Electromagnetic Induction Maxwell’s Equations
(Part - 1)

Q. 288. A wire bent as a parabola y = ax? is located in a uniform magnetic field of
induction B, the vector B being perpendicular to the plane x, y. At the moment t =
0 a connector starts sliding translation wise from the parabola apex with a
constant acceleration w (Fig. 3.78). Find the emf of electromagnetic induction in
the loop thus formed as a function of y.
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Fig. 3.78.

Solution. 288. Obviously, from Lenz's law, the induced current and hence the induced
e.m.f. in the loop is anticlockwise.

From Faraday's law of electromagnetic induction,

Sa= |2

d'r-IJ|

Here, d@‘s;df- = 2B xdy,

and from y= a¥’ x= E

Hence, E_ = 23'“41 ‘—;4;,-
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Q. 289. A rectangular loop with a sliding connector of length | is located in a
uniform magnetic field perpendicular to the loop plane (Fig. 3.79). The magnetic
induction is equal to B. The connector has an electric resistance R, the sides AB
and CD have resistances Riand R: respectively. Neglecting the self-inductance of
the loop, find the current flowing in the connector during its motion with a
constant velocity v.

Fig. 3.79.

Solution. 289. Let us assume, Bis directed into the plane of the loop. Then the
motional e.m.f.
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And directed in the same of ©*&) (Fig)
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As R1 and R> are in parallel connections.

Q. 290. A metal disc of radius a = 25 cm rotates with a constant angular velocity ®
= 130 rad/s about its axis. Find the potential difference between the centre and the
rim of the disc if



(a) the external magnetic field is absent;
(b) the external uniform magnetic field of induction B = 5.0 mT is directed
perpendicular to the disc.

Solution. 290. (a) As the metal disc rotates, any free electron also rotates with it with
same angular velocity o, and that's why an electron must have an acceleration m?r
directed towards the disc's centre, where r is separation of the electron from the centre
of the disc. We know from Newton's second law that if a particle has some acceleration
then there must be a net effective force on it in the direction of acceleration.

We also know that a charged particle can be influenced by two fields electric and
magnetic. In our problem magnetic field is absent hence we reach at the conclusion that
there is an electric field near any electron and is directed opposite to the acceleration of
the electron.

If E be the electric field strength at a distance r from the centre of the disc, we have
from Newton's second law.
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(b) When field Bis present, by definition, of motional e.m.f.
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Hence the sought potential difference,
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(In general ™ so we can neglect the effect discussed in (1) here).

Q. 291. A thin wire AC shaped as a semi-circle of diameter d = 20 cm rotates with
a constant angular velocity @ = 100 rad/s in a uniform magnetic field of induction
B = 5.0 mT, with @t B: The rotation axis passes through the end A of the wire and

: . : : o E dr
Is perpendicular to the diameter AC. Find the value of a line integral 5 along
the wire from point A to point C. Generalize the obtained result.

Solution. 291. By definition,

E= —(vxB)
C [ d
[E-ar= [ -(7%B)-ar= [-yBar
So, 4 A 0

Hence,

This result can be generalized to a wire AC of arbitary planar shape. We have
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d being AC and rbeing measured from A.

Q. 292. A wire loop enclosing a semi-circle of radius a is located on the boundary



of a uniform magnetic field of induction B (Fig. 3.80). At the moment t = 0 the loop
Is set into rotation with a constant angular acceleration p about an axis 0
coinciding with a line of vector B on the boundary. Find the emf induced in the
loop as a function of time t. Draw the approximate plot of this function. The arrow
in the figure shows the emf direction taken to be positive.

Fig. 3.80.

Solution. 292. Flux at any moment of time,

|@,]= 1B-d5]= B(%Hﬂr-]

Where ¢ is the sector angle, enclosed by the field.
Now, magnitude of induced e.m.f. is given by,
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Where o is the angular velocity of the disc. But as it starts rotating from restatt = 0
with an angular acceleration p its angular velocity o (f) = Bt. So,

According to Lenz law the first half cycle current in the loop is in anticlockwise sense,
and in subsequent half cycle it is in clockwise sense.
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Thus in general, where n in number of half revolutions.

The plot S () Where £,= ¥2x0/B o shown in the answer sheet.

Q. 293. A long straight wire carrying a current | and a I1-shaped conductor with
sliding connector are located in the same plane as shown in Fig. 3.81. The
connector of length | and resistance R slides to the right with a constant velocity v.



Find the current induced in the loop as a function of separation r between the
connector and the straight wire. The resistance of the H-shaped conductor and the
self-inductance of the loop are assumed to be negligible.

Fig. 3.81,
Solution. 293. Field, due to the current carrying wire in the region, right to it, is
directed into the plane of the paper and its magnitude is given by,

Mot
2n r \Where r is the perpendicular distance from the wire.

As B is same along the length of the rod thus motional e.m.f.
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Q. 294. A square frame with side a and a long straight wire carrying a current |
are located in the same plane as shown in Fig. 3.82. The frame translates to the
right with a constant velocity v. Find the emf induced in the frame as a function of
distance x.
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Fig. 3.82,

Solution. 294. Field, due to the current carrying wire, at a perpendicular distance x
from it is given by,
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Motional e.m.f is given by

There will be no induced e.m.f. in the segments (2) and (4)
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as magnitude of e.m.f. induced in 1 and 3, will be
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Respectively, and their sense will be in the direction of (V% B).
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Q. 295. A metal rod of mass m can rotate about a horizontal axis O, sliding along a
circular conductor of radius a (Fig. 3.83). The arrangement is located in a uniform
magnetic field of induction B directed perpendicular to the ring plane. The axis
and the ring are connected to an emf source to form a circuit of resistance R.
Neglecting the friction, circuit inductance, and ring resistance, find the law
according to which the source emf must vary to make the rod rotate with a
constant angular velocity o.

Fig. 3.83.

Solution. 295. As the rod rotates, an emf.

is induced in it The net current in the conductor is then
E{r}—%azﬂm
R

A magnetic force will then act on the conductor of magnitude Bl per unit length. Its
direction will be normal to B and the rod and its torque will be



gm_%fﬂm
———— |a&xBx

Obviously both magnetic and mechanical torque acting on the C.M. of the rod must be
equal but opposite in sense. Then

for equilibrium at constant ®
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(The answer given in the book is incorrect dimensionally.)
Q. 296. A copper connector of mass m slides down two smooth copper bars, set at
an angle a to the horizontal, due to gravity (Fig. 3.84). At the top the bars are
interconnected through a resistance R. The separation between the bars is equal to
I. The system is located in a uniform magnetic field of induction B, perpendicular
to the plane in which the connector slides. The resistances of the bars, the
connector and the sliding contacts, as well as the self-inductance of the loop, are
assumed to be negligible. Find the steady-state velocity of the connector.
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Fig. 3.84.

Solution. 296. From Lenz’s law, the current through the connector is directed form A to
B. Here 5=~ B! petween A and B

where v is the velocity of the rod at any moment.



For the rod, from Fx = mwy

or megsina —i[B= mw

For steady state, acceleration of the rod must be equal to zero.
Hence, mgsina= ilB (1)

vEI
R

= |4
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But,

v MmE sin a R
From (1) and (2) B* 1

Q. 297. The system differs from the one examined in the foregoing problem (Fig.

3.84) by a capacitor of capacitance C replacing the resistance R. Find the
acceleration of the connector.
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Fig. 3.84.

Solution. 297. From Lenz’s 1 aw, the current through the copper bar is directed from 1
to 2 or in other words, the induced current in the circuit is in clockwise sense.
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Potential difference across the capacitor plates,

Z-%, o g=Cy,

Hence, the induced current in the loop,

_dg_ .95
t= dr_c dr

But the variation of magnetic flux through the loop is caused by the movement of the
bar. So, the induced e.m.f. Sa=8¥

dEh dv
And, ?h BFI- Blw

. d
[= C—E- CEBiw
Hence, dr

Now, the forces acting on the bars are the weight and the Ampere’s force, where

F = ilB(CBIw) B= CI1*BE w.

amp
From Newton’s second law, for the rod, Fx = mwy

mgsina - C 2B w= mw

or,

Hence

W mgsina _ gsino
CI*B*+m I*B'c
M




Q. 298. A wire shaped as a semi-circle of radius a rotates about an axis OO" with
an angular velocity o in a uniform magnetic field of induction B (Fig. 3.85). The
rotation axis is perpendicular to the field direction. The total resistance of the
circuit is equal to R. Neglecting the magnetic field of the induced current, find the
mean amount of thermal power being generated in the loop during a rotation
period.
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Fig. 3.85.
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Solution. 298. Flux of & atan arbitrary moment of time t :
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From Faraday’s law, induced e.m.f., S - dt
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Now thermal power, generated in the circuit, at the momentt =t:
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Note : The calculation of 5= which can also be checked by using motional emf is
correct even though the conductor is not a closed semicircle , for the flux linked to the
rectangular part containing the resistance R is not changing. The answer given in the
book is off by a factor 1/4.

Q. 299. A small coil is introduced between the poles of an electromagnet so that its
axis coincides with the magnetic field direction. The cross-sectional area of the coil
is equal to S = 3.0 mm?, the number of turns is N = 60. When the coil turns through
180° about its diameter, a ballistic galvanometer connected to the coil indicates a
charge q = 4.5 pC flowing through it. Find the magnetic induction magnitude
between the poles provided the total resistance of the electric circuit equals R = 40
Q.

Solution. 299. The flux through the coil changes sign. Initially it is BS per turn.
Finally it is - BS per turn. Now if flux is % 2t an intermediate state then the current at
that moment will be

So charge that flows during a sudden turning of the coil is

q.fid:- —"E“r[-::—l:—mj- 2N BS /R

B= %ﬁ—i = 05T on pulling the values.
Hence,

Q. 300. A square wire frame with side a and a straight conductor carrying a
constant current I are located in the same plane (Fig. 3.86). The inductance and
the resistance of the frame are equal to L and R respectively. The frame was
turned through 180° about the axis OO’ separated from the current-carrying
conductor by a distance b. Find the electric charge having flown through the
frame.
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Solution. 300. According to Ohm’s law and Faraday’s law of induction, the current
lo appearing in the frame, during its rotation, is determined by the
do  Ldi

Iy
formula, dr dt

Hence, the required amount of electricity (charge) is,
g=[ipdtn % [@@+Ldiy= ‘I-:]'j' (AD +L Aiy)

Since the frame has been stopped after rotation, the current in it vanishes, and hence A

io = 0. It remains for us to find the increment of the flux 2% through the
frame A= P2- )

Let us choose the normal 7' the plane of the frame, for instance, so that in the final

—=

position, #'is directed behind the plane of the figure (along B).

Then it can be easily seen that in the final position, 2> % while in the initial

position, ®1<9 (th e normal is opposite to 2 and A® turns out to be simply equal to

the flux through the surface bounded by the final and initial positions of the frame :

besa

Ad = ¢'2+|¢,|-Iﬂﬂdr,
b-a

Where B is a function of r, whose form can be easily found with the help of the theorem
of circulation. Finally omitting the minus sign, we obtain,




Q. 301. A long straight wire carries a current lo. At distances a and b from it there
are two other wires, parallel to the former one, which are interconnected by a
resistance R (Fig. 3.87). A connector slides without friction along the wires with a
constant velocity v. Assuming the resistances of the wires, the connector, the
sliding contacts, and the self-inductance of the frame to be negligible, find:

(a) the magnitude and the direction of the current induced in the connector;

(b) the force required to maintain the connector's velocity constant.

Fig. 3.87.

Solution. 301. As & due to the straight current carrying wire, varies along the rod

(connector) and enters linearly so, to make the calculations simple £ ¥ made constant
by taking its average value in the range [a, b].
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(a) The flux of B¢hanges through the loop due to the movement of the connector.
According to Lenz’s law, the current in the loop will be anticlockwise. The magnitude
of motional e.m.f.

E,=v<B>(b-a)
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(b) The force required to maintain the constant velocity of the connector must be the
magnitude equal to that of Ampere’s acting on the connector, but in opposite direction.

. Bofo b bo & b
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Y And will be directed as shown in the (Fig.)

Q. 302. A conducting rod AB of mass m slides without friction over two long
conducting rails separated by a distance | (Fig. 3.88). At the left end the rails are
interconnected by a resistance R. The system is located in a uniform magnetic field
perpendicular to the plane of the loop. At the moment t = 0 the rod AB starts
moving to the right with an initial velocity vo. Neglecting the resistances of the
rails and the rod AB, as well as the self-inductance, find:

(a) the distance covered by the rod until it comes to a standstill;

(b) the amount of heat generated in the resistance R during this process.

Solution. 302. (a) The flux through the loop changes due to the movement of the rod
AB. Recording to Lenz’s law current should be anticlockwise in sense as we have
assumed & is directed into the plane of the loop. The motion e.m.f Sul)= Blv

vBI
And, induced current " R
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(b) From equation of energy conservation; Er - Ei + Heat liberated = A cen + Aext
[ﬂ-—-%m .:,fla-Hea: liberated = 0 +0

So, heat liberated = %m v.,?"'

Q. 303. A connector AB can slide without friction along a Shaped conductor
located in a horizontal plane (Fig. 3.89). The connector has a length I, mass m, and
resistance R. The whole system is located in a uniform magnetic field of induction
B directed vertically. At the moment t = 0 a constant horizontal force F starts
acting on the connector shifting it translation wise to the right. Find how the
velocity of the connector varies with time t. The inductance of the loop and the
resistance of the I1-shaped conductor are assumed to be negligible.
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Fig. 3.99.



Solution. 303. With the help of the calculation, done in the previous problem,
Ampere’s force on the connector,

A
B ® R

-
—1—rph

Famp "
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B

2,2
- v Bl
wa

directed towards left.

Now from Newton’s second law,

dv
F—an-ma
2,2
So, F= vBl dv
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Thus

Q. 304. Fig. 3.90 illustrates plane figures made of thin conductors which are
located in a uniform magnetic field directed away from a reader beyond the plane

of the drawing. The magnetic induction starts diminishing. Find how the currents
induced in these loops are directed.
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Fig. 3.90.

Solution. 304. According to Lenz, the sense of induced e.m.f. is such that it opposes the
cause of change of flux. In our problem, magnetic field is directed away from the reader
and is diminishing.

OCO P
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So, in figure (a), in the round conductor, it is clockwise and there is no current in the
connector

In figure (b) in the outside conductor, clockwise.

In figure (c) in both the conductor, clockwise; and there is no current in the connector to
obey the charge conservation.

In figure (d) in the left side of the figure, clockwise.

Q. 305. A plane loop shown in Fig. 3.91 is shaped as two squares with sides a = 20
cmand b = 10 cm and is introduced into a uniform magnetic field at right angles
to the loop's plane. The magnetic induction varies with time as B = By sin ot,
where Bo =10 mT and o =100 s . Find the amplitude of the current induced in
the loop if its resis- tance per unit length is equal to p = 50 mQ/m. The inductance
of the loop is to be neglected.

Fig. 3.91.

Solution. 305. The loops are connected in such a way that if the current is clockwise in
one, it is anticlockwise in the other. Hence the e.m.f. in loop b opposes the e.m.f. in



loop a.

; d d .
e.m.f. in loop a = m [az B) = a i (B, sin wi)

Similarly, e.am.L in loop b= biﬂ‘[,mms wt.

Hence, net e.m.f. in the circuit = (@ =% Byw cos o, 55 hoth the e.m.f’s are in
opposite sense, and resistance of the circuit =4 (a + b) p

(a*-b%) Byw

q@ipp " O5A

Therefore, the amplitude of the current

Q. 306. A plane spiral with a great num- ber N of turns wound tightly to one
another is located in a uniform magnetic field perpendicular to the spiral's plane.
The outside radius of the spiral’s turns is equal to a. The magnetic induction varies
with time as B = By sin ot, where Bo and ® are constants. Find the amplitude of
emf induced in the spiral

Solution. 306. The flat shape is made up of concentric loops, having different radii,
varying from 0 to a.

Let us consider an elementary loop of radius r, then e.m.f. induced due to this

= M- mrtﬂummsw.

loop

And the total induced e.m.f.,

gw-ftmzs,,wcm wt) d N,
0

(1)

Where 7 2 ® cos ot is the contribution of one turn of radius r and dN is the number of
turns in the interval [r, r + dr].

So, " [%r}dr (2)

E= J‘——[nrzﬂﬂmms m!]iidr-
From (1) and (2), 0
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Q. 307. A H-shaped conductor is located in a uniform magnetic field perpendicular

to the plane of the conductor and varying with time at the rate & = 0.10 Tis. p
conducting connector starts moving with an acceleration w = 10 cm/s? along the
parallel bars of the conductor. The length of the connector is equal to | =20 cm.
Find the emf induced in the loop t = 2.0 s after the beginning of the motion, if at
the moment t = 0 the loop area and the magnetic induction are equal to zero. The
inductance of the loop is to be neglected.

Solution. 307. The flux through the loop changes due to the variation in Bwilh time and
also due to the movement of the connector.
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as E'and Fare colliniear

d
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So,
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But, B, after t sec. of beginning of motion - Bt, and S becomes ~ 2"’ as

connector starts moving from rest with a constant acceleration w.

Eo = %mwﬁ
So,

Q. 308. In a long straight solenoid with cross-sectional radius a and number of

turns per unit length n a current varies with a constant velocity I Afs. Find the
magnitude of the eddy current field strength as a function of the distance r from
the solenoid axis. Draw the approximate plot of this function.

Solution. 308, e use B= wyni

Then, from the law of electromagnetic induction

$ Ea=- 3
So, forr<a

E 2nr= -:Illelﬂil'h.r or, E = -%pnnr}". (where | = dljdr)

For r>a



Em23r= -.r:a:uﬂnj' 0T, Ew= -Ltﬂni"ﬂzflr
The meaning of minus sign can be deduced from Lenz's law.

Q. 309. A long straight solenoid of cross-sectional diameter d =5 cm and with n =
20 turns per one cm of its length has a round turn of copper wire of cross-sectional
area S = 1.0 mm? tightly put on its winding. Find the current flowing in the turn if

the current in the solenoid winding is increased with a constant velocity { = 100
A/s. The inductance of the turn is to be neglected.

2

. d
Solution. 309. The e.m.f. induced in the turn is *o™/™ &
xd,
The resistance is 5
uonlSd

= 2mA,
So, the currentis 4P where p is the resistivity of copper.



Electromagnetic Induction Maxwell’s Equations
(Part - 3)

Q. 331. Two thin concentric wires shaped as circles with radii a and b lie in the
same plane. Allowing for a « b, find:

(a) their mutual inductance;

(b) the magnetic flux through the surface enclosed by the outside wire, when the
inside wire carries a current I.

Solution. 331. The direct calculation of the Bux®; js 3 rather complicated problem,
since the configuration of the field itself is complicated. However, the application of the
reciprocity theorem simplifies the solution of the problem. Indeed, let the same current i
flow through loop 2. Then the magnetic flux created by this current through loop 1 can
be easily found.

2
. g Mol
Magnetic induction at the centre of the loop, 2b
My
1 d‘—'lz - .r:l'2 E_b

So, flux through loop

And from reciprocity theorem,

|.lﬂna‘T'E
Prz= Py, Py = — h

i
So, Lj;= --fl- %p.ﬂ,:l:uz.fb

Q. 332. A small cylindrical magnet M (Fig. 3.95) is placed in the centre of a thin
coil of radius a consisting of N turns. The coil is connected to a ballistic
galvanometer. The active resistance of the whole circuit is equal to R. Find the
magnetic moment of the magnet if its removal from the coil results in a charge q
flowing through the galvanometer.



Solution. 332. Let 7= b€ be the magnetic moment of the magnet Af. Then the magnetic

field due to this magnet is,

ﬂ:!-q‘j'_?]r_'ﬁ:
rel B

The flux associated with this, when the magnet is along the axis at a distance x from the

centre, iIs

DJ‘[HP Py p.

-d§= Py - g,

2npdp

where,®, = —-pf «LoPufl 1
ma e 2 X V2

3|uﬂp,,xz 2npdp

and
{x'l + lem

_uup.,f(l 1 ]

2 ;‘i B {.:2 + azl'wz
2
Wy Py
o=
So, 2+ a)?
P v
x

N4
When the flux changes, an e.m.f. dr

Induced and a current

dd
et

flows.

The total charge g, flowing, as the magnet is removed to infinity from x =0 is,



N HoPn
R 2a

N
gq= Eﬂ’{x- 0)=

_ 2agR

Or, Nug

Q. 333. Find the approximate formula expressing the mutual inductance of two
thin coaxial loops of the same radius a if their centres are separated by a distance
[, with | > a.

Solution. 333. If a current | flows in one of the coils, the magnetic field at the centre of
the other coll is,

pﬂnz.f unal.‘ )
- 2{F2+02]M- e ai [»>a

. . - . Yrean?
The flux associated with the second coil is then approximately "™ *

uuna"

1z
Hence, 20

Q. 334. There are two stationary loops with mutual inductance L. The current in
one of the loops starts to be varied as |1 = at, where a is a constant, t is time. Find
the time dependence |2 (t) of the current in the other loop whose inductance is

L. and resistance R.

IJ
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[y= o, an emf. Ly, 7 i

Solution. 334. When the current in one of the loop is

induced in the other loop. Then if the current in the other loop is I> we must have,
dl,

Ly ?4- Riy= Lisa

This familiar equation has the solution,

- iR
L?

Lo
I, = i [l-e )

Which is the required current

Q. 335. A coil of inductance L = 2.0 pH and resistance R = 1.0 Q is connected to a
source of constant emf & = 3.0 V (Fig. 3.96). A resistance Ro = 2.0 Q is connected in
parallel with the coil. Find the amount of heat generated in the coil after the switch
Sw is disconnected. The internal resistance of the source is negligible.
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Fig. 3.96.

Solution. 335. Initially, after a steady current is set up, the current is flowing as shown.

TR S ¥
In steady condition R’ 1R,
L
— T
a:zﬂ |
# Ro
JLé |
S J
{—

c
When the switch is disconnected, the current through Ro changes from i1 to the right, to

I20 to the left. (The current in the inductance cannot change suddenly.). We then have
the equation,

diy .
L E-&[H +Rg)iz= 0.

=HR+ R )L

This equation has the solution 2= im€

The heat dissipated in the coil is,
0= [i?Rai= iR [ ¥Ry
(1] o

L LE
(R+R,) 2R(R+R,)

-Rz‘:ﬁ,xz Ipl

Q. 336. An iron tore supports N = 500 turns. Find the magnetic field energy if a
current I = 2.0 A produces a magnetic flux across the tore's cross-section equal
to @ = 1.0 mWh.



Solution. 336. To find the magnetic field energy we recall that the flux varies linearly

with current Thus, when the flux  ® for current i, we can write = AL The total energy
enclosed in the field, when the currentis/, is

W—f’g'idr-fﬁ i‘fm:
f)
1

-defb:‘-fNAidi- %Hu“- NI
[i]

The characteristic factor 1/2 appears in this way.

Q. 337. Aniron core shaped as a doughnut with round cross-section of radius a =
3.0 cm carries a winding of N = 1000 turns through which a current 1 =1.0 A
flows. The mean radius of the doughnut is b = 32 cm. Using the plot in Fig. 3.76,
find the magnetic energy stored up in the core. A field strength H is supposed to be
the same throughout the cross-section and equal to its magnitude in the centre of
the cross-section.

a7 .
15 - HHH ]
1 —
1w H T - S
— —- :
T |
T T
o | I}- L = —.I-- —
as ; : »
T1 [ Sasic magrelizalion curve
[ T of Srew(commererad EN
purily grede)
o FHHHH
-"-] T 1 1 ||
of ['¥] az a3 ay 5 &g o & Ay

Fig. 3.76.

Solution. 337. We apply circulation theorem
H2nb= NI, o, H= NI/2nb.
Thus the total energy,

W= %EH'an-naE- nla® b BH.

Given N, I, b we know H , and can find out B from the B - H curve. Then W can be
calculated.



Q. 338. A thin ring made of a magnetic has a mean diameter d = 30 cm and
supports a winding of N = 800 turns. The cross-sectional area of the ring is equal
to S = 5.0 cm?. The ring has a cross-cut of width b = 2.0 mm. When the winding
carries a certain current, the permeability of the magnetic equals p = 1400.
Neglecting the dissipation of magnetic flux at the gap edges, find:

(a) the ratio of magnetic energies in the gap and in the magnetic;

(b) the inductance of the system; do it in two ways: using the flux and using the
energy of the field.

Solution. 338. From From § H-d7= N1,

H-J:d-i--g--b-Nf,[d:-:-b]
Wy

NI
B= ppyH. Thus, H= ——
Also, ad + pb

Since B is continuous across the gap, B is given by,

Be ppg—2i_
Urd + pb ' . .
b Both in the magnetic and the gap.

w i—-—-xﬁ'xb
(a) - -
W . B
magmetic S % nd
pATT
. SNET
, — NI =M g
(b) The HwaHfB~dS-NuHHMI+M-S be 2
o SN?
E:I'+ﬂ

So,

Energy wise; total energy

a2 N'IS
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The L, found in the one way, agrees with that, found in the other way. Note that, in
calculating the flux, we do not consider the field in the gap, since it is not linked to the
winding. But the total energy includes that of the gap.

Q. 339. A long cylinder of radius a carrying a uniform surface charge rotates
about its axis with an angular velocity . Find the magnetic field energy per unit
length of the cylinder if the linear charge density equals A, and p, = 1.

Solution. 339. When the cylinder with a linear charge density A rotates with a circular

frequency co, a surface current density (charge / length x time) of

das

ha

dB A dBL" %
9

d'gf.' P

The direction of the surface current is normal to the plane of paper at Q and the

= My exr —
contribution of this current to the magnetic field at P is Tdx P s

the direction of the current. In magnitude, | €% 7T= r, since &7is normal to i 5

the direction of B is shown.

It’s component, dB, cancels out by cylindrical symmetry. The component that survives
IS,

Ho

—
B, |- 4> —r-—mE--—-fd[.'! b i,



45680 . 4 and [d02= 4
Where we have used r

™ the total solid angle around any point.
The magnetic field vanishes outside the cylinder by similar argument.

The total energy per unit length of the cylinder is,

2
W, 1 2 Eu__ug_] 2

My 2.2 2
mw Ty ®xma Sﬂalm

Q. 340. At what magnitude of the electric field strength in vacuum the volume
energy density of this field is the same as that of the magnetic field with induction
B=1.0T (also in vacuum).

W= %E\DEZ

Solution. 340. " for the electric field,

Bz
2% For the magnetic field.

WB-

1 2 1 2
—— B g E?,
2 iy 20
Thus,
E= -2 -3 % 10° V/m
Ep Wy

When

Q. 341. A thin uniformly charged ring of radius a = 10 cm rotates about its axis
with an angular velocity ® = 100 rad/s. Find the ratio of volume energy densities of
magnetic and electric fields on the axis of the ring at a point removed from its
centre by a distance | = a.

Solution. 341. The electric field at P is,

qf
4:|'I:Eu{ﬂ'1+|'

P 1_]5,?2



=,

To get the magnetic field, note that the rotating ring constitutes a current i - q /2 «, and
the corresponding magnetic field at P is,

pﬂ,ﬂai
Pooag@®+ 12y
2

2
W gk glx2
Thus, — = —2 -
Wy B “obo [4:”01.1“-:121']

Q. 342. Using the expression for volume density of magnetic energy, demonstrate
that the amount of work contributed to magnetization of a unit volume of para- or
diamagnetic, is equal to A = — JB/2.

Solution. 342. The total eneigy of the magnetic field is,

@[5 (-

- [ B L[ 7w

The second term can be interpreted as the energy of magnetization, and has the density
1 —

-=J-B.
2

Q. 343. Two identical coils, each of inductance L, are interconnected (a) in series,
(b) in parallel. Assuming the mutual inductance of the coils to be negligible, find
the inductance of the system in both cases.



Solution. 343. (a) In series, the current | flows through both coils, and the total e.m.f.
induced, when the current changes is,

dr . dI
_.I.Ldr--l. &

or, L'=2L

— and
(b) In parallel, the current flowing through either coil is 2 ) the e.m.f. induced is
i 2)

o yemmara e
Equating thisto @ ¢

Q. 344. Two solenoids of equal length and almost equal cross-sectional area are
fully inserted into one another. Find their mutual inductance if their inductances
are equal to L; and L.

1 - zll',-r - EV
Solution. 344. We use [1= Mo V2Lo= Boms
So, L= HemmV= Vi, L,

Q. 345. Demonstrate that the magnetic energy of interaction of two current-
carrying loops located in vacuum can be represented

Wi, = (1/n,) | B,B,dV,where B, and B .. . .
N o) | BBy ' * are the magnetic inductions within a

volume element dV, produced individually by the currents of the first and the
second loop respectively.

Solution. 345. The interaction energy is
U e e A S

Here, if £11 the magnetic field produced by the first of the current carrying loops,

and # that of the second one, then the magnetic field due to both the loops will
be B, +B,.



Q. 346. Find the interaction energy of two loops carrying currents 11 and |2 if both
loops are shaped as circles of radii a and b, with a « b. The loops’ centres are
located at the same point and their planes form an angle 0 between them.

Solution. 346. We can think of the smaller coil as constituting a magnet of dipole
moment,

Pu= T atl L
Its direction is normal to the loop and makes an angle 0 with the direction of the

magnetic field, due to the bigger loop. This magnetic Geld is,

The interaction energy has the magnitude,

w !y I
2b

| W= xa cos O

Its sign depends on the sense of the currents.

Q. 347. The space between two concentric metallic spheres is filled up with a
uniform poorly conducting medium of resistivity p and permittivity . At the
moment t = 0 the inside sphere obtains a certain charge. Find:

(a) the relation between the vectors of displacement current density and
conduction current density at an arbitrary point of the medium at the same
moment of time;

(b) the displacement current across an arbitrary closed surface wholly located in
the medium and enclosing the internal sphere, if at the given moment of time the
charge of that sphere is equal to q.

Solution. 347. (a) There is a radial outward conduction current Let Q be the

instantaneous charge on the inner sphere, then,

jx:i:r:rz--g— e 1 _d0-

da 1T TR a "




On the other hand j, = %- % [43?;]. -
I

(b} At the given moment, Ea—94 ¢

4nentr2
and by Ohm's Iawj-: £, —4 7
P 4:|teﬂepr2
> 94 3

Ja=
Then, dnegepr

'_.*d'?-— q dS::usE' __q
And e dmegep P € P

The surface integral must be - ve because /& being opposite of j, is inward.

Q. 348. A parallel-plate capacitor is formed by two discs with a uniform poorly
conducting medium between them. The capacitor was initially charged and then
disconnected from a voltage source. Neglecting the edge effects, show that there is
no magnetic field between capacitor plates.

—"P_—f

Solution. 348. Here also we see that neglectlng edge effects, %= ~» Thus Maxwell’s
equations reduce to ,div B=0,Cul H=0, B = pH

A general solution of this equation is &= constant = B, - B, can be thought of as

-

an extraneous magnetic field. If it is zero, = 9-

Q. 349. A parallel-plate air condenser whose each plate has an area S = 100 cm? is
connected in series to an ac circuit. Find the electric field strength amplitude in the
capacitor if the sinusoidal current amplitude in lead wires is equal to Im. = 1.0 mA

and the current frequency equals o = 1.6-10" s

Solution. 349. Given | = I, sin ot. We see that

im Psinote -jy= -2
J 5 ¥ ar

!

2 @5 js the amplitude of the electric field and is 7V / cm

-
or, D= o5 cosut, so, E_=



Q. 350. The space between the electrodes of a parallel-plate capacitor is filled with
a uniform poorly conducting medium of conductivity ¢ and permittivity €. The
capacitor plates shaped as round discs are separated by a distance d. Neglecting
the edge effects, find the magnetic field strength between the plates .at a distance r
from their axis if an ac voltage V = Vm, cos cot is applied to the capacitor.

Solution. 350. The electric field between the plates can be written as,

| L. v
E= Re— &' instead of — cos wi.

d d
This gives rise to a conduction current,
j.= GE= Rn%v_,e*'“

and a displacement current,

. aD

v, .
Ja= = Rr.nnzim?'e'm

The total current is,

Jr= Euﬂz+ﬁaﬂtwf cos (w1 + o)

d

)
tan o = .
where, & k@ on taking the real part of the resultant.

The corresponding magnetic field is obtained by using circulation theorem,

H2lar= n‘rzjr

v
H, = r?d“"."n2+{eﬂ£ w)’
or, H = Hm cos (ot + o), where,

Q. 351. A long straight solenoid has n turns per unit length. An alternating current
| = Im sin ot flows through it. Find the displacement current density as a function
of the distance r from the solenoid axis. The cross-sectional radius of the solenoid
equals R.

Solution. 351. Inside the solenoid, there is a magnetic field,



B = p,nl sinwt
Since this varies in time there is an associated electric field. This is obtained by using,

}f Fare -4 [ 545

T dr
c £
F< R,EHJ‘E- -—é'nr‘z' ar, E._.‘;_.{.
For 2
BR?
r>R E= - ——
For 2r

The associated displacement current density is,

G OE_[-wB 2

The answer, given in the book, is dimensionally incorrect without the factor eo.



Electromagnetic Induction Maxwell’s Equations
(Part - 3)

Q. 331. Two thin concentric wires shaped as circles with radii a and b lie in the
same plane. Allowing for a « b, find:

(a) their mutual inductance;

(b) the magnetic flux through the surface enclosed by the outside wire, when the
inside wire carries a current I.

Solution. 331. The direct calculation of the Bux®; js 3 rather complicated problem,
since the configuration of the field itself is complicated. However, the application of the
reciprocity theorem simplifies the solution of the problem. Indeed, let the same current i
flow through loop 2. Then the magnetic flux created by this current through loop 1 can
be easily found.

by
B= —
Magnetic induction at the centre of the loop, 2b

l,: &= nn’zg—ﬁ
So, flux through loop

And from reciprocity theorem,

Py mati
Q2= Py, Py == b

L]
So, Lj;= --fj-- %Mnnzf’b

Q. 332. A small cylindrical magnet M (Fig. 3.95) is placed in the centre of a thin
coil of radius a consisting of N turns. The coil is connected to a ballistic
galvanometer. The active resistance of the whole circuit is equal to R. Find the
magnetic moment of the magnet if its removal from the coil results in a charge q
flowing through the galvanometer.



Solution. 332. Let 7= b€ be the magnetic moment of the magnet Af. Then the magnetic

field due to this magnet is,

ﬂ:!-q‘j'_?]r_'ﬁ:
rel B

The flux associated with this, when the magnet is along the axis at a distance x from the

centre, iIs

DJ‘[HP Py p.

-d§= Py - g,

2npdp

where,®, = —-pf «LoPufl 1
ma e 2 X V2

3|uﬂp,,xz 2npdp

and
{x'l + lem

_uup.,f(l 1 ]

2 ;‘i B {.:2 + azl'wz
2
Wy Py
o=
So, 2+ a)?
P v
x

N4
When the flux changes, an e.m.f. dr

induced and a current

dd
et

flows.

The total charge g, flowing, as the magnet is removed to infinity from x =0 is,



N HoPn
R 2a

N
gq= Eﬂ’{x- 0)=

_ 2agR

or, Nug

Q. 333. Find the approximate formula expressing the mutual inductance of two
thin coaxial loops of the same radius a if their centres are separated by a distance
[, with | > a.

Solution. 333. If a current | flows in one of the coils, the magnetic field at the centre of
the other coll is,

pﬂnz.f unal.‘ )
- 2{F2+02]M- e ai [»>a

. . - . Yrean?
The flux associated with the second coil is then approximately "™ *

uuna"

1z
Hence, 20

Q. 334. There are two stationary loops with mutual inductance L. The current in
one of the loops starts to be varied as |1 = at, where a is a constant, t is time. Find
the time dependence |2 (t) of the current in the other loop whose inductance is
L. and resistance R.

IJ
Solution. 334. When the current in one of the loop is @kt
induced in the other loop. Then if the current in the other loop is I> we must have,

[y= o, an emf. Ly,
di,
'LZ ?4- RJ'I- .[.12-.’1

This familiar equation has the solution,

=R
Lo -
I, = 12 []-eL? )

R Which is the required current

Q. 335. A coil of inductance L = 2.0 pH and resistance R = 1.0 Q is connected to a
source of constant emf & = 3.0 V (Fig. 3.96). A resistance Ro = 2.0 Q is connected in
parallel with the coil. Find the amount of heat generated in the coil after the switch
Sw is disconnected. The internal resistance of the source is negligible.



L,

e }_S‘

Fig. 3.96.

Solution. 335. Initially, after a steady current is set up, the current is flowing as shown.

TR S ¥
In steady condition R’ 1R,
L
— T
a:zﬂ |
# Ro
JLé |
S J
{—

c
When the switch is disconnected, the current through Ro changes from i1 to the right, to

I20 to the left. (The current in the inductance cannot change suddenly.). We then have
the equation,

diy .
L E-&[H +Rg)iz= 0.

=HR+ R )L

This equation has the solution 2= im€

The heat dissipated in the coil is,
0= [i?Rai= iR [ ¥Ry
(1] o

L LE
(R+R,) 2R(R+R,)

-Rz‘:ﬁ,xz Ipl

Q. 336. An iron tore supports N = 500 turns. Find the magnetic field energy if a
current I = 2.0 A produces a magnetic flux across the tore's cross-section equal
to @ = 1.0 mWh.



Solution. 336. To find the magnetic field energy we recall that the flux varies linearly

with current Thus, when the flux  ® for current i, we can write = AL The total energy
enclosed in the field, when the currentis/, is

W—f‘gidt-fﬁ %?-id:
I
1

-ded::‘-fNAhﬁ- w;;J-».ual.f*- SN®rI
(1]

The characteristic factor 1/2 appears in this way.

Q. 337. Aniron core shaped as a doughnut with round cross-section of radius a =
3.0 cm carries a winding of N = 1000 turns through which a current 1 =1.0 A
flows. The mean radius of the doughnut is b = 32 cm. Using the plot in Fig. 3.76,
find the magnetic energy stored up in the core. A field strength H is supposed to be
the same throughout the cross-section and equal to its magnitude in the centre of
the cross-section.

&7 .
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Fig. 3.76.
Solution. 337. We apply circulation theorem
H2ab= NI, o, H= NI/2nb.
Thus the total energy,

W= %EH'an-rmz- nla b BH.



Given N, I, b we know H , and can find out B from the B - H curve. Then W can be
calculated.

Q. 338. A thin ring made of a magnetic has a mean diameter d = 30 cm and
supports a winding of N = 800 turns. The cross-sectional area of the ring is equal
to S = 5.0 cm?. The ring has a cross-cut of width b = 2.0 mm. When the winding
carries a certain current, the permeability of the magnetic equals p = 1400.
Neglecting the dissipation of magnetic flux at the gap edges, find:

(a) the ratio of magnetic energies in the gap and in the magnetic;

(b) the inductance of the system; do it in two ways: using the flux and using the
energy of the field.

Solution. 338. From From § H-d7= N1,

H-:r:d-r-'-g--b-er,l:d':-:-b]
]

NI
B=ppyH. Thus, H= ——.
Also, nd + ub

Since B is continuous across the gap, B is given by,

NI
B=wwm g m
i both in the magnetic and the gap.

ﬁz—-xﬂ'xb
W 21y
O =
W . B
magnetic x5 % nd
2y
" SNET
. = NI TP g
(v) The fux is N [ 5'aS Nuo gy oS pa™

So,

Energy wise; total energy



The L, found in the one way, agrees with that, found in the other way. Note that, in
calculating the flux, we do not consider the field in the gap, since it is not linked to the
winding. But the total energy includes that of the gap.

Q. 339. A long cylinder of radius a carrying a uniform surface charge rotates
about its axis with an angular velocity ®. Find the magnetic field energy per unit

length of the cylinder if the linear charge density equals A, and p, = 1.

Solution. 339. When the cylinder with a linear charge density A rotates with a circular

. hw
I= —— 15 sel up.
frequency co, a surface current density (charge / length x time) of 2n

ds

ha

dB rdBL"}
9

dﬁu P

The direction of the surface current is normal to the plane of paper at Q and the

. . . . . . d.E.- ﬂm:ﬂ where & .
contribution of this current to the magnetic field at P is dx /2 IS

the direction of the current. In magnitude, |3 F]= r, since e’is normal to " 5
o dB is
the direction of shown.

It’s component, 41 cancels out by cylindrical symmetry. The component that survives



IS,

—
|B,|=

id § unij' .
rpe 2 cos B = an dQl= p,i,

dScos B
Where we have used 7 ™ the total solid angle around any point.
The magnetic field vanishes outside the cylinder by similar argument.
The total energy per unit length of the cylinder is,

= d L2 amifdﬂ- 4

2
W, 1 3 Eu__ug] 2

By 2.7 2
muﬂ >~ xnda Sﬂalw

Q. 340. At what magnitude of the electric field strength in vacuum the volume
energy density of this field is the same as that of the magnetic field with induction
B=1.0T (also in vacuum).

1 2

- 1e EX o
Solution. 340. £~ 2% " for the electric field,

1 2 1 2
——IWB ZEﬂE .
Thus,
E=—2_ _3 4% 10° V/m
Eg Wy

When

Q. 341. A thin uniformly charged ring of radius a = 10 cm rotates about its axis
with an angular velocity ® = 100 rad/s. Find the ratio of volume energy densities of
magnetic and electric fields on the axis of the ring at a point removed from its
centre by a distance | = a.

Solution. 341. The electric field at P is,

qf
4nau{ﬂ1+|‘

P 2_]5?2'



=,

To get the magnetic field, note that the rotating ring constitutes a current i - q /2 «, and
the corresponding magnetic field at P is,

Mg a® i
Po2@ 1)
z

2
weg  ggigE gl =2
Thus, — = -

Wag B foko [4:1:1:91.1“&21']

W
M

or, —_— E,,p.nu.lz a's1*
We

Q. 342. Using the expression for volume density of magnetic energy, demonstrate
that the amount of work contributed to magnetization of a unit volume of para- or

diamagnetic, is equal to A = — JB/2.

Solution. 342. The total eneigy of the magnetic field is,

i @i 7 (E-Aa
- [FFav- [T

The second term can be interpreted as the energy of magnetization, and has the density
1 —

-EJ" B.

Q. 343. Two identical coils, each of inductance L, are interconnected (a) in series,

(b) in parallel. Assuming the mutual inductance of the coils to be negligible, find
the inductance of the system in both cases.



Solution. 343. (a) In series, the current | flows through both coils, and the total e.m.f.
induced, when the current changes is,

dr . dI
_.I.Ldr--l. &

or, L'=2L

— and

(b) In parallel, the current flowing through either coil is 2 ! the e.m.f. induced is
1 dI

-t fE a]-

o yemmara e
Equating thisto @ ¢

Q. 344. Two solenoids of equal length and almost equal crosssectional area are

fully inserted into one another. Find their mutual inductance if their inductances
are equal to L; and L.

1 - zll',-r - EV
Solution. 344. We use [1= Mo V2Lo= Boma

So L= ponmyV=vL, L,

Q. 345. Demonstrate that the magnetic energy of interaction of two current-

carrying loops located in vacuum can be represented

Wi = (1/ny) | BB, dV,where B, and B .. . .
N ko) | BBy *7 7 are the magnetic inductions within a

volume element dV, produced individually by the currents of the first and the
second loop respectively.

Solution. 345. The interaction energy is
S [ EeB - g [ B v [
2upd [Pt B U il 2y
1 e
= EJ‘H[ ‘Bzd'r"
Here, if £115 the magnetic field produced by the first of the current carrying loops,

and # that of the second one, then the magnetic field due to both the loops will



Q. 346. Find the interaction energy of two loops carrying currents 11 and |2 if both
loops are shaped as circles of radii a and b, with a « b. The loops' centres are
located at the same point and their planes form an angle 0 between them.

Solution. 346. We can think of the smaller coil as constituting a magnet of dipole
moment,

Pu= T aI L
Its direction is normal to the loop and makes an angle 0 with the direction of the

magnetic field, due to the bigger loop. This magnetic Geld is,

The interaction energy has the magnitude,

w !y I

2
ma cos B
2b

| W=

Its sign depends on the sense of the currents.

Q. 347. The space between two concentric metallic spheres is filled up with a
uniform poorly conducting medium of resistivity p and permittivity . At the
moment t = 0 the inside sphere obtains a certain charge. Find:

(a) the relation between the vectors of displacement current density and
conduction current density at an arbitrary point of the medium at the same
moment of time;

(b) the displacement current across an arbitrary closed surface wholly located in
the medium and enclosing the internal sphere, if at the given moment of time the
charge of that sphere is equal to q.

Solution. 347. (a) There is a radial outward conduction current Let Q be the
instantaneous charge on the inner sphere, then,

jx-“ﬂr;--ﬂ Ta 1 g‘ﬁ

ar 1= TAnp dt r




On the other hand j, = %- % [43?;]. -
I

(b} At the given moment, Ea—94 ¢
4J‘IE“I."2
and by Ohm’s Iaw‘j—: E_ 49 3
P Ameepr

— q A
fe= = dme |=,5:u'2 r
Then, .

'_.*d'?-— q d.S::usB__ q
And e dmegep P € P

The surface integral must be - ve because /& being opposite of j, is inward.

Q. 348. A parallel-plate capacitor is formed by two discs with a uniform poorly
conducting medium between them. The capacitor was initially charged and then
disconnected from a voltage source. Neglecting the edge effects, show that there is
no magnetic field between capacitor plates.

- ==

Solution. 348. Here also we see that neglecting edge effects, 7~ =) Thus Maxwell’s
equations reduce to ,div #=10. Cull H=10, B = uH

A general solution of this equation is &= constant = B, * By can be thought of as

.

an extraneous magnetic field. If it is zero, #= 9

Q. 349. A parallel-plate air condenser whose each plate has an area S = 100 cm? is
connected in series to an ac circuit. Find the electric field strength amplitude in the
capacitor if the sinusoidal current amplitude in lead wires is equal to Im. = 1.0 mA

and the current frequency equals o = 1.6-10" s,

Solution. 349. Given | = I sin ot. We see that

- P sinore —j,= -2
J S Jld ar



I

€@ S js the amplitude of the electric field and is 7V / cm

-
or, D= — cosut, so, E_=
' ws ’

Q. 350. The space between the electrodes of a parallel-plate capacitor is filled with
a uniform poorly conducting medium of conductivity ¢ and permittivity €. The
capacitor plates shaped as round discs are separated by a distance d. Neglecting
the edge effects, find the magnetic field strength between the plates .at a distance r
from their axis if an ac voltage V = Vm, cos cot is applied to the capacitor.

Solution. 350. The electric field between the plates can be written as,

| L.
E= Re— &' instead of — cos wi.

d d
This gives rise to a conduction current,
j.= GE= Rn%v_,e*'“
And a displacement current,

. aD

v, .
Ja= = Rr.nnzim?'e'm

The total current is,

Jr= %"l‘ﬂz+ﬁaﬂtwf cos (w1 + o)

)
tan o = .
Where, & k@ on taking the real part of the resultant.
The corresponding magnetic field is obtained by using circulation theorem,

H2lar= n‘rzjr

rvV
H, = ?d”"‘."nz+{sﬂ£ w)®

Or, H = Hm cos (ot + a), where,

Q. 351. A long straight solenoid has n turns per unit length. An alternating current
| = Im sin ot flows through it. Find the displacement current density as a function
of the distance r from the solenoid axis. The cross-sectional radius of the solenoid
equals R.



Solution. 351. Inside the solenoid, there is a magnetic field,

B = p,nl sinwt.
Since this varies in time there is an associated electric field. This is obtained by using,

}f Fare -4 [ 545

Tdr
o L
F< R,EHJ‘E- -—é'nr‘z' ar, E._.‘;_.{.
For 2
BR?
r> R E= - —
For 2r

The associated displacement current density is,

L OE_[-wB 2
Ja E“BI -g, B sz"?.r_

The answer, given in the book, is dimensionally incorrect without the factor &o.



Electromagnetic Induction Maxwell’s Equations
(Part - 4)

Q. 352. A point charge q moves with a non-relativistic velocity v = const. Find the
displacement current density jq at a point located at a distance r from the charge
on a straight line

(a) coinciding with the charge path;

(b) perpendicular to the path and passing through the charge.

Solution. 352. In the non-relativistic limit.

—
E- 4.7
dmeyr

(@) On a straight line coinciding with the chaige path,

ﬂ- E a-__ J___h usi Q_- _F‘
.Fﬂ 1] ar 4 P3 ri ' ng, dr *

; ; F= =y and vE-F,'sn, ,r'#---—-z—'fl
But in this case, r dnr

(b) In this case; = 0, as, 717 Thus,

J:.d" = Q"lr‘_.
4:1:;"

Q. 353. A thin wire ring of radius a carrying a charge q approaches the
observation point P so that its centre moves rectilinearly with a constant velocity v.
The plane of the ring remains perpendicular to the motion direction. At what
distance xm, from the point P will the ring be located at the moment when the
displacement current density at the point P becomes maximum? What is the
magnitude of this maximum density?

E = Ll

Solution. 353. We have, aney @+

Ja= = (@ -2

b _E_ g
Then a  Ca dn(a+x)

This is maximum, when X = Xm =0, and minimum at some other value. The



maximum displacement current density is

(e = _qv

dna’
djs
To check this we calculate & °

3a_ qv.
. 43[[—4.:(;:’»,3]-5;(3-2?]]

<

x=1Y=

This vanishes for x = 0 and for 2 * The latter is easily shown to be a
smaller local minimum (negative maximum).

Q. 354. A point charge q moves with a non-relativistic velocity v = const. Applying
the theorem for the circulation of the vector H around the dotted circle shown in
Fig. 3.97, find H at the point A as a function of a radius vector r and velocity v of
the charge.

A
' Jf i
1
Ll
g v Lo
] [
\ F]
'n.u?
Fig. 3.97.

Solution. 354. We use Maxwell's equations in the form,
§ Bar- e,ﬂp:,:—l [ E-a5,
When the conduction current vanishes at the site.

We know that,

—  —= d,§”‘
e —1— | E2°F
J‘E ds dme, P

-1 | 40«2 2x(1-cos8),
dme,

dme,



Where, 2Kk (1 - cos 0) is the solid angle, formed by the disc like surface, at the charge.

= 1 .
B-dr=2naB= —j,q-sinB-0
Thus, }f 2

On the other hand *= @ cot#

dx
Ny

Differentiating and using 4
= acosec’ 00

B o g v rsin@
Thus, 4nr

= o g (V)

This can be written as, 4nr
Ha LY
And dx r (The sense has to be checked independently.)

Q. 355. Using Maxwell’s equations, show that

(a) a time-dependent magnetic field cannot exist without an electric field;
(b) a uniform electric field cannot exist in the presence of a time dependent
magnetic field;

(c) inside an empty cavity a uniform electric (or magnetic) field can be time-
dependent.

Solution. 355.

(a) If B = B(1), then,

-

_{ws{}.

—
Cull E=

—

E .
So, '~ cannot vanish.



(b) Here also, curl £ =9 0 E: cannot be uniform.

(c) Suppose for instance, =~ /¢

Where @ is spatially and temporally fixed vector.

—

a8 _ B
Then ~a = ™ £~ % Generally speaking this contradicts the other equation
7.3
curl or for in this case the left hand side is time independent but RHS. Depends

on time. The only exception is when f (r) is linear function. Then a uniform

field £ <" be time dependent.

Q. 356. Demonstrate that the law of electric charge conservation,
i.e. V-1 = —dp/dt. follows from Maxwell's equations.

—
—l-aﬂ_—h

Solution. 356. from the equation Curl H="=

=
. . ) == div D= div
We get on taking divergence of both sides & !

— " — 3
. D= p and hence divj+ L= 0
But div P "

Q. 357. Demonstrate that Maxwell's equations ¥ *E = — #Bldt gnd ¥.B = 0 are
compatible, i.e. the first one does not contradict the second one.

2 &,

Solution. 357. From © ="~
We get on taking divergence

0= —i—rdivf

This is compatible with div £= 0



Q. 358. In a certain region of the inertial reference frame there is magnetic field
with induction B rotating with angular velocity ®. Find ¥ < E in this region as a
function of vectors m and B.

Solution. 358. A rotating magnetic field can be represented by,
B,= Bycoswt; B, = Bysinwt and B,= B,

7. 9
Then curl, o

- (Curl E},- - @ Bysinar= - wB,

So,

- (CulE), = wBycos wr= wB, and ~ (Curl E), = 0

- —_ =
Hence, Curl E= —wmx 8,

Where, ©7 %%
Q. 359. n the inertial reference frame K there is a uniform magnetic field with
induction B. Find the electric field strength in the frame K* which moves relative
to the frame K with a non-relativistic velocity v, with v.LB. To solve this problem,
consider the forces acting on an imaginary charge in both reference frames at the
moment when the velocity of the charge in the frame K" is equal to zero.

Solution. 359. Consider a particle with charge ey moving with velocity v in frame K. It

— _— F
experiences a force = €

In the frame K, moving with velocity % ™lative o K the particle is at rest. This means

that there must be an electric field € in K, so that the particle experinces a force,
FueE=FnmevE

—*

Thus E'= ¥%B

Q. 360. A large plate of non-ferromagnetic material moves with a constant velocity
v =90 cm/s in a uniform magnetic field with induction B = 50 mT as shown in Fig.

3.98. Find the surface density of electric charges appearing on the plate as a result
of its motion.



Fig. 3.9,

Solution. 360. Within the plate, there will appear a #*8) force, which will cause
charges inside the plate to drift, until a countervailing electric field is set up. This
electric field is related to By by E = eB, since v & B are mutually perpendicular, and E
is perpendicular to both. The charge density £ o, on the force of the plate, producing
this electric field, is given by

E= EE or 0= g;vE = ﬂ-dﬂpCa’mz
0

Q. 361. A long solid aluminum cylinder of radius a = 5.0 cm rotates about its axis
in a uniform magnetic field with induction B = 10 mT. The angular velocity of
rotation equals o = 45 rad/s, with ® t B-  Neglecting the magnetic field of
appearing charges, find their space and surface densities.

Solution. 361. Choose “'12 along the z-axis, and choose 7 3s the cylindrical polar

radius vector of a reference point (perpendicular distance from the axis). This point has
the velocity,

— —= —»
V= Wxr,

and experiences a (" B) force, which must be counterbalanced by an electric field,
E= -@x7)xB= -(@ B)F"
There must appear a space charge density,

p=e,div Em —2¢,@-B = —8pC/m’

Since the cylinder, as a whole is electrically neutral, the surface of the cylinder must
acquire a positive charge of surface density,

— F a
2e(w-B)ma —
a_,,___,,..____._':'{ ) -gﬂat_:1'~B-+'2pCfm2
2na



Q. 362. A non-relativistic point charge q moves with a constant velocity v. Using
the field transformation formulas, find the magnetic induction B produced by this
charge at the point whose position relative to the charge is determined by the
radius vector r.

Solution. 362. In the reference frame K', moving with the particle,

— —- _, —* Fr
E wEt+vyxBm= - -
4.1120?‘3

o

B u B-v,xE /c*= 0.
Here, %= velocity of K', relative to the K frame, in which the particle has velocity *

—r —
Vg = v. From

Clearly, the second equation,

—_ =
= yxE q
ﬁ.'cz " foho X gn

oMo g(rxr)
F

V% - By
Eg r ax
Q. 363. Using Egs. (3.6h), demonstrate that if in the inertial reference frame K
there is only electric or only magnetic field, in any other inertial frame K" both
electric and magnetic fields will coexist simultaneously, with E' L B'

Solution. 363. Suppose, there is only electric field E,inK. Then in K/, considering

;‘E’. E F: _M

nonrelativistic velocity ' 2’
SO, EFE- 1]
In the relativistic case,
— — —
Ey=£8 B)= By= 0

— — — =, 2
E, = —EL g _ -vxE/e

V1-v? e V1-vie?

E’.-E- E"'E.:"-I-FJ_ -EFL = (0, since

Now,



T ﬁ
E -B = —E‘I_-[F’xf}j{l_vzkzl =-E -(vxE, }/ {1 _51]_ 0

Q. 364. In an inertial reference frame K there is only magnetic field with induction
B =b (yi — xj)/ (x* + y?), where b is a constant, i and j are the unit vectors of the x
and y axes. Find the electric field strength E' in the frame K' moving relative to
the frame K with a constant non-relativistic velocity v = vk; Kk is the unit vector of
the z axis. The z' axis is assumed to coincide with the z axis. What is the shape of
the field E'

A L]
] In'K,.ET- b“i-—'xil, b= constant.
Solution. 364. x4y

K, E=vxB=by Y=Lt
In 2+

by

Tl

The electric field is radial ©=*¢*¥7 )

Q. 365. In an inertial reference frame K there is only electric field of strength E = a
(xi + yj)/(x* + y?), where a is a constant, i and j are the unit vectors of the x and y
axes. Find the magnetic induction B* in the frame K moving relative to the frame
K with a constant non-relativistic velocity v = vk; Kk is the unit vector of the z axis.
The z' axis is assumed to coincide with the z axis. What is the shape of the
magnetic induction B*?

- F — " p
mKE=a% = (i+y))

Solution. 365. r
-  F%E arxv
KB=-"""a
In c? e r

The magnetic lines are circular.

Q. 366. Demonstrate that the transformation formulas (3.6h) follow from the
formulas (3.61) at vo < C.

Solution. 366. In the non-relativistic limit, we neglect v/ ¢? and write,



aTL:!]

E, B,= B
-5 _ 5§
= E B}"f’ =5

J_+PK

These two equations can be combined to give,

— _, —= — L, ==

E'.'.- E+vxB, B =B-vxE/e

Q. 367. In an inertial reference frame K there is only a uniform electric field E = 8
kV/m in strength. Find the modulus and direction.

(a) Of the vector E’, (b) of the vector B' in the inertial reference frame K* moving
with a constant velocity v relative to the frame K at an angle a = 45° to the vector
E. The velocity of the frame K' is equal to a p = 0.60 fraction of the velocity of
light.

Solution. 367. Choose E i he direction of the z-axis, £= © %) The frame K’ is
moving with velocity = (vsine.0,veos a) i the x - z plane. Then in the frame K,

Ey= £ By=0

—

—
- E, = _¥%E/?

E = —————— - =
Yo b iyl
The vector along ¥ i €= (sina 0,08 @) an the perpendicular vector in the x - z plane is

—
= (- cos @, 0, sin o),

E= Ecosa E"+Esinu.f

(@) Thus using

E sin o

E'ym Ecosct and E'ym ———,
! " ViaE

2z 2
E‘_E\ZI_—ﬁm_;ﬂ and tan o' = ——mt—
So 1-p Vi1 -v/se?

v Efct

Vi1- -..'2,-"4':2

—
(®) By= 0,5, =



B P E sin
~V1_g?

Q. 368. Solve a problem differing from the foregoing one by a magnetic field with
induction B = 0.8 T replacing the electric field.

Solution. 368. Choose Ein the z direction, and the velocity

- z plane, then in the K! Frame,

Em cﬁB sin o
We find similarly, Vi-p’

B B"—L_ “cos’ o tan o’ oo

1-p 1-p?

—» .
v= (vsin o, 0, v cos a) in the x

Q. 369. Electromagnetic field has two invariant quantities. Using the
transformation formulas (3.6i), demonstrate that these quantities are

(a) EB; (b) E? — ¢?B2

Solution. 369. (a) We see that,

e e —— — —F
— — E,+B,-(¥xB) (WXE /¢
-EE'BHII- 3.1
1-v'/e

B, - (7% B,)-GXE, )

Ly

-5
1-

Pl B

e —

But, AxB-CxD=A-CB-D-A-DB-C,

. = —

E B=FE, B+F, -F,



1

LR N DAL AR o)
! v
1__
¢

- B2 lﬁ[Ei-cin][l-v—;]-:Ez_-cjﬂj,
s €

':I

since, (vx ,a_ll )= v* A%

Q. 370. In an inertial reference frame K there are two uniform mutually
perpendicular fields: an electric field of strength E = 40 kV/m and a magnetic field
induction B = 0.20 mT. Find the electric strength E' (or the magnetic induction B")
in the reference frame K" where only one field, electric or magnetic, is observed.
Instruction. Make use of the field invariants cited in the foregoing problem.

Solution. 370. In this case, £'8= % as the fields are mutually perpendicular. Also,

]

E_*Fa —:u]xm"[;] is - ve.

Thus, we can find a frame, in which E' =0, and

2
3*::‘; EBZ_EJ.BUI_%Z. D-lﬂv’l—( 4x10° ] = 0-15 mT
[

3x10Fx2x107"

Q. 371. A point charge q moves uniformly and rectilinearly with a relativistic
velocity equal to a B fraction of the velocity of light (B = v/c). Find the electric field
strength E produced by the charge at the point whose radius vector relative to the
charge is equal to r and forms an angle 0 with its velocity vector.



Solution. 371. Suppose the charge qr moves in the positive direction of the x-axis of the
frame K. Let us go over to the moving frame K', at whose origin the charge is at rest.
We take the x and x' axes of the two frames to be coincident, and the y & y' axes, to be
parallel.

> 1 _gr
In the K' frame, E = rg,
4ney p

And this has the following components,

el & g1 g
4:1:,;,?3_' ¥ 4::5&?_

i

Now let us go back to the frame K. At the moment, when the origins of the two frames
coincide, we take t * 0. Then,

x=rcosfB=x' vl-? L ¥=rsin@=y

Also, Ee= B Ey= B /Y177

a1 (1-p"sin’0)

From these equations, 1-p
q 1 23 " y *
E = 1-
4ﬂﬁnr3[l-ﬂzsin=E}M[{ ") [Jﬁm‘:”

gril-g)

4 me r3{1 - ﬁi sin® E}M

-
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