Mathematics & Statistics [Set 1]

Academic Year: 2018-2019 Marks: 80
Date & Time: 2nd March 2019, 11:00 am
Duration: 3h

SECTION -A

Question 1: Select and write the most appropriate answer from the given
alternatives for each question: [1]
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Solution:
S 11w
56
cotx = \/fg

T /i T
cotx = f*cot(g) — COt-(‘;T - ~6—) = cot(27r' E)
5w 117
=cot{ — | =cot| —
6 6

Question 2: The acute angle between the two planes x+y+2z = 3 and 3x -2y +2z =7

[1]

Solution:



cos *(\/%)

aiby + asbs + aszbs

\/a:l’ + a3 + ag\/bf + b2+ b3
(1)(3) + (1)(=2) + (2)(2)
V12 + 12 + 224/32 + 22 + 22

| 3-2+4

cosf =

cosfl =

s/ﬁ
Question 3: The direction ratios of the line which is perpendicular to the lines with
direction ratios -1, 2, 2and 0, 2, 1 are . [1]

-2,-1,-2
2,1,2
2,-1,-2
-2,1,-2

Solution:

-2, 1, -2
i
-1
0

=i(2—4) —j(-1) + k(-2
= 2i+) 2k

S e
= b

Question 4: [1]
If fix) = (1 + Ex}%'f for k=0 is continuous at x = 0 then f{0) = .
a

e



Solution:

el

£(0) =lim [(1+ zx)a’?]z - &2

Question 5:

[wr
Ox24+1

%tan‘l(ﬂx}+c

1 -1

Etan X+c

1

Etan‘1{3x}+|:

1
Etan‘liﬁx} +c

Solution:

1
-—3—tan 1(3x) +¢

9
1
= Etan 1(3x) + ¢
Question 6:
If y = ae™ + be* then the differential equation is
d?y
e
d*y
w Y
di
o
dy

(1]

(1]



Solution:

d?y
—— = 2hy
dx?
SECTION-B
Question 7: [2]

Write the truth values of the following statements:
{1) 2 is a rational numkber andv'2 is an irrational number, .
22+3=50rvV2+vV3=+5

Solution: (1) Let p : 2 is rational number, q : V2 is an irrational number. . So given
compound statement is p ~ g. Truth value of p is T and that q is T. Hence, truth value p
Ng=TAT=T.

(2) Letp=2+3=5whichisT.

a=v2+v3=+5 whichisF
=~ Truth value of given statementis TV F=T.

Question 8.A: Find the volume of the parallelepiped, if the coterminous edges are
given by the vectors 2i + 5] — 4k, 51 + 7j + 5k, 4i + 5] — 2k, 2]
Solution:
Let the given vectors
a= 21+5) 4k,b= 51 +7) + 5k, =4i+5) 2k

represent the co-terminous edges of the parallelopied

2 5 —4
Consider &. [El * {':} =5 7T b
4 5 -2

=2 (-14-25) -5 (-10-20) -4 (25 - 28)
=-T78+150+12 =584
~Volume of the parallelopiped = |5.. {E * E}|

= 84 cubic units.

OR

Question 8.B: Find the value of p, if the vectors

i—2j+k2i—5]+pk,5i—9j+4kare coplanar. 2]

Solution:



a=1-2]+k b=2i-5]+pk,c=51—-0j+4k
Given that &, b, € are coplanar.
These vectors are coplanar if their scalar triple product is zero.

Therefore, we have

a. (bxg)=0
1 -2 1

ie. |2 =5 p|=0
5 —0 4

1(-20 +9p) + 2(8-5p) + 1 (-18 + 25) =0
=-20+9p+16-10p-18+25=0
p+3=0
-p=-3
p=3
Therefore, the value of p is 3.
Question 9: Show that the points A (-7 ,4,-2),B(-2,1, 0)and C (3 ,-2 ,2) are
collinear. [2]
Solution:
Let a, b, & be position vectors of A.B &C
AB=b-a
- (—zi + j) - (—75 + 4] —zl})
=51 — 3] + 2k
AC =c—a
3i 25 + 21:) (—'ri +4j — 21';)
=10i — 6] + 4k
. 2[.51 — 3] +2E]
— AC = 2(AB)
= ACis a scalar multiple of AB
= AC & AB

v A s commoen

——

= A B &C are collinear.

Question 10: Write the equation of the plane 3x + 4y -2z = 5 in the vector form. [2]



Solution: The equation of the given plane is 3x+ 4y-2z = 5

Let T =xi +yJ 2k 1o any vector in the plane and 3, 4 -2 are direction ratios of 2
which is normal to the plane

sn=31+4] 2%k
;(ﬂ+y}+ﬂ}(ﬁ+¢j—ﬂ)=5
cLT. (31 + 4j — 2];) = 5 which is required form.

Question 11: [2]
dy

If y = x*, find I

Solution:

y=x" .. (1)
Taking log on both sides,

log y = log X*
logy =xlog x

Differentiate both sides w.rt x
1 dy =x=x1 i )
—— = 08 X ¥
y dx x 5

dy
e y[1 + log x|

=X*[ 1+ log x] from (1)

Question 12: Find the equation of tangent to the curve y = x? +4x + 1 at (-1, -2). [2]
Solution:

Y= x3+ dx +1 at (-1, -2)

Given, Equation of the curve isy = % +4x + 1

Differentiating w.r.t. x



~ Slope of the tangent at the point (-1, -2) = 2
. Equation of the tangent at point (-1 .-2) is
y-(-2) = 2[x-(-1]]

-y =10

Question 13: [2]

e*(l1+x
Evaluate:/gdx
cos?(xe*)

Solution:
eX(1 +x
e LR,
cos?(xeX)
Putx.e* =1t

Differentiate w.r.t. %,

x.ex+ex.1:%:’>ex(x+ 1)dx = dt

1
I, dt
/ cosZt

= J’secztdt

=tant +c¢

% /de = tan(x.e*) + ¢

cos?(xeX)
Question 14: [2]

5
Evaluate : f sin? x dx
0

Solution:
¥ 2
/ sin® x dx
0
_ T 1—cos2x dx 5 5
i = 5 [“1-2cos°8 =2sin~6]
0

X sin2x | ¥
2 4 0




SECTION-C
Question 15: [3]

In, AABC prove that
(=) - (557)=(3)
2 L a 2

Solution:

(b —c ) A :
RHS = cos? ..(by sine rule)

a

( Al S A
kA S
kjsinB — sinC] A

= . COS—

ksinA 2

[2005% : sin-B2—C] A
) 2sin% cos% ]
 2cos(3 — 4)sin(2,C)
) 2sin%
=sin(¥) = LHS

Hence, the required result is proved.
OR
Question 15.A: [3]

5 3 63
a1 -1 _ -1
Show that sin (—13 ) + ¢os (—5 ) tan (_lﬁ)



Solution:

5 )
Let sin ‘(—) — A = sinA = —
13 13

2
5
.'.cosA=V1—sin2A=\/1~ (ﬁ)

\/1_ 25 _\/144~1_2
160 V 169 13

5]
= tanA = —
12
3 3
Ietcosl(—>:B=:-cosB=—
5 5
, B_\/ 9 [16 4
e 2% V25 5
.'.ta.l.‘lei
3

tanA + tanB
1 — tanAtan B

By 4
= A+ B =tan 1[L]
1 X

Now , tan (A + B) =

3620
36
21
A+B=tan1[£]
3
— sin ! i + cos ! E — tan ! E
- 13 5) 16

= RHS

Question 16: If A(a) and B(B) are any two points in the space and R(r) be a point on the

line segment AB dividing it internally in the ratio m : n, then prove that [3]
mb + na
m—+n

T =

Solution: ®b:T gre position vectors of points A,B , R respectively
AR=7r-aRB=b-T



AR _m

"RB n
R is a point of line segment AB and A—R-B which divides AB in the ratio m : n.

A m R n B

_AR_]I[
""RB  n
nAR = mRB

n(t —a) =m(b—r1)
T(m +n) =mb + na
mb + na

m-+ n

T —

Question 17: The equation of a line is 2x -2 = 3y +1 = 6z -2 find the direction ratios and
also find the vector equation of the line. [3]

Solution: The Cartesian equation of a line is
2x -2=3y+1=6z-2

2(x-11 =3 (},r -+ %) = ﬁ(z — l) ...dividing by & all side

x—l_}""—é Z— 3
3 2 1

The direction ratios of the line are 3, 2, 1

1 1
Further, the line passes through the point (1, _§’ )

3
11
letA=(1,—-=, =
E (. 3‘3)

Thus, the line passes through the point having the position vector.



lethb=31+2j +k
Then, the line is parallel to the vector b

Hence, the vector equation of the line is

f=a+ib, whereheR

e T = (ﬂ — %5 + %k) +A(3§ +2j +]:;)
Question 18:
Discuss the cantinuity of the function
log(2 +x) — log(2 — x)
tanx
=1 forx =0 at the point x =0

flx) = Jforx=z0

Solution:
Here , f(0) =1 .. (i) [Given]

Also, L= LiI{JO f(x)

log(2 + x) — log(2 — x)
tanx

=lim f(x) =lim

. log3 m
=lim [ logm — logn = log(—-—)]
z-30 fanx n

(3]



From (i) and (ii), we have lll:&ll f(x) = £(0)

.~ The given function is continuous atx = 0

Question 19.A: [3]
X 0 1 2 3 4
P(X=x) | 0.45 0.35 0.15 0.03 0.02

Find the variance of X.

Solution:

Xi pi PiXi PiXi2

0 0.45 0 0

1 0.35 0.35 0.35

2 0.15 0.30 0.60

3 0.03 0.09 0.27

4 0.02 0.08 0.32
Total 0.82 1.54

E(X) = p =3 pjx; = 0.82

To find Var (X) use the formula :
Var(X) = 3 pad - o

1.54 — (0.82)

1.54 -0.6724
= 0.8676

Thus , Var (X) = 0.3676

OR
Question 19.B: [3]
For the following probability density function (p. d. f) of X, find : (i) P ( X<1), (i) P |x| <1

Iﬂ

if flz) = E,—E <z < 3

=0 otherwise



Solution:
Given, f(x) is pdf

(i) PX< 1) / f
X
-/3( 18)dx

1 [x31} 14
il [ [
T N PR 1

1
(ii) P(]X|<1)=P(-1<X<1)=/ f(x)dx
1

1 x-‘)
= —dx
; 18
1 [21 1
= —|— = — = 0.03704
18 [ 3 ] . 27
Question 20: Givenis X ~ B (n,p) [3]
If E(X) =6, Var(X) = 4.2, find n and p.
Solution:
E() = 6, Var(X) = 4.2 .E(X) np, Var(X) = npqg
Var(X) npq 4.2
. —= =q=——=07 .,.q=07
EX) op 6 1
p=1—qgq=0.3
Mow,np =6
6 6
_'_ _ — = — = 2u
"5 03
SECTION -D
Question 21: Find the symbolic form of the given switching circuit. Construct its
switching table and interpret your result. Diagram [4]
S
=1 .8'e

> a3




Solution: Let p,q denote the statements that the switches Si, Sz are closed
respectively. Let ~p ,~ q denote the statements that switches ' S1 and ' Sz are closed
respectively. .

The symbolic form of the given switching circuit is (p vV q) A(~p A~Qq) = |

The switching table for the given switching circuit is as follows:

R B
- - ~pA~q |AAB

p q p q ovq | PN

1 1 0 0 1|0 0

1 0 0 1 1|0 0

0 1 1 0 1|0 0

0 0 1 1 0 |1 0

In the last column of the switching table, each entry is zero, i.e. it is a contradiction.
Hence, no current will flow in the circuit irrespective of the positions of the switches.

Question 22: If three numbers are added, their sum is 2. If two times the second
number is subtracted from the sum of first and third numbers we get 8 and if three times
the first number is added to the sum of second and third numbers we get 4. Find the
numbers using matrices. [4]

Solution: In, A ABC with usual notations prove that
b2=c2+a%-2cacosB

Solution: Consider that for A ABC, £B is in a standard position i.e. vertex B is at the
origin and the side BC is along positive x-axis. As «B is an angle of a triangle . B can
be acute or 2B can be obtuse.

Y
Y“ A
A (ccos B, csinB) A (¢cok B, csinB)
/ § h\\
4 " 5 M X
B a C X B a C
(0,0) {a, 0) (0, 0) (a, ()
Fig. 1 Fig. 2

Using the Cartesian co-ordinate system in above figure.

we get B £(0,0) A=(ccosB,csinB)and C = (a,0)



Now consider |(CA) = b

~ b? = (a- c cos B)? + (0-c sin B)? , by distance formula
~b?=a?-2ac cos B +c? cos? B +c? sin’ B

~» b2 =a?-2 ac cos B +c? (sin’B + cos?B)
~b?2=a?+c?-2accosB

Hence proved.
OR
Question 23.A: [4]

In, AABC with usual notations prove that

(a-b)? cos? (%) + (a+ b)’sin (S) = c?

Solution:

Taking LHS
C 5 C
= (afb)zcoszg +(a+ b) —2—
= (32 + b2 — 2ab)cos‘2% ! (a2 + b2+ Qab).sin%

1 1 1 1

€ G 9 C , C
= (a2 4 bz)cosg —2ab cos2§ + (a + b2 ). sin? . + 2 ab sin? 5

: C C C C
o 2 2 ' Bhos s 2. G e R
= (a +b )(cos 5 sin 5 ) 2ab (cos 5 sin 5 )

= (32 + b2) — 2ab cosC {By cosine Rule}

2
4

=C

Question 24: Find 'p' and 'q' if the equation px? - 8xy +3y? +14 x +2y +q = 0 represents
a pair of perpendicular lines. [4]

Solution: Given general equation is px? - 8xy +3y? +14 x +2y +q =0
a=p,h=-4,b=3,9g=7,f=1,c=¢

Since the equation represents perpendicular lines

a+b =0

p+3=0



~p=-3
.'.a:p:-3

Since the equation represents a pair of lines.

a h
h b

g f

[ T T ]
I
=]

159

2
4 3
T 1

e |
|
=

~ -3(309-1)+4(-49-7)+7(-4-21)=0
+-90 +3-16q - 28 - 28 - 147 =0
~-250+3-28-175=0
~-250+3-203=0

~-250-200=0
~ -25q0 = 200
o200
"9T "o
g =-8
~p=-3,g=-8
Question 25: [4]
Maximize: z = 3x + 5y Subject to
WAy = 24 +y =21
X+y=<9 x20,y=20
Solution:
In equation Point on x-axis | Point on y-axis | Feasible Region
X +4y < 24 (24,0) (0,6) Origin side
3x +y < 21 (7,0) (0,21) Origin side
X +y<9 (9,0) (0,9) Origin side




Scale = 1 cm = 2 unit on both axis

Xty=9

From the figure common feasible region is ABCDEA
E is the point of intersection of x + y = 9 and x + 4y =24

Solving them we get E(4,5)
D is the point of intersection of x +y =9 and 3x +y =21

Solving them we get D(6,3)

End Point Value of z = 3x +5y
A(0,6) 0 +30= 30
B(0,0) 0+0=0
C(7,0) 21+0=21
D(6,3) 18 +15=33
E(4,5) 12 +25 =37

. Z IS maximum 37 at the point (4, 5)
Question 26: If X =f(t) and Y = g(t) Are Differentiable Functions of t, then prove thaty

is a differentiable function of x and [4]
dy

dy r dx

— = —,where— +# 0

ax =g

d -
Hence find é if x = a cos” t and y=2a sin’ t.

Solution: x=acos?tandy = asin?t

Differentiating x and y with respect to t, we get



dt
= E 2 t— t =2asint—sint
= 3p = 2acost—cos ’d asin t—sin
dx T d o . d
e 2a cost x (—sin t), e a(2sin t x cos t)(dx (at®) = Zat.at)
= i =-2acostsint, ﬁ = 2asint cos(%(sinO) = cos()andi(cos(z?) = *Sinﬂ)

dt dt dx

&

I

dy , g :
e sin 2t, — 3 = asin 2t (sin26 = 2sinf cos#)

Therefore
dy
ﬂ = B where i
— odx TR
dx - dt
dy  asin2t

240

dx —asin2t
dy

= — =—1
dx

Question 27: f(x) = (x-1)(x-2)(x-3) , x €[0,4], find if 'c' LMVT can be applied [4]
Solution: f(x) = (x-1)(x-2)(x-3) , x €[0,4],
~ f(x) = x3 -6x2 + 11x -6

As f(x) is a polynomial in x

(2) f(x) is continuous on [0, 4]

(2) f(x) is differentiable on (0, 4)

Thus, all the conditions of LMVT are satisfied.

To verify LMVT we have to find ¢ € (0,4) such that



. f(4) — £(0)

f [:C} = ﬁ ........ [:1:|

Now f(4) = (4 —1)(4—2)(4 —3) =6
f(0) = (0-1)(0-2)(0-3) = -6 and

f(x) = 3x% - 12x +11

o ') = 3¢ -12¢ + 11

~ from (1)

f(4) — £(0

% — 32— 12c+ 11
6—(—6

# — 32 —12c + 11

3=3c%2-12c +11
3c?2-12c +8 =0

b+ v'b? — 4ac
= 2a

12+ /144 — 96
) 6

12 ++/48
e

C

C

9

124+ 243
c 3
2

c=d4 + —

V3

Both the value of c lie between 0 and 4.

OR

Question 27.A: A rod of 108 meters long is bent to form a rectangle. Find its
dimensions if the area is maximum. Let x be the length and y be the breadth of the
rectangle. [4]

Solution: . 2x + 2y = 108
~y=54-x

Now, area of rectangle = xy =x (54 - x)



~ f(x) = 54x -x?

f'(x) =54 -2x

f'(x)=-2

For extreme values f'(x) =0

~54-2x=0

s~ X =27

f"(27) =-2 <0 -~ Area is maximum when x =27 ,y = 27

=~ The dimensions of rectangle are 27m x 27m
It is a square.

Question 28: [4]

dx
Pmuethat:[— = log |x+ w.,fx3+a?| +c
vx? +a’

Solution:

1
Let | = / —dx
vx? + a?

X
Putx=atan®8=tan9 = —
a

~dx=a :sec2 6 db

1
s / ; asec’ 6 do
Vv a2tan?@ + a2
f)
a.sec“f
. / a.sec P
2
ayv/ 1+ tan“f
9
sec-f
= dé
/ sec

= / secf. d@




= log |secd + tanf| + c;

= log

X
— + \/seczﬁ" + ¢
i )

= log

x
—+vq-l—tan26“+c1
a

52

=lgg£-|— 14+ —
il

+ Cq
32

X \/a2+x2
zlog| — + ———
a a

= log'x + Vx2 + a2| —loga + ¢

e (e

1 —
—dx=log|x+ \/x2+a2' — loga + c,
/ vx2+ a2
where c = - log a +¢
Question 29: [4]
i
Show that : / log(1 + tanx)dx = %log2
0
Solution:

Let | = /‘. log(1 + tanx)dx
0

= /_‘ log(1 + tanx)dx
0

— AT log{l + tan(% - x)}dx
( A " f(#)dx / f(a x)dx)
= /0 %log{l + (ltinfa;;f:z }dx

T 1 — tanx
-fo 1°g{“ m}d"




T 1+t f=g
:/ g + tanx + anx 3
0 1+ tanx

[ ()
0 1+ tanx

= / * P2 — Tog(l 4 tansy)ax
0

= /T log2dx — /T log(1 + tanx)dx
0 0

x

I=log2lx] [ -1

ol

/ log(1 + tanx)dx = Elog2
0 8

Question 30:

Sclve the differential equation:

d
Ey+ysecx=tan1

Solution:

dy -
— + y sec x = tanx

dx
dy
dx

P=secx,Q=tanx

Comparing with +P.y = Q, we get

IE = o Pdx _ o[fsecxdx _  Injsecx | tanx
therefore the general solution is

y(IF) = / Q(IF)dx + C

= secx + tanx

(4]



y(secx + tan x) = /tan x(sec x + tanx)dx + C

= sec x tan x + tan’x)dx + C
(

=/(secxtanx+sec2xf 1)dx+C

soylsecx +tanx) =secx + tanx-x +C

Question 30.A:
Solve the differential equation:

dy
|[x+*_|.r}a =1
Solution:
d
(x+ F}i =1
dy 1 - dx -
dx  x+y dy Yy
dx
_ 1)x =
dy +(-x=y
dx
Comparing with — + P.x = Qwe get
dy
P=-1land Q =y
L= E‘[ ld}" — ¥

The general solution is
x (IF) =] Q (IF) dy +C
xe¥Y=y[eYdy+C
=>xeY=-yeY-e¥+C

=>X+y+1)=ceY

(4]



