Exercise 11.5

Answer 1

{(a) An alternating senies 1s a series whose terms are alternately posiive and negative

(b) An alternating series converge under the following two conditions
W 0=h,, <4,
(u) limb =0

()  Remainder [R|<5,,
Answer 2
(Given alternating series 1s
2 2 2 E E (—1)

357 9 11 EEH+1

This series satisfies

1 1 1
1 = for all n, because < where b =——
® = 43 2n+1 B=om
. ) 1
11 lim & =1lim
@) n—}mb" nyo2ut1

So the series 15 convergent by the Alternating Series test.

Answer 3

To determine the series converges or diverges, consider the series

2 4 6 8 10
+
The series can be writien as

S ()

n+4

The above series contains terms with aliernatively negative and posive signs.

So, it is alternating series.



To determine the convergence of it, apply alternating series test.
Alternating series test:

If the alternating series

¥ L
Y (-1) b,=b—b,+b~b,+b—b+... b >0
=1
satisfies
() b,,=b forall n

(i) limb, =0
A
then the series is convergent.

2n

Let b, =
n+4

Now, apply the imit as n—

limb, = lim 5
A sz g + 4
= limi
LB 2 4 ( 4]
nl+—
n
q-—u-z] d
n
_ 2
1+0
=2
Answer 4

Consider the following series:

1 1 1 1 1
L + T + —_——
NN NI N
The objective is to determine whether the series is convergent or divergent.

Observe that, the terms of the given series are alternatively positive and negative, so itis an
alternating series.

Rewrite the given series, using the sigma notation as follows:

L+L_L+L__h_{'|}l-l+('l):-l+('t}m+(‘l 4-|+
B Ja B e V2e1 Bl Jasl




The Alternating Series Test is defined as follows:

Let the alternating series be represented as follows:
> (=1)""b, =b,~b, +b,—b, +b, b, +--- here. b, >0.
=l

Now, if the following conditions are satisfied, then the series will be convergent:
() b,,<b foral n

(i) limb, =0

=T

For the given series, the following variable can be obtained.

b = I
: a_J'n+I

Consider b_, —b, and solve as follows:

T A T
- '_.,‘{n+1}+l Jn+1

(2 da1)

_ n+l=+Jn+2 K\"'ﬂ-l-l-l‘-\'.lﬂ-l‘-z
{Jn+2)(~.|r'n+l] Jn+l+Jn+2

B n+|—{n+2}
R (Jn+2)(\fn+l}{~fn+l +~.-"n+l)

N -1
R {Jn+2)(~fn+l}{~.-"n+l +~.-"rr+l) <Otoral m

Thus, b, <b foral n




Now., calculate the limit as follows:
1

limb, = lim N
AT R—T n + l

n[1+ l]

=lim
i ]
1+-

n

0
Asn—==. 1/n—>0
J|+ﬂ
=0

1 .
Since b, = . satisfies the conditions that b_, <b_forall n and limb, =0_so by
n+l Lol

Alternating Series Test, the following result is obtained:

S TS B B = (-1)"
Hence, _ —— EM —eaa = ~_ 4 _I5 lcon i)
N A A Rl 2= s
Answer 5

Consider the series

Z [ ])l =

= 2n+1
Its need to determine whether the series convergence or divergence
On expanding the series notation, we have that

Z{-I}" (G I I ) A I

o 2n+1  2(1)+1 2(2}1—] 3[3]+1 2(4}+l

b1l

—_—— — ———++ -

35?9

Observe that, terms of given series are aliernatively positive and negative, so it is an
alternating series.

The Alternating Series Test: if the alternating series

S ()" b =b-b,+b~b +b—b - b,>0
Satisfies
(i) b, <b, foral a

(i) limb, =0

then the series is convergent.



For the given series, we have that

b=—
2n+1
Consider b_M _'b-r

1 1
b, —b,= -
T 2(n+1)+1 2n+1

1 1
" 2n+3 2n+l
_ 2n+1-2n-3
{2ﬂ+3){2ﬂ+|)
a -2
(2n+3)(2n+1)

<0 forall n

Thus b, <b, forall n

And also that
limb, = lim
e nsx 2+
= lim : ]
'n(2+—]
n
=Tin— ad
L b 2+ .
n
0

2n+1
Alternating Series Test, the series

Sen =300

2n+1

Since p_= . satisfies the conditions that b, < b, forall » and !1_1;!: b, =0 py

is |convergent|.




Answer 6

Consider the following series:

5
sl lil'l{ﬂ' + 4}
The Dbj-E[ii'l.I'E is to determine whether the series is [‘.Dmr‘El‘gEnt or [:li'l.'EI‘gEnt
Expan[:l the series notation as follows:

Z{ e N e VN o O ) N e | R

2n+1 ]n{1+4] In(2+4) ]n{3+4} In(4+4)

1 1 1 1
= - + - +
In5 In6 In7 In8
Observe that, the terms of given series are alternatively positive and negative, so it IS an
alternating series.

The Alternating Series Test is defined as follows:
Z{_I}h. b- :bl -bz +b} -bq- +'E'5 -bﬁ +--- here, b‘ >0.

Now, if the following conditions are satisfied, then the series will be convergent:
() b,,<b foral n

el

(i) limb, =0.

For the given series, use the following variable and proceed as follows:

1
" ()

Observe that, p+5<n+4 forall peN.

Since the logarithmic function is increasing on (0,cc). proceed as follows:
In(n+5)<In(n+4)foral peN.

Thatis. b, <b, foral peN.

Thus, b, <b, forall n

As n becomes larger, (n+4)increases similarly In(n +4)also increases.

Proceeding further, using the reciprocal I/In (n+4)approaches to zero.

1
limb, = lim———
Thies: .,‘I'I "I-E[n{n+4}

So. limb, =0

-



1
Since b, =——— satisfies the conditions that b_, <b, forall n and llmb =0_ by
ln(n+4]

Alternating Series Test, the following result is obtained.

Hence, Z.[ 1) b, = E% is |convergent|.

Answer 7

3In—-1

Consider the series Z{ 1} T

First, see that the senes 1s an alternating senies: The factor ;:—:isalnaj'sposiﬁveﬁn

positiver1, and (—1)" is negative on odd terms and positive on even terms. So the terms

of the senies alternate in sign.

Recollect the alternating senes test:

If the alternating series Z(—I}Hb, satisfies the conditions b, <b, and hmb, =0then
—l T

the senes 1s convergent, otherwise divergent.

3n—1

2n+1

fimb, T
= 2ntl

Let b, =

3n—1
)"2" 1

Therefore from altemating senies test the 5&[1&52( l)lmis
+



Answer 8

Consider the series

= " n
(1) gy
.zﬂ: m+2
lis need to determine whether the given series converges or diverges

On expanding the series notation, we have that
g{_l}ljn:lE
(1) e (1) o2 (1) e (1)

1 2 3 4
P e S
B Yo V29 Je6

Observe that, terms of given series are alternatively positive and negative, so it is an
alternating series.

The N[Ematlng Series Test if the altemating series
Z{_l)“. b =b—-b,+b—b,+b —b+--- bq >0
=l

Satisfies

(i) b*‘; ‘be forall »

(i) limb, =0

then the series is convergent.

For the given series, we have that
N
Jn’ +2

Consider b,,, —b,

b, =

n+l "

ol R J{n+l)’+2 _Jﬂ'3+2

} [n+1]n.|'n5 +2—n1|,‘ n+|)3+2
J{n+])3+2v'n3+2

) (n+1)n’ +2—n1Hn+1)3+2 x[n+l)\l'n:’ +2+n1({n+t}’+2
J[n+])3+2 m+2 [n+l)ﬂ'n3+2+nJ{n+l)J+2
_ (n+1) (o +2J-n3({n+l}’+2)
1J[n+1}3+2Jn3+2([n+l)dn"+2 +nJ{n+l)3+2)
~(n* +2n* +n* —4n-2)

i J[n+]}3+2\"ﬂ3 +2((n+l}v'n’+2 +nJ{n+lj3

<0 tor an
+2)

n(>1)eN

Thus b, <b foral a(>1)eN



And also that

limb, = lim
X m—E "3 + 2
= lim ————

= 3[ 2 J

m| 1+ -5
n

=lim

LB E4 n-‘ s ] 5 EJ

H?-
1

e As :
(1+0) n—%. 1fn—0

=0

n -
Since b, = = satisfies the conditions that b, <b_ forall » and limb, =0, by
" + 2 T

Alternating Series Test, the series

) e = )

=l

is convergent |-

Answer 9

Given series is Z(—l)n -l
=l
This series satisfies
() b,y <b, for all n,because & ™ < ¢™ where b =¢™"
G Bk = B —
R a®

::E|.-ma|_%

So the series 15 convergent by the Alternating Senies test.



Answer 10

n 7

Given series Z( oy
+

\r

2x+3

(2x+ 3)%-(\{;) 2)
(2x+3)°
_ (21+ 3) —4x
odx (254 3)°
3-2x

"2z (2243

Since we are considering only positive , we see that
f (x)<0 if 3-2x <0
3

ig, x> —

Let j(x)—
Then

f (=)=

Thus, f 15 decreasing on the interval [gm:l

This means that f(#+1) < (#)
Jn

m+3

and therefore &, <b, when #=2 where &, =

How
lim 2 = hm J;
R3O nao 2n+3
=hm !
R
nt—
Jn
=0

Thus the given series 15 convergent by the Alternating Series test.



Answer 11

Consider the series,

S

n+4
The objective is to determine whether the series converges or diverges.
Alternating Series Test:
ES
The alternating series Z{—I]' b_ is said fo be convergent if it satisfies the following two

conditions,
(i) b, <b, for all m
(ii) limb, =0

Condition (i):
Show that, the sequence b, is decreasing, thatis, b

mal

<bh,.

For the given series, we have that

r 3

n
b= n+4
In order to show that b, is decreasing, consider f(x) = x y and show that f(x) is
+
decreasing.
X +4)-x* (37
£ = 2x(x* +4) : (3x%)
(x’ +4]

B Z.r(_rti“!l)—-lr4
T (P+4)
_ 8x—x*

( +1dl]1

<0
Therefore, fis decreasing. Thatis, f(n+1)< f(n)

Hence, b_,, <b,.

So. the condition (i)satisfied.



Condition (ii):

Show that the limit of the sequence b, tends to zero, as n tends to infinity.
limb, =lim—
ReT mbT g +4

2

" i)
=]lm_4
F B o 3

ml+—
( n’]
=Iim;
L e [ 4]
n ]+—3
"
=0

Since limb, =0

-

S0, the given series satisfy the two condiiions of the Aliernating Series Test

:: 2
Thus, the series Z{_U“' 3" is convergent.
=1 nwo+4

Answer 12

We have Z(—l)ulne_' _Let &, = me™ . In order to show that &, is decreasing, consider
=l

f(x) = x¢  or f(x) = irand show that f{x) 1s decreasing.
e

Find f'(z).

= o=

(<)

1-x

Wenote that — > < 0,for x = 1. This meansthat &,,, < &, for all .

&

Apply the hmits.

lim 3, = lim —

Thus, by the alternating series test, the given series 1s convergent.



Answer 13

L) 2 2
Wehave 3 (~1)"e* Let b, = e

=1

1
a2+1

Welknowthat 2 +1 = . Then,

Eland
#

D 2
This means that e**' < e* Also, &, , < &, foralln

Apply the limits.
2
limb, =hme®

=110

‘We note that the condition (1) of the alternating series test 15 not satisfied.

2
Also, lima, =hm (—l)l o does not exist Thus, by the test for divergence the series
diverges.
Answer 14

We have i(—l)l_larctann. Let &, = arctans.
-1

Apply the limits.
lim &, = lim arctan »
_ Fi3
2

So, the condition (1) of the alternating series test 1s not satisfied. Also, &,,, = &, But

Iim [—1)._1, arctan »# does not exist.
Therefore, by the test for divergence, the series diverges.

Answer 15

© sin(.u+%}n:
Given series 1s _—
E‘u 1+Jn
We lnow that sin(n+%}ﬂ:=(—l)",n=U,LE,.._
Therefore given series can be written as
=Y
Eulw';




This series satisfies
(1) &,y <&, , because . < J where &

1+Jn +1 1++Jm 14
1+J_

(2 lim, =lim

=0
So the series 1s converges by the Alternating Series test.
Answer 16

To determine the series converges or diverges, consider the series

incusmt
FF
=l 2

since cosnx =(-1)", n=1,2,3,... . 50 the series can be written as
Z{ ]) N
o

On expanding the series with respectto n,

Z{ )'a ()1 ()2 (-1)'3 (-1)°4

2! & > .y
1 2 3 4

==t ——d—
2 4 8 16

The above series contains tems with alternatively negative and positive signs.

So, it is alternating series.

To determine the convergence of it, apply alternating series test.
Alternating series test:

If the alternating series

= =]

Y(<1) b, =b—b,+b—b,+b—b, +.. b >0
=1

Satisfies

(i) b, <b forall n

(i) lim b, =0

then the series is convergent.



leth =1
[ ] 2:-

Then b, —b, =2 _+1
L] " 1- Ini-l

_2n—n-1

o zflf'l

n-1

=t >0 Vn>l

b,—b_, >0

'b-r }'bn-hl

So, b, is decreasing sequence.

o0 . i
pow, i =i~ | 5 o Souse L HospigilRitle

n—x n—x ) .
to evaluate 1t

e
=2" log(2)

1
— Because asn — w0, 2" 5 »
oD

=0
So the senes is |convergent| Dy Alternating Series Test




Answer 17

1679-11.5-17E RID: 1411] 17/02/2016

Consider the series,

g{—l}'sin[%}

Rewrite this series as,
Sooraf)rcr{s} (5} ra(5)

ool (5}

This is an alternating series.

Recall the alternating series test, if ¢ =Z(_1}"'b. is the sum of the alternating series that
satisfies the following conditions:

(@) b,,,<b, (v) limb, =0
Let b, =sin(£}
n

Replace mby p+]then the series becomes

bl‘l-l . Sin(i)
n+l

Observe that sin (LJ < sin(i)fﬂr all p=2.
n+l n

Then,

, . . [x
limb, = lim sm[—]

e s "

=sin[lim£] As n —» = then l—rﬂ
Ll | n

=sin0

=0
So, the series satisfies all the conditions.
Therefore, the series i{— 1)" sin [i) converges.



Answer 18

The given series is Z[—l)! cos (E)
=1 "
o™ term of the EIVED SETIES 15

ay =(—1)" cos (i]

K

And  lim 4, =lim (—1)7 cos [f]

n

HNow, lim cos [E] =cos0=1

L Fd
Therefore, lim (~1)" cos (f] will have the value 1 or 1.

b d

Le lim [—1:]l Cos [E) does not exist.
3 H

Hence by test of divergence, the given series is

Answer 19
) = = 5
The given series 15 Z[—l} —
2l zl
Here 0™ term of the ZIVEN SETIES 15

a, = (—1)'1%1!

Mow, we have

=
z(%][,,’il](,;](ig] ----------- 5)

Thus lim” =co

oyl
Thus, lim (—1)"’_I=m¢n
o zl

Therefore, by test of divergence, the given series 1s divergent.

Answer 20
Given series (—1)“ ntl—ajn
()" (fr+T k)
Let

by =V +1-/n)
(1) (T4
(i)

1

Jn+l4fn

=B, =




This series satisfies

(1) b,y <d, because L :

i
Jrt2+n+l Jatl+fn

lim & =h
)] S ’HT“JH+ +r
=0

So the series 1s converges by the Alternating Series test.

Answer 21

0.8)"

nl
cosy )
nl

=—0.8.a,=0.32, a;=-0.08534, a, =0.01707,
as =—0.0027307, a;=0.00036409, a;=-0.00004161

Given series Z (

Let a =

and
5 =-038
5 =a, +a,=-0438
Sy = +a,t+a;=—56534
Sy =ay +a, +ag +ay =—0.54827
S5 =gy +a, tagtay, +as =—0.55100
S =ay +a, +ag tay, tas+a; =—0.5506
5 =a, ta, ta+ta,, tas+a,+a, =—053507
(o)
Notice that %8 = e
=0.0000416

and S5 = —0.5507
By the Alternating Series Estimation theorem, we know that
s —s;| <ag <0.0000416

This error of less than 0.0000416 does not effect the fourth decimal places, so we have
& =—0.5507 cormrect to four decimal places.



ai {an|
034 . 2
: 1 3 T T 14 ? ? ’
RS . & * b

Answer 22

Consider the series
= a=1 R
-1) =
21" 3
Recall that, for a series Z:..ﬂ-. =g, +a,+a,+.... |l s, denoteits pth partial sum, then

L
s,=2. a=a+a,+..+a,



Let

On giving different values for n, we get the corresponding values for g,_,s,_that is we get both
the sequence of terms and sequence of partial sums.

a, ={_])"' i. and s, denote its pth partial sum.

8

Consolidate the values in a table.

Sequence of terms

n ]
a, ={—I:]"_Ii s, =Za{
E. =1
al _( 1}1—1 ] 1
S Q' s, =Y a
3 1 ; (]
1 1
=§ =a,
=0.125 =0.125
i, ={—|]__I£, 5= Zaf
- 8 i=l
2 __i =a, +a,
[in =0.125-0.03125
=-0.03125 =0.09375

As in the above process we can evaluate the next terms.

Therefore, the first nine terms of the sequence g_and nine partial sums s_ of the series are

as follows.

i

5

-

0.125

0.125

-0.03125

0.09375

0.005859375

0.099609375

-0.0009765625

0.098632812

0.0001525878

0.09878539

-0.000022888

0.098762501

0.0000033378

0.098765838

-0.0000004768

0.098765361

Sl || walw| ==

0.00000006705

0.098765428

Sequence of partial terms




Below figure illustrates the series Z(—I)"'Eiﬂh}r showing the graphs of the terms
m=1

a, ={_|)"' M andthe partial sums s_on the same screen.
L}

8
ik
L ]
5n)

00987651 - ™ - - 'Y *

-

. Gy

W * - L %
of 1 2 3 4 5 6 7 ]

»

From the graph, it is observed that the values of s, are zigzag across the point 0.098765.

So, the sum of the series is approximately 0.098765.
e
Let s=Y (-1)""=
m=1 8.

First verify that. the series Z{—I)" ' Ei,is convergent or divergent.

a=1
To determine the convergence of it, apply alternating series test
Alternating series test

If the alternating series

i{—l)"'b_=b,——bz+b;—-b,+bj——b&+.-. b >0
ma=l

Satisfies

(i) b, =b, foralln

(i) limb, =0

AT

then the series is convergent.



Suppose that b = ;_, then

n+l
'b-'+l = SHI
Consider

8.- B.lnl
8n—n—1
= Bni-l
=T3"_:1}n for all ne N
So. b,-b,_,>0 forallneN
And,
aD

- . m|—, S0 use
limb, =lim—| «

L'Hospital rule

1
=0 Because as n—>w,——>0
Therefore, by alternating series test

Z{——I]"' Ei_is convergent
m=l1

To get a feel for how many terms we need to use in our approximation, let’s write out first few
terms of the sernies:

- {—l}H | {_l}z—l 2 (_I)_'-I-—I 3 (_1}44 4 {_l)s—l 5 {_I)ﬁ—l 6
$= g - P + 7 + g - & + %
1 2 3 4 5 6

g ot

=0.125-0.03125+0.005859375-0.0009765625
+0.0001525878 - 0.000022888...



Notice that, b, = %
3
T 131072
3
131000
=~ 0.000022888

And,
1 2 3 4 5

S=c—mtaats
g & 8§ 7 8
=0.125-0.03125+0.005859375-0.0009765625 + 0.0001525878

=0.09878539

Alternating Series Estimation Theorem states that, if 5 :Z(_l}"'lb_ is the sum of an
alternating series that satisfies

<

(i) b,,, <b, and (i) limb, =0
then the emoe involved in using s=5 is the remainder R* such that,

R :Is-.r'l <b,,

B}’ allemating series estimation theorem, we have that
|5 = -"sl <b;.,
= &‘
< 0.000022888
This error of less than (000022888 does not affect the fourth decimal place. so we have

s =0.09878 cormrect to four decimal places.

Answer 23

Consider the series

5 CU (emor <0.00005)

Its need to show that the series is convergent and then determining the number of terms do we
need to add in order to find the sum of the specified accuracy.

On expanding the series notation, we have that

i{_]).q i {—I}M +{_]}1.| +{_t}34| +{_1)4-1

doan

Ivﬁ z-i 36 45

Observe that. terms of given series are alternatively positive and negative, so itis an
alternating series.



The Alternating Series Test: if the alternating series
S (1), =b —b,+b,~b,+b,~b,+--- b, >0
=l

Satisfies

() b

g Sb forall n
(i) limb, =0

then the series is convergent.

For the given series, we have that

b=
n

Observe that, »* < (u+1}" forall pe N

1 1
= - forall peN

n {H+I)ﬁ
Thus b“t ‘E.bn for all neN

And also that

) .1
limb, =lim—
s Sl | i

=0Asn—o= 1/n* >0

1

Since b =—. satisfies the conditions that b, <5, forall » and

n
Series Test, the series

S B =2

I5 |convergent|.

!fl_l;l: b, =0_ by Aliernating



To get a feel for how many terms we need to use in our approximation, let,s write out first few
terms of the series:

1 1 1 1 1

=1-— ——+ - +
64 729 4096 15625 46656
Notice that bﬁ: ! < 1
46656 20000
(I B I

A g =]-——+—-— +
64 729 4096 15625

=1-0.015625+0.001372 - 0.000244 + 0.000064

= (.985567
Alternating Series Estimation Theorem:

=0.00005 . (1)

If s= Z(_ij"' b, is the sum of an alternating series that satisfies
() 0<b,,<b, and (i) limh, =0

then |R.|= |s—.5'.| <b_

- i ael
Since the alternating series Z%wﬁh b, =Lﬁ satisfies the conditions that
=1 n n

() 0<b,, <b, and (i) limb, =0
So, by Alternating Series Estimation Theorem we have that
R |=|s—s | <by,,
= b, <0.00005 By (1)
Thus |s—s;| < b, <0.00005

Hence, the series gives specified accuracy up to 5 terms.



Answer 24

Consider the series
{-1)
Z (Jerror] < 0.0001)

Its need to show that the series is convergent and then determining the number of terms do we
need to add in order to find the sum of the specified accuracy.

On expanding the series notation, we have that
Z{ 1}{'}{11 (SN
I IS 2.5 3.5 45 55
1+ 11 & 11 "

5 25 35 45 55

Observe that, terms of given series are alternatively positive and negative, so it is an
alternating series.

The Alternating Series Test: if the alternating series

i{-l}""b, =b —b,+b,~b,+b,~b, +--- b >0
m=l
Satisfies
(i) b, <b foral n
(i) limb, =0
then the series is convergent.

For the given series, we have that

b =—
n-5"
Consider b_,—b,

I 1
b, b, = -
= (n+1)-5"" n-5t

B n—5{n+l}
- n(n+1)-5"

—dn-5

=—{ﬂ

Thus b, —b <0 foral peN

So, the condition b,,, <b, forall pe N



And also that

limb, =lim

e s gp.H"

Recall the fact that, if g, is a sequence of positive terms such that

. a .
lim—=L <1 then lima, =0
=X

Ll |

Suppose that g_ =

. a i
Then lim—=L=lhm -
wor g an ()5 1

=lim——_.2%
s (n+1)-5-5 1

ctim
(1+ n]-S
n

=W As m—» o0 and ]fn-}{]

=l{I
5

. 4a 1
Thus Iim—=L=—<]

—
" a!

. a 1
Since lim—=2 =— <1, from the above fact we have that

ll—.l'ta
"

lim 1 =0
nsx 5"

1
n-3
Series Test, the series

Sye -3 L

I5 |convergent|-

Since b" —

satisfies the conditions that b, <b_forall » and !1_{!11 b, =0_ by Alternating



To get a feel for how many terms we need to use in our approximation, let's write out first few
terms of the series:

(l) (l) {l) (l) {1)
1-5' 25* 353 45‘ 55"
—1+'—‘+'—'+
5 2-5 3.5 4.5 5.5°
11 1 11

+———+ +
5 50 375 2500 15625

Notice that b= _«_ ' _gooo1 (1)

15625 10000

Ad s =1 1 1 1

5 50 375 2500
==0.2+0.02-0.002667 + 0.0004
=-0.182267

Alternating Series Estimation Theorem:

If ¢= Z{_”"' b_ is the sum of an alternating series that satisfies
() 0<b,,, <b, and (i) !12! h =0
then |R |=|s-s,|<b..,

Since the alternating series Z{ ]) with b L safisfies the conditions that

= n-5 n-5"
() 0<b,,<b, and (i) limb, =0
So, by Alternating Series Estimation Theorem we have that
R =ls=s.| < bu.,
= b, <0.0001 By (1)
Thus |s—s,|< b, <0.0001

Hence, the series gives specified accuracy up to 4 terms.



Answer 25

Consider the series
(1 (reror <
5 G (mor <0.000008)

Its need to show that the series is convergent and then determining the number of terms do we
need to add in order to find the sum of the specified accuracy.

On expanding the series notation, we have that
l.'! -'I
Z{ ) _ (G G ) G )
110" n! IIJ“ ﬂ' 10" - I'I 10°-2! Iﬂ‘ 3' 10*-4! Iﬂ" 5'

_L+ 11 . 11 .
10 10°-2! 10°-3' 10°-4! 10°-5!

Observe that, terms of given series are alternatively positive and negative, so itis an
alternating series.

The Alternating Series Test: if the altermnating series
Z{_I] ‘.bn =b -b,+b,—b, +b,—b +--- bq >0
=l

Satisfies

(i) b,,,<b foral n

(i) imb, =0

then the series is convergent.

For the given series, we have that

b=
" 10"n!
Consider b, —b,

"

l 1
b, —b,= -
10 (n+1)! 10n!

I I
T10°-10-(n+1)n! 10"n!

_1-10(n+1)
10" (n+1)!

_ 9-10n
107" (n+1)!

Thus b, —b <0 foral e N

< Ofor all neN

So, the condition b, <b, forall peN



And also that

limb, =lim
sz © w210 n!

Recall the fact that, if a_ Is a sequence of positive terms such that

. a, :
lim—=L <1 then lima, =0

_——
- a. &

1
Suppose that g =
10" R!

-n!
Then lim ==L = fim ~ : A7 u
e T TS ) T

i 1 107 -n!
=>=10"-10-(n+1)n! |

. 1
=lim———
== 10(n+1)

=0<lAsn—=x (n+l)—>w and 1/10(n+1)>0

. a
Thus lim—=L=0<]1

L ﬂl.

. 4a
Since lim—= =0 <. from the above fact we have that

L Loy |
.1
lim =0
=== 10" n!
Since p = mi .. satisfies the conditions that b, , <, forall » and limb, =0, by
n:

Alternating Series Test, the series
x . x (_]}*

-1)"b, =
E{ V. glﬂ'-n!

IS |convergent|

Alternating Series Estimation Theorem:

T §= Z(q)"" b, is the sum of an alternating series that satisfies
() 0<b,,, <b, and (W) limb =0

then |R |=|s-s,|<8,.,



Since the alternating series Z ( 1) with p = : satisfies the conditions that

10" -n! * 10" -n!
(i) 0<b_, <b, and (ii) !Hb, =0

So, by Aitermnating Series Estimation Theorem we have that
|R.| =|s—s,| <b,.,
= b, <0.000005 By (1)

Thus |s—s,| < b, <0.000005

Hence, the series gives specified accuracy up to 4 terms.

Answer 26

Consider the following series;

E(-I]"_I"E_

=l
Show that this series is convergent and determine how many terms, need to add so that the
partial sum is within ¢ Q1 of the actual value of the series sum.
First, study the series, which is alternating or not

Note that, pe~* is always positive for positive #_. and (-1)"" is positive on odd terms and
negative on even terms.

So, the terms of the series alternate in sign.

Also, the terms of the series decrease in size. For any k., consider the size difference between

the {;H.])" term and the g® term.

W_(1+)

(n+De ™ —ne™ =2 =

_ e (n+1)—ne™
-—

_ &' ((n+1)—ne)

Zmsl
Eml-

_e(n(1-€)+1)
==




Weknowthat |—g<—-] and p>1.
S0 n(l-e)<-1

nl-e)y+1<0

Since, the other terms ¢# and 2! are positive, the entire quantity £ ?0—€)*1)
[ =4

negative.
This inequality becomes as follows.
(n+1)e"™" —ne™ <0
(n+1)e™" <ne™

So. the terms of the series are decreasing in size.

Finally, the limit tends to zero as m — 20, which is shown below.

limne " =0
L %

. _ g n
limne™ = lim—
A s IE'.
Consider, the function, f(x)=
&
If lim-"- exists.
e

Let x=n.then lim=-=lim-"-.

= g n—sx @

Now, compute. lim—- . Since this limit has the indefinite form — at ao.
Tz gt of

So, apply L'Hospital's rule.

x|
Then, lim—=lim—=0.
A=

.'r—lvi'-g:

Therefore, the value of the limit, Ii1'||i =0

n—sx g

T
Since z{-l}'_'ne_' is an alternating series of terms, whose terms decrease in size and

=1

x
satisfy the limit. lim—- = 0. by the Aliernating Series Test we know that Z{_l}'-' e ™"
=1

n—sx g

CoOnverges.



Find, how many terms we must add, so that the pariial sum is within (] of the actual sum of
the series.

Use the following estimate, called the Alternating Series Estimation Theorem from the text

Let p. be the sequence, pe™. s =Z[—l}"" ne" the sum of the entire series, and s_ is the
=l
n™ partial sum.
Then, |s-s,|<8,,,
That is. the error |s —s_| from using the ,® partial sum as an estimate to s is no larger than

b, ,. the size of the {n+l}‘“term of the series.

Here, we want |s—s,|<0.01.

So. ifwe find p,,, such that p,.,<0.01. we willhave |s—s,|<b,,, <0.01
We want » with b, <0.01.

So thee inequality becomes as follows.

(n+1)e™™™" <0.01

n+l <™
ﬂﬂ]
e+l
lm-::f—
n+l

Here, we do some estimating, since there is no simple direct way to solve for m.

L] 7

Note that % =67.2... <100 while % =156.6>100-

S0 6 is the least number that works for p41.
Thus, the number, 6 is the least number that works for n.

Thatis, when p>6. |5 5,,|n::_.=:[][]|

Hence, we need to add at least 6 terms.

Answer 27

‘We first observe that the series 15 convergent by the Alternating Series test because

1 1
& (2(n+1))! ) (22)
{(2) —— —0asn—w

(Eﬂ)



To approximate the sum, first we write few terms of the series

-1 1 1 1 1
S=—4+———+——+
21 41 61 g 10!
-1 1 1 1
21 24 720 40,320
HNotice that
-1
1
40,320
1
40,000
= 0.000025
1 1 1
A SR
and S ==t T I
=_0.4597

<

By the Alternating Series Estimation theorem we know that
|5 — 85| <24 <0.000025

This error of less than 0.000025 does not affect the fourth decimal place.
So we have X5 =-04597 correct to five decimal places.

Answer 28

()
Let 5= Z"—ﬁ
m=l

w — "+l
First verify that, the series Z( ]}b is convergent or divergent.
n=l n

To determine the convergence of it, apply alternating series test.
Alternating series test:

If the alternating series

S (1) 'b,=b~b,+b,~b,+b ~b,+.. b >0
a=

Satisfies

(i) b, <b, foralln

(i) limb, =0

then the series is convergent



Suppose that b, = Lﬁ then

n

1
()

Since n<n+1 forallme N .
n* <(n+1)" forallneN

( II)" -::lb forallme N
n+ n

Thatis, b, <b, for alln

And,

; .1
limb, =lim—

A Ll | |
1

=0 Because as n > 0,——>0
n

Therefore, by alternating series test

= mt -l
Z#is convergent.
m=] n

To get a feel for how many terms we need to use in our approximation, let's write out first few
terms of the series:

1+l | i-1 4=1 5+ e
I A N N D e
lﬁ- 2$ 3'5 46 55 ﬁ“

1 1 1 1
T F s

1 1 1 1
—_— +

64 729 4096 15625

Notice that, b, = ——
* 15625
1
{—.-
15000
= 0.0000666
And.
11 1
s;=l-—+—-—
64 729 4096

=1-0.015625+0.001371-0.000244
=10.985502



Alternating Series Estimation Theorem siates that, T 5 = Z{_l}”"bn is the sum of an

alternating series that satisfies

(i) b,,, <b, and (ii) lmbﬂzﬂ

na] =

then the erroe involved in using s =s_ is the remainder R such that.

IR|=|s=s.|<8..

By alternating series estimation theorem, we have that

|s—s,|<b,.,
-5,
< 0.0000666

This error of less than (. 0666 does not affect the fourth decimal place, so we have

s = .9855 correct to four decimal places.

Answer 29

We have the series Z( 1) lﬂ'

We write first few terms of the series
1 22 3 4 2 g
=t st — g
10 10* 10° 10* 10° 10
=01-00440.009—-000164+0.00025— 0000036+ 00000049 — ____
Since &, =0.0000049, this will not affect the fourth decimal place of the sum of

the series so we take the sum of first six terms only 5, =0.067614
We have [s=0.0676] , correct to four decimal place.

Answer 30

We have Z( 1)

Fal
We wriie ﬁ.mtfewt&:rms of the series
-ty v o111
31 22 33 Fa P s
1 1 1 1 1

"33 27(6) ' 81(24) 243(120)

=—0.33333340.055555-0.0061728+0.0005144— 0.00003429 4+ 0.0000019
Since &; & 00000019, this will not affect the fourth decimal place of the sum of

the series so we take the sum of first five terms only s, = —0.283471

So we have |s = —0.2835], comrect to four decimal place.



Answer 31

Consider the 50th partial sum s, of the following series;

= {_]}n—!
-

n

Determine, .7 is an overestimate or an underestimate to the sum of the entire series,

G

n

First, note that this is clearly a decreasing aliernating series, whose terms approach

ZErMo.

The expression, [—lj"" dlternates, and the factor ldeu“eases and approaches to zero.

n

A general pattern for the pariial sums of decreasing aliernating series, the first partial sum
staris positive, the second pariial sum goes down, the third partial sum rises back not as high
as the first, the fourth partial sum falls but not as high as the second, and 50 on.

So, the sequence of odd terms is falling down to the limit, while the sequence of even terms is

rising up to the limit

D"

For example, the ,* term of the sequenceis g, =

Let p=].then s =a,.
S0
=D

-

1
=]

Let p=2.then s, =5, +a,.

S0
-l
s,+a1=l+{ D
2
]
14D
2
ai—
2
ik
2

Therefore, $, = %



Similarly, the sums, s, and s, are as follows.

5, =5, +a, =l +l - 3 rising back up but not as high as the first.

2 3
5 1 7 )
Si=53+aa= E_E = E Talllng_ but not as low as the second.

The expression {—l}"' is positive on odd terms and negative on even terms. The number 50
is even, so the last term added in Sy is negative, and by the above patiern, expect that S is
an underestimate.

The proof is given below.
Note that, a,,. being an odd term, is positive, and a,, . an even term, is negative. Also, the

terms of the series are decreasing in size, 5o |a,,| 2 |as,|-

. since, as noted, a;, is positive and g, is negative, and

Then a, +ag =|a$||- a.,

|'"51|'|”sz| 2 Obecause |"51| 2

|-

S0, a, +a, 0.

Clearly, there is nothing special about a,,and a,,: this holds for every pair of an odd term
a,,,, and the succeeding even term a,_,, because of the combination of the alternating and
decreasing property of the series.

Now, notice the following expression.
$ e

=l n

=54 +(a, +a,)+(a; +a, ) +..(a,,,, +a,,..)+...
As we noted, each of the pairs in parenthesis is an odd term and the succeeding even term so
is positive.
That means, the sum of the entire series is s, plus a bunch of positive terms.

Therefore, Sy is an underestimate.

Answer 32

-0~
#

L ]
The given series is )
=l

‘When p > 0. Then it 15 clear that the given series 15 an alternating the terms in the

given series are in decreasing order as — > %
n (n +1)
Also, lim Lp =0
R M

Thus, by alternating series test, the given series 1s convergent.



=1
When p =0, then the given series 15 3 (_1?]
=1 #

=%

=—1+1-1+1-1+1-_ ...
Here 0™ term a, = (—l)l_l
And lima, =lm (—1)'_1 which does not tend to a unique value.
1e lim (—I)H does not exist

Therefore, by test for divergence, the given series i1s divergent.

When p<0, then lim %:m

o' term of the ZIVEN SETIes 1S ,

ey
Rl
(1™

and lim >~ = does not exist [Tends to co or ol
e T

Therefore, by test for divergence, the given series is divergent.
Hence,

The given senes 15 convergent only for p > 0

Answer 33

= Y
The given series 1s
L)
It 15 clear that the given series 15 an alternating series.
The terms in the series are 1n decreasing order for all p.

And lim =0 for all p suchthat 24+ p =0
Hﬂ(n+p)

Thus, by alternating series test, the given series is convergent if 2+ p#0
Le. p 15 not a negative integer.




Answer 34

Consider the series:

SEy —{m; y

To find the values of p for which the given series is convergent use the Cauchy’s integral test
to the series of absolute values:

2

(~1)" (ln:)’l _ Z‘:{In n)”

Let.
f{r}-@
Then
xp{h‘lx}rl L -[111_1’}'lr
1'(x)= Ef)
_(inxy”
——(p-inx)

Now, consider the following facts:
When y s @”.

Then

mx > me”
So, mx> p

If p>1. then since both numerator and denominator are posiiive o =0.

But
mx > p
—mx < —p
p-mx<p-p
<0

Hence, f'(x)<0 Y x>e”

So, fisdecreasing forall y - "

Thus, the condition for the Cauchy integral test is satisfied then it follows that
J£()ae=] —dr{hf}

Substitute

lnx:;.thEﬁ liﬂ;‘:dj"

X



And the corresponding limits are:
x=2_t=In2
X=00,f=m

Therefore,

x

I f(x)dx= [ rdr

In2

il

a0

- P
The series is ZM divergent.
m=1 n

But, it p<—1, then the above integral looks like:

I !lfdr i
a2
Compare this with series:
— 1
L
This is a p-series that converges when g >1.

Since g =—p . it follows that when —p > 1 or p < -1, the series converges.

Therefore, the given series will converge when |p <-1|.




Answer 35

Consider the series,
(1),
=]

Here b":l if nis odd
n

And, b =iz'rf nis even

n

It is needed to prove that, this series is divergent

Wiith the given conditions on m, the series can be writien as,

= ] &
_gzn—l-“.z-“
=i;_i(1]" e (1)
i 2n—-1 5\4

We have, l <

n 2n-

,VneN

x X
And the series Z lis divergent, because the auxiliary series, zipl:unverges if p>1.and
m=1 n m=1 n

diverges if p<1

So, by comparison test. the series "

is convergent. ..._.. (2)
= 2n-1

Now the geometric series i r" converges for |r| <1. and diverges if || =1

So that, the series i[l] is convergent ..____ (3)
4
=l

By (1), (2), and (3) we have the given series is the difference of the convergent and the
divergent series.

Hence the given series is divergent.



Alternating Series Test:

If the Alternating Series )" (~1)"" b, . b, > O satisfies
=l

() {b,}s decreasing for all n

(i) limb, =0

Then the series is convergent.

Consider the series,

= 11 1 1 1
By gl W L ... IS L. T
Z.:{ )b 23 P 5 P

In this series, observe that b, > 0. and

From this we can say that the sequence {5, }is not decreasing.

So the given series does not satisfy the first condition for the Alternating Series Test

Hence the Alternating Series Test cannot apply for the convergence of the given series.

Answer 36

- =
Use the following steps to show that Z{I_ =In2

m=l n

Let h, and s, be the partial sums of the harmonic and alternating harmonic series.
(a) Show that s, =h, —h,
By using induction to prove the above result
Let P(n) be the proposition that s, =h, —h,
Replace n by 1in P(n) then

Sy = Py —

s,=h—-h
P(1) is the statement s, =h, —h,.

Which is true since l-%:[H%]—l

So suppose that P(n) is true.



Next show that P{n+1] must be frue as a consequence.
Replace n with p+1in h, —h,
'hll _hl' = 'h:(.-aﬂ _ﬁn-rl
= 'hlit] -'hn-tl

By alternating harmonic series

=(h,_+ ! + ! ]-[ﬁ_+¢]
= 2n+l 2n+2 n+l

| 1
=(h, —h -
L e R

1 B 1
2n+l 2n+2

Which is P(n+1) .and proves that s, =h, —h_ foral n .

=5, +

2n

(b) We Know that
h,-In(2n)—>y and h-Inn—>y as n—x
Now
S2u =y, —h,
=[h,, ~In(2n) |- (h,~Inn)+[In(2n)~Inn]
And
lims,, = Iim[[ﬁ:, ~In(2n)]-(h,~Inn)+[In(2n)- Inn]]

=;;[h,, ~In(2n)]~lim(h, ~Inn)+lim[In(2n)~Inn]

R

=;r—y+!iﬂ[ln(2n)—lnn}

=lim[In2+Inn-Inn|

=[In2)



