Exercise 7.8

Answer 1E.

2
(&) Since y= ilhas an infinite discontinuous at x= I,Iilis an improper integral
x— 1 X~

of type 11
71
(b) Since Iﬁdxhas an infinite interval of integration, 1t 15 an improper integral of
+

1
Typel

{c) Since I xze_xzdxhas an infinite interval of integration, 1t 1s an improper integral

of Type L

(d) Tcot xdx1s an improper integral of Type II, because cot x1s infinite discontinuity
0
at x=0

Answer 2E.

(a) Since y=tan x1s not infimite discontinuity at any point of [U, Z:l 5o 1t 15 not
improper integral.

Since Ttan xdxhas not an infinite interval of integration, so it 1s not improper
0

integral.
Therefore Ttan xdxis not improper integral and
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Since y=tan xis infinite discontinuity at x= —, so | tan xJx1s an improper
2
0

integral of type IL
rodx i dx
«) !112—1—2_;[1:2—21+x—2
[
_lx(x—2)+1(x—2)
__1(x+1)(x—2)
Since y= mis infinite discontinuity at x=—1,
1
1 ; . .
So Lmdx 1s an improper integral of type IL
{d) _I-e_x]dxhas an infinite interval of integration, it 1s an improper integral of
0
type L
Answer 3E.

1 S
The area under the curve y= — fromz=1to x=t1s given as
4




The area under the curve whent=10 13

11

A10) == ————

(10)=3 2x(10)’
—05-L
200

=0.5-0.005
= 0495

The area under the curve whent= 100 is
Aoo)=1-—1

2 EX(IUU)
1

S

20000
= 0.5-0.00005
= 049995

The area under the curve when t= 1000 15
Agoony=2-— 1

2 EX(IGUU)

1 1

~ 2 2000000
— 0.5—0.0000005
— 0.4999995

The total area under the curve for x=1 15
I
A[le):liml%dx
!‘—}I:-lx

Answer 4E.
Consider the functions

f()==

L1
X

1
LIL)
x

a) Need to sketch the graphs in the viewing windows [ﬂ,l{.'l] by [ﬂ-,l] and [{),l{m] by [t}_]]_

g(x)=

The graph of the functions in the viewing window [0,10] by [0,1]is as shown below’
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The graph of the functions in the viewing window [[], l[]l_']] by [t}.]]is as shown below:
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b) Need to find the area under the graphs of fand gfrom y=] and x=¢.
Area under the graphs of fand g is

A=[(2()- 1 (1))

T8N 1

(x=x")ar

O ey 5 My

1—0.9+| I—'l_'lﬁ'l
B _—0.9+|_—1.1+1I

Il_l ¥ -0l

= ——

1 1
100 10 4y
= [Iﬂ.t"" +lﬂ.r'°“'1
Confinuation to the above sieps
=[10 +10*" ~10(0)"' ~10(0) |
=[10/*" +100*" ~0]

=10[ 1" +r]

Thus, the area under the graphs is 4= Iﬂ[r‘” +r""].

Need to evaluate the area for ¢ =10,100,10%,10°,10",10™
For ¢=10, the area becomes
A=10[10"+10"]
= 20.53253647

For r=100, the area becomes

A= m[mo“ +100‘“-']
~22.15850536

For r=10*, the area becomes

A= w[(m‘]"" +(10° )4“]

= 29.09993602

For r=10°, the area becomes
A= m[{m‘)" +{1o‘)4“]

=42.32260349

For r=10", the area becomes

A= m[{m“)'” +(10° )*”]
=101.0000000

For =10, the area becomes

A= m[{m“‘)"' +(1u’°)4“]

= 1000.100000



C) Need to find the total area under each curve for y>1.
For x>|.the curves never intersect at any place.
As x increases, the area under the curves tends to infinity.

Thus, the total area under each curve does not exist.
Answer 5E.

Consider the integral

I 1
I= ‘3[{.1' 2]32

1

Lt | ——dx
'-"’"‘!{x—z}”

Substitute
p=x-2
dp = dx

Substitute p value info integral we get

r

[ P
o

:JE

131
e

- 1|3
=,££n[ fz +2]

The limit value is finite so the given improper integral is lconvergent to 2|




Answer 6E.

r 1 because 1+ x=p
et g

f3o| 3

Therefore /= Lt i;ﬁ*‘"l

Answer 7E.

(1]
LetI__LB

I

s 1

4

0

I [
f—ZHnr 3- 4x
f—)—m[

Zap- 4{
L [ In3+ 1n|3 4.:|]

= oo, divergent

Answer 8E.

) ; becanse2x+1=4
| —dr= 5= 2dx=dt
‘ 23
2

= dx=




Therefore f= Lt _—1;2

P 4 (2z+7)

N S S
P—>°°_ 4 (2p+1) 49
1

= —, convergent
367 e

Answer 9E.

Let I= ie‘”@

2

L]

¥
= It |77
f—oo @

Therefore I = Ie_jp dp convergent
2

Answer 10E.

Consider the improper integral

[1]
I= jz*m-

We know that

j‘ f[x]dr:_l_i_rﬂil f(x)dx

L] 1]
J?’dr= Lt [2 ar
s f""}—’l'-'

we know that | 2°dy =—
In2

2
= It | ——
to-=|n2 In2

o TLI a
i-=In?2 t=>=In2

22" —>L—>l—>ﬂ as f— —o0
.o o0




Answer 11E.
If J'f(x)dr exists for every number ¢ > g. then ]f[x)dr = Iimlf(.t}cir

] ] )
If J'f[.x]dx exists for every number ¢ < b, then I f(x)dx= lim If{_-.;}dr
Provided this limit exists (as a finite number).

= ]
The improper integrals I f(x)dx and j S (x)dx are called convergent if the corresponding
a —

limit exists and divergent if the limit does not exist.

Rewrite the above integral
= X = X
dx = dx
'L J1+x° j' N
_ j*L[l},u
I _J; 3

el 1
- tm =[S

=a0

Hence, the limit does not exists as a finite number and so by above definition the given
improper integral is

Answer 12E.

Since [ is divergent and there is no need to evaluate [, = I(y3 —3y2)dy
0

Therefore /15 divergent
Answer 13E.
o 1] N o N
I xe " dx= _[ xe " dx+lxe_' dx — (1)
—_ — 1]
Now in [xe™dx Substitute x* =u = 2xdx=du
_l-xe"idx =l a&:;
2
1
=— e "du
3|
1" 1
=— —=—-——g ...
2 -1 2 @



Thus equation (1) becomes

3= Lo

= lim [(— le_'z ]:[ +lim [(— le_'z ]:[ [B¥ using result ()]
o 2 3w 2

= —l lim (e" —e_t't)—l]im (e_"‘ —e")

T xe™ dr=lim i-xe_'idx+ him ixe_'idx
= 5 0

24 24w
(I )
et

Thus I xe ™ dxr=0 and this is convergent

Answer 14E.
Consider the following improper integral:
eV
—dx
e

The improper integral can be written as follows:
ce ¥ e
—drv=lim| —dx ----- 1
J-I - "x == J-l 3 'JI { )

Put [y = . then L dc=du.so, —~dv=2du.

24x Jx
If x=].then y=] andif x=r.then ;=

Substitute these values in equation (1).

J‘:E de=lim[" e*-2du

J; —x <l

' i
=lim2| e du
= ]

—lim2| &
- _I !

=lim2|—e™ +e")
—»x

=2 (- lime ™ +lim e“]

=2(-0+¢")
_2
e

Therefore, the improper integral exists.

The improper integrals I : f(x)dx ana r f(x)dx are called convergent if the

corresponding limit exists, and divergent if the limit does not exist.

. e
Thus, the improper integral J' erx is convergent and the value of the integral is,
1

L’%m=_



Answer 15E.

Consider the integral,

-

J'sin’ ada

0
Need to determine whether the integral is convergent or divergent.
Use the efinition [ 7 (x)dx =lim [* £ (x)dxwith a=0.

Note that the improper integral J' ’ f(x)dxis convergent if the limit IimJ" S (x)dxexists,

r=m

divergent if the limit does not exist.

First use the definition

[ 7(x)ax=tim "1 (x)ax
J-sinlada = limJ-sin: ada
0 =y

=lim ﬂdﬂ Use sin’xcﬁr:%
5oy 2 2

-
='|Lm:5i(l—cos2a)da

17
_'EE{(da—coszada]

) I[ sinza[
=lim—|a-
—=x 2 2

=lim l|:.|' . 0+ - 2(0)] Apply limits

== 2 2

. I[ sinZt]
=lim—| =

I

1( sinlcn]
= OO —
2 2

=ab

-
Since the limit does not exist, the improper integral Jsinzada is M
[

Answer 16E.

Consider the provided statement to determine whether integral is convergent or divergent.
Provided integral is,

| cos(at)-dr (1)

An integral is said to be convergent If its limit is approaching to an argument of function as
close as possible. An integral which is not convergent is called divergent.

Now consider,
_[cos{m) -dt

It is assumed that zr=wu then g.df = du - Therefore,
1
t)-dt =— ~du
Icus(x ) JrJ-ct:»s{:.r}
1.
=—sin(u )+
—sin(u) +c

1.
=—sin|af )+
Lsin(at) +c



Now compute the boundaries of the equation (1),

lim [Si" (1)

==

1im[5i“{”})= diverges

) = diverges

= F 4
Hence, overall this integral is divergent.

Answer 17E.

Consider the improper integral

R
I:J;.rzﬂcdr

We know that

]:f f(x)dt=}i_[1!1i £ (x)ds

Tl |
dv= L
’,szﬂr r—;:nl.t(1+x}

1 _(l+x)-x
x(1+x)  x(1+x)
I+x x

- 1{]+x]__r(|+_t:|
kL

x l+x

I I
Lt ] L 1y j[l-L]dx
=27 x(1+x) —oilx x+1

d d

: o 2(x) S (x+1)
. 1 |- de' ’_dx
We know that I%dt:inlf(-‘)l r&fx-!-[x x+])d‘ ,f;f,c-l[ X o dx

=f£;[h‘l|x|—ln|x+l|}:

MNow substitute the limits

Lt [in]x|=In|x+1[]; = Lt [In]¢|In]e+1[]-[in[1]-In|1+1]
='£.;[|n 'I]-[u-[n|2|]

= It [In +|ngZ]
oo i+l

-0
1+0

In —=In

f f
ol :[l+!]
1
L [mHnogz]: Lt [0+1n2)
1= r+1 1=

=In2

—In

This is finite number so the given improper integral is convergent

=] z' dr=In2
lI +X




Answer 18E.

So the integral can be written as,

= dv dv
'L Vi +2v-3 ='L {v+3)(v-1)

oo
1[4(p+3} 4(v—li]d"
[f 3" *l {v I ]
Pl
_ %[m(m(pn}); -}ig;('n(v-”);]
a3

4]}5’3“( . ] Ilmln[:—l)]

-1.. r+3
=—TIimln
4 = | 5(z-1)

=5

This is a finite value.

So the integral converges.

Therefore. ‘#: lm(s) i
2y +2v-3 |4

Answer 19E.

To determine that whether the following integral is convergent or divergent:
[1]
I= _[ zed=

Integration by parts is,
I udv = w-_[vdu

And, a known integral formula is,

fe=dz=—



Therefore,

et H (5]

This is the finite value, so the given integral is convergent and converges fo
4

Answer 20E.

9

®
b,
+
L

LY
&

,convergent

Answer 21E.

I—=w

K 3
Ihl_xdxzﬁml]nx.ldx o
t x 1 X

Substitute Inx=u ﬁldxza&t
x

1
Then Ilnx_;dxz Iu.du

1 )
v _ Ll
2 2( %)



Therefore equation (1) becomes
[ % dx =lim I]n x —dx

(lnx) :[
=1£125[(ln£) ~(ta1)’]
= %]!1_}12 (lnt)2 =0

Thus I—dx 15 divergent

Answer 22E.

Consider the integral,
I e dx

The objective is to determine whether the given integral is convergent or divergent.

Let

4
u=-x

du=—4x'dx
Rewrite the integral as,

i e dy= lim ife-“dr

-k 1
=lim (- -)e' du
LE L ! 4

Therefore, the integral j X’ dr is convergent and j e de= [0]-

Answer 23E.

Consider the integral,

=

jg:; dc (1)

Recall the definition improper integral of type 1,

If both r f(x)dx and r f (x)dx are convergent, then
" f(x)ax=[" f(x)de+[ f(x)dx

Here any real number a can be used.

For convenience, use g=0. f{ ;} S = in the above formula.
9+ x

L f i x! - xz
dx = dx de (2
'[9+.rﬁ __9+.t‘ +!9+J‘ 2)
: * f(x)dr=lim [* f(x)dx

e [T

= sa



Use substitution to evaluate the integrals I il:‘ and J-

9+ 1"
Substitute 3 —,, in the above integrals.
Differentiate ,* =, on each side.
3x’dx = du
Change the limits of integration.
When x=1,. u=t]
When x=1t,. u=t’

When x=0.u=0

Then,
. du
X _ 3
I9+x _E 9+’
1 du
5-[‘:9+n'

=| 1L ™ Use_[ ctr=llan_'[£]
33 3 a +x° a a

o 3
im [—— dx = lim [-l tan” i)
—+=d O 9

The limit exists. So it is convergent. And therefore,

'.l




And also evaluate the integral ]‘ Y dx
I,]"E\"+.1r‘r
. du
.t I] II!- 3
d =
-!9+,t“ -L 9+’
_ 1 du
390 9447
LY ¥l Use_[ ! ,:irzllan"[iJ
3 3 3 a +x a a
=-ltan"£
9 3
1 r}
=—| tan”' 2= —tan' 0 | Apply the limits
9 3
:l m"i_
9 3
—lta.n"£
9 3

Find the limit as 1, —w®

' 3
)

I8 2
Y _dv= lim[lmr' %J

lim -

1= o Q4 x £y

()

The limit exists. So it is convergent. And therefore,

= .

x 1 &
de=—-— _____ (4
;[9+x" 9 2 )

Substitute the evaluated integral values, (3) and (4) in (2)

a4
J9sy 9.2) 9l2

Thus, the value of the improper integral is _



Answer 24E.

Consider the integral,
0 g 13
I
Determjnewhethermegﬁ‘mintegml_l-u ﬁa‘xis convergent or divergent. If 1t 1s
convergent, evaluate it.

Let u=¢". Then du=e'dx and the limits of integration will change to [L o).

Rewrite the integral
j--u gx _ -] gx
0 243 g 43
= du
U (u) +3
— = ﬂ
(6]
Recall that

|=L5)

e () ()]

As y—>oo, i—)m,andsu tan_]( u J=£_ Recall that m‘l(i)zi_
2 J3) 6

3

So, the given integral becomes

o sl () (3)

-+
o5

. = & . . e
Thereforqﬂlcgn‘enmtegt‘aljﬂﬁmmu’gmtanﬂﬂswluem E N




Answer 25E.

Consider the following integral:

T 1

[

" x(ln :(}
The objective is to determine whether the improper integral is convergent or divergent.
Definition of improper integral:

If J:f(_t)d\- exists for every number ¢ = g, then,

[ 7()d=tim [ 1 (x)ax

T
Now the integral I—sd‘ can be written as.

" x(ln_t]

= ¥

[ = lim | —— dix
,x(ln.t:l H",.t(]n.r)
Use substitution to solve the integral.

Let y=Inyx then du:ldr
X

lim 50&—'11‘“ —-du
== x(Inx) 2’

_hm[z_u] ],
e,
2| 2(Inx)°

S B S
"= 2(inr)’ 2(Ine)

= lim| —— +L]
== 2(lne)” 2(1)

: ] -1 1
=lim —+—
== 2(Inr) 2]

Hence, there exists a imit and it is convergent.

Therefore, the given integral is, convergent

Answer 26E.

";rarctanx . pxtanT'x
! 1+:r‘I = ![l+x")2
Substitute x=tan& => dx = sec’ 86
Ixtan x l- (tang) a
[1+;r2 (1+tan’8) 9

st:[:2 848

lé‘tan&sec g a8

sec &

tan5'
_Igsec a

:'I-gCOS

=I$‘sin9[:os€d9

cost 848

=ljasin29d9
2



Integrate by parts

—cos 28 —cos 28
llﬂ.sinZHdH:l[H( = )—Il.( = )db"]
2 2 2

2
=—15 [;0523+l_51n29
4 4 2

1 _1-tan®8 1 2tanéd

-8 S+ B

4 1+tan®8 B 1+tan’s

1-2 1 =x
+

Jr)'(1+x’) 4(1+2)
Thus nde:lim(—l) taﬂ__lxi_i
|J(1+Jr2)2 el 4 1+ 1+%

1. o 1= ¢ a
=——lim||tan ™t ———— | ~{tan"0—-0
4!—1»[( B s 1+EJ ( )]

1| av. (1-2Y . s
__Z[(lﬂtaﬂ I)_E(l+12)_]g21+£2:|

-1

=~ {tan

1|7 . 2y .. 01 .
=——|—=lim|—— |-lim — L-hospital rule
17 T
=2 N-0==2
s
Therefore the integral Ix fdx:?ﬁﬂ is convergent
0 (1+x2)

Answer 27E.
Given the integral as j:%dr,uhichisdimummm x=0

So. _[lid.c=1im_|'li_dr
0 x =0V
; -3
=E¥[EI

=1'm1|:__3___3]
=0t| 4 4t

As 107, F—}—I

So the limit does not exist.

Ags the integrand 1s negative, the integral diverges.
Answer 28E.

Consider the integral

i1
L=

Determine whether the given ntegral I:%dc is convergent or divergent. If 1t is
2J3-x

convergent, evaluate 1t.

This definite integral 1s improper since

1 ) .. o
— has an infinite at x=3.
F an discontinuity at x

However, as you will see in the next step, this improper integral still can be evaluated
normmally without using limats.



Let u=3—x. Then du=—dx and the new limits of integration in terms of u are
[3-2.3-3]=[L0].

This gives
Iﬁ‘hg . rT""‘
=—J-1n2du
[ 1
u? =
=— T Since, Iu'du—m
| 2

:_'h%]:
—2(\5-i)
=2(-)

=2

Therefore, the given integral I:ﬁd: 15 convergent and its value 1s .

Q29E.

Clearly, the function is not defined at y = -2 since the denominator of the function is zero at
x ==2 50 the function is continuous on the interval [—2,,14] and discontinuous at y=-2.

This result is confirmed by using above graph, that is, at y = —2the function has a vertical
asymptote.

So the given integral is an improper integral.
b b
If f is continuous on (a,b] and is discontinuous at a. then I f(x)dx= Iirqj f(x)dx.

Rewrite equation (1) as:

14
'I- ].r+2 'I-'-T ' 'x+2



Solve the integral lim !‘Nﬁdx.
T Ax+

X =, 'l

13 ] . 12 ]
——dt = lim | ——dly
B et e
= lim I“(1+2) adx
14
 tim | 22
-2 1
——+1
3 14
= lim [i{x+2}51
r=+=2" 3
4 3 3
=§ ﬁ",‘, [{]4+2)4 —(r+2]4]

3 Jim [{2‘); -(r+2ﬂ

im (5)-3 i (1+2)¢

32

[ 4= ]

32

. 14 1
Therefore, the limit hm I —ér' exists and is equal to ?,thal implies that the improper
roAx+

-2 ‘F‘ 2
14 1
integral is convergent.
= L ]‘ x+2 "
14 1
Therefore, the improper integral s |convergent
[ = [comergent]

Answer 30E.

Consider the following definite integral:

4
“(x-6)

The objective is to find whether the integral is convergent or divergent.
Rewrite the integral as,

4 =lim i
Em‘“‘lﬁf,m‘“

Solve the integral as follows:

=lim
16

J‘t%d‘ I‘Ljdx
el ey

{2
=[]

L tim—2
2 s (r_ﬁl

=aob

Therefore, the given integral is



Answer 31E.

3
We have to evaluate Iidx

4
X

To evaluate the given integral we use the following defimtions.
DEFINITION OF AN IMPROPER INTEGRAL OF TYPE 2:
(2)Xf £ is continuous on [a,b) and is discontinuocus at &,

then if(x)dx exists for every real number £ 2> a,
» .

then !f(x)dx:}_ig@_!f(x)dx

if this limit exists {as a finite number)

(b)]f f 15 conbnuous on (a,b] and 15 discontinuous at a,

¥
then If(x)dx exists for every real number £ a,

then if(x)dxzﬂif(x)dx

if this himit exists (as a finite number)

(c)IEf has a discontinuity at ¢, where a <c <b, and both

if(x)dx and if(x)dx are convergent, then we define
if(x)‘ix= if(x)dx+ij(x)dx

The given function has an asymptote at =10
Since # occurs in the middle of the interval [-2, 3], we use the above definition of
an improper integral of type2 withc =10,

1 T 1
So J;x—4dx=_!x—4dx+!x—4dx
¥ 3
=lim ]ldxﬂim jldx (using (a) and (b))
t—}ﬂ'_ﬂx‘ HI]". x"
I 1 ¥
Now hm | —dx=lm xdx
b2 _nx Hﬂ__ﬂ

= Liim (- (—2)‘3]

Frsr

1. 1 1
=—=lim|<+-
3es0l 7 B

Thus

Py oy =

z
l‘dx = oo 1s divergent, [we do not need to evaluaie Il‘dx 1
x o X

Therefore l‘dx 15 divergent

X

iy ey 4



Answer 32E.

1
dx
We have to evaluaie | —
7=

The given function has asympiote at x = 1
Todr ¢ odx
Then | ——=lim | ——
n! ﬁ_x: r—;%! ﬁ_x:
- )
=]:.1).ﬂl’£ sin I:E
=lim[sin™¢—sin™' 0]
=T

=limsin £ —1lim 0
=1 =17

L .
2 2
1
Thus I ax I is convergent
a1-22 2
Answer 33E.

Yx-1

To determine whether each integral is convergent or divergent

dx

9
Consider an integral I
o

Definition:

€ b
If f has a discontinuity at ¢, where ag<c <b, and both If{x}:ix and If(.t}dx are
- e

convergent, then we define
[ 1 ()= [ (e + [ £ ()
Let

9
1
f=£3

r—

—

1
Observe that the above integral is improper because f (r) = veriical asymptote y=1.
Yx-1

Since it occurs in the middle of the interval [0,9] of above definition with o =1:
Therefore,

1 9

b dx
I :I * +J-
! Jx-1 1 Yr-1

I
I
|
—
-
|
—
Haa | bed
—l
+
| |
b |
—
-
|
—
e d

=%{u}-§(-1)§ +%[s§]—%(o)

303
=—24+2(4




Thus the given improper integral is convergent and since the integrand is positive, we can
interpret the value of the integral as the area of the shaded region in below figure

sty

Answer 34E.

5
Consider an integral 2w
aw—2

To determine whether each integral is convergent or divergent

Definition:
s &

If f has a discontinuity at ¢, where a<c<b, andboth [ f(x)dx and [ f(x)dxare
-@ &

convergent, then we define

[ (o= £ (e | (e



Let 7= ]

Observe that the above integral is improper because f{.r] S 3 vertical asymptote yw=2.
W=

Since it occurs in the middle of the interval [{J,S] of above definition with & = 2:

So [= I—du+_[

H— 'II.—

Where

'][w‘:E dw= lim j‘—.:fu

r !—ﬁ_
2 }* _
W
-2

- lim I(

= lim [n +2In|u—2|]'

-2

- 1[,:1_[{f_n)+{2 Inje—2|-2nj0-2])]

= lim [+ (2Inj 2|~ 2In|-2])]

= lim 7+2 lim In(2—)-2In2

=2 =2
=2-o-2In2
=—oo (undefined)
2
because 2_;_5(Q* 385 y— 2 - Thus I — dwis divergent. This implies that
0
divergent. [Do not need to evaluate J- ww dw ]
2

Answer 35E.

Consider the integral
3
1
s
p X —6x+5

Sketch the graph of the function _f{ x} = T
x —bx+

bt

Ln-h-hhhnl-mu-h-m




Observe the graph, the function has discontinuous at x =1.
p 1

So the integral | ————dx changes as
;[ X' —6x+5

: 1 : dx ; dx
lxz-ax+s‘i’=!(x-1}{x-5)"-!(x-l)(x-s)

- imlii- imsi
“irlees e

= imlidt + im37dr
“irlemes e

o 1 1 o 1 1
=!er!![-4{.r—1) " 4{;-—5}}”:1'4'?![_4@—1] ’ 4(1_5}};&

- Iim[-iln(x—]]+%ln{x—5}1+ !l:p[—%ln(x—lﬁ%ln{x-ﬁ)]

3

=l
i

=aod

3
1
Therefore | ———dlis diverges.
;!‘ x —6x+5

Answer 36E.

Consider the following integral
I cscxdy
xi2
Multiply and divide the integral by csc(x)—cot(x) and simplify as shown below:

j— csc[x](cscx—mt{x}}dx

csc(x)-mt{_r}

z
I cscxdr=
xi2 =2

x

7 ese’ x—cse(x)cot(x)
a J- esc(x)—cot(x)

xi2

Substitute. u =csc(x)~-cot(x)= du =(csc’ x—csc xcot x)dx.
fla

“[n(o)].,

= m[csc{x}—cal{x}]: s

=In| csc(x)—cot(7)]- '“[““(g]_m(g]]

=In[0-=]-In[1-0]
=In[=]-0

=

Therefore, I cscxdris diverges.
xi2



Answer 37E.

Consider the integral,

€
a0 dx
The object is to determine whether the integral converges or diverges.
Rewrite the integral as,

rx’ —hm |?

Lo

1y -x

= lim dx

Use substitution method: Let 1 =

X

Differentiate l = i On both sides.
X

_?Idr=du

Upper imit- If x =¢then ,,=l_
I
Lower imit- If y=—1then g=-1.
Now the integral is reduced as,
L] 1
e’ . e’
—dv=lim| —dx
S E =

= lim [, —ue"dr

= lim —ue'du

e

=—lim ue'd'u

==X

= lim [ue" -¢"- 1]'

g

=~ lim [(ue" -¢)~(-e"-¢")]

~— lim [m»_mi]

—— e

—[(ﬂn}e* —e+ E]

e

=_—2 Usee™ =0
e

This is a finite number.
1

Therefore, the integral re’ deConverges.
I



Answer 38E.

Consider the integral,

i
e
.I:: ¥
The objective is to determine whether the following integral is convergent or divergent.
Rewrite the integral as,

L}
X

I—dx— lim e—d.r
R0+ R xF
1
R =1
=~ lim [ te'dt o
R0-4-1 1
——dv=dt
2

=— !li_.T_[rJ':e'd.r —I_:[%J'e'dt)dt] [Using By parts]
=~ lim [re'l cs:’r_'I ]
-

Since the integral has finite number as a result,

1e* i i
Therefore, the J' . Integral is convergent

Answer 39E.
Consider the integral:

ZInz d=

e 1]

Ve need to determine, whether the integral, J z? Inz d& is convergent or divergent, and also
o

evaluate this integral, whether it is convergent.
The function has an asympiote at z =(.

Since z =0 Inz— —o

Thus

S ey 1

2
z*Inz d= = lim lllz3 Inzd-.
r—s0” .

Using Integrate by parts, we have
u=Inz dv= Zztﬁ

z.‘l

du:ldz y=—
z 3

zzlnzdzz'l_i.t:][[(lnz} l E ;—35&}
= lim [:é(]nz]:[ -{[z’ dr}

{5131}

=lim[ Emz-ﬂmr}l(s-r’]]
o (|3 3 9

8 . 8 1.
=5|n2—6—6'1ﬁ[:’(3|m—1)].

Therefore,

B Ny




Now applying L-Hospital's rule on the limit, lil;} [13 (3Inz- I}] we have

A, vl g 3In7=1
,l!g_l[: (3Ins I]]—rlllz'_: ~

I
. ( 3/t ]
= lim <
=0\ =3 /¢

= lim(—r’)

=0

Now substitute, the value of the limit, l_ig} [:3 (37— I}] =0 in the integral,
[ 8 , 8 1.
lnzdz=—In2————1 (3Ims-1) |-
E[ n 3 99{_!3}[!{!1: ):|

Then, the value of the integral is
[7mza=2m2-2 L)
) 399

228
3 9

= gln 2— % . which is finite value.

Hence the integral, ZFInzd:is convergent, and also the value of the integral is

My 14

8

zzlnzdz=§ln2— i
3 9

o My 1

Answer 40E.

1
‘We have to evaluate Ide
2 Vx
The given function has vertical asymptote at x = 0.
Jx

Thus ide—lim ilnxldx
sz mTy

Integrate by parts with

1 112
u=Inx, dv=—dr=x "dx
Jx
u:ldx v=2x"
x
Using L-Hospital rule
f 1/¢
jde = 2lim -4 [L-Hospital rule]
AL ot _lf-m
2
= 2lim (—2¢7)-4
0%
=—4
i 1
Thus In x —dx=—4| and 15 convergent
-

Answer 41E.
A definite integral that contains the imits that tends to infinite.
Either both the limits of the integration could be infinite, or one of the two could be infinite.

Also, the integrand can tend to infinite in the interval of integration provided.



Consider the region S:
8= {(r,y}/.rz l,ﬂﬂyﬂe_’}
Take the value of the curve y-
y=e"

Consider the graph of §as shown below:

e

0.5+

Obtain the integral from the above region:
x
Area = Ie"d'r
i

The integral 5o obtained represents an improper integral.
Evaluate the area of the above region as shown below:

Te"dx= e
1 -1
_ B
Tlet
1
e
=(0.36788

Hence, the area of the concernad region is [_36788]-

S§m



Answer 42E.

Let y=eand s=[(x,y)/x£0,ﬂ£y5&’]
The graph of sis shown below

20 B
25 .‘I,.-"f
i /
1751 Vi
15t/
125 H}M“]

ks
£ £ £ £ £ £ £ i
25 2% 2 A5 A5- X 4 2% 405 -[125"_ 025 05 17 1 1.5 13 & 2 25 25

4257
051
457
i+
A5t
157
LT
-2
T
25

=1-0
=1
Thfmf:fort:ﬂma=1|

Answer 43E.

A definite integral that contains the limits that tends to infinite.
Either both the limits of the integration could be infinite, or one of the two could be infinite_

Also, the integrand can tend to infinite in the interval of integration provided.



Consider the region S:

= {{_r, y}/x >1,0<y<

Take the value of the curve y-

.Ij+.t'

.1.'3+X

}

Consider the graph of §as shown below:

A
25%

22571
2..
1_?5..-
15¢%
I.E“
1..
'l?ﬁu
05t
025+

1/[x"3ex)

x=1

15125 1 075 05025 0
051

051
0751
_‘|--
154
2054

02505075 1 12515175 2 225 2

Created vath a tial version of Advanced Grapher - hitp://vawss. alentum coms/agrapher

Obtain the integral from the above region:

|
Ama:'!-x3+x

The integral so obtained represents an improper i

dx

Evaluate the area of the above region as shown b

I3

1
X x

I (.r +l)
]

()

et ]
=[ln x—In JE]‘

3
x x+1

X

ntegral.

elow:



Simplify the above value further and substitute the limits:

= (& T
j dr=|In
|1s+x L “J‘H-‘-I
- -
=|In ! |
1+—
IEAN IIJJI
1
=Inl-ln—
2
—Iny2

Solve the above value further to obtain the final result

-

=0.34657
Hence, the final value is [p.34657]-

Answer 44E.

Let s:{(x,y)/xaﬂ,ﬂiyixe_’]

Let y=x&°
The graph of 515 shown below

st

Therefore area = Txe_zdx




Answer 45E.

Fig.1

Shaded region is S={(x,y)|05x572—r, 0<y<sec x}

Areats A= _I:nseci x dx
= ].i!le _[:set:2 x dx
2
= ].i!le [tan xE
2

=lim[tant]
F

=00
= Area is infinite
Answer 46E.

Fig 1

Shaded region 1s S=[(x,y)|—2 <x=0, 0<y<1/+fx+2

o
: 1
The area of the region A= | ——dx
;I;\l'x+2
Let x+2=y=dr=dy

Whenx=-2,y=0and whenx=0,y=2

A:iy‘mdx
1]
2
:)A:]ti_)r%_!y_mdx
~tig[25"]
=tim [ 2422 |
=t 2V i 2

=242-0

=la=22



Answer 47E.

.
5n X

<
¥

HNow with the help of compuier we find the values of Ig(x)dx fort=2,5, 10,
1

(A) “Wehave g (x) =

100, 1000 and 10000 and make a table

ik

1

2 0447453
5 0577101
10 0.621306

100 0.663479
1000 0.672957
10000 | 0.673407

‘We see that the value of integral is approaching (0.675) when t 15 increasing. So it

S
appears that Ig(x)dx 1s convergent
1

(B) For x=1wehave sinzx>1
Then sin®x>1
-2
sin”x_ 1
Andso p— for x=1
= 2

Let f(x)=% then g(x)ﬂf(x) for x=1

We calculate
= ) 4 1
[/ (as=tm ] Lo
1 e x
:ﬁm[_ll
Bw| x
=1,-m[_1+1]
[ ]
=-0+1=1

So f (x) s convergent

By the comparison theorem if j(x) = g(x) 20 for x2a andif Ij(x)dx is

convergent then Ig(x)d'x 15 also convergent
Here f(x)zg(x)zﬂ for x21

And we saw that I_f(x)dxis convergent
1

So Ig(x)d’x is also convergent
1

(C) We graph the functions _f(x) and g(;r) for 1=x<10

1
Y

fix)

Fig.1



‘We see from the graph that the area under the graph of j(x)for x 21,15 finite
and since f(x)lg(x),for x =1, then the area under the graph of g(x) must be

finite on any interval [1, t] . Therefore Ig(x)dx 15 convergent.
1

Answer 48E.
1

o=

g
HNow we evaluate the walues of Ig(x)dx for£=25,10, 100, 1000 and 10000 w1th
2

(&) Wehave g(x)=

the help of computer and make a table

£ ¥
Ig(x)dx
2

5 3.830327

10 6801200

100 23.32877
1000 69.02336
10000 | 208.1246

‘We see that the walues are not approaching any fized number so Ig(x) dx 15
2

divergent

1
[a—

(B) TForx22  Axzfr-1 Or

4ol
i

Let f(x):% then 02 7(x)<g(x)  for x22
Now [J-dr=lim[247]

-tn 24202
So I F(x)dx is divergent

Thus we have g(x)zf(x)zﬂ for x> 2 and If(x)dx 15 divergent then by
2

Comparison theorem

Ig (x)dx is also divergent
2

[a—

I,

®) TForz22  Jrxzfx-1 Or

Let_f(x):ithen 0= f(x)=g(x) for x=2

N
Now T%ﬁ:]ﬂ[z_.ﬁl
-tafo-205)

ol
T

So If(x)dx 1s divergent
2

Thus we have g(x)zf(x)zﬂ for x= 2 and If(x)dx 1s divergent then by
2

Comparison theorem

Ig (x) dx 15 also divergent
2




We see that from the area under the graph of f(x:] 15 infimie and g(x)af[x:]
for x= 2 . So the area under the graph of g[x) must be infinite.

Therefore Ig(x) 15 divergent
2

Answer 49E.

Consider the integral,

= X
'I-“ 13+l‘ﬁ

Use the Comparison Theorem to determine whether the integral is convergent or divergent.

Recalls that. suppose f and g are continuous functions with f(x)> g(x)=0forx>a.

(a) If I S (x)dx converges then I g(x)dx converges.

(b) If I g(x)dxdiverges then I S (x)dx diverges.

Rewrite the integral as,

= X 1ox = X
dx = dv+ | ——x-
J-“ o+l J-“x’+l I' X+l

Observe that the first integral on the right — hand side is just an ordinary definite integral
By p-series test, Il-%dr converges if p >1 and diverges if p<1.

Compare the second integral on the interval [Lm).

X X
(.un“‘+]}¢:.a|.t_3
_1
=

Here, p=2>1.

Observe that I:%& converges by p-series test
) ; =1
By the comparison theorem, since Il F& converges.

Then, r—r.«,ﬁ; also converges.
o X 41

Therefore, the integral rﬁdx converges.
o x4

Answer 50E.
For x21 247 =2 since ¢ >0 forall x
Then 2+ L2 on [Lao)
x x
Lt f(x)=27"" and g(x)=2

I



HNow
Tg(x)dx = T%dx

4
=hm de

Hnl x
=lim[2ln x|
=lim(2In¢) [ln1=0]
=00

So Ig(x)dx 1s divergent for x 21
1

Thus we have f(x)2 g(x)z 0 and Ig(x)dx 1s divergent for x =1
1

Then by comparison theorem I_}’(x)dle 2te ax 18 M
1 1 X

Answer 51E.

1679-7.8-51E RID: 1411| 18/04/2016
Consider the integral,

= x+1
J-' Jxt-x

The object is to use Comparison Theorem to determine whether the given integral is
converges or not.

Recall that, If f(x)and g(x)are continuous functions with f(x)2g(x)=0 for x=a.
If r f (x)dxis convergent then r g(x)dxconvergent
If r g(x)dx’s divergent, then r f(x)dxis divergent

Observe that y 41> y and Jxt-x> J_r‘ - x>0
This implies that,

x+1 x

=
N

"fl

1
x

il andg(.r):l_

The object is to check whether the integral J’i g( x]d.r = r_]dr is convergent or not.
1 1 X

Note thal f(x)= g(x) where f(x)=

From the definition of an improper integral of type 1, then

rld:=lim 15
1 X 1= Ix

= lim[In |x[]
=lim(In 7~In 1)

=limln r Since In1=0

1—x
=Inw

=0

The limit does not exist as a finite number and so the imperer integral J-lldr [ divergenl.
I x

Hence, the integral J-I‘—f.i!‘ diverges by comparison theorem.

V' -x

x+1
t‘—



Answer 52E.

Consider the integral,
]‘iarcmn{x}
» 2+€

The objective is to determine whether the following integral is convergent or divergent by using
comparison theorem.

Comparison theorem states that if fand g are continuous functions with f(x) > g(x) =0 for

xza-

(@) If I S (x)dx is convergent, then Ig{x)dr is convergent.

(b) If Ig{x)dr is divergent, then I f(x)dx is divergent

Consider the integrand,
arctan(x]
2+e
Observe that,

T T
——<arctan(x) < —
2 2

T x
2 _arctan(x) 3

e 21e  2+e

Therefore, the integration I —e(:x)dr[:an be writien as,
L]

2+
T
fl =2 lax- ij;
ol 2+€ 202+
= [0.408]
T
Since integration I —2_|ais convergent, therefore the integral I —(x)dris also
ol 2+€ 3 2+é

convergent.

Answer 53E.

Consider the integral,

J'»seczx E

o XJ;
The objective is to use comparison theorem to determine whether the given integral is
convergent or divergent.

Comparison theorem states that, if fand g are continuous functions with f(x)> g(x)=0 for

xX=za-

(a) If I S (x)dx is convergent, then Ig{.r)dr is convergent.

(b) If Ig{.r)dr is divergent, then I’ S (x)dx is divergent



Consider the integrand,

sec” x
xx

We know that,

sec’ x> 1
sec’x 1
x  xix
f(x)>g(x)
Consider the integral,

(G-l

Since the integral I( }tr is divergent, therefore by Comparison Theorem the integral

xx

I —dr is also divergent.

Answer 54E.

Consider the integral,

IS:III _t

The objective is to use the comparison theorem to determine whether the given integral is
convergent or divergent.

Comparison theorem states that if fand g are continuous functions with f (.r) > g{x} > for

x=d-

(a) If I £ (x)dx is convergent, then Ig[x)dr is convergent.

(b) If Ig(.t)dr is divergent, then I’ f(x)dx is divergent



Consider the definite integral
ISIH _'l’

We know that,

So, the integral
1

J{ e = sm 42

&+ | =

=0l

1
1
Since the integral —_—
%

dx is finite, therefore, the integral Imdr is also convergent
Answer 55E.

We have

B 1 oo
'!J;(l+x)_'!J;(1+x)dx+'!d’;(l+x)dx
First we evaluate the integral .i-J_(l

a VX 1+x)
Let xHl=y=dx=dy

When x—0, y =1 and whenx=1,y=2

1 1

———dx=lim | ——dy

'!J;(l+ x) =1 '!.y\j—1+y

du 2 a1 ja+bu ;
Using the formula = tan ‘ +C if a<0
'l-u-q‘a+ \l'

1

Then !

'!J;(1+x)dx i [20” 5=1]

T 19 O
_E(zm 1-2tan” i =1)
& T

4 2

. T 1
Now we evaluate the integral I—
J_(1+ x)

Using the same substitution as in first integral
Whenx=1,y=2andx—w, y >0

1 N
e inlpa
=].1'_E[2tan'lm—2tan_ll]

=21imtan_1«.,g—1—g



Let u—-1=5° 50 u—>c then S —co

dr=2limtan'5- %

T
!JE(HI) Soe 2

-2(3)-3

z
2

So

i

.I‘hﬂﬂ 7dx=_+_
!JEUH) 2 2

T 1
'!J;(l+x)

Answer 56E.

We can write

1 1 T
7= =]

1
ax
xdx sxfz -4

4
]

. T 1
Now we evaluate the integral | ——dx
'!-x\i -4
As first integral, we have
T 1 - [1 -1 I:[
— dxr=lm| —sec” —
!1\1‘12—4 S| 2 2

1. a8 1f#x
=—limsecT ——| —
255w 2 2

Now we evaluate the integral I
H

As first integral, we have

T 1 - 1 -1 I:[
— dxr=lm| —sec” —
'!-IV‘I;—"-‘ 5""[2 2

_F_F
4 6
Then we have
T 1
I PR
sxx —4 6 4 6| 4




Answer 57E.

1

Ifp=1then Iidx 1s divergent
2 &

Solet p#1 then

1 1 ) 1 =
!Fﬂ=$!x dx

. 7
=1lim
=0 —p+1

1 i 1
- (1—p)3i"’r“+[l‘F]

Nowif p>1thenp—1>0and %—)mast—)[r
4

1
Therefore I%dx is divergent
1]

Ifp<1thenp—1<0 and %::H' —0 as £ >0
£

1
Thus I%dx converges when p < 1 and the iniegral has the value ]
0 -F

Answer 58E.
If p=1

Tldx=ljm:1dx

xln x 2o xlnx

Let l.nx=y:>ldx=afy‘
x
Whenx=e,y=1and whenx =%, y=Inf

! M1
Then ]!Lm;exlnxdxzhr&'!;@
=tim[tn ]
=lim[ln (lnf)~1n(1)]
=00

Since Inf —c0 as £ — so I#dx is divergent whenp =1

e x(]n x)'
Whenp <1
: It
m|———dx=lm | y ¥ dy
H"'! x{lax)” """!

NE—
#e1-p |(lng)"

Sincep < 1thenp—1 < 0 and then #—)m as { —>»00 since lnf — o0
Ing

asf —00, So Iﬁdx 15 divergent whenp < 1
e X{lnx



Ifp = 1thenp — 1> 0andthen #—}Uast—}m since Inf —»co as £ —>co
Ing

So T ! dx= Hm[L{ ! —1}:|
e x(ln x)° =el1-p |(ln .t)r_l

{5
1

1
L

T ! 5 dx is convergent when and T ! dx— 1

- x(ln x) . x[].n x:]r p-1

Answer 59E.
Ir p=-1
1 llnx
Then Ix']nxdx=l—dx
0 0 £

=hm ide

:r—:»l:l"':r xr
Let ]nx=_}r=>ldx=dy
X
Andwhenz=1t, y=Iln{,whenxzx=1,9=0

1 1]
; Inx ;
Then Pm!de—hml_}r dy

¥

1|2

i [M]
a0 2

Since Inf ——m as £ —=0*

1
So Ix’lnxdx is divergent whenp =-1
0

Ir p<-1
1 1
Ix’]nxdxz ]imlx']nxdx
] =075
ul-l-l
+1)°
1 [ xﬂl
Wehave | x¥lnxdx=lim p+ljlnx-1

15 Gy (p:n {(p“)'“_l}]

When p <—1=>p+1<0 then lim ™ = and limlnf= -
0t ot

Using the formula [o® Inudu= [(z+1)lnu-1]+C

1
So Ix’ In xdx is divergent whenp < -1
0



If p=-1

Then p+1=0

Andso lim#™' =0
0t

{(p+1)1nr.—1}]

Then Ix"]nxdx lim |-

(» +1) ( +1)2

p— 1 p—
(p+1)
_ 1
(p+1)
1 1
So Ix’ In xdx is convergent when and .I-x" In xdx = —ﬁ
[} 0 r+1
Answer 60E.
(4 Forma=0
o ¥
Ix" e"dx:lim_l- e "dx
] et
—lu:n —z I
—hm[—e +1]
Since lime™ = 0 then _!e"dx:l — (D
Form=1
o ¥
Ix’e_'dleim xe “dx
0 ==
= hm —xe Il +]1ml *dx [Integrate by pari]
=lim[—+&* +0]+]jm s dx
o f—)on
—0+1 From (1) [lrim (2e¥)= 0]
[xe=ax=11 —@
]
Fora=12
L] 4
Ix‘ e dx= ].im.l-x2 e dx
0 Swo
—hm[ xze_'j[l+2 ]Jmlxe [Integration by part]
=0+21 [From (2]
>|[Fe =2 —03
]
Forn=3

Ix’e"dlet.i_’m;if e dx

= l.lm[ = e_':[l +l.11.'|:|.|-Jr2 e Tdx [Integration by parts]

=0+32 [From {3)]
=321=3l

Then Tfe"dx: 3.2.1=3l —@
0




(B)  From part (A) we can guess the value of Ix' e "dx when n is an arbitrary positive
0

constant (integer) as

Tx'e_'dxzn!
]

(C) “Weseethatfornz=1 [frompart (A)]
[redx=1
]

So this statement 1s true for 2 =1

We assume that it 1strue forn =k

Then Tx"e"dx:l’ﬂix‘e"&.’x:k! — (9
1] 1]

Nowif a=kt1
o T

Then Ix""e“’dxz]imlx“le_'dx
] =0

o

=lm [—xhl e_':[l +(x +1)]’i_’m i x*edr [Integration by part]
]
=0+ ({£+1) &I [From (5)]
:Tx“‘e—'dxz(kﬂ)!
]

Then by mathematical induction we hawve

I e dr==n! Proved
]

Answer 61E.

= 0 -
(8) We write de’x: de’x+lxd’x
e e (]
Now we evaluaie the integrals on the right hand side
0 ]
dexz}jm xdx
= z

_ [fI
—lm |2
o 2
2
5o 2
Since one of the integrals of right hand side 1s divergent then the integral I xdx is

divergent

® m='i,ﬂ;[§1

[We can use the property of definiie mitegrals of odd functions I_f(x)dx: 0]
r o

Thus ]ri_}m lxdx= 0 so the integral I xdx must be convergent but from part (4)
- —

we saw that [ xdx 15 divergent so this is a contradiction

-

- 4
So we can not define dex:lrimlxdx
—o -



Answer 62E.

Consider the following average speed of molecules in an ideal gas:

WNlx
F:i{_‘u) Ivse—yr‘.-unndv
Jr\2RT)

Where M.R and T are the constants.

Apply some substitutions to simplify the constants.

i’=i[ M ]Mj:v’e‘“"”"“’dv
Jr \2RT

a=Mv[2RT

32
b= _“_(i]
Jz \2RT

Therefore,

ﬁ:bj: Ve dv (n

Use u-substitution method.
Let,
u=v
du =2vdv

dv= Ldu
2v
Substitute these values in equation (1).

¥ =—b| ue™du

v=lbtim[we=a .. (2)

Now, use integration by paris to solve the above improper integral

Consider,
L) [ = r s
ue e
Iue"du: - +I]-—a‘u
o a [ 1] a
[ e e
T &
B T
ve e . 2
=|- - Since u=v"
e

Substitute the above integral value in equation (2).
v= lblim[ue*du
2 f—wx P

1 Ve ™ e
—3"!‘:!3[‘ p '71

1. .. Pe™ &= 1
=5"1L'2[‘ . & ‘(‘:z]]

=%b(aLz] Since lime * =o)
b

"2



Now, plug in values for b and a in the above equation.

b

24

v=

Answer 63E.

In figure 1 the shaded region 1s R:{(x,y)]xal, O=y= 1}

x

y=1f

Fig1

‘We consider a strip in this region vertically

If we rotate this region about x — axis, we get a typical disk with radius l
x

2
Then cross sectional area of disk A(x) = J'r(lJ = %
x

Then the volume of the sohd
T
VF=|—=dx
IZ
¥
=}im7r dx

=mhm —x_l:rl

—=w

:,,h-m[_lﬂ]

I-w Fd
. ( 1] .
=mlm| —-|+mhm
3w £ p 2
=047
Thus volume of the sohid 15 which 15 finite



Answer 64E.

The Newion's law of Gravitation states that fwo bodies with masses m, and m, atiract each
other with a force

F=G—'";f‘*

Where r is the distance between the two bodies and (7 is the gravitational constant.

Find the work needed fo propel the space vehicle of weigh 1000kg from the Earth’s
gravitational field.

The required work is,

Here,
R = Radius of the Earth =6.37x10°Em
m, = Mass of the Earth = 5.98x10™ kg
= Mass of the Space vehicle =1000 kg
G = Gravitational force = 6.67x10™"" N.m" kg

Substitute these values in the above equation W = Gm,m, I:%:l

W=Gm,m.[l]
LR
. n 1
=(6.67x107" N.m® 5.98x10* kg )(1000 R
(667<10" N s 35x10" kg 1000 vg) o
=6.2481234x10" Joules. Using a caluculator.

Therefore, the required work to propel the space vehicle of weigh 1000kg from the Earth’s
gravitational field Is |y = 6.2481234x10" Joules.

Answer 65E.

The Newton's law of Gravitation states that two bodies with masses m, and m, atract each
other with a force

= G—":'_':"

Where r is the distance between the two bodies and (G is the gravitational constant.

The required work done to propel a rocket of mass m out of the gravitational field of a planet
with mass jf and radius g is

IF(r)dr

t mM

B

K

—lim G’"M

==
) r

dr

-IlmeM ! r.ir

1z



Continue the above integration,

W= Gliim[—l]
R

P r

: 1 1
=GmM lim| —-+—

P=em 1 R

GmM = ZF
= lim-=0.
R f—sm f

The fact that initial Kinetic energy of %mvj supplies the needed work.

So,
GmM 1

=—mv,
R 27
Do the little algebra, to get

W=

GmM 1,
=—mv,
R 2
26M
Vﬂ = ——
R
Therefore, the require escape velocity is V= @ .
R

Answer 66E.

Consider the function x(r)= %( R— rf

Substitute into the integral for the given function x(r) = %{ R _rf to begin:

e Ok

Now, use a trigonometric substitution of y = gsec@. Which means gy = ssec @ tan 848 -

r{R r] fssecl(R- sse:‘.'G)
I _j J lsect -5 (ssecOtan8)do Square out the binomial.
ssecﬂ(R —2RssecO+s" sec’ H} Factor out the common
j 3 ssecfanfdl | . i the radical. and
=issec6[k—2ksmﬂ+g’ d e}ssocﬂtanada tan® & = sec” -1
8 stand Cancel the gtan@ and

=Si{Rs¢c3 f—2Rssec’ @+5° sec” g}dﬂ disiribute the sec@-

Using a table of integrals at this point, we can get the integral of gec* g reduced, and then fully
integrate the other two.

jm*me=lm=ema+3jm-’ 0d0 =L sec? O1an 0+ > 1an @
3 3 3 3
Isec’ 8d@ = %secﬂ'tan9+%ln|secﬂ+mn61 and

jsec’ﬂdazmna



When r=s, we have g=ggec@.which means |=gec@ Or @=() for the lower limit

When ;= R.we have R =gsecd.which means R = sec# . Using the identity
5

tan’ @ =sec® #—1. We see that

z v S
m*ﬂ:[ﬁ] _|=R :5 and thus:
s s

P‘ 2 2
tanf = VR -5 (we take the positive root because all values are positive in this case.
5

When r=s5 we have g=gsecd.which means |=gec@ O § = for the lower limit

When ,— g.wehave R = ssec.which means R =sec# . Using the identity
5

tan’ @ = sec’ §—1. We see that

: 2 2
tmﬁg:(E] _|=R _15 and thus:
s 5

P‘ 2 2
tan® = VR -5 (we take the positive root because all values are positive in this case.
5

Thus, using the above subsiitutions for when , = g. we evaluate:

sRtan&-2Rs" (%sec&tanﬂ+%ln|secﬂ+tan61]+s’ [%sec Htanﬂ-r%tanﬁi]

2 3 ] 2 ]
:sg(_JRs ]_mz[l.ﬁ.h l,n[m_ VR =5 ]]
5 2 =5 5 2 5

oy ()

2 2
=R -5 -RR -5 —Rs® ln(h— "'R‘]%Rl R -5’

5

¥ 3

+352 R —5°
3

Using the substitution of @ = for when r =35 we have a much simpler evaluation:

2
RVR =5 -RR —5 —Rs® ]n[m— M]+%R’JR" —s +§321J‘Rz _s

5

5

2
—RJR -5 —%RZJR" _s? —Rs? ln[f“— 'mz"']+§s’».!k* _s

L1

2 2
=RJR =5 —Rs’ m(“— “R"]-%{R’ - WR -5

Answer 67E.
Consider the data:

A manufacturer of light bulbs wants to produce bulbs that last about 7 hours but, of course,
some bulbs burn out faster than others.

And F(t)be the fraction of the company’s bulbs that burn out before ¢ hours, so F(r)
always lies between gand 1.



(a)
The objective is to draw the rough skeich of the function F(r)

Expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs
to burn out after close to 700 hours, and a few awesome bulbs to burn on past 700 hours.

The rough sketch of the function, F(¢)is shown below:

T y=F(1)

——t—t—t+—+—+—+—+—t>
700 t (in hours)

(b)
The objective is to write the meaning of the derivative r(f} =F'(r)

The derivative F '(r} is the rate at which the fraction of the burnt-out bulbs increases as ¢

increases. So, it can be interpret F'(r)as a fractional burnout rate.

(c)
From the data, r(r)=F'(r)

The objective is to find the value of the improper integral, Ir(f}dt
o

Now,

-

oy =t (3
im0

=lim([F()],)
= lim([ 7 (5)-F(0)])

= lim F (b) F(0)
=1-0
=]

=

Therefore, Ir(t)ﬂ‘! =[]

1]

So, it can be interpreting this as the final limit is |I| , because all the bulbs will eventually
burnout.



Answer 68E.

We have M = —t]: ot
[1]

F
= —klim jz £t
Frw o

k¥ ¥
:—tm[{”—} +lje"'a!:]
Foe t [1] ltl'.l
_ ye* 1 &
=“"[’,‘ﬂ{T_ |-l I]
= _&lim [ﬁ] + L iim [¢*-¢"]
yoo| i kyoo

= _&lim [ﬁ] + X im (e*-1)
Ead I o

kye
Sincek=-0.000121<0
Then lme™ =0 fork<0
Fio
Then M:—k.0+%(0—1)

Su=-1
£

1
-0.000121

= [B£ ~8264 3] years

=M=

Answer 69E.
Consider the integral inequality J“%dr <0.001. ... (1)
T x+
Determine how large the number a.

If I_f(,r]dx exists for every number y > gthen If(x)dr = Iimlf{_r}dr_provided this limit

exisis.

Rewrite the equation (1) as:

= !lm[tan"(_r}l
[y <0001 =lim[an '] <0001

=lim| tan™' 1 ~tan"' a | <0.001

=%-mn"a<0.{)ﬂl

=% _0.001<tana
2
T -1
=:an[—-&00l]-:: tan{lan a)
2

—a> lan(%-ﬂ.ﬂﬂl]

=a >999.9996667

Therefore the number a is 1000.



Answer 70E.

Consider the integral r e"" dx-
L]
Rewrite the given integral as J’t E"’ de= re"! dx +r e": dx-
L1} o 4
Approximate the integral ‘I"1 E"" dusing Simpson’s rule.
L]
Simpson’s rule is,
Ax
[ 7(x)de =S, =577 (5) +47 (%) + 2 () +2f (.2) + 47 (x,.) + £ (x,)] Where

M=b—a

n
Ac=lz@
n
4-0

8
1

Axr= Sincen=8

ta ]

Substitute the values in the Simpson’s rule.

[[ 7 ()den s, =55 £ (5)+47 () + 27 (2)++ 27 (5.2) 47 (5.0) + (5]

[ dess, =L[f(0}+4f{ﬂ.5}+2f(l)+4f[l.5}+ 2f[2)+4f{2.5}]
o 2-3 +21(3)+4/(3.5)+ f(4)
= é[a&""F +4e 12¢7 1467 1267 147 +2e 1407 +e"‘:]
1 [1+4(0.778)+2(0.37) +4(0.105)+ 2(0.018) + 4(0.001)
6 +2[0.0001]+4(4.79x10° )+ £(1.125x107) |
1 [1+4(0.778)+ 2(0.37) + 4(0.105) + 2(0.018) + 4(0.001)]
6 +2[0.0001]+ 4(4.79x10%) + (1.125x107)
=0.8862

The comparison theorem is,

Suppose the functions f and g are continuous functions with f(x)>g(x)>0 for x2a-

(1) If I f(x)dxis convergent, then I g(x)dxis convergent

(2) If I g(x)dxis divergent. then I f (x)dyxis divergent

Consider y>4
x=4
X’ = 4x
-x <—4x
e* <e™

r e dv < I: e

4



Find the integral j’ T
L]
- r
[ e =lim [e™*ax
4 f=px
i e—h !
=lim| —
'“[ -4 ]4

(7

= (0.00000002
f.( .r} =¢“andg ( .r) =¢* in the comparison theorem.
|, e de<[ e =0.00000002
4 4
Rewrite the above equation as
[ e de<[ ™ <0.0000001
4 4

Therefore, the second integral is smaller than j’ * ¢~* which is less than 0.0000001.
4

Answer 71E.

Definition of the Laplace transform of the function f(¢)Is.

L (0)=[ 70

Generalisation of L(f(r))=F(s)
Where, the function F is the domain of the set of all real numbers 5.
The s is integral converges.

Here, f(r) is continuous for 72> .

(a
Find the Laplace transform of the function f(¢)=1

By definition of improper integrals. if If(x)dr= ]Lnllf(x}ctr.

L(1)=lim [1-¢"“d

’

=lim | e ™dt

I

1. Lt
=——lim| e "l

sl‘—l-’l:

=—llim[e"' —e*’]

x5 1=

S lime™ —l)

5 ==

5

Therefore, the Laplace transform of the function f(:):l is



(0)
Find the Laplace transform of the function f(1)=¢'

L[d)=!Ln:'a-e'"dr
(1]

1
=lim[e " Yat
—x

|

Therefore, the Laplace transform of the function £ {;} =¢'Is

2]
|
—

(c)
Find the Laplace transform of the function f(r) =t

L(r)= !ertn:!f-e"'dr
N
]

Therefore, the Laplace transform of the function f (r}:.f is |£|

Answer 72E.

Consider the continuous function f(¢) such that 0< f(r)< Me” where M and a are

constants

To prove that the Laplace fransform of f(r) is exists for s>a

By the definition of Laplace transform
F(s)=[f(r)edr
0
The function F{_g} is defined when integral convergent
The given inequality is
0< f(r)< Me™

0-e < f(1)-e" < Me™-e™
0< f(r)e™ < Me™ ™



Consider the following integral for s> a

= P
j Me ¥ dr = lim [ Me " dy
[ i
E ﬁk—h—ak ul
=lim
r=| —(s-a)
[ Me P [ pge P
= lim -
ro=| —(s-a) | -(s-a)
. B m'l"ﬂh’ M
“| T(5-a) (s-a)

As pom —(s—a)p—}—mlhme"”"’—)l}

)h'e_(’ ~alp

M

M

Iim[
=

“(s-a) (-

]=

a)

n+[s—a}

Consider the following integral for s>a

=0

E P
j Me " di = lim[Me"'*"d;
[ P
—J"fe_h_a* P
= lim
r=| —(s-a])
B Me ™ [ Met—P
=lim -
" 6ma) \-G-a)
: -hfe"""h’ M
T Z(s-a) (s-a)
As po®m —(.s—a)p—r—mlhme"”"’
Met™" M M
lim + =0+
pros ~(s-a) (s-a) (s—a)

Answer 73E.

Consider the following function £ (r) such that

0< f(r)<Me”,0< f'(r)< Ke” for1=0

And Laplace transform of f(t) is F(s) and Laplace transform of f’(1)is G(s)

By the definition of Laplace transform

G(s} =sF(s]-f[D),s >a

F(s)=[ £()ea

GM:I F()edr

Recollect integral by

[7(x) g (ke =[[ £ (x)eix ) (x) - [ ' (x) [ £ ()t s
[rye=a=[[r()a]e~[(e=)[[r(r)ar]ar

paris

[r (e ar=[1(r)]e ~[(=se)[ 1 (1)
[£(e)ye=de=[£(1)]e™ +s[e 1 (r)de

I Fr)ea=[r()e ] +s;{e-" £()di



But it is given that

0< f(t)< Me”
0-e™<f(t)e™ < Me™-e™
0< f(f)e™ < Me™ -7

0< f(r)e™ < M

As-ap

ifs>a thenastr == . e —0

lim0 < lim £ (r)e™ < lim Me ™
r—sx == r—sx

im /(1) =0 and im /(1) = 1(0)e = £ (0)
_'l'f{r}e"'dr = [f(r}e"']: +sIe‘ f(t)dt

[ r(0)edi=0-1(0)+sF(s)

|G'(.s)=sF{s)—f(O) ifs >a|

Answer 74E.

Consider J': f{ x}ir is convergent and a and b are real numbers,

Prove the following equality.

" r(x)a+ [ f(x)ae=[" fx)de+ [ f(x)de (1)

Case1l:
Assume that p » g without any loss of generality.
Rewrite the left hand side as:

[ 7 () [ 7 (x)de=[ 7 (x)des [ £ (x)des [ f (x)ae - @
Rewrite the right hand side as:

[ rwav+[ f(x)ac=[" f(x)a+ [ f(x)dx+ [ f(x)ate @)
Equations (2) and (3) are equal

Therefore

[ f(x)ae+ [ f(x)de= " f(x)a+ [ f(x)dr-

Case2:
Assume that g - p without any loss of generality.
Rewrite the left hand side as:

[ r (x)dn_[jf{x)dr:j_';f (x)dx+ [ f(x)de+ [ f(x)de - (4)
Rewrite the right hand side as:
I;f(x)d¥+lbxf(x)¢ = I;f(ﬂdrﬁ:f(x)duff(x)dr e (3)

Equations (4) and (5) are equal

Casel:
Assume that g =} without any loss of generality.
Replace a with pin equation (1)

[/ ()des [ f(x)ate= [ f(x)dies [ f(x)de Troe

Therefore, in any case J:f(x)dr+_[:f(.t)dr=jlf(.t)c&+f:f(x)dri5 true.



Answer 75E.

Consider the improper integral J: Peld o (1)

Rewrite the integral (1) as:

[0 e [Cx(2ne Y@
Let = x and dv =—2xe " dx

Then du = dx and v = [~2xe ™ dx
-fea(-2)

e~ (Since [e'dr=¢')
Formula for integration by parts:
[udv=uv—[vdu.

The integral becomes

[x{-2xe™ Jdx=xe [
Substitute the imits of the integration.

[ x(-2xe e =[ xe l ~[feran

[20-0-0-1]- e v

= —I: e dx

From the equation (2)

J-: e dx= —%j’: :-{—Z.re"‘: }ir
J-: Yedx= —%(—J-: er a!r) From (3)

A e

Therefore J': e di= %L‘ e dv

Answer 76E.

Give the graphical interpretation to show that J': e dr= L'_ [~In ydby.

First, sketch graph of the function, , =¢* and shade the enclosed region with x-axis and y-

axis.

e

05 \

X

ol 1 2 3

The area of the shaded region in the above diagram is represented by the integral, r e dv.
1]



First, sketch graph of the function y = /~nx in the interval, 0 to 1, and shade the enclosed
region with x-axis and y-axis.

e
2
1 NS

X
ol 05 1

The area of the shaded region in the above diagram is represented by the integral,

[\Finy a.

Observe these diagrams carefully. If we rotate the first diagram to 90 degrees angle and then
take its mirror image. it will be the same as the second diagram. It follows that the area of the
shaded regions in both the diagrams is equal

This implies ]‘: e dx= j:.,'—ln vy

Answer 77E.
Consider the improper integral J- ‘[ 1 _L]cﬁ
V¥ +4 x+2

Find the value of the constant (¢ for which this integral converges.

Using the definition r f(x)dxz lim‘rf(.t)dr with g=0, we have

r € Lciim( N S P

ol J¥+4 x+2 edo| f2 4 x42

- I 3 2

Since | —=dr=In x+v'.t'+a’)_the above integral becomes
.[ r.l':+ﬂ2 (

= I C o 2
J-(l (ﬁ—m =}!l.1;l[|n(.t+-d4+.r )—Clnl:r+ 2[[.
=}iﬂ[|n(:+J4+:=)—cm|:+2|—tnz+6|n 2]

=lim In(1+m)-]n|r+2r-ln2+(fh12]
(r+m)

=lim| In-——F—=-In2+ClIn2
s (r+2)

:[1+ %H]
=lim| In —In2+CIn2

1=

=lim| In ] -ln2+Chln2 .. (1)

==




In the above integral as r - o0, l_}U.So in order to have the converge of the above integral
Tt

we must have
1-C=0
=[c=1]

If C =1 . then from the integral (1). we have

——— = ln————L |- In2+(1)In2

Jeied x+2) (1+0)

=(|n{1+1)]—1nz+(|)lnz

J-:( I C £ (1+40+1)

=ln2-In2+In2
=In2

Hence the value of the integral is @

Answer 78E.

Consider the following improper integral:

I( zx ¢ ]dx
x+1 3x+1

o

The objective is to find the value of constant ‘c’ for which the integral converges.

Use the definition [~ £ (x)dx =lim || £ (x)dx with ¢=0.
Ix( 2.1' _C ]dx=imr( zx _C de
ol ¥ 4+1 3x+1 edol xt 3] 3x+1
(1 2x Cp 3
=lim| - [ ——dvr—— d
rlﬂ[zﬂfn 3403x+1 ]
=1im[lm{1+f)-£m|3x+l|
e 2 3

1
=]iﬂ[|u(|+f)5 -1u|3x+||§];

Continuing of the above integration,

T( x c J =1immm

©+1 3x+l “| paeiff

=lim| In —In-
1w (3!'!.1)3 1
= lim lrt( 3 ")'C (since In1=0)
Jr+1)s
t I+L2
=limln——f _
= !a_: I ;
:’[3+—J
'
C
:I 3 I+l1
=limIn ; (1)
3



The integral as f — oo, 1_;,{].
I

When the integral is converges, the power of { value is,

1-S-
C=3

Substitute for ¢ = 3 in equation (1).

(1]
L (xzx I_JC I}i\'=|n t I+?
+ X+ _{3-{-“}5

i

=In 1

't.3)

Therefore, the integral value is ]n(l) .

Answer 79E.
Consider a function f(x)=exp(exp(-x))-

Clearly this function is a continuous function for all values of x as it contains only exponential
terms.

It means the function f(x)= exp[exp{—x}) continuous on [0,).
Consider the limit of the function.
lim / (x) = limexp(exp(~x))
- explexp(<))
=exp(0) Since exp(—=)=0
=1

Hence lim f(x)=1.

This follows that the function is satisfying all the given conditions.

Consider the improper integral I I (,t }dx
o

If(x)dt = chp(cxp{-x])cir
] 0
Clearly this integral is not convergent as there is no function g(x) in the interval [ﬂ,m)
such that f(x)<g(x) and I g(x)dx is convergent
o

Therefore existence of the desired function is not possible.



Answer 80E.

Consider the following integral:

[ dx. ifa>-1andb>a+1
o l+x

Use the definition of improper integral,

[ £ (e =tim [ 7 (x)

I X —llm idr
o1+x" o 1+x*
Apply the condition g —] on the right hand side integrand.
¥
— . ifa>-1
1+x°
x {i
1+x" x°
Ilmj—dx{hm £d.t
",ﬁ-
<lim x"’dr
I'—I"lo
B =l
= lim| =~

| g—h+1

w—bel

hm

]; [use formula [ x"dx =

X

n+

)

1+x°

—Elmﬁﬁhm[

a—b+1

|

When the power of tis negative, use the condition.

a+l<h
a—-b+1<0

Hence the Iim[—

[

Therefore, the integral is I X

1
a-b+1

e

o1+ x

? gl ] is exists.

--dx convergent to the condition a>-lLa+1<b.



