10. Sequences and Series

In the previous lesson, we learned about pattern of numbers. In this lesson we discuss
about Sequences.

A sequence is an ordered list of numbers.

3,5.7.9, ..

1st term 3rd term
2nd term 4th term

The sum of the terms of a sequence is called a series.

e Each number of a sequence is called a term (or element) of the sequence.

o A finite sequence contains a finite number of terms (you can count them). 1, 4, 7, 10, 13

e An infinite sequence contains an infinite number of terms (you cannot count them). 1, 4, 7, 10,
13, ...

e The terms of a sequence are referred to in the subscripted form shown below, where the natural
number subscript refers to the location (position) of the term in the sequence.

-4, 7. 10, 13 16,
, a; a; Ay a a
The general form of a sequence is represented:

e The domain of a sequence consists of the counting numbers 1, 2, 3, 4, ... and the range consists of
the terms of the sequence.

e The terms in a sequence may, or may not, have a pattern, or a related formula.

e For some sequences, the terms are simply random.

Let’s examine some sequences that have patterns:
Sequences often possess a definite pattern that is used to arrive at the sequence’s terms.

It is often possible to express such patterns as a formula. In the sequence shown at the left, an explicit
formula may be:

a =12n

where 1 represents the term's position in the sequence.

@y ) ay
12. 24. 36,
12(1) 12(2) 12(3)

Examples:



1. Write the first three terms of the sequence whose ntl term is given by the explicit formula:

o g el o
a,=2n-1
ANSWER: Remember that # is a natural number (starting with # = 1)

a. =2 | s 1=1 Notice that » is replaced with the number of
! = the term vou are trying to find.

a,=2(2)-1=3

a,=2(3)-1=5
: th th th R i
2. Find the 5™ and 10™ terms of the sequence whose 17 term is given by: a, =
n+1
ANSWER: Remember that i corresponds to the location of the term. Usen =3 and n= 10.
5 5
(1 5 — - — =
541 €
10 10
g —= ==
10+1 11
3. Write an explicit formula for the 7 term of a sequence of negative even mntegers
starting with -2
ANSWER: Get a visual of the terms. -2, -4, -6, -8 ..
Compare the terms to the numbers associated with their locations and look for a pattern.
Notation | Location Term Look for a pattern. In this example. each term can be
P 1 £ found by multiplyving the location aumber by -2,
& 5 1 A formula could be:
- = ¥ “
a3 3 -6 a, =—=n
ay 4 -8

4. Find the first 4 terms of the sequence a, = (=1)"( nt+3)

1 ry2 i r . i i : W
o = -D'(1°+3)=—4 Notice how the terms are 11tem.at.mg signs between
negative and positive.

- =i 2 -’.2 *N o |
5= { ” (2°+ 3) =+ Keep this pattern in mind (involving powers of
a, = l_'_l]3{33 +3H=-12 -1) when asked to write formulas for sequences.

a,=(-1)'4*+3)=+19 (=1)"(n* +3)  yields -4, 7.-12. 19, ..
(=D (1 +3)  yields4,-7.12,-19, .

What is the pattern of numbers?
PATTERNS

Patterns arise due to special arrangements of numbers associated with geometrical figures. The
numbers are of different kinds like

1. Natural numbers

2. Polygonal numbers
(a) Triangular numbers
(b) Square numbers



(c) Pentagonal numbers
(d) Hexagonal numbers, etc.

Examples

1. Patterns in natural numbers

(a) 1x9+2=11
12x9+3=111
123 x9+4=1111
1234 x9+5=11111
12345x 9+ 6=111111
123456 x 9+ 7 =1111111
1234567 x9+8=11111111
12345678 x 9+ 9=111111111

(b) 9x9+7=288
98 x 9 + 6 = 888
987 x 9 + 5 = 8888
9876 x 9 + 4 = 88888
98765 x 9 + 3 = 888888
987654 x 9 + 2 = 8888888
9876543 x 9 + 1 = 88888888
98765432 x 9 + 0 = 888888888
(€) 1x8+1=9
12x8+2=98
123 x 8 + 3 = 987
1234 x 8 + 4 = 9876
12345 x 8 + 5 = 98765
123456 x 8 + 6 = 987654
1234567 x 8 + 7 = 9876543
12345678 x 8 + 8 = 98765432
123456789 x 8 + 9 = 987654321

(d) (11)2 =121
(111)>=12321
(1111)2 = 1234321
(11111)2 = 123454321

2. Patterns in polygonal numbers



(a) Triangular numbers:
[ ]
& e @

® o o o o o

Here the numbers of dots up to any stage are given by the pattern
1, 3,6, 10, 15, ...
These numbers arise from triangles and so these are called triangular numbers.

(b) Square numbers:
® & @

Here the numbers of dots upto any stage are given by the pattern
1, 4,9, 16, 25, 36, .....
These numbers arise from squares and are called square numbers.

Arithmetic Sequences and Series

A sequence is an ordered list of numbers.
The sum of the terms of a sequence is called a series.

The n™ term of an Arithmetic Sequence is
u,=a+n-1)d




A sequence is arithmetic if
each term - the previous tferm = d
where d is a constant

The 1+ term of an arithmetic sequence is given
the letter a.

While some sequences are simply random values, other sequences have a definite pattern that is used
to arrive at the sequence’s terms.

Two such sequences are the arithmetic and geometric sequences. Let’s investigate the arithmetic
sequence.

=1y

Arithmetic Sequence

18

-

term
P h|:n¢5$3:§
T T rTrT

T Lt 234667890
term location (subscript)

If a sequence of values follows a pattern of adding a fixed amount from one term to the next, it is
referred to as an arithmetic sequence. The number added to each term is constant (always the same).

The fixed amount is called the common difference, d, referring to the fact that the difference between
two successive terms yields the constant value that was added. To find the common difference, subtract
the first term from the second term.

Notice the linear nature of the scatter plot of the terms of an arithmetic sequence. The domain consists
of the counting numbers 1, 2, 3, 4, ... and the range consists of the terms of the sequence. While the x
value increases by a constant value of one, the y value increases by a constant value of 3 (for this

graph).



a, a+d,

a+2d, a+3d, . . .

Examples:

S, = %(2a+(n-l)d}

Arithmetic Sequence

Common Difference, d

1.4.7.10,13. 16. ...

add 3 to each term to arrive at the next term.
or..the difference a7 - aq is 3.

15,10, 5,0.-5,-10, ...

add -3 to each term to arrive at the next term.
-5 : s
or.. the difference ay - ay is -3.

L -0, =

5 wes

1,1
27" 32

1
3 |or...the difference a7 - aj is -1/2.

Formulas used with arithmetic sequences and arithmetic series:

To find any term
of an arithmetic sequence:

a, =a, +(n-1)d
where aq is the first term of the sequence,

15 the common difference. » is the number
of the term to find.

Alata- T dr Afron cdennlor rafarrad to e 6T

Examples:

To find the sum of a certain number of
terms of an arithmetic sequence:

q - n(a,+a,)
' 2

where 5, is the sum of » terms {nﬂ’ partial sum).

ay 1s the first term. a;, is the il term

add -1/2 to each term to arrive at the next term.




Question

Answer

1. Find the common difference for this
arithmetic sequence
T T B SR

1. The common difference. 4. can be found by
subtracting the first term from the second term, which
in this problem vields 4. Checking shows that 4 is
the difference between all of the entries.

2. Fmd the common difference for the
arithmetic sequence whose formula 1s
a,=6n+3

2. The formula indicates that 6 15 the value being

added (with increasing multiples) as the terms

increase. A listing of the terms will also show what

15 happening in the sequence (start with n = 1).
0152127, 33, ..

The list shows the commen difference to be 6.

3. Find the 10® term of the sequence
L Eh nT L

3n=10; ay=3.d=2

a,=a +(n-1)d
thy =3+00-132
i, = 21

The tenth term is 21

4. Find a7 for an arithmetic sequence where

ay =3x and d = .

4 n=T7. ay=3x,d==x

a,=a+n-Dd
;= 3x+ (7 -1(-x)
&, =3x+6(~x) = ~=3x

5. Fmnd 145 for an anithmetic sequence where
ty=-4+57 and rg=-13 + 11i

Using
high subscript - low subscript + |
will count the
number of terms.

5. Notice the change of labeling from « to 7. The
letter used in labeling is of no importance. Get a
visual image of this problem

NN o T RN kRS T

P TN T R | . e il R R
f

A N fy A i fy

Using the third term as the "first” term, find the
commeon difference from these known terms.
a,=a,+n-1)d

b=t +(4-10d
“134+11i==-4+5i+(4-1)d
“134+1li=-445+34

-9+ 6i=3d

-3+2i=4d

Now, from t3 to fy51s 13 terms.

f15=-4+ 5+ (13-1)-3 =20 = -4 + 5i -36 =24}
=-40 = 28§

6. Find a formula for the sequence

6. A formula will relate the subscript number of each

| A, term to the actual value of the term.
a =2n-1
Substituting 7= 1. gives L.
Substituting 5 = 2. gives 3, and 0 on.
th T. n=25 m=-1.d=3

7. Find the 25% term of the sequence

o -2

a,=a,+(n-1)d
e =—74+(25-1)3
flys = 05




8. Find the sum of the first 12 positive even
mtegers.

Notice how BOTH ) (O O °©
formulas work

8. The word "sum" indicates the need for the sum
formula.
|\positive even integers: 2.4, 6.8,
n=1x qy=2d=2
We are missing apo. for the sum formula, 50 we use
the "anv term" formuda to find it
a =a+(n-1d
thy=2+(12-12
a, = 24

Now: let's find the spm:
W2+
-12C12D) 156

1 3

-

0. Insert 3 arithmetic means between 7 and 23.

Note: An arithmetic mean 15 the
term between any two terms of an
arithmetic sequence. It is simply
the average (mean) of the ;iven
terms.

9. While there are several solution methods. we wall
use our arithmetic sequence formulas.
Draw a picture to better nnderstand the situation.
T ; 3 .23
This set of terms will be an anthmetic sequence.
We lmow the first term gy, the last term . but not
the common difference. d Tis question makes NO
mention of "sum", 5o avoid that fornmda
Find the common difference:
a=a+h-1)d
2BB3=T7+(5-0d
23=T+44d
16=4d
4=d
Now: insert the terms nsing
111319, 55

10. Find the number of terms in the sequence
1.0 1% 55

10. qy=".a,= 35 d=3. Weneedto find n
This question mates NO mention of "sum”, s0 avoid
that formida

a,=a+(h-1d
55=T7T+(n-13
55=T7+3n-3
55=4+3n
31=13n

7=n

When solving for n, be sure vour answer is a
positive integer. There is no such thingas a
fractional number of terms in a sequence!

11. A theater has 60 seats in the first row, 68
seats in the second row. 70 seats in the third
row. and so on in the same increasing pattern.
If the theater has 20 rows of seats. how many
seats are in the theater?

11 The seating pattem 1s forming an anthmetie
sequence.

60, 68.76. ...
We wish to find "the sum" of all of the seats.
n=20. m =60. d=8 and we need ayq for the sum.
g =atn-1)d
dyy =00+(20-1)8=212
Now, nse the sum formula:

o
2
o m(su; ir) J—

There are 2720 seats,




Geometric Sequences and Series

A sequence is an ordered list of numbers.
The sum of the terms of a sequence is called a series.

A sequence is geometric if

each term
previous term

where r is a constant called the common ratio

—
—




While some sequences are simply random values, other sequences have a definite pattern that is used
to arrive at the sequence’s terms.

Two such sequences are the arithmetic and geometric sequences. Let’s investigate the geometric
sequence.

Gaomeatric Sequence

33
£l
P
24
P
18
15

i

term

L]
L4

23 4 & 6
termm location (subscript)

-
T

If a sequence of values follows a pattern of multiplying a fixed amount (not zero) times each term to
arrive at the following term, it is referred to as a geometric sequence. The number multiplied each time
is constant (always the same).

The fixed amount multiplied is called the common ratio, r, referring to the fact that the ratio (fraction) of
the second term to the first term yields this common multiple. To find the common ratio, divide the
second term by the first term.

Notice the non-linear nature of the scatter plot of the terms of a geometric sequence. The domain
consists of the counting numbers 1, 2, 3, 4, ... and the range consists of the terms of the sequence.
While the x value increases by a constant value of one, the y value increases by multiples of two (for
this graph).

Examples:
Geometric Sequence Common Ratio, r
5 10. 20. 40 . _ ~ |multply each term by 2 to arrve at the next term
3 VAW T < |or..divide & by o) to find the common ratio. 2.
1122, -44. 88 — multiply each term by -2 to armve at the next term
e e 7 |.ot.divide ay by gy to find the common ratio, -2.
8 16 32 64 y |multiply each term by 1'3 to amive at the next
T r=_ |term or divide &) by a} to find the commeon ratio.
3 9 27 8l S P

Formulas used with geometric sequences and geometric series:

To find any term To find the sum of a certain number of
of a geometric sequence: terms of a geomeiric sequence:
a, =ar g a(l—r")
where ay 1s the first term of the sequence. e
1 1s the common rat1o. 77 1s the mumber of the l o
term to find where S), 15 the sum of 7 terms (n*® partial sum),
ay 15 the first term_ 7 1s the common ration.

Examples:



Question

Answer

1. Find the common ratio for the sequence

& -3 i = ==/
]

3
2 4

1. The common ratio, r, can be found by dividing
the second term by the first term. which 1n thas
problem yields -1/2. Checling shows that
multiplying each entry by -1/2 vields the next

2. Find the common ratio for the sequence given
by the formula

a, = 5(3™

2. The formula indicates that 3 is the commeon
ratzo by 1ts posstion in the formula. A listing of the
terms will also show what is happensng in the
sequence (start vathn=1).

5,15.45.135, ...
The list also shows the common ratio to be 3.

3. Find the 7™ term of the sequence Sn=T, ay=2.r=3
2.6,18 54, ... .
a,=a-r-
a, =2+3"" =1458
The seventh term 12 1438
4. Find the 11™ term of the sequence 4 n=1: qy=1Lr=-11

fn XX
318

i _£ 114_ 1
W M7 Tiom

5. Fmnd ag for the sequence 5 n=8 =035, r=7
0.5,3.5.24.5, 1715, .. »
Qy = aper
g =057 =411,7715
6. Evaluate using a formula: 6. Exanune the summation

5
N
=

]
Y e+ ey
=

This is a geometnic senes with a common ratio of
3.

=3 gy=3.r=3

-3 -m

: = 363
1-3 -2




-

7. Find the sum of the first § terms of the 7. The word "sum" indicates a need for the sum

Sequence formula.
.5, 15,45, 135, ... n=8 a=-5.r=-3
. =50-=3%
1-(=3)
-3(1-6361) 2800
i (1-6561) 32800 ..o
4
8. The third term of a geometric sequence 15 3 8. Thiok of the sequence as "starting with" 3, until
and the sixth term 15 1/9. Find the first term. you find the common ratio.

a, = ar

1

— = 3.4

9

X

27

] - r

T

Now, worl: backward multiplving by 3 (or dividing

by 1/3) to find the actual first term.

-7

a=2
9. A ball is dropped from a height of § feet. The |9. Set up a model drawing for each "bounce”.

ball bounces to 80% of its previous height with 64312 —
each bounce. How high (7o the nearest tenth of g | T2¢ commenratio1s 0.8

Jfoor) does the ball bounce on the fifth bounce? -
hy = "
I‘JR

= 64+( 8" = 2 62144

Answer: 2.6 feet

What is Arithmetico-Geometric Sequence?

Arithmetico-geometric Progression (A.G.P.)

Definition:
The combination of arithmetic and geometric progression is called arithmetico-geometric progression.

nth term of A.G.P.

If a1, @z, @z, «ooves ap, ...... iSan A.P. and by, by, bz, ....... bp, ...... is a G.P., then the sequence aib1, axby,
asbsz, ...... . anbp, et is said to be an arithmetico-geometric sequence.

Thus, the general form of an arithmetico geometric sequence is a, (a + d)r, (a + 2d)r?, (a + 3d)r3, ........
From the symmetry we obtain that the nth term of this sequence is [a + (n - 1)d]r"~1.

Also, let a, (a + d)r, (a + 2d)r?, (a + 3d)r3, ......... be an arithmetico-geometric sequence.

Then, a, (a + d)r, (a + 2d)r?, (a + 3d)r3, ........ is an arithmetico-geometric series.

Sum of A.G.P.



(1) Sum of n terms : The sum of n terms of an arithmetico-geometric

sequence a(a+dr.(a+ Ea’)r‘? , (a+ 3d)r3, ..... is given by
( e e #
a +.dr"’l } ?)_{a.(n Dair ,When r=1
g W P (L—zy Iy

%[20 +(n—1d],when r =1

LH

(2) Sum of infinite sequence: Let |r|< 1. Then #',7" — 0 asn — = and

it can also be shown that n.7" -0 as n — «. So, we obtain that
g a dr
" 1l-r Q-rY
In other words, when |r|< 1 the sum to infinity of an arithmetico-
a dr
+ —.
L=F (=9

S

,asn —» o0,

geometric seriesis S, =

Method for finding sum

This method is applicable for both sum of n terms and sum of infinite number of terms.
First suppose that sum of the series is S, then multiply it by common ratio of the G.P. and subtract. In
this way, we shall get a G.P.,, whose sum can be easily obtained.

Method of difference

If the differences of the successive terms of a series are in A.P. or G.P.,, we can find nth term of the
series by the following steps :

Step I: Denote the nth term by T, and the sum of the series upto n terms by Sp,.

Step II: Rewrite the given series with each term shifted by one place to the right.

Step III: By subtracting the later series from the former, find T,.

Step IV: From T,, S, can be found by appropriate summation.

Example : Consider the series 1+ 3 + 6 + 10 + 15 +.....to n terms. Here differences between the
successive termsare3-1,6 -3, 10-6, 15 - 10, ......i..e.,, 2, 3, 4, 5,...... which are in A.P. This
difference could be in G.P. also. Now let us find its sum:

S§=1+34+6+10+15+..... o I i

&= LI+ 10 bamans 41 gl
Subtracting, we get

0=14+243 -4 F5F. ... o b AR W S

— L=14+243+%+ ... tonterms.

= T, = %n(n +1) - 8,=3T :%[an +37]

1 {n(n +D2n+1D nm+ 1)J _nn+D)@m+2)

2

+
6 2 6

Miscellaneous series



Special series

(1) Sum of first n natural numbers

M
=14+2+3+...... +1n :Zr:@.

(2) Sum of squares of first n natural numbers

i

5 DR2n+1)

it e I £ L E rz:n(n+ .
r=l

r=1

(3) Sum of cubes of first n natural numbers

i

Y e, L B - NN | . . P =

Recursive Sequences

Recursion is the process of choosing a starting term and repeatedly applying the same process to each
term to arrive at the following term. Recursion requires that you know the value of the term
immediately before the term you are trying to find.

A recursive formula always has two parts:
1. the starting value for al.
2. the recursion equation for an as a function of an-1 (the term before it.)

Recursive formula: Same recursive formula:

a, =4 a, =4

_—rty | =7
a, =2a,_ a,,, = 2a,

Be sure you understand that the two formulas at the left say the same thing. Different textbooks write
recursive formulas in different ways.

A recursive formula may list the first two (or more) terms as starting values, depending upon the natrue
of the sequence. In such caes, the an portion of the formula is dependent upon the previous two (or
more) terms..

Examples:



= 4

1. Write the first four terms of the sequence:

@, =@, +5
@ =4 e
n=2: a=a,,+5=1 Inrecursive formulas, each term is used to produce the next term. Followr the
movement of the tenms through the set up at the left.
=3 a,=a+3=6
f=d a‘:a‘_ﬁg;;‘-l] Answer: 4. 1.6, 11

2. Consider the sequence 2. 4. 6. 8. 10. ...

Explicit formula: Recursive formula:
a =2n =2
@ =a,, +2

Certain sequences, such as this arithmetic sequence. canbe
represented in more than one manner. This sequence can be
represented as either an explicit {general) formula or a recursive
formula.

3. Consider the sequence 3.0, 27 81,

Explicit formula: Recursive formula:
Gy =5 0 =3
@, =3a,,

Certain sequences, such as this geometnic sequence, can be
represented in more than one manner. Tlis sequence can be
represented as either an explicit formula or a recursive formula.

-

4. Consider the sequence 2. 3, 26, 677, ...

Recursive formula:

=1 o ;
gy =k This sequence is neither anthmetic nor geometric. It does. however, have a pattern of

a, =1{da, :|J +1

development based upon each previous term.

S. Write the first 5 terms of the sequence

& =3
g, = (-1’50, = 53=]5
@ = (=158, = (=1)+5:15= =75

el

g, = (=1)' 5877 = 5e(-75)==37
5 -o—'—_"_'_'_ﬂ_: P
a, = (=1)*+5a2T= (= +5e(~375) = 1875

\

=3

a, = (~1)"s5a, ,
Wotice how the value of 7715 used as the exponent for the valve (-1).
Also, remember that in recursive formulas, each term 1z nsed to produce

the next term. Follow the movement of the terms through the set up at
the left.

Answer: 3, 15, -75, -375, 1875




