Chapter 9. Sequences and Series

Question-1

Write the first 5 terms of each of the following sequences:
(i) an = (-1 5™
(ii) an = " +3)
4
(iii)ap=-11n+10

H — 1
(iv) ap = ::2

(v) an = @

. 2
(vi) an =r3'—,.,
Solution:
)] an = [-1 }IH gh+1
ar = (-1)%5% = 52
ap=(-1)! 5°= -5
as=(-1)%6%= 5%
as=(-1°5°=-5
as = (-1)*6% = 5°
. z



P
oy 2229 20
as = 3(9;5) _ %
ay= We+3)- 91
as = 5(25; 5) =?
(li)an=-11n+10
a;=-11+10=-1

a,=-22+10=-12
az=-33+10=-23
as=-44+10=-34
as=-55+ 10 = -45
(iV)ap= 2= =2

1+2
2= 311 = 2
as= 212 = 5
(v) ap = 1=C2F
a; = 1-[3-1 = %
ap = 1-[;1)2 =




Question-2

Find the first terms of the following sequences whose n'"term is
(i)@n = 2+_; as, ay

(i) ap = cus[?]; ayg, as

(iii) ap = B+1P s a7 ag

(iv) an = (-1)™' 2™7; a5 ag

Solution:
(i)an=2+%
- 1
’u:'l5—2-|'E
= E"
5 r
- 1
37—2{'?
_ 13
E2
- — | .
(i) ap = cos[?],
as= c:os[‘;—“] =cos2m=1

_ om| T _ o
a5—cos[7]— CcOos [sz] =cos 2 =0

(iii) an = £e2f
n
= [7+1P
d7 £
_ 64 .
T:

a1n = Go+1F
10 T

- 1z1

ia
(iv) an = (-1)™1 21
as= (1)* 25"
=926
= 64,
ag = (_1 :IT 28+1
=.29
=-512



Question-3

Find the first 6 terms of the sequence whose general term is

ap = {n2-1if n is odd "2;1 if n is even)

Solution:
a;=12-1=0
— 2241 = 5
EIQ ar E
az=32-1=8
da - 5
as=52-1=24
2 27
= 6#+1 = il
dp - >
Question-4

Write the first five terms of the sequence given by
(I) aj=az=2,ap,=an1-1,n=2

{II) ay=1,a=2,a,=ap.q + ap.g, N>2
(iii)a;=1,a,=nap,n22

(iv)a; =az= 1, ap = 2apy + 3ap.2, N>2

Solution:

(JPutn=3 waz=ap;-1=2-1=1
N=4 was=a3-1=1-1=0
Nn=5=as=as—1=0-1=-1

() Putn=3=a3=ay+a;=2+1=3
N=4wag=az+a;=3+2=5
N=5=as=a4+83=5+3=8

(i)Putn=2wa;=2a;=21=2
N=3=a3;=3a,=32=6
N=4=a,=4a3=46=24
N=5b=as=5a,=524=120

(iv) Putn=3 = a3=2a;+3a;=2(1)+3(1)=5
n=4-a4:2a3+3a2:2{5}+3(1)=13
n=5 = as=2a,+3a;=2(13) + 3(5) = 41



Question-5

Find the n' partial sum of the series "gl o

gl'l

Solution:
&

Sn:%+§-+3%+ -
Sn+1—%+3i2+__ .+—+3n1‘1
Sp+1 =Sp + En%

Question-6

Find the sum of first n terms of the series EI 5N

Solution:
-EJ B"=5+52+5%+  _+5"+
Sp=5+5%2+563+ 45"
Sney=5+52+ 53+ 450450
= 5, + 5n+1
Alsospsy=5+52+5%+ +504+ 50
=5[1+5+5%+. . +5"]
= 5[1 + 5]
s,+5™ =5+55,
4s, = 5"1.5



Question-7

Find the sum of 101" term to 200'" term of the series “gl zl,.

Solution:
= 1
n§1 2"
To find Sao00 — S1oo
. 1 1
To find Sagg- S2gg = % +21-+21- oo +21}ﬂ'
_ 1 1 1 1 1
5201_E+2_2+2_3+ __________ +22W+22T
1
= Sa00 + ZoT
1 1 1
also ng=§+;-+21-+ +;§m+;ﬁ

2S200 + zzmw =1+ Sa00
S200 = 1- 70w

Similarly Sygg = 1- 21%

1 1
Hence Szpp — S1go = [1- T':W] - [1‘ ﬁ]

_ I B
21007 IO

Question-8
Find five arithmetic means between 1 and 19.
Solution:

Let 1, X1, X3, X3, Xa, X5, 19 be in A.P.
Let d be the common difference

19=1+(n-1)d
19=1+6d
~d=3
SX;=1+3=4
Xo=4+3=7
K3=T+3=1D
Xg=10+3=13
Xs=13+3=16

The arithmetic means are 4,7,10,13, 16.



Question-9

Find six arithmetic mean between 3 and 17.

Solution:

Let 3, %4, X2, X3, X4, X5, X5, 17 be in AP
Then 17 =3 + (n-1)d

17=3+7d

14=Td

d=2

¥x7=3+2=5

Xo=5b+2=7

H3=T+2=g

¥2=9+2=11

X5=11+2=13

Xg=13+2=15

The arithmetic means are 5,7,9,11,13, 15.

Question-10

Find the single A.M. between
()7and 13

(i) 5and -3

(i) (p+q)and (p- q)

Solution:
(i) A.M. between 7 and 13 = 2222 = 10

2

(ii) A.M. between 5 and -3 = ? =1
(iii) A.M. between (p + g) and (p — q) = =222 =p




Question-11

If b is the G.M. of aand c and x is the AM of aand b and y is the AM of b

and c, prove that 2+< = 2.
® ¥

Solution:

b=GM.ofaandc === =b......... ...
x=AM. ofaandb = x = ";"

y=AM. betweenbandc =y=22°

2
To prove that 2+2=2
x ¥

From(1)b?=ac =c= %

(1)
(2)
3)

The first and second terms of H.P are }and } respectively, find the gth

2+i - 2 + 2
» '] 5+ b b+
2:'2
- 2 4, &
B+ b h+;
a
_ 2a Zbb
B i+ b * Efa#Ei
- 28 4 %
a+ b a+b
- 2|:n+b)
B+ B
=2
Question-12
term.
Solution:
1 1 1
Let the H.P are e (e RS TI
1 _ 1 —
;=3=a=3
1 — 1 - - -
il =65=a+dd=2
oM term= L= L =2



Question-13

-

+C
b -

"
M

If a, b, c are in H.P., prove that ::: +

Ly

Solution:
Ifa,b,carein H.P thenb = 2

b 2c

b=-¢ D= @=C T R
Adding (1) and (2)

b+l+ht|'_ 3c+a+3a+-:

"b-a b=-c c=a a=c
= Jc+a _ Ja+c
c=a c=a
— 3c+a-3a-c
- c-4&
- 2= Za
c=-4&
=2
Hence 2*2 + 2*< =2,
b= b=t
Question-14

The difference between two positive numbers is 18, and 4 times their G.M.
is equal to 5 times their H.M. find the numbers.

Solution:
Let the two numbers beaand b
b-a=18

2ab

2u'a_: Sab

a+ b
2(a+b)=5
4(a +b)? = 25ab
4(a’+b?+ 2ab) = 25ab
4a+4b? -17ab=0
4a+4(18+a)*—17a(18 +a) =0
4a? + 4(324 + 36a +a?)-306a-17a’=0
4a% + 1296 + 144a + 432 — 306a - 17a2 =0
9a2-162a+ 1296 =0
a?+18a-144=0
(a+24)(a-6)=0
a=-24(or) 6
If a=6thenbis 24
Therefore the numbers are 6 and 24.




Question-15

If the A.M. between two numbers is 1, prove that their H.M. is the square of
their G.M.

Solution:
A.M. between two numbers aand b is 1.
l;h - -I
=a+h=2
HM = (Gf\r1}2
HIM = f:: = "':—h =ab
GM = 6
(GM}II2 =ab

Hence HM = GIM?2

Question-16

If a, b, c are in A.P and a, mb, ¢ are in G.P then prove that a, m?b, c are in
H.P.

Solution:

Given

a,b,carein AP
=h=2c (1)

2
a,mb, carein G.P.

=mb=4c ..........(2)

To prove
am?b,c arein H.P.
i.e., mib= 2

A4 C

Proof
RH.S =2 = 22 from (2) and (1)

S €

=m?b = LHS

Question-17

If the pt" and g'h terms of a H.P. are q and p respectively, show that (pg)"
termis 1.

Solution:
Given
pM and q'" terms of a H.P. are q and p.

Therefore Prs ey i R T (1)

To prove
e 1 -
pgterm, 1e., gy = !

Proof



From(1)a+pd —d
From(2)a+qd —d
Subtracting (p- g)d = E'% — [ElE

~d= 2L

Pq

1 1

_ A E_E
ol -

C avlpa-1d

= pqtermis 1.

Question-18

Three number form a H.P. the sum of the numbers is 11 and the sum of the
reciprocals is one. Find the numbers.

Solution:
Let ﬁ,g,ﬁbe in H.P.

Theirsumis 2+ X+ 1 =11
a-d a

a+d

The sum of their reciprocalisa-d+a+a+d=1
3a=1

1
‘az_
2



1 1 1 11
T +1 +1 =
3 d 3 —+d
3 3
+ =
1-zd 3+1+3::| -I-I

1-3d 1+2d
31+ ad+1-3d) 3

1-9d°
6 —
1- 9d® =8
6 = 8-72d?
72d? =2
2_ 1
= o
_ 1
-d_g
1 1 1 11 1
Thenumbersare T_ T+ T+ T 1=T'T'T
3 6 3 3 6 & 3 2

The numbers are 6, 3, 2.

Question-19

Write the first four terms in the expansions of the following:

1

(1) ] where [x| >2
- 1

(i) T where |x|<2
Solution:




Question-20

Evaluate the following:

(i) 31o03correct to 4 places of decimals.

(i) gﬁ correct to 4 place

(iii) 37003 - 3997 correct to

Solution:
(1) 3aes = (1 003]% )
= (1000 +3) 5

= (1000)'2 |1+
1
= 10 +0.0033

3
1000

1
3173

_ 1
=10 [1 +5(0.003) + 124

= 10[1+0.001- c.o00001+

=10.00999
e 1 1
) BB 1,97 (125493

1

(1+0.024)- =1

-z

% [1- 0.002+ 0000128 =

s of decimals.

3 place of decimals.

S
3

(n.nna}h...]

o]

1 1
I -
=l — 3
514 EE E|i1+ 3 ]
EE 5 125
%(0.024}2

1
1-Zi0.024)+
3{ ) 1

0.1984256

(11) 3100z - 3897 = (1000 + 3)”3 -(1000 - 3) 173

1000

1
=m[1+ 3 ]a-m

=101+ U.DUS]%

10

-10

1+%(D.DDS}+—[

L6009l
1-(0.003) +220 =7
3t 1+

0.003 _(0.003F _ 440003 +|:|:|.|:|D3}2

1
__3 |3
[1 1|:u:|c|]

-10[1 -0.003]%

](0.003}2+...]

1

_1’_

3N 3

-2

1.2

I;%] (D.Dm}z...]

1

5

3 9

= 1[][1+

3 9

]

=10[0.002] = 0.02



Question-21

If x is so small show that

(|:] 11:: -1-x +§(app]

(II:I W;IE:] - 4x{app}

Solution:
1
() £ = (1%)7 (1+)- 2

2 z z z
2 2
= fpoxoX | ox L 3E
Z g 2 G
=1-x_ & _x, 2 3
2 a8 72 4 a8
2z
=1-x+ = (app.)
2
1

{ll) oo = (1 + X)_EU + 4){)_1”’2

= |:1—2x+§x2+...i| [1—%(4xj+...]
(T-2x+....00 —-2x+.......)
1-2%-2x+4x2+.... = 1-4x(app.)

Question-22

If x is so large prove that j,Z2 155- JiZ10= ; nearly.

Solution:

P2 a5 2 vg = x[1+2—25 Z'K[1+iz]

l[__l] =

1|25 20 2 25 1| 9

= i+, + + - i+ +
25 625 9 81

= — o —_—+ + .

K 2 st 2x 8><3

= E+ cEL +

= .o
1é




Question-23

1 1
If ¢ is small compared to |, show that [I;]E + [I; zZ =2 +’°:: (app)
+cC —C

Solution:
[l]%+[L]%— lc%+ 1%
S I xR S R 5]

Since c is small in comparison with | then || < 1, binomial expansion is
valid.

=2 +% approximately.
4|

Question-24

Find the 5" term in the expansion of (1 - 2x%)11/2,

Solution:

( 312 11][2 11][2][7 11][2][7][s
1-2% =1+ 1) s 2B, oee 12 E] s 2 EEE] . e
[?]': 2 R e ey e g
5t term is |7 = 113912
{2z 5

1.2.3.

=1
_hl'\.'l|'--J
ral o

Question-25

Find the (r + 1) term in the expansion of (1 - x)™.

Solution:
T[+‘| irl (] - X)_d
(1-x)%=2[1.283+234X+......c..... (r+ D +2)r+3)x+........ ]

T[-l-'] — (r+1j(r-;2](r+ 3) o



Question-26

Show that x"=1 + n[1_1]+ n(n +1)
x 1.2

Solution:

RH.S=1+nf. 1], foony -§]2+

Puty=1->
=1+ny+tosthz,
=(1-y)"

_—
=LHS

Question-27

[“;

Find the sum to infinity of the series

9,9.15 9.15.21
{|)1 Ye.16  s.16.24

(i) 1 - Seg -t
3

5.10 5.10.15

(iii) 2+ 23,237,

Solution:
9 915 91571
()LetS=1+5 816 siczd

1

IE



(iyletS=1-1, 28 247,

510 s510.15
1|4

= 1+(§I§]+@[Eﬁ+ .........

_ —3,!"2_12—3,1"2_
(-3 @2

2

Therefore S = 23/2 — 1

Question-28
Show that the coefficient of x" in the infinite series 1 +
beax braxf beaxf ig e

j L] 21 31 m!

(ii) Show that (1, 2. 2o ] = T+ (1ada 2]

(iii) Show that 2 [H““i“}z +““3!“}4 +...]= n+c.

Solution:
(i]1+i+ﬁ+£+ =eT"=eb+ax=eb.ea“=eb[1+ﬁ+ﬁ+ ...... ]
o= om 1 21

Coefficient of x" = e? . [an—?]



2
=4, Zra?oz
4
- d+efie iz
4
= Zie?y2
—
=R.H.S
(i) LH.S = z[uung!n;.z RE +]
Putlogn=y

2[1+{Ingn)2 _|_i,[I-:u;|r|)4 +] _ E[EY +e_3']

2| 4! 2
= .el.'l'r + E-:"'r
= elogn 4 o-logn
= e logn+ g logi/n
=N + %
Question-29
Show thatloga—logb = 2>+ %[a-h]2+§[a-h]3+ ..........
Solution:

a

RH.S = 2+ {2zt al(zzeys

Puty = a;b
y+ 2+ =-log (1 -Yy)
= _ I'E)g [1_a;b]
--los(}
-og (3
=loga-loghb

=LH.S



Question-30

3
Prove that log "*1=_2n l[ 2"] .............
95 n2+1+3 ne +1 *
Solution:
3
- 20 ,1f 2n
R.H.S m+§[m] Fucoorsrnnn
2n _
Put <Y
3 3 1 1+vy
y + v?+v? —Elrag [1_?]
142"
= %IDQ 1_n22:1
-
_ 1 ne +1+2n
- Elog [nz +1—2n]
=1 n+ =
= Zlog [ni]
= log (222]
=LH.S
Question-31

- - - = - 1 1 1 1 1
Find the sum to infinity the series —+2 s T g T

Solution:
1 1 1 +1 1
x=-1 3 (x—l)g =] |:><—:L:|5
— 1
Puty —
1+1i+1i+ =1ID 1y
T3S 21009\,




Question-32

If x is so small show that

(i) 4=

1+x

(i) e =1 - 4x(@pp.)

2
-1-x +XT(app)

Solution:

(i) £ = (157 (14%)- 2

Question-33

If x is so large prove that {2 155~ /\Z10= E nearly.

Solution:
1
24257 fid 4o -K[1+—} 1[ ]2
2] jes Hal B
_ Z5 i 19| 2|9
oot L o)
&25 g1
_}(+ $+...—x—§+§+...
= ES EJ,
_2X 8X3

= = = Zapproximately



Question-34

1 1
If ¢ is small compared to |, show that [% 7 + L]E =2 +:‘2 (app)
+c

I-c

Solution:
I %+ %- 1+ 1
SN

Since c is small in comparison with | then || < 1, binomial expansion is
valid.

S B i |

_ o« 3:2 c 3c
—+ — a1t — 4.

2 g 2 g2

=2 +% approximately.
E

Question-35

Find the 5" term in the expansion of (1 - 2x3)1V/2.
Solution:
11| 2 1127 11|27 ||
(1 - 2}(3:}1”2 =1+ [H](-zﬁ;. +HH(-2X3}2 +HHH(-2X3}3+HH.HH(-2X3J4
2 1.2 1.2.3 12,34
1112175
5N termis [Z|[5]|z] i = X1
1.2.3.4
Question-36
Find the (r + 1) term in the expansion of (1 - x)™.
Solution:
Tr+‘| Hﬂl (] - }(}_4
(1x)%=2[1.23+234x+. ... (r+1)(r+2)(r+3)x+......... ]

Tr+1 - [r+1)(r-;2](r+3) o



Question-37

Show that x"=1 + n[l_ﬂ,, nl 1) [1—%]Z+ .....
Solution:
RH.S=1+n[ 1], %20f _i]2+

1.z #

Puty=1-2
=14ny+iotlz,

=(1-y)"

Question-38

Find the sum to infinity of the series

(IJ 'I+E+ 9.13 " 9.15.21 .
§.16 8§.16.24

1.4.7

(“) 1- E 5.10 _5.111.15 *
3,35, 357

(“I 3 2 4.3.12+

Solution:

9,915, 9.15.21
() LetS=1+8 316 B8i6.24



ijLets =1-1, Lt Loz,

5 510 510,15

1]
| e |
| oo
o =

]
ol L
[——

(ili) Let S = 24 23, 257
S+1-= 1+§+E+ f.las:li?z
aYs
AR
e O
S+1=2%2

Therefore S = 23/2 — 1

Question-39
(i) Show that the coefficient of x" in the infinite series 1 +
brax braxf beaxP | is e0a"

1! 21 31 n!

(i) Showthat (1.2 o 2] = T4 (1 da Zun]

(iii) Show that 2 ll+“"9'z":'2 +“°3!“:'4 +...]= n+c.

Solution:

1+ 2,22,¢%, =eY=eb+aK=eb,e*’“=eb[1+%+(a’?2+
1! L

o 2!

il

Coefficient of x" = eb | [f]

2

() LHS = (1250 2. = [‘”E_l]z

------ |



= 4,2 +2 -2
4
- d+efie i3
]
= el ez
4
=R.H.S
(iii) LH.S = 2[1+{|u;1}2  oor? +]
Putlogn=y
2[1_'_“':1;1)2 _I_{Iuil!'u]l"" +] _ E[EYZE‘Y]
= E'J'r + E'?
_ EI::n;]n + e—lngn
_ E|Dgﬂ1-e|ﬂg1fﬂ
= + %
Question-40
Show thatloga - logb = 22+ %[a;b]2+§ [a;h]3+ ..........
Solution:

RH.S = 222+ L (b (2t

a

Puty = 22"
y+ 244 =-log (1 -y)
= -|0g [1_a—al:-]
--togl}
-1og 3
=loga-loghb

=LHS



Question-41

3
Prove that log 2*1=_2n +1[ zn ] PR

Solution:
3
— 1 2n
R.H.S = ;21““5[;2:] T
2an _
Put 5
y+ L+L = Zlog [iji]
14 Zn
_ 1 e
= 5log [1_ 2:1}
n2+1
_ 1 e +1+2n
= 3109 [m]
- 1109 (22
- log (22
=L.H.S
Question-42
Find the sum to infinity the series ~_+: = 1”3 . = 1”5 S ST
Solution:
1 11 i1
w1l 3 (k-1 *3 fe—1F *
Puty= 2
x=1
1 i 1 i 1 - 1 1+wy
Yt Et = Elog[ﬁ]
1+ 2
- 1 =
- 5'09[1—_‘1"“}
1-x
_ 1-=+1
B %Iog[l—x—l]
= Zlog(%]
_ 1 e+ 2
= EImg[ . ]



