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We have pleasure in presenting this textbook of physics of Standard 11 to you. This book is on
the syllabi based on the courses of National Curriculum Framework (NCF), Core-Curriculum and
National Council of Educational Research and Training (NCERT) and has been sanctioned by the
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The real understanding of the theories of physics is obtained only through solving related
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CHAPTER 1

DYNAMICS OF A SYSTEM OF PARTICLES

1.1
1.2

1.6

Introduction

Centre of Mass of a System
of Particles in One Dimension
Centre of Mass of a System
of n-Particles in Three
Dimensions

Law of Conservation of
Linear Momentum

Centre of Mass of a Rigid
Body

Centre of Mass of a Thin
Rod of Uniform Density

* Summary

e Exercises

1.1 Introduction

In Semester-I, we have studied the linear motion of a
particle. In this chapter, we will study about how to find
out the centre of mass of a system of two particles, the
centre of mass of a system of m-particles and the centre
of mass of a rigid body. Further, we will study the kinetic
theory of a system of particles in which the conservation

of linear momentum is explained.

1.2 Centre of Mass of a System of Particles in One
Dimension
As shown in Figure 1.1 consider two particles having

and m

mass ml 5

lying on X-axis at distances of

x, and x, respectively from the origin (O).

Centre of mass of a system of two particles of masses
Figure 1.1

The centre of mass of this system is that point whose

distance from origin O is given by

mx; + Myx,
XE T rm, (1.2.1)

Here, x is the mass-weighted average position of

x, and x,.

| ,- If both particles are of the same mass, then
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- - —
m+m em m+my+....+m o
1 2 ceee n
X + X - — -
oy = AT (1.2.2) 7 _mytmynt.tmyr,
2 cm M
Thus, the centre of mass of the two
particles of equal mass lies at the centre or
(on the line joining the two particles) M 7o m 7+ m 7>+ tm P (132)
between the two particles. cm 11 22 n o
- . . here,
Similarly, if n particles of mass m, m,,..., where
M=m+m+.. +m

m are lying on X-axis at distances Xy Xypeos X
respectively from the origin ‘O’, then the centre
of mass of the system of n-particles is

mxy; + mpXxy +....+myx,

*= m+my+....+m,
Ly N 1.2.3
x= e (123)
x = 2% (1.2.4)
M

Where M = Xm. = total mass of the

1

system of n-particles.

1.3 Centre of Mass of a System of n-Particles
in Three Dimensions

System of n-particles in three dimensions
Figure 1.2
Figure 1.2 shows a system of n-particles

in three dimensions. Let the position vectors
of the particles of mass m,, My, ..., n, with
respect to the origin ‘O’ of the co-ordinate

- 2 N .
system are 7, L, .., respectively. The
n

position vector of centre of mass of the system
is given by following equation.

= total mass of system of n-particles

1.3.1 Motion of Centre of Mass and
Newton’s Second Law of Motion :

If the mass of each particle of the system
of n-particles does not change with time, then
differentiating equation (1.3.2) with respect to
time.

— -
A dr 7 dr’
=m—+m,—=+ .. +m n
dr dt dt " dt
. M? — — —
My, =m A my et m
(1.3.3)
%
- _ ’Z'm . .
Here, V., = 0 is the velocity of centre
of mass, and V¥ 1,72 ...... are the velocities of

respective particles.

—

. = - =

. Mv.,, P+P +..+tP (134
— -

My, =P (1.3.5)

Where f)i , ;2 , .... are the momenta of

respective particles, and

g -

P = }1+f>; +....+§isthet0ta1

momentum of the system of n particles.

Equation (1.3.5) shows that the total
linear momentum of system of particles is
equal to the product of total mass of the
system and velocity of the centre of mass
of the system.

Differentiating equation (1.3.4) with respect
to time.
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- g = g
dv dP, dP. dp,
—m =Tl 2y
dt dt dt dt
d\jim - = - -
MTZ F] + F2 +""+Fn:F (1.3.6)
=m151+m25>2+ ..... +mn67;
(1.3.7)
- = -
In equation (1.3.6) F, E,, ..., E, are the

forces acting on the respective particles of the

%
system and F is the resultant force. In equation

(137, a, a,

N .
5o e @ Are the accelerations of

the respective particles produced due to these
forces.
From equation (1.3.5)

M Lo _ dP g

“£ 1.3.
a 7 om (1.3.8)

The forces acting on the particles of a
system are of two kinds :

(1) Internal forces prevailing among the
particles of the system, and (2) External
forces.

(@) b)

Different types of forces acting on a system
of two particles

Figure 1.3

For a system of two particles as shown in
Figure 1.3, let the external forces acting on

N —
particles 1 and 2 are respectively F and E,

and the mutual forces of interaction acting

- -
between them are E, and E,-

While discussing the overall motion of the
system, all these forces may be considered to
be acting on the centre of mass ‘C’ [See
Figure 1.3(b)]. According to the Newton’s

- -
Third Law of Motion, F, = —F,, and hence

the resultant internal force becomes zero. Thus,

in equation (1.3.6) the resultant force I? acting
on the system of particles is only the resultant
external force. From equation (1.3.6) and
(1.3.8).

- N —
M Yem =My = F= 4P (1.3.9)
dt cm dt

Equation (1.3.9) shows that the resultant
external force acting on a system is equal
to the rate of change of total linear
momentum of the system. This is the
Newton’s Second Law of Motion for a system
of particles. Further, equation (1.3.9) shows
that the centre of mass of the system
moves under the influence of the resultant

external force E as if the whole mass of
the system is concentrated at its centre
of mass.

Newton’s Second Law of Motion, for a
particle, can be written without the help of the
Third Law. But for a system of particles, the
help of Newton’s Third Law is required to obtain
the Second Law. This fact is known as
interdependence of Newton’s Laws of Motion.

Hlustration 1 : The particles of mass m,,
m, and m, are placed on the vertices of an
equilateral triangle of sides ‘a’. Find the centre
of mass of this system with respect to the
position of particle of mass m,.

Solution :

0.0 @ 0)
( ' ) ml a m2

Figure 1.4
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The angles of the three corners of an
equilateral triangle are equal (60°). Hence, as
shown in Figure (1.4) if we place the particle of
mass m, at the origin (0, 0), and particle of mass
m, along the X-axis at distance of ‘a’ from the
origin at (a, 0) position, then the co-ordinates of
particle of mass m, are

(a cos 60°, a sin60°) = (%’ %)

Thus, the position vectors of the particles of
mass m, m, and m, are respectively

%
gl

%
=(0.0), £ = (a,0) and

73: AN T A

— a '\/§a
202
Hence, according to definition, the position
vector of centre of mass of the system of three
particles is
—
r

— — —
m1r1+m2r2+m3r3

cm T

m (0,0) + m,(a,0)+m, (% %}

m
+_3ja a
) (mz > )" J§m32
g r. = | mtmtm mytmy+m

Illustration 2 : In a system of three
particles, the linear momenta of the three
particles are (1, 2, 3), (4, 5, 6) and (5, 6, 7).
These components are in kg m s'. If the
velocity of centre of mass of the system
is (30, 39, 48) m s, then find the total mass
of the system.

Solution : Here 1_3; =(1,2,3) kg m s7!
132) =(4,5, 6) kgm 57!
N
P3 =(5,6,7) kg m s7!
v =(30, 39, 48) m s7!
Now, My :]_D)ZTDI +132>+}_1')3
5. M@30,39,48)=(1,2,3)+ (4, 5,6)+ (5,6,7)

2o (B30 M, 39 M, 48 M) = (10, 13, 16)
Comparing respective co-efficients on both

sides
30M=10:M=%kg
1
39M=13:M=§kg
48M=16:M=%kg

Thus, the total mass of the system is % kg.

Illustration 3 : At time ¢ = 0, a stone
of 0.1 kg is released freely from a high rise
building. Another stone of 0.2 kg is released
from the same position after 0.1 s.

(1) At t = 0.3 s time, what will be the
distance of centre of mass of the two stones from
original position ? (Neither stone has yet reached
the ground).

(2) How fast is the centre of mass of the
system of two stones moving at that time ?

(3) What will be the momentum of the system
of two stones at this time ?

Solution : Mass of stone 1 is m = 0.1 kg

Mass of stone 2 is m, = 0.2 kg

Initial speed of stone 1 is v, =0 m s7!

Initial speed of stone 2 is v, = 0 m 57!

(1) Here both the stones are moving in one
direction so their velocity and momentum vectors
can be regarded as scalers. At ¢ = 0.3 s time,
the distance travelled by stone 1 is
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Figure 1.5
_ 1l o
d =v, t+ 5 gt

0+ % 9.8) (0.3)

a’1 = 0.441 m (D)
Stone 2 is released after 0.1 s. Hence, at
time ¢ = 0.3 s, the time taken by stone 2 to fall

downist' =03s—-01s=02s.

Hence, in time t' = 0.2 s (i.e. at £ = 0.3 s),
the distance travelled by stone 2 is

_ ' 1 2
a’z—vozt +2 t

0+ % (9.8) (0.2)

a’2 = 0.196 m ()
Hence, at time # = 0.3 s, the distance of centre
of mass of the system of the two stones is

_ myd, +m,d,
cm m +m,

_(0.1)(0.441) +(0.2)(0.196)
- 0.1+0.2
wd, =027Tm 3)

(2) At time ¢t = 0.3 s, the speed of stone
1is

v =V, + gt

L=V, 0 + (9.8)(0.3)
Y

. = 2% ms! (4)

At time t = 0.3 s, the time interval for fall

of the stone 2 is t'= 0.2 s. Hence, after
t' = 0.2 s time, the speed of stone 2 is
=V, gt' =0 + (9.8)(0.2)

v, =196 ms™ (5)

Va

Hence at t = 0.3 s, the velocity of centre of

mass of the system of two stones is
my, + My,

vcm = m + m2

(0.1)(2.94) + (0.2)(1.96)
c Vem = 0.1+0.2

oy =229 m s (6)
(3) At time ¢t = 0.3 s, the total momentum
of the system of two stones
P =P +P,=my, +my,
S P=(0.1) (2.94) + (0.2) (1.96)
. P=0.686 kg m s
=0.69 kg m s (7)
Illustration 4 : Different forces acting
on a lamina body (two dimensional) of mass
2 kg are shown in Figure 1.6. Calculate the
linear acceleration of the centre of mass of
the body.

Figure 1.6
Solution : Writing all forces in the form of
their components,

%
E =(80N

—

F, = (4 cos 60° 4 sin 60°) = (2, 24/3)N

-

E; = [6 cos (—45°), 6 sin (—45)]
= (6 cos 45° — 6 sin 45°)

B & =6

E = (10 cos 60°, 10 sin 60°) = (5, 5/3 )N
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Now,

M — — - —
a. =R +E+K+E

Where M = 2 kg

N — — - —
“ad, =5F +F +F +F)

—_— N

_ 1 6
= [8+2+ 5 +5).

243 - % +53)]

-, = 5[+ 5. 035 - ms?

1.4 Law of Conservation of Linear
Momentum

If the resultant force acting on a system is

zero, then from equation (1.3.9)

N —>
dP
F =4 9o 14.1
T (14.1)
—> — — —>
P=PF+P +... + P = constant
(1.4.2)

This shows that, ““if the resultant external
force acting on a system is zero, then the
total linear momentum of the system remains
constant.” This statement is known as the law
of conservation of linear momentum. In
absence of resultant external force, the momenta

. . . . ‘) 4)
of individual particles P,, P,, ... may change,

but these changes occur in such a way that the
vector sum of changes in momenta always
becomes zero. As the total change in the linear
momentum is zero, the total momentum remains
constant.

e.g. The gas molecules in a closed container
move randomly in the container. During the inter-
atomic collisions or the collision of the molecules
with the wall of the container, their momentum
changes individually. But the vector sum of the
changes in momenta of all the particles is zero.

It means that their total momentum remains
constant. (If the vector sum of the changes in
momenta of the gas molecules were in a particular
direction, then what would have happened ?
Think).

The law of conservation of linear
momentum is fundamental and universal. This
law is equally true for the systems as big as that
of planets and as small as that of tiny particles
like electrons, protons, etc.

From equation (1.3.9)

F=M7 =M% =9
cm dt

- _ - _
a = 0 and vy, = constant

Which shows that, if the resultant external
force is zero, then the acceleration of the
centre of mass is zero. It means that the
velocity of centre of mass remains constant.
Thus, in absence of external force the centre of
mass of a system remains stationary if it was
stationary or moves with constant velocity if it
was in motion.

Let us see the following illustration :

Suppose, a chemical bomb is stationary. The
initial momentum and kinetic energy of the bomb
are zero. When the bomb explodes, its fragments
are thrown in air. Though these fragments have
different momenta in different directions, but the
magnitudes and directions of these fragments
would be such that

P+P +etP =0
P1 1)2 ...... P =
- -
Here P1 , 132 , .... are the momenta of the
fragments.

Here, the centre of mass of the system of
fragments remains at the same point, where it
was located before explosion of the bomb.

The kinetic energy of the bomb before
explosion was zero, but the sum of kinetic energy
of the fragments is not zero. Thus the kinetic
energy of the system got changed. In the chapter
of work, energy and power you came to know
that the change in kinetic energy of the system
is equal to the work done by the resultant external
force. Here, resultant external force is zero. Then
how does the kinetic energy of bomb change ?
The fact is that chemical bomb possesses internal
energy due to the chemical bonds between its
complex molecules (and due to some additional
reasons). When bomb explodes, the chemical
bonds are broken and a part of the internal
energy associated with them is converted into
heat energy, and the remaining part in the form
of kinetic energy of the fragments. Thus, in this
case, the work is done at the cost of internal
energy which leads to the more general form
of the work energy theorem.
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Here, the bomb was stationary. But, if the
bomb was moving with constant velocity and
explode during motion, then according to the law
of conservation of linear momentum, its fragments
would move in such directions, that the vector
sum of their momenta become equal to the
momentum of the bomb before explosion. The
centre of mass would move such that its original

velocity (;)m) is maintained (See Figure 1.7).

Y

(0] X X
Motion of Centre of Mass of Fragments of
Bomb after Explision
Figure 1.7

Illustration 5 : A bomb of mass 50 kg
moving uniformly with a velocity of 10 m/s
explodes spontaneously into two fragments of
40 kg and 10 kg. If the velocity of the smaller
fragment is zero, then calculate the velocity
of the smaller fragment.

Solution : Bomb is moving with uniform
(constant) velocity. Hence, the external force
acting on it is zero.

Initial linear momentum = Final linear
momentum

. - _ — N
oMy =m, y, +m2V2

Where, M = total mass of the bomb = 50 kg
m, = mass of the larger fragment = 40 kg
m, = mass of the smaller fragment = 10 kg
7 = velocity of the bomb = 10 m/s
v, = velocity of larger fragment = 0
v, = velocity of smaller fragment = ?
Hence,

— -
Mv = m,,

M., 3
72:%1}:%)(10:50111/8,
in the direction of 7

Illustration 6 : A sphere of mass 4 kg
collides with a wall, at an angle of 30° with
the wall and rebounds in the direction making
an angle of 60° with its original direction of
motion. Find the force on the wall if the ball
remains in contact with the wall for 0.1 s.

The initial and final velocities are the same,

equal to 1 m s,

Solution : The given situation is shown in
the Figure 1.8.

T

60°

—>
Figure 1.8

N
Here P, = initial momentum of sphere

my cos 60; + mv sin 60 ]

- .
P, = final momentum of sphere

= —mv cos 60; + mv sin 60 ]

Hence, change in momentum of the sphere

AP =P, - B
= —mv cos 60; + mv sin 60 ]
—mv cos 60; — mv sin 60 ]
= —2mv cos 60]
N 1
r = -2x4x1Xx 5
= 47 kgms_1

Hence, momentum gained by the wall

=4; kg m s
.. Force exerted on the wall
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momentum gained by the wall
time of contact

I
= 5 =40iN

Thus 40 N force acts on the wall in positive
X-direction.
1.5 Centre of Mass of a Rigid Body

A system of particles in which the
relative positions of particles remain invariant
is called a rigid body. The location of centre
of mass of a rigid body depends on the
distribution of mass in the body and the
shape of the body. The centre of mass of a
rigid body can be anywhere inside or outside
the body. For example, the centre of mass of a
disc of uniform distribution of mass is at its
geometric centre within the matter, whereas the
centre of mass of a ring of uniform mass
distribution lies at its geometrical centre which is
outside of its matter. The centre of mass of a
rod of uniform cross-section lies at its geometrical
centre. The position of the centre of mass of
symmetric bodies with uniform mass distribution
can be easily obtained theoretically. The centre
of mass ‘C’ of certain symmetric bodies are
shown in Figure 1.9.

Centre of mass of some symmetric bodies
Figure 1.9

1.5.1 Theoretical Method for Estimation
of the Centre of Mass of a Solid Body :

Figure 1.10

We know now that a solid body is made up
of microscopic particles (molecules, ions or
atoms) distributed continuously inside the body.

As shown in Figure 1.10, consider a small
volume element dV, containing mass dm. Here
dm is called the mass element, whose position
vector is

% ~ ~ ~
r=xi +yj +zk

This way the whole solid body can be
considered to be made up of such small mass
elements. Let the solid body is made up of small

mass elements dml, dm2, ..... , dmn having
position vectors 7y, 7, ... , I, , respectively.

Hence, according to definition, the position vector
of centre of mass of the solid body is

dm, 7 + dm, dm 1.
- + + ..... +
ro =L T G T Maln (15.1)

dm; +dm, + ..... + dm

As the mass distribution is continuous, the
summation in equation (1.5.1) can be represented
as an integration.

N J._r>dm
O J.dm
Zm = J.fvfm (1.5.2)

Where, M = jdm

= total mass of the solid body
Representing equation (1.5.2) in terms of its
vector components,
i+ Y] +2,k) (1.5.3)

= ﬁ f(xiA + y] + zk)dm
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S X, = ﬁ I xdm
Yon = ﬁj ydm (1.5.4)
Zem = ﬁj zdm

1.5.2 Centre of mass of a solid body of
uniform density and specific geometrical
shape :

The centre of mass of a solid body of uniform
mass density and specific geometrical shape can
be calculated using the symmetry of the body.
Using the law of symmetry we can easily prove
that the centre of mass of such bodies lies at
their geometric centre.

Let us see the following Illustration :

Suppose we have to find out the centre of
mass of given triangular plate :

Figure 1.11

As shown in Figure 1.11 imagine the
triangular plate to be divided into parallel thin
stripes parallel to side MN of the triangle.
According to the law of symmetry, the centre of
mass of each stripe will be lying at its geometric
centre. Thus the centre of mass of the triangular
plate will be lying along the bisector LP. Similarly,
considering the triangular plate to be divided into
thin stripes parallel to the sides ML and LN of
the triangle, we get bisectors NR and MQ,
respectively. Then, the centre of mass of the
triangular sheet will be lying at the intersection
point ‘C’ of the three bisectors.

1.6 Centre of Mass of a Thin Rod of Uniform
Density :

Figure 1.12 shows a thin rod of mass ‘M’
and length ‘L’ having uniform area of cross

section and uniform linear mass density ‘A’.
Put the rod along X-axis such that its one end
lies at the origin of the co-ordinate system.

A thin rod of length L lying along X-axis
Figure 1.12
Consider a line element ‘dx’ on the rod at a
distance ‘x’ from the origin.
The mass per unit length of the rod,

M
}L_L

Hence, the mass of the line element dx is,

dm = hdx = Max

According to definition, the centre of mass
of the rod is

- L
Xem = M J.xdm

cm

: L
A . >

Thus, the centre of mass of the thin rod of
uniform mass density lies at mid point of its

length, i.e. at its geometric centre.
Ilustration 7 :

Figure 1.13
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Figure 1.13 shows a cubical box made up of
negligible thin metal sheet of uniform mass
density. If the length of each side of the box is
40 cm, then

(a) Find out the co-ordinates (x_,, ¥,,,» Zem)
of centre of mass of the box.

(b) If the box is open from upper side,
(EFGH sheet is absent) then find out the co-
ordinates (x' . y'_. 2 ) of the centre of
mass of the box.

Solution : Each sheet of the box is negligibly
thin and have uniform density. Hence, according
to the law of symmetry, the centre of mass of
each plate will be lying at its geometrical centre.
Hence, calculating the centre of mass of each

plate :

Name of Plate | Co-ordinates of Centre
ABCD (20, 20, 0) cm
EFGH (20, 20, 40) cm
ABFE (20, 0, 20) cm
DCGH (20, 40, 20) cm
BCGF (0, 20, 20) cm
ADHE (40, 20, 20) cm

(a) Considering that the whole mass (say
M) of each sheet (plate) is concentrated at
its centre of mass (The area and surface
density of each plate is same, so the mass
of each plate is also same, M = p x A),

the position of centre of mass of such a
system is

rcm = ('xcm’ Y cm’ Zcm)

M(20, 20, 0) + M(20, 20, 40)
+ M(20, 0, 20) + M(20, 40, 20)
|+ M(0, 20, 20) + M(40, 20, 20)

6M

~ M(120, 120, 120)
- 6M

oor,, = (20, 20, 20) cm

(b) If the box is open from upper surface,
then EFGH plate is absent, and hence the centre
of mass of the remaining system is

_ 1 ' '
Fem = (x e Y oem © cm)

M(20, 20, 0) + M(20, 0, 20)
+ M(20, 40, 20) + M(0, 20, 20)
- + M(40, 20, 20)

SM

M(100, 100, 80)
M

(20, 20, 16) cm

SUMMARY

1. Centre of mass of a system of two particles : The centre of mass of a

system of two particles of masses m, and m, lying on X-axis at x, and X,

distances respectively from origin is a point at a distance

mx; + niy Xy

x = ——_—— from the origin.

cm m; + m,

2. Centre of mass of a system of n—particles :

If there are n—particles in a

system, and C is representing the centre of mass of the system, then ‘C’ is the
point where the whole mass of system of n—particles can be considered to be
concentrated. For a system of n—particles in a three dimensional space, if

- - =

[l Wl soce , m, are the masses of the particles and o s e , I, are

respective position vectors of the particles, then the position vector of centre of

mass of the system is

- = —
_ mnR +myr, t....tm,r,

m+m,+....+m,
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3.

The velocity of centre of mass of system of n—particles

— — —
— _mvi+mv, t....tmy,
ch M
where, M = m +m, + ... + m,

Acceleration of centre of mass of a system of n—particles

— — -
- — m1a1+m2a2+....+mnan
aCm M

Newton’s Second Law of Motion for a system of particles :

- g > —
F=dP =Mdvc”’ = Ma

dt dt o
Conservation of linear momentum : If the resultant external force acting on
a system is zero, then the total linear momentum of the system remains constant.
In the absence of resultant external force, the centre of mass of a system
remains stationary if it was stationary and moves with constant velocity if it was
in motion.
Rigid body : A system of particles in which the relative positions of particles
remain invariant is called a rigid body.
The centre of mass of a rigid body : The location of centre of mass of a
rigid body depends on the distribution of mass in the body and the shape of the
body. The centre of mass of symmetric bodies lies at their geometric centre.
In general form, the co-ordinates of centre of mass of a rigid body are

X, = ﬁfxdm, Vo = ﬁ_l.ydm, T = ﬁ'[zdm

EXERCISES

Choose the correct option from the given options :

1.

Suppose your mass is 50 kg. How fast should you run so that your linear
momentum becomes equal to that of a bicycle rider of 100 kg moving along a
straight road with a speed of 20 km/h ?

(A) 40 m/s (B) 11.11 m/s (C) 20 km/h (D) 10 km/h

A bus of 2400 kg is moving on a straight road with a speed of 60 km/h. A car
of 1600 kg is following the bus with a speed of 80 km/h. How fast is the

centre of mass of the system of two vehicles moving ?

(A) 70 km/h (B) 75 km/h (C) 72 km/h (D) 68 km/h

The momentum of a stone at time ‘f is

[(0.5 kg m/s¥)> + (3.0 kg m/s)]; + [1.5 kg m/sz]tj]. How much force is
acting on it ?

A) ¢f +15])N (B) (05tf +15j)N

(C) [(05¢ + 3)] +15]]N (D) (0.5{ +15j) N



12

PHYSICS

A bird of 2 kg is flying with a constant velocity of (2{ — 4}) m/s, and

another bird of 3 kg with (27 + 6f) m/s. Then the velocity of centre of mass
of the system of two birds is .......... m/s.

(A) 27 +52] B) 2i +2] (C) 2f —2] (D)107 +10]

A quill of 0.100 g is falling with a velocity of (—0.05 ] ) m/s. When blown

from lower side, its velocity changes to (0.207 + 0.15 7) m/s. The change in

its momentum will be .......... kg m/s.

e}

(A)2 x102] +2x 1072

i}

(B) 2 x10°7 +2x 1077

e}

(C)2x 1027 +1 x 102%] (D) 2 x 10727 -2 x 1072

A monkey sitting on a tree drops a 10 g seed of rose-apple on a crocodile, at
rest below the tree. If the seed falls in the mouth of the crocodile in 2 s time

and becomes stationary, then the momentum gained by the crocodile

(in addition to the seed) is .......... kg m/s. (g =9.8 m s2)
(A) 0.196 (B) —0.196 (C) 19.6 (D) —19.6

As shown in Figure (1.14),
the stones of 30, 60, 90 and
120 g are placed at 3, 6, 9
and 12 hour symbols
respectively of a weightless
dial of clock having radius of
10 cm. Find the co-ordinates
of centre of mass of this

system. Figure 1.14

(A) (2, =2) cm (B) (0, 0) cm ) (-2,2)cm (D) (-4, 4) cm
In cricket match, a baller throws a ball of 0.5 kg with a speed of 20 m/s.

When a batsman swings the bat, the ball strikes with the bat normal to it,
and returns in opposite direction with speed of 30 m/s. If the time of

contact of the ball with the bat is 0.1 s, then the force acting on the bat

(A) 250 B) 25 (C) 50 (D) 125

A boy standing on the terrace of 10 storeyed building, drops four stones of
different mass. At one moment, if the stone of 500 g is at 8™ floor, stone of
400 g is at 6™ floor, stone of 1 kg is at 3™ floor and a stone of 600 g is
reached at 1% floor, then at that time, the centre of mass of the system of four

stones is at .......... floor.

A 7" (B) 5" (©) 3¢ (D) 4®
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10. As shown in Figure 1.15 the centre

of mass of a thin metal sheet of
uniform density is .......... cm.

(A) (10.00, 14.28)

(B) (11.67, 16.67)

(C) (8.75, 12.50)

(D) (7.78, 11.11)

Figure 1.15

ANSWERS

1. (B) 2. (D) 3 (A 4. (B) 5 (B)
6. (A) 7.(C) 8 (A) 9. D) 10. (B

Answer the following questions in short :

What is the meaning of inter-dependence of Newton’s Laws of Motion ?
Give definition of a rigid body.

Give two illustrations of rigid bodies in which the centre of mass lies in the
matter of the body.

Where does the centre of mass of a thin rod of uniform mass density lie ?
What do you mean by the mass element dm of a solid body ?

When a stationary bomb explodes, then from where does its fragments get
kinetic energy ?

Answer the following questions :

1.

Write down the expression for the centre of mass of a system of n-particles in
three dimensions and obtain the expression for its velocity.

State the law of conservation of linear momentum and explain.

How does the illustration of chemical bomb lead to the more general form of
work energy theorem ? Explain.

Write down the equation for the velocity of centre of mass of a system of
n-particles, and derive the Newton’s Second Law of Motion for it.

Explain the theoretical method for estimating the centre of mass of a solid
body.

Obtain the position of centre of mass of a thin rod of uniform density with
respect to the one end of the rod.

Solve the following problems :

1.

The distance between the centres of carbon and oxygen atoms in a carbon
monoxide (CO) molecule is 1.130 x 107 m. Find the position of centre of
mass of CO molecule with respect to carbon atom.

(Atomic mass of carbon = 12 g mol™!, and atomic mass of oxygen = 16 g mol™)

o
[Ans. : 0.64 A]
The velocity vectors of three “particles” of masses 1 kg, 2 kg and 3 kg
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are respectively (1, 2, 3), (3, 4, 5) and (6, 7, 8). The velocity vectors are

in m s'. Find the velocity vector of centre of mass of this system of

particles. [Ans. : %(25, 31, 37) m s7']

3. A car of 1000 kg is at rest at a traffic signal. At the instant, the light turns
green, the car starts to move with a constant acceleration of 4.0 m s on a
straight road. At the same instant, a truck of 2000 kg travelling at a constant
speed of 8.0 m s overtakes and passes the car.

(a) How far will be the centre of mass of the car-truck system from the
traffic light after 3 sec. ?

(b) What will be the speed of the centre of mass of the car-truck system then ?
[Ans. : (@) 22.0 m, (b) 933 m s7']
4. A dog having mass of 40 kg and a cat of 20 kg mass are standing on both
sides of a roti at distance of 15-15 m each (See Figure 1.16). Both start to
run at the same instant to eat the roti in such a way that the centre of mass
of the system made up of the dog and the cat remains stationary. In the table,
the position of the dog at different instants is represented, with respect to the
origin lying at the roti. Calculate the position of the cat, the velocities, momenta
and total momentum of both of them.
Which will reach to the roti first ? Dog or Cat ? Is the momentum conserved
in this case ? Why ?

Figure 1.16

Time| Distance from| Centre of mass|Velocity ms~![Momentum kg ms™![Total momentum

t Roti of dog-cat | Dog | Cat Dog Cat P=P +P,

sec | Dog | Cat x,,,(m) v, v, P, P, kg m s!
xl(m) xz(m)

0 | —-15.0 15 | ... (constant)

2 | —125 | ... »

4 | -100 | ..... »

6 =75 | ..... »

Ans. :

Time| Dog Cat |Centre of mass | Dog Cat Dog Cat Total

t | x,(m)| x,(m) x,,,(m) 2 v, P, P, P=P+P,
sec x,,, (m) kg ms!|kg ms™! | kg ms™!

0 | -150]| 150 |—5.0 m (const.) 0 0 0 0 0

2 | =125 10.0 —5.0 m 125 |25 50 —50 0

4 [ -10.0 5.0 5.0 m 125 |25 50 =50 0

6 -7.5 0 5.0 m 125 |25 50 =50 0
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Att =6 sec, x, = -7.5 m, x, = 0 m and Roti is at origin x = 0.

Hence, cat will reach first.

Total momentum remains constant. Hence, momentum is conserved. It is due
to the fact that centre of mass remains stationary (in this example).

5. The distance between two particles of masses m, and m, is r. If the distances

of these particles from the centre of mass of the system are r, and r,,

respectively, they show that

r =r ana r, =1 ———
! ny + n, 2 my + my

6. As shown in Figure 1.17 three
indentical spheres 1, 2 and 3,
each of radius R, are arranged
on a horizontal surface so as to
touch one another. The mass of
each sphere is m. Determine
the position of centre of mass
of this system, taking the centre
of sphere 1 as origin. Z-axis is
in the direction perpendicular to
the plane of the figure. Figure 1.17

[Ans. : (R, %, 0) m]

7. A small sphere of radius a is cut
from a homogeneous sphere of
radius R as shown in Figure 1.18.
Find the position of centre of mass
of the remaining part with respect
to the centre of mass of the original
sphere.

[Ans. : L% 0.0 .
R B4 ] Figure 1.18
8. Figure shows the stationary

positions of three “particles”. Find

out the co-ordinates of centre of

mass for the system of particles.

As shown in Figure 1.19, if the

external forces F1 = 6.0 N,

F, =120 N and F, = 140 N are
acting on the particle then find out
the acceleration and the direction of
acceleration of the centre of mass. Figure 1.19

(1.03, 0.53) m s>,

N -
[Ans. : r, = (175, 1.00) m, a.,

N
la!=a=1.16 m s The direction making an angle of O = 27° with X-axis.]
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9. Figure 1.20 shows an extremely thin
disc of radius R, having uniform mass
density of p. A small disc of radius

% is cut from it. Find the centre of

R
mass of the remaining part of the disc ’
with respect to the centre of mass of
the original disc.

Figure 1.20

[Ans. : (—%, 0)]

Prof. Satyendranath Bose (1894-1974)

Satyendranath Bose was born on the 1* of January 1894 in Calcutta.

He studied at the University of Calcutta, then taught there in 1916, taught at

the University of Dacca (1921-45), and then returned to Calcutta (1945-56).

He did important works in quantum theory, in particular on Planck’s black

body radiation law. Bose sent his work in Planck’s Law and the Hypothesis of Light Quanta

(1924) to Einstein. It was enthusiastically endorsed by Einstein. The paper was translated into

German by Einstein. Bose also worked on statistical mechanics leading to the Bose-Einstein

statistics.

Dirac gave the name boson to the particles obeying this statistics. Satyendranath Bose and

Albert Einstein together published a series of papers on the physics of particles with integer spins
(bosons). Satyendranath Bose passed away on February 4, 1974 at the age of 80.




CHAPTER 2

.
ROTATIONAL MOTION
I

2.1
2.2

2.3

24

2.5
2.6
2.7

2.8

2.9

2.10
2.11

Introduction

Rotational Kinematics and

Dynamics

Relation between Variables
of Rotational Motion and
Variables of Linear Motion

Equations of Rotational
Motion with Constant
Angular Acceleration

Torque
Angular Momentum

Geometrical Representation
of Law of Conservation of
Angular Momentum

Moment of Inertia

Calculation of Moment of
Inertia

Radius of Gyration

Rigid Bodies Rolling Without
Slipping

e Summary

o Exercises

2.1 Introduction

Student Friends, you must have seen the motion of fan,
top and also the motion of merry-go-round. You also know that.
the Earth is revolving round about its own axis. In the
present chapter we shall study such type of motion. This type
of motion is called rotational motion. In the beginning we shall
discuss the rotational motion of the rigid body about a fixed
axis. At the last we shall discuss the motion of the rigid body,
rolling without slipping.

The system of particles in which the relative distance
between the particles remain invariant is called the rigid
body. Rigid body is an ideal concept. From physics point of view
a solid body and a rigid body do not mean the same. A solid
body can be deformed while a rigid body cannot. But for many
practical purposes a solid body can be treated as a rigid body.
2.2 Rotational Kinematics and Dynamics

If all the particles of a rigid
body perform circular motion
and the centres of these circles
are steady on a definite straight
line called axis of rotation it is
a geometrical line and the
motion of the rigid body is
called the rotational motion. In
figure 2.1, two particles P and Q
of a rigid body are shown. The
rigid body rotates about the axis

oY. O1 and r

the radius respectively of the circle
on which particle P moves.

Rotational motion of

rigid body are the centre and

Figure 2.1

Similarly O, and r, are the centre and the radius respectively
of the circle on which the particle Q moves. The circular paths
of particles P and Q are in the planes normal to the axis of
rotation OY.
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First, we shall describe the rotational motion
without mentioning its causes. This branch of
Physics is called the rotational kinematics, and
the branch in which the rotational motion is
described along with the causes of the rotational
motion and the properties of the body is called
rotational dynamics.

2.3 Relation between Variables of Rotational

Motion And the Variables of Linear
Motion

(a) Angular Displacement :

Reference line

Angular Displacement
Figure 2.2

Suppose a rigid body performs rotational
motion about a fixed rotational axis OZ which is
perpendicular to the plane of paper as shown in
Figure 2.2.

The positions of the cross-sections of the rigid
body with the plane of paper at time f and
t + At are shown by dotted line and the
continuous line respectively.

Consider a particle P of the rigid body. At
any time the angle made by the line joining it to
the centre of its circular path (O) (which is also
the radius of its circular path) with a definite
reference line (as shown in the figure) is called
the angular position of that particle at that time.
As shown in the figure, the particle P subtends
an angle O with the reference line OX, at time .
It is the angular position of that particle P at
time f. The particle performs circular motion in
the XY—plane and reaches from P to P', at time
t + At, and its angular position is 0 + A0 this
time.

The change in the angular position of the
particle is called its angular displacement. Thus
the angular displacement of the particle P in time
interval At is AO.

(Any line can be taken as a reference line.
Generally, the positive X-axis is taken as the
reference line). Since the relative distances
between the particles of the rigid body remain
invariant (unchanged), all particles experience
equal angular displacement in the same time-
interval. Hence the rotational motion of the rigid
body can be described by the motion of some
one representative particle out of its innumerable
particles. Thus, in the above discussion the angular
displacement A0 is the angular displacement of
the rigid body. Its SI unit is radian.

(b) Angular speed and angular velocity :
According to the definition, the average

angular speed during the time-interval Af is

Angular displacement
<> = - -
Time-interval

Here the angular displacement AB occurs in
the time-interval At, hence

<®> = M

Ar (2.3.1)

In the limit A — 0, this ratio will become
the instantaneous angular speed of the particle P

at time 7.
_lim A
T At—>0 At
.o_ do
.0 = dr (2.3.2)

This is also the angular speed of the entire
rigid body at time ¢ (From now onwards we will
understand angular speed as instantaneous angular
speed except specifically mentioned). The unit of
o is rad s™' or rotation s™!. When a proper
direction is linked with angular speed, it is called
angular velocity. Conventionally the direction of
angular velocity is determined from the right hand
screw rule.

A right hand screw is adjusted parallel to the
rotational axis as shown in the Figure 2.3, and is
rotated in the same sense as the rotation of the
body, the direction of shifting of the screw is

taken as the direction of angular velocity .
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. . —
Direction of ®

Right hand screw rule
Figure 2.3

(¢) Scalar relation between angular

velocity and linear velocity :
As shown in the Figure 2.2 the particle P,

travels a linear distance equal to arc PP' in time-

interval Ar. Hence, by definition average linear

arc PP’
time-interval At

speed <v> =

If the radius of the circular path of the
particle P (the perpendicular distance of the
particle P from the rotational axis) is r, then arc

PP' =r AO

rAf
At

r<m> (2.3.3)

Lo<y> =

In the limit At — O the value of the above

ratio gives the value of instantaneous linear

velocity.
_ lim yAB
V=At—0 A7
_ 4o
o dt
TV =T (2.3.4)

This shows scalar relation between linear
velocity and angular velocity of a rigid body.

(d) Vector relation between angular
velocity and linear velocity :

. . %
Direction of oc

Vector relation between the linear
velocity and angular velocity
Figure 2.4(a)
. . .o, . %
The situation of the position vector r and
%
the linear velocity y for a particle P of the rigid
body with respect to the centre of its circular
path in a plane perpendicular to the rotational
axis, are as shown in the Figure 2.4(a). And the

_)
angular velocity ( is according to right hand

screw rule along the rotational axis (as shown in
the figure).

Linear velocity is a vector. In circular
motion the direction of linear velocity at any
point is along the tangent drawn to the circle
at that point. In the equation v = rm the left
hand side is the value of the linear velocity while
on the right hand side r and ® are the values of

- -

vector quantities r and . This fact suggests
%

that we should take such a product of r and

%
o that its product is also a vector, which is

known as the vector product (cross product) of

. - -
two vector products. Here direction of @ x r

according to right hand screw rule is in the
%

. . - - - -
direction of y and w L r.Hence, ®» X r =
%
or sin90 = @r = magnitude of y .
Hence, we can write the vector relation

ﬁ
between 3, and @ as

- -

Y=o X 7 (2.3.5)

(e) Angular acceleration :
Suppose instantaneous angular velocities of

the particle P at time # and ¢ + Af are ® and

— - .
® + A respectively.
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Hence by definition,
Average angular acceleration

A

N

<a>: _('0
At

In the limit At — 0, the value of the above
ratio gives the instantaneous angular acceleration

(2.3.6)

o of the particle P at time .

- lim
©TAr—=0 [,
ﬁ
o = do 2.3.7
a 7t ( )

The direction of o is in the direction of A(,_))
(change in angular velocity). In case of the fixed

rotational axis the direction of A(?) is along the

. . . - - .
rotational axis, hence the direction of o 1is also

along the rotational axis.See Figure 2.4(a).

The unit of ¢ is rad s or rotation s .

(f) Relation between Linear Acceleration
and Angular Acceleration :

The derivative of linear velocity with respect
to time gives linear acceleration (2 ).

Differentiating equation (2.3.5) with respect to
time, we get

- N -
%:3:5xdr+dmx7
4 t t

N -
Since 4T —”andd—c‘):a

t dt
T XV 4o x7T (2.3.8)

Rotating right hand screw in the
—
direction from () towards 7
Radial component of linear acceleration
Figure 2.4(b)

The two vector components of linear

. - — — - —
acceleration g are ® X y and o X r.

According to Figure 2.4(b), using right hand

. - .
screw rule, the direction of @ X 3 is found to

be the radial direction towards the centre. Hence,

® x 7 is called the radial component of

. . . —
linear acceleration g . It is denoted by . Its

. . LT v?
magnitude is @V siny = @V = — = r®
r

2

2

L0 v =rm)
Similarly the direction of o X 7 is found

to be along the tangent to the circular path.
Hence it is called the tangential component of
the linear acceleration. (See Figure 2.4 (b)). It is

denoted as ay. Its magnitude is or sin

or

(S

QI

Rotating right hand screw in the

L — —
direction from (@ towards 7

Tangential component of linear acceleration
Figure 2.4 (c)

The radial component CZ and the tangential

— .
component g are mutually perpendicular. Hence

the magnitude of q is

a= \/a,2 +ar = \/cozv2 +a’r? (239

If the rigid body is rotating with constant
angular velocity, that is, its angular acceleration
o = 0, then the tangential component of its linear
acceleration becomes zero but the radial
component remains non-zero. This condition is
found in the uniform circular motion. You know
very well that in uniform circular motion the

centripetal acceleration is L
r
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In the above discussion we have seen that

angular displacement (0), angular velocity (8)
and angular acceleration o are equal for all

particles of the rigid body. Thus 0, ® and o

are the characteristics of the rigid body and they
are called the variables of the rotational
kinematics.

Here, note that the description of motion of
a particle of the rigid body rotating about a fixed
axis can be made in respect of linear variables

(7, 7 and ¢) and rotational variables (0, ®,

o ). But when all particles of the rigid body are
to be considered, the rotational variables may be
used so that the motion of the entire body is
easily described.

Illustration 1 : The length of the
second-hand of a clock is 20 cm. Find the
values of (1) angular velocity (2) linear
velocity (3) angular acceleration (4) radial
acceleration (5) tangential acceleration
(6) linear acceleration, for the particle at the
tip of the second-hand.

Solution :

r =20 cm

(1) The second-hand makes angular
displacement of 27 radian in one minute (60

. _2n _ ®m -1

seconds.) .. ® = 60 = 30 rad s

(2) Linear velocity v = or = % x 20 =
27‘: cm s!
3

(3) The second-hand of a clock moves with
constant angular speed. .. o = 0 rad s™!

2
(4) Radial acceleration = a, = -

2 2
_ (2 L) _m )
= ( 3 ) (20 = s cm S
(5) Tangential acceleration = a, = ar =0

(6) Linear acceleration

2

— ,2 2 _ _ T -2
a = ar+aT—Clr— 5CII'lS

(Calculate these quantities for minute hand
of length 15 cm and hour hand of length 10 cm
by yourself.)

2.4 Equations of Rotational Motion with
Constant Angular Acceleration

Suppose at ¢ = 0 time the angular position
of a particle of a rigid body is 6 = 0 and its
angular velocity is ®,.

At t = t time its angular position is 6 = 0
and angular velocity = .

If the rigid body is rotating about a fixed axis,

. . - > .
then the directions of ®,, ® and its constant
angular acceleration ¢ are all along the fixed

. . — —
axis. Hence relations of O, ® and o can be
written in the scalar form : Since o is constant,

according to definition

AL S (2.4.1)

OR ©=0,+ o

o =
(2.4.2)

This equation is similar to the equation

v =y, +at in linear motion.

Here, the angular acceleration is constant,
hence using average angular velocity we can find
the angular displacement.

.. Angular displacement

0 = (average angular velocity) (f)

O + o
.'.e=( 2 Jt

This equation is similar to the equation

(2.4.3)

v+,
X = 5 ¢t in linear motion.

Substituting the value of ® from equation
(2.4.2) in equation (2.3.3) we get

oy + ar + o,

0= o)+ loct2

2 (2.4.4)
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This equation is similar to the equation

1 . )
X =v,t + 5af’ in linear motion.

2

Substituting the value of ¢ from equation
(2.4.1) in equation (2.4.3), we get

(252552

o200 = 0 — 0)02

(2.4.5)

This equation is similar to the equation
2ax = v — VO2 in linear motion.

Illustration 2 : A mini—train in a
children’s park moving at a linear velocity of
18 km/h stops in 10 s due to constant angular
deceleration produced in it. If the radius of
the wheels of the mini-train is 30 cm, find
the angular deceleration of the wheel.

Solution :
v0=18km/h:5m/s;r=300m=0.3m

ld S _ 30 rad/s

=T 037 3
10 s

o, =0,

= %5 = —1.666 rad/s*

Illustration 3 : A truck is moving at a
speed of 54 km/h. The radius of its wheels
is 50 cm. On applying the brakes the wheels
stop after 20 rotation. What will be the linear
distance travelled by the truck during this ?
Also find the angular acceleration of the
wheels.

Solution : Here, v, = 54 km/h = 15 m/s;
r =50 cm = 0.5 m, O = 20 rotations = 20 X 27
rad =40n rad; d = ?, o = ?

: _h _ 15 _
v1=r(o1..ool—7—0.5—30rad/s
2 _ 2 0-900
PR O] o~ Y 7YY
0, =0; o= 70 ~ 2% 40mn
= —3.58 rad/s’

Now, 1 rotation = 27r linear distance
.. 20 rotations = 20 x 2mr distance.
.. linear distance travelled by the truck
d =20x2x314 x05
= 62.8 m

2.5 Torque : Up till now we have discussed
rotational motion of rigid body without bothering
the causes for it. Now we will think about the
cause for it.

Torque is an important physical quantity of
the rotational dynamics. Torque plays a similar
role in relational motion as the force plays in the
linear motion.

We will first discuss the torque acting on a
particle and then will discuss the torque acting

on the system of particles.

(@) Torque acting on a particle :

Line of action
of force

Torque acting on a particle
Figure 2.5

As shown in the Figure 2.5, suppose a force
N

F acts on a particle P. The position vector of P
—
with respect to origin O is r . The angle
- —
between r and F is 0. Here, the particle P is

not necessarily be a particle of a rigid body.

- -
The vector product of r and F is called

%
the torque ( T ) acting on the particle P, with
respect to the point O.

- -

%
T=r xF (2.5.1)

. T = rFsin0

From Figure 2.5, rsin@ = OQ = the
perpendicular distance of the line of action of
force from O.

T (F) (perpendicular distance of line

of action of force from O)

Moment of force with respect
to point O (by definition)
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Thus, torque is the moment of force with
respect to a given reference point. Its dimensional

formula is M! L2 T2 and its unit is N m.

Remember that,
(i) According to the right hand screw rule
—

the direction of torque ( T ) is perpendicular to
- —
the plane formed by r and F.

(ii) Since the value of torque (?) depends
on the reference point, in defining the torque, the
reference point must be mentioned.

(b) Torque Acting on the System of
Particles :

The mutual internal forces between the
particles of a system are equal and opposite, the
resultant force and hence the torque produced
due to them becomes zero. Hence we will not
consider the internal forces in our discussion.

Suppose for a system of particles the position
— —

. . -
vector of different particles are Ho Ty oo ry

and the respective forces acting on them are

— —> —>
E., K, .. E, . The resultant torque on the

system means the vector sum of the torque acting

on every particle of the system.
- - - -

T =T +T) + ... + T, (2.5.2)
.. Resultant torque
— — — — — - —
T =B xE)+(nh xE)+.... +(r, XxE))
. — —
= Y (r xE) (2.5.3)

i=1

(¢) Torque acting on the rigid body :

Torque acting on the rigid body
Figure 2.6

Suppose a rigid body rotates about a fixed
axis OZ, as shown in the Figure 2.6. The forces

acting on the particles with position vectors

N - - = — .
Ho by oo 1, are B, By F, respectively.

N
Considering the force F, acting on the

- -
particle with position vector r, the torque T,

acting on it is

— — —
Tn = Ty X F”
ik
— Xn Yn Zn
an Fny Fnz
% ~
T, = (yn Fnz — 2 Fny)l +

(Z an - xn Fnz)j +

n

®, F,, = v, FOF (2.5.4)

From equation (2.5.4) the torque acting on
the entire body can be written as a vector sum
of the torques acting on all particles, as follows :

%
T, = ; (yn Fnz_ZnFny)i +

(Zn FVZX - 'xn Fnz)j +

*, F,, = ¥, F Ok (2.5.5)

For the rotational motion of the rigid body
about Z-aixs, only the Z—component of the above
mentioned torque is responsible. For the rotational
motion about X—axis the X—component and about
Y—axis the Y—component of the torque is

responsible. As a general case if the unit vector
—
on the rotational axis is 71; the T -/ component

of the torque is responsible for the rotational
motion, about that axis.

To produce the rotational motion of the rigid
body external forces are required to be applied,
but not on all the particles of it. As for example,
we do not apply forces on all the particles of a
door to open it or shut.

Since the relative distances between all the
particles of a rigid body remain invariant, the
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torque produced by applying a force on any one
particle becomes the torque on the entire rigid
body. If the force acting on any one particle with
— =
position vector r is F, then the torque on the
— — —
rigid body can be taken as T = r x F.
Illustratlon 4 : The force acting on a
particle r = (4, 6, 12) m of a rigid body is F

= (6, 8, 10) N. Find the magnitude of the torque
producing the rotational motion about an axis

1
along which the unit vector is E(l, 1, 1).

- — -
Solution : T = r x F
The magnitude of the torque with respect to

the axis on which the unit vector is 7, is
- -
n (r x F) n

A

]k

— -
Now, r x F=14 6 12
6 8 10

= (30 — (32 ] + (DL

1T = (=36, 32, —4) Nm

Magnitude of the torque responsible for
rotational motion

— -
Now, (r x F)n

(=36, 32, —4) - % 1,1, 1

1

ﬁ(—% + 32 - 4)

I IOV

=-/3 Nm.~ emagmtuelsﬁ m
(d) Physical interpretation of the

definition of torque :

Effective component of the torque
Figure 2.7

Suppose a force E acts on the particle P
of the rigid body as shown in the Figure 2.7.
Here the force is taken in a plane perpendicular
to the rotational axis, which is coming out from
the plane of paper, from point O.

The position vector of point P with respect
to the centre of its circular path is 7 The angle
between E and 7 is 0. To understand the
effectiveness of E‘) in producing the rotational

N
motion, consider two components of F.

%
(i) The component of ﬁ parallel to r is

- —

say F, = F cosO. Hence r X F, = 0. This
does not produce torque. Thus it does not produce
the rotational motion.

(i) The component of E perpendicular to
7 is F,=F sinB. This component produces the
rotational motion. If the magnitude of F and/or 0
1S more, then F becomes more effective.
Moreover, our common experience tells us that
if the position vector ;) of the point of action of
ﬁ is more, then also f?) becomes more effective
in producing rotation. Thus the quantity
responsible for producing rotation is not only F

but is r F sin0. This quantity is called the torque.
Writing the above formula in the vector form

- — -

T =pr xF (2.5.6)

Remember that torque is the measure of the
effectiveness of the force in producing the
rotational motion.

(e) Couple : Two forces of equal magnitude
and opposite directions which are not collinear
form a couple. As shown in the Figure 2.8, forces

1;1) and f—?; act on two particles P and Q of the

- -
rigid body having position vectors 7 and r,

ﬁ
respectively. Here, |F, | = IIE; | and the directions
— — .
of F and F, are mutually opposite. The
— -

resultant torque of the torques T; and T,

produced due to the forces 131) and 1;; is called

%
the moment of the couple (1).
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Figure 2.8

— - -
+ Ty

a
Il
A
iy

al
l

— -
=( X E)+(r, X E,)

- - -
=(n X F)—(rp, XF)

- —
* B, =—-F)
4 - - -
T=0 —n)XH
- - )
=1r — R I(F) sin (T — 0)
- —
=ln — r,I(F) sin0

Where (m — 0) is the angle between
- - -
(, = r,) and F
— — . .
From the figure | ; —r, | sin@ = perpendicular
distance between the two forces.

. Moment of couple = (F,) (perpendicular
distance between the two forces),
= (magnitude of any one of the two
forces) (perpendicular distance between the two
(2.5.8)

Student friends, do you know that you are

forces)

also using couple in practice ? When you are
driving scooter or car, to turn the vehicle, the
forces you apply on the steering, produce couple.
(f) Equilibrium of a rigid body :
Now we shall discuss the equilibrium of the
rigid body under the influence of many forces
acting on it. If the external forces acting on the

.. - - —> .
rigid body are F | SHPIPPPIS , F, and if resultant

RN

- - —
force F = F +F +..+ E, =0 (259)

then the rigid body remains in translational

equilibrium. Writing the above equation in the

form of the components of forces, 2 F,=0;

2 FinO; andz in=0

]

i

259 a)

i
If the torques produced by the above
- - -

mentioned forces are T;, T,, ....., T, then the

rigid body remains in rotational equilibrium when

- - — -
T=17+71T +..+71, =0 (2.5.10)

That is, if rigid body is stationary, it will
remain stationary and if it is performing rotational
motion, it will continue rotational motion with
constant angular velocity.

Writing this equation in the form of
components of torques.

Z Txi=0; 2 ryi=0;and 2 ‘czi:O
l l 1(2.5.10 a)

Illustration 5 : As shown in the figure a
block of mass m moves with constant velocity
under the influence of a force F acting in the
direction making an angle 6 with the horizontal.
If the frictional force between the surface of
the block and the horizontal surface is fk’ find
the distance of line of action of normal reaction
N from O. Length of the block is L and height
is h.

Figure 2.9
Solution : The block does not perform
rotational motion in spite of being under the
influence of various forces. Hence, it is in
rotational equilibrium. In this condition the vector
sum of the torques produced due to different

forces should be zero. Taking all the torques with

reference to the point O, we get, T = f,(0) —

(mg)(%) + N@) — (F cos) () + F sin(L) = 0.
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(Here the torque in the clockwise direction
is taken negative and the torque in the
anticlockwise direction is taken positive).

N() = (mg)(%) + (F cos®)(h)

— F sin6 (L) (1)

Now, for translation equilibrium,

mg = N + F sin0 and F cosO = f,

.. N =mg — F sinf

Substituting this value in equation (1),

and making x the subject of the formula

we get,

(mg)( )+ (F cos0)(h)—(F sin0)(L)

X =

(S) o

mg — Fsin®

2.6 Angular Momentum
(a) Angular Momentum of a Particle :

Suppose the position vector of a particle of mass

%
mis OQ = r in a Cartesian co-ordinate system

as shown in the Figure 2.10. The linear velocity

of this particle is }’ and its linear momentum is
—
P = mv . Here, the particle Q is not necessarily

a particle of a rigid body. Suppose the angle
- —
between P and r is 0. We have taken the

particle and its motion in the (X — Y) plane only
5

%
for simplicity. The vector product of r and P

-
is called the angular momentum | of the particle

with reference to the point O.

N
l

¢ —
P = mv
Angular momentum
Figure 2.10
- - -
Il =r xp (2.6.1)

7 1
The SI unit of [ is kg m?s™' or Js.

(i) The magnitude of 7 depends on the
selection of the reference point, hence the
reference point must be mentioned in its definition.

(i1) The direction of 7 is given by the right
hand screw rule for the vector product. In the
present case the direction of 7 is in OZ
direction.

— - -

(iii) Now | [ I =1r x pl=rp sin0

But from Figure 2.10,

r sin® = OR

[ = (p) (distance OR)

Thus the angular momentum of the particle

= (linear momentum) (perpendicular distance
of the vector of linear momentum from
reference point)

= moment of linear momentum with
reference to point O.

Note : Cartesian components of angular
momentum of a particle :

By definition, the angular momentum is
— - -

[ =r xp
ik
= |* Yy z
Px Py D

= 0p, — )i + @, — )]

+ (p, = Yk
g ~ A ~
[ =1 +lyj +le

X

Here, lx, [ Y and lZ are the components of
angular momentum with reference to X, Y and
Z axes respectively.

(b) The relation between angular
momentum of a particle and torque acting
on it :

Differentiating equation (2.6.1) with respect
to time, we get

- — -
dl _ 3 s dp 4 dr 3
dt dt dt

N
But 4P — rate of change of linear
dt
momentum = F (force) and g = v (velocity)
t



