Mathematics

(Chapter - 11) (Three Dimensional Geometry) (Exercise 11.1)
(Class - XII)

Question 1:
[f a line makes angles 90°, 135°, 45° withthe x, v and z-axes respectively, find its direction cosines.

Answer 1:
Let direction cosines of the line be {, m, and n.
| = cos90° =0
m = cos 1359 = _ L

V2

s o_ 1
n = cos45" = \/_E
Therefore, the direction cosines of the line are
0 —i and i

V2 V2

Question 2:

Find the direction cosines of a line which makes equal angles with the coordinate axes.
Answer 2:

Let the direction cosines of the line make an angle a with each of the coordinate axes.

[=cosa, m=cosa andn = cosa

2

cos®a + cos?a + cosla=1

= 3cosa =1

= cosa = L
V3
1
= Ccosa = 3
Thus, the direction cosines of the line, which is equally inclined to the coordinate axes, are
1 1 1
BIRM™MEIR

Question 3:
If a line has the direction ratios -18, 12, -4, then what are its direction cosines?

Answer 3:
If a line has direction ratios of —18, 12, and —4, then its direction cosines are
—18 12 —4
J(=18)2 + (12)2 + (—4)% /(—18)2 + (12)2 + (—4)2 /(—18)% + (12)% + (—4)?
=18 12 -4
- hCT2 2222
-9 6 =2
T 11711711
Thus, the direction cosines are
-9 6 -2

11°11 " 11
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Question 4:
Show that the points (2,3,4), (—1,-2,1), (5,8, 7) are collinear.

Answer 4:
The given points are A(2, 3,4), B(— 1,— 2,1), and C(5, 8, 7).
[t is known that the direction ratios of line joining the points, (x4, y4,2,) and (x5, ¥, 2,) , are given by,

Xy —X1,Y2 — Yi,and z; — 2, .

The direction ratios of ABare (-1 -2),(-2-3),and (1 - 4)i.e, -3, -5, and -3.
The direction ratios of BCare (5-(-1)), (8 - (- 2)),and (7 - 1) i.e., 6, 10, and 6.
It can be seen that the direction ratios of BC are -2 times that of AB i.e., they are proportional.
Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A, B, and C are collinear.

Question 5:
Find the direction cosines of the sides of the triangle whose vertices are (3, 5, - 4), (-1, 1, 2) and
(- 5,-35,-2).
Answer 5:
The vertices of AABCare A(3,5,-4),B (-1, 1, 2),and C (-5, -5, -2).
A (3,5,-4)

VLA (-5 —% -2)

The direction ratios of side AB are (-1 - 3), (1 - 5), and (2 - (-4)) i.e., -4, -4, and 6.

Therefore, the direction cosines of AB are
—4 —4 6

VT (P (6 VR F (A2 + (6 (B F (A2 + (6)2
- —4 —4 6 _ -2 =2 3
S V17'2V17 W17 VI7'VIT V17

The direction ratios of BC are (-5 - (-1)), (-5 - 1), and (-2 - 2) i.e., -4, -6, and-4.

Therefore, the direction cosines of BC are
—4 —4 6

VR (62 + (A (A + (—6)2 + (42 (—4) + (—6)2 + (—4)2
-4 -6 -4
- 2V17 217 ' 2V17

The direction ratios of CAare (-5-3),(-5-5),and (-2 - (-4)) i.e.,, -8, -10, and 2.
Therefore, the direction cosines of AC are

—8 -5 2
- JE8Z+ (10)7 + (2)2 (82 + (10)2 + (2)2 /(—8)% + (10)2 + (2)?
-8 —-10 2 —4 =5 1

C2Va2'2Va2'2V42 Va2’ Vaz2'Vaz




Mathematics

(Chapter - 11) (Three Dimensional Geometry) (Exercise 11.2)
(Class - XII)

Question 1:
12 -3 —4 4 12 3 3 —4 12

13°13°13°13°13’13’13° 13 ' 13

Show that the three lines with direction cosines are mutually

perpendicular.

Answer 1:
Two lines with direction cosines, [{,my,n, and l;,m,,n, are perpendicular to each other, if 11, + mym, +

?11?12=U
(i) For the lines with direction cosines
12 -3 —4 q 4 12 3
13'13'13 7 13'13'13
12 4 (—3) 12 (—4) 3 48 36 12

LI, +mym, +nn, =Ex§+ 3 XE+

Therefore, the lines are perpendicular.

13

3 - 169 169 169 _ °

(i1) For the lines with direction cosines,

4123 3 412
13'13’13 “¢ 13’13’13
4 3 12 (—4) i 1B

l1i2+m1mz+ﬂ1ﬂz=ﬁxﬁ+ﬁx +Exﬁ=

Therefore, the lines are perpendicular.

0

13

(iii) For the lines with direction cosines,

3 412 12 -3 —4 t
13'13°'13 ¢ 13' 13’13’ "¢ 8°

3% 712N -4\ j—3% 12X /—4
gt Mgy Mgy = (13)’: (13) ’ (13) % (E)“L (ﬁ)x (13)_ v

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Question 2:

Show that the line through the points (1, -1, 2), (3, 4, -2) is perpendicular to the line through the points
(0, 53,2), (3, 5,:6];

Answer 2:
Let AB be the line joining the points, (1, -1, 2) and (3, 4, — 2), and CD be the line joining the points, (0, 3, 2) and

(3,5, 6).
The direction ratiosa¢, by,c; of ABare (3-1), (4 -(-1)),and (-2 - 2) i.e,, 2, 5, and -4.
The direction ratios, a,, b,,c, of CD are (3 -0), (5 - 3),and (6 -2) i.e., 3, 2, and 4.

AB and CD will be perpendicular to each other, ifa,a, + b1b, + c1¢, =0

a,a, + byb, + c1c5
=2X34+5%x24+(—4) x4
=6+10—-16

=0

Therefore, AB and CD are perpendicular to each other.




Question 3:
Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line through the points (-1, -2, 1), (1, 2,
5).

Answer 3:

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through the points, (-1,-2, 1) and
(1, 2,5). The directions ratios, a;, by, c;, of ABare (2 -4), (3 -7),and (4 - 8) i.e,, -2, -4, and-4.
The direction ratios, a,, b,,c, of CD are (1 - (-1)), (2 - (-2)),and (5 - 1) i.e,, 2, 4,and 4.
AB will be parallel to CD, if
a, b, RS

a, b, ¢,
a; —2 by —4 ¢y, —4

fope, He T . e T e 4 gnf e e
e T2 b, 4 W T

4 b, G
Tay by o
Thus, AB is parallel to CD.

Question 4:
Find the equation of the line which passes through the point (1, 2, 3) and is parallel to the vector

3t + 2] — 2k
~Answer 4:
It is given that the line passes through the point A (1, 2, 3). Therefore, the position vector through A is
d=1+ 2j+ 3k
The given vector: b =3+ 2j — 2k

It is known that the line which passes through point a and parallel to b is givenby 7 = a + Ab, where 1 is a
constant. Therefore,

F=1i4+ 2f+3k +A(31+ 2f- 2k)
This is the required equation of the line.

Question 5:
Find the equation of the line in vector and in Cartesian form that passes through the point with position vector
2 — j+ 4k and is in the directioni + 2 j — k

Answer 5:
It is given that the line passes through the point with position vector
d=21— j+4k ..
The given vector:
b=1+2j—k o (2)

It is known that a line through a point with position vector @ and parallel to b is given by
F=d+2b =27f=21— j+4k+2(+2]7-k)
This is the required equation of the line in vector form.
Now,letF =xi—yf+zk=>xi—yj+zk=((QA+2)i+ 21— D+ (-1 + Dk
Comparing the coefficient to eliminate A, we get the Cartesian form equation as

x—2 y+1 z-4

1 2 -1

This is the required equation of the given line in Cartesian form.

Question 6:

Find the Cartesian equation of the line which passes through the point (-2, 4, -5) and parallel to the line
. h x+3 y—4 z+8

given by — c e




Answer 6:

. . _ _ x+3 yv—4 z+48
[t is given that the line passes through the point (—2, 4, —5) and is parallel to ~Bika =

5 6
x+3 y—4 z+8
=
x+3 y—4 z+8
3 5 6

Therefore, its direction ratios are 3k, 5k, and 6k, wherek # 0
It is known that the equation of the line through the point (x1, y1, z1) and with direction ratios, a, b, ¢, is given by:

X—X1 Y= 2Z2—24;

a b '3
X+2 Yy—4 Z+5 x+2 ¥—4 Z+4+5
= —~— — = — = =k

3k S5k 6k 3 5 6

,are 3,5 and 6.

The direction ratios of the line

The required line is parallel to

Therefore, the equation of the required line is

Question 7:
xX—h YyY+4 z—8

7

. Write its vector form.

The Cartesian equation of a line is

Answer 7:

x—> y+4 z—6
8 F 2
The given line passes through the point (5, -4, 6). The position vector of this pointis d = 5{ — 4 j + 6k.
Also, the direction ratios of the given line are 3, 7, and 2.
This means that the line is in the direction of vector, b = 31 + 7] + 2k

The Cartesian equation of the line is

It is known that the line through position vector a and in the direction of the vector bis given by the equation:
7 =d+Ab, where A€ R= 7= (51— 4]+ 6k) + A(3i + 7] + 2k)
This is the required equation of the given line in vector form.

Question 8:

Find the angle between the following pairs of lines:

()7 = 20 -5+ k+A(31+ 2f + 6k) and ¥ = 70 — 6k + u(i + 2] + 2k)

(ii))7 = 31+j—2k+A(i —f— 2k) and ¥ = 20 —j — 56k + u(37 — 5] — 4k)
Answer 8:

(i) Let Q be the angle between the given lines.

by .b,

b, |[b]

The given lines are parallel to the vectors b; = 31 + 2] + 6k and b, = { + 2j + 2k respectively.

Now,

The angle between the given pairs of lines is given by cos Q =

b, =J(B)2+ 2)2+(6)2 =7 and  |b| =2+ )2+ (22 =3
by.b, = (3t +2f +6k).(i+ 2] +2k) = b;.b,=3x1+2x2+6x2=3+4+12=19
Therefore,
- 19 o et 19)

cosl =733 W = (21 B - ,.._
(ii) The given lines are parallel to the vectors, b; =1 —j — 2k and b, = 31 — 5j — 4k respectively.
by = V(D)2 + (-1)2 + (=2)? =6 and  |by| = (32 +(=5)2+(—4)? =50 =52
by.b, = (1—j—2k).(3t—5j—4k) =13—-1(-5)—2(—4)=3+5+8=16
Therefore,

b, .b, 16 16 16 8 ./ 8
cosQ = el e = =— =—— = @ = cos (—)

|by||b,|| V6.5V2 V3.¥2.5v2 10V3  5V3 5V3




Question 9:

Find the angle between the following pairs of lines:

s AR = Z+5 x+2 V—4 T—5 T o Z X—5 — 2 Z—3
i) —==X—="and —=>—=— ([i)>=2=-and ——==2====
2 D —3 -1 8 4 2 2 1 4 1 8

Answer 9:

(i) LetE and bj be the vectors parallel to the pair of lines,

x—2 y—-1 2z+43 dx+2_y—4_z+5

2 5 0 39073778 4

by =21+ 5] — 3k and b, = -1+ 8] + 4k

bi| =/(2)? + (5)2+ (-3)? =38

bo| =V (-1)2 + (8)> + (4)2 =BT =9

by.by = (21 + 5§ — 3k).(—i +8f +4k) =2(-=1) +5x8+ (-3).4=-2+40—12 = 26

The angle, Q, between the given pair of lines is given by the relation,

I 3 }
by .b,

B4 B

cos Q) =

Theref 0 26 0 _1( 26 )
erefore, cosQ=—— = 0= cos  |——
9v 38 9v38

(ii) Let b_{ and E be the vectors parallel to the given pair of lines,

x—=5 y—5 z-3 dx_y_
2 1 g MyT7773

Therefore, Ez 21 + 2}‘+Eandb_2'=4i+j‘+8§

Now,

b| =V(2)?2+ 22+ (1)? =v9=3
bo| =V () +(1)2+(8)2 =VB1 =9
bi.b; = (20 +2j+k).(4i+]+8k)=2x4+2x1+1x8=8+2+8=18

If Q is the angle between the given pair of lines, then
b, .b, 18 2

2
cosQ = ‘—F‘blll—abz‘ AT T = CcOS (3)

Question 10:

Find the values of p so the lines

l=x |7y—=14 z+=35 q /=7 y=> B3 ¢ vighiame]
=T "2 an 3 . 2 5 are at right angles.
Answer 10:

The given equations can be written in the standard form as

x—1 y—-2 z—3

x—1 -5 z-6
= and - —

-3 2p 2 —3p 1 -5
7 7
. , , Zp —3p .
The direction ratios of the lines are — 3,7 , 2 and — 1, =5 respectively.

Two lines with direction ratios, a4, by, ¢; and a,, b,, ¢, are perpendicular to each other, if
al.az S i3 bl.bz . Cl.Cz —_ 0

_3py /2 9 2 70
:,(—3).(71})+(7p).(1)+(2).(—5)=o =>7p+7p=10 5 11p=70 =p=1r
70

Thus, the required value of p is 1T




Question 11:

. x—5 y+2 =z X vy Zz _

Show that the lines 5 =5 771 and T=5T8 are perpendicular to each other.

Answer 11.:

: : x—3) yt21 =z, : :

The direction vector of —— = — TS (7.—5. 1) and direction vector of

X yV Z

1 2 3

1s(1.2.3)

Dot product of the vectorsis 7 < 1 +(=5)(2)+1 =3 =10

Therefore the lines are perpendicular.

Question 12:

Find the shortest distance between the lines

F=0+2f+k)+A(i—-j+k)and 7= 2i—j—k+pu(21+j + 2k).
Answer 12:

The equations of the given lines are

F=(0+2f+k)+2(3i—2j+6k)and 7= 20 —j—k + p(2i-

.

2k)

< J
It is known that the shortest distance between the lines, 7 = ‘a; + )LE and7 = a, + JuE is given by

(b % 5).(@ - @)

d = —e
| by X by|

(D

Comparing the given equations, we get

a, =i+27+k
b=i—]+k
a, =2i—j—k

b, =20+ ]+ 2k
Now, @; —a; = (2t —j+ k) — (I + 2j + k) = i — 3] — 2k, therefore

— — i j E e T

by X b,=11 =1 1| =(-2-1)i—-2-2)]+(AQ+2)k =-3i+3k
2 1 2

= |by % by| =+/(=3)? + (3)?

=v9+9 =3V2

Substituting all the values in equation (1), we get

Y (=30 + 3k).(f — 3) — 2k) =‘—3.1+3(—2) =‘_—_9
3v2 3v2 3V2
V2 V2xv2 o 2
3v2

Therefore, the shortest distance between the two lines is - units.
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Question 13:

_ _ _ x+1 y+1 2z+4+1 x—3 y—5§5 z-—7

Find the shortest distance between the lines = ¢ = : and : = 5 = T

Answer 13:

x+1 yv4+1 z41 x—3 y—5b z-7
o | — and _ —— =

7 —6 1 1 —2 1

[t is known that the shortest distance between the two lines,

X+Xy Y+yn zZ+2z X—Xp Y—Y2 Z—2Z

Equeations of the given lines

" B, o and = b, ” is given by
X2 —=X1 Y2—W1 2 — 41
aq by €1
d = =2 b2 -2 (1)
\/(51"—72 — byc1)? + (c1a; — €204)% + (ayb; — azbq)?
Comparing the given equations, we have
x, = —1, Yy, = —1 z; =—1
a, =17 by = —6 ci =1
X, = 3 Vo =5 Zy =17
a, =1 b, = -2 o =
Then
X2 —=X1 Y2—M0N Z — 23 4 6 8
a1 by 1 | =\ 7 — 6 1
dy bg Co 1 — 2 1

=4(—6+2)—6(7—1)+8(—14+6) = —16 — 36 — 64 = —116

and +/ (b;c, — byc1)? + (105 — €201)2% + (a1hby — ayby)2 = (=6 +2)2 + (1 + 7)2 + (=14 + 6)2
=16+ 36 + 64 =+/116 = 229

Substituting all the values in equation (1), we have

~116 —58
d = = —— = -2+29
2429 /29

Since, distance is always non-negative, so, the distance between the given lines is 2v 29 units.

Question 14:

Find the shortest distance between the lines whose vector equations are

(8+2j+3k)+A(i —3j + 2k) and # = 404 5] + 6k + (20 + 3] + k).

7
Answer 14:
(t+2]+3k)+A(f— 3]+ 2k)and # = 41 + 5] + 6k + u(20 + 4] + k)

|

¥
It is known that the shortest distance between the linesr = a; + AE andr = a, + ;.LE is given by

(by x by).(a; — @)
| by X b,

d = (1)

Comparing the given equations with # = @; + A b, and # = @, + u b,, we have
a; =1+2j+ 3k

i — 37+ 2k

a, = 41 + 57 + 6k

b, =20+ 3] +k
Therefore, a; — a; = (41 + 5§ + 6k) — (i + 2j + 3k) = 3 + 3 + 3k and

| &
1




. |t Tk ) )
by X b,=11 =3 2|=(-3—-6)I—-(1—-4)]+B3+6)k=-91+ 3]+ 9k
2 1

3
= [ by X by| = /(=92 + (3)2+ (9)2 =81+ 9 +81 =319

(by X by).(az —a;) = (—9i+3j+9k).(31+3j+3k) =-9x3+3x3+9x3=9

Substituting all the values in equation (1), we get

9 3
-l
3v19 19
3
Therefore, the shortest distance between the two given lines is E units.

Question 15:
Find the shortest distance between the lines whose vector equations are

F=(1-8i+0@t—-2)+@B—-2t)kand 7= (s+1)i+ (25s — 1)j— (2s + 1k.

Answer 15:
The given lines are

F=1—-i+(t—-2)]+ (B -2tk

=>7=(0-2]+3k)+t(-t+j—-2k) ..(D)
F=(s+1Di+2s—-1)]—-(2s+ Dk
=>7=(1-7+k)+s(i+2]— 2k) w(2)

It is known that the shortest distance between the lines # = a; + 1 b, and 7 = @, + u b, is given by

by x by

For the given equations,

a;=1—2]+3k, b,=-i+j—2k ay=i—j—k and b, =1+ 2] — 2k

Therefore,

P

a,—a;=(—j—k)—(-2]+3k)=j—4k

. | jook . r
by X b,=1-1 1 =2|=(2+4)1-2+2)]+(-2—-1)k=21—4]—3k
1 2 —2

= |5, x by| =@+ (=42 + (-3)2 =V4+ 16 +9 =29

(by X by).(az;—a;) = (2i—4j—-3k).(j—4k)=-4+12=38

Substituting all the values in equation (3), we get

8
- ks
29
Therefore, the shortest distance between the lines is —— units.

V29




Mathematics

(Chapter - 11) (Three Dimensional Geometry) (Miscellaneous Exercise)
(Class - XII)

Question 1:
Find the angle between the lines whose direction ratios are a,b,cand b - ¢, c—-a, a -b.

Answer 1:
The angle Q between the lines with direction cosines, a, b, cand b - ¢, c - a, a - b, is given by,

a(b—c)+ b(c—a) +c(a—b)

VaZ + b2+ cZ2++(b—c)? + (c —a)? + (a — b)?

ab —ac + bc —ab + ac — bc
VaZz + b2+ c2+./(b—c)?+ (c —a)? + (a — b)?

0

vVaz + b2+ c2+ /(b —c)? + (c —a)? + (a — b)?
= cosQ =0 =0 =cos" 0 =0Q=90°
Thus, the angle between the lines is 90°.

cos(Q =

I

I

Question 2:
Find the equation of a line parallel to x-axis and passing through the origin.

Answer 2:

The line parallel to x-axis and passing through the origin is x-axis itself.
Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), wherea € R
Direction ratios of OAare (a-0),0,0=4,0,0
The equation of OA is given by,
¥—0 3y-—=0 2-10 X

z
=:-,_ —
a 0 0 1 0
X y z
0

=Z=
0

Thus, the equation of line parallel to x — axis and passing through origin is T e

Question 3:
x—=1 y=—2 z-—3 x—=1 =1 Z2—56

3 ok 5 and 5 = 1 = are perpendicular, find the value of k.

Answer 3:

If the lines

. : . . -1 ~2 3 -1 . -6 :
The direction of ratios of the lines, ;::__3 = };—k = 32 xgk y? = ?"_—5 are -3, 2k, 2 and 3Kk, 1, -5 respectively.

l
0
=
=
|
I

[t is known that two lines with direction ratios, a;, by, ¢; and a,, b;, ¢, are perpendicular, if
aa, + b1b2+C1C2=0 :)—3(3k)+2k>(1+2(—5):0 = -9 +2k—-—10=0

10
= 7k = —10 =>k=—7

0 . : ;
1?, , the given lines are perpendicular to each other.

Therefore, for k =

Question 4:
Find the shortest distance between lines 7 = 61 + 2] + 2k + A (1 — 2j + 2k) and 7# = —41 — k + u(31 — 2] — 2k).

Answer 4:
The given lines are
F=60+2f+2k+A(i-2f+2k) ..(0)
F=—41 — k + u(31 — 2j — 2k) .. (2)

It is known that the shortest distance between two lines, 7 = "a; + }lE and ¥ = a, + AE is given by

L (by x b3).(az — @) @

b, % b|




Comparing # = @, + A b, and # = @, + A b, to equations (1) and (2), we have
a; = 61+ 2] + 2k

b, =1— 2]+ 2k

a, = —4i—k

b, = 31— 2 — 2k

=>a, —a; = (—4i—k)— (61 +2j+2k) = -10i — 2j — 3k

—_— > — i -I k o~ ol
= | by X by| =1 —9 /=@ +4)i-(-2-6)]+(—2+6)k =81+ 8]+ 4k
3 -2 =2

= |'by X byl = J(8)2 + (8) + (4)% = 12

(b: x by).(az — a;) = (81 + 8f +4k).(—101—2f — 3k) = —80 — 16 — 12 = —108
Substituting all the values in equation (3), we have
—108

12 |
Therefore, the shortest distance between the two given lines is 9 units.

—
——

Question 5:

Find the vector equation of the line passing through the point (1, 2, - 4) and perpendicular to the two lines:
¥—=8 y4+19 z—10 q x—15 v—20 z-5
— = an = = ;

3 —16 7 3 8 —5

Answer 5:
Let the required line be parallel to the vector b given by b= bii+ b,j + bsk.

The position vector of the point (1, 2, - 4)is d = { + 2j — 4k.
The equation of the line passing through (1, 2, -4) and parallel to vector bis?=d+ Ab
= 7 (i + 2f — 4k) + A(b,i + b,f + bsk) o 1)

The equations of the lines are
x—8 y+19 z-10

3 —-16 7 ke
x—15:y—29_z—5 (3)

3 8 —=5
Line (1) and line (2) are perpendicular to each other. Therefore,
3b; — 16b, + 7b3 =0 .. (4)
Also, line (1) and line (3) are perpendicular to each other. Therefore,
3b; +8b, —5b; =0 s (D)
From equations (4) and (5), we have

b b _ b L bi_b_ by _bi_ba_bs

(—16)(5)—8x7 7%x3-—-3(—-5) 3x8-—3(—16) 24 36 72 2 3 6

= Direction ratios of b are 2,3 and 6 or b = 2i + 37 + 6k.
Substituting b=2i+ 37 + 6k in equation (1), we have 7 (‘i‘ + 2] — 4E) + A(ZE‘ + 37 + 6k )

Hence, this is the equation of the required line.




