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DAY ELEVEN

Limits, Continuity
and Differentiability

CLearning & Revision for the Dcy)

+ Limits + Methods to Evaluate Limits + Differentiability
+ Important Results on Limit + Continuity
L] L]

Limits

Let y = f(x) be a function of x. If the value of f(x) tend to a definite number as x tends to a, then
the number so obtained is called the limit of f(x) at x = a and we write it as lim f(x)

e If f(x) approaches to I, as x approaches to ‘a’ from left, then I, is called the left hand limit of
f(x) at x = a and symbolically we write it as f(a —0) or XIEIE f(x)or %i}r%f[a - h)
e Similarly, right hand limit can be expressed as
fla+0)or lel}} f(x)or %i}r{}f[a + h)

* lim f(x) exists iff lim f(x)and lim f(x) exist and equal.

X-a

Fundamental Theorems on Limits

If lim f(x)=1and limg(x] =m (where, I and m are real numbers), then

(1) hm {f(x)+g(x)} =1 +m [sum rule]
(i) hm {fx)-gx)}=1I- [difference rule]
(iii) hm {f(x)g(x)} =10n [product rule]
(iv) hmk Ox)=kU [constant multiple rule]
(v) limM = i, m#0 [quotient rule]

x~ag(x) m

(vi) If lim f(x) = + o or — o, then limL =0

= f(x)
(vi) lim| £(x)| =] lim f(x)|

(viii) liflllog{f(x)} =log{lim f(x)}, provided li}n f(x)>0



(ix) If f(x) <
X) 11}11 [f(x)]®

(xi) lim f{g(x)

(x), Ox, then lim f(x) < limg(x)

X-a X-a

lun g(x)

{hmf

x)} —f{hmg x)} = f(m) provided f is

continuous at hmg( )=m.

(xii) Sandwich Theorem If f(x) <
and lim f(x)

Important Results on Limit

Some important results on limits are given below

1. Algebraic Limits

(i)

(iv)

x" -a" n

lim =na"",n0Q,a>0
xwa x-—q

hm——O nON

XﬂwX

If m, n are positive integers and a,,b, are non-zero real

numbers, then
ax™ +ax" +... +a, ,x +a,

lim
xew hox"+bh x"" +...+b, _x+b,
Ha, ifm=n
I]b B
—DO if m<n
Ueo if m>n,a b, >0
0
e ifm >n,a,b, <0
+ n —_ + m -
hmw =n (V] hmw = E
x-0 X x~0(1+x)"-1 n

2. Trigonometric Limits

(i)
(ii)

(ii)

. sinx .
lim =1 =lim—
x-0  x x-0gin x
. tanx .
i =1 =lim
x=0 X -0 tan x
s -1
. sin™' x .
li =1=lim——=
X-0  x x-0gin”" x
. tan™' x , x
li =1=lim——
X0 X x-0 tan =~ x
. sinx° s W 5. SInx _ .. cosx
lim——=— (vi) lim—— =1lim =0
=0 X 180 XX XX

lim sin x or hm cos x oscillates between -1 to 1.

T
Qﬂg

. 1-cosmx m
x-01-cosnx n Xﬂlcoscx —cosdx

SlIl mx

X*O SlIl nx

tan mx
Xﬂﬂ tan” nx
_d-b*
P —d

COS ax —cos bx

. cosmx—-cosnx 1 -m’
lim =

x-0 X 2

(x) s h(x)Oxo B, {ak
= lifrlh(x) =1, then li}llg[X] =1 where a O(a,B)

3. Logarithmic Limits

(i) 1im 280N 00 o 50,21
x-0 X
(ii) In particular, limM =1and limM =-1
x-0 X x-0 X
4. Expotential Limits

X

(i) lil’Iol =log, a,a>0
X X
. : . e* -1 . eM -1
(ii) In particular, lim ¢ =1and lim =A
x-0 X x-0 X
g 0, 0<a<1
1, a=1
(iii) lima* =g
X 0 o, a>1

FDoes not exist, a <0

5.1" Form Limits
(i) If )l({m f(x) = }({m g(x) =0, }[h]en

m
lim{1 + f[X]}l/g(X] —p " "8)
X-a

(ii) If lim f(x)

lim {f(x)}**) =

=1 and hmg[ ) = oo, then
hrn{f -1} g(x)

In General Cases
(i) lirrol(l + x)* =e

(iii) im(1 + Ax)'* =e*

x-0 X

(v) }i}%U + ax)?* = hm Q Q

Methods To Evaluate Limits
To find lim f(x)

X - a

If f(a) is finite, then }{m f(x) = f(a).

, we substitute x = a in the function.

If f(a)leads to one of the following form g ;E ;00 —00;0 X 00,17, 0
00

and «° (called indeterminate forms), then limf(x) can be

evaluated by using following methods e

(i) Factorization Method This method is particularly used
when on substituting the value of x, the expression take
the form 0/0.

(ii) Rationalization Method This method is particularly used
when either the numerator or the denominator or both
involved square roots and on substituting the value of x,

. 0
the expression take the form 6,2.
00

NOTE To evaluate x — ootype limits write the given expression in the
form N/D and then divide both N and D by highest power of x
occurring in both N and D to get a meaningful form.



L'"Hospital’s Rule
If f x) and g(x) be two functions of x such that
hmf

(11] both are Contlnuous at x = a.

= lim g(x) =

(iii) both are differentiable at x = a.
(iv) f'(x) and g'(x) are continuous at the point x =a, then

hmf( )—l
xoa g(x)

I Hrovided that g(a) #
x~a g'(x)

Above rule is also applicable, if lim f(x) = o0 and lim g(x) = co.

If ' (x x) satisfy all the conditions embeded in L’'Hospital’s
rule, then we can repeat the application of this rule on

PG 4o got tim L) = g /1)

g (x) xoagh(x) xeag(x)

Sometimes, following expansions are useful in evaluating
limits.
3

>

o logl+x)=x——+2 X 4% 4 44« Q)
& 2 3 4 5 N
¥ x x* x°
e logl-x)=—x—-—-—"—-—"—-"—=..(4 <x <
(1 - x) 2 3 a4 s ( )
N x x x x
e " =1 —_—

10 21 31 4l
e a =1+x(log, a]+%(loge ay +...

3 XS X7

e sinx=x-——+—— +.
3! 51 7!
2 X4 XG

e cosx=1-——+—-—"—-
2! 4! 6!

Continuity

If the graph of a function has no break (or gap), then it is
continuous. A function which is not continuous is called a

. . . . a1
discontinuous function. e.g. x* and e* are continuous while —
X

and [x], where [ denotes the greatest integer function, are
discontinuous.

Continuity of a Function at a Point

A function f(x) is said to be continuous at a point x = a of its
domain if and only if it satisfies the following conditions

"lies in the domain of f

= lim f(x)

(i) f(a) exists, where (‘a

(ii) lim f(x) exist, i.e. lim f(x)
or LHL =RHL

(iii) }({mf(x) = f(a), f(x)is said to be

left continuous at x = q, if lim f(x) = f(a)

X-a

right continuous at x = a, if hm f(x)=f(a)

~a*

Continuity of a Function in an Interval

A function f(x) is said to be continuous in (a,b) if it is
continuous at every point of the interval (a,b). A function f(x)
is said to be continuous in [a,b], if f(x) is continuous in (a,b).
Also, in addition f(x) is continuous at x =a from right and
continuous at x =b from left.

Results on Continuous Functions

(i) Sum, difference product and quotient of two
continuous functions are always a continuous

function. However, r(x) = % is continuous at x = a
glx
only if g(a) #0

(ii) Every polynomial is continuous at each point of real
line.

(iii) Every rational function is continuous at each point
where its denominator is different from zero.

(iv) Logarithmic functions, exponential functions,
trigonometric functions, inverse circular functions and
modulus function are continuous in their domain.

(v) [x]is discontinuous when x is an integer.

(vi) If g(x)is continuous at x = a and f is continuous at g(a),
then fog is continuous at x = a.

(vii) f(x)is a continuous function defined on [a, b] such that
f(a) and f(b) are of opposite signs, then there is atleast
one value of x for which f(x) vanishes, i.e. f(a) >0,
fb)<o MO (a,b) such that f(c) =

Differentiability

The function f(x) is differentiable at a point P iff there exists a
unique tangent at point P. In other words, f(x) is differentiable
at a point P iff the curve does not have P as a corner point, i.e.
the function is not differentiable at those points where graph
of the function has holes or sharp edges. Let us consider the
function f(x)=|x —1|. It is not differentiable at x =1. Since,
f(x) has sharp edge at x =1.

Y
fx)=-x+1
Lf'(x)=—

o1 2 ¥
(graph of f(x) describe differentiability)

Differentiability of a Function at a Point
A function f is said to be differentiable at x =¢, if left hand
and right hand derivatives at ¢ exist and are equal.

» Right hand derivative of f(x) at x = a denoted by

f'(a+0)or f (a 1sl MD



 Left hand derivative of f(
fla=h) - f(a)
-h ’

x) at x = a denoted by f' (a - 0)

or f'(a’)is hm

e Thus, f is said to be differentiable at x = q, if
fla+0)=f"(a-0)
e The common limit is called the derivative of f(

denoted by f" (a). i.e. f' (a) = lim M.

x~a  X-q

= finite.

x)atx =a

Results on Differentiability
(i) Every polynomial, constant and exponential function is
differentiable at each x OR.
(ii) The logarithmic, trigonometric and inverse trigonometric
function are differentiable in their domain.
(iii) The sum, difference, product and quotient of two
differentiable functions is differentiable.

(iv) Every differentiable function is continuous but
converse may or may not be true.

(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 Iim0|x |=x1 where [.]is the greatest integer function, is
(a) 1 (b) O
(c) Does not exist (d) None of these

2 letf:R - [0, «)be such that Iim5 f(x) exists and

_IFF -9

=0.Then, lim f(x)is equal to
X-5 | X - 5| X-5

(a)3 (b)0 (c)1 (d)2
2x0O_m

3 If lim ==
= xEBBH n

function), then m+n (where m, n are relatively prime) is
(a) 2 (b)7 (c)5 (d)6
4 The value of the constanta and 3 such that
o Ox? +1 0 .
lim -ox - BH = 0 are respectively
X +1

X = 0

(@) (11) (b) =17) (c) 0,-1)
n+l _ n+1
5 lim s -4l is equal to
n-o 5" +7H"

(2) 0 (M% (c) -

6 lim 2/x +/x +/x —x/?gisequal to

— (where [[ldenotes greatest integer

(d) 61

1

(a) O (b) (c) log2 (d) e*
7 The value of n“fnw cos @ﬁgcos %Qcos ?Q cos %@s
(a) 1 (b) =—= sinx (d) None of these
X smx

8 If f is periodic with period T and f(x) > ODX[I R, then

Of(x+T)+2f(x +2T)+...+nf(x +nT)
T E]|S equal to

limn
e CF(X +T)+4f(x +4T)+..+n°f(x +n

(a) 2 (mg (©32

5 (d) None of these

(1-cos 2x)(3 +cos x)

9 lim is equal to
x=0 xtan4x -+ JEE Mains 2015, 13
1
(a) 4 (b) 3 ()2 (d) 5
. [(a =n)nx —tan x] sinnx .
10 If ||mO > =0, where n is non-zero
X = X
real number, then a is equal to
(a) 0 ® 1 @ () n+
n
H 2
11 lim Sln(Lfsx)is equal to
x=0 X = JEE Mains 2014
(ag (b) 1 (c)-m (d)

sinx cosx tanx
12 Iff(x)=| x° x? X
2X 1 1
(a) 3 (b) -1 (c) O (d) 1
13 The limit of the following is
im \/1 - cos(x? —10x +21)
x-3 (x =3)
(@ -@°% (b) (2)”2

f()

(c) (27
Ox+10 nQO

@an“ EQ—H —D|s

= JEE Mains 2013

(d) 3

14 The value of Iim

(a) 1 (m—%
()2 (d) o
15 lim COtx&equals

xom2o (1= 2x)° = JEE Mains 2017
1 1
_ b) L

(a) %4 ( )116
i d) -

(C)8 ( )4



16 If mand n are positive integers, then
(cos x)'"™ —(cos x)""

lim e equals to
@m-n B -1 (™" (d)None of these
n -m 2mn
i
17 lim oot !(Vx+1-+x) is equal to
“ oc R
sec 0
x =1 0O
(a) 1 (b)o (C)g (d) Does not exists
Pa2
18 Letp=|imw g =lim sin” 2x and
x-0  3x x-0 x(1-e")
r=1Iim “X Then p, g, r satisfy
x=1Inx

(@ p<g<r (b)g<r<p (c)p<r<qg (d)g<p<r
19 Letp= lim (1 +tan? v/x)"?, then log p is equal to
= JEE Mains 2016

1 1
2 b) 1 — d)—
(a) (b) (C)2 ( )4
x +1
20 The value of lim E#ﬁ ’ is
(a) e71/3 (b) 6*2/3 (C) e% (d) 672
21 If im O+ a, %g =¢e? then the values of aand b are
X X X
(a) aOR E] R (b) a=1b0R
(c) alR b= 2 (da=1b=2

22 1(2)= 6and F (1) = 4, then [im (21 +2+") = fg)2)|

h-0 f(h=h?+1) —f(
equal to
(a) 3 (b) -3/2 (c) 3/2 (d) Does not exist
23 Letf(a)=g(a) =k and their nth derivatives f"(a), g"(a)
exist and are not equal for some n. Further, if

im (@0(x) ~ (@) ~g(a)f(x) +gla) _ ,

X a a(x) = f(x)
then the value of k is
(a) 4 (b) 2 (c) 1 (d) 0
24 Iff:R - R besuchthatf(1)=3andf (1)= 6. Then,
im g0+ 08" It
lim Bia is equal to
(a) 1 (b) e (c) € (d) &°
D i ti |
25 Letf(x)= sinx, xis  rationa , then set of points,

g—sm X, xis irrational
where f(x) is continuous, is

§2n+1anla

(c) {nmtn O1)

26 Letf:[a, b] - R be any function which is such that f(x) is
rational for irrational x and f(x) is irrational for rational x.
Then, in[a,b]

(b) anull set

(d) set of all rational numbers

(a) f is discontinuous everywhere
(b) fis continuous only at x =0
(c) fis continuous for all irrational x and discontinuous for all

rational x
(d) fis continuous for all rational x and discontinuous for all
irrational x
27 Letf(x)=1+|x —2|and g(x)=1-]| x|, then the set of all

points, where fog is discontinuous, is = JEE Mains 2013

(a) {0 2} (b) {0, 1,2} (c) {0} (d) an empty set
+1, x <0

28 Iff(x)= x =0 and g(x) = sin x + cos x, then the
Ht . x>0

points of discontinuity of f{g(x)} in (0, 2m) is

mnb n’7
—n (d —
258 @ @ i e @ B
29 If f(x)is differentiable at x =1and hIimO % f(1+ h) =5,then
f'(1)is equal to
(a) 6 (b) 5 (c) 4 (d) 3
30 1ff(x)=3x" -7x® +5x° —=21x® +3x? -7, then the

value of hIimo w is

h® + 3h
53 22 22
= b) == 13 d) =
(a) 3 (b) 3 (c) 13
31 Letf(2)=4andf' (2)=4.Then,
lim x1(2) = 21(x) is given by
x-2 x -2
(a) 2 (b) -2 (c) -4 (d) 3

32 If f is a real-valued differentiable function satisfying
[f(x)=f(y)l <(x —y):x,y OR and
f(0) = 0, then f(1) is equal to

(a) 1 (b) 2 (c) O (d) -1
33 If lim M+k lim 9% =1 _4 4hen
-0 x-e
) k= e@i Q (b) k=e(+a)

(c) k=e@-a)
34 The left hand derivative of f(x) =[x] sin (
an integer, is

@ ) k-Hm
(©) (=" kmt

(d) Equality is not possible
TX)at x =k, Kk is

©) k- m
(d) )" km

)is differentiable at x = 0
(x)is continuous at x = 0, 1
(x) is differentiable at x =1
None of the above

IR
36 Iff(x)z@xe PP X 20, then f(x) is
H o x=0

f
f
f



continuous as well as differentiable for all x
continuous for all x but not differentiable at x = 0
neither differentiable nor continuous at x = 0
discontinuous everywhere

(a
(b
(c
(d

X
1+ x|
(@) (oo, =1) Ut 1) (b) (=00, )
(c) (0 ) (d) (o0, 0) O (O )
38 Letf(x)=cos x and
min{f(t):0<t<x}, x O[O, m]
(x :E

37 The set of points, where f(x) = is differentiable, is

(sinx)-1, X >TU

(x)is discontinuous at x = 1t
(x) is continuous for x OG0 ]
(x) is differentiable at x = 1t

(x) is differentiable for x O[Go ]

D(«/x+ ,0<x<3,

is differentiable,
Dmx +2,3<x<b

(@g
(b) g
(©)g
(d)g

39 If the function g(x) =

then the value of k + miis

16
(a) 2 (b) 5 (c) 5

[BII’](COS x) +cos(sin" x), x<0O
BSID(COS x) -cos(sin” x), x>0

(d) 4

40 If f(x) =

thenat x =0

(a) f(x) is continuous and differentiable
(b) f(x) is continuous but not differentiable
(c) fis not continuous but differentiable

) fis neither continuous nor differentiable

(d

41 If f(x) =[sin x] +[cos x], x O[O, 2m], where[.]denotes

the greatest integer function. Then, the total number of
points, where f(x) is non-differentiable, is

(@) 2 (b) 3 (¢) 5 (d) 4

42 If f(x)=|sin x|, then

(a
(b

f is everywhere differentiable

f is everywhere continuous but not differentiable at
x=m ,n0Z

(c) fis everywhere continuous but not differentiable at

x=@2n+ 1)2,/7 0z

)
)

(d) None of the above

43 Statement | f(x) =|log x | is differentiable atx =1.

Statement Il Both logx and - log x are differentiable at

x =1

(a) Statement | is false, Statement Il is true

(b) Statemnt | is true, Statement Il is true; Statement Il is a
correct explanation of Statement |

(c) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation of Statement |

(d) Statement | is true, Statement Il is false

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 Foreacht OR, let[t ]be the greatest integer less than or
no, ko DSE
[tot. Th | + +
equal to en, |m X%(E EX @

= JEE Mains 2018

(a)isequalto 0
(c) is equal to 120

(b) is equal to 15
(d) does not exist (in R)

2 |Iim DXB; * 5X is equal to
xoo OxT 4+ x +2 H .
(a) e (b) € (c) e® (d) e

3 Ifa and B are the distinct roots of ax? + bx + ¢ =0, then

1-cos (ax® + bx +¢)

lim > is equal to
x=a (x—a)
1 _n\2 _ 82 _n\2 82 _n\2
(a) > @-pB)° (b) > @-B) (c) O (d) o ()
4 nlimw sin[my/n? +1]is equal to
(a) o (b) O

(c) Does not exist (d) None of these

5 If x >0and g is a bounded function, then
im f(x)@™ + g(x)

no w enx+1

is equal to

(@ 0 (b) f(x)
(c) g (d) None of these
6 The value of I|m Hﬂﬁ (where a, b, c>0)is
(a) (abey’® (b) abc
(c) (@bo)’® (d) None of these
7 Iff(x) =cot” 1Biﬁand g(x)=cos” Blig then
lim f(x) - f(a) ,where 0 <a <l is equal to
*~2g(x)-g(a 2’
3 3 3 3
@) 2(1+ a) (&) 2(1+ x?) ©3 @ =3

8 Iff:R - R is a function defined by

Xx)=[x] cos %@ M, where [ x] denotes the greatest

integer function, then f is
(a) continuous for every real x
b) discontinuous only at x =0

(b)
(c) discontinuous only at non-zero integral values of x
(d) continuous only at x =0



9 Let f be a composite function of x defined by

]
flu)y=—5———, = o
) ut+u-2 tx) x =1

Then, the number of points x, where f is discontinuous, is
= JEE Mains 2013

(a) 4 (b) 3 (c) 2 (d) 1
10 If f:R - R be a positive increasing function with
im 1C¥) _1 Then, tim 12X is equal to
= () = ()
(a) 1 (b) 2/3 (c) 3/2 (d) 3
11 Let f(x) =max {tan x, sin x, cos x}, where x —E g 3?“5
Then, the number of points of non-differentiability is
(a) 1 (b)3 (c)0 (d)2

12 LetS ={t OR:f(xF | x 1€~ 1)} sin| x| is not
differentiable at t}. Then, the set S is equal to

(a) @(an empty set) (b) {0} = JEE Mains 2018
(c) {m} (d){0m
x" + %g
13 If f(x) = lim —————, where nis an even integer,
e Xn—1 + %g

Then which of the following is incorrect?
an
Iff: — then fis both d ont
(a) oo@ @“’Q en f is both one-one and onto

(b) f(x) = f(=x) has infinitely many solutions
(c) f(x) is one-one for all x JR (d) None of these

14 Letf(x)= ||m X . Then,

n-e S (kx +){(k +1)x +1}

a) fis continuous but not differentiable at x = 0

b) f is differentiable at x = 0

c) fis neither continuous nor differentiable at x = 0
d) None of the above

o~~~ —~

15 If x,, x,, X,,..., X, are the roots of x" + ax +b =0, then the

value of (x, =X, )(x; =x3)...(x; =X, )is equal to
(a)nx, + b (b)ynx ™" +a
(c) nx™ (d) nx;
! -b c %
X 1 0
16 If*im xIn4o — -1 B: -4, where a, b, ¢ are real
X — 00 X
10 a/x@
numbers, then
(a)a=1b0OR, c=-1 (byaORb=2c=4
(c)a=1,b=1cDR (d)yalR,b=1c=4
/x /x
17 If Iim +x+ d =¢e® then Iirr(]J +Mﬁ] is equal to
X X
(a)e (b) e2 (c) e (d) None of these

18 The function f(x) is discontinuous only at x = 0 such that
f3(x)=10x0 R. The total number of such function is

(a)2 ()3
(c)6 (d) None of these
19 Letf(x)=x|x]|and g(x)=sin x

Statement | gof is differentiable at x=0 and its
derivative is continuous at that point.

Statement Il gofis twice differentiable at x = 0.

(a) Statement | is false, Statement Il is true

(b) Statement | is true, Statement Il is true; Statement Il is a
correct explanation of Statement |

(c) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation of Statement |

(d) Statement | is true, Statement Il is false

20 Statement | The function
f(x)=(3x -1)| 4x* —12x +5] cos Tx is differentiable at

X :land —.
2 2

Statement Il cos(2n + ) TET =0, 0 I

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |.

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |.

(c) Statement | is true; Statement Il is false.

(d) Statement | is false; Statement Il is true.

21 Define f(x) as the product of two real functions f(x) = x,
x OIR

and f,(x)= Hsm |fx¢0 as follows
@ 0 ,fx=0
Of(x)E(x),if x 20
f) = § IO x 2
0 0 M x =0

Statement | f(x)is continuous on /R.

Statement Il £,(x)and f,(x)are continuous on IR.

(a) Statement | is false, Statement Il is true

(b) Statement | is true, Statement Il is true; Statement Il is
correct explanation of Statement I.

(c) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation of Statement |

(d) Statement | is true, Statement Il is false

22 Consider the function f(x) =| x = 2| +|x =5|,x OR..
Statement | 7' (4)=0
Statement Il f is continuous in[2, 5] and differentiable in
(2,5)and f(2)=f(5).
(a) Statement | is true, Statement Il is true; Statement Il
is a correct explanation for Statement |
(b) Statement | is true, Statement Il is true; Statement Il
is not correct explanation for Statement |
(c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true
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Hints and Explanations

SESSION 1 - B

1 RHL = lim (x)’ =1 -0-20_ 20 Teox sin(x/2)

x- 0 n- e n 0+7 7 _sinx
LHL = lim (-x)° = lim 1 =1 5%@ +7 Ty
X 0" X~ 0" 5
. RHL = LHL 6 limmx+m _\/}D 8 Clearly, f(x+T)=f(x+2T) =
O lim x| =1 X = _
X0 = f(x+nT) = f(x)

2 Given, }(III% f(x)exists and X+w/X+\/; - X IZIf x+T)+2f(x+2T)+ %
lim SO =9 _ x+VxtJx 4 DhmnD( T) +Z;[X+ZTTJ B
x5 - nee x+T)+4f(x+

[x = 5] i W 5l 0

0 !{i{l.lr’[f(x]]z -9=0 o x e dx +Vx 1] +..+0'f(x + XT)0

0 Bim(fed =9 . W ] i B0+ 2434 )

e f(x)(1+ 28 + 3+ +n)

. T X 4 +1
a lim f(x)=3, -3 \/ (n+1)
e . HE 2 Q 3

But f:R — [0, ») 7 We know that, - %}%W 2

N | =

cos A[€os2A [Gos 4A...cos2"™"

O R ff(x)=0 6
O angﬁn?jf - A= sin2"A
= = - +
2"sin A 9 We have, lin} (1 — cos 2x)(3 + cos x)
3 Clearly, hmefmz lim 2 FX - 5% Take A = X xtan4x
Xow x 0

. 2sin’x(3 + cos x)
=lim /= 7%

=E—O =2 then cos %@mos @!%Q x-0 Jtandx
5 5 ax
=7

s B oty s
. O 4 2 x-0 5 x-0 4
4 llm[LT—GX‘BD=O sin x 1
medx + O =_> " x
. X1-a)-x@ +B)+1 -B _ 2"sin X@ ljm B0 4X
0 lim =0 n x-0 4x
X x+1

4
-a = = O limcos Efﬁ:os Efﬁ =2x>x1=2
a 1-a=0a+p =0 Am > n 2

O a = =-1
¥ cos BX_HAos BX o, hmSlne =1andlim=2 tanb _, O
5 Clearly, = - H>x2 0 8 H
n+l _ 1+l n _ - 1 .
thE’Z 40 _ hmGE’Z 2005 = lim 51X 10 Since,

nee 52"+ 75" nee 52" + 705" 0 e HX ;
2 sm%@ hm o - n)n - tan x *jlnnx -
- X X



O [(a-n)n-1]n=0

O (a=-n)n=1
O a=n + l
n
. 2 . _ s 2
11 lim sin(Ticos x):hmsm[n TBin® x)

x-0 X x-0

sin(Tsin® x)

[ sin(1t —6) =sin 6]
- msin[nsinzx) ><(T[]ﬁinz x[

x-0 T[sinZ X X

12 - f(x) = x(x — 1)sinx - (¥’ -2x%)
cos x — x* tan x
= x’sinx - x’cos x - X’ tanx +

2x°cos x — xsin x

x-0

] hmf( ]— lim
o X

3inx — xcos x — xtanx [J
]

0 9 _sinxp
g + 2cos x < 0
=2-1=1
13 \/l—cos -10x +21)
(x=3)
«/Esini(x ~3)(x-7)
= lim 2
X3 (x —3)
. (x=-3)(x-7)
= lim i dx=7
x=3 (x = 3)x -7) 2
2
=111131(x—7]
SiH(X - 3]2[X -7) )
i — =3 -n %
2
__(2)3/2
14 hm gan’lgﬁg— us

xg  x+10 ZB

= lim Ban @!fﬁ tan™
x-00 x+1

Oox+1 _ .0
= lim1 Fan™ Egizx +1 B
x= 0 x on + x+ 1 0
H 2x+1H
1 Sdx+1-20x-10
= lim= dan™
-0y RPx+1+x+10
o - g
=limlﬂan’1[;7x[] ormgD
x-0x ax + 20 (J=|
[using I Hospital rule]
—llmi
X 1+ X ’
(4x + 2Y

XDD4X+2—4X|:|:|
- =

%—D (4x + 2¥

:hm—&
X0 x4+ (4x + 2)
(+2) _-2_-1
o+(@+2f 4 2
15 .mcotx—cosx
X /2 (T[—ZXF

= lim 1 1gos x(1 - sin x)

x«n/zg
smx@» - X@

1.
=_li
4h-0  h'cos h
0. ho
. pin—
-1 épmh 5 ZDD1 ot
4h-0o0 h Dh O cosh 4
o U
1.1 1
= _ X - =
4 4 16
16 hm[cosx)”"’—(cosx]””
X-0 X
11
T (cos x)m n =1 Qim 1
x=0 X x-0 (cos x)''™
1
QI—ZSmZE "1
= lim 2
X-0 X
sin® =
m-n

=lim—2§l—l 2 =
X0 m nO ¥ 2mn

17 Clearly,
= lilg(\/x +1 -+/x)

and

faet f
limngg =lim— X [ =
X 00 xﬂouljl /XD

] O

cot™ (Wx+1 —+/x) _ cot™(0)

0 lim =

L [2x+ 1@ sec™ (o)
sec g;
x-1

Tz _
/2
. In(1+cos2x-1)
18 Clearly, p = lim———>%% ~J
y, p = 1m 3
_ In(1+cos2x —1) cos2x -1
= lim
=0 (cos2x—1) 3x°

=2
3
_ sin2x . 4x*  _
q = lim . -
x-0 4x*  x(1-e%)
and r = limﬁ
=1 In(1+ x-1)
= im VX1 -Vx)
! @174- X 1@[@{ 1)
= Jx(1-x)
Rt 7
lngXTEEﬂx—l](l+ X)
=-1
2

Hence,g< p<r.

1
19 Given, p = lim (1 + tan® Vx)2
x- 0"

(1” form)
i L lim Qlan /5
T e
1
:eE
s 1
O log p =loge? 25
x4
— 403
20 lim E‘LA}D
¥- [Bx + 20
X +1
. Bx+2-603
= lim
x> 3x+2 [0
x+1
s
=lim[l - 6 0
X« 3x+ 20
-6 +1
0 3x+23x+2 3
[0-6
= lim __6 o U
X 3x+20 O
O O
2 (x+1)
—lime 3x+2 _872/3
0. lim 2(x +1) - ;ZD
Hx= 3x+2 3H
a b 2x
21 Now, 1im§1+—+—§
X x X
Oa b O
H*+T—\
s
. a a
= lim +7+f§ B 8
X x X
b0

lim ija+f
o AmHE Tl

Da
O 0
2x
But lim@l+£+£§ = e’
X x X
D eZa:eZ
O a=1
and b OR



292 1im f2h + 2 + h*) - f(2)

h-o f(h -k +1) - f(1)
f'(2h + 2+ h*)(2 + 2h)
Fih- I + 1)1 - 2h)
f'2)x 2

= lim
h-o0

23 Jim [(@8(x) - fla) - g(a)f (x) + gla) _ ,
e g(x) - f(x)
Applying L'Hospital rule, we get
fla)g'(x)- gla)f'(x) _,
e gl(x) - f1(x)

0 lim X8 =4
oo gl(x)= f'(x)
0 k=14
1/x
24 Lety:%MH
O f) O
0 logy = ~llog f(1 + x) - log f(1)]
O hrnlogy:hrnEI 1 f'a+ x)
x-0 Xaﬂg(l-px] H
: _ffm_s
0 limlo = =—
R TTIE
| li}xgy=ez

25 Clearly, f(x)is continuous only when

sin’ x = —sin’ x 0 2sin*x =0

0 X = nm
26 We have,
rational, if x O0Q in[ab]
f(x)=

%rrational, ifx0Q in[ab]
LetC O[ab]land ¢ JQ. Then,
f(c) = irrational
and lim f(x) = lhlnol f(c + h) =rational or
irrational
Thus, f is discontinuous everywhere.
+X X<0
27 g(x)= g+
8(x) -X X220
Ol+|x-1, x<0
g x)} =
fg(x)} x -1, x20
_[M+1-x, x<0
+x+1 x20
2-x x<0
+x x20

It is a polynomial function, so it is
continuous in everywhere except at
x=0.
Now, LHL =lim2 - x =2,
x-0

RHL = lim2 + x =2

x-0
Also, f(0)=2+0=2
Hence, it is continuous everywhere.

0l, 0< x<3T1/4
28 f{g(x)} =0, x=37/4,7m4
H1, 3ma<x<71m4

or 7mM/4< x<2

Clearly, [ f{g(x)}] is not continuous at
_3m7m

>

=limLl +h)_ lim o

hto p hio B

fa+h) f@
h

= 5 s0 lim 2=~ must
hao h

f@

be finite as f'(1) exists and ’1711‘% W can

Since, lim
h-o0

be finite only, if f(1) = 0 and
Jie)

lim Z~~ = 0.
h-o0 h
0 f'@= lim ﬂl; b5
30 1 fa-h)-fQ)
h-0  h®+3h
i A W) -1
b -h h*+3
_ 10_ 53
=fOgEE
31 1 X/@) - 2f(x)
x=2 x-2
i X/2) — 2f(2) + 2/(2) - 2/(x)
X-2 x-2
i f@x = 2) = 2{£(0) - @)
X2 x-2

I
=
>
I
DN
D
=
§=
=
=
>

f2)-2f'(2)
=4-2x4=-4
32 f®)-f)sx-yf
O limwslimm—ﬂ
N FErT I
O [f'(y)lso O f(y)=0
O f(y) = Constant
|

fly)=0 [+ £(0) = 0, given]
O fm=o0
33 Let f(x) = log x
O fix=2
X

Therefore, given function

=f'la)+ kf'le)=1

34 If xis just less than k, then [x] = k — 1
O f(x)=(k —1)sinTtx
LHD of f(x) = lim
(k = 1)sin Tx — ksin Tk
x -k
- lim (k = 1)sin TIX’
x-k x—k
where x =k - h
-~ lim (k = 1)sin i(k — h)
h-0 —h
=(k -1)(-1)n
Oe*, x<0
35 f(x)= Hl—x, 0<x<1
-1, x>1
Hf’(O)Z lim f(O + };) - f(O)

h-o0

=1im71_h_l=
h-o0 h
Lf’(O]: lim f(o_h)_f(o]

h-o0 -h

-1

h-o0 — h
So, it is not differentiable at x = 0.

Similarly, it is not differentiable at x = 1
but it is continuous at x = 0 and 1.

36 RHL = lim (0 + h)e " =lim h
h-o0 haoeﬂh
_n

_1g
LHL = lim (0 - h)e L)

Hence, f(x)is continuous at x = 0.
o, 10
-+

#8
'h  hBE _
Now, Rf’(x) = }1113(0"‘11)8—0

= lime 0
h-o ‘g'lg
- hond _
and Lf'(x) = hm(o hye A 0
=lime ™ =1
h-o

0O Lf'(x)# Bf'(x)
Hence, f(x)is not differentiable at x = 0.

T T !

37 Since, say]

It is clear that g(x)and h(x)are
differentiable on (- o, o)and
(=0, 0) O (00 ).

Now,

X -_
(€ R () PR T P I
x- 0 X_O x-0 X

Hence, f(x)is differentiable on (= o, ).
x0[0, 1]
x> T

38 Clearly, g(x) = D(.:OS o
inx -1,

Also, g(m)=g(m=g( 1) =-1

and g'(1)# g'( 1)

0 giscontinuousatx =1

but not differentiable at x = T



39

40

a1

42

Since, g(x)is differentiable 0 g(x)must
be continuous.

_[kJx+1, 0<x<3
glx)=
omx+2 3<Xx<5

At, x =3,RHL =3m +2
and at x =3, LHL =2k

O 2k=3m+2
Bk g<x<s
Also, g'(X)=[px+1
H m, 3<x<5
k
] L(g'(3))=—
(g'3)) 2
At = k _
and R{g'(3)} = m Dz—m
ie. k =4m
On solving Egs (i) and (ii), we get
k:§, :g
5 5
O k+m=2
Clearly, f( EQ\/l X, x<0
|:| 0, x>0

O f(x)is discontinuous and hence
non-differentiable at x = 0.

[sin x] is non-differentiable at
X = En, T, 2 Ttand [cos x] is

non-differentiable at

—OE 3—T[alndZTL
2 2

Thus, f(x

non-differentiable at x = T, 371T’ 0.

)is definitely

Also,

S A ofeo
f2 )—1 fem-0) =

Thus, f(x)is also non- dlfferentlable at

x=E and 2T
2

Letu(x)=sinx
v(x)= x|
O f(x)=vou(x)= v(u(x)) =v(sin x) =|sin x|
u( ) =sinx is a continuous function
and v(x) = | x| is a continuous function.

O f(x¥ Vou(X] is also continuous
everywhere but v(x)is not differentiable
atx =0
O f(x)is not differentiable
wheresinx = 0
O x=m,n0Z
Hence, f(x)is continuous everywhere
but not differentiable at

x=m,n 7.

43 f(x)

D—logXX<1
DlogXX>l

g—l/x x<1
Q x

Of'(17)=-1and f'(1
Hence, f(x)is not differentiable.

f'(x)=

x>1

SESSION 2

1 We have,
D:ﬂD D1D Eﬂ5%

hm X%}(@ ey

We know, [X] =x- {X}
0 ~U_ 2
g8 > B
Similarly, O_n BEH
BxH x
0 Given limit

= thB» BlH

Ox0O

SRR RE
—hm1+2+3+ LH5) -

B BB

=120-0=120

Q. 0< §E§< 1, therefore
g x
0

bh< XB§B< x 0 lim XBEBZ 0
B  OxO x0" [x[]

u]
u]
0
0
B

2NOW hmMD

e Ox + x+20
_axe1 g
X + x + 200

(4x+1 )x
(45 +1) [P oye

g

O

O

g 1/
= lim + '4X+1 ﬁ/x +x+2|:|
X X+ x+2 H

e
linmi+l+i
—e PR -
o . 10 0
r+ lim +—@ =ep
o’ X 0
3 Now liml—cos(axZ +bx +0)
x-a (x—ay
, Oax* + bx +c O
2sin” J————[J
=lm o2 0
x-a (x-ay
2sin? %(x—a][x— )@
= lim

n- o

@DD
=

:limsm ™+ — + . E
n-e 2n 811 0
a
d
ad

+... 00

. .01
= lim (-1)"sin T[B— - lq
e [Pn 8n’

=0
Given, x > 0 and g is a bounded
function.

2, Oa*+b*+c*0O
0 lo =lim=logG———[]
8y x=0x g[] 3 ]
=2hmlog(a +b* +c¢*)-log3
x-0 X
Apply L’'Hospital’s rule,
a*loga+ b*logh + c*logc
a“+b* +c*

=2lim
X- 0 1
log y = log (abc)*"?
O y = (abc)*?®
L Bx - X0
x)=cot™ 0
/) 01 -3x* 0
,-x0
and g(x)=cos' ——[
O+ ¥ 0

On putting x = tan 0 in both equations,
we get

(Btan 6 - tan’ 60

0 1-3tan’® 0O

0 f 0) =cot ™" (tan3 0)

=cot™ H:ot% 3 G@H

f(8)=cot™

:E -30
2
o f'®e=-3 e (i)
— 2
and g(0) =cos™ Mt - tan 60
M + tan’60

=cos ' (cos 20) =20



Now,
im P~ f@B_ B - f(@)f]
x~afg(x)-glad *-°0 x-a O
% 1
Jim 28() ~ g(@)]
e x-a 0O
- f@nl = _gxlo_3
=/ g’[a)_ 3><2 2

Now, cos x is continuous, X1 R

O cosTt @x - 1@is also continuous,
2

01 R.
Hence, the continuity of f depends upon
the continuity of [x], which is
discontinuous, O x7 I.
So, we should check the continuity of f
atx=n, 0n] I
LHL at x = n is given by

f(n") = lim f(x)

X-n

= )}EIE [x] cos Tt Qx - %Q

:(n—l]coswzo
RHL at x = nis given by
f(n*) = lim f(x
= lim [x] cos T[Qx Q
:(H)COSM:O

Also, value of the function at x = n is

f(n) cosnﬁn H

(2n - 1)m

= (n)cos =0

0 f")=f(n")= fn)
Hence, f is continuous at
x=n,0n] I

1
x—-1
discontinuous at the point x = 1.
The function y = f(u)

1

The functionu(x) = is

uv+u -2
:;
(u+2)u-1)
is discontinuous atu = —=2andu = 1.
When u =-2
0 o=
x -1
O X:1
2
Whenu =1
O ooy
x -1
0 x=2

10

11

Hence, the composite function y = f(x)

is discontinuous at three points,

le,x=landx=2.
2

Since, f(x
function.
0 0<f(x)<f(2x)<f(3x)
0 0<1</2x)_fBx)
fx) flx)
0 limi< limM
T ()
e f(x)

By Sandwich theorem,

hmf(zx) 1
SE:

)is a positive increasing

We have, f(x

WhereXDE E 3

"2 B

Let us draw the graph of y = tanx,

V= smxandy =cos xin D—E 3—1-[[]

B2 28

12

a1

From the graph, it clear that f(x)is

non-differentiable at x = a,zn and TU

We have,
f(x)=x - @™ -1)sin| x|
Ox-mEe™ -1)sinx, x<0
flx)= Er(x— M -1)sinx,0< x< T

E[x— me* —1)sinx, x= T

We check the differentiability at x = 0
and U

We have,

J(x)=

O(x—-m(e™ —1)cos x +(e* —1)sinx
g + (x — Msinxe *(-1),x <0
Fl(x=m(e* —1)cos x +(e* —1)sin x
B +(x-mMsinxe*],0<x< T
O(x-m(e* -1)cos x + (¢* —1)sinx
B +(x - Tsinxe™,x > Tt

Clearly, lim f'(x) = 0 = lim f'(x)
X0 x-0

= max{tan x,sin x,cos x},

13

14

15

and lim f'(x) =

= lim (%)
O f is differentiable at x = 0and x = T
Hence, f is equal to the set {0, Tt}

n

n T
We have, f(x) = limﬁ

=lim———m— = x,if x> —

n- o 3
T @Tﬁ

LT
Also, f(x)=lm——M — =
f=tim 2o =]
el
b
if x< 1/3
Note thatf§3§=l[
3 3
BX, if XEE
0 fx)=gm | 3
-, if T
03 X< —
0 3

From the given options, it is clear that
option (c)is incorrect.
X

(kx + 1){(k +1)x +1}

=gt -1

Leta,,, =

Ckx +1 [k+1]x+1D
x) = lim Bi
“wz[]kx+1 (k+lX+ID
= lim
n-e nx+lﬁ
_ o, if x#0
%0, if x=0

Clearly, f(x)is neither continuous nor
differentiable at x = 0.

Clearly, x" + xa+b =(x - x,)
(x = %) (x = x,)
0 x"+ xa+b = (x-x)
X=X,
(x-x,)...(x—Xx,)
O lim7Xn+aX+b
XX x = x

1

=(x —x)(x, _XS)"'[XI —X,)
0 lim™*a
= (X1 _XZ](XI _XS)"'(X1 _Xn]
[using L'Hospital rule]
0O nx" +a=(x, —x,)

(%, = x).(x, = x,)



1 -b ¢ B
X ; 0
16 LetL =limxIndo — -10
e X 0
1 0 3@
X
=1imx1n§g+b —QQ
X I’ X

Clearly, for limit to be exist,b = 1.
Thus, L = limxlngl + 9 _Qg
X X x

= limxp% -1

4
D"ln[1+x)=x-£ X——X—+..,D
H 2 3 a H
= —
A L=-4
g c=4

Hence,a OR,b =1andc¢ = 4.
feod”
17 We have, lingé + x+ B =¢?

X

h‘mEl+x+M—1Eﬂ
O e x Bz g?

. fix)o
lim +.
0 e -ngl e Ezes
0 lim /09 = 5
X-0 Xz
Now,
1/x . fx)_ o
, fe0” _ imget g
+ 7 = x
et g ¢

lim fx)
=e""¥ =¢
18 We have, f*(x)=10x] R
O  f can take values +1 or -1
Since f is discontinuous only at x = 0
0 f may be one of the followings

2

(i) f(x) = Erll’ e
ﬁﬂﬂm=§i,i:g
i) foo=0," 750
v fe=g X0

[Il x20

1, x>0
W) f) =1 x<0

H1 x=o0

rl, x>0
Wi) f(x)= -1, x<0
El, x=0
19 f(x)=x|x| and g(x)=sin x
[+ sin X*, x <
gof (x)=sin(x|x|)=1
0 sin X, x>0

[+ 2xcos X*, x<0
(gof V(x)= 0
02xcos X, x20
Clearly, L (gof ) (0)= 0= R (gof)(0)
So, gof is differentiable at x = 0 and also
its derivative is continuous at x = 0.

Now,
[F2cos xX* + 4x* sin X%,
e H x<0
(8of )" ()= B'lcos X - 4x* sin X,
H x=0

0 L (gof)'(0)= - 2and R (gof )" (0)= 2
O L(gof)"(0)# R (gof) (0)

Hence, gof(x)is not twice differentiable
atx = 0.

Therefore, Statement I is true, Statement
II is false.

20 Statement I is correct as though
|4x* — 12x + 5|is non-differentiable at

x = Land 2 but cos mx = 0 those points.
2 2

So, f'%@ and f’%’sgexists.

21 Here, f(x HXBln Q»Q x%0

, x=0

To check contlnulty at x =

LHL = hm B )sin H— %
RHL = lim Qh sin %%:

flo)=o0

So, f(x) is continuous at x = 0.

Hence, Statement I is correct.

f(x) = %m@»@ xZ0

, x=0
. 1 .1

Here, lim f,(x) = lim sin Q»Q
x - 0 X -0 X

which does not exist.
So, f,(x)is not continuous at x = 0.
Hence, Statement II is false.

22 0 f(x)=|x-2]|+]|x - 5]
2-x)+(5-x), x<2
=0x-2)+(5-x), 2<x<5
Hx-2)+(x-5, x>5

¥ - 2x, x<2
:H 3, 2< x<5
HZX—Z x>5

Now, we can draw the graph of f very

easily.
Y
y=7-2x y=2-7
y=23
R B e e
v

Statement I f'(4)=

It is obviously clear that, f is constant
around x =4, hence f'(4)= 0. Hence,
Statement I is correct.
Statement II It can be clearly seen that
(i) f is continuous, O xJ [2,5]
(ii) f is differentiable, O x (2, 5)
(iii) f(2) = /) =3
Hence, Statement II is also correct but

obviously not a correct explanation of
Statement I.
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