Chapter 17

MISCELLANEOUS

PROPOSITIONS

On the four normals that can he drawn from any point in
the plane of a central conic to the conie.

411, Lgr the equation to the conic be
At B snsiasnpie (R

[If 4 and B be both positive, it is an ellipse ; if one be
positive and the other negative, it is a hyperbola.
The equation to the normal at any point (x, ') of the
curve is
- Y-y

& By

If this normal pass through the given point (A, &), we
have

h—o k—y
Az’ By !
i.€. (4 — B)x'y' + Bhy' — Akl =0 ...... rea (@)

This is an equation to determine the point (z', %) such
that the normal at it goes through the point (4, &). It
shews that the point («, ') lies on the rectangular hyper-

bola
(4 - By + Bhy — dkze=0............(3).

The point (o, ') is therefore both on the curve (3) and
on the curve (1). Also these two conics intersect in four
points, real or imaginary. There are therefore four points,
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in general, lying on (1), such that the normals at them pass
through the given point (%, k).

Also the hyperbola (3) passes through the origin and
the point (h, k) and its asymptotes are parallel to the axes.

Hence From a given point four normals can in general
be drawn to a given central conic, and their feet oll lie on a
certain rectangular hyperbola, which passes through the
given point and the centre of the conie, and has its asymptotes
parallel to the axes of the given conie.

412, 7o find the conditions that the normals at the
points where two given straight lines meet a central conie
may meet in @ point,

Let the conie be
Aat 4 B = wmvnrsimani (1),

and let the normals to it at the points where it is met by
the straight lines

and b +may =1 . i, (3)
meet in the point (%, &).
By Art. 384, the equation to any conic passing through
the intersection of (1) with (2) and (3) is
Aa® + By — 1 + A (lae + myy — 1) (L + myy — 1) = 0...(4),
Since these intersections are the feet of the four
normals drawn from (%, £), then, by the last article, the
conie
(d—B)ay+ Bhy — Ake=0 ............ (D)
passes through the same four points.

For some value of A it therefore follows that (4) and (5)
are the same.

Comparing these equations, we have, since the co-
efficients of a* and #® and the constant term in (5) are all
ZEro,

A+ MNyl,=0, B+ Amm,=0, and —1 +A=0.

Therefore A =1, and hence

hly=—4d, and mmg=-—-8............ (6).
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The relations (6) are the required conditions,

Also, comparing the remaining coefficients in (4) and (5),
we have

Moy + Lamy)  — Ml + 1) — A (my + my,)

= ==

A-B — Ak Bh *
_ Ad—-FB my+my
Sﬂ t’ha.tl ;!l —_— — _B'—" ?;%;ﬁgw_ﬁ' ppppppppppppppp (7}’
4-8B [+
d k= e R 8).
2 I g L ®)

Cor. 1. [If the given conic be an ellipse, we have

A= and B=p.
The relations (6) then give
ol ly = WP = Lisiuinniind (9),
and the coordinates of the point of concurrence are
a =0 mytmy g e 1—0'm
e @ Ly 4 Lomy by (gt =0i)) a@’L? + b'm,*’
g __ 2 5 — 23
it Fento L BYE o o .

Cor. 2. If the equations to the straight lines be given
in the form y=mx+c¢ and y=m'z + ¢/, we have

b lmg + Lom,

l 5
Mm=——, ¢c=—, m’:——é—, and ¢ =—.
Ty my My iy
The relations (9) then give
32
mm' =—, and ee’ = — b%
a

418. If the normals at four points P, Q, R, and S of an ellipse
meet in a point, the sum of their eccentric angles is equal to an odd
multiple of two right angles. [Cf. Art. 293.]
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If @, 8, v, and § be the ecceniric angles of the four points, the
equations to P and RS are

beos =L
b ] 2

y_-—m.aﬁat- e i

511 ——
2

7 3 bcﬁs—;ﬁ

and T —a Dok T + [Axt, 259.]

7} . Y+

sin ——

Since the normals at these points meet in a point, we have, by
Art, 412, Cor, 2,

B s B0 L atB o ytE
E—mm_ﬁ?cot—g--mt 5
) at+B_ ¥+ ™ T+_5)
. tﬂlnT—Bﬂt—ﬂ——tﬂﬂ (E"" ) '
s AR S0 6
C Ty —*.rm-+2 51
i.e. a+fB+y+o=2n+1)w.

414. Bx.Ll. If the normals at the points 4, B, C, and D of an
ellipse meet in a point O, prove that S4, SB. S8C'. SD=)\*. SO%, where
S is one of the foci and \ is a constant.

Let the equation to the ellipse be

zt gy
aj‘: + b_2= 1 A R R TN B A {1}:

and let O be the point (A, k).
As in Art, 411, the feet of the normals drawn from O lie on the

hyperbola
1 1 hy ke
(EE - b—z) Y+~ @ =0

i.e. e TR o TR e — (2).

The eoordinates of the points 4, B, €, and D are therefore found
by solving (1) and (2),

8
From (2) we have iy

V=@ -e%)"
Substituting in (1) and simplifying, we obtain
wia%et — hae?s® + & (@2 + VA2 — ated) + 2helate — aWn2=0...(3).
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If &, &4, 73, and x, be the roots of this equation, we have (Art. 2),

2n a?h® + b*h% — atet
2ty =— 3 B .=

T aZed '
2ha? ah?
ZEETy= == s and &T.r =~ e
If S be the point ( - ae, 0) we have, by Art, 251,
S4=a+tex;.

. S4.8B.8C.SD=(a+ex,) (a+ exy) (a+exy) (a+exy)
=at+ a?eZx, + a®e? Ty + ae Za xywy + ety xary,

b* iy d i p
=3 {(7+ ae)®+ k*}, on substitution and simplification,

12
- é& . SGZU
Aliter. If pstand for one of the quantities Sd4, SB, SC, or SD
we have p=a+ex,
i.e. = -::—; (p—a).

Bubstituting this value in (3) we obtain an equation in the fourth
degree, and easily have

a
P1PoPslPy = E;_g [(J2 4 ae)® + k7], as before.

Ex. 3. If the normals at f:::ur points P, ), R, and 8 of a central
conic meet in a point, and if PQ pass through a jfized point, jind the
locus of the middle point of ES.

Let the equation to PQ be

Y=WHEACL ceneervnssrennsans (1)
and that to RS Y= muza:-lc-cﬁ R .(2).

If the equation to the given eonie be A.rh Byﬂzi we then have
(by Art. 412, Cor. 2)

'i]‘[-lﬂfg=%{3)1

and yCy= — 1]1; ................................. (4).

If (f, ) be the fixed point through which P() passes, we have
=ﬂl'-1f'i' cl ............................... {5}-

Now the middle point of RS lies on the diameter conjugate to it,
i.e. by Art. 376, on the diameter

s iB
= Bmy™

i.e., by (3), LTk L PR | ) 1

657
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Now, from (4) and (5),
1
“= " Blg-ym)’
so that, by (3), the equation to RS is
A 1
ymI_{HLIm_B {g _fgnl-} BEREE R ....-.....--.-r.{?}l

Eliminating m, between (6) and (7), we easily have, as the equation
to the required locus,

(da* + By®) (g +y) + 2y =0.

Cor. From equation (6) it follows that the diameter conjugate fo
RS is equally inclined with PQ to the axis, and henee that the points
P and @ and the ends of the diameter conjugate to RS are concyclie
(Art. 400).

1. If the sum of the sguares of the four normals drawn from a
point O to an ellipse be constant, prove that the locus of O is a conie.

9. 1If the sum of the reciproeals of the distances from a focus of
the feet of the four normals drawn from a point O to an ellipse be

Tat_ reot, * Prove that the locus of O is a parabola passing through that

foens.

3. If four normals be drawn from a point O to an ellipse and if
the sum of the squares of the reciprocals of perpendiculars from the
centre upon the tangents drawn at their feet be constant, prove that
the loeus of O is a hyperbola.

4, The normals at four points of an ellipse are concurrent and
they meet the major axis in G, G,, Gy, and G; prove that
1 4 1 " : 1 " 1 4
CG, €4, €6, CG, CG,+0G,+CG,+CGq,
5. If the normals to a central conic at four points L, 3, N, and
P be concurrent, and if the cirele through L, M, and N meet the curve
again in P, prove that PP is a diameter.

6. Shew that the locus of the foei of the rectangular hyperbolas
which pass through the four points in which the normals drawn from
any point on a given straight line meet an ellipse is a pair of conies.

7. If the normals at points of an ellipse, whose eccentric angles
are a, 3, and v, meet in a point, prove that

gin (84 )+ sin (y + a) +gin (a+ ) =0.
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Hence, by page 235, Ex. 15, shew that if PQR be a maximum
triangle inscribed in an ellipse, the normals at P, @, and I are
concurrent,

8. Prove that the normals at the points where the straight line
m y . :nz yﬂ :
—— e — 4 =1 t at th B
e 1 meets the ellipse e + 5 meet at the poin

a%e? |
( — ae*cos® a, Tsm“ 4:.) 3

9, Prove that the loci of the point of intersection of normals af
the ends of focal chords of an ellipse are the two ellipses

a*y® (1+e*)2+b° (x = ae) (vaet)=0.

3 a2
10. Tangents to the ellipse E-é-f- 3‘%:1 are drawn from any point

e
on the ellipse % +%2=4; prove that the normals at the points of
contact meet on the ellipse a®2®+ b2 =1 (a? - b%)°.

11. Any tangent to the rectangular hyperbola 4zy=ab meets the

2
ellipse g: - 3;—2=1 in the points P and @; prove that the normals at P
and @ meet on a fixed diameter.

12, Chords of an ellipze meet the major axis in the point whose

distance from the centre is a 3;—:; prove that the normals at its

ends meet on a eircle.

13. From any point on the normal to the ellipse at the point
whose eccentric angle iz a two other normals are drawn to it; prove
that the locus of the point of intersection of the corresponding
tangents is the curve

ay + br gin a4 ay cosa=0.

14, Shew that the locus of the intersection of two perpendicular
normals to an ellipse is the curve

(a2 45%) (2 + ) (aPy? + B%%)2= (a2 — D) (ay? — D).

2 2
15. ABC is a triangle inscribed in the ellipse % 4 % =1 having

each side parallel to the tangent at the opposite angular point; prove
that the normals at 4, B, and ¢ meet at a point which lies on the

ellipse aZr?4 bt =1(a® - b?)3,
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16. The normals at four points of an ellipse meet in a point (&, k).
Find the equations of the axes of the two parabolas which pass
through the four points, Prove that the angle between them is

Ztan—lg and that they are parallel fo one or other of the equi-con-
jugates of the ellipse.

17. Prove that the centre of mean position of the four points on

. o

the ellipse = + o
(a, B), is the point

=1, the normals at which pass through the point

a,fa, _53‘8
(ﬁm= ~ ar_ﬁ)-

18. Prove that the product of the three normals drawn from any
point to a parabola, divided by the produet of the two tangents from
the same point, is equal to one quarter of the latus rectum.

19, Prove that the conie 2aky=(2a - h)y®+4az® intersects the
parabola y®=4ax at the feet of the normals drawn to it from the poing
(h, k).

20, From a point (R, k) four normals are drawn to the rectangular
hyperbola @y =¢*; prove that the centre of mean position of their feet
ig the point (:, E) , and that the four feet are such that each is the
orthocentre of the triangle formed by the other three,

7. Proceed as in Art. 413, and use, in addition, the second result
of Art. 412, Cor. 2. From the two results, thus obtained,
eliminate 4.

9, Take Lx-+amy—1=0 (Art. 412, Cor. 1) as a focal chord of the
ellipze,

14, If the normals are perpendicular, so also are the tangents; the

line lx+my—1=0 iz therefore the polar with respect to the

ellipse of a point {N/éiﬁ_-i-_bé cosf, nfa*+0b%sin#) on the director
circle.

15, The triangle ABC iz a maximum triangle (Page 235, Hx. 15)
inseribed in the ellipse.

20. Use the notation of Art. 333,
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SOLUTIONS/HINTS

1. Asin Art. 414, Ex. 1,

2a%h @l + B — alet
3wy = ga s Saw,= gy :
2
e o Co Xt = % (@*h* = b° + a'et),
imilarly,
2 2
St =— %g;, and Sy,°*= f“—l;‘ (0°F2 — &R + a'e?).

If 7, , ete. be the lengths of the normals, then
S’ =3 (h—a)*+ S (k-y,)
=4 (1% + &) — 2h3,, — 2kSy, + Sa,® + Sy2
2 23
=4 (B + I?) — i‘;’;’; + 4::;’2 + %’Z (a®h® - B2 + atet)
- il (6°k* = a®h® + a'e?)
a‘et

_ 2R (a*— 26;)2 + 21‘,- B o s

Hence the equation of the locus is
z* (@ = 20%) + y* (2a® — %) = cons.,
which is the equation of a conic.

2. See Art. 414, Ex. 1. The equation whose roots

are 84, 8B, SC, 8D is found by putting = = (l; (p —a), 1.e. is
a’e*(p —a)'— 2¢ha’ (p— a)® + (p —a) (ah? + V42 — a'e’)
Whahes + 26%%at (p — a) — a*e®l? = .
s 1 4a’e®+ 6ha'e + 2a (a1 + b2 — ate?) — Qhate®
SA @'+ 2ha’e + a* (@R + BF — a'e’)— 2ha’e — de I

20 , .
=37 (given),

After some reduction, this gives aey® =5*(x + ae) as the

equation to the locus of (%, k), which is a parabola passing
through 5.
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3. If p,, p., etec., be the lengths of the perpendiculars,
then, from the equation of the tangent at (2,%,), we have

1 2 2 2
2}’—1’=2%+2 %=a,.a‘e‘(a’h’—b’k’+a‘e‘)

b e (B — 0% + a') [by Ex. 1]
_3 e 2.2
_—{_—3’} @ W

Hence the condition gives {%: - ;:} = (7{“ for the equation

of the locus of (h, k), which is the equation to a hyperbola.

4. Since 0@, =eCN, etc., from equation (3) of Art. 414,
Ex. 1, we have

s 1 _121_1 2he*a* 2
CG, ¢ m & o A
4 4 4a’e 2 . 1 4

and Sre = A = F . ohae b 206~ 306,

5. Let a,f, 7,3, be eccentric angles of Z, M, NP, P.

Then a+B+y+&=2r (BEx. xxxi. 18),
and a+B+y+8=(2m+1)m. [Art. 413.]
S 8=8+(2r+1)m .. cosd=—cosd, and sind=—sind.

Hence PP’ is a diameter.

6. If (A, %) lies on a given straight line, then
h+ml=1. ..cccoevemnnnanranns (1)

By Art. 393, the equations to find the foci of conic (2)
in Art. 414, Ex. 1, become

(ae*y + bk)* - (a®¢®x — a’h)* =0, ......... (2)
2,2 2 2,24 _ 2
snd, LD ’;Lf:; 0O~ WR) by — s Dt i)
Now (2) gives
@@ —y)=a*h+ 0%, ..cooovviiinnnnn. (4)
or @S (x+y)=ath -0k, ...coeveneninin, (5)

and (3) gives acvy + kb*’x — ha*e®y + b°hk=0. ......... (6)
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Eliminating % and % between (1), (4) and (6) we obtain
& conic; also the elimination of 4 and % between ( 1), (5)
and (6) gives another conic.

7. Comparing zcosagﬁ-i-%sinc%B:cosa;B,
Bon 0 ¥ ooged =
and 2% 5 +bsm—-—2——cos—2—
with ha+my=1 and Iy + my =1,
and using the condition Lo =mmpb®= -1 [Art. 412],
we obtain cosa+'8cosy+8+cosa—’8cosy—8=0;
2 2 2 2
whence
cosa+,3‘-;-y+8+cosqiﬁ_-'y-8
+cos——a+7;’3_§+cosa+8;'6_7=0;
but a+B+y+3=(2n+1)a. [Art. 413.]
" sin (a+pB) +sin (B + y) + sin (y +a)=0.

The eccentric angles of P, @, R, « are a+2§', o+ %1

These satisfy the above condition ; for
sin 2a + sin (2a.+ 23—") +sin(2a+ %’r)

=8in 2 + 008 2a 2.2 — sin % 1 _ sin 2a L _ cos 2 ¥3 o,
2 2 2 2

8. Tet (h, k) be the point of intersection of the
normals, and let /z + my = 1 be the chord Joining the feet
of the other two normals which pass through (%, £). Then
for some value of A, the conics

. a’e’wy + bkx — a*hy = 0, [Art. 414, Ex. 1 (2)]

an

T x Y
A (;’ L5 - o 1) * (c-i'cos_a *Fuine l) KGeramy~1)=0
[Art. 380]

must be identical.
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Comparing coeflicients we obtain
. 1 l 1 m

A= 1, ‘-1—2-{- dm=0, and 5,3+ bsina.=0'
S la=—cosa, and mb=—sina .........(1)
l m
and bSina+a008a_ acosa_7n+bsina
a’e® T =0k @ a%
1 sin’a cos’a
B s e eprel e vt L AL
Jo h=—aécos’ a, k=(ib6asin3a.
9. The chord Zx + my =1 passes through the focus if
lae=1.
Substitute in the equations of Art. 412, Cor. 1. Then
h  &—éeb*m® k 1-¢& ’ &% . m
e~ Tretm” ™ mae~ Toavm ¥~ Tt
. h+ae 1+¢ h — aé® eb*m*(1 + ¢%)
" Tae 1 +ébm? and ae 1+ eébm®
. (h+ae)(h—ad®)  (L+&PePm® _ (1+6)°4
== a’e’ T (1 +éb'md)?r e

Therefore the locus of (%, k) is
a*y? (1 + %) + 8% (x + ae) (x — ae®) =0.
Similarly, if the chord passes through the other focus.
10. The polar of (2acos¢, 2bsin¢), which is any
. z? k
point ong-i-%—::‘i, with reepect to a2t R= 1, 1s
2x cos ¢ ” 2ysin ¢ _

a b

9 y
Pt I cos¢,m=2sm¢
a b

Cor. 1.

1. [Art 274.]

in the equations of Art. 414,
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. 3 _3Jcos s g 1—4sin’¢

h= = -(a-b)——4—,
9 qi A 2

k=_"8‘g‘¢(a=_b=)—__l 44""8"’.

. 4al? + 46%K = (a* - b%)* {cos® ¢ (1 — 4 sin® )’
+sin? ¢ (1 — 4 cos? p)*} = (a® — b*)™
Hence the required locus is a®2® + #y* = } (a® — %)%
11. The intersections of lz+my =1 with 4axy = ab are
given by 4lz*— 4z + abm = 0.
Therefore this line will be a tangent if fmab = 1.

By Art. 412, Ex. 1, the intersection of the normals at
the extremities are

@ ___l—b"nf_an y  1-aF
la*e &P+ b*m? —ma‘e® @'+ b*m?’
Dividing,

_ma_ 1-0m* _Imab—bm* _bm(al-bm)  bm
ly 1—a*f lmab—a?  al(bm—al) al’
*. ax = by, which is a diameter.
12. 1If lz+my=1 be the equation to the chord,

2L a—b o s EE
-Z-—a, m- .o alﬁ—a—__z.
Also l=:-l- a_+b____l_.___c , Where ¢*=a*—b"
@ a—b a a—25b
Substitute in equations of Art. 412, Cor. 1.
o e 1 — °m?
a(a-b) a+6+b“m’
a—b
. Xa_ (1 —b*m?) 1
s ey ey (1)
m.ct. 2b
and y=(q,+b)+(a-b)b’~m‘” ............ (2)
. ¢ —aa(a+b)
1 2 _
(1) gives B = ) (3)

and then (2) gives yac=bm[c*+aa(a—>b)l. ............ (4)
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Eliminating m from (3) and (4), we have
yra’e* = [+ xa (a—b)} {® — za (@ + b))} = — 2abc’e — a?a’c?.

-]
This reduces to (x $ %‘-’) + y8=1¢% which is & circle.

13. Let B and y be the eccentric angles of the points
of contact of the corresponding tangents.
%(B"'Y) m%(ﬁ"'?’) Art. 265
an(B-7) ¥ =" cong (fmy 127 2]
and sin (B +y) +sin(a+y) +sin (B+a)=0. [Ex. 7.]

. 2sin Bt Y o0sBEY 4 g {aJi;'_”}oosE‘—":o.

Then & =a —

2 2 2
sinB+7.oosB—+—7 cos'3+7 sinéﬂ’
2 2 +sina 3 +cosa 3 =0
23_7 . ﬁ-')’ ' B‘Y—- .
COS B COBT OOBT
. xY a8in a ycosae _
. a,b+ a b O’
i€ ay + bz sin a + ay cos a.= 0.

14. If the normals are perpendicular, so also are the
corresponding tangents, which therefore intersect on the
director circle.

If A%=a®+ 0% any point on the director circle is
(4 cos 6, Asin @),

the polar of which is A_“’_(‘:,’io . ;",m SHERE o il o

to the ellipse. Hence the intersection of the perpen-
dicular normals is given by the equations of Art. 412,

Ex. 1, on putting l_A_;__oosO’ m—A—;%n—q
] (a® + b%) sin® 0
Acosd = b?

. = (a®- 0%

at  (a*+ b’) cos® @ (a" +0°) sin® 0
b2

(a = b’) Hicind b? cosie —a? siniﬂ
+62° "B cost O + a’sin*0’
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o (a® + b%) cos* @
A sin @ a®
0*  (a*+ 6% cos’@ (a*+ 0°)sin?@
a2 3 b2
1 a’;b’ B b*cos® 0 — a* sin*é
a®+ 6 b® cos* 0 + a®sin* 6’

. sinf cosf 1

and y=-—(a*-b%

y = Jery

_a*=8 Az b -a'y?

T at+ b J}.,.—yz'b’x’-i-a"'y"
(@B @) (B @ = (a8 =B (0 - oy

Substitute; .", x

15. ILet a, B, y be the eccentric angles of 4, B, C
[a< B<yl

Then tan a = tan g Y ete. Hence on comparing with

2
a figure we haveB;7=a+w, %:2,3, anda-;‘8=7—1r.
2
% ﬁ=a+—7r, and y=a+4?".

Hence, as in Ex. 7 (part ii), the normals at 4, B, ¢
are concurrent.

Comparing lz+my=1 with
s 1 -y 1
;cos-2-(a. +83) +%sm §(a+[3)=008'2‘(a",3);

we have
al=2 cos } (a+ ), bm=2sin} (a+p), since cos} (a—B) =1,
By Art. 412, Cor. 1,

5 2m%(a+ﬂ)(a’—b’) ! —4sin’-§(a+[?_)
a

x : :

', 4a%? + 45%? = (a® — 1?)?, as in Ex. 10,
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16. The equation of any conic passing through the
intersections of the ellipse and the conic through the feet
of the four normals is

b'a* + aPy* — a®®® + 2\ {(a - b%) wy + b%ka — a*hy} =0,
Art. 414, Ex. 1 and Art. 380.]
This is a parabola if A*(a*—b%)"=a"0* [Art. 357], d.e. if

ab
X= + a—z_‘b—z .
The terms of the second degree in the equations of the
two parabolas are therefore {bz —ay|* and {bx + ay}®.

Therefore the axes are parallel to the lines
br+ ay =0 [Art. 360],

the angle between which is 2 tan-? —

They are parallel to the equi-conjugate diameters by
Art. 289,

1 1 ha?
17. By Art. 414, Ex. 1 ;@ +%+2+a)=5—5—%;
&) 1 1 Wb
similarly, 1(3/1"‘3/2‘*'3/3"'3/4):—:9_"“2_62'

18. In the equation y®=4ax, move the origin to the
point (A, k) and change to polars, so that the equation
becomes (rsin 6 + k)* = 4a (r cos 8+ ), i.c.

7* 8in® 6 + 2¢ (k sin 0 — 2a cos 6) + &*— 4ah = 0.
The condition for equal roots, viz.
htan®*f—ktan 0+ a =0

gives the direction of the two tangents through (4, &) and,
if 6,, 0, be the roots, the product of the lengths of the two
tangents

k* — 4ak
sin @, sin 6,
Now (as in Art. 235, Ex. 1)

- 7'17'2 =

k- _sin (6, +6,)
S i +tan Gy= cos @, cos 6.’
a_ . h—a cos(f,+0.)
and k-ta.n&tanﬂz. il =7 i
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, (h=a)+ 1
Square and add ; .. ( —-z), i RTTR whence
sin 6, sin 6, = tan 6, tan 6, x cos 6, cos 6, «/(hT‘:)’;-::k?

S ably= (B - dak) N(h—a) + I,

where /,, 7, are the lengths of the tangents.

The equation to the tangent at (2, #') to the parabola

(y+k)=4a(x+h)
s yy'-2a(@w+a)+k(y+y)+ Kk —4ah =0 [Art. 372],
whence the equation to the normal is
20(y~y)+ (Y +k)(x—2)=0.
If this passes through the origin, 2ay + ' (¢ + k&) = 0.
Since (2, 3/) lies on the curve, .
oY + k) - da (2 +R) =0.

Eliminating o, »'* + Ay'*+ By’ + k& (k* - dah) = 0.

o k(R — 4ah) = .Y,y = pypaps sin ¢, sin $,5in ¢y,
where p,, p,, p; are the lengths of the normals and b1,y boy P
the angles they make with the axis of «.

Also ¢,, ¢y, ¢ are the roots of the equation

k=htan ¢ — 2a tan ¢ — @ tan® ¢,
1.e. @ 8in® ¢ + (2a — h) sin ¢ c0s® b + & cos® ¢ =0,
te.  sin’ @ {(2a —A) + (h — a) sin? ¢} = &* (1 —sin®¢)?,
te. Sin®¢{(h—a)+ 4% + A’ sin* ¢ + B'zin’¢-k’=0.
-+ 81N ¢, 8In ¢, sin ¢y = J(/;';-(zm"
o prpaps= (K2 — dah) Nk —a)® + = al,l,.
19. The normal at any point (', 4/) of the parabola is
(@—2)y +2a(y-y) =0,

and hence goes through (&, k) if (& —a") 5 + 2a (k- y') = 0.

The feet of the normals from (&, %) therefore lie on the
curves

and PERAE, oo naris (2)
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Multiplying (1) by %, and (2) by «, and subtracting, it
follows that a curve through the intersections of (1) and
(2) is 2ay®=2aky + hy® - 4ax’. Hence, etc.

20. The normal at ( 2/, c—‘, passes through (4, k) if
x

o (h-a)=5 (k X ;—2) . [Art. 332.]

Hence the abscissae of the feet of the four normals are
given by a*—ha® + ¢*hka— ¢* =0.

)/
%(x,+a3,+ x,+a:4)=£, and z,xxza, +c*=0.

3 1 k
Similarly 1 (Y + Yo+ Ys +' Yy) = i

Also, the chord joining (z,, ¥,) and (x,, ¥,) is perpen-
dicular to the chord joining (xs, ;) and (z,, ¥,) if
e
& . 1 1=0 [Art. 329],
X%y X3y
s.e if x a,252, + ¢*=0, which is true.
L
Confocal Conics.

415, Def. Two conics are said to be confocal when
they have both foci common.

To find the equation to conics which are confocal with
] mﬂ b
the ellipse = £ E;E e e ooty (1).
All conies having the same foci have the same centre
and axes,

The equation to any conic having the same centre and

: s O R
axes as the given conic is I+ 5= 1 ___,___,, SRS (2)
The foci of (1) are at the points (=+/a* — 57, 0).
The foci of (2) are at the points (= A =B, Q).
These foci are the same if 4 —B=a>—0%
teif Ad—a'=B—FP=»A(say).. d=a*+ )\, and B=0+\
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The equation (2) then becomes
a® s
= PN I

which is therefore the required equation, the quantity A
determining the particular confocal,

416, For different values of A to trace the conte given
by the equation

3 2

RS R
Rt LR (1).

First, let A be very great; then ¢+ A and 6*+ A are
both very great and, the ﬂ'real,ter that A is, the more nearly
do these quantit,ies ﬂ,ppmach to equality. A circle of
infinitely great radius is therefore a confocal of the
system.

Let A gradually decrease from infinity to zero; the
semi-major axis «/a?+ A gradually decreases from infinity
to ¢, and the semi-minor axis from infinity to 5. When A
is positive, the equation (1) therefore represents an ellipse

gradually decreasing in size from an infinite circle to
the standard ellipse

J“
5= =k
This latter ellipse is xn:ered I in the figure.

Next, let A gradually decrease from 0 to —04% The

semi-major axis decreases from a to Ja* =17, and the semi-
minor axis from 4 to 0,

For these values of A the confocal is still an ellipse,
which always lies within the ellipse /; it gradually
decreases in size until, when A is a quantity very slightly
greater than —#% it is an extremely narrow ellipse very
nearly coinciding with the line SH, which joins the two
foci of all curves of the system.

Next, let X be less than —#°; the semi-minor axis

WP + A now becomes imaginary and the curve is a hyper-
bola ; when A is very slightly less than — }* the curve is a

671
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hyperbola very nearly coinciding with the straight lines
SX and HX'.

[As A passes through the value — 5* it will be no ed that

the confocal instantaneously changes from the line-ellipse
SH to the line-hyperbola SX and HX'.]

As X gets less and less, the semi-transverse axis v/a®+ A
becomes less and less, so that the ends of the transverse
axis of the hyperbola gradually approach to ', and the
hyperbola widens out as in the figure.

When A=—¢?% the transverse axis of the hyperbola

vanishes, and the hyperbola degenerates into the infinite
double line YOY".

‘When A is less than — a? both semi-axes of the conic
become imaginary, and therefore the confocal becomes
wholly imaginary.

417, Through any point in the plane of a given conic
there can be drawn two conics confocal with it ; also one of
these is an ellipse and the other a hyperbola.

Let the equation to the given conic be

mﬂ yﬂ
@t

and let the given point be (£, g).
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Any conie confocal with the given conie is

If this go through the point (/] g), we have
¥ g .
a* + :'h bﬂ + }._ T [ —— (‘_.‘}.

This is a quadratic equation to determine A and there-
fore gives two values of A

Put &* + A = p, and hence
@+ A=p+ @ - b= p+a’e.
The equation (2) then becomes

g
78 =4
p;-{-me P
i.e. Pt p(a?e — f2—g%) —gia =0 ......... (3).

On ¢pplying the criterion of Art. 1 we at once see that
the roovs of this equation are both real.

Also, since its last term is negative, the product of
these roots is negative, and therefore one value of p is
positive and the other is mnegative.

The two values of 5%+ A\ are therefore one positive and
the other negative. Similarly, the two values of a* + A can
be shewn to be both positive,

On substituting in (2) we thus obtain an ellipse and a
hyperbola.

418. Confocal conivs cut at right angles.
Let the confocals be

m‘! yﬂ m‘ﬂ yﬂ
= 1 i - = = ]_
a'g + }\1 _]_ 5‘3 + I}L]_ ! dlld ﬂ-?' 'i' ;\2 I-. 62 + }‘2 ?
and let them meet at the point (2, ¥').
The equations to the tangents at this point are
mf yy.‘ mﬁ yy,- 1
Fik PP W et T
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These cut at right angles if (Art 69)

a'® ) y L
@@ @) @y o

But, since (2, ') is a common point of the two confocals,
we have
p'® ylz 't yfﬂ
A - S : —— e 2 =]
a"3+};1+ﬁ3+l1 1, and vl L Y

By subtraction, we have

nf_ 1 1 of 1 1

(@, —awn) ()
: a? Tk ,
o @iy @ih) T FEan) ey @

The condition (1) is therefore satisfied and hence the
two confocals cut at 1'ight angles.

1
=

Cor. T'rom equation (2) it is clear that the quanfities
b*+ A, and b*+ A, have opposite signs; for otherwise we
should have the sum of two positive quantities equal to
zero, 'Two confoeals, therefore, which intersect, are one an
ellipse and the other a hyperbola.

419. One conic and only ome conic, confocal with the conic
S )
%‘J—'— ‘;—5=1, can be drawn to touch a given straight line.

Let the equation to the given straight line be

LOOB A+ Y B A=Diuirrninnennennaaraenaan (1)

Any confoeal of the system is
ot y:
Egﬁ + 53+_h — 1 --------------------------- {2}‘
The straight line (1) touches (2) if
p?=(a?+\) costa + (D24 A) sin?a (Art. 204),
i.e. if A=p®-a?cos?a ~ b¥sinta.

This only gives one value for A and therefere there is only one
conie of the form (2) which touches the straight line (1).

Also A+a?=p®+ (a®-0%) sin® a=a real quantity, The conic is
therefore real.
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1. Prove that the difference of the squares of the perpendiculars
drawn from the centre upon parallel tangents to two given confocal
conies is constant,

9. Prove that the equation to the hyperbola drawn through the
point of the ellipse, whose eccentric angle is a, and which is confocal
with the ellipse, is . 2

SIS s B e 3
cog®a  sinfa "

3. Provethat the locus of the points lying on a system of confocal
ellipses, which have the same eccentric angle a, is a confoeal hyperbola
whose asymptotes are inelined at an angle 2a.

4, Shew that the locus of the point of contaet of tangents drawn
from a given point to a system of confocal conies is a eubie curve,
which pasfes through the given point and the foei.

If the given point be on the major axis, prove that the cubie
reduces to a circle.

§. Prove that the locus of the feet of the normals drawn from a
fixed point to a series of confoeals is a cubie ecurve which passes
through the given point and the foei of the confoeals.

6. A point P is taken on the conie whose equation is
3 Y2
af4 A + [
such that the normal at it passes through a fixed point (k, k); prove
that P lies on the curve
L Y a® — h?

gk T ek hy—Fx’

1,

7. Two tangents at right angles to one another are drawn from
a point P, one to each of two confocal ellipses; prove that P lies on
a fixed eircle. Shew also that the line joining the points of contact is
bisected by the line joining P to the common centre.

8. From a given point a pair of tangents is drawn fo each of a
given system of confocals; prove that the normals at the points of
contact meet on a straight line,

9, Tangents are drawn to the parabola y2=4z./a*-1?, and on
each ig taken the point at which it touches one of the eonfocals

R

a?+\ = DEEN

prove that the locus of such points is a straight line,

1;
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10. Normals are drawn from a given point to each of a system of
eonfoeal conies, and tangents at the feet of these normals; prove that
the loeus of the middle points of the portions of these tangents
intercepted between the axes of the confocals is a straight line.

11. Prove that the locus of the pole of a given straight line with
respect to a series of confoecals is a straight line which is the normal
to that confoeal which the straight line fouches.

12. A series of parallel tangents is drawn to a system of confocal
conies; prove that the locus of the points of contact is a restangular
hyperbola.

Shew also that the locus of the vertices of these rectangular
hyperbolas, for different directions of the tangents, is the curve
r? =¢%cos 28, where 2¢ is the distance between the foeci of the
confocals.

13. The locus of the pole of any tangent to a confoeal with respect
to any ecircle, whose centre is one of the foel, is obtained and found to
be a cirele; prove that, if the circle corresponding to each confocal be
taken, they are all coaxal,

14, Prove that the two conies
ax®+2hay +by*=1 and a'a*+ 20wy + 'y =1
can be placed so as to be confoeal, if
(@ —D)2+4h" _ (a’' -0 +4R7

__...2_.-.-

(ab-h%2 (@b R

11, The loeus can be shewn to be a gtraight line which is perpendi-
cular to the given straight line; also the given straight line
touches one of the confoeals and its pole with respect to that
confocal is its point of contact ; this point of contact therefore
lieg on the locus, which is therefore the normal.

14, As in Art. 366, nze the Invariants of Art. 135,

SOLUTIONS/HINTS

1. The lines
zecosa+ysina=p, and xcosa+ysina=p'
will touch g;+ %; =1, and a’ﬁ % % b”zf}( =1, respectively,
if p*=a*cos’ a + b*sin? a,
and p'?=(a®+ X) cos®a + (6% + A) sin? a, whence p’® — p*= A.
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2. The conic a,a_:: 5+ bf_/: = 1 will pass through the
point (a cos a, bsin a) if “;fﬁ‘-‘ i I’%’ff
Whence A=0 or — (a*sin®a + §*cos*a).
3. Eliminating A from
z=na*+Acosa, y=~/0®+ Asina,
a? y*

Cos"a Sl a

= ],

we obtain

The asymptotes are y + = tan a = 0.

)

.. B a?
4. The tangent at (k, k) to the conic SatEaT 1
passes through the fixed point (/] ¢) if

Jh gk
FALNP: S (1)
R? )
Alﬂo ag+x+ba+x=l- ------------------ (2)

Therefore, on subtraction,
-0 k-8,
a*+ A b+ A ?
_Gh(f—h)+ k(g —k)
h(f—h)+k(g—Fk) °
Substitute for A in (2), and we have
h ko a*— b
S=h g-k h(f-h)+k(g—Fk)
The locus of (%, &) is thus the cubic curve
x y a® - b*
f-x g—y fergy-2-y*
If g =0, this locus becomes the circle
S (@ +y7)— (a8 + f) + (@ = 8) f=0.

giving A=
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8. By Ex. xxxi, 23 the straight line lz +niy=n is a
normal to the conic

o y o @+N P+ N (00
m+55{:ﬁ=1 it ; T = n? )
This gives only one value for A.
6. The normal at the point (2, 3,) to the conic
= y*
, F+A T RBEA
passes through the fixed point (A, %) if

1

(aux)";xl“’!:(bux)’i;_‘yl. ......... (1)
1
mlﬂ 2

Also Ft =l . 2)
(T wives ad+X B+ N @-F

& w(b—y)  yi(h—m) mk—lhy,’

2 g

d then (2) gives ! . . Hence th
an .re:nl()gwes k—y1+h—a:, o —e, ence the
requi ocus,

Now one of the confocals passes through the point
(%, k) and the corresponding foot: of the normal is clearly
the point (4, %) itself.

Also one of the confocals is the line-ellipse joining the
foci § and H, the normals to which are the lines joining
(A, k) to § and H, so that two of the feet of normals are
the points S and H.

2! & s
7. Any ta.ngentto&?,-i-b—,:l is
zcosa +y sina= ,/(a*cos’ a + b*sin?a),
and a perpendicular tangent to
2 9
T Ea]
is  @sina—ycosa=/{(a*+A)sin’a + (6°+A) cos’al.
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Square and add; .. 2+ =a’+ b + A,
The Jocus of P is therefore a circle.

‘m’x 3/3/1. B I Y .
Let =1 ...(i), and o bs/ +9)\ =1 01)
be the equa.tions of the tangents.

Then the equation of C'7 will be

e S i I\
x(a’ a’-t—)\)ql-y(b2 b’+)t> 0,

which passes through the middle point of the chord if
x X,
(xl 1% xﬁ) ‘?; iy /\.) + (% + yﬂ) bq 623/_2_) =0,

+A
B o 7 nY:
ge ot FE+N TEE D
which is true since (i) and (ii) are at right angles,

8. If iz +my=1 be the pole of (%, k) with regard to
@ Y h k
B g el eileE Ry

Therefore from Art. 412, Cor. 1,

x B (B + A — &)
5" RGP+ N)+ B (a®+N)
y k(a*+ A\ —FR?)
i - REFE N TR (@N)’
-’w ’ﬂ/ NNy, o
" at=b B2 (% + X) + B2 (a® + \)’
i /ca:+ky= k(@B -+ R)
— b 1B+ Xy + &% (a® +A)
' Im:—ky—a’-i-b” 20k
" kx+hy y* gy E 2L

which is a straight line,
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9. The line J—a::ﬂ cos a + _J;'A’yﬁ sin a =1 will touch
Y= 4ex, (where ¢ =a®—b?), if
¢ /a* £\ sin?a + cos a (B* + Xy=0, i (i)

Also the point whose locus is required is
%, = aJa? + A cos Gy oo (1L} Yy = WO+ Asin a....(iii)
: 2
From (i) and (ii), ¢ (a®+ \) { -5 A} rz, (B 4+2)=0,
or c(a®+X) —ex? + 2, (@ + A —¢*) =0,
- S (@ + ) (@t + A — ) = 0.
The first factor gives « = —c¢ as the locus of (z,, 3,).

10. The normal at the point, whose eccentric angle is

y :
e i o 1 passes through (4, k), if

Na*+ X hsec a—A/b¥ + A k cosec a = a? — b2,
The point (,, ,) whose locus is required is given by
2w, = AJa® + Aseca, 2y, =%+ A cosec a
Hence, on eliminating A and a, we have
2hax, — 2ky, =a* =02, ., ete,

a, to the conic

11. The pole of lz + my =1 with respect to
x* a
Fa et
is the point  z=I0(a*+ 1), y=m (b*+A).
« & Y

i

which is perpendicular to lz+my=1. Also the point of
contact of this line with a confocal is clearly on the locus,
since it is the pole of the line with regard to that confocal.
Hence, etc.
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12. The tangent at (2, %) to the conic
e
a’+)t+b3+)\—1’

. o ¢ (B )
will be parallel to y =« tan a if tana_-.(.m”
a*/ sin a + &%’ cos a

x'cosa+y sina
Al SRS PO (el

a'cosa+y sing a’ cosa+1y sing

whence

A=

Seat+ A
z? '1/'2 B
A0 = I W T
Hence, substituting for A, we have

' —y? + o'y (tan a — cot a) = a® — 82,

1.

so that the required locus is
a?— y* + 2y (tan a — cot a) = a® — B%.......... (1)
The axes are given by
tan 20 =220 (A 840].........(2)

Also, in polar coordinates, (1) is
7% cos 20 + §1° sin 26 (tan a — cot a) = a® — *....(3)
For the locus of the vertices, we eliminate a between
(2) and (3), and obtain
7% cos 20 + 37°sin 20 . 2 tan 20 = a® - &,
ne. = (a*— b*) cos 26.
13. The polar of (2, ) with regard to the circle
@ —2ex+ 3y =77 is @ (2’ —c) +yy' =1+ ca, where
¢=na?— b
If this is identical with
i . o
Na*+Aseca B + Ncoseca
7+ cx’

then ~/a’+)tseca=i,+_a:,, and /0% + A cosec a = :

1,

Y
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Hence the locus of (#/, %/') is the circle
(6% +A) 2® + (B + X) 4° — 2cx (a® + A+ ) + ¢ (@® + \) — =0,
since ¢ =a®— 0%

Whatever be the value of A, this always passes through
the intersection of the circle

b* («® + ) — 2¢z (a® + 7°) + ac*— 14 =0,
and the point-circle a*+ %= 2¢cx+¢2=0.

These meet in two imaginary points lying on the
i el A v i

% 2@-b*
Hence, ete.

14. See Art. 366. (a®—f?)* must be the same for
both conics.
. (@=0) + 4K (a'=b)+ 44"

S Y Y B

Curvature.

straight line =

420. Circle of Curvature, Def. If P, ¢, and £
be any three points on a conic section, one circle and only
one circle can be drawn to pass through them. Also this
circle is completely determined by the three points,

Let, now the points ¢ and £ move up to, and ultimately
coincide with, the point P ; then the limiting position of
the above circle is called the circle of curvature at P; also
the radius of this circle is called the radius of curvature at
P, and its centre is called the centre of curvature at P.

421, Since the circle of curvature at P meets the
conic in three coincident points at P, it will cut the curve
in one other point P. The line PP which is the line
joining P to the other point of intersection of the conic and
the circle of curvature is called the common chord of
curvature.
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We shewed, in Art. 400, that, if a circle and a conie
intersect in four points, the line joining one pair of points
of intersection and the line joining the other pair are
equally inclined to the axis. In our case, one pair of
points is two of the coincident points at P, and the line
joining them therefore the tangent at P ; the other pair of
points is the third point at P and the point P’, and the
line joining them the chord of curvature PP'. Hence the
tangent at P and the chord of cwrvature PP’ are, in any
conie, equally tnclined to the awis.

422. 1o find the equation to the circle of curvature and
the length of the radius of curvature at any point (at’, 2at)
of the parabola = daz.

If §=0 be the equation to a conie, 7'=0 the equation
to the tangent at the point P, whose coordinates are a¢*and
2at, and L=0 the equation to any straight line passing
through P, we know, by Art. 384, that S+A. L. 7T=0 is
the equation to the conic section passing through three
coincident points at P and through the other point in which
L = 0 meets §=0.

Tf A and Z be so chosen that this conicis a circle, it will
be the circle of curvature at 2, and, by the last article, we

know that L =0 will be equally inclined to the axis with
L=,

In the case of a parabola
S=yt—4dax, and T'=ty—x—al’. (Art. 229.)

Also the equation to a line through (af’, 2a¢) equally
inclined with 7’=0 to the axis is

t(y — 2at) + & —at*=0,
so that L=ty + - 3at®,
The equation to the circle of curvature is therefore
yt —dawx 4+ X (ty —x — at®) (ty + 2 — 3at®) = 0,

: 1
where 14+ A==, me.l-—-m.
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On substituting this value of A, we have, as the required

equation,
a? + 9 — 2am (387 + 2) + dayt® — 3o’ =0,

i.e. [w—a (2+ 33 + [y + 208 = 4a® (1 + 3)%

The circle of curvature has therefore its centre at
the point (2a + 3at?, — 2a*) and its radius equal to

2a (1 + &)L

Cor, If S be the focus, we have S7 equal to a + af?, so

2.8p*
Na o

423, To find the equation to the circle of curvature at

2
the point P (wcos ¢, bsin ) of the ellipse §+

that the radius of curvature is equal to

Yy
5.3 — ].l
The t&.-'.['lgﬂﬂt- at the Pﬂint P is

@® Y .
— 08 —ein = 1.
a P +.b 2

The straight line passing through P and equally inclined
with this line to the axis is

E?(m—mmscﬁ}—sn;t#(y-—irsin#a):ﬂ,

2. €. Ecﬂs¢—-%smq5~cns2¢=0.

The equation to the circle of curvature is therefore of
the form

i % Y .
&~2+F—1+}-.[;cesc,b+zsm¢—-]]

Since it is a civele, the coefficients of #* and #* must be
equal, so that
1 hcnﬁ“:p_l sin’ ¢
& e TR YT
a®— b
T bPcos’ ¢+ aPsin®oh

and therefore A
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On substitution in (1), the equation to the circle of
curvature is

hi 3
(b cos® b + o sin® @) (:L + 3.'{;% — 1)

+ (a?—b%) [E: cos? ¢ — -b—ﬂ sirfL b —

oG08
i

2 (1 + cos 24)

S ¢’ (1 — cos 2) + cos 2:;5] 0,

. e f__.ttf_fnsqu _.fly sin’® ¢
i.e. @+ —(a b}[ e
+ a* (cos? ¢ — 2 gin? @) — b7 (2 cos? p —sin® ¢) =0,

The equation to the circle of curvature is then

-[:n— = =¥ cos? ¢}H + {y + ai;_b_"" sin? q&}a
_ (@ — ) {ms“ b i Ei]:;; qf:} B

o’ {cos® p — 2 sin® ¢}
+ 6% {2 cos® ¢ — sin® b}

, after some reduction.

(a* sin? ¢ + 6% cos® )?
The centre is therefore the point whose coordinates are
at—b° a? — b .
( cos® ¢, — 5 sin® :i:) and whose radius is
(a? sin® ¢ + b* cos® )}
= ;

Cor. 1. If CD be the semi-diameter which is conju-
gate to CP, then D is the point (90° + ¢), so that its
coordinates are —asin ¢ and becos .  (Art. 285.)

Hence CD? = ¢® sin® ¢ + b* cos® ¢,

cD?

ab *

Cor. 2. If the point P have as coordinates =’ and 3

then, since o' =a cos ¢ and ¢’ = b sin ¢, the equation to the
circle of curvature is

a’—b \? a*
(e T A

and therefore the radius of curvature p=

dba y‘s)g =(G2+ an_mrﬂ_ym)si

a*h®
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Cor. 3. Inasimilar manner it may be shewn that the

equation to the circle of curvature at any point (af, y) of
2 2

x® oy .
the hyperbola e 1is
a® + b .\ af + 5 N\ (aP—b7—a®— )P
(222 (e g
(a2 +y" —a’ + B
B B

424, If a circle and an ellipse intersect in four points,
the sum of their eccentric angles is equal to an even
multiple of = [Page 235, Ex, 18.]

If then the circle of curvature at a point P, whose
eccentric angle is 6, meet the curve again in ¢, whose
eccentric angle is ¢, three of these four points coincide at
P, so that three of these eccentric angles are equal to 6,
whilst the fourth is equal to ¢. We therefore have

30 + ¢ = an even multiple of = = 2nm.
Hence, if ¢ be supposed given, 4.e. if @ be given, we
2nm — ¢
3
Giving » in succession the values 1, 2, and 3, we see

that 6 equals 2“-_‘#, 2B Eﬂ-_‘#.

or

have 0=

3 3 3
Hence the circles of curvature at the points, whose
eccentric angles are 2”_}_#}, 41?:; %, and Gr;q"’, all

pass through the point whose eccentric angle is .

Also since

251'3—:1’_1 4+ 4“'3_ ¢ 1 ﬁ”'%— ¢ + ¢ = 47 = an even multiple of =,

A —ch 4_171"—(# ﬂ?r'—qﬁ
3’ & = 3

we see that the points

, and ¢

all lie on a circle.
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Hence through any point Q on an ellipse can be drawn
three circles which are the circles of curvature at three
points Py, P,, and P,. Also the four points Py, P,, P, and
@ all lie on another circle.

425. Evolute of a Curve. The locus of the
centres of curvature at different points of a curve is called
the evolute of the curve.

426. [Lvolute of the parabola 3y = 4aw.

Let (&, 7) be the centre of curvature at the point (a#, 2af)
of this curve.

Then #=a (2 + 3¢°) and 7= - 2a®. (Art. 422.)

S (8- 2a) = 270 = 2T agf,
i.¢. the locus of the centre of curvature is the curve
27ay? = 4 (x — 2a)?,
This curve meets the axis of » in the point (2a, 0).

It also meets the parabola
where
e = (2 — 2a)’,
2.e. where = 8a,
and therefore

y==4,/2a
Hence it meets the parabola at
the points
(8a, =4 ,/2a).
The curve is called a semi-
cubical parabola and could be shewn
to be of the shape of the dotted curve in the figure.

-

427. Evolute of the ellipse & L

2% 4
@' e

It (&, ) be the centre of curvature corresponding to the
point (@ cos ¢, b sin ¢) of the ellipse, we have

a_ 72 2 _ 12
s cos® ¢ and 3}—_—_@ bb

sin® ¢,

B=
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Hence
(@) + (b9)} = (a2 - B)} {cos® ¢ + sin® ¢} = (a* — )",
Hence the locus of the point (& ) is the curve
(az)? + (by) =(a* - Eb“)a.
This curve could be shewn to

be of the shape shewn in the figure iy
where

A s
3 _ 8
and CM=CM =% 7 9 .
The equation to the evolute of v/
the hyperbola would be found to W
be M’

(am)? — (by)? = (a2 + B2,

428, Contact of different orders. If two conics,
or curves, touch, ¢.e. have two coincident points in common
they are said to have contact of the first order. The
tangent to a conic therefore has contact of the first order
with it.

If two conics have three coincident points in common,
they are said to have contact of the second order. The

circle of curvature of a conic therefore has contact of the
gecond order with it.

If two conics have four coincident points in common,
they are said to have contact of the third order. No
conics, which are not coincident, can have more than four
coincident points; for a conic is completely determined if
five points on it be given. Contact of the third order is
therefore all that two conics can have, and then they are
sald to osculate one another.

Since a circle is completely determined when three
points on it are given we cannot, in general, obtain a circle
to have contact of a higher order than the second with a

given conic. The circle of curvature is therefore often called
the osculating circle.
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In general, one curve osculates another when it has the
highest possible order of contact with the second curve,

429. [Equation to a conic osculating another conic.

If S=0 be the equation to a conic and 7T=0 the
tangent at any point of it, the conic S = AT passes through
four coincident points of §=0 at the point where 7'=0
touches it. (Art. 385, IV.)

Henece §'=A7" is the equation to the required osculating
conic.

Ex. The equation of any econie osculating the conie

a4 Bhay +by? — 2fy=0......ccocciniiiriinnnns (1)
at the origin is

ax?+ Shay 4 by® = 2y +My*=0 ciiiiiiiiiininin (2).
For the tangent to (1) at the origin is y=0.
If (2) be a parabola, we have h®=a (b+4\), so that its equation iz
(az+ hy)?=2afy.

If (2) be a rectangular hyperbola, we have a+4b+A=0, and the
equation to the oseulating rectangular hyperbola is

a (x® — y®) 4 2hay — 2fy =0.

1. If the normal at a point P of a parabola meet the directrix in
L, prove that the radius of curvature at P is equal to 2PL.

9. If p, and p, be the radii of curvature at the ends of a focal
chord of the parabola, prove that
o840, 8=(20) 7%

3. PQ is the common chord of the parabola and its centre of
curvature at P; prove that the ordinate of @ is three times that of P,
and that the locus of the middle peint of P¢) is another parabola.

4. If p and p' be the radii of curvature at the ends, P and D, of
conjugate diameters of the ellipse, prove that

B g8 T
+ . ]
pitp (@)t
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and that the locus of the middle point of the line joining the centres
of enrvature at P and D is

(az+ byﬁ +(ax — Iryﬁ = (a® - bﬂ}&

5. O is the centre of curvature at any point of an ellipse, and @
and R are the feet of the other normals drawn from O; prove that the

R X
loeus of the intersection of tangents at @ and R is :_;g + %:1, and

that the line QR is a normal fo the ellipse
z8 X y* _ a%®
il o

6, If four normals be drawn fo an ellipse from any point on the
evolute, prove that the locus of the centre of the rectangular hyperbola
through their feet is the curve

5 (9=

7. In general, prove that there are six points on an ellipse the
circles of curvature at which pass through a given point O, not on the
ellipse. If O be on the ellipse, why is the number of circles of
curvature passing through it only four?

8. The eircles of eurvature at three points of an ellipse meet in g
point P on the curve. Prove that (1) the normals at these three
points meet on the normal drawn at the other end of the diameter
through P, and (2) the locus of these points of intersection for
different positions of P is the ellipse

4 (a¥2® + b%?) = (a® - 7).
0. Prove that the equation to the eirele of curvature at any point
(2, y") of the rectangular hyperbola 2? - y*=a?is
a2 {$2+ yﬂ} —dzz' 4 '11."3,*’34- Lo I:_,,_:rs_l_ ym} ={.
10. Shew that the eguation to the chord of curvature of the

rectangular hyperbola zy=¢? at the point ¢ is ty +tde=c (1414,
and that the centre of curvature is the poin

o 1484 84t
o CTa )
Prove also that the locus of the pole of the chord of eurvature ig
the curve 2= 2¢%sin 24,

11. PQ is the normal at any point of a rectangular hyperbola and
meets the curve again in @ ; the diameter through ¢ meets the curve
again in R ; shew that PR is the chord of curvature at P, and that
P is equal to the diameter of curvature at .
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12. Prove that the equation to the circle of curvature of the conie
azt + 2hxy + by* =2y at the origin is

a(z?4+y%) =2y

13. If two confocal conics intersect, prove that the centre of
curvature of either curve at a point of intersection is the pole of the
tangent at that point with regard to the other curve.

14. Shew that the equation to the parabola, having contact of the
third order with the rectangular hyperbola ay =c¢* at the point

(3

ig (2 — yt?)? — det (x4 yt*) + 827 =0.
Prove also that its directrix bisects, and is perpendicular to, the
radius vector of the hyperbola from the centre fo the point of contact.

15. Prove that the equation to the parabola, which passes through
the orizin and has contact of the second order with the parabola
9y =4dax at the point (at?, 2at), is

(4 — Bty )* + dat? (3z — 2ty) =0.

16. PFProve that the equation to the rectangular hyperbeola, having
contact of the third order with the parabola y*=4ax at the point
(at?, 2at), is

a® - 2tey — y* + 2ax (24 317) - 2aty + a4 =0,

Prove also that the loens of the centres of these hyperbolas is an
equal parabola having the same axis and dirveetrix as the original
parabola.

17. Through every point of a circle is drawn the rectangular
hyperbola of closest contact; prove that the centres of all these
hyperbolas lie on a concentric cirele of twice its radius.

18. A reetangular hyperbola iz drawn to have contact of the third
2 %

order with the ellipse z—ﬂ + %Ez. 1; find its equation and prove that the
locus of its centre is the curve

mﬁ_‘_.y!d E— mﬂ .yﬁ

arit) @t

5. Two of the normals drawn from O coincide, since it is a centre of
curvature, The straight line Lx+my =1 (Art, 412) is therefore
a tangent to the ellipse at some point ¢ and hence, by Art, 412,
the equation to QR can be found in terms of ¢.
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SOLUTIONS/HINTS

1. Let 2P be the point ¢, so that tan PGN =1t ; then

OPL=2.XN.sec PON = (2a+ 2a) N1+ &
=2a (1 +£)¥ = p, by Art. 422.
2. p=2a(l +t"')g', and p2=2a(1 - %,)g "
[Art. 233, Cor.]
2
4 p = (20) " {1 i 2t i tg} =(20)" L.
3. Let P and @ be the points ¢ and ¢. Then since
hy = +ab®, and y (4 +t) =2z + 2atyt,,
are equally inclined to the axis (Art. 421),
)
5 t}l--i-tl_:tz:(); Se3+8,=0; .. 3y, +y,=0.
The coordinates of the middle point of PQ are
y=a(t+&) 2e=a(@?+t?).
S P — 20 = 20, t, = — 6a%,2,
_htY,
2

Also Y

==y =—2at,;

4. We have abp=CD® and abp" = CP%;
v (@)t (pf +p =0y D = a4 b,
The coordinates of the middle point of the line joining

the centres of curvature of 7 and D (i.e. the points ¢ and
90° + ¢), are, by Art. 423,

2ax = (a* — b?) (cos® ¢ — sin®¢),
and — 2by = (a®— b?) (sin’¢p + cos®ep).



CHAPTER 17: MISCELLANEOUS PROPOSITIONS 693

s 0z + by =— (a*—b*) sin’, and aw—by = (a?— b*) cos® ¢
Hence, ete. |

5. See Art. 412.
If L@ + m,y = 1 is the tangent at ¢, then

__Cos ¢ _sing¢
sl e
: 1 1
Therefore by equation (9), l’=-a,oos 3’ m,:—m.
- @ ¥ v
Thepoleofthehneaoos¢+ o 1, is
x=— Lisgolt when 2 62—1
T oosg’ YT T smg’ it R e
The equation of any normal to the curve
d o
BT @ (e
. ab by
(@—F)cosa (@—b)sina @G’
or ML T T
acosa bsina :
WhiCh i & Y = - 1 = —
- becomes o ¢+bsin 3 1, on putting a = — ¢,
i by +myy = 1.
Hence, ete.

6. See Art. 414, Ex. 1, equation (2).
The centre of the curve is given by
@ =8)y+ 8% =0, and (- )z a%h =0,

Also (i)t + b)Y = (-t [Art. 427
Eliminating 4 and %, we have ) + (%’)* 7
7. If the circle of curvature at the point “ ¢ ” passes

through the given point i 2
3 . point (z;, u,), the equation of Art. 423
SIVES, In general, six values of .
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If a,, a,, as, o, as be five consecutive points on the
curve, then the circle of curvature at a, passes through
a,, ag and e, ; that at a, goes through a,, ay, ¢;; hence three
consecutive circles of curvature, viz. those at a,, a; and a,,
go through a,; and these three cincles ultimately coincide
with the circle of curvature at a; and so only count as one.

8. See Art. 424.
The normals at the points
}(27r-¢), 1(4r—¢), 3 (67— ¢) and 7+¢

meet in a point, since the sum of these angles = b,
[Art. 413.]

Since the eccentric angles of these points differ by 2—; :

the equation of a chord joining any pair is of the form

2zcosf 2ysiné
+
a b
Then see Ex. xuvi, 10.

=1,

9. Putting a®=5*in the equation of Art. 423, Cor. 3,
we obtain

zx’ 2 2y’3 2 (xfa+y'2)3
(-2) + o+ ) =3

which reduces to the given equation.

10. TIf the tangent at £ and the chord of curvature are
inclined at ¢ and ¢’ to the axis of @ ; then, since they are
equally inclined to the line z =y, we have

p+¢=m+2] (See Art. T2) =§.2.,

.. tan ¢'=tan (%E —¢) =+ cobp=—2.
Therefore the equation to the chord of curvature is

y_%’:—t’(m—ct), or ty+tx=c(l +1¢).
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The equation of the circle of curvature is
(%4-3/(—20) {ty + Px—ec(1+8)} + A (ay—¢*) =0,

where A==(1+2%.
Hence the circle of curvature is

(a:’+y’)8"—xc(%+3t’ —cy (3t +1°) — 32 = 0,

148324 __ 84+
y 2y=—t—'.

so that 2Z=c
The lines xk + yh = 2¢% and af + yt =c¢(1 + £%) are

)

SEgby = ok ik i 9
identical if e
ey hk  4e?
..k—ﬁh,&d—tr-(l-*-t‘)s,
; h® 4c°h}
.- Mp—m.

Therefore the equation of the required locus is
(=* + ¥*)* = 4c’xy, or in polar coordinates, 7= 20%sin 26,

11. Tet P be the point £ Then @ is the point -213

(Ex. xxxvir, 14), and therefore R is the point l

ts
Therefore the equation to PR is
' c

x—-ct y—f

= ’

1 ¢
6;—0‘ cﬁ—z

or fz+ty=e(l +¢), and this, by the last exanple, is the
chord of curvature at 2. '

e Iy (L § 0%

A,galn Q—C{(t‘l‘t—a) +<E+ )} =C<‘9+t"§) ’
ki 2p=2 5L by Art, 493, Cor. 3
P a’ ) ’\

¥
¢ t’+l

28
2

(since a?=2¢%) =PQ.
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12. The inclination 8 of the axis of the curve to the
axis of  is given by
2h

tan 20 = —.. [Art. 349.]
a—b
Let the inclination of the chord of curvature be 6, ;

since it and the tangent at the origin, viz. the axis of z,
are equally inclined to the axis of the curve, .. 6, = 26.

9
Therefore the chord of curvature is y = x tan 6, = (:an—,
6. 2ha— (a—b)y= 0, and the circle of curvature is
y[2hx—(a - b) y] + A [aa? + 2hay + by? — 2y] =0.
Since this is a cirele, .". A =—1, ete.
13. For the pole of i—:cos a+ Z sin a =1, with regard
o ¥ i s
0 —= T a*—b* [xrvi, Ex. 2], is given by
z - 272 008 a Y T sina_
cos’a i i g gt~ ~ (@2 b’

and this, by Art. 423, is the centre of curvature of the
first curve corresponding to the point a.

2
14. The conic (5 +yt— 2) +(ay — %) =0 (Art. 429)
is a parabola if A\=—4. Hence, etec.
The equation of the directrix is (Art. 390)
228 + 2yt =c (1 + &%),
which is perpendicular to & — y#2=0 and passes through

% oy
(2’ 2t/)

15. The conic *
(a:—ty+at'-’){y—2at+m(x—at2)}+A(y"‘-—4a,x)=0

pusses through (0, 0) if m =~ >, and is a parabola if
(mé—1)*=4m (A -1¢).
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Wherice x=-g-.

Substitute for m and A, etc.

16. The conic (z—ty+at®)*+ A(y*—4ax)=0, is a
rectangular hyperbola if A+ 1+¢2=0.

Substitute for A, ete.

The centre is given by
e—ty+a(3+3%)=0, .....cccunn.n. (i)
and 4+ Yy +af=0. ..ccrerireciacasannn. (ii)
Multiply (i) by ¢ and (ii) by 3, and subtract ;
S Py+2(@—a)+ 3y =0. ..iilvanenns (iii)

Eliminating # between (i) and (iii) ;
ot (e=Ta)+ {3+ 2 (2 + 2a) (z - a)} {y* + 6a(z—a)} =0,
which reduces to {3* + (#—a)*} {3* + 4a (x + 2a)} =0.

The required locus is therefore 3* + 4a (z+ 2a)=0.

17. The conic
(xcos @ +ysinf—a)®+ A (2 +y*— a*)=0
is a rectangular hyperbola if 2A + 1=0.
Hence, substituting, we obtain
@* cos 20+ 2ay sin 20 — 3 cos 20 — 4ax cos § —4ay sin 6 +3a*=0,
The centre is given by
@ cos 20 +y sin 20 = %2a cos 0, and « sin 26 — y cos 260 = 2a sin 6.

Square and add ; .. 2*+ 2 =4d’
18. The conic
2 z ; 2
A(;a'i'%:—l) +(5008¢+%81n¢—1) =0

is a rectangular hyperbola if
A(a?+0%) + b cos® p +a’sin’ = 0.
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me}x:e substituting for A, the equations for the centre

i cos ¢ .
a2+620082¢+ absm2¢—7’ ......... (1)
Y
and ~ L o8 2¢ + _3 sin 2¢ = suz ¢, ,,,,,, (ii)
These give x2+y2cos2¢-—x°°s¢ ?/8"14’
+ b2 p= i e (1]1)
d 2+t _ycos¢ xsin )
o Dah 2¢ = == 3 ¢ ...... (iv)
On division, these give
cos 2¢ 2
A+ (byc°3¢+awsm¢)-sm qs(b:ccosqS —ay sin ¢).

. ay[@*sin ¢ sin 2¢ + % cos & cos 2¢ + b* cos ¢ |
=bax[a®sin ¢ — & sin ¢ cos 2 + B* sirr'2¢ cos ¢ .
. ay cos ¢ = basin ¢.
On substituting in (iii) and (iv), we have
@ + @ x’ + Y

cosd:—;, and — basmqb_g .. efe,

a? + b?
—
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ENVELOPES

430. Consider any point P on a circle whose centre
is O and whose radius is @. The straight line through 7
at right angles to OF is a tangent to the circle at P.
Conversely, if through O we draw any straight line OF of
length @, and if through the end P we draw a straight
line perpendicular to OPF, this latter straight line touches,
or envelﬂpes, a circle of radius @ and centre 0, and this
circle is said to be the envelope of the straight lines drawn
in this manner.

Again, if § be the focus of a parabola, and PY be the
tangent at any point P of it meeting the tangent at the

vertex in the point ¥, then we know (Art. 211, &) that
SYPis a right angle. Conversely, if S be joined to any
point ¥ on a given line, and a straight line be drawn
through ¥ perpendicular to S'F, this line, so drawn, always
touches, or envelopes, a parabola whose focus is § and such
that the given line is the tangent at its verfex.

431. Envelope. Def. The curve which is touched
by each of a series of lines, which are all drawn to satisfy
some given condition, is called the Envelope of these
lines.

Asg an example, consider the series of straight lines
which are drawn so that each of them cuts off from a pair
of fixed straight lines a triangle of constant area.

We know (Art. 330) that any tangent to a hyperbola
always cuts off a triangle of constant area from its asymp-
totes.

Conversely, we conclude that, if a variable straight line
cut off a constant area from two given straight lines, it
always touches a hyperbola whose asymptotes are the two
given straight lines, i.e. that its envelope is a hyperbola.
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432. If the equation to any curve involve a variable
parameter, wn the first degree only, the curve always passes
through a fized point or povnis.

For if A be the variable parameter, the equation to the
curve can he written in the form S+ A8 =0, and this
equation is always satisfied by the points which satisfy
8§=0 and S"=0, i.e. the curve always passes through the
point, or points, of intersection of §'=0 and §" = 0 [compare
Art. 97].

433, Curve touched by a variable straight line whose
equation involves, in the second degree, a variable parameter.
As an example, let us find the envelope of the straight
lines given by the equation
mE—my + =0 0iieiiniinnns (1),

where m is a quantity which, by its variation, gives the
series of straight lines.

If (1) pass through the fixed point (A, k), we have
mh—mk+a=0......... cruei (2).

This is an equation giving the values of m correspond-
ing to the straight lines of the series which pass through
the point (A, k). There can therefore be drawn two
straight lines from (%, k&) to touch the required envelope.

As (h, k) moves nearer and nearer to the required
envelope these two tangents approach more and more
nearly to coincidence, until, when (%, %) is taken on the
envelope, the two tangents coincide.

Conversely, if the two tangents given by (2) coincide,
the point (%, &) lies on the envelope.

Now the roots of (2) are equal if %*= dah,

so that the locus of (&, %), i.e. the required envelope, is the
parabola ¥® = 4az.
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Hence, more simply, the envelope of the straight line (1)
is the curve whose equation is obtained by writing down
the condition that the equation (1), considered as a quad-
ratic equation in m, may have equal roots.

By writing (1) in the form
[
Y =mx -+ ;}‘i’ )
it is clear that it always touches the parabola »* = 4ax.

In the next article we shall apply this method to the
general case,

434. 7o find the envelope of a straight line whose
equation involves, in the second degree, o variable parameter.

The equation to the straight line is of the form
NP LI Bl vvessseanins (1),

where A is a variable parameter and P, ¢, and R are
expressions of the first degree in « and .

Equation (1) may be looked upon as an equation
giving the two values of A corresponding to any given
point 7',

Through this given point two straight lines to touch the
required envelope may therefore be drawn,

If the point 7" be taken on the required envelope, the
two tangents that can be drawn from it coalesce into the
one tangent at 7' to the envelope,

Conversely, if the two straight lines given hy (1)
coincide, the resulting condition will give us the equation
to the envelope.
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But the condition that (1) shall have equal roots is
Qr=d PR .. s (2).

This is therefore the equation to the required envelope.

Since P, ¢, and R are all expressions of the first degree,
the equation (2) is, in general, an equation of the second
degree, and hence, in general, represents a conic section.

The envelope of any straight line, whose equation
contains an arbitrary parameter and square thereof, is
therefore always a conie.

435. The method of the previous article holds even if
P, ¢, and £ be not necessarily linear expressions. It
follows that the envelope of any family of curves, whose
equation contains a variable parameter A, in the second
degree, is found by writing down the condition that the
equation, considered as an equation in A, may have equal
roots.

436. Bx. 1. Find the envelope of the straight line which cuts off
from two given straight lines a triangle of constant area.

Let the given straight lines be taken as the axes of eoordinates and
let them be inclined at an angle w,

The equation to a straight line cutting off intercepts f and ¢ from
the axes is

1 the area of the triangle cut off be constant, we have
3f.g.s8in w=const.,
i.e. Jo=eonst. =K .. ..o (2).

On substitution for g in (1), the equation to the straight line
becomes iy —fK* 4 K2 =0.
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By the last artiele, the envelope of this line, for different values of
f, is given by the equation
(- K%=4. Klzy,
i.8 Y =I—f—2
L. i-

The result is therefore a hyperbola whose asymptotes coineide with
the axes of coordinates.

Bx. 2. Find the envelope of the straight line which is such that
the product of the perpendiculars drawn to it from two fized points is
constant.

Take the middle point of the line joining the two fixed points as
the origin, the line joining them as the axis of », and let the two
points be (d, 0) and (- d, 0).

Let the variable straight line have as equation

Y =mz + .
The condition then gives

md+¢ —md+e
,;?_f +m? X N 1+ m?

go that ¢?—m2d?= 4 (1+m?).
The equation to the variable straight line is then

=constant=4,

y —_Mr== J {m
Or, on squaring,
m? (2% — 4 — d*) - 2mzy + (y* — 4) =0.
By Art, 435, the envelope of this is
(2wy)P=4 (2* - A - d@®) (y* - 4),
22 y?
Ir@t A"
This is a conie gection whose axes are the axes of coordinates and
whose foci are the two given points,

1.8, 1.

Bx. 3. Find the envelope of chords of an ellipse the tangents at the
end of which intersect at right angles.

z
Let the ellipse be ;iz +f=1
If the tangents intersect at right angles, their point of intersection
P must lie on the director eirele, and hence its ecordinates must be of

the form (¢ cos 6, ¢ sin 6), where ¢=,/a®+ b%
The chord is then the polar of P with respect to the ellipse, and
hence its equation is

z.ceoef  y.ceind 1
P T
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Let t=tan E . Then since

2
a
& g
cnsﬂ—-l i 2 1 and sinf= o
- = ] =3, 2
14 ag 14¢2 1+t

the equation to the line is
e 1—-1‘,_5’+cy 2t
a1+ PPl
" —, , X ey L A
1. &, 12L1+a§ -*Etb-z-l- (I_E)—'ﬂ.
The envelope of this is (Art, 434),

2cy\® ca or
(—T:f =4(1+a-z) (1‘@)*
a6 i\ yfed
._;1.'4_..]. b'i =1’

) 22 2
1.6, o+ ?:_4

1.e.

=1,

at
ai+0? a4l

ad Iy

PEEWE T
confocal with the given one.

Sinece

a®—1?, this equation represents a conic

Ex. 4. The normals at four points of an ellipse meet in a point ;
if the line joining ene pair of these points pass through a fived point,
prove that the line joining the other pair envelopes a parabola which
touches the axes.

Let the equation to the ellipse be

2 oyl

T (1),
and let the equation to the two pairs of lines through the points be
e+my=1 .. ieirnne{2),
and LB Y=L s (3).
By Art. 412, Cor. (1), we then have
1 1
= -5 and mm,= s R UPRE (4).

If the straight line (3) pass through the fixed point (f, g), we have

so that, by (4), L9y

and therefore
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If this value of I be substituted in (2), it becomes
mPa®bPy + m(agy — b¥fe — a®®) — aly =0,
the envelope of which is
(@®gy — bfx — a?b?)2 = — da’y . a*b?y,
i, (agy — b3fz)®+ 2a%b? bz + alyy) +a*hi=0 ........... (5).

This is a parabola sinee the terms of the second degree form a
perfect square. Also, putting in succession x and y equal to zero, we
get perfect squares, so that the parabola touches both axes.

437. To find the enwelope of the straight line
R = R (1),

where the quantities I, m, and n are connected by the
relalion

al® + bm? + en® + 2fmn + 2gnl + 2hlm=0......(2).

: . . . l
[Equation (1) contains two independent parameters =
and ?:—;, whilst (2) is an equation connecting them. We

& i,
could therefore solve (2) to give - in terms of %!r ; on sub-

stituting in (1) we should then have an equation containing
one independent parameter and its envelope could then be
found.

Tt is easier, however, to proceed as follows.]

Eliminating » between (1) and (2), we see that the
equation to the straight line may be written in the form

al® + bm® + ¢ (I + my)* — 2 (fm + gl) (le + my) + 2hlm = 0,
; EN? I
8. (a6 — 2g2 + ca) (a) +2(ca:y——gy-fm+h)ﬁ
+ (6 —2fy + ey®) = 0.
The envelope of this is, by Art. 435,
(cay — gy —fic + h)* = (0 — 2ga + ex®) (b — 2 fy + eyf°),
i.e., on reduction,

a* (be = f?) + y* (ca— g°) + 2wy (fg —ch)
+ 9 (fh — bg) + 2y (gh — af ) + ab — k2 = 0.
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The envelope is therefore a conic section.
Cor. The envelope is a parabola if

(fg — ch)* = (bo = f7) (ca — g°),
t.e. if ¢e=0, or if abe+ 2fgh —af*—by® —ch*=0.

438. Bx. Iind the envelope of all chords of the parabola y*=4ax
which subtend a given angle a at the vertex.

Any straight line is

let+my+n=0.......ccceeeiiiiiinnn (L)
The lines joining the origin to its interseetions with the parabola
are, (by Art. 122), ny*= — dax (lx+my),
i.e. ny? -+ da may + 4ulx? =0,

1f o be the angle between these lines, we have
H,\f’ mﬁ—_ﬁm
n+4al '
i.e. 16a*? — 16a® cot® am® + n? + Baln (1 + 2 cot? a) =0,
With this condition the envelope of (1) ig, by the last article,
32( - 16a? cot? o) + 92 [16a2 — (4a + Ba cot? a)?]
+ 22 . 16a® cot® a (4a + 8a cot® a) — 2560t cot? =0,

tana=

i.e. the ellipse
[z —4a(l+2cot?a)P+4 cosec® a. y? =64 cot?a . cosec? a.

Find the envelope of the straight line E - ¥ _1 when

B
1. aa+bf=ec. 2. a+B+afat+fl=c.
B2 g2
3 H+E.z:"-1

Find the envelope of a straight line which moves so that

4, the sum of the intercepts made by it on two given siraight
lines is constant.

5. the sum of the squares of the perpendiculars drawn to it from
two given points is constant.

6. the difference of these squares is constant.

7. Find the envelope of the straight line whose equation is
ax cos @ 4 by sin §=c2,
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8. Circles are deseribed touching each of two given straight lines;
prove that the polars of a given point with respect to these eircles all
touch a parabola.

Q, From any point P on a parabola perpendiculars PM and PN
are drawn to the axis and tangent at the vertex; prove that the
envelope of MN is another parabola.

10. Shew that the envelope of the chord which is common to the
parabola y*=4ax and its circle of curvature is the parabola

y?+12ax=0.

11, Perpendieulars are drawn to the tangents to the parabola
y?=4ax at the points where they meet the straight line z=4; prove
that they envelope another parabola having the game focus.

12, A variable tangent to a given parabola cuts a fixed tangent in
the point 4; prove that the envelope of the straight line through 4
perpendicular to the variable tangent is another parabola.

13. Shew that the envelope of chords of a parabola the tangents
at the ends of which meet at a constant angle ig, in general an ellipse.

14, A given parabola slides between two axes at right angles;
prove that the envelope of its latus rectum is a fixed cirele.

15, Prove that the envelope of chords of an ellipse which subtend
a right angle at its centre is a concentrie gircle.

16. If the lines joining any point P on an ellipse to the foci meet
the curve again in ¢ and R, prove that the envelope of the line QR is
the concentric and eoaxal ellipse

2 (e
@t B (1—-—@3) .

17. Prove that the envelope of chords of the rectangular hyperbola
xy =a* which subtend a constant angle a at the point (x’, ') on the
curve, is the hyperbola

222" 4%y =2a%ry (1 4 2 cot® a) — 4a® cosec® a.

18. Chords of a conic are drawn sublending a right angle at a
fixed point 0. Prove that their envelope is a conie whose focus is O
and whose directrix is the polar of 0 with respect to the original conie.

19. BShew that the envelope of the polars of a fixed point O with
respect to a system of confocal conies, whose centre is C, 15 a parabola
having C0 as directrix.

90. A given straight line meets one of a system of confocal conies
in P and , and RS iz the line joining the feet of the other two
normals drawn from the point of intersection of the normals at P and
@ ; prove that the envelope of RS is a parabola touching the axes.

707
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21, ABCD is a rectangular sheet of paper, and it is folded over so
that € lies on the side AB; prove that the envelope of the erease so
formed is a parabola, whose focus is the initial position of C.

09. A cirele, whose centre is A, is traced on a sheet of paper and

any point B is taken on the paper. If the paper be folded so that the
eircumference of the eircle passes through B, prove that the envelope
of the erease go formed is a conic whose foei are 4 and B.

93, In the conic %: 1-e¢cosd find the envelope of chords which
subtend a constant angle 2a at the focus.

04, Circles are deseribed on ehords of the parabola y*=4ax, which
are parallel to the straight line Iz +my =0, as diamefers; prove fhat
they envelope the parabola

(ly + 2ma)? =4a (I*+m?) (z+ a).

925. Prove that the envelope of the polar of any %) int on the cirele
(+a)2+ (y + b)*=k* with respect to the circle z*+ y*=¢" is the conie

k2 (w0 +y?) = (ax + by + ¥
26. Chords of the conic %=1 —ecos f are drawn passing through

the origin and on these circles as diameters circles are described.
Shew that the envelope of these circles is the two circles

E G--i-sms E')=1=1=a.
Ay

F

1. (by-ax-c)i=4dacx. 2. ad -{-y2—c(m+y}+{g=ﬂ.
mﬂ yﬂ
3 pt =L 4. A parabola touching each of the two lines.

5. A cenfral conie. 6. A parabola. 7. a4+ 0%yt=ed
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19. The line joining the foei is a particular ease of the confoeals and
the polar of O with respect to it is the major axis; the minor
axig 18 another particular ease, so that two of the polars are lines
through ¢ at right angles; also the tangents at O to the con-
focals through it are two of the polars, and these are at right
angles. Thus both ¢ and O are on the directrix.

21. The erease is clearly the line bisecting at right angles the line
joining the initial position of € to the position which € ocoupies
when the paper is folded.

leosa
3. — =1-¢cosacoséd,

SOLUTIONS/HINTS

1. Eliminating f3, the equation to the straight line is
ae’—a(ax—by +c) +ex=0;
therefore the required envelope is (ax —by + c)*= daca.

2. Since (a+f-c)’=a?+f .. a (28 —2¢c)=2¢B ¢
Eliminating a from the equation to the straight line it

becomes 282 (x —c) + B (20y — 2z + ¢?) — %y = 0 - ;
the required envelope is ¥ ) =<’y =0; therefore

(2cy — 2cz + ¢*)? + 8y (. —¢)c*=0,

5 ”2+?f‘°(x+y)+§=o.
i X ¥ b
3. The relation between a, B is satisfied if as——g

and B = _% . The equation to the straight line is then
sin 0
Ecose+gsin€= 1,

b
: e
which is always a tangent to the ellipse mta= L.



