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3.2 Trigonometry

TRIGONOMETRIC EQUATIONS

An equation involving one or more trigonometrical ratios of unknown angle is called a trigonometric cquation,
e.g., cos’x — 4 sinx = 1. It is to be.noted that a trigonometrical identity is satisfied for every value of the
unknown angle, whereas a trigonometric equation is satisfied only for some values (finite or infinite in
number) of unknown angle, €.g., sin’x + cos’x = 1 is a trigonometrical identity as it is satisfied for every value
ofxe R.

Solution or Root of a Trigonometric Equation

The value of an unknown angle which satisfies the given trigonometric equation is called a solution or root of
the equation. For example, 2 sin8= |, clearly 6=30° and 8= 150° satisfies the equation; therefore, 30° and 150°
are solutions of the equation 2 sin@= 1 between 0° and 360°.

Principal Solution of a Trigonometric Equation

The solutions of a trigonometric equation lie in the interval [0, 27). For example, sin@ = 1/2, then the two values
of 6 between 0 and 27 are /6 and 54/6. Thus, 7/6 and Sa/6 are the principal solutions of equation
sin 8= 1/2. '

General Solution of a Trigonometric Equation

It is known that trigonometric ratios are periodic functions. In fact, sinx, cosx, secx and cosecx arc periodic
functions with a period 27, and tanx and cotx are periodic functions with a period 7. Therefore, solutions of
trigonometric equations can be generalized with the help of period of trigonometric functions. The solution
consisting of all possible solutions of a trigonometric equation is called its gencral solution.

Clearly, general solution of a trigonometric equation will involve integral n ¢ Z. General solution of a
trigonometric equation is also called a “solution’.

Here set of all integers isdenoted by Z. ne Zmeans n=0,%1, % 2, .... For example, general solution of
the equation cos@= 1 is 8= 2nr.

Some Important General Solutions of Equations

Equation Solution
sin@=0 9=mr, ne Z
' - r

cos@=0 9=(2n+i)5,ne Z
tanf=0 8=nm,ne Z

" n
sin@= | 9=(4n+|)5,nez
sinf=-1 ' 9=(4n—])%.ne z
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Equation Salution

cosf= 1 0=2nmne Z

cosf=-| ' 6=02n+ Lr,ne Z

cot8=0 9=(2n+1)§.nez
- Points to Remember

.

1. While solving a trigonometric equation, squaring the equation at any step should be avoided as far
as possible. If squaring is necessary, check the solution for extraneous values, Also see Example 3.1
for explanation.

2. Never cancel terms containing unknown terms on the two sides which are in product. It may cause

the loss of a genuine solution.

3. The answer should not contain such values of angles which make any of the terms undefined or
infinite. Also see Example 3.2 for explanation.

4. Domain should not change while simplifying the equation. If it changes, necessary corrections must be
made.

5. Check that denominator is not zero at any stage while solving the equations.

DRGTI KA Solve the equation sinx +cosx=1.

Sol. If we square we have (sin x + cos x)* = |
= l+sin2x=1|
= sinZx=0
= 2x=pmnel
= x=nmwll,ne
But forn=2,6, 10, ...
sin x + cos + = —| which contradicts the given equation.
Alsoforx=3,7,11, ..
sinx +cos x=-I

Hence, the solution isx =2nmorx={dn+1) % ;

tan 3x —tan2x

Example3.2 BN P
xample OV€ 1 + tan 3x tan 2x

Sol. tan (3x - 2x) =tanx = | _
Therefore, x = nx + (n/4) but this values does not define tan 2x. Hence, there is no solution,

ST EREN  Find the values of @ which satisfy r sin6@=3 and r=4 (1 +5in0),0< 0<2m.
Sol. 06<2r '
Eliminating , we have 4 sin0+4sind-3=0

I 3 n n
= §inf= —, — — (not possible = f=—n-—=
igigy — oty ) .




3.4 X Trigonometry

R EPH  Solve 16 % 16 =10,0<x <21,

Sol: 1659 +16'4""* = 10 ’ : - ()
If 16" ¥ =¢ , then ¢+ i =10
!

Then Eq. (i) becomes ; : g
= £-10t+16=0 . ' ‘
= =28

= 16sin2x =164 or 16°74

V3

; |
= sSinx=Z—~,+—
4 2

1 bid ;
Now sinx=—, thenx = —,_S—K *
2= 6

6
. 1 % lx
sinx =——, thenx= — or —

2 6 6
. \/g 2m
siny = — = x=

"8

Ly

. . An 5m
sinx = ——— = X —,—
2 R

Hence, there will be eight solutions in all,

-

Example 3.5 ‘Find'gkeneral value of 8 which satisfies both sin @ = —1/2 and tan@ = 1/y3, -
simultaneousty. ' '

Sol. Here sin0< 0 and tan> 0, then @ lies in the third quadrant.

: | 7
Now sinf=—— = 0= + ir. -
& 6 6

Generalizing, we have 6= 2nn + 7—3—, ne Z

(BRI  If sin 4 =sin B and cos A = cos B, then find the value of A iﬁ terms of B.
Sol, sinA—-sinB=0andcosA-cosB=0

. A-B A+B . A+R _B=A
= 2sin cos =0 and 2sin sin L =()

2 2 2 2
We observe that the common factor gives sin o =0

(
A-B
=HAT ,NE Z
>

B=2nmr,ne Z .

=
= A-
= A=2nn+B,ne”
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Example 3.7 Find the number of solutions of sin’x —~sinx—1=0in | -2n, 2n).

Sol. sinzx—sim—l¥0
1£5

2 .
=5 1445
= e [N = >

2 :
= xcan attain two values in {0, 271] and two more values in [-27, 0). Thus, there are four solutions.

= Ssinx =

> | not possiblc]

BETIPILKXAE  Find the number of solutions of the equation gHRR bR o 0
Sol. Pute™=¢ = (2-41-1=0

= = eSi‘IL’f = 2 o \/5
Nowsinxe [-1,1]
= ™e eland2x 5 ¢ [¢”, ¢
Hence there does not exist any solution.
Example 3.9 If the equation a sin x + cos 2x = 2a — 7 possesses a solution, then find the values of a.

Sol. The given equation can be written as asiny + (1 — 2 sin’x) =24 —7
= 2sinx—asinv+2a-8=0

a_i\/ ? (2(! —3) a:t(a—S)
4 _ 4 2 '
=(a-4)2 (. sinx =2 is not possible)
Equation has solution if - ] < (a-4)/2<]
= =~2<2(u-4)s52
= 2<5a<6

I
.

Concept Application Exercise 3.1

|
1. Solve sin*6—cosf= 50s6<2x,
2. Solve cos’x + sin*x = 1 in the interval (—m, 7).

3. Find the general solution of (| — 2 cos@)? + (tan8 +43)% =0,
4. Solve sin30— sin@=4 cos*6—2.

GENERAL SOLUTION OF SOME STANDARD EQUATIONS

General Solution of the Equation sin 8 = sin
Given, sin 8=sin & = sinf-sinax=0
0~u

8+a
=» 2008 sin =0
2 2

a . 0-«
=0 orsmT=0
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= 22 _omnE, % o me z
2 2 2
= 0=02m+1)n-oaor@=2mr+o,me Z
= 0=Q2m+ D+ =)""ame Z _ . )
or 0=2mn+(-1)"a,me Z ' (1)

Combining Egs. (i) and (ii), we have
O=nn+(-1)"o,ne Z

- — — — nm— — —— s, = e — o

e For general solunon of the equation sin 6 = k, where' =1 <k £ 1. We have sin 6 = sm(sm k)
= f=nm+t -1 (sm"k), nez

|
; Note:
:
|

RTUIRALUN Solve 2 cos’0+ 3 sinf= 0.
Sol. We have 2 cos’6+ 3 sin8=0

2(1 -sin?@)+ 3 sin@=0

2 sin’*@~3 sin §-2=0

(sin8-2) (2 sin@+ 1)=0

2s5in6+1=0 [~ sin@#2]

1 -
=~ =
sin 5 sm( 6)

= O=na+(~1)" (-%r),ne Z

LUyl

U

=nr+(-1)"*! %,ne Z

Solve 4 cos 63 sec f=tan 6.

Sol. We have 4 cos 6—-3 sec @=tan 0
3  sinf
cos@ cos6.
4 cos*B-3=sin
4(1 -sin’G) -3 =5sin @
4 sin? @+ sin 6-1=0
-1+£1 +16
8

) 117
8

1417 -1-17

8 8

= 4cosf-

I}

sin 0=

U
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Now, sin 8= '_ll+8‘/ﬁ
= sin §=sina, where sin o= —1+8\/ﬁ
o omame 1) o wherosina= " wng e 2
and sin 0= _1_8‘/17 :
= sin @=sin 5, where sin f= _-l_s\fﬁ
: P

= 8=nn+(-1)" B, wheresin = :

Example 3.12 @RIITS sin® @cos 0- cos® @sin 6= 1/4.

Sol. sin® 8cos 6~ cos’® Bsin 8= 1/4
| = 4sin G¢cos 9(sin2 6—cos® GH=1
25 260(-cos26)=1
~-sin46=1
sin4f=-
49=2m‘r—g—
0=(n2)+(-m/8),ne Z

14 4 8l

Concept Application Exercise 3.2

1. Solve 2 sin@+1=0. '
2. Solve sin® n@- sin® (n - 1) 6= sin’6.

General Solution of Equation cosf = cosa

Given, cosf=cos
= <osx—-cosf@=90

= i 2 %4;9-% o
2 2
= sina+9=00rsine-a=0
o+6 6-o —

= ——=nnor
2

= @=2nn-wor@=2nn+o,ne 2
=2nnto,ne 2
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Note: S -
* For general solution of the equation sin 8 = k, where ~1 £ k < 1. We have cos 6 = cos (cos™'k)
= 6= 2nm+ (cos” 'k), neZz.

RETINIIKR R  Solve V3 sec20=2.
Sol. We have V3 sec 20=2

V3
3

= c0s280=

n

I

cos
» n
= 20=2nnz -g heZ

= @=nn —ﬂ—,ne Z
12

‘Example 3. PB Solve sin 20+ cos 0=0.
Sol. We have sin28+ cos8=10
=> cosf@=-sin20

= cOs (E + 29)
2

= 0=2nm & [§+ 29)"6 20

' Taking positive sign, we have.

0=2nm+ 12[ +20

=2nn— E,ne Z
2

Taking negative sign, we have '
i3
9=2mr—(— + 29) = = —-
2 3 6

REDIRARE  Solve cos@+ cos38-2 cos20=0.
Sol. We have cos8 + ¢os38~2 c0s28=0
= 2cos20co0s0-2cos28=0

= 2c0s20(cosf-1)=0
= cos268=0or,cosf-1=0

= 20=Q2n+ I)% neZorO=2mn me Z

= @=Qn+ l)%,ne Zor0=2mmme Z



Example 3.1 W Solve sec 48— sec 28=2.

]

Sol.

1| (I

U

4

s as )
cos 40 cos 28

cos20—cos48=2 cos26cos408=cos 28+ cos 66
cos 60+ cos40=0

2cos S8cos =0

cos 56=0orcos =0

56=(2n +1)% or = (2n +l)12r-,ne Z

o= (n+ l]z or 0= (n +l)7r,ne Z
243 2

: 0
BTN RN A Solve 5 cos 20+ 2 cos’ 5 +1=0,-w<O@<m.

Sol. Changing all the values in terms of cos, we get
5(2 cos20~ 1)+ (1 +cos@) + | =0 => 10 cos’8+ cosf-3 =0
= (5¢0s0+3)(2¢cos8-1)=0

n|w

3 . o
,— —, COS -g = 7—CO0S gand—n-i-cos

BV HINIUCEE I Solve cos x cos 2x cos 3x = 1/4.

Sol. cosxcos2xcos3x=1/4

I I

U

!

2(2c0s x cos 3x) cos 2x = |

2(cos4x +cos 2x) cos 2x = |

2(2cos? 2x =1 + cos 2x) cos 2x = 1
4cos® 2x +2c082 2x ~ 2c08 2 — 1 =0
(2cosz2x— D(2cos 2x+ 1)=0-
cosdx (2cos v+ 1)=0
cos4x=0orcos 2x=-1/2

4x= (Zn-l-l)g- or2x =" 2m?r:t2?ﬁ. mne 2

- (2n-+-l)E orx= mn‘:tf
8 3

~1 S Uh A W o=

Trigonometric Equations 3.9

[ ~-m<B<n]

Concept Application Exercise 3.3

. Solve cos 8= 1/3.

. Solvetan Btan48= 1 for0 <6< .
. Solve cot(x/2) ~ cosec(x/2) = cot x.
. Solve cot 8+ tan 8= 2 cosec 8.

. Solve sin 668=sin 40—sin 26.

. Solve cos 8+ cos 268+ cos38=0.
. Solve cos 68+ cos40+cos20+1=0,0<0< .
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General Solutions of the Equation tan 6 = tan o

Given, tan 8=tan o

sin@ sina

cos@ cosa

sin 6cos a—cos Osin =0
sin(8—a) =0

6-a=nn

6=nr+ o, wherene Z

Jiusy U

Note:
= B@=nr+(tan k), ne Z

ST LN Solve tan 36=—1.

Sol. tan38 =~

(BETIN I Solve 2 tan 8—cot 8=—1.

Sol. 2tan 8—-cot8=-1

2 tan 8-
tan

2 tan? O+ tan —1=0
(tan6+1)(2tan 8-1)=0

:_].

N

tan 6=~ 1ortan 8= %

4

“T
tan @=tan [—-) or tan €= tan (tan" l)
4 2
= O=nr+ (;—HJ or 6= mn+ o, where m, n e Zand tan o=

DETIDICRPAN  Solve tan 58=cot 20.

Sol. tan 58=cot 20 =tan [-’25 - 29)

= 50=nr+ g- -286

&
2

e For general solution of the equation tan 6= k, where k € R. We have tan 8 = tan (tan™'k)

- e My e ERE iR e e as e e 6w e kS N e —— — i e G et omes s me mm e
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= 0= % + %,whercne Z,butn#3,10,17,... where tan 50is not defined

Solve tan6+ tan 26+ V3 tan@tan26 = /3.
Sol. tan 6+tan 20+ \/5 tan 8tan 28= Jf’;

= tan@+tan20=3 (1 —tan Otan 26)

tan @ + tan 26
1-tanftan20 V3

Example 3.22°

= tan3f= J3—

n
=tan —
3

T o= 33=nn’+'-§-;ne-z

nt wm
= @= -3—+—,P?EZ

Concept Application Exercise 3.4

1. If tan af@— tan b0 = 0, then prove that the values of € forms an A.P.
2. Solve tan?@+ 243 tan@ = 1.
3. Solve tan® x + (1 -\fg) tanx — «./- =(),

4. Solve 3 cos’~ 2+/3 sinf cos6 - 3 sin’6 = 0.
5. Solve tan@ + tan (6 + /3) + tan(@ + 27/3) = 3.
6. Solve 2 sin’x = cosx.

General Solutions of the Equation sin?@ = sin’a or cos?0 = cos’a

2 o

Here the both given the equations are same as cos? 6= cos
(1-sin’6)— (1 —sin*@) =0

sin®@=sin’a

sin(@+ &) sin (8- ) =0

sin(8+ a@)=0orsin(6-)=0

0+ a=nror@-a=nmne 72

O=nnto,ne Z

General Solutions of the Equation tan? = tan‘a
tan’@=tan’w = tanf=xtane = tanf=tan(+0) = O=nnio,neZ

L3881l

U

RSTUTIRNEE Solve 7 cos’8+ 3 sin’8=4.
Sol. We have 7 cos’8+ 3 sin’0= 4
= 7(1-sin’Q)+3sin’0=4
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Example 3.24  ERITP] sin?.x + sin? Zx = 2,
Sol. Wehave2sin’x+sin2x=2

2 sin’x +.(2 sinx osx)? =2

2 + sin’x = |

2 sin’x cos? x ~ (1 - sin’x) =0

2 sin’x cos’x - cos2x =0

cos’x (2sin’x—1)=0

U

2 sin®x cos

TR

X 1
cosix = 0 or sin’x = -2-

|

n . .9
x=2nn+ E or sin’x = sin? 71-

I

T g o
=2nm+ — orx=mnx —,me Z,wheremne Z
2 4’

Solve 4 cot 20= cot’8—tan’6.

Example 3.25
4 —_—
tan20 tan’@

Sol. —tan’ @

4(1-131129.) {-tan® @ 2tan8 |-
2 2tan - tan’ @ [putlan29=m:|
= (1 —tan?§)[2tanf— (1 +tan’@)]=0
=b (l ~tan’6) (tan’0-2tan@+ 1) =0
= (1 -tan’6) (tanf-1)*=0
= lanf==%1]

4

9=mr:l:%,nez

- —— 2 i . 3
Esample 3.26 g} vl e roxaadeon ]+ =4.

Find the most general solution of
Sol. We have 2I4|cos.\'|+cosz.r+|tjo_.uf Fivl
= 9 +cos i +{cosaf’ + fcosaf’ 4+ oo il

| :
=iay _2I-|cos.r! =22'
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1
I—|cosx|

i 1
= |cosx|= > orcosx =% >

n
= x=mrﬂ:—3-,neZ

Concept Application Exercise 3.5

1. Solve tan’6+ cot?0=2.
2. Solve 3(sec’+tan’6) = 5.
3. Solve 4 cos’x + 6 sin’x = 5.

Solutions of Equations of the Form a cos@ + b sinf = ¢
To solve equation, let us convert the equation to the form cos@= cosa or sinf = sine, eic.

o P
a=rcos¢} r=vNa’+b
=

b=rsing

and

-

For this let us suppose that

h
tang=—
a

Substituting these values in the equation a cos@+ b sinf@= ¢, we have
r cos¢ cosO+ rsing sinf=c

= rcos(f-¢)=c
= cos(f— ¢)= =T cos 3 (suppose)

= 6-¢=2nn%f

= O=2nmt¢xPneZ

Here ¢ and S are known as a, b and ¢ are given.

Hence, we can solve the equation of this type by putting

a=rcos ¢ and b= sin ¢, provided <1 [ cos Blies between—1 and 1)

C
\Jaz +b2

of ———= |c| <1 0r1c|SJa +b°
va? +b*

WORKING RULES for solving such eqm‘rﬁons
1. First ofall check whether jc| < Va? +5* ornot.
2. Iffc}> \/az +b? | then the given equation has no real solution.
3. If|c < m , then divide both sides of the equation by va® +b% .
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[— — " P - ] |

- and sin @ = b
——— ® i—
\.‘4!:!2 +h2 . 'an +b°

4. Take cos o= then the given equation will become cos(8— o) = cos S,

i
\

— U siid oo it —pm
where tan &= — and Cc0Ss = 77—,
a va? +b°

a b c
We can also take sin @ = ———=—==, €05 @ = —==== and sin f = ——==, then the given
) bl g2 13 . 52 B Y . oad 5
a“+b a‘+b a“ +b

equation will reduce to the form sin (8+ @) =sin .

e — AR _ - — —— = N R S i) Syaire b = R il

Solve \Ecos 0+ sin 8= ﬁ y

Example3.27

Sol. We have \@.cos 8+ sin 8= \2 ' (i)
This is of the form a cos 8+ b sin 8= ¢, where a = J§,b= I and c= 2

Let ﬁ =rcos aand'l = rsin @
= f'=Ja"’+b2=J(J§)?+12‘=2andtanix=% = a=%

Substituting 3 =rcos aand | = rsin ain Eq. (i), it reduces to r cos a cos 8+ r sin 8= V2
= rcos(e—a)=\5 |

= 2co0s [6-_%) =2

T | n
= ¢0s|O0——|= — =cos —
( 6] 4

V2

= -£ﬂ2nni E,nez
6 4

= 0=2nn+ £+£,né 2
4 6

=omn+ 242 or, 0=2nn—- WL
4 6 ' 6

=2nx+ ?—xor, 0=2nr—- 1, wherene Z
12 12

Solve /3 cos -3 sin =4 sin 28 cos 36.
Sol. We have /3 cos 8 —3sin@ = 2 (sin 56 — sin 8)

Example 3.28

= (ngz)cos @~ (1/2) sin @ =sin 50



Trigonometric Equations 3.15

= cos (0 + 7/6) =sin 56=cos (1/2-50)
= 0+n/6=2nnx(7/2-56)

= O=nral3+n/180rO=—nnl2+nl6,V neZ

Find the total number ofintcgral values of n so that sin.x (sin x + cos x) = n has at least one
solution.

Sol. sinx(sinx+cosx)=n

: 2

Example 3.29

= sin“x+sinxcosx=n
I-cos2x sin2x
=3 B =n
2 2
= sin2x-cos2x=2n-1
= —25%-15/2
S ]—ﬁs;z'slhﬁ
2 2
= n=0,]

Concept Application Exercise 3.6

1. Solve cot 8+ cosec 8= Jg
2. Solve sin 8+ cos 8= \5 cos A.

3. Solve \/Esec @+tan 8=1.

4. Find the number of integral values of & for which the equation 7 cos x + 5 sinx = 2k + 1 has at least
one solution.

PROBLEMS BASED ON EXTREME VALUES OF FUNCTIONS

(AFTINIICRRIE If.x,y € |0, 27], then find the total number of ordered pairs (x, y) satisfying the equation
sinxcosy=1 '

Sol. sinx cosy =1
= sinv=1,cosy=1orsinx=-] . cosy=-I
If sinv= 1, cosy=1] = x=n2,y=0,2n
If sinx=—1, cosy =~1 = x=3n2,y=nr

Thus, the possible ordered pairs are (%,0],[%,21:) and [3?”,7:).

AT IGRACII  If 3 sin x + 4 cos ax =7 has at least one solution, then find the possible values of a.
Sol. We have 3 sin x + 4 cos ax = 7 which is possible only when sin x = 1 and cos ax = |

= x=(n+ l)g andax=2mna.mne Z

= (4n+ l)E 2
2 a

dm
a=
4n +1
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(BTN Solve cos™ x ~sin™ x=1.

Sol. c0s® x —sin™’x =1 = 60550x= 1 +sin°%x
LHS. £land RHS.21 '

Hence, we must have cos®® x = | %sin5°x=] = ginx=0 = X=nn

| FETICRREM Solve sinx +cos >y =2sec’ z for x, y and z.

Sol. L.H.S.=sin’x+cos’y<2 _ | [+ sin’x <and cos’ y < 1]

RH.S.=2sec’z=2 p i
Hence, L.H.S. = R.H.S. only when sin’x =1, cos’ y=1and 2sec’z=2
2

z=1

= cos’x=0, sin2y=0, cos
= cosx=0,siny=0,sinz=0

, T ,
x=2m+1) ) ,y=nrand z=(x, where m, n and f are integers,

I

Solve 1 + sin x sin® % ={.

'Example 3.34

) ‘ & X
Sol, 1 + sin x sin® : =0

2 + 2sin xsin2'% =0

=
= 2+sinx(l—cosx)=0
= 4+2sinx-s8in2x=0
=

sin2x=2sinx+4 ;
Above is not possible for any value of x as L.H.S. has maximum value 1 and R.H.S. has minimum value
2 .
Hence, there is no solution.

FBCTU RIREM Solve cas 40+ sin 50=2.

~Sol. The equation cos 46+ sin 56= 2 is valid only when cos 46= | and sin 56 = 1.
= 48=2nxand 58=2mra+ a2, nme Z

B:E-ii—y—r-andf?:znm +l£,n,meZ

Puﬁing mm=0,£1,+2, ..., the common value in [0, 27] is 6= &/2.
Therefore, the solution is 8=2krx+ n/2, k€ Z

Concept Application Exercise 3.7

1. Show that x = 0 is the only solution satisfying the equation 1 + sin” ax = cosx, where a is irrational.

2. Solve sin’x = 1 + tan®x.
. X 3 -
3. Solve smx(cosz — 28in x)+(l +sm—£—i - 2cosx) cosx=1.

4. Solve 12sinx + 5cosx = 2y2 — 8y +21, to get the values of » and y.
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INEQUALITIES
Trigonometric Inequations

To solve the trigonometric inequation of the type /{x) £ a, or f{x) Za, where f{x) is some trigonometric ratio, the
following steps should be taken:

1. Draw the graph of f{x) in an interval length equal to the fundamental period of f{x).

2. Drawtheliney=a.

3. Take the portion of the graph for which the inequation is satisfied.

4. To generalize, add n7 (n € /) and take union over the set of integers, where 7 is fundamental period of

Sx).

RRDIHIRKIN Solve sin.x > ——;-.

Sol. As the function sin x has least positive period 27; therefore, it is sufficient to solve the inequality of the
form sinx> a, sinx 2 a, sin x < a, and sin x £ 4 first on the interval of length 27, Then get the solution set
by adding numbers of the form 27, n € z, to each of the solutions obtained on that interval.

e " : n 3n
Thus, let us solve this inequality on the interval [—5 ?]
¥
© sinx>=1/2 o
~n/6 | M6 y=sinx
. : 1 ! ' /
- ‘I -
/, \\ —rtl2 : 3 ? f’ \
:/ \L \: 4 53732[’2“ \ —x
!/ -_N 0 n2 = i ," l %
e e [ g e Ay =12
’ LY Nt \
” } -1 ' N,
I | | i
i 2n v
Fig. 3.1
. ; 1 .- 0
From Fig.3.], sinx>-— when-—<x<—
2 6 6

oy e r Lk
Thus, on generalizing, the above solution is 2mr-—6- <x< Zmr-l--? ineZ

RO ERYE Solve 2 cos’0+sin0<2, where /2 < 0<3n/2.
Sol. 2 cos?@+sin 02 :
= 21 -sinzf?) +sin@<2
= —2sin‘@+sin <0
= 2sin’0-5in620 .
= sin &2sinf-1)20
= sin@(sinf-1/2)20,
which is possible if sin 6<0orsinf 2 1/2.
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Exmnple 3.38

From the graph,

Now sin 82 1/2
and sin @50

Trigonometry

Hence, the required values of 8 are given by
8¢ [n/2, 5m/6] v, 37/2]

Sol. The given inequation is

Example 3.39

sin 8+ \/5005921,~n'<6'57r :

ity -1- sin @+ —?ilcos 9>
2 2

= COS [9-—75 2i=cos i
- ' 6 3

Sol. Draw the graph of y = cos 2x and y = |sin x|

y
A i;
y=1/2
X X
0. 8§ g 4n
2 6 D
PN = o e sl Lo s fuvunia
] |
. 1 I
yl
Fig. 3.2
= n2<0<57/6
= n<0L3n/2
Solve sin 8+ /3 cos 021,-n<0<
1.
5
i ¥ = CO8 X
. 4
i 1A
.......... -
| il T e
‘ 2 Y -
fi i3
2 2
;
yf
Fig. 3.3
.
= —— <£f-—< - =
2 6 3
> -
Solve cos 2x > [sin x|, x € [_E’ zr] :
y y = |sinx|
A
_____ . 1
xl \‘- J” ~
itk =5 z =
2/ 6 | 6 & '
4

SR
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Let cos 2y =sinx

= 2sin’x +sinx - | =0=sinx=-1, 5

l
Butsinx#—1 =sinx= 5
) . . % S
Clearly from the graph, graphs of y = [sin x| and y = cos 2x intersect at x = ig ra

Thus, the solution set is x €' (—f—,z)u(z, n).
6 6 6

Find the number of solutions of sin x = :—0 i

Sol. Here, letf{x) =sin x and g(x) = %.Also, we know that -1 <sinx < 1.

wh SN s =I0EE
10

Thus, sketch both curves when x € [— 10, 10].

a(x) = x/10

t ; Ly x
0 2 n\/Zn In\10 3n72

f(x) = sin x

Fig. 3.5

From Fig. 3.5, fix) = sin x and g(x) = x/10 intersect at seven points. So, the number of solutions is 7.

Concept Application Exercise 3.8

1. Solve sin® 6> cos?#.
2. Find the number of solutions of the equation sinx =x* +x + 1,

3. Solvetanx<2.
4. Prove that the least positive value of x, satisfying tan x =x + 1, lies in the interval (#/4, 7/2).

EXERCISES |

Subjective Type » - ' - Solutions on page 3.34

1. Solve 3 tan 2x —4 tan 3x = tan® 3x tan'zf.

2. For which values of a, does the equation 4 sin (x + 7/3) cos (x - W6) = o* + /3 sin 2x - cos 2x have
solutions? Find the solutions for a = 0, if exist.
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3. Solvesin® (x/3) +cos’ (x/3)> 1/2.

4. Solvesinx+siny=sin{(x+y)and x|+ [y|= 1.

5. Solve the equation tan® x + tan® y + 2 cot® x cot® y= 3 +sin® (x + ») for the values of x and ).
6. Find the smallest positive root of the equation Jsin(l —x) =+cosx .

7. Solve the equation 2 sin x + cos y = 2 for the values of x and y.

o 3J§~n’m
3 )

8. Prove that the equation 2 sin x = |x| + a has no solution for a € (

9. Solve tan (g cos BJ = cot (g $in 8).

10. Solve sin x + sin [g\/(l ~cos2x)’ +sin’ 2x] =0,x€ [—, ?]

11. Solve sin’x + % sin? 3x ——j sin x sin® 3x.

Objective Type’ o ' " Solutions on page 3.38

Each question has four choices a, b, ¢, and d, out of which only one answer is correct.

1. Ifsin 0= —;- and cos 8=~ %, then the general value of @is (n € Z)

a. 2nm+ EE b. 2nr + a ¢ 2nm+ 7—” d. 2nr + x
6 6 - - 6 4

1
2. The most general value for which tan 8=—1, cos 8= —=is(ne Z)

V2

a nr+ -74£ b nrt(=1)’ jf ¢, 2nmw+ F%r d none of these
3. If cos pB+ cos g6 = 0, then the different values of @are in A.P. where the common difference is
a. i b. L ! __2£.... . d. ﬁr_
pPtq P=q P+q : ptq.

4. Ifcos 8+ cos 70+ cos 38+ cos 56= 0, then @is equal to (n € 2)
a. N b. hn/2 ¢. n'4 ' d. n'8
5. 1f3 tan® @2 sin 8= 0, then B1is equal to (ne 2)

n ’ T n T T
a 2nmt — bh ar +(-1)" — ¢ nr—(—1) — d nr+ —
4 )" 5 - e
6. If'sin 6, 1, cos 20 are in G.P.,, then @ is equal to (n € Z)
a no+(— l)”%  hoart(=1)"" ! % ¢ 2nm d none of these

7. The sum of all the solutions of the equation cos € cos (—g- + 9) cos [% - 6) = % ,0€ [0, 6x]

1007
3

a 5z b 307 .

d none of these



10.
11.

12.

[3.

14.

1S.

16.

|

18

19.

20.

21.

22.

23.

Trigonometric Equations 3.21

Ifsec 8- 1 =(ﬁ -~ 1) tan 6, then @is equal to (n € Z)

a @n-m h 2nm+ % ¢.2nm- -:— d 2nm+ %
The total number of solution of sin® x + cos® x = sin x cos x in [0, 27] is equal to

&2 h 4 c.6 d none of these
Number of solutions of sin Sx +sin 3x+sinx=0for0<x<ris

a | h 2 3 d none of these
The sum of all the solution of cot 8=sin 26, (8 nr, ninteger), 0 <0< nis

a 3n2 b 7 c. 34 d 27
The number of solutions of 12 cos® x — 7 cos? x + 4 cosx = 9 is -

al b 2 ¢. infinite d none of these

Which of the following is not the general solution of 2°** + | =327 %9

anmnezZ b [n +—;~Jn',ne Z C. (n-—;-)n',ne Z  d nonc of these

The general solution of cos x cos 6x =~ 1 is
ax=Qu+NNnmneZ hx=2nnnelr

C xX=nmne ’zZ d none of these
The equation cos x + sin x = 2 has
a. only one solution b two solutions ]
¢. no solution d infinite number of solutions
1f 0 < x <27, then the number of solutions of 3(sin x + cos x) — 2(sin® x + cos’ x) = 8 is
a0 b. | .2 : d4

If ésin 6, cos@, fan Gare in G.P,, then @is equal to (n € Z)

a 2nn -;E h 2nn+ = . c.nu+(—-1)y % d nr+ %
The number of solutions of 2 sin® x +sin 2x=2, x € [0, 2n7] is '

a 4 hS ¢ dé6
General solution of sin® x — 5 sin x cos x — 6 cos* x =0 is :

ax=na-md,ne Zonly h nz+tan™ 6, ne Zonly

¢. both (a) and (b) d none of these

General solution of tan 8+ tan 48+ tan 768=1an Btan 48tan 78is
a 8=nna/12, wherene Z
h 6=nm9, wherene Z -
¢. O=nn+ /12, wherene Z
d none of these
The number of solutions of sec’ @+ cosec? 8+ 2 cosec> §=8,0< 0< /2 is

ad h3 ¢.0 , d?2
The total number of solutions of tan x + cot x =2 cosec x in [-27x, 27] is ,
a 2 . h4 c.6 d38

Which of the following is true for z= (3 + 2isin 8) / (1-2 i sin @), where i = J=1
a. zis purely real for 0=nnt w3, ne Z
h z is purely imaginary for @=nn+ /2, ne Z
¢. z is purely real for = nm rie Z
d none of these
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24.

25.

26.
27.

- 28.

29,

30.

31.

32.

33.

34.

35.

Trigonometry

B+l . B
>

I 1 =0 which lie in the interval [-m,x] is

a.2 h4. &6 a8

Number of roots of cos’x +

The complete solution of 7 cos® x + sin x cos x — 3 = 0 is given by

r n
a.nir+3(neZ) I).mrma—(nEZ)

c. A+ tan™ (EJ (ne 2) ' . d nn+ %?— km+ tan™ (i] (k,ne 2)

Let Oe [0, 47 satisfy the equation (sin 8+ 2)(sin 8+ 3)(sin 8+ 4) =6, If the sum of all the values of @
is of the form &z, then the value of kis
a6 . h 5§ ; : c.4 d?2

1f the inequality sin® x + a ¢os x + a* > 1+ cos x holds for any x € R, then the largest negative integral
value of a is

a ~-4 _ h-3 _ c.-2 d-1
The number of solution of sin® x — cos? x sin x + 2 sin®x +sinx=0in 0 <x < 37xis

a 3 h 4 ¢.5 d 6
Ifx,ve [0,_275] and sinx + sin y = 2, then the value of x + y is

an h 72 ¢ 371 d none of these
Forne Z, the general solution of(x/g ~ 1) sin 8+(\/§ + 1) cos 0=2is (ne 2)
a2z Z + L b O=mmtCly E+ E

4 12 4 12

c. 0=2nm+ ~ do=nr+-1yZ_ZL

: 4 : : 4_ 12

Ifsin 66+ sin 460+ sin 28=0, then Bis equal to (n € 2)

a % or nm+ % h ff or nm % C %{ or2nm+ %— d none of these
The value of cos y cos (% - x) — €OS (% - y) €os x + sin y cos (g — x] +¢0s x sin (g — y] is
zero if ‘

& =0 hy=0 i a=y d.mr+y—% (ne 2)

The number of solution of the equation tanx tan4x =1 for0 < x<mis.
a | B2 . . =t 8 ds8

One root of the equation cos x —x + —;— =0 lies in the intérval
SCRNEY
2 - 2
tan (%x] =¢cot { ) if(ne 2) ‘ .

a p+tqg=0 b p+g=2n+l eptg=2n "’ dp+qg=2Q2n+l)



36.

I

38.

a9,

40,

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

Trigonometric Equations 3.23

The range of y such that the equation in x, y + cos x = sin x has a real solution is

a [-2,2) h [~ V2, V2] e [-1,1] d [-172, 172]
One of the general solutions of 4 sin® x + cos® x = 1 is :
annxa/2, a=cos'(1/5),V ne Z b nrx /2, d=cos'(3/5), Vne Z
¢. 2nmk /2, a=cos™'(1/3), Vne Z d none of these
Number of roots of (1 —tan ) (1 +sin268) =1 +tan @for 8e [0, 27] is
a3 h 4 5 d none of these
The number of solutions of sinx +sin 2x+sin 3x =cosx+cos2x +cos 3x,0<x £ 27w, is
a7 hs ¢4 d 6
The number of values of 8 which satisfy the equation sin 36— sin =4 cos’ -2,V 8¢ [0, 27), is
a4 hs R 7 ' d 0
One of the general solutions 0of' 4 sin 8sin 28sin 48=sin 3015 '
a@Bnt W12,V ne Z h @nt )W, VneZ
c. Bnx )9, VneZ ; d Bn+)m3,VneZ
The general solution of tan 8+ tan 28+ tan 38=0 is
a O=nn/6,ne 7 h 8=nr+x a, ne Z where tan a=l/\/§
¢. Bothaand b . d none of these
The general solution of sin 3= 4 sin @ sin (x + @) sin (x = ) is
ann+ a4,V neZ b nrt W3, VneZ
¢ nnt9,VneZ d nr+n/12,VneZ
One of the general solutions of \/3 cos O3 sin 8=4 sin 20 cos 38 is
amret+tnl8,meZ _ b ma2+ w6, VNme Z
c.mm3+n/8, meZ d none of these
The equation sin' x+cos'x +sin2x+a= 0 is solvable for
a-52<a<gi1n h-3Lag] c.—-¥2gasl/2 d-1£ag]

Consider the system of lincar equations in x, y and z:
(sin3@)x—y+z=0
(cos28)x+4y+3z=0
2x+Ty+72z=0
then which of the following can be the values of @ for which the system has a non-trivial solution

ann+(-1)" w6, Vne Z i b nr+(=1)" 3,V ne Z
e. nt+(-1)Y' 9,V ne Z d none of these

The smallest +ve x satisfying the equation log,, . Sin x + logg, Cosx =215
a 2 h #/3 ¢. /4 ; d 76

Number of ordered pairs which satisfy the equation x% + 2x sin (xp) + | =0 are (wherev e [0,27])
a } h2 ¢3 _ do ‘

The general solution of the equation 8 cos x cos 2x cos 4x = sin 6x/sin x is
ax=n+(m21),VneZ h x=Qa/7)+(W14),Vne Z
c. x=(nad)+(Wi4),VneZ . d x=(nn)+("14),Vne Z

7
If cos 3x + sin (2x-?ﬂ) =-2,thenxisequalto (ke 2)

a %(Gk +1) h %(6!:—1) . 3’5(2/{ +1) d none of these
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51. If(1—tan@) (1 +tan@) sec? @+ 2" ¢ =, then the number of values of @in the interval (—7/2, 7/2) are
a h 2 _ _ ¢.3 ‘44 '

T . n ;
52. Number of solutions oftan(‘z' sin 9)-_'00*(5 cos 9]‘, Oe [0, 6], is

a s h 7 - c.4 ) d>5

53.-.The total number of solutions of cos x = +/1—sin2x in [0, 27] is equal to
a 2 h 3 ¢S ~ d none of these
5
54. The number of solutions of » cos rx =5 in the interval [0, 27} is

r=1

a0 ' h2 , e 5 d 10
55, The number of values of x for which sin 2x + cos 4x = 2 is _
a0 hl e2 d. infinite

" 56. Let azand 3 be any two positive values of x for which 2 cos x, | cos x | and 1 — 3 cos” x are in GP. The
minimum value of | o— B is

T T . T
a — A h — e = ° d none of these
3 4 2
57. The general solution of the equation sin'® x — cos'” x = 1 is

' n
a.2rm‘+%,ne! h.mr+%,‘ne] c.mr+z,nel d.th—g,nei

2 ) l .
58. The total number of solutions of |cot x| = cot x + —— , x € [0, 37} is equal to
sin x

al h 2 ' ¢. 3 40
59. Iftan (4—B)=1landsec{4+ B)= 2/ V3, then the smallest positive values of 4 and B, respectively, are
25r 197 197 25n 3lr 131 . 130 31ln
& —, — - h —, — ¢ —, — d —, —
24 24 24 24 24 24 24 24
60. If3tan (60— 15°)=tan(8+ 15°), then @is equal to (n € Z)
a nm+ = honm+= ¢+ d none of these
4 8 ~ 3
61. Iftan 36+ tan €= 2 tan 26, then @is equal to (n € Z)
a. nmw ' h —'z-r- ' ¢ 2nm d none of these

62. The set of all x in [%%J satisfying |4 sinx— | | < J5 is given by

n 3n r 3 r 3z
- B | =—y— o | =y — d f th
a'( 10 10) (10 10) . (10 10) RIS
63. sin x + cos x =y’ —y + a has no value of x for any value of y if a belongs to
a. (0,3) h (-v3,0) ¢. (~o0,~3) d (¥3,)

64. The solution of 4 sin’ x + tan® x + cosec® x + cof x — 6 =0 is

: T b/
a mr;i:£ b 2nt+ — ¢ nm+ — : d.mr—-z
4 4 3 6
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66.

67.

68.

69.

70.

71.

72,
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74.

78.

76.

T

78.

T

Trigonometric Equations 3.25

The number of solutions of [sin x «+ cos x] = 3 + [— sin x] + [~ cos x] (where [.] denotes the greatest
integer function), x € [0, 27], is

a0 h 4 ¢. infinite dl
The equation cos® x + b cos® x + 1 = 0 will have a solution if » belongs to
a (—o0,2) b [2, ) ¢. (~o0,=2] " d none of these
The number of values of y in [- 2x, 2] satisfying the equation [sin 2x| + |cos 2Zx| = [sin y| is
a3 . h4 o do6
1f both the distinct roots of the equation [sin x}? + |sin x| + b= 0 in [0, 7] arc real, then the values of b are

a [-2,0] h (-2,0) ¢. [-2,0) d none of these
If |2 sin 8—cosec 21 and O %z_ ,ne l then

a. cos2021/2 b cos262>1/4 ¢. cos20<1/2 d cos20<1/4
The number of solutions of the equation sin® x cos x + sin® x cos® x + sin x.cos’ x = 1, in the interval

[0,27], is
a4 h2 e | - do
A 4 o7kind 4 40 = 0 will have exactly four different solutions in [0, 27] if
2
aaeR bhae [—E,—-—]- C ae wl i , d none of these
4 4 ' 4¢ §

3
The total number of solutions of In |sin x| = —x* + 2x in [-%, -Eﬂ-} is equal to

a ' h2 c 4 d none of these

: -
The total number of ordered pairs (x, ) satisfying [x| + [y| = 4, sin (%—J = lis equal to

a 2 h3 _ c.4 dé6
The total number of solutions of sin {x} = cos {x} (where {.} denotes the fractional part) in [0, 27] is
equal to '

a S h 6 c. 8 d none of these

fa, be {0,2n)] and the equation x? 44 + 3 sin (ax + b) — 2x = 0 has at least one solution, then the value
of (a + b) can be

a 7—” b i c. 9—” d none of these
2 2 2
The equation tan® x — 2 sec’ x + a =0 will have at least one solution if
a 1<a<4 haz22 c.as<3 d none of these

Complete the set of values of x in (0, ) satisfying the equation | + log, sin x + log, sin 3x 20 is

a 2_”_.31 b (E, 2—”-) ¢ (0, i)u(z—x, n:) d [E?—ﬂ]
3 4 13 3 2 3 2 3
4 4
The equation sin® @ =————=1——~———— has
q sin> 0 -1 sin® @ ~1

a. no root b one root ¢. tWo roots p ¢. infinite roots

The sum of all roots of sin [n log; (ln =0in(0,2nm)is ‘e
X

a 32 h 4 c. 92 d 13/3
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80. The number of pairs of integer (x, y) that satisfy the following two equations

cos(xy) = x is
tan(xy) = ¥
a | h 2 c.4 d 6.

: e i wY.
81. Sum of all the solutions in [0, 47] of the equation tan x + cotx + 1 = cos(x + I) is

a 37 h 772 ¢. T2 d 4n
82. Number of solutions the equation cos(8)-cos (78) = | has
al ’ h 2 c | d infinite
83. The general value of x satisfying the equation 2 cot’x + 2 J3 cotx+4 cosec x + 8 =0is
i n n n
ann—-—.,ne’ hne+ — ne 2 c.2nn~—,ne Z d 2nn+ —,ne ”Z
6 6 6 6"
84. Assume that 0 is a rational multiple of 7 such that cos 8 is a distinct rational. Number of values of
cos Ois -
a3 h 4 e 5 dé

85. Number of ordered pair(s) (a, b) for each of which the equality a (cos x— 1) + b* = cos (ax +-b2) -1 holds

"true forally e Rare
a | : h2 c3 -d. q

s e e —
Multiple Correct Answers. Type Solutions on page 3.54"

Each question has four choices a, b, ¢, and d, out of which one or more answers are correct.

1. If4sinx+cos’ x =1, then x is equal to (n € 2)

a nn : h nr sin™ Jé e EE d.2nr+ £
5 3 4
2. Ifsin® 8+ sin Bcos 8+ cos® 8= 1, then Bis equal to (n € Z)
a 2nmw _ b 2nm+ % ¢ 2nm—- -725 d nm
3. A general solution of tan® 8+ c0s 20=l is (ne 2)
' n
a. mr—£ b. 2nn+ £ .o nnt — d nn
4 4 - 4
: 1 '
4. Ifsinx+cosx= ’y + — forx e [0, ], then
o
a x=p4 b.y=0 e y=1 d x=3m/4
5. sin 8+ \EcosB =6x—x2—11,0< 0<47 x e R, holds for
a. no values of x and 6 b one value of x and two values of 6
¢. two vahies of x and two values of 6 d two point of values of (x, 6)
6. If sin® x—2 sinx~ 1 =0 has exactly four different solutions in x € [0, n7], then value/values of 1 is/are
(ne N) ,
a s b.3 c.4 d 6

7. For thé smallest positive values of x and y, the equation 2(sin x + sin ¥) — 2 cos (x —¥) = 3 has a solution,
then which of the following is/are true?



10.

11.
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o XAy xX=y
a sin il h cos
2 (P

¢. number of ordered pairs (x, y) is 2 d number of ordered pairs (x, ) is 3
For the equation |—-2x ~x? = tan® (x +y) + cot? (x +v)

a. exactly one value of x exists h exactly two values of x exists

cy=-l+nn+md ne 2 dy=l+nn+ndneZ
Ifx +y=m/4 and tan x + tan y = |, then (n € 2)

a sin x =0 always ' h when x = nm+ n/d theny=—nn’

c. when x = nmthen y = nre+ (w/4) d whenx = nn+ /4 then y = nn—(/4)
[fx +y=2m/3 and sin x/sin y =2, then ¢

a. the number of values of x € [0,47]are4 b number of values of x € [0, 47} are 2

¢. number of valuesof ve [0,47] are 4 d number of values of y € [0, 4 7] are 8

Let tan x — tan® x > 0 and [2sin x| < 1. Then the intersection of which of the following two sets satisfies

. both the inequalities?

12.

13.

14.

15.

16.

17.

18.

axX>nn,ne zZ b x>nr-m6,ne Z

c.x<nr-nd ne Z - dx<nr+nb,ne Z
If cos (x + /3) + cos x = a has real solutions, then

a. number of integral values of a are 3

h sum of number of integral values of a is 0

¢. when @ = |, number of solutions for x € [0, 2] are 3

d when a= 1, number of solutions forx € [0, 2] are 2

For 0 S x <2, then 2“"‘“1" J%},z -y+l s V2

a. is satisfied by exactly onc value of y h 1is satisfied by exactly two value of x
c. is satisfied by x for which cos x =0 d is satisfied by x for which sinx=0

If sin x = a sin x + b= 0 has only one solution in (0, 7), then which of the following statements are
correct?

a ae (—oo, 11U [2,00) b.be (—o0,0] WU [1,00) c.a=1+b d none of these

If (cosec? O—4)x? + (cot 6+ 3 )x + cos? _3%:_ = 0 holds true for all real x, then the most general values

of @can be given by (n € 7)

a 2nw+ ]—IE ' b 2nm+ -SE C.2nmk E d nr+ HE-
6 6 6 6

If (sin @) x* —2x + b > 2 for all the real values of x < | and e (0, 7/2) L (72, 7), then the possible real
values of b is/are

a 2 h3 c.4 dS5
-1 3+l
The value of x in (0, 7/2) sahsfymgf =442 i
sinx  cosx
- z ]
a. ..E h S_R' ' .7_”. d _.!.E
12 12 24 36

If cos 30 = cos 3¢, then the value of sin 8 can be given by

a sino h sin (-f—:—ia) ¢. sin (%-}a] dsin(%—u)
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19. Which of the following sets can be the subset of the general solution of 1 + cos 3x
=2cos2x(n€ Z)?

n

n 4
AT+ X - - .
a.nm 3 b. nm+ : C. nm 7 d.2nn

20. In a right-angled triangle, the hypotenuse is 22 times the perpendicular drawn from the opposite
vertex. Then the other acute angles of the triangle are

r b E L W E
3 " 8 "8 6

Reasoning Type.’

Each question has four choices a, b, ¢, and d, out of which only one is correct, Each question contains
STATEMENT 1and STATEMENT2. '
a. if both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT |
b ifboth the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT |
c. if STATEMENT | is TRUE and STATEMENT 2 is FALSE
d if STATEMENT 1 is FALSE and STATEMENT 2 is TRUE
1. Statement 1: The value of x for which (sin x + cos x)' "% =2_when 0 <x < 7is 774 only.
Statement 2: The maximum value of sin x + cos x occurs when x = 7/4,
2. Statement 1: The equation sin’x + cos’v = 2 sec? z is solvable when only sin x = 1; cos y = | and
secz =1, wherex,y,z€ R,
Statement 2: The maximum value of sin x and cos y is 1 and minimum value of sec z is 1.
3. Statement 1: Equation x sin x = | has four roots forx e (- x, 7).
Statement 2: The graph of y = sin x and y = 1/x cuts cxactly two times for x & (0, 7).
4. Statement I:sin x=a, where — | <a <0, then for x € [0, nn] has 2(n— 1) solutions V ne N.
Statement 2: sin x takes value a exactly two times when we take one complete rotation covering all the
quadrant starting fromx = 0.,

5. Statement 1: Equation +/| —sin2x = sinx has I solution for x € [0, 7/4].
Statement 2: cos x > sin x when x € [0, #/4].

" 6. Statement I: The number of solution of the equation [sin x| = x| is only one.
Statement 2: [sinx] 20V xe R.

a

Solutions on page 3.59

7. Statement I: General solutionof _tandx—tan2x _ . #t 7 pe
1+tan 4x tan 2x 2 8

. " n
Statement 2: General solutionoftan @ =1 is @=nn+ 7 ,ne l.

8. Statement 1: The equation sin (cos x) = cos (sinx) has no real solution,
Statement 2: sinxvxcosx € [—sfi ﬁ] "

9. Statement I: Equation sin x = ¢ has infinite solutions.
Statement 2: y = ¢" is an unbounded function.
10. Statement 1: Number of solution of # | sinx|=m | cos x | (where m, n€ Z) in [0, 27} is independent of
m and n.
Statement 2: Multiplying trigonometric functions by constant changes only range of the function but
period remains same. '
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Linked Comprehension Type ~ Solutions on page 3.61

Based upon each paragraph, three multiple choice guestions have to be answered. Each question has four
choices a, b, ¢, and d, out of which only oneis correct.
For Problems 1-3

Consider the cubic equation

x* = (1 + cos 8+ sin ) x* ++ (cos @sin B+ cos @+ sin 6) x —sin Bcos 6=0

whose roots are x,, x, and x;.

1. The value of xf + x} +x3 equals

al : h2 c.2cos B d sin O(sin @+ cos 6)
2. Number of values of @ in [0, 2] for which at least two roots are equal
a3 h 4 £3 d 6

3. Greatest possible difference between two of the roots if 8€ [0, 27] is

a 2 hl e 2 d 242

For Problems 4 -6 5
Consider the equation sec 8+ cosec 0=a, 0€ (0,2n) - {n/2, m, 32}
4. If the equation has four real roots, then

a a2 22 hiad<2y2 caz2-22 d none of these
5. If the equation has two real roots, then ‘

a |a|2 242 ha< 272 ¢ lal< 22 d none of these
6. If the equation has no real roots, then

a |g2 22 ha< 242 ¢ la| < 22 ' d none of these

For Problems 7—9
Consider the system of equations
sinxcos2y=(a*—1)*+1,
cosxsin2y=a+ 1

7. Number of values of a for which the system has a solution is .
a l h?2 e 3 : d infinite

8. Number of values of x € [0, 2], when the system has solution for permissible values of a, is/are
a | h 2 c3 : d 4

9. Number of values of y € [0, 27], when the system has solution for permissible values of a, are
a 2 ' b3 c 4 dS5

For Problems 10-12

Consider the equation L: (r2 -8t +13)dt = x sin(a/x)

10. The number of real values of x for which the cquation has solution is
a l b 2 ¢ 3 d infinite
11. Ifx takes the values for which the equation has a solution, then the number of values of a € [0, 100] is
a2 " hi (- d3 -
J2. One of the solutions of |y - cosa] < x, where x and « are values that satisfy the given equation, is
a ye [-5,7] bhye[-7,5] e yel57] d none of these
For Problems 13-15
Consider the system of equations
x cos’ ¥+ 3xcosysin’y = 14
xsin’ y+ 3x cos? y siny=13
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13. The value/values of x is/are

a 545 h+ 5

14. The number of values of y € [0, 67] is

as h3
15. The value of sin’y + 2cos’y is
a 4/5 h 9/5

Matrix-Match Type

Each question contains statements given in two columns which have to be matched. Statements (a,b,¢,d)in
column 1 have to be matched with statements (p, g, r, ) in column 11. If the correct match area — p,a— s,b— q,

d6

Solutions on page 3.64 _l

¢ = p,c— qandd-> s,then the correctly bubbled 4 x 4 matrix should be as follows:

OO
OO
00010
OOOO

Column 1 (Equation)

Column 11 (Solution)

a  cos’2y+ cos’x = 1

= 3 4
p.x- JIJT"""E' J H]'[*{-E- nez

h oosx-t—JI-’) sin x=\@

nm
.x='—-,n€Z
Ll

e l+ JE tan’ x = (] + \5) 1anx

rx=(2n -1) -g—,n €z

n n
d.tan 3x—tan 2y ~tanx=0 S.X= {2:17: + —2'} v {2:17: + —6—}: neZz
2.
Column 1 (Equation) Column Il (Number of solutions)
a.x>+xt+4x+2sinx=0in0<x <20 p.4
b. sin ¢' cos ¢ =22 +2 %2 q.1
c.sin2x+cosdx=2 r2
d.30[sinx]=xin0<Sx <21 5.0

. d none of these

& none of these
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3.
Column 1 (Equation) Column T (Solution)
a. r;nax {5sin 8+ 3 sin (8- @)} =7 then the p.2nn+3md .ne Z
R

set of possible values of o is

Tx-3sinx+2 _ i

b. x # %’E and (cos )™ q.2nn £ —g—;n €Z

¢. JGsinx) +2"* cosx =0 t.2nm+cos™ (1/3),ne Z
d. log, tan x = (logs 4) (log, (3 sinx) s. no solution

1.

2.

10.

11.
12.

Integer Type Solutions on page 3.66

Number of values of p for which equation sin’x+ | +p’ =3 psinx=0 (p>0)has aroot is

Number of roots of the equation |sin x cos x| + J2+ tan’x+cot’x = J3,x € [0, 4], are

Number of roots of thé equation (3 + cos x)* =4 — 2 sin®x, x € [0, 57] arc

sin x sin 3x i
& 4 S Ox
cos3x ©  cosOx cos 27x

Number of solution(s) of the equation

T
= 0 in the interval [ng]
is

2 2
Number of solutions of the equation (\5 + I) " % (ﬁ - 1) T =¥ is

4m -6

Number of integral value(s) of m for the equation sin x - Vicosx = s has solutions
x € [0, 2m] is |

The value of a for which system of equations sin’x + cos’y = 370 and cos’x + sinzy = E;— has a
solution is

If cos 4x = ag + alcoszx + a,cos'x is true for all values of x € R, then the value of Sa + @, + a,
is

Number of mtegral values of a for which the equatlon cos™x ~sinx+a=0 has roots when x € (0, 7/2)
is

The maximum mtegral value of a for which the equation a sinx + cos 2x = 2a -7 has a solution is

sinzl x—E l

g 4

nn[.;—-] cos 2x

Number of roots the equation 2 - 2(0.25) +1= 0 is

Number of solution of the equation sin® x ~ cos® x sin x + 2 sin® x + sin x = O in0€x<3nis
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' : Solutions on page 3. 69
- we .w v . - - - e e et e s e e = A e

‘Subjective
1. Find the coordinates of the points of intersection of the curves y = cos x, y = sin 3x if — 3253 x< %
_ : / (JIT-JEE, 1982)
2. Find all the solution of 4 cos® x sin x — 2 sin® x = 3 sin x. (IIT-JEE, 1983)
3. Find the values of x € (~ 7, ) which satisfy the equation 8 (+cos siticos” sf+ieos® at+..) . 47,
o o (IIT-IEE, 1984)
4. Find all values of @in the interval [-E, E) satisfying the equation
(1 —tan 6) (1 +tan 6) sec® § + 2u'9 . (IT-JEE, 1996)
5. Find the number of all possible value of 8, where 0 < 8 <, for which the system of equations
(r+z)cos 30 =(xyz)sin 360
st A 2 cos 36 4 2 sin 36
: 4
(xyz)sin360=(y+2z)cos 368+ ysin3 0
“have a solution (xg, yg, Zo) With yzo # 0. (1IT-JEE, 2010)

6. Find the number of values of @ in the interval (~—% %J such that @ # % form=0,+1,+2and

tan 8= cot 50 as well as sin 28 = cos 46. (INT-JEE, 2010)
Objective '
Fill in the blanks
1. The solution set of the system of equations x +y = ZTK , COS X + COS Y = % , where x and y are real, is
' : (ITT-JEE, 1986)
2. The set of all x in the interval [0, 7] for which 2 sinx—3sinx+120is ¢ (IIT-JEE, 1987)
3. General value of 8 satisfying the equation tan? 8+ sec 20=lis ______. (IITSJEE, 1996)
4. The real roots of the equation cosT_ x+sin® x=1in the interval (- m, m) are and
(IT-JEE, 1997)
True or false
1. There exists a value of 8 between 0 and 27 that satisfies the equation sin® 6—2 sin® 6—1 =0.
(IfT-JEE, 1984)
Multiple choice questions with one correct answer
1. The equation 2cos? %sinz x=x>+x? 0<xg % has (IT-JEE, 1980)
a. no real solution ' h one real solution
¢. more than one solution d none of these
2. The general solution of the trigonometric equation sin x + cosx = 1 is given by * (IIT-JEE, 1981)
ax=2nmn=0,+1,+2,.. b x=2nm+w2;n=0,%1,%2,..
cx=ngt(=1) = 2, n=0;:t 1,£2,... d none of these

3. The general solution of the equation sinx ~3 sin2x +sin3x =cosx -3 cos 2x +cos Ix is (ne€ 2)
(MT-JEE, 1989)
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n nt mw nm n 2
a nmt — h —+— ¢ (-1 —+— d 2nr+ cos™ —
8 2 '8 D543 i 3
4. The equation (cos p — 1)x* + (cos p)x + sin p = 0 in the variable x has real roots. Then p can take any
value in the interval (1IT-JEE, 1990)
a (0,21) b (-1,0) 3 [—-2’5 125) d (0,7)
5. The number of solutions of the equation tan x + sec x = 2 cos x lying in the interval [0, 27] is
_ ~ (IIT-JEE, 1993)
ao h i e 2 d3
6. The general values of 8 satisfying the equation 2 sin8—3sin 8-2=01is (ne Z) (IITJEE,1995)

a na+(—1)" w6 b nr+(-1) n/2 ¢ na+(=1) 576 d nr+(=1)" 716
' sinx cosx Cos
7. The number of distinct real roots of |cosx sinx cosx]=0 inthe interval — % <x S% is
cosx cosx sinx

(IIT-JEE, 2001)
a0 h 2 c 1 d3 '
8. The number of integral values of & for which the equation 7 cos x + 5 sin x = 2k + | has a solution is
a4 h 8 c. 10 d 12 (IIT-JEE,2002)
9. cos(ex—f)=1and cos(e+ ) = 1/e where o, 8 € [- =, ). Pairs of &, B which satisfy both the equations
is/are (IIT-JEE, 2005)
a0 bl 6.2 d4
10. The value of 8 (0, 27) for which the equation is 2 sin® 8—5 sin 8+2>0is - (IIT-JEE, 2006)
n Sm n 5t n n Sz\ - (4ln ,
“‘(0’6)”(6 2)"(8’6) °(°’8JU[6’6J d[48’“)
11. The number of solutions of the pair of equations (1IT-JEE, 2007)

2 sin’ 8—cos 20=0
2cos’9-3sin6=0
in the interval [0, 27 is
a0 hil e.2 d4

Multiple choice questions with one or more than one correct answers
1. The number of all the possible triplets (a,, a,, a,) such that a, + a, cos(2x) + a, sin*(x) = 0 for all x is

A . (IT-JEE, 1987)
a0 hl 3 d infinite
2. The values of 8 Iymg between =0 and 8= 6/2 and satlsfymg the equation
1+sin’8  cos’O 45in 40 _
sin?8  l+cos’@ 4sind® |=0 are (IITJEE, 1988)
sin?@  cos’@  1+4sin40 .
a 7724 b 5724 ¢ 11724 d 724
3. The number of values of x in the interval [0, 57] satisfying the equatlon 3sinx~Tsinx+2=0is
al b5 c.6 d 10 (ITNJEE, 1998)

4. Let2sin’x+ 3 sinx—2>0andx?-x-2 <0 (x is measured in radians). Then x lies in the interval

a [“ 5") (-1 S”J ¢ (=1,2) ' d (3’—,2]
6' 6 5 : . 6

(IIT-JEE, 1994)
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" 4
5 Ifsm x+cos x=l.then
2 3 5 o | =
g tanx=2 p SN X cosx I & witaal g Sinx cosix 2
3 8 27 125 3 8 27 125

(II'T-JEE, 2009)

ANSWERS AND SOLUTIONS

- " - —'_H“.- =i o e ““
Subjective Type | |

- 1. We have 3 (tan 2x —tan 3x) =tan 3x (l + tan 3x tan 2x)
3(tan 2x - tan 3x)/(1+ tan 3x tan 2x) =tan 3x

3 tan (2x - 3x) = tan 3x ;

Jtanx+(3 tanx-lan3x)/(l -3tan2x)=0

tan x [3(1 -3 tan’x) + 3 —tan’x] =0

tanx (6 — 10 tan’x)=0

tan x = 0 or tan x = 3/5

Iftanx=0 = x=nmnel

LU U LU

and if tan® x = 3/5 = x=mu+a=mr+tan' J3/5 me 2
Hence, x=nx, maxtan™ J3/5,Vm ne Z.

2. The given equation can be rewritten as 2[sin (2x + 7/6) + sin 71/2] = & + J3 sin 2x —cos 2x
= cos Zx (a®=2)2

= 2cos’x=a/2orcos’x=(al2)’ ' A )
= a’<40f-2<as2 I (ii)
For a = 0, the given equation is reduced to ‘

cosx=0,ie,x=nr+(W2),ne 2 i)

3. sm (x/3)+cos (x/3)> 12(ne Z)
= 1-2sin? (x/3) cos’ (x/3)>l/2

= 1-=sin? (2x/3) > =
2 2
= sin®*(2/3)<1
which is always true except when sin? (2x/3) = |
This means 2x/3 = nrwx (n/2) orx=B3nn/2) £ 3n/4) ,ne Z
Hence, solution set of the inequality is R — {x : X = @Bnril2)x(3n/4),neZ}.

4. sinx+siny =sin(x+y)

+ v ® - +
= 2sin =t <:o$JL v—coqu =0
g 2 &

5 + ; o A
= 4sin i—'vsm f—sm-)- =(
2 2 2

1]

a.sin -2 =0 = x+y=2nmneZ = x+y=0(- lx|+|y'=l=?-15x.ySl)




Trigonometric Equations 3.35

b.sin§=0 = x=2mm,meZ = x=(0

c.sin%:O = y=2pmpe’Z = y=0
From [xj + [} = |
Ifx=0,then|y|=1 = y=| .
Ify=0, then x| =1 = x=4]
Ify=—x,then x|+ |—-x|=2 = x=t%andy=;%
. 1 1 1 1

Hence, solutions are (0, 1), (0, 1), (1, 0),{(~1,0), | =, == |and | ==, = |.

(0, 1), (0,-1), (1, 03, )(2 2) (22)

5. tan' x +tan' y + 2 co? x cot’ y =3 + sin? (x +y)
= tan'x+tan'y+2cot’ xcot? y—2=1+sin’ (x +y)
= (tan® x —tan? y)? + 2(tan x tan y — cot x cot ) =—1+sin’ (x +y)
NowL.H.S.20and R.H.S.£0
= LHS.=RHS.=0
= tan’x= tan’y and tan’x tanzy =] and sin’(x +y)=0
=tan’y=landx+y=nmne Z

n n
= x=nnt Z,ne Zandy=ml::-i-,ne b

6. The given equation is possible if sin (1 =x) 20 and cos x 2 0.
On squaring, we get sin (1 —x) =cosx

y
l 13 B
// o y s!ﬂ(1 )-
L -X .
x' / - X
o' = n ’/
2 -~ 2 : <) /
yl

=9 cos[g-—(l -x))=cosx

= %—1+x=2nn‘ix,ns Z

-2 41
S —— ,ne Z
2
i T ” i :
Forn=2, x= T+-5 which is the smallest positive root of the given equation.

7. 2sinx+cosy=2 ;
= cosy=2(1-sinx), wehavecosye [-1, 1]

= -—lSl—sinxS-l =5 lSs.in‘;t.'s—?’- = lSsin.»:Sl
2 2 2 . 2 2
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Lett=sinx = x=sin"'(f), 7€ [1/2,1]
=2nmEcos ' 2(1-1) |
= cosy=21-) = ° ™ (h=3) te [12,1]
and x = n,7 +(~1)" sin™ (1)

8. sinx= % | x|+ % or 2 sinx = |x| + a. Consider graphs of y=2sinxand y = | x|.
. y ]
‘ A /
\:\\ 2 /// y = 2sin x

N7 Ve
Q/ '

o)

)

pal sy
T

ke

]

Fig. 3.7

Equation 2 sin x = | x | + @ will have a solution so long as the line y=|x|+ aintersects or at least touches
the curve, y = 2sin x. In this case, we must have dy/dx = 2¢os x = 1 = the slope of the line

= x=m3.
Hence, the solution exists lf —3~ + a>2sin 5 =a> 3\/5

9. tan [Ecos 9) =cot (Esin 9]=tan(£—£sin 9}' -
2 2 2 2

Ecos‘.(§‘=mr+£—£sin8,n eZ
2 2 2

U

e (sin@ +cos8) =nr-+ & =[n + l] n
2 o 2

sin 8+cos 6=(2n+1)
V2 sin (9 + -;E) =(2n+1)

n=0,— 1 are the only possibilities’

n 1 T
So, sin| 8+~ |=* —= =sin | + —
[ 4] V2 ( 4)

= 9+£=m£+£,m6‘2'
4 2 4

i 1 Ul

= @=m % me Z
However, for the values of m =2k, k € Z, the equation is not defined.

Hence, 0=(2k+ 1) % where ke Z.
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10. sinx +sin (%J(l ~cos2x)” +sin’ 2xJ =0

R g ;
sm(g J(l -cost)z +sin’ ‘Zx] - sin% \J2 =2 cos2x = sin (%Isin xlj

[l . ﬂ H : "
Now sin x + sin ‘Z‘lsm x|l =0 @)
The equation has a solution only when sin x < 0.
The graph of f(x) = sin x <0 is shown in Fig. 3.8.
y ' -

-1 (:p‘h b4 2n n 4n

oo X
\/-1

Fig. 3.8
The graph y = sin [7/4 |sin x|] is as shown in Fig. 3.9.
Y

\

1 wil
[NV o
-~ O ‘ n n In AR ~
' Fig. 3.9

Hence, Eq. (i) has general solution x = nm, ne Z.

. | ¢ "
11. sin’x+ Zsm2 3x =sin xsin? 3x

2

: : ; | I
= sin x—smxsm23x+zsmz3x=0

2
; | 1 .2 Lo 3
= [smx—Esm 3x] +~Zsm 3x(|—sm 3x)=0

-

2 ,
=% [sin X - -%-sin2 BxJ + % sin® 3x cos® 3x =0 " £
1 # 9 |
= (sin x——sin?3x | +—sin26x =0
2 16

i | L
"= sinx- — sin? 3x=0and sin 6x=0

= 2sinx=sin?3xand sin 6x=0 = Fromsin 6x = 0,x=I;:rr/6, ke Z
From here, we choose those values which satisfy the equation, 2 sin x = sin® 3x
.2 km (1, if kis odd

km
Nowsin?3 | — | =+sin? — =
: .[6) sl {O,ifkiscvcn}
= sinx=0or1/2 '

7!' . .
= XxX=nAOrx=nm+ Z -1, nez ,
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Objective Type e T

I.a. sin @=1/2 and cos =~ \5/2
=> @ lies in the second quadrant.
= sin 8=sin 51/6; cos @=cos 57/6;
& 0=2n+ (576)
2. ¢. Since tan 6<0 and cos 8> 0, @lies in the fourth quadrant. Then 6= 77/4.
Hence, the general value of @is 2nr+ 77/4, ne Z.
3.¢. cos pf=-cos g6=cos (n~-qgb)
= pO=2nnx(n-q6)
= (PFqo=Cnxh)n

_(2nx)m

= JNeEZ
YY)

rn
= 0= ntg ,wherer=-3,~1,1,3,..

=3n - T 3n
"prq ptqg ptqg ptq -

= 6=

" Shown above is an A.P. of common difference "
4.d. (cos B8+ cos76)+(cos30+cos560)=0
= 2cos40(cos38+cos @)=0
= 4dcos4 Bcos28cos 8=0

= 4X% 3 sinB(Sin23 6) =0

= sin80=0o0r@=nn/8,ne Z
sin% @

5.b. 3 3 —-2s5in6 =0, cos 820
cos” @ ;

3sin’ @ ;2 sin@(1 —sin’ 6)=0
sin (2 sin6+ 3 sin 8-2)=0
sin 8(2sin 8— 1) (sin 6+2)=0
sin @=0, |

0=nn, nzt +(-1)" (nl6), ne Z
6.b. We have 1% = sin 8¢os 26

] —sin 8(1 -2 sin* §)=0

2sin’ O—sin@+1=0

(sin 8+ 1)(2sin’ @-25sin 6+1)=0
sin 0= |

L 444

b4 8



7.b.

8. b.

10. c.

Trigonometric Equations 3.39

The other factor gives imaginaty roots.

= O=nm+(-1)" [—%] =n-(-1)" 12‘-=mr+(-1)"-' % ne z
2 cos B[cos 120°+cos 20] = | |

= 2¢0s 8 [—%+2c052 9—!)= I

= 4cos 0-3cosB-1=0
= ¢c0s38=1=cos0

= 36=2mror9=2'Tm,ne Z *

Given the values 50 that 2» does not exceed 18.

n=01,2,3..,9
Hence, the sum = —-—Z 27: 9(9;1) =307,
. 1 —'COSB (JE e 1) Siﬂe
secB-—l-——(ﬁml)tanB: =
cos 0 cos8

2 sin? (9/2) = (- 2 — 1) 2 sin (8/2) cos (8/2)

sin (0/2) =0 or tan (6/2) = (2 - 1) =tan (/8)
012 =nmorB/2 =nn+ (nf8) ,ne Z

6=2nror 8=2nn+(w4),ne Z

18l d

. sin® x + cos® x = sin x cos x
. = (sin® x + cos? x)? — 2 sin® x cos® x = sin x cos x

2

| sin22x__sin2x

3 2
sin 2x + sin 2x -2 =0
(sin2x+2)(sin2x-1)=0
sin2x=1

b 190l

2r=(4n+l)%,nez

J

x=(4n+li£,nez

=z 5—"( - x e [0,27])

. 4"
Thus, there are two solutions.
sin 3x + (sin Sx + sinx)=0
= sin3x +(2sin3xcos2x)=0

1 2n
= sin3x=0o0rcos 2x = - E-cos—

3

= x=pmlorx=nnx I, neZ
Then x =0, /3, and 27/3, Hence, there are three solutions.
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11.a. From the given relation
cos 8= (2 sin Ocos 0) sin @, sin 8#0

= sinf= i_% orcos 8=0

3r

Jr T
i 9= G Tk g g '."9 0,
= 2 A 2( e [0,n])

.. B
Then the sum of roots is %

12.¢. The given equation is (cos x — 1) (12cos’x + 5cosx +9)=0 -
=> cosx = | only as the other factor gives imaginary roots
=1=x=2nmneZ
Hence, it.has infinite solutions as n € Z..

13.d. cos 2x=1-2sin®x and put gstn’x =y

- 21::0512.1‘= 21—25?1121 -__2(2-sin2x)2 - 2?2

= 20-3t+1=0

= t=1,1/2-

Ry Q*Siﬂzlezzo .

= sinx=0or x=nn,ne 2
. i

From 275 % = > =271, we get

g n
sinx=1orx=nmr E,ne Z

14.a. cos x cos 6x =1
= 2¢0sxcosbx=-2 = ¢08Tx+cosSx=-2 = ¢os 7x=-1and cos 5x =-1
The value of x satisfying these two equations simultaneously and lying between 0 and 27z is 7.
Therefore, the general solutionis x=2nn+ m ne Z. '
= x=2nt+D)mneZ

15.¢. This is possible only when sin x = cos x = 1, which does not hold simultaneously.
Hence, there is no solution. ' '

16.a. The given equation is 3 (sin x + cos x) — 2 (sinx + cos x) (1 —sinx cos x) = 8
= (sinx+cosx)[3-2+2sinxcosx]=8
= (sinx +cosx) [sin x + cos® x + 2 sinx cos x] =8
= (sinx+cosx)’ =8
= sinx+cosx=2 |
Above solution is not possible. Hence, the given equation has no solution.

17.a. cos’ @= % sin @tan @

= 6¢c0s 0=1-cos’ 0
= 6¢co0s O+cos’0-1=0
= (2cosO-1)(3cos’0+2¢cosB+1)=0

-

™
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= cos@= -%- =:6=2mc:l:%,ne Z
The other factor gives imaginary roots.

18.d. (1-cos2x) + (1 —cos?2x)=2
= cos2x(cos2x+1)=0
= cos2x=0orcosx=-1|
= x=2n+)m2or2x=2nx1)m,ne
= x=2n+)nldorx=2nx1)n2,ne 2
Hence, the solutions are /4, 37/4, Sn/4, T4, n/2, 372,

2 x, as cos x = 0 does not satisfy the equation, we have

19. ¢. Dividing the given equation by cos
tanx-5tanx—6=0
= (tanx+1)(tanx—-6)=0
= tanx=-lortanx=6
Iftanx=—1=tan (- ma),thenx=nn—n4,Vne Z
and, if tan x = 6 = tan ¢ (say)
= a=tan"' 6, thenx =nm+ o= nr+ tan™ 6,Vne 2
Hence, x = nn—(n/4), nt+tan™ 6,ne Z.
tan @ + tan 46
| - tan @ tan 46

20.d. From the given equation, we have =—tan 760

= tan(6+46)=-tan70
=> tan50=tan(-76)
= 58=nn-70
= O=nm/12, wherene Z,butn#6,18, 30, ...

1 2
sin @ cos” @ * sin?
1 +2 cos® 6= 8 sin® @ cos’ 8= 8 cos’ 0 (1 — cos’6)
8 cos’ 8- 6cos? 6+ 1=0
(4 cos® 8- 1) (2 cos? 6—1)=0
cos? 8= 1/4 = cos? (n/3) or cos? 8= 1/2 = cos? (/4)
@=nn+(n/3)or O=nn+(n/d),ne Z

Hence, for0< 0 £ /2, 6= n/3, 6= /4
22.b. tanx + cotx = 2cosec x

sin x L008% _ 2

21.d. We have =8,sin @#0,c0s 0 %0

L 41 313

cosx sinx sinx
1 2

sinxcosx Sinx

= CcOSX= 2!
2
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[ - a1

n
= x=ft—,t—
3 3 :
Thus, there are four solutions,

342isin@ (3 + 2isin @) (1 + 2i sin@) .(3 ~ 4 sin’ 9) + 8i sin 6

23.¢. LetZ= . = . -
L~2isin@ (1 -2isin0)(1+2isin6) 1+ 4sin® 6
3 -4sin? 6 . 8sin @
Therefore, the redl part of Z= ——1—2—- and the imaginary part of Z = _12—
1+ 4sin® @ 1+4sin” 0
p - . 8sinf ) )
Zis real, if imaginary part = —5—=0 orsin@=0o0r@=nm,V ne I
l+4sin“ 0

Zis purely imaginﬁry, if real part (3 - 4 sin® @)/(1 + 4 'sin® §)=0
or sin’ 8=3/4 =sin’ (W) orO=nn+ W3,V ne |
+1 NE)

/3
24.b. 1 —sin’x + V3 §inx=—=1=0
2 4 !

i B

) 3
= 5iPxy — ———sinx + —— =0
; 2 4

= 4sin"x-2.3sinx-2sinx+ /3 =0

On solving, we igct sin x = 112,\6/2 i
= x=7/6, 57/6;, n/3,21/3 -

25.d. Since,7 cos®x +sinxcosx—3=0,
Dividing the equation by cos? x, we get
7+tanx -3 sec’x=0
= T+tanx-3 (I +tan’x)=0
= 3tan’x-tanx~4=0
= (tanxt1)(3tanx—-4)=0

(LY I N

= tanx=-lortanx=

4
= x=aAn+ 3% orx=km+tan ™ (EJ,where (k,ne Z)

26.b. (sin 6+ 2)(sin 8+ 3)(sinB8+4)=6
L.H.S.>6andRH.S.6 )
Therefore, cquality only holds if sin 6=— 1= 8=3#/2, Tn/2

Therefore, sum=5x=> k=5
27.b. sin’x+acosx+a*>1+cosx

Putting x = 0, we get

= a+d*>?2 _:2 1

= a+a-2>0 Fig. 3.10

= (a+2)(a-1)>0

= g<-20ra>l

Therefore, we have the largest negative iritegral value of a=—3.



. 28:b.

29. a.

30. a.

31.a.

32.d.

3

Zx sinx + 2 sin’x + sinx =0

sinx [sin® x~cos*x+2sinx+1]=0

sinx [sin® x =1 +sin*x+2sinx+1]=0
sinx[sin3x+sin2x+2sinx]=0 _
sin® x = 0 or sin’ x + sin x + 2 = 0 (not possible for real x)
sinx=0

Hence, the solutions are x=0, &, 27, 3 7.

sin? x —cos

L3840l

Since,x € [0,2n] andy € [0, 27],

and sinx + siny =2 B

This is possible only, when sinx = 1 and siny = |
= x=nandy=n/2

Hence, x+y= 1.

.(ﬁ — 1) sin 8+(J§ +1)cos 8=2

3-1 | NS 1
o O 9 P s A e=_
S sin +[ 2\5)(:05 5

o M 4 T
= sin — sin 8+ cos — cos 8= cos —
12 12 4

n T
= ¢os|8—-—|=cos —
( 12)

=

4
= 6-F «pnxZ nez
12
=onme 24 L
4 12

sin 68+ sin40+sin260=0

(sin 68+ sin 2@y+sin4 8=0
2sind40cos20+sind40=0
sin48 (2cos260+1)=0

L 44y

2

sind40=0orcos 20=~ — =cos -3-—

L2

2
2

468=nmor20=2nn+ ? ,NE Z

nwa

= = or 9=mr:k%

-

Trigonometric Equations  3.43

The given expression cos y sin x —sin y cos x + sin y sin x + ¢os x cOs ¥ 1§

sin (x —y) +cos (x —y)
sosin(x—y)+cos(x—y)=0

= \ﬁ [T/%Sin (x-y)+-\7l_i-cos(x.—y)]=0

. i
= sin (x—y+;)=0



3.44

33.c.

34. a.

35.d.

36.b.

37.a.

¥

Trigonometry

i . |

- :
=5 2—+x-y==nr:,m.52
%
=) x—y=mr—z,nEZ
n
=> x=mr—: +ywherene Z

tanx tan 4x = | .
= cosdxcosx—sindxsinx=10

=cos Sx=0

|
=>5x=["+5]rr,ns,2
_(2n+l)m0< -
=x= 0 L0<x n

- 3n 5n Tn 9=z

Thus, there are only five solutions.
1
Letf(x)=cosx-x+ 3

1

f(0)=1+.5>0
f(£)=o_£+l=l__£ <0
2 2 2 2

; iy T ) n
Therefore, one root lies in the interval (O,-EJ.

4 ) 4 2 4

= — =nn+
4

2 4
o il
4 2 4
= p+q=2n+l
-4 2

= p+q=‘2(2n+ 1))

. ! !
y=simx—-cosx= V2 [—— sin - — cos x]
V2 V2

= 25in[x--§—) = —ﬁSySwﬁ
4sin*x+cos'x=1
(2sin? x)? + % @ costx)t=1
(1 —cos 2x)? + %(1 +cos2x)’ =1

2
= 5c0s°2x-6cos2x+1=0
= (cos2x—1)(S5cos2x-1)=0

= Rangeofyis [- V2, V2]
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= c¢os2x=]orcos2x=1/§
= 2x=2nmor2x=2nn+ &, where @=cos™ (1/5), Vne Z
38.c. (1—tan 8)[1+2tan 8/(1 +tan* &) =1 +tan 8
(1 —tan 8) (1 + tan 6 = (1 + tan §) () + tan’ 6)
(1+tan 6) [(1 —tan® @)= (1 +tan’ G)] =0
~2tan? =0, (] +tan 6)=0
tan 6=0,ortan 8=-1 -
@=nmor nw—-md,V ne Z for 0e[0,2n) 0=0, n,2x, 3n/4, Tr/d
39.d. We have (sin x + sin 3x) + sin 2x = (cos x + cos 3 x) + cos 2¥
2 sin 2x cos x + sin 2x =2 ¢cos 2x cos x + ¢os 2x
sin2x(2cosx+1)=cos2x(2cosx+1)
(2 cosx+1)(sin2x —cos 2x) = 0
cosx=—1/2 orsin 2x—cos 2x =0
x=2nm+(2m/3) ortan 2x = 1 = tan (7/4)
=2nnx(2n/3)orx=(@4n+ 1) /8, ne Z
Buthere 0 <x<2n
Hence, x = n/8, S7/8, 2n/3,9m/8, 4n/3, 137/8.
40.b. 3 sin 6—4sin® 6—sin 6=2(2cos> 6- 1)
= 2sin 8(1 -2sin® ) =2cos2 6
= 2¢0s28(sin8-1)=0
= ¢0s20=0o0rsin =1
= 20=02n+ ) n2or8=2nn+n2,Vne Z
@=02n+1)Ymd,or6=@n+ 1Y W2, Vne Z
Hence 0= /4, 3n/4, S, T4, 2. (. 0ef0,27))
41, c. We have 4 sin 8sin 205sin46=3 sin 8~4 sin’ 8
sin 8 [4 sin 20sin 40~3 + 4 sin® ]=0
sin 8 [2 (cos20~cos668) -3 +2 (1 —cos20)] =0
sin @ (=2 cos68-1)=0
sin @ =0 or cos 68=-1/2
@=nnor60=2nn+t2n/3,Vne Z
=nmor @=3n+t 1) 9,V ne Z
42. b.From the given equatlon we have tan 6+ tan 20+ tan (9+ 26)=0

U

L3844

48418

tan @ + tan 20 _
sl Sl I-tan@tan26
= (tan9+tan29)[l+ I ]z
1 - tan @ tan 20
.=» (tan @+tan26)(2—tan Otan2 6)=0
= tan & =tan (- 26) or 2 —tan 8[(2 tan 8)/(1 —tan’ §)] =0
= @=nm-200r1-2tan’* =0

= n'3 or tan? = 1/2 = tan’ o (say)

Therefore, §=nm+ o, where tan o= 1/+/2 )
43.b. We have sin 30 = 4 sin & (sin’ x — sin? q)

= 3sina—4sin’ a=4sin asin x-4 sin’ o

= 3 sin-a@=4sin asin’x orsin =0



3.46

44. c.

45. c.

46. a,

47.¢c.

48.b.

49, c.

Trigonometry

If sin @#0, sinx=3/4 =( NE) f2.)2 =sin® (7/3), therefore x = na+m/3,V ne Z

If sin @=0, i.e., @= n7x, cquation becomes an identity.
We have 3 cos 6 — 3sin6 = 2 (sin 56 — sin ) -

= (V3/2)cos 0 (1/2) sin 8 =sin 50

= cos (6 + 1/6) =sin 50=cos (w2 -56)

= 0+ n/6=2nnx (22 —56)

= 0=(na3)+(w18)or 0= (—nn/2)+(n6),V ne Z
sinfx+cosx+sin2x+a=0

= (sin® x + cos’x)? — 2sin® x cos
= sin®2x-2sin2x~2-20=0

Ze +sin2x+ =0

Let sin 2x = y. Then the given equation l:u:ct:mws_;;2 -2y-2(] + o) =Owhere-1 £y<1,

(v ~1<sin2xg1)
For real, discriminant 20

= 342020 = a2 -%

Also-1£y< | =>—i£1—,lf3+2a$1-
= 3I+2as4 aalsi.Thus—ESasl
2 2 2

Since the system has a non-trivial solution, the determinant of coefficients= 0

sin3@ -1 1|
= |cos280 4 3|=0
2 7 7

= sin30(28~21)—cos20(-7-7)+2(-3-4)=0
= sin38+2cos26-2=0

= (3sin @—4sin’® )+ 2(1 -2sin* G)-2=0

= 4sin’ @+45in? 6-3sin 6=0

= sinf@2sin@-1)2sinf+3)=0

= sin@=0or B=na+(-1)" n6,Vne 2

, r _ 1
Let log.,. . Sin x =1, then the given equation is 1 +; =2

= (-17=0 = =1 = log,,,sinx=1orsinx=cosx
= x=m4

Given x? + 2 sin(xy)+1=0

= [x+sin )]’ +[1-sin*(x)] =0

= x+sin(xy)=0and sin® (xy) = 1

sin? (xy) = | givessin(xy)=1or~1

=

If sin (xy) = 1 = x=-] = sin(~y)=1 = siny=-1,then

the ordered pair is (1, 3772).
If sin (xy)=~1 = x=] = siny=-1 = (-1,37/2)

- Thus, there are two ordered pairs.

The given cquation is 8 sin x cos x cos 2x cos 4x = sin 6x (sinx # 0)
=> sin 8x=sin 6x = 2cosTxsinx=0
Assinx#0,cosTx=0orIx=nn+na2,ne Z

e, x=ntT+n/ld,ne Z

tanx=1
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50.d. We have cos 3x + sin(Zx—L;I—) ==2
2 Tn
= l+cos3x+1+sin [23:-—6—)=0
-
= (l+cos3x)+1—~cos (Zx——é—)“—"O
23){ . 2 n
= 2c¢os° —+2sin (x—--]=0
3 3

= cos3—x=0 and sin(.r-zj=0
2 3

3x_m 3n

——,—,...,andx-—£=0,n’,21:,... — x=—JE
2 = B 3 3

S—
]

* Therefore, the general solution of cos% =0 and sin [x—% 0 isx=2kn+ % = 1;-(61: +1) where

ke Z.
51.b. Lettan’@=1
= 1-2+2'=0

It is clearly satisfied by ¢ = 3. By inspection, we get tan? 8= 3.
Therefore, 8=+ /3 in the given interval.

52.b, fan Zl:-Sinﬁ' = cot Ecosﬂ
2 2
., tan £sin9 = tan E—Ecose
N 2 % 32

. -{r—sin9=nn+£—£c059
2 2 &

sin @+ cos 0=2n+ |
= sin@+cos =1+ 1

= 1 +sin28=1
= s8in20=0
= 0=nn
53.a. cosx= v1-sin2x =|sinx—cosx|
(a)sinx<cosx = XxE€ [0, %) v [{‘E. 27:] #" [0)
Then the given equation is cos x = cos x — sin x = sinx=0 = X=m2N
= x=27 : [from Eq. ()]
(b)sinx2>cos x = XE€ (EE)
4 4
= COSX=8inXx-Ccosx
= tanx=2
= x=tan” ( (ii)

Hence, there are two solutions.



3.48 Trigonometry

; 5
54.b. Y cosrx=5
" rml
= cosx+cos2x+cos3x+cosdx+cosSx=5 .
which is possible only, when cos x = cos 2x = cos 3x = cos 4x = cos S5x =1 and is satisfied by x =0 and
. x=2m.
55.a. sin2x+cosdx = 2
It is possible only, when sin Zx =1 andcosdx =1
= sin2x=1and1-2sin?2x=1
= sin2x=1landsin2x=0 -
Hence, there is no solution.
56.d. cos?x=2cosx(l -3 cos’x)
= 6cos’x+cos’x—2cosx=0

- : 3 2
= cosx=0,—,-—
2’73 |
= x= % %, cos™! (- %) i a,ﬁﬁre-f-ve)
If a*E ;B= thenwehavcla—-ﬁ|=-’-6t-- ‘

57.b. We have sin °°x -cos'®x=1
= sin'®x=1+ cos'® x

Since the L.H.S. never exceeds 1, R.H.S. exceeds | unless cosx=0

Then, x =nn+ %,ne ]

' : 1
cotx| =cotx + ——

58.b.
sinx
Ifcotx>0=cotx=cotx+ _1 =(
smx
1 oo o
= ——={, which is not possible.
sin x

| Ti—_
If cotx<0 = =—cotx=cotx+ ——

sin x
= -2<:uz)t.uc=_L
sin x
=>casx=-l
2
2w 8n
= = — —
3" 3
59.a. tan(A-B)=
PR —— e
q 4 4 . 4
éec(A+B =i =5 A+B=2n;;;|:£=£ H‘E
N =8 &' §°

For the least positive values of 4 and B,



60. a.

61. a.

62. a.

1Y 1
63. d. yz—y+a=(y-——-) +a—z

Trigonometric Equations 3.49

11 )
A+B=_”,A—B=£ = B=_’A=_
6 4 4 24
Let4=6+15° B=0-15°
= A+B=28andA-B=30°
tan A _-3
tanB |
tan A+ tan B %1
tanA —tan B 3-1
sin (A +B8)
sin(A —B)
= sin268=2sin30°=1

Now

(applying componendo and dividendo rule)

=2

= 29=2nn'+§ oreémﬂg neZ

tan 30+ tan 8= 2 tan 20
=> fan36@-tan20=tan20—tan @

sin (30 — 26)  sin (26 - 6)
cos38 cos 20 - cos 26 cos 8
= sin 8(2sinfsin26)=0
= sinf8=0orsin26=0

=

.= O@=nmror2@=nn,ne Z

But 8= nn/2 is rejected as when i is odd, tan@ is not defined and when » is even, i.e., 2r, then 8=rm. .
Then 8= nx, n € [is the only solution.

We have | 4 sinx— | |<\/§
= =<3 <4sinx-1<+5

| = ~{J§_l)<sinx<(£+ l]
4 4

_ ; b4
= =8N — <SsINX<cos —
10 5

= sin e <sinx<sin(£-—£
10 2 5

= sin (—%)<sinx<sin?—g
[ n 3n)
= X€E |==—, —
10 10

2

Since — V2 <sinx +cosx < V2, the given equation will have no real value x for any y'if a- —;— > 2
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64. a.

65. a.

66. c.

67.b.

68. b.

69. a.

70.d.

Trigonometry

1e,a€ (\E+%,o¢) = ae(ﬁ,m)(asﬁ+%<\f§')

(2 sin x — cosec x)* + (tan x — cot x)* = 0

2

. 1
= sin‘x= -2~ and tanx = |

n
=3 x=ltniz,rzez

[sinx + cos x] =3+ [—sin x] + [~ cos x]

Maximum value of left-hand side is | and minimum of right hand side is also |

= [sinx+cosx]=3 +[—sinx]'+ [-cosx]=1=xe€ rct-i-:-

= [sinx+cosx]=1,[~sinx]==1,[~cosx]=~]
which is not possible.
cosPx+bcos'x+1=0

= b= —(cos4 x+ ) £-2VxeR

cos” x
= be (—9,-2] :

Here 1 £{sin 2x| + |cos 2x| £ V2 and Isiny| <1
so solution is passible only when |sin y| = |

= siny==| =yt = 1:3—7[
> b 2'° 77
Given that |sin x|* + |sin x} + =0 :
~1£/1- ~1£1-4
= lsin= 1++/1-4b 0< 1+ 1 b<l
¥ 2
|2 sin 8—cosec B > 1 -

12 sin® 6— 1|2 |sin §

[cos 26 = |sin 6, :

2 cos’ 202 | —co0s28

2 cos’ 20+ c0s 26120
(2¢c0528-1)(cos28+1)20

I A1 |

= c0s282 l :
2

The given equation can be written as
sin x cos x [sin %x + sin x cos x + cos® x] = |
= sinxcosx [l +sinxcosx]=1

. = s$in2x[2+sin2x]=4

71.d.

-2+ J4+1 '
= sin2x= > g =—1:l:\/§

which is not possible.

P e 4 4= 0 let 1 = 5™
= (e[l €]

1
= t+ - +4ag=0
t

—2<hp<0

(as cos 6#0, i.e., cos 20 —1]
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= F+dar+1=0
This quadratic cxpression should have two distinct roots in [ |, ]
= 16a°-4>0,f(1)=1+4a+120,f(e)=c*+4dae+120,1<-2a<e

il
= |a[>-l-,a2—l,a2 S ,~£<a<—l
2 2 4e 2

Clearly, there is no value of @ satisfying the above inequalities simultaneously.
72.b.

y : y=2x-x2

" b4
N
AT
\

=lIn |sinx|

w

Fig.3.11
In|sin x| =—-x{x—2)

Graphs of y = In|sin x| and y = - x (x ~ 2) meet exactly two times in [—% %ﬂ} .

2
73.¢c. x|+ =4, sin [“g )-1

2
= tx|,|;4e[o,41,£"—=(4n+n—’§-

3 (4n+1)3_§_ —

=>Lle-IyI4J-

Thus, there are four ordered pairs.
74.b. sin {x} =cos {x}

tan {x} =1

tan (7/4)=1 <tan |

483

Fig. 3.12
Graphs of y=tan {x} and y = 1 meet exactly six times in [0, 27].
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75. a.

76. ¢.

77. a.

78.d.°

79. ¢.

Trigonometry

x+4-2x+3sin(ax+5)=0
(x— 1) +3=-3 sin(ax +b)
L.HS.23andRH.S.<3

= LHS=RH.S=3
(x=1)*+3+3sin(ax+b)=0
= x=1,sin(ax+b)=-1

= sin{a+b)=-I

- a+b:(4n—l)g-,ne} = a-’r-b=-7?7r
tan'x -2 sec’x+a=0

= tan'x-2(1+tan’x)+a=0
= tan'x-2tan’x+1=3-¢
= (tan’x-1)?=3-a

= 3-a420 = a<3

1+ log, sinx + log, sin3x 20
(where sin x, sin 3x > ()

= log,(2sinxsin3x)20

= 2sinxsin3x21
Forsinx>0

= xe (0,7n)

= sin3x>0

= 3xe(0,nu2n37)-

03)v(57)
= xe |0, ~|u|—., &
3 3

For 2 sin x sin 3x 21
2sin’x (3 -4sin’x)2 |

8sin'x—6sin’+1<0
(2sin*x—~1)(4sin°x—1)<0

RN R

: 1
—LSNXY L —

sin® 8= 1 [sin 0 1]
=5 s5in 6= —| = 8= 2nn— (w/2) = infinite roots

n‘logg(l] =Jm,ke § “
41. J

Iog;[-!—] =k=x=3% .
X

The possible values of kare—1,0, 1,2, 3, ...

S=3+l+-l-+—12-+-!5-+---°°=
3 3* 3

E

4
l- 2

W=

(from the given options)

(i)

(ii)

[From Egs. (i), (ii), (iii)]



80. a.

81.c.

82.c.

83.c.

Trigonometric Equations 3.53

- sin(xy) '

cos (xy)
= sin(xy) = xy

=xy=0

=x=0ory=0

But x = ( is not possible
sy=0andx=1,i.e.,(1,0)

T
tanx+cotx+1= cos[.r +E)

b
=>tanx+cotx=cos[x+ZJ -1

Now tan x + cot x <—2 and cos[x-i-%)— =

It implies that equality holds when both are —2.

i .
= cos{ x+—|=-1
45

=>x+—§ =Qm+ ) me Z

3n ix
DX =— O ———
4 4

Therefore, the sum of the sol'ultions is -?-’::E + 1—1—’?— = 7—”

4 2
cos{@) cos(n) =1
= cos(@)= 1 and cos (n6) =1 o M
or cos(6) =—1 and cos (76) =-1 v, (i)
If cos(6) =1 = 8=2mmand cos (n0)= 1 = 0= 2n which is possible only when 8= 0.
Equation (ii) is not possible for any 0 as for cos(8) =~1, &should be odd m_ullip]e of == irrational
and for cos(n6) =—1 = & should be odd integer = rational
Both the conditions cannot be satisfied.
Therefore, 8= 0 is the only solution.

(cotx + ﬁ)z +cot? x + 4coseca +5=0
= (cotx+ J§)2 + cosec’x + dcosecx + 4 = 0
= (cotx + \/E_l)z + (cosec x + 2)2 =0

=) cotx = =~f3 orcosecx=-2

= x=2nn- % JNE Z ' , (" x € 4th quadrant)
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84.c. 0=k k= %,p,qe 1,90

cos k7 is a rational

Hence, k=0,1,1/2,1/3,2/3

There are five values of cos 8 for which cos @ is rational.
85.b. Puttingx=0=>b’=cosb’~1=>cos b’ =1+ =b=0

For b=0, we have a(cosx— 1) cosax— | '

. ik .3 GX
= 2a sin® = =2 sin* —
2 : 2

=a=0ora=1.
Hence, ordered pairs are (a, 5) = (0, 0) or (1, 0).

Multiple Correct Answers Typé

——— e T e o em——————

1.a,b." We have 4 sin x + cos* x = |
= 4sin*x=1-cos'x = (1 —cosz.r) 18 coszx)= sin®x (2 —sinzx)
= sin’x [5sinx-2]=0

= sinx=0orsinx=:=* JZ!S

T
= X=NAMOrx=nm=*sin E,nez

2.a,b. (sin’ 8+ cos® @) — () —sin Bcos B) =0
= (sin @+ cos 8) (1 —sin Ocos €) — (1 —sin Hcos &) =0
= (1 -sin Bcos 6) (sin B+cos 8-1)=0
Ifsin Bcos =1 = 2 sin 8cos =2 = sin 26=2 (not possible)
= sin@+cosf=1

=5 8*£=2nn:t£,nez
4 4

= 0 =2nmor 2nn‘+§

3. a, ¢, d. We have tan® 8= 1 — cos 20= 2 sin’ Qor cosec’ Otan® 6=2
or (1 +cot’ G)tan’ 6=2 or tan® 6+ 1 =2

= tan’@=1 = tan @==%1] = 9=nn¢-§—,nez

Moreover, tan® 8= 2 sin* = sinf8=0=8=nn

1 ’ oy
4.a,¢0. ptr—-22= y+l 2\5
¥ y

Butsinx +cosx £ \/5

1 .
= p+ — =2andsinx+cosx=+2
y

= y=1andsin [x-t--i—) =lory=landx= %
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5.b,d. sin O+ V3 cos B=-2-(x*—6x+9)=—-2 — (x-3)?
. sin 0+ 3 cos 02-2and -2 —(x-3)? <=2

As a result, we have sin 6 + V3 cos 6=—2and thenx =3
. x=3and cos (9-£)¢-1,i.e.,6—£=n',31r
6 6
6.a,¢ sin‘x-2sinx~1=0

ash (sinx-—l)2=2 = sinx-1=% 2 == sinx=l——ﬁassinx} I
There are two solutions in [0, 27] and two more in [27, 47].
Thus,n=4,5. )

7. a, b, ¢. The given equation is 2 (sinx + siny)—2 cos (x—y)=3

= 2%2sin nry bosx_y - 2| 2cos? gre -11=3
2 2 2

= 4cos? [x—;)-j—t#sin[f%)cos(%—y) +1=0
' 4sin(x—+y-) + \/l6sin2 [x “’)*16
(x-y)_ - 2 A 2
= C0s > = .

8
- sin? (x+)=)2] = sin it =+ |
2 3 .
Since x and y are smallest and positive, we have
+
sin =2 =]andx—+-z=£
2 2 _

i.e,x+y=n . . 0]
Also, cos [ﬂ) =l

2 2
= x-y=2n/3or-2n/3 (i)

From Egs. (i) and (i1), we get (x =57/6, y =n/6) or (x = /6, y =5n/6)
"8.a, d. 1 —2x~x?=tan? (x +y) + cot’ (x + )

= —(x+1Y=[tan(x+y)—cot (x +»)}

NowL.H.8.<0 andRH.8.20

= —(x+1)*=[tan(x+y)—cot(x + ) =0

= x=-1andtan(x+y)=cot(x +y)

. = x=-]andtan’(-1+y)=1
= x=-land-]l+y=nnx(wd),ne Z

sin x + sin y
COSX COSY

]

9. b, ¢. From tan x + tan y = |, we have
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sin x cos y + sin y cos x = c0S x COS ¥

2sin(x+y)=2cosxcosy

2sin{x+y)=cos(x+y)+cos(x—y)
- 2sin (/4) = cos (7/4) + cos (x—y)

cos (x—y)= 1N2=cos (7/4)

x=y=2nn+(m4),Vne Z : ()
Also we have x +y = /4 (i)
From Eqs. (1) and (ii), we have
x=nn+(mwd)andy=-nn,Vne Z
orx=nrandy=-nnt+m4,Vne Z

10.a,¢.x+y=213 = y=Qw3)-x
sosinx =2 sin (27/3 —x)

= 2(/3 /2) cos x + (1/2) sinx] = +/3 cosx +sinx

LU LUUY

- ; 2
= cosx=0 = x=ng+wl,neZ = y=—3jE -~ —=——n%

Hence, forx e [0,4n),x=n/2, 372,52, Tn/2
and fory e [0 4n),y=m6, Tn/6, 137/6, 1976
11. a,d. tan x —tan” x>0 :
=  tanx(tanx-1)<0 {
= 0O<tanx<] ‘
= 0<x<m/4
= nr<x<nn+n/4,ne Z(generalizing)
|sin x| < L] = - 2 <sinx < 5
g 2 2 2

=S-M6<x<m6 =-mb+nw<x<nl6+nn nc Z(generalizing)
Then the common values are n <x < na+ /6.
12.a,b,d. cos (x+ /3) +cosx=a

= —; cosx—(ﬁfz) sinx+cosx=a

= (3/2)cosx—([3/2)sinx=a

Bl e (%+-§J5as (§+%]

= -3 <a5.3 | )
Hence, there are three integral values of a=—1, 0, 1 whose sum is 0.

For a = 1, the given equation is ('ﬁJZ) COs X — (‘I /2)sinx = l/ﬁ

= cos(x+7r/6)=l/\/§ . B

= X+l =2mr.:£ a, where @=cos™' (l/ﬁ )
= x=2nn-mw6+a

Hence, the solutions for @ =1 in [0, 27] are cos™! (1/ ﬁ )~ m6,11/6 - cos™! (Ilﬁ 3



13. a, b, c. The given inéquality can be written as

e’ s Joy 241 <42

Since cosec? x > | for all real x, we have

20050'0: X 2 2

Also(y=1P+121 = Jiy-12+12]

From Eqs. (i) and (ii), we get

g0’ x fiy 1 1) 4 ] 22

., Trgenometric Equations . .3.57

0

(i)
(i)

(iv)

Therefore, from Eqs. (i) and (iv), equality holds only when 2°0%€" X =2 and J(y —19% +1 =1 -
= cosec’x=land(y—1)’+1=1 = sinx=xlandy=1

= x=£,3—ﬂandy=1
2" 2

g i g . 3
Hence, the solution of the given inequality is x = g » -; andy= 1.

-

14. a, b, ¢. sin? x — a sin x + 5= 0 has only one solution in (0, 7).
= sinx = | gives one solution and sin x = @ gives other solution such that &> 1 or @< 0

(sin x— 1) (sin x — @) = 0 is the same equation as sin

=
= l+a=aanda=5H
= J+b=gandb>1o0rb<0

2

= be (=0, 0)U][l,o)and a € (—oo, 1] [2,00)
15. a, b. Given that the quadratic equation is an identity

~. cosec? 6=4 and cot 0=- 3

= cosec 8=2or—-2andtan 8=-

o= 5% o 11

6 6

-
V3

16. ¢, d. Abscissa corresponding to the vertex is given by

X =

- >1 isthe vertex
sinQ

vertex

0 1 x=coseca

Fig. 3.13

The graph of f(x) = (sin &) x> - 2x+ bis shown as V x < |
Therefore, the minimum of /(x) = (sin a)* = 2x + b -2 must be greatertl'lan zero but mm1mum isatx=1,

i.e,sin@-2+5H-220
= b24-sino, e (0, n)

= b24assina>0in(0, )

x—asinx+b=0
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JB=1 B+l

17.a,d. +
. 2\/5 sin x 2\5 COs X

7 < . ,
81N —= cosx+cosﬁ §inx = sin 2x

sin 2x = sin x+-£ ;
12 .
S 2= ordx= rox— —
g « 12 ; 12
(4 lin
X e O FH s
12 12
T . 11m
S X OF —
12 36

18.a,¢,d.cos 38=cos 3¢
" Putting n=0, 1, we have
30=2nn+30x
- 30=3aor-3qor2n+30or2n-3a

2n 2n :
0= aor—aor ry + @ or i a = (a), (¢), (d) are correct

4 Ifn=-1,then30=-27+ 3
‘= A= —ZTK:I: o

= sin 6‘=sin(—--?3£ia)= —sin[%irx): —sin(n’ —%i a}

=—sin[1r -(%iaD= _-sm(gt iz)

Hénce, (b) i$ not correct.
19.b, ¢,d. | +cos3x=2cos2x
= 1+4cos’x -3 cosx=2(2cos’x-1)
= 4 cos’x -4 cos’x—3 cosx+3=0
Let cos x =y, we have
c 4}73—4y2—3y+3=0
=4 (y-1)=-3(p-1)=0
== ~3)=0"

=hyp=| 0r,y2=-3-

. =>cosx=1orcos’x=

Alw
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= cos x = 1 or cos’ x = cos’ 2/6
=x=2nm or x=nn+ (W), ne 2
20. b, . psec?d + plcosec?0=(2V2)* p?
1
D I A
sin? 6 cos” @ '
’ P cosec 0
= sin20=1/2= (1/2)
=20=(nn)+(wWd),ne Z ’ K Psec 6.
= 0= (nm/2) +(1/8) ) Fig.3.14
forn=0, 0= 7/8 '
forn=1,06=3m/8

Reasoning Type

1+8in2x

(sin x+cos ) =9

1.a. (sinx+cosx) =2=> (sinx+cosx)

Now we know that the maximum value of sin x + cos x is +2 which occurs at x = w4, for0 <x < /4.

Also, the given equation has roots only if sin x + cos x = Jf .
Hence, there is only one solution for 0 <x < 7.

Thus, the correct answer is (a). .
2.d. We know that sinx € | and cos® y <1, then sinx + coszy £2
Also sec?z2 1, then 2 sec’z 2 2. .
Hence, the given equation is solvable only if sinx + coszy =2 and 2sec’ z = 2, for which sin’x . coszy,
. sectz=1. '
Then sinx, cosy, secz==]

Hence, statement 1 is false and statement 2 is true.

y=1x

4 ¥ = sin x
A /
4

Al

Fig. 3.15
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{=2]

e ——

o

y=sech

-
—

y = sec 8+ cosec ¢

Ll
\ = v osec 6
z Tz Z.Vy_c ¢

X7

/
/
/\

D .
i ! | I
y
. ‘Fig.3.17
sec B+ cosec A= a has solution where graphs of y = a and y = sec 0 + cosec 8 intersect. (i)

Graphs of y = sec 0, y = cosec @and y = sec O+ cosec 0 are as shown in Fig. 3.17.
Clearly, Eq. (i) has two solutions if ~2:2 < y< 242, '

Equation (i) has four solutions if y< =242 ory2 242.
In any case, Eq. (i) has two roots always. |

For Problems 7-9
7.4,8.b,9.d.

Sol. The given system is sin x.cos 2y = (&> — 1) + 1, and cos x sin2y=a+1 (i)

Since the L.H.S. of the equations does not exceed 1, the given system may have solutions only for a’s
such that ) .

(@-1P+1<land-1<a+1<1 o (i)
(@-1P+1<1 = (@-1<0 = @-1¥=0 = a=1

But @ = | does not satisfy cos x sin 2y =a+ |

Thus, a=— 1 only and we get

sinx cos 2y = 1 _

cosx sin2y=10 _ | | (i)
sin x cos 2y = |

=sinx=1,cos2y=1

or sinx =-1, cos 2y = -]

for which cos x sin 2y =0
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For Problems 10—-12
10.a,11.d, 12. b,

Sol.  Given that [{r? ~8t +13) dr =xsin (alx) | ; 0
! .

R.H.S. shows thatx 20
Integrating L.H.S., we get

3 X
[5-— _ap? +13r] = x sin (alx)
3 0

or (1/3) [x* = 12x* + 39x] = x sin (a/x) .

or sin (a/x) = (1/3) [x* - 12x +39] ' {- x#0}
=(1/3) {(x~6)* + 3} :
=(1/3) (x=6)* + 1

But sin (a/x) £ 1, so sin (a/x) = 1, which is possible only forx=6

then we have sin (a/6) = |

oral6=2nn+m2ora=12nn+3n,ne Z

Hence,x=6,a= 12nn+3m,ne Z.

Fora e [0, 100], there are exactly three values of a=37x, 157rand 277, i.e.,

|y —~cos al <x = |y+1]<6 = ye[-7,5]

For Problems 1315
13.a,14.d,15.b

Sol.

The given equations are ;

x cos’ y + 3x cos y sin’ y = 14 and ' )
xsin’ y+3x cos’ y siny=13 (i)
Adding Eqgs. (i) and (ii), we have i ’
x (cos® y+ 3 cos y sin® y+ 3 cos? y sin y sin’ y) =27

= x(cosy+siny)’ =27

= x"(cosy+siny)=3 (iif)
Subtracting Eq. (ii) from Eq. (i), we have '

x (cos® y + 3 cos y sin® y— 3 cos? y sin y — sin’ y) = |

= x(cosy—siny)’ =1 ;

= x'"(cosy-siny)=1 ‘ (iv)
Dividing Eq. (iii) by (iv), we get ¥ 3

cos y + sin y=3cos y - 3sin y ’

= tany=1/2

Casel:

sin y = INS and cosy= 2h5

y=2nnr+ o, where 0 <@ <m/2 and sin a= II\B
i.e., y lies in the first quadrant

From Eqs. (iii), x"*(3A/5 ) =3 orx = 5A/5
Casell:

siny=— 1A5 and cosy=—2f\f§
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4.d.

5. a.

‘6. b.

7.d.

" 8.a.

i . Trigonometry

Draw the graphs of y = sinx and y = 1/x and verify.

When n = |, we have interval [0, 7], which covers only first and second quadrant, in which

sinx = — 1/2 is not possible. Hence, the number of solutions is zero. Also from 2(n —1), we have zero
solution whenn=1.

For n = 2, we have interval [0, 27] which covers all the quadrant only once. Hencc the number of
solutions is two.

Also from 2(n—1), we have two solunons, when n=2. _

For n = 3, we have interval (0, 37}, which covers third and fourth quadrant only once. Hence, the
number of solutions is two. But from 2(n ~1), we have four solutions which contradict.

Hence, statement | is false, statement 2 istrqe. '

JI=-sin2x =sinx

= J(sinx—cc-s.t)z =ginx
= [sinx—cosx|=sinx

=» COSx~Ssiny =sinx

= 2sinx=cosx

4

tanx = 4 which has only one solution for x € [0, 7/4] for these values of x.

Draw the graphs of y = | sinx | and y = | x | and verify that |sin x| = [x| has only one solution x = 0. But
statement 2 is not the correct explanation of statement 1.
Giventan2x=|

S 2005 Rt % , n € Z[note that tan 4x is not defined for these values of x]

Hence, the given equation has no solution.

Therefore, statement 1 is false and statement 2 is true.

cos (sin x) = sin (cos x)

= ¢os (sinx) =-cos [(7/2) - cos x]

= sinx=2nnx(n/2-cosx),ne Z : (i)
Taking + ive sign, we get sinx =2nm+ m/2 - cosx

or(cosx +sinx) = % (An+ Dn

NowL.HS. € [—JE, ﬁ],hence—-— V2 £ 12 dn+ l)?t\/i. -
—2~f5—7r5"52s/§—7r

» Which is not satisfied by any integer .

' Simnlarly, takmg ve sign, we have sin x —cos x = (4n— 1)7/2, which is also not satlsﬁed for any integer n,

9.h.

Hence, there is no solution.

Statement | is true.

Also statement 2 is true but does not explain statcment L

Consider the equation sin x = x°.

Here, v = x is an unbounded function but equation has finite number of solutions.
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19.a. Lety=n|sinx|=m|cosx|
The curve y = n|sinx | and y = m | cos x | intersect at four points in [0, 27].

y
n
njsinx|
m
’ v mjcosx|
o w2 n iz 2x

Fig. 3.16

- . M e e——— e —— o — 1 — . gy ¥ —— e s S e —_—- -...‘.-.—-_—_-——\
Linked Comprehension Type .

For Problems 1-~3

by 2iesdin
Sol. :
1.b. x*~(1+cos 8+ sin 8) x> + (cos @sin 8+ cos 8+ sin G)x —sin O cos g=Q

Given cubic function is
f(x)=(x—1) (x~cos 6) (x—sin 6)

Therefore, roots are 1, sin 8 and cos 8

Hence, X} + x3 +x7 =1+ sin® 8+ cos’ =2
2.¢. Now if 1 =sin 6, we get = m/2

If 1 =cos 6, then 6=0,2x

and if sin 8= cos 6, we get tan 8= |

L= _JE., iﬂ;
4 4
Therefore, the number of values of &in [0, 27] is 5.
3.a. Againthe maximum possible difference between the two roots is 2.
] —sin @=2 when 8=3m/2 or | —cos 8=2when 8=rx '
For Problems 4-6
4.,a,5.¢,6.d.
Sol. See Fig. 3.17 for the solution
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y=2nn+(n+ o), where 0 << 7m/2 and sin a= -1A5
i.e.,y lies in the 3" quadrant

Therefore, from Eq 3),x' (- 3K5 5)=3orx= —Sf
Thus, sin’y +2cos’y = 1/5 + 8/5 = 9/5;
Also there are exactly six values of y € [0, 67], three in 1% quadrant and three in 3" quadrant.

.Matrix-Match Type __;_;_____ o ..

1. a-snb—os,c—op,d-oq.
a cos’2x—sinx=0

= cos3xcosx=0

= cos3x=0orcosx=0

= 3x=(2n-—1),—2:'0rx=(2n—l)%,nez
= x=(2n—l)% orx=(2n —l)%

Hence, the general solution is (2::—1)-::,E as (2n —!)% is contained in (2n—l)§.

I:g. cos x++/3 sin x =J§

= x-£=.2mr:l:£,nez
3 - 6

X o x  B n
= x—-——=2n7T+—o0r 2nx - —
o g e

- AN n
= x=2nn+ Eorx=2n7:+—-—

c \Gtanz x—(\/i+l) tanx+1=0

=3 xﬁtanx(tanx—l)-—(tanx—l)=0
= (tanx~l)(~[§tanx-l)=0



o

L

ol
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Fia
Sotanx = | - xﬂnn:+z,nez

1
ortanx= — = x=nx+ E,nez
V3 6

tan 3x—tan 2x—tanx =0
or tan x tan 2x tan 3x = 0

x=nnror nal2 (rejected) ornz /3

Therefore, the general solution is nn/3 as nr is contained in n/3.
a—q;b—os;c—os;d—-p. '

Here, x* + (x + 2)2 +2sinx=4,
Clearly, x = 0 satisfies the equation
If0<x€mx’+(x+2)°+2sinx>4
Ha<x<2mx®+(x+2) +2sinx>27+25-2

So, x =0 is the only solution.

g e . S

Here, 2 sin (2¢") 4(2 +2 ) 2 % 2
= sin(2eN21 = sin(2¢)=1
But equality can hold when 2°=27"=1 ie, x=0.

Then sin (2. €%)= 1, which is not true.

Hence, there is no solution.

sin 2x+cos4x=2

= sin2x=1,cosdx=1

s 1=2sin?2x=10r1-2= 1 (absurd)

The given solution is |sinx | = x/30. ‘

Therefore, the solution of this equation is the point of intersections of the curves, i.e.,
y=|sinx| and y = x/30,

% (- AM.2GM)

0 nl2 p 3nf2 2n

Fig. 3.18

Since there are four points of intersection in 0 < x £ 27, the equation has four solutions.
a->q;bos;c—op;dor ‘

5sin 8+ 3 (sin 8¢cos ax—cos @sin &) §

=(5+ 3 cos @) sin 8-3 sin & cos 8

= max {5sin 6+ 3sin (6~ a)} = \/(5+3cosa)2 +9sin’

= \/34 +30cos ¢

Therefore, the given equation is 34 + 30 cos o= 49,
= cosa=12 = a=2nnxn3,nel
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h (cos.x)

Trigonometry

sin?x=3sin x+2 =1

= sin‘x-3sinx+2=0 = (sinx~2)(si°nx— =0 = sinx=|
but this does not satisfy the equation because 0 = 1 is absurd.

(sin x)+2" cosx=0 (i)
(sin x) >0 and so cos x < 0,
Also sin x > 0 = x lies in 2nd quadrant

“

Equation (i) can be rewritten as 2" cos x =~ /(sin x)

.

On squaring, we get J2 cos?x = sin x
=5 \/—sin23+sinx-\/_—0 =5 (ﬁsinx—l)(sinx+~f§)=0

sinx #— J— 2 . therefore sinx = 17142 (ii)
= x = 37/4 and so the general value of x is given by x=2nm+ 37d4 ne z

logs tan x = (logs 4) (log, (3 sinx))

= logtanx=logs (3 sinx) ' (i)
Since log x is real when x > 0, we have J

tanx>0,sinx>0

Thercfoe, x lies in the first quadrant. Now Eq. (i) gives

tanx=3sinxorcosx=1/3
~ox=2nm+cos” (1/3),ne Z

Integer Type
1.(1)

2.(0)

3. (3)

sin \‘+p + 1 -3psm,\
= (sinx+p+ 1)sin’x+ | +p* —sinx~p-psinx)=0

Therefore, either sin x -;-p+ 1=0=p= -l +sinx),or

sinx=1=p '

Hence, only one value of p(p.> 0) is possible which is given by p=1.

sinx cos x| +|tanx +cotx | = /3
= | sin x cos x| + [in % 008 7| -3

1
[sin x cos x| + i 22

|sin x cos x
Hence, there is no solution.
4<1.HS.€16

2<R.H.S.£4
Hence, equality can occur c;nly when both sides are 4, which is possible if x =7, 37, 57.

That is, there are three solutions.



4. (6)

5.(1)

6. (4)

sin x sin 3x sin 9x
+ + =
cos3x  cos9x  cos27x

2sin xcos x . 2sin3xcos3x  2sin 9xcos9x _

=

2cos3xcosx 2c089xcos3x  2cos 27x cos 9x

sin(3x — x) P sin(9x — 3x) sin(27.x - 9x)

2c083xcos ¥  2cos9xcos3x  2¢€0s27xcos9x

=rtan27x -tanx =0
=tanx =tan27x
=27x=nn+x,nel

nr

= x= ?6-’"6,'

n 2rm 3m 4m Sm 6w
=S et eyl g Ty

26' 2626 26" 26’ 26
Hence, there are six solutions,

(VB +1)" + (VB -1)"=22= (22)"

MEANNEY I

= (sin 75°)* + (cos 75°) = 1

=x=] )
Since ~2 S sinx~ \f3 cosx <2
, 4m ~6
=-284om 52
2m =13
or—1< — <l
2m -3
4-m sl
2m=3)-(4-m)
o 4-m s
3m-=17
g m-—4 el
o 2m-=3
Also,— 1 Amni
m+ 1
#WSO

. % |«
From Eq. (i) and (ii), we get m € ['-1, g:l

Therefore, the possible integers are -1, 0, |, 2.

'=> (tan 3x —~ tan x) + (tan 9x — tan 3x ) + (tan 27x — tan 9x) =0

Trigonometric Equations ~3.67

()
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7.(1) Adding given equations, we get

Sa a? - X ' ’
= —— — &
4 2 2
=a +3d-4=0

:»(a-'+4)(a-l)¥0
= a=1(asa=-4 isrejected)

© 8.(5) cos 4x=2 cos®2x - 1

=2(2 cos’x - 1)2 - |

=2(4 cos'x + 1 —4 cos?x) - |

,=8cos'x-8 cqsz.tl'+ 1

nag=la=-8, a=8
Sag+a,ta; =5
S 9.(1) 1=sinx—sinx+a=90
= sin’x +sinx—(a+1) =0 _ S ()
From Eq. (i), we get
sin’x +sinx=(a+1)
Forx e (0, n/2), the range of sin®x + sin x is (0, 2).
=0<(a+1)<2=ae(-1,1) |

10. (6) asinx + | =2 sin’x=2a-7
= 2 sin‘x—asinx+(2a—8)=0 :
ai\[az—B(Za—B) _a*(@-8) =' a-4

r a 2o0r >

= sinx=

. a
For a solution =1 <1,wehave2<acx< 6.

| 2
sin (x =2 > (sin x - cos x) —l(sinx— cosx) | P
11.(0 -2 =_2 = ——tlan| x - —
- cos 2x cos® x—sinx 4+ §i 2
3 S s cos x + sin x

X -

. 1 LA
tan =lan} X = —
Given equation reduces to 2 [ 4] -2(0.25)% M{ : 4] 4] =)

luﬂ[.l'*!-‘-] . : j &

=2 \. 4 =] . )

= x = m/4 which is not possible as cos 2x = 0 for this value of x, which is not defining the original
equation, )

12. (4) sinx—cos?xsinx+2sinx+sinx=0
= sinx [sin’ x — cos’x+2sinx+ 1] =0
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= sin x [sin® x +sin’ x + 2 sinx] =0
= sin® x[sin® x + sinx +2] =0

= sinx=0,wherex=0, 7,27 37
Hence, there are four solutions.

Archives '

Subjective

“Thus, x = nxt, mr+ (-1)" sin™ [

At the intersection point of y = cos x and y'=-' sin 3x, we have cos x = sin 3x

= cosx=cos(%—3x) =5 xnzmr:t(%—?;x),nez

= x=

L

z 3
"8’ 8

Thus, the points are E, .3 v [E, cosﬁ) and (—-3—7-:- coszf]
4’2, \8" 8 8 8
The given equation is

4 cos® x sinx ~2 sin*x =3 sinx

= 4cos’xsinx—2sin’x-3sinx=0

= 4(1-sin’x)sinx-2sin*x-3sinx=0
= sinx[{4sin®x+2sinx—1]=0

= eithersinx=0or4sin’x+2sinx-1=0
Ifsinx=0 = x=nn,ne’Z
If4sin®x+2sinx=1=0

1+5

4

= sinx=

cox=mr+(=1)"sin~
-1 ( :

quJgJ,mEZ

4

-11«/3]

where m and n are integers.
. [ 2 3 awe
The given equation is 8+ kos d+lkosd+costaf +-) 43
- 23(1+|cos4+|ms?;1+¢os’ x40) 26
= 3 (1+|cosx|+|cos’ x|+ cos’ x| + ) =6
= I+|cosx|+|coszx|+lcos3x|+---=2

1

e B by
1 —|cos x|

=

= |[cosx|{=1/2

= |cosx|= :
2

= x=n/3,-n3,2n/3,-2n3,...
The values of x e (=, @) are + /3, 4+ 270/3.

=2 Ex <)
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2
4. Given that (1 —tan 6) (1 + tan 8) sec’ -+ 2" 0=0

= (I-tan?6)(1 +tan? @)+ 2" =0
Let us put tan? 8=/

(=00 +0+2'=0 = 1-/+2'=0
It is clearly satisfied by 1=3 '
as— 8 + 8 =0, we get tan” =3

;. 8= /3 in the given interval.

5. (v+2z)cos36-(xyz)sin30=0 : ' (i)
xyz sin 30=2cos (36) z+ (2 sin 36)y $ (i)
(v +2)cos 30= (2 cos 30)z + (2 sin 36)y = (y +2z) cos 30+ ysin 30
s (cos 302 sin36)=zcos30and y(sin 36—cos36)=0
=» §in 368-cos 360=0
= §in36=cos 36

4
:S_n_ﬂ.)_nia,:ionh,

L 30=nn+ (Wl neZ = 6 3 3
6. tan 8=cot 56 4
= cos 60=0

= 4cos’20-3¢c0s20=0

S

cos20=0or+ = o | (i)
sin20=cos 48

25in*20+sin20-1=0

2sin’20+25sin 20—-sin260—1=80

!

sin20=- | orsin26=—;~

cos20=0andsin20=-1

20=-2 59¢=_Z
2 4

T I T

or cos20=:= —22—, sin20= 13

2
= 26~ £,§£=>6= E.S—E
6 6 - 12 1
¢ = E,i.s_ﬁ'
4 12 12
Objective
Fill in the blanks

3
1. We have cos x + cos y = 5-

[x%- v (x—y 3
= 2c0s cos =
2 2 2
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- x-y) 3 »
- 2cos§cos 2 1 % [using : x +y=27/3]

= cos("; }') = % , which is not possible.

Hence, the system of equations has no solution.
2. We have 2 sin®x—3sinx+120
= (2sinx-1)(sinx-1)=20

= (sinx—%)(sinx—l)ao

= sinxS% orsinx21
But we know that sin x < 1 and sinx 20 forx € (0, 7.
Therefore, either sinx =1 or0 <sinx < % = eitherx=m2orx e [0, /6] L [57/6, n]

Combining, we getx € [0. %} W] {—E} U[S—”, n].

2 6
3. tan? 6+sec20=|

-

| T
2+ 5 =1, where / =tan 6

1
= #(*-3)=0 = tan 8=0,% B3 = 6=nmand O=nrx m3.ne £
4. cos’ x=1~sin*x .

=(1 =sin®*x) (1 +sin’x)

=¢os”x (1 +sin”x)
socosx=0o0rx= a2, -2, orcos’ x= | +sin’x
cos’x< 1but | +sinx21
= cos’x=1|+sinx=1

= cosx=]andsinx=0. . [both these imply x =0}

Hence, x=— f—, Z and 0.
2 2
True or false
1. Given that equation is sin® 8—~2sin? 8—1=0 -
- sin? = 212‘,5 =1+V2
But sin® 8 cannot be -ve
- sin? 0= V2 +1

Butas -1 <sin 8< 1, sin® 8% sﬁ + ]
Thus there is no value of 8 which satisfies the given equation.
Therefore, statement is false.
Multiple choice questions with one correct answer
1.a. The given equation is
XY . 1
2cos? (-5] sin? v = a2 4

x2
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Now cos (a—f)= ] = a-f=0 = oa=p

soeos(a+fB)=1lle = cos2a=l/e

w0<l/e<land2ae [-2n, 2n7) ;

There will be two values of 2 satisfying cos 2= 1/e in [0, 27] and two in [-27, 0].

Therefore, there will be four values of @ in [-7, 7] and correspondingly four values of . Hence, there
are four sets of (a, ).

10.a. 2sin® 8-5sin6+2>0 - . :
= (5in@-2)2sin6-1)>0 = sinf<1/2 [(v=1<sinB<1]
= x€ (0, 76) (576, 2n)

11.¢. 2sin®8—cos28=0
= |-~2c¢0520=0

[
= Cc0s20~ —
2

Rty ey e s ) 0)

where 8¢ [0, 27].

Also 2 cos? 83 sin 8=0

= 2sin?0+3sin0-2=0

=. (2sin0-1)(sin0+2)=0

= sinf=1/2 ; [ stn @#-2]
= 0= /6,576 where B¢ (0,27] , : . (i)
St

Combining Eqs. (i) and (ii), we get 6= % V=

Therefore, there are two solutions.

Multiple chaoice questions with one or more than one correct answer
1.d. Sinég a, + a, cos 2x + ay sin” x=0 forall x
Putting x = 0 and x = /2, we get
ay+ta; =0,anda;—a;+a;=0
= a,=-—a and a;=-2a; .
Therefore, the given equation becomes
a,—a, cos 2x - 2a, sin*x =0,V x
= a,(l-cos2x-2sin’x)=0,Vx =5 a,(25'in2 x=2sin’x)=0,Vx

The above is satisfied for all values of a,. .
Hence, the infinite number of triplets (a,, — a,. ~2a,) is possible.



2.a,c¢.
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We have

1+sin’@ cos’@ 45in 460
sin?@  1+cos’@  4sin46 |=0
sinf@  cos’@  1+4dsind6

Operating C, - C, + C,, we get

2 cos’@®  4sind8

2 l+cos’@  4sind8 |=0

I cos’8 1+4sin40

Operating R, = R, - R, ; Ry = Ry — Ry, we get

| -0

| 1 =1 =0

1 cos? g 1+4sind0

Expanding along R, we get 1 +4sin40+1=0
= 2(1+2sind46)=0 = sindf=-1/2 = 40=n+n/6or2n—-n/6

" = 46=Tnl6or | |n/6 = 0=7m24 or 1 1 /24. Hence, there are two correct options.

4.d.

5.a,b,

. 3sinfx—T7sinx+2=0

= (sinx-2)(3sinx-1)=0 = sinx = 1/3 =sin a, say, (sin x = 2, not possible)
x=nn+(=1Y"a,n=0,1,2,3,4,5in(0,57)
2sin’x+3sinx-2>0
(2sinx—1)(sinx+2)>0

= 2sinx=1>0

. [ =1<sinx<1]
= sinx>1/2 = xe€ (7/6,5n/6)

o 0)
Alsox’—x=2<0 = (G-2)@E+1)<0 = =1<x<2 (i)
Combining Eqs. (i) and (ii), we get ;
x € (76,2)

(sin Jr)4 2 (cos x)" l
2 3 5

3 — 6 cos® x + 5(cos x)* = -g— Letcosx={

= 251*_-3012+9=0

= (el
5
_— tan2x=-§-
| | 3 16 V2 -
= (sinx)s=(—) =—
5 625
Ji]‘ 81 V3
=5 (cos.r)s=(— =—
625
V5 Fig.3.19

(sin ,1')8 +(cos .'x:)8 4
8 AT 125
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where 0 <x <

(S

LH.S. = 2cos? [%]sinz x=(1+cos x)sin® x

 1+cosx<2andsin®x<1 for0<x<%

(1 +cos x) sin’ x <2
andR.H.S.=x"+ -1—:_> 2

2
X

‘ g _— ; '
s For0<x< T given equation is not possible for any real value of x.

2.¢. sinx+cosx=1
1

- ] 1

) nx+ ﬁcosx s

sin x cos (7/4) + cos x sin (/4) = sin /4

sin (x + 72/4) = sin n/4

x+ (m/d)=nr+ (1) n/4, ne Z

x=nn+[(-1) /4]~ r/4
where n=0,+,£2, ... '

3.b. The given equation is i
sinx ~ 3 sin 2x + sin 3x = cos x — 3 cos 2x + cos 3x
=>  25in 2x cosx — 3 sin 2x = 2 cos 2x cos x — 3 cos 2x
= sin2x (2 cosx—3)=cos2x (2 cosx—3)
= sin 2x =cos 2x (as cos x # 3/2)

Lyygue U

= tan2x=1=2>W=nr+nd=x= %+%,ne Z

4.d. The given equation is
(cos p—1)x? + (cos p)x +sinp =0
For this equation to have real roots D > 0
= cos’p—4sinp(cosp—1)20
o =% coszp—4 sinpcosp+4 sm2p+4 sin p—4 sin2p20
= (cosp-2 sin;})2+4sinp(l —sinp)20
For every real value of p, we have
(cos p—2 sin p)* > 0 and sin p(1 — sin p)z0
s D20,Vsinpe (0, m)
5.c. The given equation is
Jtanx +secx=2cosx

sin x 1
=2C08x

Cosx COsx

sinx+1=2cos*x=2-2sin’x
2sinfx+sinx - 1=0

'{ZSinx- 1) (sinx+1)=0

§ 4.4 1



6.d.

8.b.

9.d.

=R U (A
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4 1
= sinx=—,-1

n St 3m
i € [0,2n]

But for x = 37/2, tan x and sec x are not defined.
Therefore, there are only two solutions.

The given equation is

2sin* 6-3sin 8-2=0

> (2sin 8+ 1) (5in 0-2)=0

x=

i

: ] : ; :
sin = = 3 . [ sin 8-~2 =0 is not possible].

sin.@= sin{— n/6) = sin(7 /6)

8=nn+ (=1 (-n/6)= nr+ [(-1)" 77/6)

Thus, 8=nn+(=1)"7w/6,ne Z _
simplify the determinant, let sin x = a; cos x = b. Then the equation becomes

a b b
b a b|=0.0perating C, —» C,-C,; C; = C;—C,, we get
b b a

a b-a 0
b a-b b-al =0
b 0 a-b

= a(a-bl-(b-a)[b(a—b)~bb-a)]=0
= a(a-b>’-2b(b-a)(a—b)=0
—
=3

(a=b): (a—2b)=0

a=hora=2b
= i"-=l or 3=2
b b

= tanxélortanx¥2
But we have - /4 < x < /4
= tan(m/4)<tanx <tan(7/4)

"= =1<tanx<l

stanx=1 = .x=74
Therefore, there is only one real root,
We know that

—Jal +b? <acos 0+ bsin < Vat +67 = —f7a'<2%k+1</74
= —-8<2k+1<8 = —-45<k£3.5

(considering only integral values) = kcan take eight integral values.
Given.that cos (a¢—f)=1and cos (a.+ B) = l/e i .
where &, Be [~7, 7]



