Chapter 7

APPLICATIONS
OF THE DEFINITE INTEGRAL

§ 7.1. Computing the Limits of Sums with
the Aid of Definite Integrals

It is often necessary to compule the limit of a sum when the
number of summands increases unlimitedly. In some cases such li-
mits can be found with the aid of the definite integral if it is pos-

sible to transform the given sum into an integral sum.
. . . . 1 2 n .
For instance, considering the points T ey 83 points of
division of the interval [0, 1] into n equal parts of length Ax= %,
for each continuous function f(x), we have

i 4 [1(5)+ <;>+..-+f<%>]=s;w

7.1.1. Compute

lim 7“ sm——}-sm2—ﬂ +sm l)n] .
Solution. The numbers in brackets represent the values of the
function f(x) =sinx at the points
&, 2n | . _(n—Dmn

X, = Xg=—, ... Xpoq =
1 n’ 2 ’ ’ n—1 n

n ’

subdividing the interval [0, n] into n equal parts of length Ax==

Therefore, if we add the summand sin'—lnf=0 to our sum, the lat-

ter will be the integral sum for the function f(x)=sinx on the
interval [0, =m].

By definition, the limit of such an integral sum asn — oo is the
definite integral of the function f(x)=sinx from 0 to m:

lim%(sin%+sin:2nﬂ+,__+51n l)n—l—sn )

n- o

n
. U
=Ssmxdx=—cosx|0 = 2.
b
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7.1.2. Compute the limit

: 1 1 1
l prmm—— e DY ]
aa (V4n2—| +V4n2—22 + +V4n2—n2>'
Solution. Transform the sum in parentheses in the following way:

| 1 1
-+ oo e —— ==
Viani—1 ' Van2—22 - +l/4n2—n2
1

1 1 1
Sy I E— ——————>
n s 1 2 \2 n\2]j.
Ve Ve e
The obtained sum is the integral sum for the function f(x) =

———L_ on the interval [0, 1] subdivided into n equal parts.

X2
The limit of this sum as n— oo is equal to the definite integral
of this function from 0 to I:

oo+

. | 1 1
nlimw <V4n2—1 T ] Tt V4n2—n2) o

7.1.3. Compute

i 31wy oV oV it 4V )

Solution. Transform the given expression in the following way:
3 n n n
7[1_!_ l/n—|—3+ ]/n+6+ ceet ]/n+3(n—-l)] =
3 1 1 1 1
= +‘/ + 1/ +- --—I-‘/——:—
H[VI—I—O 1+% 1+% 1+3(nn Dl

The obtained sum is the integral sum for the function f(x)=
= V IL on the interval [0, 3]; therefore, by definition,

nh-lnw;(l—i_ l/n+3+ l/n+6+ -t ]/fﬁﬁ———r»:

]/H_xdx J(l %) T g 2V1—|—xl _4—9-9
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7.1.4. Using the definite integral, compute the following limits:
. 1 1 1\,
@ lim (gt )

(b) lim —<]/1+ +]/1+ +-. +]/1+—n”->;

3
© lim 1+|/2+/33+ +/n
n - w l/n‘i

n 2n (n—1Nz\
)il_r.nw—n<l+cos —|cos2—{-...+cos 5 ),
. 1
(e)nlimwn[( 7 )2+(n+2)2+. ..+———(2n) J .

7.1.5. Compute the limit A =Iim ‘/" .

n—-»o

Solution. Let us take logarithms

n _' .
lim v n =,lzirrl%{ln%+ln%+...+ln—2—-l.

The expression in brackets is the integral sum for the integral
1

S lnxdx:(xlnx—x)’;____l_

0
Vnl
n

InA =limIn

Consequently, InA=—1 and lim =e L

n—»>w

&§ 7.2, Finding Average Values of a Function

The average value of f(x) over the interval [a, b] is the number

b
h=gg | F (9 dx.

1

b
2
The square root - 5[/‘ (x)]'zdx} of the average value of the
a

\b—a

square ot the function is called the roof mean square (rms) of the
function f(x) over [a, b].
7.2.1. Find the average value p of the function f(x)= )/ x over
the interval [0, 1].
Solution. In this case
4
1 —
| 37— 3x3
p=og | V=T | =1
¢
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7.2.2. Find the average values of the functions:
(@) f(x )—sinzx over [0, 2x];

(b) fx)= T:FT over [0, 2].

7.2.3. Determine the average length of all vertical chords of the

hyperbola Z—i—%z] over the interval a<Cx<C2a.

Solution. The problem consists in finding the average value of
the function ]‘(x)=2y:2£|/x2—a2 over the interval [a, 2a]:

= 711.‘) ‘/xz adx =

-i—[ Ve —a—% In(x+ Vx_z_az)]za =b[2V3—In@2+V3)]

7.2.4. Find the average ordinate of the sinusoid y=sinx over
the interval [0, m].

Solution:
I

== ~0.637.
0

Qe

n
1
w=— smxdx=——cosx
0

Rewrite the obtained result in the following way:

||
';llw

M4
S sin x dx.
0

Using the geometric meaning of the definite integral, we can say
that the area of the rectangle with the altitude p=2 and the base
n equals the area of a figure bounded by a half-wave of the sinu-
soid y=sinx, 0<C{x<{m, and by the x-axis.

7.2.5. Find the average length of all positive ordinates of the
circle x>+ y?=1.

7.2.6. Show that the average value of the function f(x), conti-
nuous on the interval [a, b], is the limit of the arithmetic mean
of the values of this function taken over equal intervals of the
argument x.

Solution. Subdivide the interval [a, b] into n equal parts by the
0, 1,2, ..., n.
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Form the arithmetic mean of the values of the function f(x) at
n points of division x,, X;, ..., X,_;:

n-1
- 1
Mn=f(xo)+f(x1)‘*; +F (*a 1)=sz (xi)'
i=0

This mean may be represented in the following form:

n-1
1
Wnp= b—az f (xi) Axh
i=0

where

Ax,-=b_na .

The latter sum is the integral sum for the function f(x), the-

refore

n—-1 b
. - 1
lim p, =g—=lim >\ [ () Ay =5, ( [ () dx =,
—>aai=0

n—»ao
a

which completes the solution.
7.2.7. Find the average value of pressure (p,) varying from 2
to 10 atm if the pressure p and the volume v are related as follows:
3

pv? = 160.

Solittion. Aip varies from 2 to 10 atm, v traverses the interval
[4}/4, 43/100]; hence

| W,
n = —a T —— = 1600--2— dv =
P 4(3/ 100—/1) .Y_
Wi/
320 —% 4 f/“l?(; 40

~ 4.32 atm.

== —-——;*.———-;—.:—U - = — p— =
4(Y 00—/ 1) /v V() 10+2)

7.2.8. In hydraulics there is Bazin’s formula expressing the velo-
city v of water flowing in a wide rectangular channel as a function

of the depth A at which the point under consideration is situated
below the open surface,

v=v,— 20V HL (3)2,

where v, is the velocity on the open surface, H is the depth of
the channel, L its slope.

Find the average velocity v, of flow in the cross-section of the
channel.
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Solution. We have
v,,,=ﬁ1§[vo—201/7-17( )]dh_vo—-—VHL
0

7.2.9. Determine the average value of the electromotive force
E, over one period, i.e. over the time from ¢=0 to {=T, if
electromotive force is computed by the formula

E=E,sin— 2“’
where T is the duration of the penod in seconds, E, the amplitude

(the maximum value) of the electromotive force corresponding to

the value ¢=0.25T. The fraction 2—;? is called the phase.
Solution.

T
E0 2nt E,T 2T
T sin — - dt = Tom [ cos—f—]o =0.

Thus, the average value of the electromotive force over one pe-
riod equals zero.

7.2.10. Each of the two vertical poles OA and CD is equipped
with an electric lamp of luminous intensity i fixed at a height A.
The distance between the poles is d. Find the average illumination
of the straight line OC connecting the bases of the poles.

7.2.11. Find the average value of the square of the electromotive
force (E?), over the interval from ¢=0 to t=% (see Prob-
lem 7.2.9).

Solution. Since

E—Eosmg,
we have
_g —g-l cos4m
2 ont 2 ¢ T
(E2), = ESsm2——dt 7—.E0§ Tt =
0 0

Eg T . 4L E}
7["—255‘"7“]0' =7 -

7.2.12. If a function f(x) is defined on an infinite interval
[0, oo), then its average value will be

b
w=lim —Hf(x) dx,
0
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if this limit exists. Find the average power consumption of an
alternating-current circuit if the current inlensity / and voltage u
are expressed by the following formulas, respectively:

I =1,cos (0f +a);

u=u,cos (ot +a -+ g),
where ¢ is the constant phase shift of the voltage as compared

with the current intensity (the parameters w and « will not enter
into the expression for the average power).

Solution. The average power consumption

T
w, = lim %S 1, cos (! + o) u, cos (ot + o + @) dt.
0

T>w®

Taking inlo consideration that

coso cos P = —12— [cos (o +B) + cos («—B)],
we will get

T
louy

w,, = lim T [cos (20t 4 2a + @) + cos @] dt =
T»co 0

— lim {_I_oﬁ(_, _ sin (20T 420+ @) —sin (Qa—i—(p)—l_ﬂ
- 2

\ _ foto
i 7 coscp’ = cos @.

2

To>w

Hence, it is clear why so much importance is attached to the
quantity cos¢ in electrical engineering.

7.2.13. Find the average value p of the function f(x) over the
indicated intervals:

(a) f(xy=2x>+41 over [0, 1];

(b) f(x)-—-—% over [1, 2];

(¢) f(x)=3*—2x-+3 over [0, 2].

7.2.14. A body falling to the ground from a state of rest acqui-
res a velocity v, =) 2gs, on covering a vertical path s=s;,. Show

1

that the average velocity v, over this path is equal to 2%

7.2.15. The cross-section of the trough has the form of a para-
bolic segment with a base a and depth h. Find the average depth
of the trough.

7.2.16. Find the average value /,, of alternating current intensity
over time interval from 0 to % (see Problem 7.2.12).
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7.2.17. Prove that the average value of the focal radius of an
. p b2 . .
ellipse p:m, wherep=;; a, b are the semi-axes and ¢ is
eccentricity, is equal to b.

7.2.18. On the segment AB of length a a point P is taken at a
distance x from the end-point A. Show that the average value of
the areas of the rectangles constructed on the segments AP and

PB is equal to a_g.
7.2.19. Find the average value of the function
cos? x
fx)= sin? x+4 cos? x

over the interval lO, ”7] Check directly that this average, equal

to %, is the value of the function f(x) for a certain x=¢ lying
within the indicated interval.

§ 7.3. Computing Areas in Rectangular Coordinates

If a plane figure is bounded by the straight lines x=a, x=
=b(a<b) and the curves y=y, (x), y=y,(x), provided y, (x)<<
<y, (x) (a<x< D), then its area is computed by the formula

b
S= S (42 (X)—y, ()] ax.

a

In certain cases the left boundary x=a (or the right boundary
x=">0) can degenerate into a point of intersection of the curves

@ c H

!/ Uégz y (g@ B
7 A

B ] |

A E E Yz !

: 44 () ! ! }

1 ] T 7 L I

roe y P “ (t) ’

Fig. 65

y=y,(x) and y=y,(x). Then a and b are found as the abscissas

of the points of intersection of the indicated curves (Fig. 65, a, b).
7.3.1. Compute the area of the figure bounded by the straight

lines x=0, x=2 and the curves y=2%, y=2x—x* (Fig. 66).
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Solution. Since the maximum of the function y=2x—x? is at-
tained at the point x=1 and is equal to 1, and the function
y=2*>1 on the interval [0, 2], we have

S=§ [2¥ —(2x— x?)] dx=%'§_(xz_ﬁ%“)
0

7.3.2. Compute the area of the figure bounded by the parabolas
x=—242, x=1—3y4* (Fig. 67).
4y
4

2

o

0 1 2 > @ - ——— '1
Fig. 66 Fig. 67

Solution. Solving the system of equations

{ x =2y
x=1—3y2,

find the ordinates of the points of intersection of the curves y, =—1,
y,= 1. Since 1—3y> >—2y* for —1 <<y<C1, then we have

S= f [(1=3p)—(—2)] dy=2 (y—5 ) |, =5 -
=1

7.3.3. Find the area of the
figure contained between the
parabola x? =4yand the witch

. 8 .
of Agnesi Yy=77 (see Fig.
68).

Solution. Find the abscis-
sas of the points 4 and C of

intersection of the curves. For
this purpose eliminate y from Fig. 68
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the system of equations

whence }2—8_,3 o or X442 —32=0.
The real roots of this equation are the points x,=—2 and
2
X,=2. As is seen from the figure, }%2% on the interval

[—2, 2]. (It is also possible to ascertain this by directly computing
the values of these functions at any point inside the interval, for
instance, at x=0.)

Consequently,

S= S<x2+4 x2>dx--(4arctan f;)lg —2n——%.

7.3.4. Find the area of the figure bounded by the parabola
y=x2+1 and the straight line x4+ y=3.

7.3.5. Compute the area of the figure which lies in the first qua-
drant inside the circle x®+y?>=3a? and is bounded by the parabo-

las x*=2ay and y*=2ax(a>0) (Fig. y
69). 2.20%

Solution. Find the abscissa of the po-  a/d Y
int A of intersection of the parabola 7] A S
y*=2ax and the circle x?-4 y*=3a®. I ,,/f\’
Eliminating y from the system of equa- &
tions

{ x2+y2 =3a2’ -
¥ =2ax, o\ e o243

we obtain x%4-2ax—3a? =0, whence we Fig. 69

get the only positive root: x, =a. Analo-
gously, we find the abscissa of the point D of intersection of the

circle x*44*=3a* and the parabola x*=2ay; xp=al/ 2.
Thus, the sought-for area is equal to

aVy

§ (9 0—y, ()] dx,

0

[ V2ax for 0<x<a,

%2
where yl(x)=§,» ya(x)zl V3az x2 for a<x<al/2
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By the additivity property of the integral
a aVe
/ —— 2 — 2
S:S&ViZax—;—a)dx-l— S (Vied—2—L)dx=
0 a

3 . -

XZ _x3]a X e % . T
[V 6a]0+ [2 V3 —x + 5~ arcsin a_l/-§ sal, =
3a2 V2 _ 1 V2 s 1o,

6 —I— (arcsm V3 arcsin 73 )- @+ zat=

_<V2 -+ —arcsin ;>a‘.

Here we make use of the trigonometric formula:
arcsina—arcsinp =arcsin (@ )V T—p2—B V' 1—a?)
for transforming

arcsin ]/S—HI'CSIH—-——=HI'CSIH< l/ l/-——V—g-V.—:;-)::

- in—
arcsn3

(ap > 0)

3.6. Compute the area of the figure lying in the first quadrant
and bounded by the curves y?= 4x,

=4y and x*+y*=

7.3.7. Compute the area of the

figure bounded by the lines y=
x+1, y=cosx and the x-axis

-1 7 1 =2 ot .
Fig. 70 olution. The function
x+1if —1<<x<0,

y=f(x)={cosx if nggg

is continuous on the interval | —1, %] . The area of the curvili-

near trapezoid is equal to

.':l

3

+Smx 5

=
2=
0

5
S f(x)dx——Sv (x+ l)dx+Scosxdx (x+1)2

7.3.8. Find the area of the segment of the curve y?=x*-—x* if
the line x=2 is the chord determining the segment.
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Solution. From the equality y*=x*(x—1) it follows that
x2(x—1) >0, therefore either x=0 or x> 1. In other words, the
domain of definition of the implicit function g = x3®—x? consists
of the point x=0 and the interval [1, o). In computing the area
the isolated point (0, 0) does not play any role, therefore, the
interval of integration is [1, 2] (see Fig. 71).

Passing over to explicit representation y= 4 x} x—1, we see
that the segment is bounded above by the curve y=x}/x—1 and

below by the curve y=—xJ x— 1. Hence,

2

S=§[x1/3c?1—(—x|/xT1)]dx=25xVxT1 dx.
]

1
Make the substitution

x—1=12,
de=2tdt,| | | o

Then

1
te 31 32
S=4S(t2—|—1)t2dt=4[—5)—+?]0=|
0
7.3.9. Determine the area of the figure
bounded by two branches of the curve
(y—x)>*=x* and the straight line x=1.

Solution. Note first of all that y, as an Fig. 71
implicit function of x, is defined only for
x>0; the left side of the equation is always non-negative. Now

we find the equations of two branches of the curve y=x—x) x,

y=x+xV x. Since x>0, we have x+x) x>x—x) x, and
therefore

1 1 5
S=S(x+x]/?—x +xl/7)dx=25xl/7dx~_—%x2 l;=%.
o 0

7.3.10. Compute the area enclosed by the loop of the curve
YPr=x(x—1)2

Solution. The domain of definition of the implicit function y is
the interval 0 <Cx <+ oo. Since the equation of the curve conta-
ins y to the second power, the curve is symmetrical about the
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x-axis. The positive branch y, (x) is given by the equation

—_ —1— O l’
y=!/1(x)=l/x|x-—1|_—_{l/x( X, 0<x<

V x(x—1), x> 1.
The common points of the symmetrical branches Y, (x) and y, (x) =
= —y,(x) must lie on the x-axis. But y,(x)=V x|x—1|=0 only

at x,=0 and at x,=1. _
Consequently, the loop is formed by the curves y=} x(1—x)

and y=—l/7(l—x), 0<<x<1 (see Fig. 72), the area enclosed
being
3

L 1,1 3 8
S=2§ Vx(l——x)dx=2;5<x2 —x2>dx=ﬁ.

7.3.11. Find the area enclosed by the loop of the curve
= (x—1)(x—2).

¥
|4 y’=z(z-1)?

Fig. 72 Fig.73

7.3.12, Find the area of the figure bounded by the parabola
y= —x*—2x+43, the line tangent to it at the point M (2, —5)
and the y-axis.

Solution. The equation of the tangent at the point M (2, —5)
has the form y4+5=—6(x—2) or y=7—6x. Since the branches
of the parabola are directed downward, the parabola lies below the
tangent, i.e. 7—6x>—x*—2x-+3 on the interval [0, 2] (Fig. 73).

Hence,

| oo

2 2
S= S [7—6x—(—x*—2x+3)] dx = S(x2—4x+ 4) dx =
0 0
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7.3.13. Find the area bounded by the parabola y =x*—2x+-2,
the line tangent to it at the point M (3, 5) and the axis of ordi-
nates.

7.3.14. We take on the ellipse
2 2
Z+%=1 (@a>b)

a point M (x, y) lying in the first quadrant.
Show that the sector of the ellipse bounded by its semi-major
axis and the focal radius drawn to the point M has an area
S=%barc cos = .
a
With the aid of this result deduce a formula for computing the
area of the entire ellipse.

T o
N e
’ dn
b M(-T,!/)‘ y=2
/- A x 1—
\: B(z’g) a
-1 0 1 z
Fig. 74 Fig. 75

Solution. We have (Fig. 74):

. xy b 2 .
Somao = Ssomn+Suanmi  Ssomp="7 =554V @ —x%;

a a
Swmanm=\ ydx=5% l/-az——t2dt=2% (t Var—t+a? arcsin%) IZ=
X

[

_b 2__ o2 o (T in X H
[—xl/a X 4@ (5 —arcsin - J

T 2
. n . X X .
Since 5 —arcsin - =arccos—, we obtain
b —_— x
Smasm= 5 [—xl/a2—x2+azarccos;] .
Hence

ab X
SOMAO = SAOMB‘[‘ SMABM -+ 5 arc cos =z
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At x=0, the sector becomes a quarter of the ellipse, i.e.

LS ab 0_ab n_ab
T ellipse=T arccos =—2— . _2.____T T,
and consequently, Sq e =ab. At a=b we get the area of a circle

— 2
Scircle =nac.

2

7.3.15. Find the area bounded by the parabolas y=4x?, y=—’;—
and the straight line y=2.

Solution. In this case it is advisable to integrate with respect
to y and take advantage of the symmetry of the figure (see Fig. 75).
Therefore, solving the equations of the parabolas for x, we have:

x=i£27—, x=+3Vy.

By symmetry of the figure about the y-axis the area sought is
equal to the doubled area S, z:

2 >
S=2Souno=2| (3V §—4V5)dy=5 | Vyay =22
0 0

7.3.16. From an arbitrary point M (x, y) of the curve y=x"
(m > 0) perpendiculars MN and ML (x> 0) are dropped onto the
coordinate axes. What part of the area of the rectangle ONML does
the area ONMO (Fig. 76) constitute?

4
Uk g

~

~

g

A7/ AR
IB 1/”#"——15'

0w T gyt

Fig. 76 Fig. 77

7.3.17. Prove that the areas S,, S,, S,, S;, ..., bounded by the

x-axis and half-waves of the curve y=e **sinfx, x>0, form a
aTn

geometric progression with the common ratio g=e B.

Solution. The curve of Fig. 77 intersects the positive semi-axis
Ox at the points where sinpx=0, whence

nw
X,=—,n=0,1,2 ....

B
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The function y=e~**sinPx is positive in the intervals (x,z, Xop.,)
and negative in (X,5.;, Xs44,), i-€. the sign of the function in the
interval (x,, x,,,) coincides with that of the number (—1)". Therefore

(n+1)m (n+)m
B B
So= § lyldex=(=1)" § e-=sinpxdx.

n
nr ni

B r}
But the indefinite integral is equa] to
Xe““"sinﬁxdx=— (asin Bx+-B cos fx) 4 C.

2 + B).
Consequently,

(n+1)yn

S, = (—1)y*+ [a‘:—iﬁz ( sin x 4P cos Bx)] Ln P
T

_ (—1n+1 [e—a(n+l)ﬂ/ﬁﬂ (_1)n+1_eomﬂ/ﬂﬁ (_l)n] =

= artp?
= az_?_ p? e~onn/B (l + e—(mm)'
Hence
4= Sn+1 _ e—a(n+ 1)n/B _ g—anf®
S, o= an/B ’

which completes the proof.

7.3.18. Find the areas enclosed between the circle x*+4 y*—2x+
+4y—11=0 and the parabola y=—x*+2x+1—2}) 3.
Solution. Rewriting the equations of the curves, we have:

(x— 1P+ (y+2) = 16, y
y=—(@x—12—2Y) 3+2.
Consequently, the centre of the
circle lies at the point C(1, —2)
and the radius of the circle equals
4. The axis of the parabola coin-
cides with the straight line x=1
and its vertex lies at the point
B(, 2, —2V'3) (Fig. 78).
The area S, gpps of the smaller
figure is found by the formula

*D
Saspra= S (Ypar—Ycirere) 4%,
*4
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where x, and x, are determined from the system of equations
{ (x—1)+(y+2)* =16,
y+2=—(x—1p—2V'3 +4,

whence x,=—1, xp=3.
Hence,

3
S appFa= § [(—x242x+1—2V3)+ 2+ V16— (x—1)®)] dx =

— [—’-‘33+x2+(3—2 V3 x4+ 5 T6—G— 1P+

+§arc sin f;—l]?=3§2—8 V3 42V 12+ 16arc sin%=

32 5 , 8
='§'—4 V3 —f—? JT.

The area of the second figure is easy to determine.

Note. The computation of the integral can be simplified by using
the shift x—1=2z and taking advantage of the evenness of the
integrand.

7.3.19. Compute the area bounded by the curves y=(x—4)?,
y=16—x? and the x-axis.

7.3.20. Compute the area enclosed between the parabolas
x=y> x=%y2—f—1.
7.3.21. Compute the area of the portions cut off by the hyper-
bola x*—3y?=1 from the ellipse x*-4y>=38.
7.3.22. Compute the area enclosed by the curve y?=(1—x?).

7.3.23. Compute the area enclosed by the loop of the curve
4 (y* —x¥)+x*=0.

7.3.24. Compute the area of the figure bounded by the curve
Vx +Vy =1 and the straight line x4 y=1.

7.3.25. Compute the area of the figure enclosed by the curve
yr=x?(1—x?).

7.3.26. Compute the area enclosed by the loop of the curve
x4+ x2—y?=0.

7.3.27. Compute the area bounded by the axis of ordinates and
the curve x=y*(1—y).

7.3.28. Compute the area bounded by the curve y=x*—2x*4

+ x2-+3, the axis of abscissas and two ordinates corresponding to
the points of minimum of the function y (x).
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§ 7.4. Computing Areas with Parametrically Represented
Boundaries

If the boundary of a figure is represented by parametric equations
x=x(1), y=y(@),

then the area of the figure is evaluated by one of the three for
mulas:

B B B
S=— Sy ) x' (H)dt; S =Sx(t)y’(t)dt; S=—21—S(xy'—yx')dt,

[

where o and B are the values of the parameter ¢ corresponding
respectively to the beginning and the end of the traversal of the
contour in the positive direction (the figure remains on the left).
7.4.1. Compute the area enclosed by the ellipse
x=acost, y=bsint (0<t<2n).
Solution. Here it is convenient first to compute

xy' —yx' =acost xbcost+bsint xasint=ab.
Hence

7

1
S=+

oy

2n
(xy' —yx")dt = —é— S abdt = nab.
0

2 2
7.4.2. Find the area enclosed by the astroid (%)T—l— (i> L

a
Solution. Let us write the equation of the astroid in parametric
form: x=acos*t, y=asin®*f, 0<{¢t<2n. Here it is also conve-
nient to evaluate first

xy' —yx' =a*(cos®t-3sin*fcost+sin®t-3cos? ¢ sint) =
=3a? cos? { sin?¢.

Hence,
21 2n

S= | (v’ —yxdt =%a25 sin® 2t dt = 3 a*m.
0 0

7.4.3. Find the area of the region bounded by an arc of the
cycloid x=a(t—sint), y=a(l—cos¢) and the x-axis.

Solution. Here the contour consists of an arc of the cycloid
(0<<t<2n) and a segment of the x-axis (0<Cx<C2ma). Let us

]

apply the formula S=—Syx'dt.

a
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Since on the segment of the x-axis we have y=0, it only re-
mains to compute the integral (taking into account the direction
of a boundary traversal):

0 2n
§=—{ a(l—costya(l—costydt =a* { (1—costydt =
2n 0

2n
=a25 [1—2 cost—l—% (1+c032t)] dt = 3na2.
0

7.4.4. Compute the area of the region enclosed by the curve
x=asint, y=>bsin2t.

Solution. When constructing the curve one should bear in mind
that it is symmetrical about the axes of coordinates. Indeed, if we
substitute m—¢ for ¢, the variable x remains unchanged, while y
only changes its sign; consequently, the curve is symmetrical about
the x-axis. When substituting m+¢ for ¢ the variable y remains
unchanged, and x only changes its sign, which means that the
curve is symmetrical about the y-axis.

T=asint

Fig. 79

Furthermore, since the functions x=asin¢; y=~bsin2f have a
common period 2m, it is sufficient to confine ourselves to the fol-
lowing interval of variation of the parameter: 0<C¢<C2m.

From the equations of the curve it readily follows that the va-
riables x and y simultaneously retain non-negative values only

when the parameter ¢ varies on the interval [0, %] , therefore at

Ogtgi;- we obtain the portion of the curve situated in the first

quadrant. The curve is shown in Fig. 79.
As is seen from the figure, it is sufficient to evaluate the area
enclosed by one loop of the curve corresponding to the variation
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of the parameter ¢ from 0 to m and then to double the result

L n n
S§=2 Syx’dt:? Sbsin?txacostdt=4abScos2tsintdt=
0 0 0
cos®f\ v 8

7.4.5. Find the area of the region enclosed by the loop of the
curve

t ) £
i=p 61 y="g(6—1).
Solution. Locate the points of self-intersection of the curve. Both
functions x (f) and y(¢) are defined throughout the entire number
scale —oo <t < o0.

At the point of self-intersection the values of the abscissa (and
ordinate) coincide at different values of the parameter. Since x=

= 3——;—(t—3)2, the abscissas coincide at =3 + A. For the func-
tion y (¢) to take on one and the same value at the same values
of the parameter ¢, the equality @%ME(S——M=(3—‘§m(3—|—?») must
be fulfilled for A=0, whence A =4-3.

i
¥

e 4
z
7 t=0 J

Fig. 80

Thus, at ¢,=0 and at ¢,=6 we have x({,)=x({,)=0, and
y(t)=y(t,) =0, i.e. the point (0, 0) is the only point of self-
intersection. When ¢ changes from 0 to 6, the points of the curve
are found in the first quadrant. As ¢ varies from 0 to 3, the

point M (x, y) describes the lower part of the loop, since in the
indicated interval x(¢) and y(t)=§% increase, and then the func-
tion x(f) begins to decrease, while y(¢) still keeps increasing. Fi-
gure 80 shows the traversal of the curve corresponding to increas-
ing ¢ (the figure remains on the left).
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In computing the area enclosed by the loop sought it is conve-
nient to use the formula

12 G-t2
2S(xy —yx')dt = S O 41—
0

7.4.6. Find the area enclosed by the loop of the curve: x=1%
t3

7.4.7. Compute the area enclosed by the -cardioid: x=
=acost (1+4cost); y=asint (1l +cost).

Solution. Since x(¢) and y(¢) are periodic functions, it is suifi-
cient to consider the interval [—mn, m]. The curve is symmetrical
about the x-axis, since on substituting —¢ for ¢ the value of the
variable x remains unchanged, while y only changes its sign, and
y>=0 as t varies from 0 to m.

As ¢ changes from 0 to = the function u=cos? decreases from

1 to —1, and the abscissa x=au(l+u)=a [—-;l‘-+(u+—é—>2]

a .
=2a to x‘ L =—7 and then increases
u=1 u=—-—

2

to x!,__,=0. We can show that the ordinate y increases on the
interval <0<t<% and decreases on the interval <%<t<n>.

The curve is shown in Fig. 81, the arrow indicating the direc-
tion of its traversal as ¢ increases.
Consequently,

first decreases from x

=7 S(xy —yx )dt—a“S(l +cost)’dt=—:na“

7.4.8. Compute the area of the region enclosed by the curve
x = cost, y=>bsindt.

7.4.9. Compute the areas enclosed by the loops of the curves:

(a) x=12—1, y==1r—t,

(b) x=2t—1? y=2{*—13

© x=1% y=5(B—10).

7.4.10. Compute the area of the region enclosed by the curve
x=acost; y=>bsintcos*t.

7.4.11. Compute the area enclosed by the evolute of the ellipse

c . [ ;
x=-0C08"1 y=—3sin’l =a"—0%
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§ 7.5. The Area of a Curvilinear Sector in Polar
Coordinates

In polar coordinates the area of a sector bounded by the curve
p=p (¢) and the rays ¢, =a and ¢,=f is expressed by the integral

1

S==\0*(¢)de.

Ry

7.5.1. Find the area of the region situated in the first quadrant
and bounded by the parabola y*=4ax and the straight lines
y=x—a and x=a.

Solution. Let us introduce a polar system of coordinates by
placing the pole at the focus F of the parabola and directing the
polar axis in the positive direction
along the x-axis. Then the equation of

the parabola will be p=ﬁp, whe-
re p is the parameter of the parabola.
In this case p=2a, and the focus F has
the coordinates (a, 0). Hence, the equa-

tion of the parabola will acquire the

}.‘/

form p =r—= _, and those of the
— cos @
straight lines will become cp=% and g z
¢=7% (Fig. 82). Therefore, Fig, 82
I Z
2 2
Lo 4a? _ dg
Sranr =7 | T esqr 0T S bsin ©
4 T
T T

Changing the variable:

o] 2 ‘
@ _ —_do _ n/4 |cot (m/8)
cot & =2, ST (@7D) dz, i i (1 ,

we obtain

cot (71/8)
S 1 1
Spapr=20a* S (1+2*)dz=a” (cot %—l—?cot“'%—l—?)
1
1+ cos (11/4)_l +V~—2—,

or, taking into account that COt%="'si_n'(n_/‘T =

Srasr =2a? (1 ~|—-§—l/2—).
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7.5.2. Compute the area of the region enclosed by

(a) the cardioid p =1+ cos ¢;
(b) the curve p=acosg.

7.5.3. Find the area of the regions bounded by the curve
p=2acos3¢p and the arcs of the circle p=a and situated outside
the circle.

Solution. Since the function p=2acos3¢ has a period T=%"

the radius vector describes three equal loops of the curve as ¢ va-
ries between —mn and m. Permissible values for ¢ are those at
which cos3¢ >0, whence

_%‘_+3’§i‘_<¢<%+3§“_ k=0, =1, +2, ...).

Consequently, one of the loops is described as ¢ varies between
—-g- and %, and the other two loops as ¢ varies between X and

2
%, and between lg‘- and 3711’ respect-
ively (Fig. 83). Cuttingout the parts,
belonging to the circle p=a, we get
the figure whose area is sought. Cle-
arly, it is equal to the triple area

MLNM:

Let us find the polar coordinates of
the points of intersection M and N.
For this purpose solve the equation

2acos 3¢ =a,i.e. cos 3¢ =% . Between

k19 Tt k11
— — and —only the roots ——=and
Fig. 83 6 6 9

% (k=0) are found. Thus, the point N

is specified by the polar angle ¢, =——g- , and the point M by ¢, :-g— .
As is seen from the figure,

SMLNM = ’SOMLNO - SOMNO =

/9 ) /9 V__
=-;— g 4a? cos? 3q>d(p——2— S atdoy = a? (%—i— T3> .
-/ 9 -7/

7.5.4. Compute the area of the figure bounded by the circle
p=3)2 acosg and p =3asin ¢.

Solution. The first circle lies in the right half-plane and passes
through the pole p =0, touching the vertical line. The second circle
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is situated in the upper hali-plane and passes through the pole
p =0, touching the horizontal line. Consequently, the pole is a point
of intersection of the circles. The other Boint of intersection of the
circles B is found from the equation 312 acos¢=23asin ¢, whence

B(arctan)/2, a)/6). As is seen from Fig. 84, the sought-for area

Y

V3
B

A
C

7z 2
SVoa 0 z
/o=il/2_acw;o q\/z
Fig. 84 Fig. 85

S is equal to the sum cf the areas of the circular segments 0ABO
and OCBO adjoining each other along the ray ¢ =arctan})/2. The
arc BAO is described by the end-point of the polar radius p of
the first circle for arctan V2—<(p<i;-, and the arc OCB by the

end-point of the polar radius p of the second circle for 0<< Q<<
<arctan})/2 . Therefore

n

2

Soano = 9a? S cos%pd@:%cﬁ (£—arctanl/2——ﬁ) ,

2 3
arc tan V' 2
arc tan V2 9 5
Socuo=-3—a“’ S sinz(pd(p=71-a2 (arc tan )/ 2 _rz 3 )

b
Hence,

Soano~+Socso=2.250% (n—arctan )2 —)'2).

7.5.5. Find the area of the figure cut out by the circle p=)"3 sin¢
from the cardioid p==14cos¢ (Fig. 85).

Solution. Let us first find the points of intersection of these cur-
ves. To this end solve the system

{p=lf3‘sincp, 0<o<m,
op=1-+cosg,

19
whence ¢, =7, Q=7
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The sought-for area is the sum of two areas: one is a circular
segment, the other a segment of the cardioid; the segments adjoin
each other along the ray (p=%. The arc BAO is described by the
end-point of the polar radius p of the cardioid as the polar angle ¢

changes from % to m, and the arc OCB by the end-point of the

polar radius p of the circle for 0<¢p<§.
Therefore

3 n

1 .

S=7S35m2cpdcp—|—-%g(l—|—c05q>)2dcp=
0 n

T

T_I_L( -|—2$iﬂ —l—g—l—sm% nﬂ—
Z\? ¢y T )|+

=%(n—l/3_)-

7.5.6. Find the area of the figure bounded by the cardioid
p=a(l—cosg) and the circle p=a.
7.5.7. Find the area of the region enclosed by the loop of the
folium of Descartes x* - y®=3axy.
Solution. Let us pass over to polar coordinates using the usual
P A formulas x =pcos ¢, y=psing. Then
the equation of the curve is:

% (cos® @ + sin® ¢) = 3ap?® sin ¢ cos ¢,
or
__3asingcos®

-a N\ z T cosd pFsindg

3 sin 2¢
= (0—257)

. 3a sin 29
" (sing-+cosg) (2—sin 2¢) °

-2 [t follows from this equation that,
ﬁrSt]y’ p—_—O at (P=0 and at (p:% ,
Fig. 86 and secondly, p — oo as (P—>-:¥[- and

(p—»-——%. The latter means that

the folium of Descartes has an asymptote, whose equation y=
=— x—a can be found in the usual way in rectangular coordinates.
Consequently, the loop of the folium of Descartes is described

as ¢ changes from 0 to % and is situated in the first quadrant
(see Fig. 86).
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Thus, the sought-for area is equal to

1

S _ 9a? cos? ¢ sin® @
0A0= 7

R T

Taking advantage of the curve’s symmetry about the bisector
y=ux, i.e. about the ray cp=—f:—, we can compute the area of half

of the loop (from o=0 to (p=%) and then double it. This enab-
les us to apply the substitution

t ? l
angp =z,
dg —d g 0 ,
coszqp 2 T 1
which gives
B in? l 2d
_ cos? ¢ sin® ¢ _ 2*dz
SOAO = 9a® ) (cos3 (P+ sin3 (p)z d(P =9a® ) (1 + 33)2 .
Still new substitution
2z l v
1+ 23=0,
322 dz =dv, 0 1
1 2

leads to the integral
2
SOAO=3a“‘S%=—:;—a2.
1

7.5.8. Compute the area of the region enclosed by one loop of
the curves:

(a) p=acos2¢p; (b) p=asin2eg.

7.5.9. Compute the area enclosed by the portion of the cardioid
p=a(l —cosg)lying inside the circle p =acos¢.

7.5.10. Compute the area of the region enclosed by the curve
p=asingpcos?p, a>0.

7.5.11. Compute the area of the region enclosed by the curve
p=acos® ¢ (a>0).
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7.5.12. Compute the area of the portion (lying inside the circle

p=V——a=2> of the figure bounded by the Bernoulli’s lemniscate p=
=a)/ cos 2¢.

7.5.13. Passing over to polar coordinates, compute the area of
the region enclosed by the curve (x%-+ y?)® =4a?x2y2.

7.5.14. Passing over to polar coordinates, evaluate the area of
the region enclosed by the curve x*- y* =a? (x* + y?).

§ 7.6. Computing the Volume of a Solid

The volume of a solid is expressed by the integral

where S (x) is the area of the section of the solid by a plane per-
pendicular to the x-axis at the point with abscissa x; a and b are
the left and right boundaries of variation of x. The function S(x)
is supposed to be known and continuously changing as x varies
between a and b.

The volume V, of a solid generated by revolution about the
x-axis of the curvilinear trapezoid bounded by the curve y=f(x)
(f (x) =0), the x-axis and the straight lines x=a and x=0b (a < b)
is expressed by the integral

szngyzdx.
a

The volume V, of a solid obtained by revolving about the x-axis
the figure bounded by the curves y=y, (x) and y =y, (x) [0 <y, () <
< Y,(x)] and the straight lines x=a, x=0 is expressed by the
integral

b
Ve=n§ (g —ydx.
If the curve is represented parametrically or in polar coordinates,
the appropriate change of the variable should be made in the above
formulas.

7.6.1. Find the volume of the ellipsoid

x2 y2 22
atata =]
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Solution. The section of the ellipsoid by the plane x=const is
an ellipse (Fig. 87)

y‘). 22
T ~=1
"T-5) )
with semi-axes b]/ 1 —%:—; c]/ 1 —Z—Z. Hence the area of the
section (see Problem 7.4.1)

S(x)= nb]/l —-g; Xc ]/l —g—:-=nbc(1 —Z—Z) (—ax<a.
Therefore the volume V of the ellipsoid is

a
2 x3 Ja 4
V= abe(1—5) de=mbe[x—5]" =3 nabe.
-a
In the particular case a=b=c the ellipsoid turns into a sphere,

4
and we have Vphere =5 qa’

Fig. 87 Fig. 88

7.6.2. Compute the volume of the solid spherical segment of two
bases cut out by the planes x=2 and x=3 from the sphere
x>+ y*4-2>=16.

7.6.3. The axes of two identical cylinders with bases of radius a
intersect at right angles. Find the volume of the solid constituting
the common portion of the two cylinders.

Solution. Take the axes of the cylinders to be the y- and z-axis
(Fig. 88). The solid OABCD constitutes one-eighth of the sought-
for solid.

Let us cut this solid by a plane perpendicular to the x-axis at
a distance x from 0. In the section we get a square EFKL with
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side EF =)/ a®—x?, therefore S (x) =a?—x* and V =8S (a* —x*)dx =
0

16
= 5 a%

7.6.4. On all chords (parallel to one and the same direction) of
a circle of radius R symmetrical parabolic segments of the same
altitude h are constructed. The planes of the segments are perpen-
dicular to the plane of the circle.

Find the volume of the solid thus obtained (Fig. 89).

/Z'!/

\\\\\\\(
Y el
19 \\
|
—>T

_a
A 2
Fig. 89 Fig. 90

Solution. First compute the area of the parabolic segment with
base a and altitude h. If we arrange the axes of coordinates as
indicated in Fig. 90, then the equation of the parabola will be
y=oax?4h.

Determine the parameter a. Substituting the coordinates of the

. a a? 4h
point B<§, 0), we get 0=a7+h, whence a=—=;

5+ hence the

equation of the parabola is y=—1—§x“+h, and the desired area

a

O_
S=2§ydx=2§(—i—2x2+h) dx= % ah.
0 0

Now find the volume of the solid. If the axes of coordinates are
arranged as indicated in Fig. 89, then in the section of the solid
by a plane perpendicular to the x-axis at the point with abscissa x

we obtain a parabolic segment of area S=§ah, where o =2y =
— 2}/ R* —x2. Hence,

R R
Sw=5VR—2h andV:SS(x)dx=-§-hSVR2-—xzdx=§ nhRE.
-R 0
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7.6.5. The plane of a moving triangle remains perpendicular to
the fixed diameter of a circle of radius a: the base of the triangle
is a chord of the circle, and its vertex lies on a straight line pa-
rallel to the fixed diameter at a distance 4 from the plane of the
circle. Find the volume of the solid generated by the movement
of this triangle from one end of the diameter to the other.

7.6.6. Compute the volume of the solid generated by revolving

about the x-axis the area bounded by the axes of coordinates and
1 1 1

the parabola x? 442 =a? -
Solution. Let us find the points of intersection of the curve and
the axes of coordinates: at x=0 y=a, at y=0 x=a. Thus, we

have the interval of integration [0, a]. 1

1\2
From the equation of the parabola we get y= <a_2_—x—2—> ; there-
fore

a a 1 l

_ a? — '2")4 _ a( % .
(5 yrdx = n§< x dx_n(S 3x -+ €Eax
1

—4a7x7+x2) dx = %na?

7.6.7. The figure bounded by an arc of the sinusoid y=sinux,

the axis of ordinates and the straight line y==1 revolves about
the y-axis (Fig. 91).

y:zf-$2+2 ‘If B

¥ y=1 \V A
o y=sinz C:

| //“

| Al | |

! . ) o

T )2 { L >z

-z Y 2 iz 2

Fig. 91 Fig. 92

Compute the volume V of the solid of revolution thus generated.

Solution. The inverse function x =arcsiny is considered on the
interval [0, 1]. Therefore

Y2
V—nszdy_nS(arCSmy)zdy

Y
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Apply the substitution arc siny=t¢. Hence

: y |t
y=sint, 0 10
dy=costdt, /2

x

2
And so, V=mn S t? cos t dt. Integrating by parts, we get y T (“24“8) .
0

7.6.8. Compute the volume of the solid generated by revolving
about the x-axis the figure bounded by the parabola y=0.25x%+2
and the straight line bx—8y+4 14=0.

Solution. The solid is obtained by revolving the area ABCA
(Fig. 92) about the x-axis. To find the abscissas of the points A
and B solve the system of equations:

{ y=72+2,
5x—8y+ 14 =:0.
Whence xA=-;—; xp=2. In our case y, (x)= —x2+2 and y, (x) =

= (5/8) x+7/4. Hence,
2
v (e 7)'= () o

7.6.9. Compute the volume of the solid generated by revolving
about the y-axis the figure bounded by the parabolas y=x? and
8x=y

Solution. It is obvious that x, () =V y>=x, (y)= —2 on the in-

terval from the origin of the coordinates to the pomt of intersec-
tion of the parabolas (Fig. 93). Let us find the ordinates of the
points of intersection of the parabolas by excluding x from the sy-

stem of equations:
y=x*
y? = 8x.
4

. 4
We obtain y, =0, y,=4. Hence, V=nS( -—g—4>dy=—5—n.
0
7.6.10. Compute the volume of the solid torus. The torus is a
solid generated by revolving a circle of radius a about an axis

lying in its plane at a distance b from the centre (b >a). (A tire,
for example, has the form of the torus.)
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7.6.11. Compute the volume of the solid obtained by revolving
about the x-axis the figure bounded by two branches of the curve
(y—x)?=x® and the straight line x=1.

7.6.12. Find the volume of the solid generated by revolving
about the line y= — 2a the figure bounded by the parabola y* = 4ax
and the straight line x=a (Fig. 94).

R
W\Vﬁ ; e
2,

/ 0 akz

N —Za, (%Y z’
) ‘
i 7 ]
Fig. 93 Fig. 94

Solution. If we transfer the origin of coordinates into the point
0’ (0, —2a) retaining the direction of the axes, then in the new
system of coordinates the equation
of the parabola will be q

(y' —2a)* = 4ax. a\8

Hence y,=2a+V 4ax (for the cur-

ve 0OAB), and y,=2a—V) 4ax (for
the curve OCD). The sought-for vo-
lume is equal to -a 0 z

b

R

a a

V=n{(@—ydr=n([@a+
0 0

— — 32 -a
+2V ax)*-- (2a—2 l/ax)2] dx = 3 na’. Fig. 95

7.6.13. Find the volume of the solid generated by revolving about
the x-axisthe figureenclosed by the astroid: x=acos®t; y =asin® .
Solution. The sought-for volume V is equal to double the volume

obtained by revolving the figure OAB (Fig. 95). Therefore,

a
V=2n\ ydx.
)
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Change the variable

xXx=acos®t, X t
= — 2 i -
dx_asitlzsc;s ¢t sin t dt, 0 |a2|

y= ’ a | 0

Hence,
0
V=2nS a?sin® ¢ (—3a cos? ¢ sin ¢) df =
n
2

T

14

T rl
=6:na3l: S sin tdt — S sin® ¢ dt :l

0

Using the formula from Problem 6.6.9 for computing the above
integrals, we get

6 4 2 8 6 4 2 32
— 3 Sl Y= X = ) =" ngd
V =6na <7 ><5 X ><7 ><5 X 3> T

3 9
7.6.14. Compute the volume of the solid generated by revolving
one arc of the cycloid x=a (¢ —sint), y=a(l—cost) about the
x-axis

7.6.15. Compute the volume of the solid obtained by revolving
about the polar axis the cardioid p=a(l 4-cos ¢) shown in Fig. 81.

Solution. The sought-for volume represents the difference between
the volumes generated by revolving the figures MNKLO and OKLO
about the x-axis (which is ths polar axis at the same time).

As in the preceding problem, let us pass over to the parametric
representation of the curve with the polar angle ¢ as the parameter:

x=pcosp=acosq(l-+cosg),
y=psing=asing (14 cose).
It is obvious that the abscissa of the point M equals 2a (the value
of x at ¢ =0), the abscissa of the point K being the minimum of

the function x=a (14 cos ¢)cose.
Let us find this minimum:
dx

o= —asing (1 4+2cos¢) =0,

(Px=0; ({)2=§ﬂ

At ¢, =0 we obtain xy =2a, at ¢,= 2 =7, xk—-——%.
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Hence, the sought-for volume is equal to

V= nS yrdx—m S y? dx.
_% a

4

Changing the variable x=acos¢ (1 4 cosg), we get

| @ x| e
y?=a* (1 + cos )% sin? g,
dx= —asing(l1+2cos ¢)dp, |—4 23 | |—a/4 20/3
2a 0 0 n

Thus,

0
V=n S a*(1+cos@)?sin?@[—asing(l +2cos¢)]dp—

14

O)IM

n

—a S a*(l 4 cos@)?sin? @ [—asing (14 2 cosg)] dop=
2

—3-!1

na® \ sin* @ (1 +cos@)?(l 42 cosp)dy =

=na® \ (1 —u?) (1 +u)(l —|—2u)du——— na®  (u=cos ).

a
|
'

i

7.6.16. Compute the volume of the solid bounded by:
(a) the hyperboloid of one sheet z—z+g—z—%=l and the pla-
nes z=—1 and z=1;

(b) the parabolic cylinder z=4—y? the planes of coordinates
and the plane x=a;

(c) the elliptic paraboloid e=2 o —|— o7 and the plane z =% (k > 0).

7.6.17. A wedge is cut off from a right circular cylinder of radius
a by a plane passing through the diameter of the cylinder base and
inclined at an angle o to the base. Find the volume of the wedge.

7.6.18. Compute the volume of the solid generated by revolving
the figure bounded by the following lines:

(@ xy=4, x=1, x=4, y=0 about the x-axis;

(b) y=2x—=x%, y=0 about the x-axs;
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() y=x*, y=0, x=2 about the y-axis;

(d) y=sinx (one wave), y=0 about the x-axis;

(e) x*—y*>=4, y= 42 about the y-axis;

(f) (y—a)*=ax, x=0, y=2a about the x-axis.

7.6.19. Find the volume of the solid obtained by revolving the

X3 — x4 .
>— about the x-axis.

2 a
curve y2=

7.6.20. Compute the volume of the solid generated by revolving
about the x-axis the figure bounded by the lines y=sinx and

2
y == ? X.

7.6.21. Compute the volume of the solid generated by revolving
about the x-axis the curvilinear trapezoid bounded by the catenary

y~——<e a_le 7)=acosh% and the straight lines x,=—¢, x,=
=c (¢>0).

7.6.22. Compute the volume of the solid generated by revolving
about the x-axis the figure bounded by the cosine line y= cos x and

the parabola y——x2

7.6.23. Compute the volume of the solid generated by revolving
about the x-axis the figure bounded by the circle x>+ 42=1 and
the parabola y*=

7.6.24. On the curve y=x® take two points A and B, whose
abscissas are a=1 and b=2, respectively.

Find the volume of the solid generated by revolving the curvi-
linear trapezoid aABb about the x-axis.

7.6.25. An arc of the evolute of the ellipse x=acost; y=0bsint
situated in the first quadrant revolves about the x-axis
Find the volume of the solid thus generated.

7.6.26. Compute the volume of the solid generated by revolving
the region enclosed by the loop of the curve x=at?, y—a(t—-—>
about the x-axis.

7.6.27. Compute the volumes of the solids generated by revoly-
ing the region enclosed by the lemniscate (x%4 y?)®=a?(x*—y?)
about the x- and y-axes.

7.6.28. Compute the volume of the solid generated by revolving
the region enclosed by the curve p=acos?¢ about the polar axis.
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§ 7.7. The Arc Length of a Plane Curve in Rectangular
Coordinates

If a plane curve is given by the equation y=y(x) and the
derivative y’(x) is continuous, then the length of an arc of this
curve is expressed by the integral

b

l=gl/1-[—y’2dx

a

where a and b are the abscissas of the end-points of the given arc.

7.7.1. Compute the length of the arc of the ¥ M(4,8)
semicubical parabola y> =x® between the points
(0, 0) and (4, 8) (Fig. 96).

Solution. The function y(x) is defined for
x>=0. Since the given points lie in the first qu- 7l
3

adrant, y=x 2. Hence,
r_ 30 T 4/
y=<5Vxand V14y2= V 1+%x.
Consequently,

Fig. 96

=Y T Tear =t 2 (14207 =0y T,
0

7.7.2. Compute the length of the arc cut off from the curve
y*=x* by the straight line x=~%.

7.7.3. Compute the arc length of the curve y=Incosx between

the points with the abscissas x=0, x=-743.

Solution. Since y' = —tanx, then V' 14y =} 1+ tan® x =sec x.
Hence,

|2

L

sec xdx = 1ntan<—;+f2—>’4 =1ntan3—;.

~
O(/)-h

+1

7.7.4. Compute the arc length of the curve y= ]n from

x,=a to x,=0b (b>a).
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7.7.5. Find the arc length of the curve x=%y2——;-lny between

the points with the ordinates y=1 and y=2.

Solution. Here it is convenient to adopt y as the independent
variable; then

, | | T o7 _1_ _!_ 2 _1_ 1
X —_Q—y—g and V1+Xz— l/-(2y+2y) “2.’/_{—@-

Hence,
2 2
L=y TFmay=(gv+g)ds=7+5 2.
1 1

2 2 2
7.7.6. Find the length of the astroid x3 + y3 =a3.

Solution. As is known, the astroid is symmetrical about the axes
of coordinates and the bisectors of the coordinate angles. Therefore,
it is sufficient to compute the arc length of the astroid between
the bisector y=x and the x-axis and multiply the result by 8.

3

2 2

2 2\7
In the first quadrant y=<a3 —x3> and y=0 at x=a, y=x

at x= —.

o

Further,

<
I
v oo
—
Q
w|r
|
=
w|
~—
—
|
w| o
~
=
|
wl_
[
=
|
w|—
—
Q
mlm
l
b
IS
~—

and

Vity?= l/ l+x_%(a%—x—§_>=(

Consequently,

23/’

Note. If we compute the arc length of an astroid situated in
the first quadrant, we get the integral

L _1

Sa3x 3 dx,

0

whose integrand increases infinitely as x-—- 0.
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7.7.7. Compute the length of the path OABCO consisting of por-
tions of the curves y?>=2x® and x*+ y*=20 (Fig. 97).
Solution. It is sufficient to compute the arc lengths ;5 and Iy

since by symmetry of the figure about the
x-axis y
l=2(l5a+ Lxz)

Solving the system of equations 4
{ X2+ y? = 20,
y? =2x°,

we find the point A4 (2, 4). il

Find [5,. Here

3
y.—_]/-QxT’ Yy =
S~—

3 5 — 9
=5 Vx, V1+y2:]/1+?x' Fig. 97
Hence,

2
zovAzf ]/1 —i—%xdx :2—47(101/1_0— 1).

0

Since on the circle of radius }/'20 L33 is the length of an arc cor-
responding to the central angle arc tanZ2,

IXB=]/X)arctar12.
Finally we have
I =5 (10V/T0— 1)+ 415 arctan2.
7.7.8. Compute the arc length of the curve:
(a) y:%—l cut off by the x-axis;

(b) y=1n(2cos x) between the adjacent points of intersection with
the x-axis.

(¢) 3y*=x(x—1)* between the adjacent points of intersection
with the x-axis (half the loop length).

7.7.9. Compute the arc length of the curve
y=-;—[x Ve —T—In(x+Vx—1)]

between
x=1 and x=a-1.
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7.7.10. Find the arc length of the path consisting of portions of
the curves x*=(y—+1)® and y=4.

§ 7.8. The Arc Length of a Curve Represented
Parametrically

If a curve is given by the equations in the parametric form x = x (?),
y=y(t) and the derivatives x'(#), y’(¢) are continuous on the in-
terval [¢,, ¢,], then the arc length of the curve is expressed by the

integral
12

L=V O+ d,

t

where ¢, and ¢, are the values of the parameter ¢ corresponding to
the end-points of the arc (¢, < {,).

7.8.1. Compute the arc length of the involute of a circle x =
=a(cost-+tsint), y=a(sint—itcost) from t=0 to { =2mx.

Solution. Differentiating with respect to ¢, we obtain
x;=atcost, y,=atsint,
whence V x;2+ y:*=at. Hence,

2n
2n

at?
l=§atdt=7 . = 2an?.

7.8.2. Find the length of one arc of the cycloid:
x=a(t—sint), y=a(l—cos?).
7.8.3. Compute the length of the astroid: x=acos®*f, y=asin®t.
Solution. Differentiating with respect to ¢, we obtain
x; =—3acos?¢sint;

y: =3asin®f cost.
Hence

Vx:2+y;2=l/9azsin2tcoszt=3a|sintcostlz%flsin%].

Since the function |[sin2f| has a period %,

Tt
7
l=4x%5lSsin2tdt=6a.
0

Note. 1f we forget that we have to take the arithmetic value of
the root and put }/ x>+ y;* = 3asin f cos ¢, we shall obtain the wrong
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result, since

2n
a

3aSsintcostdt=%—sin2t T _0.
5 0

7.8.4. Compute the length of the loop of the curve x=1)"3¢,
y=1t—1s.

Solution. Let us find the limits of integration. Both functions
x(f) and y(¢) are defined for all values of ¢. Since the function
x=1)3t2 >0, the curve lies in the right half-plane. Since with a
change in sign of the parameter ¢, x(f) remains unchanged, while
y (t) changes sign, the curve is symmetrical about the x-axis. Furth-
ermore, the function x(f) takes

on one and the same value not L

more than twice. Hence, it follows M ==

that the points of self-intersection /2
of the curve lie on the x-axis. i.e., ¢ T

at y=0 (Fig. 98). M
The direction in which the mo-

ving point M (x, y) runs along the Fig. 98
curve as ¢ changes from —oo to oo
is indicated by the arrows.

But y=0at {,=0, ¢, ,= =41. Since x(¢,)=x ({,) =V 3, the point
(V'3, 0) is the only point of seli-intersection of the curve. Conse-
quently, we must integrate within the limits {,=—1 and {,=1.

Differentiating the parametric equations of the curve with respect
to ¢, we get x;=2) 3t, y,=1—3¢2, whence

VX2 +yt =143

Consequently,
1

1= +3mar=a
Ry

7.8.5. Compute the arc length of the curve x=t—;—, y=2——l—:-

between the points of intersection with the axes of coordinates.
2 2

7.8.6. Compute the arc length of the ellipse ’—;34—%2: 1.

Solution. Let us pass over to the parametric representation of the
ellipse

x=acost, y=bsint, 0Lt 2n.
Differentiating with respect to ¢, we obtain

x;=—asint; y;=bcost,
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whence

VXi4+yr=Vatsintt+b*cos’t =al/1—e?cos?t
where ¢ is the eccentricity of the ellipse,
¢ at—b?
E=—=
a a

Thus

2n -;_['

l=a Slfl—s%osztdt=4agl/1—s2cosztdt.
0 0

t

The integral SV1—82 costdt is not taken in elementary func-

0
tions; it is called the elliptic integral of the second kind. Putting

t=%—r, we reduce the integral to the standard form:

VYV 1—etcos?tdt =\ V/ 1—e?sinttdr=E (e),

01/1,\,[:,
OL/)MI;:]

where E (g) is the notation for the so-called complete elliptic inte-
gral of the second kind.

Consequently, for the arc length of an ellipse the formula
| = 4aFE (¢) holds good.

It is usual practice to put e=sina and to use the tables of va-
lues for the function

E,(x) =E, (arcsine) = E (g).
For instance, if a=10 and b=06, then

Vie—6 0.8 =sin b3°.

E="To

Using the table of values of elliptic integrals of the second kind,
we find [=40E,(53°)=40x1.2776 ~51.1.

7.8.7. Compute the arc length of the curve
x=tt, y= (*—3)

between the points of intersection with the x-axis.
7.8.8. Find the arc length of the cardioid:

x=a(2cost—cos2t),
y=a(2sint—sin 2f).
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7.8.9. Find the length of the closed curve
x=4V2asint; y=asin2t.
7.8.10. Find the arc length of the evolute of the ellipse
x—c—z—cos“t ————Cisin*’t A =a>—b*
- a ’ !/— b ) - .
7.8.11. Compute the arc length of the curve

x=(t*—2)sint 4 2t cos ¢,
y=(2—1*)cost-2¢sint

between t,=0 and ¢,=u.

7.8.12. On the cycloid x=a(t—sint); y=a(l —cost) find the
point which divides the length of the first arc of the cycloid in
the ratio 1:3.

§ 7.9. The Arc Length of a Curve in Polar Coordinates

If a smooth curve is given by the equation p=p(g) in polar
coordinates, then the arc length of the curve is expressed by the
integral:

P2

1=§ Y/ o +os do,
.,

where ¢, and ¢, are the values of the polar angle ¢ at the end-
points of the arc (¢, < @,).

7.9.1. Find the length of the first turn of the spiral ot Archi-
medes p =ae.

Solution. The first turn of the spiral 1s tormed as the polar angle
¢ changes from 0 to 2m. Therefore

2n 2n
| = S I/ach2+a2dq>=aSV(p2+ldcp=
0 0

—a [nl/4n2+l+%ln(’2n+1/4'ﬂ2+l).’.

7.9.2. Find the length of the logarithmic spiral p =ae™? between
a certain poirt (p,, ¢,) and a moving point (p, @).
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Solution. In this case (no matter which of the magnitudes, p or
Py, is greater!)

¢
l = g V @’e*™ + a?m2e*™ dg | =
Po

—_ Tm
=a)/ T+ m |\ emdo a'/l%lem_emq:

S —e

(]

VH—m

lo—py | =L 5,

i.e. the length of the logarithmic splral is pr0port10nal to the
increment of the polar radius of the arc.

7.9.3. Find the arc length of the cardioid p=a(l+-cosg)
(@>0, 0 o< 2m).
Solution. Here p, = —asing,

Vo, +02 =V 2a* (1+cos ¢) =/ 4a? cos* (¢/2) =
_ _ 2acos(9/2), 0o
=2a|cos ((P/Q)l—{ —2acos (¢/2), n< o< 2m.

Hence, by virtue of symmetry

l———2a\28v ’cos—ldcp 4aScos—d(p 8a.
0

7.9.4. Find the length of the lemniscate p%=2a%cos2¢ between
the right-hand vertex corresponding to ¢ =0 and any point with a

polar angle ¢ < %—
Solution. If 0<C o< % , then cos2¢ > 0. Therefore

_ Q__T; '=_aV 2sin 2¢ |
p=al 2cos2¢; py Ve
R 90 9 sin22q>)= aV 2 .
Vor+o, ]/ a (cos Ot ostp ) = Voo

Hence,

[0
— de
l=aV2§]/cos2(p 1/25‘]/.1——2sm2 ’

The latter integral is called the elliptic integral of the first kind.
It can be reduced to a form convenient for computing with the
aid of special tables.
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7.9.5. Find the arc length of the curve p=asin3%.
7.9.6. Compute the length of the segment of the straight line
14 14
p=asec ((p—§> between ¢ =0 and =5

Solution. p;p=asec((p—%) tan (cp—%);

/

Vit =asee(v=5) )/ 1 tan (o= F) masec (4.

(The sign of the modulus in the function sec( —%) is omitted,

since on the interval [0, g-] this function
is positive.)

4
l=a_¢—sec2((p—%)d(pz‘”g§ a. C

| p=as&n‘—}’

0
7.9.7. Find the Ilength of the closed
curve p=asin‘%.

Solution. Since the function p=asin* %

is even, the given curve is symmetrical about
the polar axis. Since the function sin‘% has

Fig. 99

a period 4m, during half the period from 0 to 2m the polar radius
increases from 0 to a, and will describe half the curve by virtue
of its symmetry (Fig. 99).

Further, p;p =a sin® (¢p/4) cos (p/4) and

Vor+ 0y = V a®sin® (g/4) + a® sin® (¢/4) cos? (¢/4) = asin® (p/4),
if 0<Cop<2n.

Hence,
PR /2
l=2a g sin® (@/4) dp = 8a S sind ¢ dt =—]376a (p = 41).
0 0
7.9.8. Find the length of the curve @:%(p—i— 1/p) between p=2
and p=4.

Solution. The differential of the arc d/ is equal to

VT g VI T g 1/ oa [T
di=Vp*+p, do=V p*d¢*+dp*= |/ p (E) + ldp.
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From the equation of the curve we find d—g):% (l —ﬁ—;) . Hence,

f T(1=5Y) +1dp—f1/ (=24 +4)do=

- VT (Brm) 02

2

7.9.9. Find the length of the hyperbolic spiral pg=1 between
3
¢, =7 and ¢, =+
7.9.10. Compute the length of the closed curve p == 2a (sin ¢ 4 cos ).

7.9.11. Compute the arc length of the curve p=¢§o—s—(p from
_ It t It
¢ =7 o =75

§ 7.10. Area of Surface of Revolution

The area of the surface generated by revolving about the x-axis
the arc L of the curve y=y(x) (@< x<Cb) is expressed by the
integral

b

P=2ngyl/l +y" dx.

It is more convenient to write this integral in the form P =2n S ydl,
L

where dl is the differential of the arc length.

If a curve is represented parametrically or in polar coocrdinates,
then it is sufficient to change the variable in the above formula,
expressing appropriately the differential of the arc length (see §§ 7.8
and 7.9).

7.10.1. Find the area of the surface formed by revolving the

2 2 2
astroid x% 4+ y3 =a® about the x-axis.
Solution. Differentiating the equation of the astroid we get
1 1
2 =, 2 -=,
35 tgy ty=0
whence
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2 1

— 3 al . i1 s

Then, l/l—l—y2=‘/l +y—£=-—z. Since the astroid is sym-
x3 |x |3

metrical about the y-axis, in computing the area of the surface we

may first assume x>0, and then double the result. In other words,

the desired area P is equal to

Al E 2
S<a3.__x3

0

q R 31 1
P=2x2n5yl/l+y’2dx=4n >2a3x 3dx.
0

Make the substitution

2

2 2
ad —x38

== tz,

|-

—% x vde=2tdt, |O
a

L aif? 12
Then P = 12na3 S t‘dt=gna“.
b

7.10.2. Find the area of the surface generated by revolving about
the x-axis a closed contour OABCO formed
by the curves y=x?and x=y* (Fig. 100). g
Solution. It is easy to check that the 7f-————-———
given parabolas intersect at the points O e
(0, 0) and B (1, 1). The sought-for area C /7
P =P,+ P,, where the area P, is formed e
by revolving the arc OCB, and P, by revol- e
ving the arc OAB. L
Compute the area P,. From the equation |,
— 1 :
x=y* we get y=)x and V=5y5- g
Hence, Fig. 100

1 1
P,:anVTC ]/1 +dr=2n YV—“;i—‘ dx =
0 o

3|1 _
=Z(4x+1)7 0=%(51»’5—1).

\,
~
Nh——————— T

8

Now compute the area P,. We have y=x2, y' =2x and

1
P,=2n { » )/ T 42 dx.
0
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The substitution x=isinh t, dx=——l-coshtdt gives

2 2
Arsinh 2 Arsinh 2
Pg=-;i£ 25 sinh2tcosh2tdt:3—32(%sinh4t——t) ors" =
9V '5n 1 -
Thus,

P=P + P,= (5 V—i—l)n + 9%5_715 —él—znln(2-|—l/_5)=

67 V-gn T = m
=——48 ——3—2111 (2—{—1/-5)—?.

7.10.3. Compute the area of the surface generated by revolving:
2

(a) the portion of the curve y=Z-, cut off by the straight line

y=%, about the y-axis;

(b) the portion of the curve y*=4 -+ x, cut off by the straight
line x=2, about the x-axis.

7.10.4. Find the surface area of the ellipsoid formed by revolving
2 2
the ellipse =5 +7; =1 about the x-axis (a>b).

Solution. Solving the equation of the ellipse with respect to y
for y=0, we get
X

Y - M .
y—;l/a—x; y——7°——-‘,,a—2_—xz,
ViTyi= ) Se=nL,

a2 (a2 — x?)
Hence
a
_ by at—(a®—b%) x% ,
P=2x 5‘ ZVaz—xz VWdX—
-a
a
=V ER = (VT g 2esiney |
where the quantity e= ]/02;b2=% is the eccentricity of the
ellipse.

When b— a the eccentricity ¢ tends to zero and
lim arcsine =1
e 0 > ’
since the ellipse turns into a circle, in the limit we get the surface
area of the sphere:
P =4nat.
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7.10.5. Compute the area of the surface obtained by revolving
the ellipse 4x®+4y*=4 about the y-axis.

7.10.6. An arc of the catenary
X X
y:% <67+ e_—“-> —acosh =,

whose end-points have abscissas 0 and x, respectively, revolves about
the x-axis.

Show that the surface area P and the volume V of the solid thus

generated are related by the formula P=—2-d‘{.

Solution. Since y’ = sinh % , we have V' T+ y”* =cosh % . Therefore
X X X
P=2nSyl/1 —l—y'%ix:QcmScosh2 % dx:%-nga‘lcosh‘2 %dx,
0 0 0
but

X

ﬂ§a2cosh2§dx=n5y2dx=V,
0

hence, P.—_Q—:.

7.10.7. Find the area of the surface obtained by revolving a loop
of the curve 9ax? =y (3a—y)* about the y-axis.

Solution. The loop is described by a moving point as y changes
from O to 3a. Differentiate with respect to y both sides of the
equation of the curve:

18axx’ = (3a—y)>*—2y (3a—y) =3 (3a—y) (a—y),

Ba—y @y Using the formula for computing the

area of the surface of a solid of revolution about the y-axis, we have

whence xx’ ==

Y2 Uy
P=2n5 xV1 +x"2dy= 2315 Vx2+(xx’)2dy=

Y Yy
' 3a ' 3a

30— )2 (3a—1)? (a— )2
=27 g ]/y( aga 9 —{—( = Lgﬁa(za 9) dy =%5 (3a% -+ 2ay —
0 0

—y?) dy = 3na?.
7.10.8. Compute the area of the surface generated by revolving
the curve 8y%= x>—x* about the x-axis.

7.10.9. Compute the area of a surface generated by revolving
about the x-axis an arc of the curve x=t¢?; y—_—%(tz—S) between

the points of intersection of the curve and the x-axis.
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Solution. Putting y=0, find {, =0 and ¢, —:tl/3 and, hence,
% =0 and x, ;=3. Whence it follows that the curve intersects
with the x-axis at two points: (0, 0) and (3, 0). When the para-
meter ¢ changes sign, the sign of the function (x)¢ remains unchan-

ged, and the function y (f) changes
4 its sign, which means that the curve
1 m is symmetrical about the x-axis
(Fig. 101).
NGB To find the area of the surface it
i is sufficient to confine ourselves to
the lower portion of the curve OnB
-1k n that corresponds to the variation
of the parameter between O and

Fig. 101 + V3. Differentiating with respect
to £, we find

x; =2t yy=1*—1

)
b N
N
o

and the linear element ‘
dl =V x4y dt = (1 +¢2) dt.

Hence,
t,
P=2x{|y)|V P Tyrdt =
:}3— Vs
= 2 (t2—3)(l+t2)dt=——n5(t5 913 —3¢)dt = 3.

7.10. 10 Compute the surface area of the torus generated by re-
volving the circle x2(y—0b)?=r2(0 < r < b) about the x-axis.

Solution. Let us represent the equation of the circle in parametric
form: x=rcost; y=>b-rsint.

Hence

X =—rsint; y;=rcost.
The desired area is
27

P=2n{ (b+rsint) )/ (—rsiniP+(rcosi)Pdi =

2N
=2aur { (04 rsint)dt =4dmbr,
0
7.10.11. Compute the area of the surface formed by revolving
the lemniscate p =a)/cos2¢ about the polar axis.
Solutzon Real values for p are obtained for cos2¢ >0, i. e. for

— <(p 4 (the right-hand branch of the lemniscate), or for
—3« <q><—§:-:rc (the left-hand branch of the lemniscate).
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The linear element of the lemniscate is equal to

VT o dey — 2 asin2¢ \? , _  adg
dil =V p*+p"dg ]/a cosQ(p—}—(VCOSQ(P) do Veese

Besides, y=p sin ¢ =asin¢}/ cos 2¢.
The sought-for surface area P is equal to double the area of the
surface generated by revolving the right-hand branch. Therefore

K

pP—2 jdl .4 25 VcosQ(psm(pdcp 2 7).
><2nLy na Ve =2na? (2—12)

7.10.12. Compute the area of the surface formed by revolving
about the straight line x4 y =a the quarter of the circle x4 y* =a?
between A (a, 0) and B (0, a).

Solution. Find the distance MN from the moving point M (x, y),
lying on the circle x*+y*=a?, to the straight line x+y=a:

|x+ Va2—x2—a| _ x+Va—x2—a
Ve Ve '

since for the points of the circle that lie in the first quadrant
x+y>=a. Further,

MN =

adx

A=V TT g dy = ]/1+(Va2_xz> T

Hence,

a
pP—29 5 x+ Va2—_x2—a . adx —
" V2 Va—x

0

=§[_f‘z _ -3‘_]“=“_"f_4—.
V2na |—Va@—x+x—aarcsin= ) V2( )

7.10.13. Compute the area of
the surface formed by revolving
one branch of the lemniscate p=

=a )/ cos2¢ about the straight line _

11
¢=7-
Solution. From the triangle OMN Fig. 102
(Fig. 102) we find the distance MN '
of an arbitrary point M of the right-hand branch from the

. . 1
axis of revolution ¢=—:

MN =psin (%—-(p) =a]/c032cp sin (%—q}) ;




360 Ch. V1I. Applications of the Definite Iniegral

then
dl —_2%
V cos 2¢
n/a d
- cos 9w sin [ __ aae 2
Therefore P =2xn 5 al/ cos 2¢ sin ( 1 (p) Veosto 2na2.
—/4
7.10.14. Compute the area of the surface formed by revolving
3
about the x-axis the arc of the curve y=% between x=—2 and
x=2.

7.10.15. Compute the area of the surface generated by revolving
one half-wave of the curve y=sinx about the x-axis.

7.10.16. Compute the area of the surface generated by revolving
about the y-axis the arc of the parabola x* =4ay between the points
of intersection of the curve and the straight line y=3a.

7.10.17. Find the area cf the surface formed by revolving about
the x-axis the arc of the curve x=e!sint; y=elcost between

t=0 and {=7.

7.10.18. Compute the area of the surface obtained by revolving
about the x-axis the arc of the curve x:l—;-; y=4—% between
the points of its intersection with the axes of coordinates.

7.10.19. Compute the area of the surface generated by revolving
the curve p=2asin ¢ about the polar axis.

7.10.20. Compute the area of the surface formed by revolving
about the x-axis the cardioid

x=a(2cost—cos2t),
y=a(2sint—sin 2¢).

§ 7.11. Geometrical Applications of the Definite Integral

7.11.1. Given: the cycloid (Fig. 103)
x=a(t—sint); y==a(l—cost); 0Lt 2n.
Compute:
(a) the areas of the surfaces formed by revolving the arc OBA
about the x- and y-axes;
(b) the volumes of the solids generated by revolving the figure 0BAO
about the y-axis and the axis BC,

(c) the area of the surface generated by revolving the arc BA
about the axis BC;
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(d) the volume of the solid generated by revolving the figure
ODBEABO about the tangent line DE touching the figure at the

vertex B; y

(e) the area of the surface formed by p B E
revolving the arc of the cycloid [see
item (d)].

Solution. (a) When revolving about z
the x-axis the arc OBA generates a sur- 0 ¢ A
face of area Fig. 103

27

Px:2nj ydl=2n5 a(l—cost)?asin%dt:
L

0
2

= 8a2n5 sin? %dt =

0

64rna?
T -

When revolving about the y-axis the arc OBA generates a sur-
face of area

P,=2n gxdl =4na2j(t—sin t) sin %dt -+
2. 0
27T 2N

-+ 4na? Y (t—sin t)sin-tz—dt=4na2S (t—sint) sin%dt = 16m2a2.
s 0
(b) When revolving about the y-axis the figure OBAO generates
a solid of volume
2a 2a 2a
Vy=n{ (d—)dy=n{ x2dy—=n { x2ay,
0 0 0
where x=x, (y) is the equation of the curve BA, and x=x,(y) is
the equation of the curve OB.

Making the substitution y=a(1—cost), take into consideration
that for the first integral ¢ varies between 2m and =, and for the
second integral between 0 and m. Consequently,

s 19
V,=n SaZ(t—sint)zasintdt—nOSaZ(t—sin asintdt =

2n
0

= na® S (t—sint)?sintdt =

27

0 0 0

:na"[g trsintdt—§ ¢ (1—cos2tydt + sin”dt]:ﬁn“as.
27 2n 2n

For computing the volume of the solid obtained by revolving

the figure OBAO about the axis BC it is convenient first to trans-
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fer the origin into the point C, which yields the following equa-
tions in the new system of coordinates

xX'=a(t—n—sint); y =a(l—cosf).
Taking into account only the arc BA, we get

2a 7
V=n{ x2dy —=aas { (t—n—sintpsintdt.
0 2n
Putting {—n =2, we obtain
0 ¢
V=—na® S (z+sinz)?sin zdz = na® S (z+sinz)?sin zdz =
s 0

=2 (9m—16).
(c) Making the above-indicated shift of the origin, we get

dl = 2asm—[dt|——2asm —dt

Therefore
2a

P= anxdl —4na2S(t—n—smt)sm—dt_
0 n
=4nazj(z—|— sinz)cos%dz=4(2n——§) nad.
0

(d) Transferring the origin into the point B and changing the
direction of the y-axis, we get

¥'=a(t—mn—sint), y =a(l-+tcost).
Putting { —n =2, we have
x'=a(z+sinz), y =a(l—cosz),

z changing from —mn to n for the arc OBA. Hence
V=n S a® (1 —cos 2)?(1 -+ cos 2) dz = n2a®.
-7

(e) P=2n j ydl =4na? X (l-—cosz)cos dz :%Qnaz
-7 -

7.11.2. Find the volume of the solid bounded by the surfaces
22=8(2—x) and x*+y*=2x.

Solution. The first surface is a parabolic cylinder with generat-
rices parallel to the y-axis and the directrix 22=8(2—x) in the
plane xOz, and the second is a circular cylinder with generatrices
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parallel to the z-axis and the directrix x? 4 y? =2x in the plane xOy.
2

The volume V is computed by the formula V = S S(x)dx. S(x) re-

0
presents the area of a triangle whose base is equal to 2y and alti-
tude to 2z:

S(x)=2yx22=4V2x—x* V'8 (2 —x).
Hence,
2

v={4yx@—08@—0dr=4V8 {@—x) V¥ dx =
0 0
=4V8_(—§-2V}3—%V;?>

7.11.3. Prove that if the figure S is bounded by a simple con-
vex contour and is situated between the ordinates y, and y, (Fig. 104),
then the volume of the solid ge- y
nerated by revolving this figure
about the x-axis can be expressed p

by the formula ‘I y 5/ \C
[ \

2 _ 256
o 15°

Ya

by
V=2n\ yhdy, 7
§l I |

where
h=x,(y)—x,(y),

x=x, (y) being the equation of the 4
left portion of the contour and z
x=1x,(y) that of the right portion. g
Solution. Let the generating fig- Fig. 104

ure S be bounded by a simple

convex contour and contained between the ordinates y, and y,.
Subdivide the interval [y,, y,] into parts and pass through the
points of division straight lines parallel to the axis of revolution,
thus cutting the figure S into horizontal strips. Single out one
strip and replace it by the rectangle ABCD, whose lower base is
equal to the chord AD=h specified by the ordinate y, its altitude
AB being equal to Ay. The solid generated by revolving the rectangle
ABCD about the x-axis is a hollow cylinder whose volume may
be approximately taken for the element of volume

AV = 1 (y + Ay)? h— ny*h = 2nyAyh + nh (Ay)®.

Rejecting the infinitesimal of the second order with respect t> Ay,
we get the principal part or the differential of volume

dV =2n yhdy.
Knowing the differential of the volume, we get the volume proper
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through integration:
Y2
V—2n{ ynay.

Y

Thus, we obtain one more formula for computing the volume of
the solid of revolution.

7.11.4. The planar region bounded by the parabola y=2x*-3,
the x-axis and the verticals x=0 and x=1 revolves about the
y-axis. Compute the volume of the solid of revolution thus generated.

Solution. Divide the area of the figure into elementary strips by
straight lines parallel to the y-axis. The volume AV of the elemen-
tary cylinder generated by revolving one strip is

AV =x (x+ Ax)? y—mn xty = 2 xy Ax+ my (Ax)?,

where Ax is the width of the strip.
Neglecting the infinitesimal of the second order with respect to Ax,
we get the diflerential of the desired volume

dV =2n xy dx.
Hence
1 1
V= g 2n xy dx =2mn Sx(2x2—|-3)dx=4n.

0

7.11.5. Compute the area of the portion of the cylinder surface
z ¥*4-y*=ax situated inside the
sphere
xz_}_yz_i_zz___az_
Solution. The generatrices of the
cylinder are paralle] to the z-axis,

the circle (x—% g yﬁ:‘_}z
serving as directrix (Fig. 105
> 7 Shows a quarter of the sought-

for surface).
Subdivide the portion of the

7\l circle shown in Fig. 105 into

small arcs Al. The generatrices

Y passing through the points of di-
Fig. 105 vision cut the cylinder surface

into strips. If infinitesimals of
higher order are neglected, the area of the strip ABCD is equal to
CD- Al

If p and ¢ are the polar coordinates of the point D, then
p=acosg and CD =V a*—p?=asing, and Al =a-A¢, whence we
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find the element of area:

dP =a?*sin @ de.
Hence,

V?N]fd

P=4\ a*singpdy=4a®.

7.11.6. Find the area of the surface cut off from a right circular
cylinder by a plane passing through the diameter of the base and
inclined at an angle of 45° to
the base.

Solution. Let the cylinder axis
be the z-axis, and the given dia-
meter the x-axis. Then the equa-
tion of the cylindrical surface
will be x4 y?=a? and that of
the plane forming an angle of 45°
with the coordinate plane xOy
will be y==z.

The area of the infinitely nar-
row strip ABCD (see Fig. 106) will Fig. 106
be dP =zdl (accurate to infinite-
simals of a higher order), where dl is the length of the elemen-
tary arc of the circumference of the base.

Introducing polar coordinates, we get

z=y=asing;, dl=adg.
Hence dP =a?singpde and
19

P=a? S sin ¢ dp = a* [— cos @]T = 2a*.
0
7.11.7. The axes of two circular cylinders with equal bases inter-
sect at right angles. Compute the surface area of the solid constitu-
ting the part common to both cylinders.

7.11.8. Compute the volume of the solid generated by revolving
about the y-axis the figure bounded by the parabola x2=y—1, the
axis of abscissas and the straight lines x=0 and x=1.

7.11.9. Find the area S of the ellipse given by the equation
Ax*4+2Bxy+4+Cy2=1(3=AC—B2 > 0; C>0).
Solution. Solving the equation with respect to y, we get

—Bx— VY C=dx* —Bx-+ VY C—ox2
yl:————c—_’ y2::——.c—_—l

where the values of x must satisfy the inequality
C—6x2>=0.
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Solving this inequality, we obtain the limits of integration:
Y Eesy %
Consequently, the sought-for area is equal to

VE VE

(Y2—Yy) dx=% 5 V' C—6xdx =

]/? J Vs
2

7.11.10. Find the areas of the figures bounded by the curves rep-
resented parametrically:

(a) x=2t—1¢% y=2{2—13

e (11—

(b) x_1+12) - l—|—lz .

7.11.11. Find the areas of the figures bounded by the curves given

in polar coordinates:
(a) p=asin3¢ (a three-leaved rose);

) ==L |5 <o< T

—cos @

S

(c) p=3sing and p=1V} 3cosgq.
7.11.12. Find the arc length of the curve y2=%(2—-x)3 cut off

by the straight line x=—1.
7.11.13. Find the length of the arc OA of the curve

a?
y:alnaz_xz ’

where O (0, 0); A(—;—, aln%y
7.11.14. Compute the arc length of the curve yzz—g—()c——l)3 con-

tained inside the parabola y2=%.
7.11.15. Prove that the length of the ellipse
x=V2sint; y=-cost
is equal to the wavelength of the sinusoid y=sinx.
7.11.16. Prove that the arc of the parabola y:%)x2 correspon-

ding to the interval 0<{x<Ca has the same length as the arc of

the spiral p= Pg¢ corresponding to the interval 0<{p <Ca.
7.11.17. Find the ratio of the area enclosed by the loop of the

curve y= -4 i—x l/; to the area of a circle the circumference

3
of which is equal to the length of the contour of this curve.
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7.11.18. Find the 2vo]ume of the segment cut off from the ellipti-
2
cal paraboloid Qy—p+%7-=x by the plane x=a.

7.11.129. Ccznnpute the volume of the solid bounded by the hyper-
2
boloid %—}—%——C%:—l and the planes z=c¢ and z=1I[>c.

7.11.20. Find the volume of the right elliptical cone whose base
is an ellipse with semi-axes a and b, its altitude being equal to .

7.11.21. Find the volume of the solid generated by revolving
about the x-axis the figure bounded by the straight lines y=x+41;
y=2x-+1 and x=2.

7.11.22. Find the volume of the solid generated by revolving
2 2
about the x-axis the figure bounded by the hyperbola Z—%; =1,
the straight line 2ay—bx=0 and the axis of abscissas.

7.11.23. Find the volume of the solid generated by revolving the
curve p=acos®¢ about the polar axis.

7.11.24, Find the areas of the surfaces generated by revolving the
following curves:

(a) y=tanx<0<x<-’;—) about the x-axis;

(b) y=x %(ngga) about the x-axis;
(c) x*+y*—2rx=0 about the x-axis between 0 and h.

§ 7.12. Computing Pressure, Work and Other Physical
Quantities by the Definite Integrals

I. To compute the force of liquid pressure we use Pascal’s
law, which states that the force of pressure of a liquid P on
an area S at a depth of immersion & is P=+hS, where y is the
specific weight of the liquid.

I1. If a variable force X ={ (x) acts in the direction of the x-axis,
then the work of this force over an interval [x,, x,] is expressed
by the integral

A= S f (x) dx.

Xy

[II. The kinetic energy of a material point of mass m and velo-
city v is defined as

mu?
K="
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IV. Electric charges repulse each other with a force F=er‘—§2,
where e, and e, are the values of the charges, and r is the distance
between them.

Note. When solving practical problems we assume that all the
data are expressed in one and the same system of units and omit
the dimensions of the corresponding quantities.

7.12.1. Compute the force of pressure experienced by a vertical
triangle with base 6 and altitude A submerged base downwards in
water so that its vertex touches the surface of the water.

Solution. Introduce a system of coordinates as indicated in Fig. 107
and consider a horizontal strip of thickness dx located at an arbi-
trary depth x.

Assuming this strip to be a rectangle, find the differential of area
dS= MN dx. From the similarity of the triangles BMN and ABC

we have MN_ x whence MN=% and dS:%dx.

b R
0 B
T =Y 70
z T A20HE 8
M N L T N
dzx h M 7] L’.
0V /C T
— e—1 5p ]
V
/4
Fig. 107 Fig. 108

The force of pressure experienced by this strip is equal to dP =xdS
accurate to infinitesimals of higher order (taking into consideration
that the specific weight of water is unity). Consequently, the entire

force of water pressure experienced by the triangle is equal to
h h

P=| xdS= | wrdx=-goh.
0 0
7.12.2. Find the force of pressure experienced by a semicircle of

radius R submerged vertically in a liquid so that its diameter is
flush with the liquid surface (the specific weight of the liquid is v).

7.12.3. A vertical dam has the form of a trapezoid whose upper
base is 70 m long, the lower one 50 m, and the altitude 20 m.
Find the force of water pressure experienced by the dam (Fig. 108).

Solution. The differential (dS) of area of the hatched figure is
approximately equal to dS=MN dx. Taking into consideration the
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similarity of the triangles OML and OAE, we find %=2023x;
whence ML =20—x, MN =20—x4-50=70—x. Thus, dS=MN x
xdx= (70— x)dx and the differential of the force of water pressure is
equal to

dP = xdS = x(70—x) dx.

Integrating with respect to x from 0 to 20, we get
20

P=| (T0x—x*)dv=11333 .
7.12.4. Calculate the work performed in pumping the water out
of a semispherical boiler of radius R.

7.12.5. A rectangular vessel is filled with equal volumes of water
and oil; water is twice as heavy as oil. Show that the force of pres-
sure of the mixture on the wall will )
reduce by one fifth if the water is ——y
replaced by oil.

Solution. Let h be the depth of
the vessel and / the length of the 4
wall. Let us introduce a system of 2

I
h

coordinates as shown in Fig. 109.
Since the oil is situated above the
water and occupies the upper half of *

the vessel, the force of the oil pres-

sure experienced by the upper half «

of the wall is equal to Fig. 109

T
P,=%jxl dx=l{é—2.
0
The pressure at a depth x>% is made up of the pressure of the
oil column of height g—l and that of the water column of height
x—%, and therefore
dP,= [%x—gl——l- <x——g>] ldx= (x—-%) ldx.

Consequently, the force of pressure of the mixture on the lower half
of the wall is

szg’z z(x-%>dx=—.
‘n
)
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The entire pressure of the mixture on the wall is equal to

P=P 4P, = 15

If the vessel were filled only with oil, the force of pressure P on
the same wall would be

h
B 1 lh?
P :?'S\Jddx:T.

0
Hence,

7.12.6. The electric charge E concentrated at the origin of coor-
dinates repulses the charge e from the point (a, 0) to the point (b, 0).
Find the work A of the repulsive force F.

Solution. The differential of the work of the force over displace-

ment dx is dA=Fdx— %E—dx.
Hence

b

A_eﬂ _eE(%—H.

a

As b— oo the work A tends to %E.

7.12.7. Calculate the work performed in launching a rocket of
weight P from the ground vertically upwards to a height A.

Solution. Let us denote the force of attraction of the rocket by
the Earth by F, the mass of the rocket by mp, and the mass of
the Earth by mg. According to Newton’s law

MmRmg
F=k"&

where x is the distance between the rocket and the centre of the
Earth. Putting kmpmgz=K, we get F(x)=x—l.§, R<x<h+R,
R being the radius of the Earth. At x=R the force F(R) will be
the weight of the rocket P, i.e. F(R):P:T’;, whence K — PR?
and F(x)= Px—}fz.

Thus, the differential of the work is

dA=F(x)dx=-};dex.
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Integrating, we obtain
R+h R+h
A= S F(x)dx= PRe S %:%.
R

The limit 11mA(h)_ 11m R-|-h“PR is equal to the work performed

h—~
by the rocket engine to achleve complete escape of the rocket from
the Earth’s gravity field (the Earth’s motion is neglected).

7.12.8. Calculate the work that has to be done to stop an iron
sphere of radius R rotating about its diameter with an angular ve-
locity o.

Solution. The amount of required work is equal to the kinetic
energy of the sphere. To calculate this energy divide the sphere
into concentric hollow cylinders of thickness dx; the velocity of the
points of such a cylinder of radius x is wx.

The element of volume of such a cylinder is dV =4nx )/ R* — x* dx,
the element of mass dM = vydV, where y is the density of iron, and
the differential of kinetic energy dK =2mywx® )/ R®— 42 dx.

Hence,

R
K = 2aye? SxaV-——Rz_xz dx=4m;R3 '(ozst=M(1‘)_‘zR2.
5 9]

7.12.9. Calculate the kinetic energy of a disk of mass M and ra-
dius R rotating with an angular velocity @ about an axis passing:
through its centre perpendicular to its plane.

7.12.10. Find the amount of heat released by an alternating si-
nusoidal current

I=1,sin (2—;-t—-cp)
during a cycle T in a conductor with resistance R.

Solution. For direct current the amount of heat released during
a unit time is determined by the Joule-Lenz law

Q=0.24 I*R.
For alternating current the differential of amount of heat is
dQ =0.24 I* ({) R dt, whence

Ly

Q=0.24R { 12 dt.
3
In this case
T

Q=0.24 R’I;;’Ssin2 <QTR t__(p) dt —

0
21
sin?| =1{—o
=0.12R1§[1—%——<T——-———)] .

— 0.12RT[2.
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7.12.11. Find the pressure of a liquid of specific weight d on a
vertical ellipse with axes 2a and 2b whose centre is submerged in
the liquid to a level h(hZ=0b).

7.12.12. Find the pressure of a liquid of specific weight d on the
wall of a circular cylinder of base radius r and altitude A if the
cylinder is full of liquid.

7.12.13. Calculate the work performed to overcome the force of
gravity in pumping the water out of a conical vessel with the vertex
downwards; the radius of the cone base is R and its altitude is H.

7.12.14. Compute the work required to stretch a spring by 6 cm,
if a force of one kilogram is required to stretch it by 1 cm.

§ 7.13. Computing Static Moments and Moments of
Inertia. Determining Coordinates of the
Centre of Gravity

In all problems of this paragraph we will assume that the mass
is distributed uniformly in a body (linear, two- and three-dimensional)
and that its density is equal to unity.

1. For a plane curve L the static moments M, and M, about
the x- and y-axis are expressed by the formulas

M,=Syd, M,={xa.

L L

The moment of inertia about the origin of coordinates

lo={ (et g .
L
If the curve L is given by the explicit equation y=y(x) (@< x<?),
then d! has to be replaced by V' 1+y'?dx in the above formulas.

If the curve L is given by the parametric equations x=x(¢),
y=y(t)(t,<<t<t,), then dl should be replaced by V x2+y'2dt in
these formulas.

2. For the plane figure bounded by the curves y =y, (v), y =y, (%),
y, (x) < y,(x) and the straight lines x=a, x=b6 (a<<x<<{b) the
static moments are expressed by the formulas

b

b
|
szis (y:—y?) dx; My:Sx(yz—yl)dx‘

a

3. The centre of gravity of a planc curve has the following coor-

dinates: xc=—l-i', Ye=—7-, where [ is the length of the curve L.
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M
The centre of gravity of a plane figure has the coordinates: xc:—s—",

yc=MT“, where S is the area of the figure.

7.13.1. Find the static moment of the upper portion of the ellipse
X y? _
atw=l1
about the x-axis.
Solution. For the ellipse

ydl=yV 1+ydx=V y*+ (yy')* dx;

. b2 b2
since y? —_—b2——a—2x2 and yy' =— % we have

ydl — ]/b‘l___z;xz.*_%xzdx =%[/a"—82x2dx,

Va—p

where ¢ is the eccentricity of the ellipse, & ="—

Integrating from —a to a, we find

a a
b CEPTY) -
M=~ (vVe—=ee dx=2a—bSl/a2—82x'z dx =
o
-a 0

b —_— 2 . .
=—5< l/az—aza?—}—%—arc sin 8) =b (b-}-—Z— arc sine).
In the case of a circle, i. e. at a=»b, we shall have M, = 2a?,

. . arcsine
since e=0 and lim — = 1.

€0

7.13.2. Find the moment of inertia of a rectangle with base b and
altitude A about its base.

Solution. Let us consider an elementary strip of width dy cut
out from the rectangle and parallel to the base and situated at
a distance y from it. The mass of the strip is equal to its area
dS=0bdy, the distances from all its points to the base being equal
to y accurate to dy. Therefore, d/,=by*dy and

h

1x=Sby2dy=$.
0

7.13.3. Find the moment of inertia of an arc of the circle x* 4 y*> = R?
lying in the first quadrant about the y-axis.

7.13.4. Calculate the moment of inertia about the y-axis of the
figure bounded by the parabola y? ==4ax and the straight line x--a.

Solution. We have dl, =x*dS, where dS is the area of a vertical
strip situated at a distance x from the y-axis (Fig. 110):

dS=2|y|dx-=2} 4axdx.
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Hence,

a a 5
I,C=S4x2 Vaxdx=4V a S‘x';dx:—?—a“.
0 0
7.13.5. In designing wooden girder bridges we often have to deal
with logs flattened on two opposite sides. Figure 111 shows the
cross-section of such a log. Determine the

Aq \,‘&S’ 4 moment of inertia of this cross-section
3;’/ about the horizontal centre line.
Z=0a J Y
as.
_4aS
3> N
7l 2T M q |
7
\
Fig. 110 Fig. 111

Solution. Arrange the system of coordinates as is shown in the
accompanying drawing. Then

dl,=y*dS, where dS=MN dy=2xdy=2V R*— 4 dy.
Whence

h h

=2l VR —gay=4{pVR—pay.
—-h 0

Substituting y=Rsint¢; dy=Rcostdt; ¢t,=0; t,=arcsin(h/R),
we cet

h arc sin (h/R)
/x=4§y“l/R2—y2dy:4 ( R2?sin?t-RcostR costdt =
¢ arc sin (h/R) 0 arc sin (h/R)
. R4
=4R* S sin®fcos® tdt == V (1 —cos 4¢t)dt =
0 b
R* . h h e
=5 arcsin ?—{— v (2r2— R?) VR —r2.
When A=R, we obtain the moment of inertia of the circle

nR!

about one of its diameters: [/, = o
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7.13.6. Find the moment of inertia about the x-axis of the figure
bounded by two parabolas with dimensions indicated in Fig. 112.
Solution. Arrange the system of coordinates as shown in Fig. 112
and write the equations of the para-

bolas. 2
The equation of the left parabola is: yz=2%(z+%)
yzzg—z<x-{——;—> , the equation of the s
. b [ a ML7225N
right parabola, y2=2—a<—2——x>. y
For the hatched strip the moment & ~ 7 - z
of inertia is "7 A
dl,=y*dS=y*| MN |dy, L
where
PITERYTEE PA N
=a—gy2. Fig. 112
Hence,
" 4a ¥4 4a ab3
I, = S y? (a—b—2y2)dy=2 S\ y? (a—-5—2y2> dy =55 -
-b2 0

7.13.7. Find the static moments about the x- and y-axis of the
arc of the parabola g2 =2x between x=0 and x=2 (y > 0).

7.13.8. Find the static moments about the axes of coordinates
of the line segment %—l—%:l whose end-points lie on the coordi-
nate axes.

7.13.9. Find the static moment about the x-axis of the arc of

the curve y=cosx between x1=—-—;£ and x2=—g-.

7.13.10. Find the static moment about the x-axis of the figure
bounded by the lines y==x%; y=J x.

7.13.11. Find the moments of inertia about the x- and y-axis of
the triangle bounded by the lines x=0, y=0 and —z——{—%= l(a>0,
b>0).

7.13.12. Find the moment of inertia of the trapezoid ABCD about

its base AD if AD=a, BC=0b and the altitude of the trapezoid
is equal to A.

7.13.13. Find the centre of gravity of the semicircle x*+ y*—=a?
situated above the x-axis.

Solution. Since the arc of the semicircle is symmetrical about the
y-axis, the centre of gravity of the arc lies on the y-axis, i. e. x,=0.
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To find the ordinate y,, take advantage of the result of Problem

7.13.1: M, =2a? therefore yczgé;—z:%a. Thus, x,.=0, y,= 2“.

7.13.14. Find the coordinates of the centre of gravity of the ca-
tenary y=%(e”—|—e‘”)=coshx between A (0, 1) and B (a, cosha).
Solution. We have

dl = [/l—1-y"’dx=V1+sinh2£dx=coshxdx

whence we find
= Sdl = S cosh x dx =sinha.
L 0
Then

M,= § xdl=§xcoshxdx=xsinhxl:—og sinh xdx =
=asinha—cosha+ 1.

Hence,
_asinha—(cosha—1)_~ cosha—1__ —tanh <

e sinha - sinh a

Analogously,

I a
— _ 2 __ ! _
Mx—§ydl—§cosh xdx= §(l+cosh2x)dx

| sinh 2x smh2a
“‘?("‘*‘ ) >o Tt
sinh 2a
_—+ _a +cosha
Ye = smha " 2sinha 2

7.13.15. Find the centre of gravity of the first arc of the cycloid:
x=a(t—sint), y=a(l—cost) (0Lt < 2n).

Solution. The first arc of the cycloid is symmetrical about the
straight line x=ma, therefore the centre of gravity of the arc of
the cycloid lies on this straight line and x,=ma. Since the length
of the first arc of the cycloid { =8a, we have

2n 2n

yc:_i‘gydlzgl"iQaZS (1—cos t)sin—é—dt =%5 sin3—t2—dt=—
L 0 0

7.13.16. Determine the coordinates of the centre of gravity of the

Y
portion of the arc of the astroid x* 4y* a‘ situated in the first
quadrant.
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7.13.17. Find the Cartesian coordinates of the centre of gravity of
the arc of the cardioid p =a (1 cos¢) between ¢ =0 and ¢ =mx.

Solution. Let us represent the equation of the cardioid in para-
metric form:

x=pcos@=a(l-+cose)cosep;
y=psing=a(l+4cosg)sine.

As the parameter @ varies between 0 and n the running point describes
the upper portion of the curve. Since the length of the entire car-
dioid equals 8a and

dl=V (") +(y",)* do = 2acos %dcp (see Problem 7.9.3), we have

lu
xcle‘Sydl=4ia5asin(p( +c09(p)2acos d¢ =
L 0

n
R s .
=2a5 co %sm—d(p————ac:os*"%i ; =za.
0
Analogously,
n
yc=zl;lj xdl =4lagacosq>(l—]—c05(p)2acos%dcp =
L 0

a

n
= aS c<>srpcos3%d(p=as (20055% — cos"%) de.
0 0

Putting %:t we get (see Problem 6.6.9)

7
y.=2a ‘S (2cos* t—cos*t)dt = 4a3—§—2 —?7——;:)61.
0
And so, xc=yc=‘-l;-z.

It is interesting to note that the centre of gravity of the above-
considered half of the arc of the cardioid lies on the bisector of
the first coordinate angle, though the arc itself is not symmetrical
about this bisector.

7.13.18. Find the centre of gravity of the figure bounded by the
ellipse 4x*+9y? =36 and the circle x>+ 42> =9 and situated in the
first quadrant (Fig. 113).
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Solution. Let us first calculate the static moments:
3 3

My——-j‘x(yz—yl)dx:jx [l/m—%l/@_:—xz] dx =
0

0

i
ol — o
=
~
©
|
=
132
&
l
»

The area of a quarter of a circle of
radius 3 is equal to 9_4:; ,and the area of a
quarter of an ellipse with semi-axes a=3
and b=2 equals 37“, therefore the area
of the figure under consideration is
S— 9n 3n_ 3n

4 2 4

My
S

4L, M ®
0

Yoe=FTwr YeTT T

7.12.19. Find the centre of gravity of the figure bounded by the
i 1 1
parabola x2 +y2? =a? and the axes of coordinates.

7.13.20. Find the Cartesian coordinates of the centre of gravity
of the figure enclosed by the curve p=acos®¢ (a > 0).
Solution. Since p>=0 in all cases, the given curve is traced

when ¢ changes from —% to % By virtue of evenness of the fun-
ction cos¢ it is symmetrical about the polar axis and passes through
the origin of coordinates at ¢ = i%.

Compute the area S of the figure obtained:

1
2

n a
: r Ix3x5 5
2 2 6 g I XOX n 2
S=2x St;p dp=a §COS edp=a 5516 X 7 =33 @
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Now arrange the axes of coordinates as shown in Fig. 114. Then
the parametric equations of the curve are

X=pCcos @ =acos! g,
y=psin@=asin g cosiyp.

The centre of gravity of the figure lies on the x-axis, i.e. y. =90
by virtue of symmetry about the x-axis. Finally, determine x,:

a
2 S xy dx
8a3
S

3
cost® gpsin®pdg = %—

&
l
I

(cost® ¢ —cost? g) dg =

o0l a
of—>m0)a

_ 8a IX3X5XTX9 — Ix3X5X7x9X!! r_2,
T (5/32) ma? \2X4X6X8X10  2x4x6x8x10x12/2 T 40"

i |
1S
Y
&
=
QST ISY IR
o
a
H

Fig. 114 Fig. 115

7.13.21. Find the coordinates of the centre of gravity of the
figure bounded by the straight line y=%x and the sinusoid
y=sinx (x>=0) (Fig. 115).

Solution. The straight line y———%x and the sine line y =sin x inter-

sect at the points (0, 0) and (—g—, l). The area of the figure
bounded by these lines is

S=

( . 2 ) 4—n
sinx ——=x) dx= .
n 4

ol—0a
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Hence,
i
o
—1—S<sin2x-—4—_,x2>dx T
2 2 0 2
Xp= —2 T =4_nS(sin2x—R?x2>dx=
T 0
T
2
2 1 sin2x 4 =
T4—n |2 4 3n2 T6(4—m)?

I
2
S‘ xsinxdx—
0

a

7
. 8 Sx'ld 4 . 12—n?
T@d—n) Sl S Y7 Sy S T o
0

7.13.22. Prove the following theorems (Guldin’s theorems).

Theorem 1. The area of a surface obtained by revolving an arc
of a plane curve about some axis lying in the plane of the curve and
not intersecting it is equal to the product of the length of the curve
by the circumference of the circle described by the centre of gravity
of the arc of the curve.

Theorem 2. The volume of a solid obtained by revolving a plane
figure about some axis lying in the plane of the figure and not
intersecting it is equal to the product of the area of this figure by
the circumference of the circle described by the centre of gravity of
the figure.

Proof. (1) Compare the formula for the area of the surface of
revolution of the curve L about the x-axis (see § 7.10)

P=2on(yal
L
with that for the ordinate of the centre of gravity of this curve

M !
yc=—,f=7§ydz.

Hence we conclude that
P=2nly =120y,
where [ is the length of the revolving arc, and 2ny, is the length

of a circle of radius y,, i.e. the length of the circle described by
the centre of gravity when revolving about the x-axis.
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(2) Compare the formula for the volume of a solid generated
by revolving a plane figure about the x-axis (see § 7.6)
b

V=n{(—yddx

a

with that for the ordinate of the centre of gravity of this figure

b
M, 1
pe="g =35 | Gi—ax.
Hence we conclude that ’
V=n.25y,. =S -2ny,

where S is the area of the revolving figure, and 2ny, is the length
of the circumference described by the centre of gravity when revol-
ving about the x-axis.

7.13.23. Using the first Guldin theorem, find the centre of gra-
vity of a semicircle of radius a.

Solution. Arrange the coordinate axes as shown in Fig. 116. By
virtue of symmetry x,=0. Now it remains to find y,. If the semi-
circle revolves about the x-axis, then

the surface P of the solid of revo- ¥
lution is equal to 4ma*, and the
arc length /=ma. Therefore, accor- Lo

ding to the first Guldin theorem,

Ortr - a
dna’=na-2ny,.; y,=2 T

7.13.24. Using the second Gul- a, U ¢
din theorem, find the coordinates Fig. 116
of the centre of gravity of the
figure bounded by the x-axis and one arc of the cycloid: x=
=a(l—sint); y=a(l—cos ).

Solution. By virtue of the symmetry of the figure about the
straight line x=ma its centre of gravity lies on this straight line;
hence, x,=na.

The volume V obtained by revolving this figure about the x-axis
is equal to 5m2a® (see Problem 7.6.14), the area S of the figure
being equal to 3ma® (see Problem 7.4.3). Using the second Guldin
theorem, we get

V. b5n%® _ 5a
Ye=0a5 "3~ 6"

7.13.25. An equilateral triangle with side a revolves about an
axis parallel to the base and situated at a distance b > a from the base.

Find the volume of the solid of revolution.
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Solution. There are two possible ways of arranging the triangle
with respect to the axis of revolution which are shown in Fig. 117,
a and b.

The altitude of the equilateral triangle is h= VS, the area
S= 023{3 . The centre of gravity O’ is situated at the point of
intersection of the medians and at a distance of b—2 1g3— from the
axis of revolution in the first cas:, and 64 aVS in the second.

4 g
~——b—>8 ~—b —>p

AN
* 0 Il 7 > T
(b)

c

(a)

Fig. 117

By the second Guldin theorem
Vv =2na24]/3_ (b— aVﬁ_):n(a_@_%/E_aT") ’
V __2:rm W(b—{- aVS) (azbzl/-g_{_a;).

7.13.26. Find the centre of gravity of the arc of a circle of radius

R subtending a central angle 2a.
7.13.27. Find the centre of gravity of the figure bounded by

the arc of the cosine line y=cos x between x= ——;5 and x=% and

the straight line y=%.

7.13.28. Find the coordinates of the centre of gravity of the
figure enclosed by line y*=ax®—x*.

7.13.29. Find the Cartesian coordinates of the centre of gravity
of the arc of the logarithmic spiral p=ae® from @,:%to @, = .

7.13.30. A regular hexagon with side a revolves about one of

its sides. Find the volume of the solid of revolution thus generated.

7.13.31. Using Guldin’s theorem, find the centre of gravity of
a semicircle of radius R.
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§ 7.14. Additional Problems

7.14.1. Find the area of the portion of the figure bounded by
the curves y”=x" and y"=x™ (m and n positive integers) situated
in the first quadrant. Consider the area of the entire figure depen-
ding on whether the numbers m and n are even or odd.

7.14.2. (a) Prove that the area of the -curvilinear trapezoid
bounded by the x-axis, straight lines x=a, x=b and parabola
y=Ax*+ Bx*+ Cx-+ D can be computed using Chebyshev’s formula

__b—a a+b Il b—a a+b a+b |l b—a
S—T[-’/<T-72=T)+y<7)+y(7+77— 2 )]
(b) Prove that an analogous area for a parabola of the fifth order

y=f(x)=Ax*+ Bx*+Cx*+Dx*+ Ex+F

can be computed using the Gauss formula
_b—a at+b 3 b—a a+b
= [5f(7‘1/3 %) 8 (45 +
a+b 3 b—a
+51(% +]/€T>]'

7.14.3. Show that the area of a figure bounded by any two ra-
dius vectors of the logarithmic spiral p=ae™ and its arc is pro-
portional to the difference of the squares of these radii.

7.14.4. Prove that if two solids contained between parallel pla-
nes P and Q possess the property that on being cut by any plane
R parallel to these planes equivalent figures are obtained in
their section, then the volumes of these solids are equal (Cava-
lieri’s principle).

7.14.5. Prove that if the function S(x) (0<Cx<Ch) expressing
the area of the section of a solid by a plane perpendicular to the
x-axis is a polynomial of a degree not higher than three, then the
volume of this solid is equal to V=§[3(0)+4s (§>+S(h)].
Using this formula, deduce formulas for computing the volume of
a sphere, spherical segments of two and one bases, cone, frustrum
of a cone, ellipsoid, and paraboloid of revolution.

7.14.6. Prove that the volume of a solid generated by revolving
about the y-axis the figure a<<x<<b, 0<C<y<Cy(x), where y(x) is
a single-valued continuous function, is equal to

b
V=2n S xy (x) dx.

a
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7.14.7. Prove that the volume of the solid formed by revolving,
about the polar axis, a figure 0<<oa<<o<P<<m, 0<<p<p(9),
is equal to

2n

V=—3- 03 () sin ¢ de.

Ry

7.14.8. Prove that the arc length of the curve given by the pa-
rametric equations

x=f"(t)cost+f"(¢t)sint,

y=—f"(t)sint4f'(t)cost

is equal to [f(¢)+f" (£)]i.
7.14.9. Find the arc length of the curve represented parametri-
cally

(L <E<H)

/ 1
cosz sinz
sz dz, y=§—dz
i i

2 F4

between the origin and the nearest point from the vertical tan-
gent line.

7.14.10. Deduce the formula for the arc length in polar coor-
dinates proceeding from the definition without passing over from
Cartesian coordinates to polar ones.

7.14.11. Prove that the arc length [(x) of the catenary y=
= cosh x measured from the point (0, 1) is expressed by the for-
mula [(x)=sinhx and find parametric equations of this line,
using the arc length as the parameter.

7.14.12. A flexible thread is suspended at the points A and B
located at one and the same height. The distance between the
points is AB =2b, the deflection of the thread is f. Assuming the sus-
pended thread to be a parabola, show that the length of the thread

2
=2 (1+35)
I
o
7.14.13. Find the ratio of the area enclosed by the loop of the
curve y =i<%—x> V x to the area of the circle, whose circum-
ference is equal in length to the contour of the curve.

7.14.14. Compute the length of the arc formed by the intersection
of the parabolic cylinder

at a sufficiently small

(94 2)* = 4ax
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and the elliptic cone
%xz_*_yz_zz:(),

between the origin and the point M (x, y, 2).
7.14.15. Prove that the area of the ellipse

Ax*+2Bxy-+ Cyr+-2Dx + 2Ey -+ F =0 (AC—B2> 0)

is equal to
B D
a2 CE

(AC— B2)P/2 " where A =

S— —

A
B
D

EF

7.14.16. Find: (a) the area S of the figure bounded by the hy-
perbola x*—y*=1, the positive part of the x-axis and the radius
vector connecting the origin of coordinates and the point M (x, y)
lying on this hyperbola.

(b) The area of the circular sector Q bounded by the x-axis and
the radius drawn from the centre to the point N (x, y) lying on
the circle x*--y*==1. Prove that the coordinates of the points M
and N are expressed respectively through the areas S and Q by
the formulas

xpy=cosh2S, yy=sinh2S, xy=co0s2Q, yy=sin2Q.

7.14.17. Using Guldin’s theorem, prove that the centre of gra-
vity of a triangle is one third of the altitude distant from its base.

7.14.18. Let § be the abscissa of the centre of gravity of a cur-
vilinear trapezoid bounded by the continuous curve y=f(x), the
x-axis and the straight lines x-—=a and x==0. Prove the validity
of the following equality:

b b

§ ax+0)] ()de=(@5+b) | ] (x)dx

a a
(Vereshchagin’s rule).

7.14.19. Let a curvilinear sector be bounded by two radius vec-
tors and a continuous curve p=f(¢p). Prove that the coordinates
of the centre of gravity of this sector are expressed by the follow-
ing formulas:

P2 P2
S o3 cos ¢ do S p3 sin g de
X =£_‘P| . y 23(01
¢ 3 P2 ’ ¢ 3 €2
S o*dg S p*dg

Py ®1
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7.14.20. Prove that the Cartesian coordinates of the centre of
gravity of an arc of the curve p=/{(¢) are expressed by the fol-
lowing formulas:

P2 D2
g pcosp Vp2+p2dp g psing Vo +tpidp
__9 . 1
Xe = ’ @2 ’ Ye = . P2
S Vor+pde S 040" dp

P [



