A}
=sin"' {sin(A-B)}=A-B

Thus y=sin" x—sin"'vx
Differentiating w.r.t. x, we get

dy 1 1 i(\/})

E_\/l_xz_\/l_\/mz dx

1 1
- Ji— 2Jx1=x

12. If x=a sec’® and y=a tan30, find % at @ = i
X




Sol.  Wehavex=asec3fandy =atan3 6.

Differentiating w.r.t. 6, we get

ﬂ =3asec’ Hi(sec 6)=3asec’ Htan @
daeo de

and @D =3atan’ Hi(tan 6)=3atan’ @sec’ @
de de

dy
Thus ﬂ:ﬁ: 3atan’® @sec’ 6 _ tan @ —sing.
dc dx  3asec’ftand sec

de
Hence [ﬂj = Sinz = ﬁ
dx ) o 3 2
dy log x

13. If X’ =€, prove that —=—"—..
P dc (I+logx)
Sol. Wehave X’ =¢" 7, Taking logarithm on both sides, we get
ylogx=x-y
=y(l+logx)=x
. X
l-e- = —
Y 1+logx
Differentiating both sides w.r.t. x, we get

(1+1log x).l—x(l)
dy _ xX) _

log x

dx (1+log x)* B (1+1log x)?

d’y COS X
14.  If y = tan x+secx, prove that =

d*  (1-sinx)*
Sol.  Wehave y =tan x + sec x. Differentiating w.r.t. x, we get

dy a2
— =sec” x+secx tanx
dx

1 N sinx _l+sinx _ 1+sinx
cos’x cos’x cos’x (I+sinx)(1-sinx)
Thusﬂ = 1

dx 1-sinx’
Now, differentiating again w.r.t. x, we get
d’y —(-cosx)  cosx

d’  (-sinx)’> (1—sinx)

(37
15. If f(x)=|cosx]|, find f (7)

Sol.  When §< X <z,cosx<0sothat|cosx/ =-cosxie,f(x)=-cosx =f(x)=sinx

(37) . (37 1
Hence, f (szsm (szﬁ



16.

Sol.

17.

Sol.

18.

Sol.

If f(x)=|cosx—sinx/, find f'%.

When 0 < x <=, cos x >sin x, so that cos x - sinx > 0, i.e,,
4
f(x)=cosx—sinx

= f'(x)=-sinx—cosx

T T T 1
Hence, f'—=—sin——-cos—=——(1++/3).
! 6 6 6 2 ( \/_)
. . T
Verify Rolle’s theorem for the function, f(x)=sin2xin {0,5}.
. . T
Consider f(x)=sin2xin [O,E}. Not that:

V4
(i) The function f is continuousin [O,E} as f isa sine function, which is always

continuous.
/4 V4
(ii) f'(x) =2cos2x, existsin (0,5,) hence f is derivable in (O,Ej.

(iii) f(0)=sin0=0 and f(%j =singz =0 Sf(O)Zf(gj

T
Conditions of Rolle’s theorem are satisfied. Hence there exists at least one C€ (O’Ej

such that f '(c) =0. Thus

2c082¢=0=2c=2 = c=2
2 4

Verify mean value theorem for the function 7 (x)=(x-3)(x-6)(x-9) in[3, 5].
(i) Function £ is continuous in [3, 5] as product of polynomial functions is a
polynomial, which is continuous.

(i) f'(x)= 3x* —36x+99 existsin (3, 5) and hence derivable in (3, 5).

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one
ce (3, 5), such that

vy SO - FB)
1) =+
3302—36c+99=¥=4

:>c:6i\/g.
3

/ 13
Hence c=6— ? (since other value is not permissible).



Long Answer Type Quesitons

x/Ecosx—l

T
19. If f(x)=——,x# " find the value of f(—j so that f(x) becomes
cotx—1 4 4

. T
continuous at x = =,
4

Sol.  Given, f(x)= M ,XF z
cotx—1 4

. . JE cosx—1
Therefore, hrI; f(x)=1lim NeCeosx—l

IR —Z cotx—1
4 4

(VZ cosx—l)sin X
= lim -
H% cos x—sin x

. («/Ecosx—l) | (x/zcosxﬂ) '(cosx+sinx) i

. (\/5 cosx+1) (cosx—sinx) (cosx+sinx

) 2cos’x—1 cosx+sinx .
= lim > —- .(sin x)
H%cos X—sin"x ~/2cosx+1

\/zcosx+1

(cos x+sin x) Ginx

. CcoS2x [ cosx+sinx .
= lim . .(sin x)

H% cos2x

= lim
H% \/Ecos x+1

1[1+1j
V22 2) 1
ﬁ.\%ﬂ 2

Thus, lim f(x) =

X—>—

4

N | =

) 1
If we define f(zj :5’ then f(x) will become continuous at x = % Hence for f to

_ T ) 1
be continuous at X=—, f| — |=—.

4 4) 2
1
e’ -1, 0
20.  Show that the function f givenby f(x)=¢ L °~ if x#0 s discontinuous at x = 0.
e +1
0, ifx=0

Sol.  Thelefthand limit of f atx=0is given by



1
lim £(0 = lim &1 =071
x—0~ =00 = 0+1
e +1

1

e’ —1
1

Similarly, lim f(x)=lim
x—0" x—0"
e* +1

Thus 1im f(x)# lim f (x) therefore, lim f(x) does notexist. Hence f is
x—>0"

x—=0* x—=0

discontinuous atx = 0.

1—cos4x

—1if x<0
X
21. Let f(x)=9 =a Jif x=0
N
16++/x —4

For what value ofa, f is continuous atx=0?
Sol.  Here f(0)=a Left-hand limitof f atOis

,if x>0

_ L,
lim £(x) = lim =S84 _ jy 2510 2
x—=0" x—0" X x—0" X
sin2x )’
= 8( J =8()° =8.
2x—0" 2x

and right hand limit of 7 atOis

lim f(x)=lim v

=0 =0 16 +x -4
- lim «/;(\/16+«/; +4)
=0 (J16+x + D16 +x —4)
_ i Y16 x+4) lim(\/16+ﬁ +4)=8

=0 16+/x—16 150
Thus, lim f(x)=lim f(x)=8. Hence f iscontinuousatx=0onlyifa=8.
x—0" x—0"

22. Examine the differentiability of the function f defined by
2x+3,if —3<x< -2
fx)= x+1,if —2<x<0
x+2,if0<x<1
Sol. The only doubtful points for differentiability of f(x) arex=-2andx=0.
Differentiability at x = - 2.



f(2+h) - f(=2)

Now L f'(-2) = lim
h—0"

h
i 2E2EW 324D 20 o
h—0" h 0" h h—0"
and R f'(-2) = lim f(_2+h2_f(_2)
h—0*
. 24+h+1-(-2+1)
= l1mm
h—0" h
Cim PTEED Py
h—0" h =0t h

Thus R f'(-2) # L f'(-2). Therefore f isnot differentiable atx =-2.
Similarly, for differentiability at x = 0, we have

L(f'0)= }}H?w
:}irg 0+h+1h—(0+2)

= nmﬂ= lim 1——
h—0 h h—0" h

which does not exist. Hence f is not differentiable atx = 0.

2

23. Differentiate tan™ with respect to cos™ (2)6\/1—)62 ) ,where x ¢ % 1.
2

X
,1_ 2
Sol. Let u=tan™’ s and v:cos‘1(2x\/1—x2).
X
du
We want to find ﬂ:ﬁ
dv @
dx
_ 2
Now u = tan™ I-x .Putxzsin&.(£<0<£j.
X 4 2
J1-sin6
Then u =tan™' & =tan"' (cot0)
sin @
=tan"' {tan Z—B =£—6’=£—sin_1x
2 2 2
du -1

Hence — = .
dx  \1-x
Now v=cos™' (2x+v1-x%)

= %— sin”' (2xv1-x%)

= %— sin”' (2sin @~/1—sin’ ) = %— sin” (sin 26)



= %_ sin™! {sin(ﬂ'— 249)} [since% <20< x|

=2 _(z-200="F+206
2 2

- —
=y=—+2sin"" x

a2
dx  1-x*
@ -1
Hence_uzﬂ:—vl_'xz: 1
dv ﬂ 2 2
dx 1-x’

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 24 to 35.

24,

Sol.
25.

Sol.

26.

Sol.

27.

Sinx+cosx if x#0
The function f(x)=4 «x ’ is continuous at x = 0, then the value of
k ,if x=0
kis
(A)3
(B) 2
A1
(D) 1.5

(B) is the Correct answer.
The function f(x)= [x], where [x] denotes the greatest integer function, is

continuous at

(A) 4

(B)-2

a1

(D) 1.5

(D) is the correct answer. The greatest integer function[x] is discontinuous at all integral
values of x. Thus D is the correct answer.

The number of points at which the function f(x)= is not continuous is

(A)1

(B)2

3

(D) None of these

(D) is the correct answer. As x - [x] = 0, when x is an integer so f(x) is discontinuous
forall xe Z.

The function given by f(x) = tan x is discontinuous on the set

() {n7:ne Z}
(B) {2n7:ne Z}



Sol.
28.

Sol.
29.

Sol.
30.

Sol.
31.

Sol.
32.

Sol.

© {(2n+1)%[:ne Z}

(D) {n—;:ne Z}

C is the correct answer.
Let f(x)=|cosx|. Then

(A) f iseverywhere differentiable.
(B) s is everywhere continuous but not differentiable at » = nz, ne Z.

(C) 1 is everywhere continuous but not differentiable at x = (2n + 1)%, neZ

(D) None of these.
C is the correct answer.
The function f(x)=|x|+|x—1]|is
(A) continuous atx=0aswellasatx=1.
(B) continuous at x = 1 but notatx = 0.
(C) discontinuous atx =0 aswellasatx=1.
(D) continuous atx = 0 but notatx = 1.
Correct answer is A.
The value of k which makes the function defined by
1
sin—, if x#0
f(x)= X f ,continuous at x =01is
k,if x=0
(A)8
(B) 1
Q-1
(D) None of these

: T | .
(D) is the correct answer. Indeed lim sin — does not exist.
x—0 X

The set of points where the functions f given by f(x)=| x-3|cos x differentiable is
(A)R

(8) R—{3}

(C) (0,)

(D) None of these

B is the correct answer.
Differential coefficient of sec (tan-1 x) w.r.t. x is

X
W

X
B
(B) |

(€) xW1+x
1

D —_—

® VI+x®

(A) is the correct answer.




.o 2x o 2x du
33. Ifu=sm > | and v =tan 5 |» then — s
I+x I-x dv
1
(Aa) —
2
(B) x

l— 2
(o
1+x
(D) 1
Sol. (D) is the correct answer.

34, The value of c in Rolle’s Theorem for the function f (x)= e'sinx, xe [0,7] is
T
(A) —
6

T

(B) Y
7
©) 5
3z
(D) e
Sol. (D) is the correct answer.
35.  The value of c in Mean value theorem for the function f(x)=x(x-2),xe[l,2]is
3
(A) >

®) 2

(9

= w

3
(D) B}

Sol. (A) is the correct answer.
36. Match the following

COLUMN -1 COLUMN -11I
in3 A) x|
sin 3x fx#0
(A) If a function f(x)= . is continuous
—, Iifx=0
5 if
atx = 0, then k is equal to
(B) Every continuous function is differentiable (B) True
(C) An example of a function which is continuous Qe
everywhere but not differentiable at exactly one point
(D) The identify functioni.e. f(x)=xVxe R isa (D) False

continuous function.

Sol. A—>c¢c,B—>d,C—>aD—b
Fill in the blanks in each of the Examples 37 to 41.



37.

Sol.

38.

Sol.
39.

Sol.

40.

Sol.
41.
Sol.

is discontinuous is

The number of points at which the function f(y) =
log | x|

The given function is discontinuous at x = 0, £1 and hence the number of points of
discontinuity is 3.

ax+1lif x=1
If f(x)= ) is continuous, then a should be equal to
x+2if x<1

A=2
The derivative of log,,x w.r.t. x is

1
(log,, e)—.
X

-1 \/;‘l‘l | \/;—1 dy

If y=sec +sm » then —is equal to .
Jx-1 Jx+1 dx

0

The derivative of sin X w.r.t. cos x is
-cotx

Sate whether the statements are True of False in each of the Exercises 42 to 46.

42.

Sol.
43.
Sol.
44,
Sol.
45,
Sol.
46.
Sol.

For continuity, at x = a, each of lim f(x)and lim f(x) isequalto f(a).

True.

y = |x - 1| is a continuous function.

True.

A continuous function can have some points where limit does not exist.
False.

|sin x| is a differentiable function for every value of x.

False.

cos |x| is differentiable everywhere.

True.



Continuity and Differentiability
Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises 83 to 96.

83.

Sol.

84.

Sol.

85.

Sol.

2
If f (x) =2x and f(x)= X 1, then which of the following can be a discontinuous
2

function
() f(x)+g(x)
(B) f(x)-2(x)
(©) f(x)-g(x)
(D) g(x)

(%)

(D) We know that, if f and g be continuous functions, then
(A) f+ g iscontinuous

(B) f — g iscontinuous.

(C) fg is continuous

(D) — is continuous at these points, where g(x) #0.

©
g(x) ?4_1 X +2

f(x) 2x 4x

Which is discontinuous at x = 0.

4-x°

4x—x°

(A) discontinuous at only one point

(B) discontinuous at exactly two points
(C) discontinuous at exactly three points
(D) None of these

Here,

The function f(x)=

4-x"  (4-X7)

dx—x x(4—x%)

_4-x) 4-x

T x(22-x) x2+x)(2-X)

Clearly, f(x) isdiscontinuous at exactly three points x = 0 x=-2and x=2.

(C) We have, f(x)=

The set of points where the function f given by f |2x 1| sinx is

differentiable is
(A)R

1
R-{=
o R
(C) (0,)
(D) None of these

(B) We have, f(x |2x 1| sinx

At x= %, f(x) isnot differentiable



86.

Sol.

87.

1
Hence, f(x) is differentiable in R_{E}

I +)-13)

=1lim
h—0 _h
(1
|0—2h|—sm(2—h) {
=lim =2sin (—J
h—0 -h 2

1 1
R = |#Lf| =
/ (ZJ / (2j
So, f(x) isnotdifferentiable at x = %

The function f (x)= cot x is discontinuous on the set
(A) {x=nr:ne Z}
(B) {x=2n7z:neZ}

© {x=(2n+1)§;ne Z}

(D) {x=%[;ne Z}

(a) We have, f(x)= cot x is continuous in R—{nﬂ': ne Z}.

X

. cos
Since, f(x)=cotx=

mx

[since,sinx=0atnz,ne Z|

Hence, f(x) = cot x is discontinuous on the set {x= nr.ne Z}.

The function f (x)=e" is

(A) continuous everywhere but not differentiable at x = 0
(B) continuous and differentiable everywhere



Sol.

88.

Sol.

89.

Sol.

(C) not continuous atx =0

(D) None of these.

(A) Let u(x)3 x|andv(x)=¢€"

s f(x) =vou(x) =v[u(x)]

=v|x|= e

Since, u(x) and V(x) are both continuous functions.

So, f(x) isalso continuous function but u (x)=| x | is not differentiable at x = 0,

whereas v(x) = ¢* is differentiable at everywhere.

Hence, f(x) is continuous everywhere but not differentiable atx = 0.

If f(x)=x"sin l where x = 0, then the value of the function f at x = 0, so that the
X

function is continuous atx = 0, is

(A)o

(B) -1

01
(D) None of these

(1
a) - f(x)=x"sin (—J, where x # 0
X
Hence, value of the function f at x=0, so thatitis continuous at x =0, is 0.

. T
mx+1, if x<—

If f(x)= is continuous at x:%then
sinx +n, ifx>§

(A) m=1, n=0

nx
B) m=—+1
(B) 5

mr
C)n=—"-
(9 5

T
D m=n=—
(D) 5
mx+1, ifoz

(C) We have, f(x)= is continuous at x:%

. . T
sinx+n, zfx>5

~ LHL = lim (mx+1) = lim{m(z—hj+1} M
T h—0 2 2
T
. ) . (Z
and RHL = lim (sinx+n) = lhmol[sm (5 + hj + n}
=7

=limcosh+n=1+n
h—0

. LHL = RHL {to becontinuous at x = %}



90.

Sol.

91.

Sol.

92.

= m.%+1=n+1

Son=m.

(O

Let f(x)=|sin x|. Then
(A) 7 iseverywhere differentiable
(B) s is everywhere continuous but not differentiable at x = nz,ne Z.

(C) r is everywhere continuous but not differentiable at x = (21 + 1)%, ne Z.

(D) None of these
(B) We have, f(x)= |sin x|.

Let f(x):vou(x):v[u(x):l [where, u(x) = sin x and v(x)=|x]

zv(sinx):|sinx|

Where, u(x) and V(x) are both continuous.
Hence, f(x) =0 u(x) is also a continuous function but V(x) is not differentiable at x
=0

So, f(x) isnot differentiable where sinx=0= x=nx, ne Z

Hence, f(x) is continuous everywhere but not differentiable at x = n7, ne Z.

If y:]og(

2

*_|then Qis equal to
dx

1+ x2
3
() 1ixx4
—4x
B
(B) 1-x*
1
C
© 4—x*
—4x°
(D) —
2
(B) We have, y:]og{l_xz\]
1+x
Cdy_ 1 d(1=X
Tdx 1-x* de\14x°
1+x°
(14X 1+ x7).(20) - (1-x%).2x
(1-x%) (1+x*)*

_ 2x[1+x* +1—-x7] _ —4x
(1-x*).(1+x%) 1-x*

If y=,/sinx+y,then %is equal to

(A) COS X
2y—1




Sol.

93.

Sol.

94.

(B) COS X
1-2y

(C) sin x
1-2y

(D) sin x
2y-1

(a) . y=(sinx+y)
DLy
K 2(s1nx+y) .dx(smx—i-y)

dx
:l.;.(cowﬁ@j
2 (sinx+y)"”? dx

= 2iy (cos x+%} [ (sinx+ )" = y]

172

=

S &5

~dy cosx 2y  cosx

T 2y '2y—1_2y—1
The derivative of cos™ (2x2 —1) w.r.t. cos”'x is
(A) 2

-1
(B)
21-x°
2
€ -
X
(D) 1-x°
(a)letu= u=cos™ (2x2 - 1) and v=cos 'x
dv +-1 —4x
So—= Ax=
de - 2x -1y J1-(4x* +1-4x%)
_ —4x _ —4x
V-4x' +4x°  \J4r(1-2)
=2
1-x°

&

and —=
V-
. ﬂ_ a’u/a’)c_—Z/x/I—x2 _

R = = 2
dv dvidx 11— 2
2
If x=17, y=£, then 4 is
dx’

3
(GY 5



3
(B) Z

3
(o)
(9] >

3
D) —
( )4

Sol. (B) We have, x=1, y=13,
ﬂ=2tandﬂ:312
dt dt

Ly _dyidr 3¢ 3,
Cde deldt 2t 2

On further differentiating w.r.t. x, we get

95.  The value of c in Rolle’s theorem for the function f(x)=x’-3x in the interval

[0,/3] is
(A) 1
(B)-1
3
©
1

(D) 3

Sol.  (A) " f(©=0T[.f'(x)=3¢-3]
= 3¢*-3=0

= czzizl
3

= c=+1, wherele (0,4/3)
soe=1
96. For the function f(x)=x+ l x € [L,3], the value of ¢ for mean value theorem is
X
(A)1
(B) 3

(€)2
(D) None of these

Sol.  (b) - f'(c)zw



Fill in the blanks in each of the Exercises 97 to 101:
An example of a function which is continuous everywhere but fails to be

97.

Sol.

98.
Sol.

99.

Sol.

100.

Sol.

1 1
! [3+3H”J W =1
3_1 x

=>l-—=
¢ - andb=3,a=1
cz—l_&
> 2
-1 4 2
& 3x2 3
=3 -)=2"
=3¢ -2 =3
:>Cz=3:>C=i\/§
e=y3e(1,3)

differentiable exactly at two points is

|x| + |x - 1| is continuous everywhere but fails to be differentiable exactly at points

x=0and x=1.

So, there can be more such examples of functions.

. . 3 .
Derivative of Xz w.r.t. x° IS

. . 2 3 . 2
Derivative of x° w.r.t. x7,is —

3x
Let u=x"andv=x"
ﬂ=2xandﬂ=3x2
dx dx
du_2x 2
dv  3x* 3x
| T
If f(x)=|cosx]|, then f (ZJZ .

| T
If f(x)=|cosx]|, then f (ZJ

/4
0<x<3,cosx>0.

f(x)=+4cosx
o f'(x)=(=sinx)

= f'[sz—sinzz_—l {.‘sinzzi}
4 4 2 4 2

If f(x)=|cosx—sinx

“ f(x)=|cosx—sin x|

| T _
,thenf(gj— )



101.

Sol.

f.(gJ: V3 +1

2
T T
We know that, Z< x<5,smx> CcoS X

. cosx—sinx <0 ie., f(x)=—-(cosx—sin x)
f'(x) =—[—sin x — cos x]

A
For the curve Vi + [y =1 a t[iij Is .

For the curve \/;+\/_ 1 —at(i ij
We have, \/)—c+\/_ =1

1 dy
2[ 2y dv
dy ﬂ

= ===

dx  Jx
L)y

| —

=1

N\»—‘N

State True of False for the statements in each of the Exercises 102 to 106.

102,

Sol.

103.

Sol.

104.

Sol.

105.

Sol.

106.

Sol.

Rolle’s theorem is applicable for the function f |x 1| in [O 2]
False
Hence, f |x 1| in [0 2] is not differentiable at x = 1€ (0,2).

If £ is continuous on its domain D, then | f | is also continuous on D.

True

The composition of two continuous function is a continuous function.

True

Trigonometric and inverse-trigonometric functions are differentiable in their
respective domain.

True

If f.g is continuous at x =g, then f and g are separately continuous at x = a.

False
Let f(x)=sinxand g(x)=cotx

. cosx
© f(x).g(x)=sinx.——=cosx
sin x

which is continuous at x = a. but cof x is not continuous at x = a.



Continuity and Differentiability
Short Answer Type Questions

1. Examine the continuity of the function f (x) =x+2x -lat x=1
Sol.  Wehave, f(x)=x"+2x"-1arx=1

1213 f(x)= %igr(}(l-i— h’ +2(+h)*—-1=2

and lim f(x)=1lim(1- hy +2(1-h)*—1=2

11311 f)= 1131 f(x)

and f(1)=1+2-1=2

So, f(x) iscontinuousatx=1.

Find which of the functions in Exercises 2 to 10 is continuous or discontinuous at the
indicated points:

3x+5,if x=22
2. f(x)= , . atx=2.
X, ifx<2
3x+5,if x=>2
Sol.  We have, f(x)= , . atx=2.
X, ifx<2
Atx=2, LHL = 111121(x)2

=lim(2 =)’ =lim(4+1* —4h) = 4
And RHL = lim (3x+5)

x—>2"
=1lim [3(2+h)+5]=11
h—0
Since, LHL # RHLatx =2
So, f(x) isdiscontinuous atx = 2.

1—cozs2x’ if x#0
3. f()= X atx=0

5, ifx=0

1—cos2x .
— if x#0
Sol. We have f(x)= X atx=0

5, ifx=0

1—cos2x
2

Atx=0 LHL = lim

x—=0" X
. 1—cos2(0—-h)
m———-
h=0 (0—h)*

= lim———— [ cos(—0) =cos f]



4.

Sol.

1-1+2sin* &

=lim—————— [ cos26=1-2sin’ 6]
h—0 h
. 2 .
= lim—2 (s1n2h) { lim > h_ 1}
h=0  (h) =0 h
=2
RHL = lim 1=¢052%

x—=0" x2

1—cos2(0+h)
m S —
x50 (0+h)*

) .

—lim 250 A [ lim S0 =1}
x—=0 h =0 )

And £(0)=5

Since, LHL = RHL # f(0)
Hence, f(x) isnotcontinuousatx=0

f()= x=2 2atx:2.

We have, f(x)= x=2 atx=2.

Atx =2 LHL=1lim

x—2" x—2

22-h)*=3(2-h)-2
h—0 (Z—h)—Z
. 842h*-8h—6+3h-2
m
h—0 _h

2_ p—
2h ShZHmh(Zh 5):
h—0 _h h—0 _h
. 2 =3x-2

5

RHL =1im

=lim =lim

x—2" x—2
m2(2+h)2—3(2+h)—2
70 2+h)-2
. 842K +8h—6—3h-2
lim

pae h

21 +5h h(2h+5) _

5

=0 ] h—0 h



Sol.

Sol.

and f(2)=
. LHL=RHL = f(2)

So, f(x)is continuous at x = 2.

Bl ,if x#4
fx)=<22(x—-4) atx=4.
0, ifx=4
Rl RPN
We have, fxX)=42(x—4) atx=4.
0, ifx=4

Atx=4 LHL = lim 4
i 2(x—4)

|4 h— 4| |O - h|
m————=lim—————
= 20(4-h)—4] 0 (8—-2h-8)

=limL=_7and f(4)=0= LHL

=0 —2h

So, f(x) isdiscontinuous atx = 4.
X cos ifx#0
f(x)= ] i atx=0.
0, #x—O
X cos if x#0
We have, fx)= |l x4 atx=0.
0, #x—O
Atx=0 LHL = lim |x|cos—— 11m|0 h|c0s

x—0" h—0

=limAcos (Llj
h—0 h

=0x[an oscillating number between -1and1]=0

RHL = lim |x| cos—

x—=0"

:lirn|0+h| cos 1
h—0 (O+h)

=lim Acos l
h—0 h

=(0x[an oscillating number between -1and 1] =
and f(0)=
Since, LHL = RHL = f(0)

So, f(x)is continuous at x =0.



| x—a|sin if x#0

7. f(x)= x—a’ atx=a.
0, if x=a
x—a|sin ,if x#0
Sol. We have, f(x)= | ! x—a i atx =a.
0, ifx=a

Atx=a, LHL = lim |x— a|sin
x—a X—da

=lim|a—h—a|sin(—1 j
h—0 a—h-a

. (1 ) .
= %1{)1;)1— hsin (Zj [ sin(—@) = —sin 4]

= (0x[an oscillating number between -1and1] =0

RHL = lirq|x—a|sin( ! j
x—a

x—a

=1hi£1(}|a+h—a|sin(a+—l_aj =1hi§3hsin%
= 0x[an osclillating number between-1and 1] =0
and f(a)=0
. LHL=RHL = f(a)
So, f(x)is continuous at x = a.

1

X

e .
8. f(x)= l’lfx;toatx=0.
I1+e*
0, ifx=0
1
er .
Sol.  We have, f(x)z1 l’lfx;toatsz.
+e”
0, ifx=0

1/x 1/0—h

. e . e
Atx =0, LHL=1im =lim
o0 14 04

—~1/h

=£1£%1+e—1/h ZEE(} M A4e
1 1
= hm = = ° em =00
=0 " 41 e 41 oo+l [ ]
1



RHL = lim

0" 1+ellx

1‘ 1/0+h 1 el/h
=lim————=Ilim

h;)01+el/0+/1 h—0 1+el//1

. 1 1
=1lim =

=0 +1 e +1

1 .

=——=1[-e" =0]

0+1

Hence, LHL # RHLatx=0
So, f(x) isdiscontinuousatx=0.
2
X ifo<x<l
9. f)= 2 3 atx=1.
2x2—3x+5, ifl<x<2

2
X

—, if0<x<1
Sol.  Wehave, f(x)= 2 atx=1.

2x2—3x+%,ifl<xs2

2 72
Atx= 1, HL=lim>" =Jim ="
x—1 2 h—0 2

. 1+hn*=2n 1
= lim— 2~ _
h—0 2 2

x—1"

RHL = lim (2x2 —3x +%j

- 1im[2(1+h)2 ~3(1+h) +§}
h—0 2

:lim(2+2h2+4h—3—3h+§j:—1+§=l

h—0 2 2 2
o1

And f(D=—==

nd f(D) =5

. LHL=RHL = f(l)
Hence, f(x) is continuousatx=1.
10.  f(x)=|q+[x—1] ar x=1
Sol.  We have, f(x) =|x|+|x—l| at x=1
Atx=1, LHL =lim [|x|+|x—l|]

x—=1"

=lim [[L=h|+[1=h-1]]=1+0=1

And RHL = lim [ |x]+|x—1|]
x—=1"
=lim [[l+A[+[l+h-1]=1+0=1



and f(1)=1|+0| =1
. LHL=RHL= f(1)
Hence, f(x) is continuousatx=1.

Find the value of k in each Exercise 11 to 14 so that the function fis continuous at the
indicated point:

3x—8, if x<5
11. f(x)= i atx=>5.
2k, if x>5
3x-8, if x<5
Sol.  We have, f(x)= i atx=>5.
2k, if x>5

Since, f(x) is continuousatx=>5.

- LHL=RHL = f (5)

Now, LHL = }i_}rg(Sx -8)= %iir(}[?)(S —h)-38]

= %gr(} [15-3h-8]=7

RHL =1im 2k =lim 2k =2k =7 [~ LHL = RHL]

x—5" h—0
And f(5)=3x5-8=7
2k=17 :>k=Z
2
2716 .
12. f(x)=4 4*-16 ’lfx;t2atx:2.
k, ifx=2
2x+2_16 )
Sol.  We have, f(x)=4 4 -16 ’lfx;tzatx:l
k, ifx=2
Since, f(x) is continuousatx=2.
.. LHL=RHL = f(2)
. 25272 4.2°-4)
Atx =2, lim —=Ilim > 5
-2 4" =4 x—2 (2’() _(4)
—lim— Y Ly m by a—b)]
=2 (2" =-4)(2" +4)
. 4 4 1
=lim =—=—
=22%4+4 8 2
But f(2)=k
kel
2
\/1+kx—\/1—kx’ if-1<x<0
13. f(x)= 2x | atx=0.
Xt , if0<x<1

x—1



I+ kx - l_kx,ﬁ—lﬁx<0

Sol.  Wehave f(x)= X atx=0.

2”11, iFo<x<l

x—
_ LHL=lim V1+ke —1-kx
x—0" X

(ﬂ+m—ﬁfmj{ﬁ+m+ﬂ—mj

X 1+ ko +/1—kx

=lim

x—0"

) 1+ kx—1+kx
= lim
=0 {1+ ke ++/1—kx
. 2kx
=lim

=0 xy 1+ kx ++/1—kx
2k

=lim
150 14 k(0—h) ++/1—-k(0—h)
2k 2k

=lim ===
=0 1—kh+1+kh 2
2x0+1
and f(0) = 01 =-1
=k=—1[."LHL=RHL=f(0)]

1—cos kx

- ,if x#0
14.  f(x)={ atx=0.

—, ifx=0
5 if
1—coskx

- ,if x#0
Sol.  We have, fx)= LS atx=0.
—, ifx=0
5 if
Atx = 0, LHL = lim .=S%K¥ _ jjp, 1=C0sk(0=/)
0" xsinx =0 (0—h)sin(0—h)
1—cos (—kh)
=lim————
h=0 —hsin (—h)
1—coskh

=lim—————— [ cos(—6@) =cos @,sin (—0) = —sin G]
h—=0  hsin h

1—1+2sin21‘é

=lim———2 |-+ cos® =1—2$in2g
h—0 hsin h 2

2sin’ @

h=0  hsinh



15.

Sol.

16.

Sol.

kh
2s8in— sin— 1 Kh/4
= lim 2 _
h—0 @ @ sinh h
2 2 h
2k k* sin &1
=—=—|"lim———=1
4 2 =0
1 K1

Also, fO)=—=>—=—=k=%1
o, J0)=3=7=3

, if x#0

Prove that the function s defined by f(x)= | x[+2x° remains
k, if x=0
discontinuous at x = 0, regardless the choice of k.
X
—, if x#0
f)=qlx]+2x /
k, if x=0
Atx=0, LHL=1lim ~=1lim ©-h) -
o0 x| +2x7 #20|0—h|+2(0—h)
. —h : —h
=lim > =lim———=-
h=0 h4+2h~  h=0 h(142h)
RHL=lim ——— =fim—2*"
o0 [x]+2x7 50|04+ h|+2(0+h)
=lim h > =lim h =1
h=0 h+2h" =0 h(1+2h)
And f(0) =k

Since, LHL # RHL for any value of k.
Hence, f(x) isdiscontinuous at x = 0 regardless the choice of k.

Find the values of a and b such that the function 7 defined by
x—4

| x—4

f)= a+b, if x=4

x—4

| x—4|

is a continuous function atx = 4.
x—4

| x—4|

We have, f(x)= a+b, if x=4
x—4

|x—4]

+a, if x<4

+b, if x>4

+a, if x<4

+b, if x>4




17.

Sol.

18.

Sol.

Atx =4 LHL=lim>—%

+a
x4~ |_x—4|

4—h—-4 . —h
=lim————+a=lim—+a
h—0 |4_h_4| "0
=—l+a
x—4
x—4|
Clim Tt L im =14
h=0 |4+h_4| h=0
f@=a+b =—1+a=1+b=a+b
= -1+a=a+band1+b=a+b
sob==land a=1

RHL = lim +b

x—4*

Given the function f(x)= % . Find the points of discontinuity of the composite
X+

function y= f(f(x)).
We have f(x)= 1
x+2

~oy=f{f(x)}

_ 1 _ 1
i)

x+2
1 +2
L (x+2)= 1t
1+2x+4 (2x+5)
So, the function y will not be continuous at those points, where it is not defined as it is a
rational function.

+2

(x+2)
Therefore, Y= is not defined, when 2x+5=10
(2x+5)
. -5
e x = —
2

Hence, y is discontinuous at x = —
2

Find all points of discontinuity of the function f(¢) = T where ¢ =
"+t

We have f(t):;, and l‘ZL
£ +r-2 x-1

1

e R
+ R
X +1-2x x-1) 1

1

B 1+ x—1+[-2(x-1)?*]
(x> +1-2x)




19.
Sol.

20.

Sol.

_ X +1-2x

Cx-2x—2+4x

_ X +1-2x

T2 +5x-2

o (x=1

C—(2x* —5x+2)

o (x=1?

T 2x-1)(2-x)

So, f(r) is discontinuous at 2x—1=0 =x=1/2.
And 2—x=0 =x=2.

Show that the function f(x)= |sin X+cos x| is continuous at x= 7.
We have f(x)= |Sin X+cos x| atx=Tr.

Let g (x)=sinx+cosx

And h(x)=|x]
- hog (x)=h[ g(x)]
= h(sinx+ cos x)

= |sin X+ cos x|

Since, g (x) =sin x4+ cos x is a continuous function as it is forming with addition of two
continuous function sin x and cos x.
Also, h(x) = |x| is also a continuous function. Since, we know that composite functions
of two continuous functions is also a continuous function.
Hence, f(x) = |Sin X+ cos x| is a continuous function everywhere.
So, f(x) iscontinuousat Xx=7T
Examine the differentiability of 7, where f is defined by
(x=Dx, if2<x<3
Ax], if 0<x<2

) atx=2.
(x—Dx, if2<x<3

We have f(x)= {

Atx=2, Lf (2):;@%2‘“2)
i Q= [2-h1-(2-1)2

h—0 —h

{*.[a—h]=[a—1], whereais any positive number}
—lim 2-mh)1)-2

h—0 -h



v — i L QW= f(2)
Rf(2)—1hl£r(}T
i 2+ h=D2+ - (2-1).2
h—0 h
=%in(}(1+h)(2+h)_2

2

=1imh +3h:1imh(h+3) _
h—0 h h—0 h

< Lf'(2) % RF(2)

So, f(x) nor differentiable at x = 2.

3

1

2 . .
x“sin—, if x#0
X 4 atx=0.

21, f(x)=
0, if x=0
T
Sol.  Wehave, f(x)= T U xioatx=0.
0, if x=0

For differentiability at x = 0,

e L= f0)
Lf'(0) = lim 0

x—0" X

1
(0—h)*sin (j
=lim 0=h)_

h—0 0-h h—0 —-h

=lim+ Asin (lj [ sin(—@) = —sin O]
h—0 h

= 0x[an oscillating number between -land1] =0

1
x*sin——0
Rf'(0) = hmwz lim X
x—0" x—0 x—0" x=0
1
0+ h)’si
_hm( : Sm(0+hj_ﬁmh2sin(1/h)
50 0+ h T 0 h
= %m(} hsin(1/ h)

= 0 x[ an oscillating number between -1 and 1] =0
+ Lf'(0)=Rf(0)
So, f(x) isdifferentiable atx =0.

1+x, if x<2
22.  f(x) .
S—x, if x>2

atx=2.



I+x, if x<2
Sol.  We have, fx) i atx="2.
S5—x, if x>2
For differentiability at x = 2.
L) = tim LS @) (0 -(1+2)
x—2" X — 2 x—27 X — 2

=1imw_1'm__h=

0 2—h—2 e, !
R = tim L@ 5-0-3
x—=2* x=2 =2t x=2
i 3= 2 4 =3
=0 2+h—2
5-2-h-3 .. -—h
=1 =lim—
h—0 h =0 +h
=-1
o LF'(2) # Rf (2)

So, f(x) isnotdifferentiable atx =2.
23. Show that f (x) = |x— 5| is continuous but not differentiable at x = 5.

Sol.  We have f(x):|x—5|

—(x—5),if x<5
s )= :

x=5, ifx=5
For continuity atx =5,
LHL = lim(—x+5)

x5
=lim[-(5-h)+5]=1limAh=0
h—0 h—0
RHL = lim(x—Y5)
x5
=lim(5+h~5)=1limh=0

h—0
s f(5)=5-5=0
= LHL = RHL = f(5)
Hence, f(x) iscontinuousatx=>5.
Now, Lf '(5) = lim L=/ G) sf ©)
x_

x—=5"

—-x+5-0

=lim -1
x5 x—5
x—5" x=5
—lim 2270y
-5t x=95

o Lf'(5)# Rf'(5)
So, f(x) = |x—5| is not differentiable at x = 5.



24.

Sol.

Afunction f:R — R satisfies the equation f(x+y)= f(x).f () forall
X, y€ R, f(x) # 0. Suppose that the function is differentiable at x=0 and f"'(0)
then prove that f'(x)=2f(x).

Let f: R — R satisfies the equation f (x+y)=f(x).f(y), Vx, ye R, f(x) #0.
Let f(x) isdifferentiable at x=0 andf'(O) =2.

2,

o () = lim RSO
=0 x—=0
i L= £(0)
x—0 X
=i SO = £(0)
h—0 0+nh
= i SO ()= £ (0)

h—0 h
= 2=1}§3w [+ £(0) = f(I)]..(D)]
Also, f'(x)= lhmgw

i LB 00

h—0

= 2=

[~ fx+y)=f0).f(»)]
— lim fOLf(h)—1]

h—0 h

S =21

=2 f(x) [using Eq.(i)]

Differentiate each of the following w.r.t. x (Exercises 25 to 43):

25.
Sol.

2C052x
Lety: 2C052X
~ log y=1log2*** = cos’ x.log2

On differentiating w.r.t. x, we get

d dy d )
—log y.—=—1Ilog2.cos” x
SV e

dy

= l@ =log 2£(cos x)*
y dx dx

1 dy

=>——= 10g2.[200sx].icosx
dx dx

=log2.2cos x.(—sin x)
=log2.[—(sin 2x)]

Q =—y.log2(sin 2x)
dx

= 2" Jog 2(sin 2.x)



26. g

8 8
Sol. Let y=—=logy=log—
X X

= ilog y.@ =i[log8x —logx"]

dy dx dx
:l.gz[x.logS—S.logx]
y dx

On differentiating w.r.t. x, we get

! .@zlog&l—&1
dx

y x
:>l.@=10g8—§
y dx X

dy

8) 8" 8
Sy 1008=2 =2 1oe8=2
dx y(og xj xg(og xj
27. log(x+\/x2+a)
Sol. Lety=log(x+\/x2+a)
.'.ﬂ=dilog(x+\/x2+a)
X

dx

1 d
= —[x+Vx’+a]
(x+~/x*+a) dx

=;{1+l(x2 +a)"? 2x}
(x++x*+a) 2 '

= ! .(1+ al j
(x+\/x2+a) \/x2+a
WP Ha+n 1
_(x+\/x2+a)(\/x2+a)_(\/x2+a)
28. log[log(logxsﬂ
Sol. Lety=y= log[log (log x° )J
LD
dx

= i[log (loglog x”)]
dx

=;5.i(log.logx5)
log log x> dx

1 1 d s
= - - |.——logx
log logx® \logx’ ) dx




1 1 d 5

= . —(Slogx
loglogx’ logx’ dx( g x.log (log x*).log(x")
29.  sinvx+cos’yx

Sol.  Let y=sin x+(cos\/;)2

dy _ d 12 12
o—=— +—
i dx sin(x"'7) I [cos(x )?
=cosx' ix +2cos(x”2)—[cos (x")]
dx dx

_COS(.XUZ) x_1/2+2COS(x1/2)|: Sln(xl/z) d 1/2:|
2 dx

—cosf \/_

=3 \/;[cos«/})—sin(z&)]

30.  sin(a’ +bx+0)

Sol.  Let y=sin"(aX’ +bx+c)

Z—i = %[sin(ax2 +bx+0)]"

[-2cos (x"*)].sin x"

1
2\/}

= n.[sin(ax’ +bx+ )] % sin(ax® +bx +c)

. d
=n.sin"" (ax® +bx +¢).cos(ax® + bx + c).a(ax2 +bx+c)
=n.sin""' (ax” + bx +c¢).cos (ax’ + bx+¢).(2ax +b)

n-1

=n.(2ax+b).sin""'(ax* + bx + ¢).cos (ax* + bx +¢)

31. cos(tan \/x+1)
Sol. Let y:cos(tan\/x+l)

ﬂzicos(tan \/x+1)= —sin(tan \/x—i-l).di(tan Jx+1)
X

dx dx

=—sin(tanv/x+1).sec’ \/)c+1.%(x+l)”2 { % (tan x) = sec’ x}

=—sin(tan/x+1).(sec/x+1)? —( +1)‘”2 d

2\/: sin(tan/x+1).sec’*(vx+1)

32.  sinxX’ +sin® x+sin’ ()

Sol.  Let y=sinx’+sin” x+sin’(x’)
dy d ., d. . o od. . .,
S —=—SIn(x")+—(Sin x)" +—(sin x
dx dx ) dx( ) dx( )

(x+1)




= cos(xz)i(xz) +2sin x.isin X+2sin xz.isin x
dx dx dx

. ) d
=cos x> 2x + 2.sin x.cos x+ 2sin x” cos xz.d—x2
X

=2xcos(x)” +2.sin x.cos x + 2sin x*.cos x*.2x
=2xcos(x)* +sin 2x+sin 2(x)*.2x

=2xcos(x)* +2x.sin 2(x*) +sin 2x

1
33. sin’'
(Vx+1j

Sol.  Let y=sin"' (

1
\/x+1J
S R U
Cde o dx Vx+1

1 d 1 od . 1
= z.d— — | ——(in" x)=——
[ 1 J x (x+1) dx 1—x
1_
Vx+1
:;.i.(x+l)_”2
x+1-1 dx
x+1

x+1 -1 - d
e S R e
. 2( ) (x+1)

ER Vi B T Y (R
== ( 2j(x+1) —2\/;.()”1}

34. (sin x)cm

Cos x

Sol.  Let y=(sinx)
= log y=log(sin x)*** =cos xlogsin x

~.—log y.ﬂ =i(cos x.logsin x)

dy dx dx

= lﬂ =cosx.ilogsinxﬂogsinx.icosx
y dx dx dx

d . . .
——.—sin x+logsin x.(—sin x)
sinx dx

= COS x.

. . cos X
= cot x.cos x —log(sin x).sin x | cotx=—
sin x

d cos® x
. _y:y[

. - —sin x.log(sin x)}
dx sin x



2

) cos” x
=sin x°°F {—

- —sin x.log(sin x)}
sin x

35. sin” x. cos” x

Sol.  Let y=sin"x. cos" x
@b _ i[(sin x)" . (cosx)"]
dx

dx

o d " w d o
=(smx) .—(cosx) +(cosx) .—(Sinx
(sin x) dx( )" +(cos x) dx( )

n-1

= (sin x)".n(cos x) i cos x + (cos x)" m(sin x)"™ i sin x
dx dx

m—1

= (sinx)".n(cos x)"" (—sin x) + (cos x)".m(sin x)"" cos x

=—nsin” x.cos"” x.(sin x) +mcos” x.sin”" x.cos x

=-—n.sin" x.sin x.cos” x. +m.sin™ x.——.cos" x.cos x

COS X S x

=—n.sin” x.cos” x.tan x +msin™ x.cos" x.cot x

=sin" x.cos" x[—ntan x + mcot x]

36. (x+D’(x+2Y’(x+3)*

Sol.  Let y=(x+1)*(x+2)’(x+3)"
~logy=log{(x+1)".(x+2)’(x+3)*}
=log(x+1)* +log(x+2)’ +Hlog(x+3)*

and i log y.@ = % [2log(x+1)] +% [Blog(x+2)] +% [4log(x+3)]

dy dx
l.ﬂ: 2 .i(x+l)+3.#.i(x+2)
y dx (x+1) dx (x+2) dx
1 d

d 1
. . S —_ 1 = —
(x+3) dx(x+3)[ 2 o) x}
[ 2 3 4 }
= + +
x+1 x+2 x+3

dy 2 3 4
==y + +
dx x+1 x+2 x+3

2 3 4
+ +
x+1 x+2 x+3

=(x+1)°.(x+2)°.(x+3)* [

=(x+ 1)2.(x + 2)3.(x + 3)4
2(x+2)(x+3) +3(x+1)(x+3) + 4(x + D(x+2)
(x+D)(x+2)(x+3)




37.

Sol.

38.

Sol.

(D (x+2) (x+3)
(x+D(x+2)(x+3)

[20 +5x+6) +3(x" +4x+3)+4(x* +3x+2)]

=(x+D(x+2)"(x+3)°

[227 +10x+1243x" +12x+9+4x" +12x+8]

=(x+D)(x+2)* (x+3)’[9x° +34x+29]
Sl[sinx+cosx} - P s

,——<X<—
V2 4 4
Let y=cos”' [sin X+cos xj
V2
dy d 1(sinx+cosxj
cos | ———
V2

-1 d (sinx%—cosxj

Jl_(sinxjgosx)z a2

1

"i(cosx)——
dx N1=x7
B -1 1 .
= — - ' .E(cosx—smx)
\/4_(s1n X+ cos” x+ 2sin x.cos x)

2

= i L(cosx—sin X)
V1—sin2x ' JE
[.-1—sin2x=(cos x—sinx)* =cos” x+sin> x—2sin xcos x]

_ —1(cosx—sinx) _ ]

(cos x—sin x)

4 [1—cosx T T
tan ,——<Xx<—
1+cosx 4 4
_1£ l—cosx]
Let y =tan
1+cosx
dy d_ _| |[1-cosx
s ——=—tan
dx dx 1+cosx

1/2
_ 1 d {l—cosx} ['.‘i(tanl X =

\/(l—cossz E 1+cosx
1+
1+cosx

1

dx 1+

X

2

|



_ 1 l{l—cosx}m i[l—cost
1_i_l—COS)C'Z l+cosx | dx\1+cosx
1+cosx

1 l[(l—cosx) (l—cosx)}l/2

" l+cosx+1—cosx 2 (1+cosx)'(1+cosx)

1+cosx
(I+cos x).sin x+(1—cos x).sin x

(1+cos x)*

_(I+cosx) 1 (1—cosx)2__l/2
2 2|(d-cos’x)| | (1+cos x)’

_sinx(1+c0sx+1—cosx)_

_sinx(1+cosx+1—cosx)_

_(I+cosx) 1 (1—cosx)* |
2 2[(-cos’x) | | (1+cos x)

_ (I+cosx) l{(l—cosx)2 T/z 2sinx

2 2|  sinx (1+cos x)*
_(I+cosx) 1 sinx 2sin x
T2 2 (—cosx) (I+cosx)?

2sin” x 1 sin’x

" 4(1+cosx)(—cosx) 2 (I—cos®x)
_1sin’x 1

2'sin’x 2
Alternate Method

1—

14+cosx

1-1+2sin> > N N
_— ['.‘cos=1—25in2—=2cosz——l}
1+2cos2£—1 2 2

=tan"" tanﬁ =£
2 2

On differentiating w.r.t. x, we get

dy_1
dx 2
39. tan ' (sec x + tan x),—% <x <%

Sol.  Let y=tan'(secx+tanx)

. D _ itan'1 (sec x + tan x)
dx dx



40.

Sol.

41.

Sol.

1 d d 4 1
—(secx+tanx) —(tan™ x)=
1+(secx+tanx) dx 1+x
= - 21 [sec x.tan x+sec” x]
I+sec” x+tan” x+2secx . tan x
1
= > > .sec x.(sec x+tan x)
(sec” x+sec” x+2secx.tan x)
1 1
= .secx(secx+tanx)=—
2sec x(tan x+sec x) 2

_i[ acosx—bsinx | —w V3
tan” | —— —<x<—and—tanx> 1
bcosx+asinx ) 2 2 b

_ _i[ acosx—bsin x
Lety= tan™' | ———————— =
bcosx+asin x
acosx bsinx a
b _b Z—tanx
=tan'| DCOSX bcosx |_ -
bcosx asinx a
+ 1+—tanx
bcosx bcosx b

L a _ _ _ af x-
=tan”' ——tan 'tanx |- tan'x—tan”' y=tan”' Y
b 1+ xy

_1( 1 j 1
seC | —5——— O<x<—
4x —=3x \/5

_ 1
Let y=sec (43 j (9
On putting x = cos @in Eq. (i), we get
1 1
4cos’@—3cosb

y =sec

=sec”’

cos36
=sec '(sec36)=38

-1 -1

=3cos

. d_y: i(3 cos™" x)
dx dx

x [ @ =cos x]

:



42.

Sol.

43.

Sol.

s y=tan

-1
.\ll—xz

1[3a2x—x3] -1 x 1
tan - | =<t —

a® =3ax’ \/5 a \/5
3a’x—x°
Lety = tan”'| ——
[a3—3ax2J

X
Put x=qgtand =@ =tan™' =

.. y=tan
1-3tan® @ 1-3tan’ @

a
" [ 3tan 6 - tan® 9}[ tan 39_3tan49 tan 9}
=tan"'(tan36)=36

X X
=3tan' = '.'G:tanl—}

a | a
Y LI .i.(fj
dx dx a x° | dx \a

1+
a
34 _1__ 3a

a+x a a+x
{\/Hx +41-x

\/1+x —\/ﬁ

J —1<x<Lx#0

Let y= tan_l [

\/1+)€2—\/l—x2

Put ¥ =cs26

¢ _1£\/1+c0529 +\/1—cos26?]

\/1+cos26?—\/1—cos29

1+2cos> 01 +4/1-1+2sin’ 6
\/l+2cos 0—1—1-1+2sin> 6

— tan”! 200s6?+«/§s1n6? - tan”! x/z(cost9+sin6?)
2c059 x/asmﬁ x/a(cosﬁ—sinﬁ)

cos@+sin @

cos9+sm0 4 cos
= tan —_—
cos&—sin& cosf—sin 6

cosd

1+tan€
1—tan9



=tan~' tan (£+ 9) - tan(a + by = 2naranb b
4 l—tana.tanb

:£+t9:£+lcos‘lx2 '.'267:cos_1x2:>¢9:lcos_1x2
47774

dy d(z) d(l » 2)
So——=—| — |+—| =c0s" X
dx  dx\4) dx\2

opl ol d L 1

—X
. — X =—. =
2 J1-x* dx 2 \/1—x4 \/1—x4

Find % of each of the functions expressed in parametric form in Exercises from 44 to 48.

44, x=t+l,y=t—l
t t

Sol. '.'x=t+land y:;_l
t t
.'.ﬂ:i t+1 Clndﬂ:i l'_l
dt dt t d dt t
:>£=1+(—1)t’2 andﬂ=1—(—1)f2
dt dt
3£=1—Landﬂzl+ !

dt ¢’ dt 7
dc -1 +
= nd L

—

& a2
dt 1 dt 1
Cdy _dyldi £+ P+l
Tde dldt -1/ -1

45. x=e"(¢9+lj,y:e—6(a_lj
0 6
6 1 0 1
Sol. Sx=e (9+—Jandy:e (9__j
0 6




=e”’ (1+i2j+(9—lje-‘9.i(—9)
6 0) do

2 2 2 3
:eg[e +1 6 1}6’{0 +1-0 +e} )

6’ ] 0
6_9[92+1—93+9j
dy dyldo &
dx dx/de 69(02_1+93+0J
92

e -0 +07+6+1
=e 3 2
6°+6-+6-1

46.  x=3cosf—2cos’ 6, y=3sinf—2sin’ 6.

Sol. ' x=23cos@—2cos’ 8 and y=3sinf—2sin’ &
ﬂ=i(3cosﬁ)—i(20053 )
dé dé dé

=3.(-sin8)—2.3cos’ G.i.cose
dé
=—3sin +6cos’ Osin &
and ﬂ =3cos A—2.3sin? H.i.sinﬁ
de do

=3c0s @—6sin’ H.cos &
dy _dy/df _ 3cosf—6sin’ fcosb

Now, = = - TP
dx dx/df@ —3sin@+6c¢cos” @sind
f— 1 2
_ 3?056(1 2sin 29) _ 0t6‘cos2 9=cot90
3sin@(—1+2cos” ) cos26

5.

. 2t
47. sinx=—-—, tan y =
1+1¢

Sol. v sinx=—21 (i)
1+1

2t
7

And tan y = (ii)

oy oy d
(1+1). (D=0 (1+1)

dr (1+72)



201417 =212t 2426748

(1+1%) (1+1%)

de 20-7) 1

dt - (1+1)? cosx

de 20-7) 1 _2(-r) 1

dr A+ Igintx (A0 2w V
\/1_(1“2)

ggzza—ﬂ)a+ﬂ)= 2 i)
dt  (1+)? (1-¢) 1+

Al itan Q—i( 2 j
"y Ya a7

d d
1-#)—.20)-2t.— (-1
zy@:( )dt( ) dr( )
dt (1-1)°
dy _2-200+4% 1
dt (1-1)* ‘sec’y
:2(1+t2) 1 :2(1+t2) 1
(1-1)* (I+tan’y) (1-1)* 41>
1+ —
(I-17)

secC

_20+7%) A=) 2
(1= (1+2)°* 1+1

dy dyldt 2/1+4¢1 ,
"'E:dx/dt YT =1 [ from Egs.(iii) and (iv)]

48. le—i-l;)gt’ :3+210gt.
t t
1+1§)gt and y = 3+2logt

t t

= (V)

SO]. X =

d d
.= (1+logt)—(1+logt).—¢t*
de T Utlogn=(tlogn.

* E_ (Z,Z)Z
1
2
_t .;—(1+10gt).2t t—(+logn .21
B t* B t
—1-2logt
3

=ti4[1—2(1+10g f)= ()

d d
t.—(3+2logt)—(B3+2logt).—t
and & _ _dt dt
dt t

2



t.2.1—(3+210gt).1

l,2

2-3-2logt -1-2logt ..
= 2 el _ 7 g .. (D)
Cdy _dyldt _—1-2logt/r* _
Cdx dx/dt —1-2logt/t

49.  If x=¢" and y = ¢"*, then prove that dy __ylogx

dx xlogy
Sol. v x=e" and y=e"*
- ﬂ — iecoﬂt — cos2t‘icos 2t
dr dt dt

=¥ (=sin 2t).i (20)
dt

B e s ()

dt

and ﬂ = iesmzt = Sinzt.iSin 2t
dt dt dt

sin 2t

=e""" cos 2t.i 2t
d

=2 cos2t ...(if)
Cdy_dyldr _ 2¢™ .cos2t
Cde deldr 26 .sin2t

sin2¢

e .cos2t
T VR ...(lll)
e sin2t

We know that, log x = cos 2¢.log e = cos 2¢ ...(iv)
And log y = sin 2z.1og e = sin 2 ...(v)
_dy —ylogx
Tk xlogy
[using Egs.(iv) and (v) in Eq.(iii) and x =&, y = ™'
Hence proved.

: dy
50. If x=asin2t(1+cos2t) and y=b cos2t(1-cos2t), show that | — =
a[[:E

Sol. - x=asin2t(1+cos2t) and y="b cos2t(1-cos2t)

é = a{sin 2t.£ (14 cos2t)+ (1+cos 2t).i sin 2t}
dt dt dt

=a [sin 2t.(—sin 2t).i2t + (14 cos2t).cos 2t .iZI}
dt dt

=—2asin’ 2t+2acos 2t (1+ cos 2t)



= % = —2a[sin” 2t — cos 2t(1+cos 21)] ...(i)
t

and @ =b| cos 2t.i (1—cos2t)+(1—cos 2t).i cos 2t
dt dt dt

=b [cos 2t.(sin 2t)i 2t + (1—cos 2t)(—sin 2t).i ZI}
dt dt

=b[2sin2t.cos 2t + 2 (1—cos 2t)(—sin 2t)]

=2b[sin 2¢.cos 2t — (1—cos 2¢t) sin 2¢] ...(ii)

~dy dyldr —2b[—sin2t.cos2t+(1—cos2t)sin 2]
Cde deldr —2a[sin® 2t —cos2t(1+cos 27)]

. T T T\. &«
—sin—cos —+| 1 —cos— |sin —
(dyj b[ 22 ( 2) 2}
= | — = —
d‘x t=r/4

a .2 T T T
sin-——cos—| 1+cos—
{ 2 2( ZH

sinzzlandcoszzo
2 2

JM{
a (1-0)

b
=— Hence proved.
a

51. If x=3sint—sin3t, y=3cost—cos 3t, find % at z:%.

Sol. x =3sint - sin3t, y=3cost— cos 3t,
Cdx d

So—= 3.—sint—isin3t

T dt dt dt

=3cost—cos 3t.di3t =3cost—3cos3t ...(I)

1
ﬂz 3.icost—icos 3t
dt dt dt

and

=3sinf+sin 3t.i3t
dt

D _agin3r—3sine (i)
dt

_dy_dy/dt _ 3(sin3t—sin?)
Cdt dv/dt 3(cost—cos3H)

3 T
dy sin==-sinT o _ 32
Now ) T w
=73l cos——cos3= | ——(=1
( 3 3) 2




52. Differentiate w.r.t. sin x.

sin x

Sol. Let u= andv=sinx

sin x
. d d .
Sinx.— x—Xx.—sin x
du T T de” Tdx
dx (sin x)°

sin x — xcos x .
=————°= ..(

sin” x
and ﬂzisinxzcosx ...(i0)
dx dx

. @_du/dx_sinx—xcosx/sinzx
“dv dvldx COS X

sin x —xcos x
_sinx—xcosx _ COS X

sin® xcos x sin® xcos x

COS X
[dividing by cos x in both numerator and denominator]

_tanx-—x
sin? x
. . -1 1 + x2 _1
53. Differentiate tan | —— | w.r.t. tan'1 x when x#0.
X
1+x* =1

Sol. Letu=tan" (
X

jand y=tan" x

sox=tan@
L VI+tan* 6 -1

tan &
an”’ (sec@—1)cos 6

— u=tan

sin @

- tan! 1-cosé
sin @

— tan”’ 1-1+2sin?8/2
2sin@/2.cos@/2

=tan"' [tan g}
2

} [-cos@=1-2sin’ 0]

o |
=—=—tan Xx

2 2
'.ﬂz——tan_lle. 12 ...(D)

dx 2dx 2 1+x

d o 1 ..
and —=—tan" x= — ..(iD)
x dx 1+ x



du _duldx
”E_dv/dx
C1/20+x%) _ (+x%) 1
/4% 20+x0) 2

Find % when x and y are connected by the relation given in each of the Exercises 54 to
57.
54.  sin(xy)+i=x>-y
Yy
Sol.  We have, sin(xy)+ == x> — y

On differentiating both sides w.r.t. x, we get
d . d(x d , d

—(sinxy)+—| — |=—x" ——Yy

dx dx\y) dx dx

y—d X x—d y
d dx B “dx dy
= cos xy.— (xy) + ———————=2x——

y—x==
= cosxy.{x.% y+ y.i.x}L—zdx = 2x—ﬂ

dx y dx
= xcosxy.ﬂ+ ycosxy+lz—izﬂ = ZX—Q
dx Yooy dx dx
= Q[xcosxy—iz+l} =2x— ycosxy—l2
dx y y

Cdy 2xy—y*cosxy—1 y?
Vdx y xy’cosxy—x+y’

(2xy—y*cosxy—1)y

"~ (xy*cosxy—x+y°)
55. sec(x+y)=xy
Sol.  Wehave, sec(x+ y) = xy
On differentiating both sides w.r.t. x, we get

d d
—Ssec(x + = —(X
e (x+y) dx( y)

d d d
= sec(x+ y).tan(x+ y).—(x+y)=x.—y+y—x
dx dx dx

dy|_ dy
sec(x+ y).tan(x+y).| 1+— [=x—+
:»(y)(y)(dxjdxy
= sec(x+ y)tan(x+ y)+sec(x+ y).tan (x + y).ﬂz xﬂ+ y
dx dx

= ?[sec (x+ y).tan(x+ y)—x]=y—sec(x+ y).tan(x+ y)
x



) @_ y—sec(x+ y).tan(x+ y)
Tk sec(x+y).tan(x+y)—x

56. tan (X +)’)=a

Sol.  We have, tan”' (XZ + y2) =a
On differentiating both sides w.r.t. x, we get

d .2 2_4d
—tan  (x" + =—-:(a
e (x"+y%) dx( )

1 d
> — (X +)y)=0
1+ +y°) dx( )

57. (X +y) =xy
Sol.  We have, (X2 + y2 )2 =Xy
On differentiating both sides w.r.t. x, we get

d 6 , oo o d
—(x*+ =—(x
dx( ) dx(y)

d d d
=2+ y).— (T +y)=x—y+y.—
(x y)dx(x y) S S

dy dy
= 2(x* +y* .(2x+2 —j=x—+
(X +y9) Y Y

= 2x2.2x+2x2.2yﬂ+2y2.2x+2y2. 2yﬂ=xﬂ+ y
dx dx

dx
= ﬂ[4)62y+4y3—)c]=y—4x3—4)cy2
dx
Cdy _ (—4x —4n?)
T dx (4xPy+4y’—x)

58.  If @’ +2hxy+by’ +2gx+2fy+c=0, then show that & ¥ _ |
dx dy

Sol.  We have, a¥’ +2hxy+by’* +2gx+2fy+c=0 ...(>i)

On differentiating both sides w.r.t. x, we get

d , d d ., d d d . _
o (ax )+—dx (thy)+—dx (by )+—dx (2gx)+—dx(2fy)+—dx(c) 0
dy dy dy
=2ax+2h| x.—=+y1|+b2y—=+20+2f—=+0=0

( al j Yot f z

= %[2hx+2by+2f]:—2ax—2hy—2g
X



59.

Sol.

60.

dy _2(ax+hy+g)

dx  2(hx+by+ f)
Tty
(hx+by+ f)
Now, differentiating Eq. (i) w.r.t. y, we get

4 )+ 2 )+ L e+ L )+ L o=
2 @O @)t Byt Qe+ Q)+ (=0

:>a.2x.§+2h. x.iy+y.ix +b.2y+2g.ﬂ+2f+0:0
dy dy dy dy

= %[2ax+2hy+2g] =2hx-2by—-2f

zﬂ_—z(hx+by+f)_—(hx+by+f)
dy_ 2(ax+hy+g) - (ax+hy+g)
Cdy dx _ —~(ax+hy+g) —(hx+by+f)

Cdvdy  (herby+f) T (avthy+g)
=1=RHS Hence proved.

..(iiD)

[using Egs. (ii) and (iii)]

X

If x=¢', prove that & _ ¥~
dx xlogx

=Y Hence proved.
x.log x

dy _(1+logy)*

If y*=¢"", prove that
log y



Sol.  We have, yi=e"
=logy* =log"™"
= xlogy=y—xlog, =(y—x) ["log, =1]

= log y=M (D)
X

Now, differentiating w.r.t. X, we get
2 ogy -4 0=
dy dx dx
d d
Xx—((y—-x)—(y—x).—.x
1 dy_ Ty dx

y dx x

dy
:__

logy= y_xlogy=1—131+logy=l}
X X X

_(+logy)’ [
logy '
Hence proved.

2
COS X )...... oo ta_rlx
61.  y=(cos 0“7 show that dy _ _ytax
ylogcosx—1

)(tx)s X0

Sol.  We have, y=(cosx)“"
= y=(cosx)’
.~.log y=log(cos x)"

= log y = ylogcosx
On differentiating w.r.t. x, we get

1
—.Q = y.ilogcos x+logcos x.ﬂ
y dx dx

. .icos+10gcosx.—
y dx cosx dx dx



ﬂ[——logcosx} —YSIY —ytan x
dx cos X

Cdy _ —y'tanx
T dx (1-ylogcosx)
2
tan x
=Y ence proved.
ylogcosx—1
.2
62. If x sin(a+y)+sinacos(a+y)=0, prove that & _ 0 (a+ )
dx sina
Sol. We have,
xsin(a+ y)+sina.cos(a+y)=0
= xsin(a+ y)=—sina.cos(a+ y)

__ —sina.cos(a+y)

sin(a+y)
= x=-—sina.cot(a+y)

@ =—sina.[-cosec’ (a+ y)].%(a+ y)

=sin a—— .
sin“(a+y)
_sin*(a+y)

- Hence proved.
sin a

[ 2 d 1-
63. IfVI-x> +4/1-y* =a(x-y) provethatdz y2

1—x
Sol. We have,

N1=x* +4/1-y* =a(x-y)
On putting x =sina and y = sinf3, we get
\/l—sin2a+\/1—sin2ﬁ = a(sin @ —sin f)
= cosa +cos f = a(sina —sin fB)
a+ a' a+ . -
=2co0s ’B ’B—a 2cos 'B.sm P
2 2 2 2

a-p . a-pf

2

= COs

o—
= cot

a-p

= T —cot™'a
2

=a—f=2cot " a
=>sin" x—sin" y=2cot™ a [ x=sinaand y=sin ]

On differentiating both sides w.r.t. x, we get
I 1 dy

x/l—yzaz




64.

Sol.

Hence proved.

Cdy _A1-) :\/l—y2

Cdx o \1- ¢ -x°

2
If y=tan'x, find ‘:; Z in terms of y alone.
X
We have, y=tan"' x [ondifferentiating wrt.x]
%: ) ! > lagaindifferentiating w.r.t. x]
x 1+x
d’y d _
Now, EZ Za(l"‘xz) !

= —1(1+x2)*2.i(1+x2)
dx

1
—ﬁ.ZX
I+x7)
_ —2tan y
(1+tan® y)?

[ y=tan™' x = tan y = x]
_ —2tany
(sec’ y)*

=Y o2 y.cos’ y
cos y

=—sin2y.cos’ y [ sin2x = 2sin xcos x]

Verify the Rolle’s theorem for each of the functions in Exercises 65 to 69.

65.

Sol.

f(x)= x(x—l)2 in [O, 1].

We have, f(x)= x(x—l)2 in [0, 1].

(i) Since, f (x)=x(x- 1)2 is a polynomial function.
So, itis continuous in [0, 1].

. d d
N g ' = y.— _1)\2 12 2
(ii) Now, f'(x)==x I (x=D"+(x-1 dxx

=x2(x=1.1+(x=1)’

=2x"—2x+x +1-2x

=3x” —4x+1whichexistsin (0,1)

So, f(x) isdifferentiable in (0, 1)

(iii) Now, f(0)=0and f(1)=0 = f(0)=f(1)
f satisfies the above conditions of Rolle’s theorem.
Hence, by Rolle’s theorem Fce (0,1) such that
f'e)=0

=3¢’ —4c+1=0

= 3¢’ -3c-c+1=0

= 3c(c=1)-1(c=1)=0

= Bc-1D(c-1)=0



= c=l,1:le (0.1
3 3

Thus, we see that there exists a real number c in the open interval (0, 1).
Hence, Rolle’s theorem has been verified.

66.  f(x)=sin" x+cos’ xin[O,%}.
. 4 4 . T ;
Sol.  Wehave, f(x)=sin" x+cos xm{O,E} ()]

T
(i) f(x) iscontinuous in {O,E}

[since, sin*x and cos*x are continuous functions and we know that, if g and h be

continuous functions, then (g + h) is a continuous function.]
(i) f'(x)=4(sinx)’.cos x+4(cos x)’ .(—sinx)

=4sin’ x.008 x—4sin x.co8’ X

. . V3 ..
=4sinxcos x(sin” x—cos” X) which exists in (O, Ej i)
V4
Hence, f(x) is differentiable in (O’Ej'
(iii) Also, f(O):0+1:1andf'(%j=1+0=l

T
= fO)=f (Ej
Conditions of Rolle’s theorem are satisfied.

T
Hence, there exists atleast one CE (O’Ej such that f '(c) =0

~.4sinccos c(sin” c—cos” ¢) =0
= 4sinccosc(—cos2c)=0
= —2sin2c.cos2¢=0

= —sindc=0

= sin4c=0

= 4c=rx
T
=c==
4

and zG (O,EJ
4 2

Hence, Rolle’s theorem has been verified.
67. f(x)=log (x2 +2) —log3in [—1, 1].

Sol.  We have, f(x)zlog(x2 +2)—l0g3



68.

Sol.

(i) Logarithmic functions are continuous in their domain.
Hence, f(x)=log (x2 + 2) —log3 is continuous in [—l, 1]
. 1

(ii) f'(x0)=—
X"+
= 22x , which exists in (—1, 1).

x“4+2
Hence, f(x) is differentiable in (—1, 1).

2x-0
2

(i) f(-1)=1log [(—1)2 + 2} —log3=1og3—10og3=0 and
f(1)=log (12 + 2) —log3=1log3-10g3=0
= f(-1)=r(1)

Conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number c such that
f'e)=0
2c

c’+2
= c¢=0e(-1,1)
Hence, Rolle’s theorem has been verified.
f(x) :x(x+3)e’)‘/2 in [—3, O].
We have, f(x)=x(x+3)e™

(i) 7 (x) isa continuous function. [since, it is a combination of polynomial functions

=0

x(x+ 3) and an exponential function ¢ > which are continuous functions]

So, f(x)=x(x+3)e ™ is continuous in [-3, 0].

(i) - f'x) =+ 3)6).ie_”2 + e"“z.i(x2 +3x)
dx dx
=(x* +3x).e”2.(—%j+e”2.(2x+3)

= [2x+3—%.(x2 +3x)}
_ i {4x+6—x2 —3x}
2

= e’)‘/z.l[—x2 +x+6]
2

_1 —x/2 2
=—ce X —x—6
5 [ ]

=_—1e_'”/2[x2 —3x+2x—6]

= %le"/z[(x +2)(x—3)]whichexists in(=3,0)
Hence, f(x) is differentiable in (-3, 0).



69.
Sol.

70.

Sol.

(iii) - f(-)=-3(3+3)¢*? =0

and f(0)=0(0+3)¢ "> =0

= f(=3)= f(0)

Since, conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number ¢ such that f'(c) =0
= —%e*’z (c+2)(c=3)=0

= c¢=-2,3,where—2e (-3,0)
Therefore, Rolle’s theorem has been verified.

f(x)=+4-x" in[-2,2].
We have, f(x)= \/4_72: (4—x2)"2
(i) f(x)=+4—x" iscontinuous function.

[since every polynomial function is a continuous function]
Hence, f(x) iscontinuousin [-2, 2].

(i) £'(x) =%<4—x2>*“2.<—2x>

1
=—X. \/—)62 , which exists everywhere except at x =12.
4—

Hence, f(x) is differentiable in (-2, 2).

(iii) f(-2)=/(4-4) =0and f(2)=,/(4—-4) =0

= f=2)=f(©2

Conditions of Rolle’s theorem are satisfied.

Hence, there exists a real number c such thatf‘(c) =0

1 0
N
= c=0e(=2,2)

Hence, Rolle’s theorem has been verified.
Discuss the applicability of Rolle’s theorem on the function given by

x*+1,if 0<x<1

Flx) = i |
3—x,if 1£x<2

xF+1, if 0<x<1

3—x, if 1<x<2’

We know that, polynomial function is everywhere continuous and differentiability.
So, f(x) is continuous and differentiable at all points except possibly at x =1.

Now, check the differentiability at x=1.
At x=1,

—

We have, f(x)= {



71.

Sol.

72.

Sol.

i L= D)

LDH =
x—1" x_l
2 —
:lin}%l(l-i_l) [ f(x):X2+1,V0SxS]]
X— x—
2
i g DD
x—l x_l x—l1 x_l
and RDH =1lim Sx)—=f(1) =lim(3_x)f(l+1)
X1t x—1 x—l1 ( x—l)
:]immzhm_(x_l) -
x—1 x_l x—1 x_l
<« LHD # RHD

So, f(x) isnotdifferentiable atx=1.

Hence, polle’s theorem is not applicable on the interval [0, 2]
Find the points on the curve y = (cos x—1)in[0,27], where the tangent is parallel

to x-axis.
The equation of the curve is y = cos x—1.

Now, we have to find a point on the curve in [0,27].
where the tangent is parallel to X-axis i.e., the tangent to the curve at x = c has a slope o,
where c€]0,27].

Let us apply Rolle’s theorem to get the point.
(i) y = cos x - 1 is a continuous function in [0, 27].

[since it is a combination of cosine function and a constant function]
(ii) y'=—sinx, which exists in (0,27)

Hence, y is differentiable in (0, 27)

(iii) y(0)=cos0-1=0 and y(27) =cos27—-1=0

- y(0)=y(27)
Since, conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number c such that
f'e)=0
= —sinc=0
= c=mor0,wherere(0,2x)
DOX=TT
wy=cosmt—1=-2
Hence, the required point on the curve, where the tangent drawn is parallel to the X-axis
is (7,-2).
Using Rolle’s theorem, find the point on the curve y = x(x - 4), xe [0,4]. where the
tangent is parallel to x-axis.
We have, y = x(x—4),xe [0,4]
(i) y is a continuous function since x(x - 4) is a polynomial function.
Hence, y = x(x— 4) is continuous in [0, 4]

(i) y'=(x—4).1+x.1-2x—4 which exists in (0, 4).



Hence, y is differentiable in (0, 4).

(i) ¥(0)=0(0-4)=0

and y(4)=4(4-4)=0

= y(0)=y(4)

Since, conditions of Rolle’s theorem are satisfied.
Hence, there exists a point c such that
f'(e)=0in(0,4) [ f'(x) =yl

= 2c-4=0

=>c=2

= x=2y=22-4)=-4

Thus, (2, -4) is the point on the curve at which the tangent drawn is parallel to X-axis.

Verify mean value theorem for each of the functions given Exercises 73 to 76.

73.

Sol.

74.

Sol.

1
= in[l, 4
f()=——in[l, 4]
We have, = in[l,
e have, f(x) 4x—1m[1 4]

(1) f(x) iscontinuousin [1, 4].
Also, at x = % f(x) isdiscontinuous.

Hence, f (x) is continuous in [1, 4].
4
ii f '(x)= ——— —, which exists in (1, 4).
(ii) e (14
Since, conditions of mean value theorem are satisfied.
Hence, there exists a real number ce [1, 4] such that
\ S@-5D
c)=—=—"—2
Jie)= 2
1 1 1 1

—4  _16-1 4-1_15 3

(4c—1)° 4-1 3
—4 1-5 —4
- = = —
(4c-1)* 45 45
= (4c-1)’ =45

—de—1=135
3\/5 +1

4

Hence, mean value theorem has been verified.
f()=x=2¢—x+3in[0, 1]

We have, f(x)=x"—2x—x+3in[0, ]

(i) Since, f(x) isa polynomial function.
Hence, f(x) iscontinuousin [0, 1]

€ (1, 4) [neglecting (—ve)value)



75.
Sol.

76.

(i) f'(x)=3x"—4x—1, which exists in (0, 1).
Hence, f(x) is differentiable in (0, 1).

Since, continuous of mean value theorem are satisfied.
Therefore, by mean value theorem Jce (0,1), such that

v~ S)=f(0)
f(C)——l_O
[1-2-1+3]-[0+3]
1-0

= 3c’—4c-1=

= 3C2—4c—1=_T
=3¢’ —4c+1=0

= 3¢’ -3¢c—c+1=0
= 3c(c-1D)-1(c-1)=0
= Bc-1D(c-1)=0

= c=1/3,1, where%e 0,1

Hence, the mean value theorem has been verified.
f(x)=sinx—sin2xin[0, 7].
We have, f(x)=sinx—sin2xin[0, 7].
(i) Since, we know that sine functions are continuous functions hence
f (x) = sinx — sin2x is a continuous function in [0, 77].
(ii) f'(x)=cosx—cos2x.2 = cosx— 2cos2x, which exists in (0, 7)
So, f(x) isdifferentiable in (0, 7). Continuous of mean value theorem are satisfied.
Hence, 3ce (0,7) suchthat, f'(c) = L(J;(O)
ﬂ' a—
sin 7 —sin 277 —sin0+sin 2.0
7-0

= cos c—2cos2c=

0
= 2cos2c—cosc=—
T

=2.(2c0s” c—1)—cosc=0
= 4cos’ c—2—cosc=0
=>4cos” c—cosc—2=0
1441432 14433
8 8

—> CoSscC

_1£li\/§J

. C=COS

8

+4/33
8

Also, COS ' [1 JE (0,7)

Hence, mean value theorem has been verified.

f(x)=~25-x inl, 5]



Sol.

77.

Sol.

78.

We have, f(x)=+25-x" in[l, 5]

(i) Since, f(x)=(25—x")"*, where 25— x> >0

=X <+5=-5<x<5

Hence, f(x) iscontinuousin [1, 5].
1 —X

(i) f'(x)==(25-x")"*.—2x=———=—= which exists in (1, 5).
2 25—-x

Hence, f'(x) is differentiable in (1, 5).

Since, conditions of mean value theorem are satisfied.
By mean value theorem Fce (1,5) such that

fO-fO e _0-324
5-1 V25— ¢ 4
c 24
= =—
25-¢* 16
= 16¢> =600 —24c¢’
2600 _
="

.‘.C=i‘\/ﬁ

Also, c=+15€(1,5)

Hence, the mean value theorem has been verified.

fo=

=c 15

Find a point on the curve y = (x - 3)2 , where the tangent is parallel to the chord
joining the points (3, 0) and (4, 1).

We have, y=(x- 3)2 , which is continuous in x, =3 and x, =4 i.e., [3, 4] )

Also, y'=2(x-3).1=2(x~-3) which exists in (3, 4)

Hence, by mean value theorem there exists a point on the curve at which tangent drawn
is parallel to the chord joining the points (3, 0) and (4, 1).
Thus, f1(e)= LB =B

4-3
2 2
= 2(c-3) =87V 679
4-3
1-0 7

= 2c—-6=—->=c=—
1 2

2 2
2 2 2 4
71
So, E’Z is the point on the curve at which tangent drawn is parallel to the chord
joining the points (3, 0) and (4, 1).
Using mean value theorem, prove that there is a point on the curve
y=2x"—5x+3 between the points A(l, 0) and B (2, l) where tangent is parallel

to the chord AB. Also, find that point.



Sol.

We have, y=2x" —5x+3 which is continuous in [1, 2] as it is a polynomial function.
Also, y’ = 4x - 5, which exists in (1, 2).
By mean value theorem,3ce (1,2) at which drawn tangent is parallel to the chord AB,

where A and B are (1, 0) and (2, l) , respectively.

o =0
w f o=t
:46_5:(8—10+3)1—(2—5+3)
= 4c-5=1

= e=2_3cu
472

2
For x=->, yzz(E _s[ 343
2 2 2
0

=2x2_§+3=w
4 2 2

Hence, (5 , Oj is the point on the curve y=2x" —5x+3 between the points

A(l, O) and B(Z, 1) where tangent is parallel to the chord AB.



79.

Sol.

80.

Sol.

Continuity and Differentiability
Long Answer Type Questions

x*+3x+p, if x<1

Find the values of p and q so that f(x) = { is differentiable at x

gx+2, if x>1
=1.
2 .
We have, f(x)= X3t p, if x<1 is differentiable at x=1.
gx+2, if x>1
R . f)-fD)
SO L) = lim —————
) = lim ===
:hm(x2+3x+p)—(l+3+p)
x—l1" x—l
=lim[(1_h)2+3(1_h)+p]_[1+3+p]
h—0 (1_h)_1
:hm[l+h2—2h+3—3h+p]—[4+p]
h—0 —h
zlim[h2—5h+p+4—4—p]zlimh[h—S]
h—0 —h h—0 —h

=lim—-[h—-5]=5
h—0

[0S0 art2)=0 43+ p)
o

Rf'(1) =lim
x—1* x—1* x—1
— i g+ +2]-(4+ p)

10 1+h-1
_limlataht2-4-pl_,. aht(g-2-p)
h—0 h h—0 h

= qg-2-p=0 =>p-qg=-2 ..(I)
qgh+0

= lim
h—0

if Lf'(1)=Rf'(1),then 5=gq
= p-5=-2=>p=3
s p=3andqg=>5

If X".y' =(x+y)"", prove that

=g [forexisting the limit]

dy vy od’y
— == and =0.
(D) T and (ii) i

We have, X"y =(x+y)"" ...(0)
(i) Differentiating Eq. (i) w.r.t. x, we get

m+n

d .. . d
—((x"y")=—(x+
dx( ) dx( Y)

wd ,dy ,d , d
=" — V' = +y'.— X" =(m+n)(x+ —(x+

dyydxydx()(y) dx(y)
= x".ny"" %4‘ V. = (m+n)(x+ y) (1+%)

m+n-1



79.

Sol.

80.

Sol.

Continuity and Differentiability
Long Answer Type Questions

x*+3x+p, if x<1

Find the values of p and q so that f(x) = { is differentiable at x

gx+2, if x>1
=1.
2 .
We have, f(x)= X3t p, if x<1 is differentiable at x=1.
gx+2, if x>1
R ) -fD)
SO L) = lim —————
) = lim ===
:hm(x2+3x+p)—(l+3+p)
x—l1" x—l
=lim[(1_h)2+3(1_h)+p]_[1+3+p]
h—0 (1_h)_1
:hm[l+h2—2h+3—3h+p]—[4+p]
h—0 —h
zlim[h2—5h+p+4—4—p]zlimh[h—S]
h—0 —h h—0 —h

=lim—-[h—-5]=5
h—0

[D=I0) _y Grt2)=0 43+ p)
o

Rf'(1) =lim
x—1* x—1* x—1
— i LA+ +2]-(4+ p)

10 1+h-1
_limlataht2-4-pl_. aht(g-2-p)
h—0 h h—0 h

=qg-2-p=0=>p-qg=-2 ..(I)
qgh+0

= lim
h—0

if Lf'(1)=Rf'(1),then 5=gq
= p-5=-2=>p=3
s p=3andqg=>5

If X".y' =(x+y)"", prove that

=g [forexisting the limit]

dy vy od’y
— == and =0.
(D) T and (ii) i

We have, X"y =(x+y)"" ...(0)
(i) Differentiating Eq. (i) w.r.t. x, we get

m+n

d .. . d
—(x"y")=—(x+
dx( ) dx( Y)

R x’".% 2 L)
n—1 dy dy

= x".ny E+ yLmx" ™ = (m+n)(x+ y)"! (14—5)

m+n-1

n d m
+y' . —x"=(m+n)(x+
Y (m+n)(x+y)



= %[xm.nynfl_(m+n).(x+y)m+n71]=(m+n)(x+y)m+nfl_ynmxmfl
X

n—1 m
m_ n— mn— m+n— y.nmx
:bngxy L mn)(x+ )" = (e ) e y) et 22T

m+n

(m+n)(x+y)™" y' oy .mx"
cdy _ (x=y) x

dx nx y _(m+n)(x+y)m+n

(x+y)
x(m+n)(x+ )" —(x+y). y. " y.mx"
(x+y).x
(x+y)nx"y" — y(m+n)(x+y)
(x+y).y
x(m+n).x".y" —m(x+ y)y"x"
_ (x+y)x
Bl (x+ y)nx".y" —y(m+n).x".y"
(x+y).y
X"y [mx+nx—mx—myl.(x+y)y
- X"y [nx+ny—my—nyl.(x+y).x

m+n

[... (x+y)m+n :xm.yn]

Hence proved.

(ii) Further, differentiating Eq. (ii) i.e., % — 2 on both the sides w.r.t. x, we get

X

Y
X ==
X y {QZZ}
x dx x
=0 Hence proved.
= ¢f = ¢ 2 de dy 2
81. If x=sint and y = sin pt, prove that (] — x )F_xd_—i— ply =0.
X X
Sol.  Wehave, x=sint and y = sin pt,
dx dy
.. — =costand —— = cos pt.
d ar PP
dy dyl/dt .cos pt .
& _ A _peospt
dx dx/dt cost

Again, differentiating both sides w.r.t. x, we get

costi( cos t)ﬂ— cos ticost—
d’y T TP g TP P 5 O

dx* cos’t



[cost.p.(—sin pt).p — pcos pt.(—sin t)]%
— x

COSzl

o . 1
[=p” sin pt.cost+ psint.os pt].——

_ cost
cos’ t
d’y _—p2 sin pt.cost+ pcos pt.sint ..

- dd cos’ t i)
Since, we have to prove

dZ
(l—xz)—y—x@+p2y=0

dc  dx

2 . .
- LHS = (1=sin’7) [p” sin pt.cost + pcos pt.sint]

cos’ t
. pcos pt .
—sin. 20 Pl 4 2 gin pr
cost

1 |(=sin’r)(—p’sin pt.cost+ pcos pr.sint)
cos’ t

—pcos pt.sint.cos’ t+ p’sin pt.cos’ t

1 —p’sin pt.cos’ t+ pcos pt.sint.cos’ t
cos’ t

j ) S , | 1=sin®r=cos’1]
—pcos pt.sint.cos’ r+ p’sin pt.cos’ t
1
=—70
sin” ¢
=0 Hence proved.

dy . e |
82. Find —,if y=x""+
a1 2
dy . X +1
_y’ l\fyleanx_"_
Sol. We have, dx 2
2
, +1
Taking, u = x“"* and v = a 5
logu =tan xlog x ...(i)
2
x +1
and V' = ...(iiQ)
2
On, differentiating Eq. (ii) w.r.t. x, we get
1 du 1 )
—.— =tanx.—+log xsec” x
u dx X
du tan x )
=>—=u +log x.sec” x
X

=y [@ +log x.sec’ x} (V)
x

also, differentiating Eq. (iii) w.r.t. x, we get



2v.ﬂ=l(2x):>ﬂ:i.(2x)
de 2 dx 4v
:ﬂ=;2x: xA2
dx X+l 2x% +1
2
dv X
= —= V)
dx \[2(x*+1)
Now, y=u+v
b _du
de dx dx
=x" [taﬂ+ log x.sec’ x}+;
X . \J2(x+1)



Continuity and Differentiability
Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises 83 to 96.

83.

Sol.

84.

Sol.

85.

Sol.

2
If f (x) =2x and f(x)= X 1, then which of the following can be a discontinuous
2

function
() f(x)+g(x)
(B) f(x)-2(x)
(©) f(x)-g(x)
(D) g(x)

(%)

(D) We know that, if f and g be continuous functions, then
(A) f+ g iscontinuous

(B) f — g iscontinuous.

(C) fg is continuous

(D) — is continuous at these points, where g(x) #0.

©
g(x) ?4_1 X +2

f(x) 2x 4x

Which is discontinuous at x = 0.

4-x*

4x—x°

(A) discontinuous at only one point

(B) discontinuous at exactly two points
(C) discontinuous at exactly three points
(D) None of these

Here,

The function f(x)=

4-x"  (4-X7)

dx—x x(4—x%)

_4-x) 4-x

T x(22-x) x2+x)(2-X)

Clearly, f(x) isdiscontinuous at exactly three points x = 0 x=-2and x=2.

(C) We have, f(x)=

The set of points where the function f given by f |2x 1| sinx is

differentiable is
(A)R

1
R-{=
o R
(C) (0,)
(D) None of these

(B) We have, f(x |2x 1| sinx

At x= %, f(x) isnot differentiable



