Chapter 12. Probability

Conditional Probability andindependent
Events
4 Marks Questions

1.

A couple has 2 children. Find the probability
that both are boys, if it is known that
(i) one of them is a boy.

(i) the older child is a boy.
Delhi 2014C, 2008C; All India 2014, 2010

Frrstly, wrlte the sample space of glven data Then
% use concept of conditional probability

P(A |B) = ﬂi(g)_fﬂ to get the desired result.

Let B represents older child which is a boy and

b represents younger child which is also a boy.

Also, let G represents older child which is a girl

and g represents younger child which is also a

girl. The sample space of the given question is
b= {Bb Bg, Gg, Gb}

. n(S) =
Let A be the event that both children are boys.
Then, A = {Bb}

g n(A) =1 (1)

(i) LetB: Atleast one of the children is a boy
B ={Bb,Bg, Gb} and n(B) =

and P(B)=B@:§ (1)
n$) 4
Here, A B={Bb}, thenn(A " B) =1
Pias g E 1 (i)
n(s) 4
We have to find P(A/B), we know that,
P(A N B)
PAIB = """ pBy£0 ..
(A/B) PE) (B) # (1)
From Eqs. (i), (ii) and (iii), we get
PA/B) = P(A mB): /4 :1
P(B) 3/4 3

Hence, required probability is % (1%)
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(if) Let B : The older child is a boy.
Then, B = {Bb, Bg}

nB)=2
amell | B =T R i)
Al 4 2
Here, AN B={Bb}, thenn(AnB) =1
itd PAFE=2ADE 1 V)
n(S) =
Mow: Paime DOOR T4 1
P(B) 12 2
Hence, required probability is % (1%%)

2. Assume that each born child is equally likely
to be a boy or a girl. If a family has two
children, then what is the conditional
probability that both are girls? Given that

(i) the youngest is a girl?
(i) atleast oneisa girl? Delhi 2014

Let B represents elder child which is a boy and
b represents younger child which is also a boy
and G represents elder child which is a girl and
g represents younger child which is also a girl.

If a family has two children, then all possible
cases are

S =1{Bb, Bg, Gg, Gb}
n) =4
Let us define event A : Both children are girls,
then
A={Cg} = n(A) =1
() LetE, : The event that youngest child is a girl.
Then,

2 1
E,={Bg, Gg}, soP(E)===—
, = {Bg, Gg} =, =



1
and ANE={Cg},so PANE)= 3

' 1
Now, P A)_PANnE)_1/4_1
; PE) 1/2 2

. i
. Required probability = 5
(i) Let F, : The event that atleast one is girl.
Then, F, ={Bg, Gg, Cb}
3
=% n(E,) =3, so P(E,) = y:

and (AN E, ={Gg}
1
so PANE,)= a

3. Aspeaks truth in 75% of the cases, while B in
90% of the cases. In what per cent of cases,
are they likely to contradict each other in
stating the same fact? Do you think that
statement of B is true? All India 2013



Let A, : Event that A speaks truth.

and B : Event that B speaks truth.

1 P(A —_thenP(A ) 1_-_
Given, ( T) 1 T

[+ P(A) = 1— P(A)]

25
100
90
d P(B;) = ——, then

o B =100’

_ 0 10

PBr) =1- 22 = (1)
100~ 100

Now, P (A and B are contraduct to each other)

= P(A;)-P(Br) + P(Ar)-P(B;) (I

[ events A; and B; are
independent events]
75 10 23 90
- )75

= X
100 100 100 100
750+2250 3000 3

10000 10000 10
. Percentage of P (A and B are contradict to

each other) = 1_36 %100 = 30% §))

We think that statement of B may be false. (1)

4. P speaks truth in 70% of the cases and Q in
80% of the cases. In what per cent of cases are
they likely to agree in stating the same fact?

Do you think, when they agree, means both
are speaking truth? All India 2013



Let P, : Event that P speaks truth.

and Q 7 : Event that Q speaks truth.
Given,

70 70 _ 30
P(P, —-—thenPP =
P =100" Pr)=1-100 = 100
80
d P
and PQr) = 100"
— 80 20
Then Py} =T (1)
B! 100 100 -

P (A and B are agree to each other)
=P(PTﬁQT +PPTﬁQT
=P(P;)-P(Qy) + P( (P7)- PQT (1)

[ events P; and Q ; are independent events]
_ 70 80 30 _ 20
+ X
100 100 100 100
_ 5600 600 _ 6200 _ 62
10000 10000 10000 100

. Percentage of P(A and B are agree to each
other)

~—E—)—2—><1OO 62 % @)
100
No, agree does not mean that they are
speaking truth. (1)

9. A speaks truth in 60% of the cases, while B in
50% of the cases. In whnt per cent of cases

are they likely to contradict each other in
stating the same fact? In the cases of
contradiction do you think, the statement of
B will carry more weight as he speaks truth

in more number of cases than A?  Delhi 2013



Let A : Event that A speaks truth.
and B : Event that B speaks truth.

60
Given, P(A;)= 16-6; :
- 60 4
then P(AT)=1-—100:100
90
and P(B;) = 100’ O
- 0 1
then P(Br) =1- 1900 = 00 (1)

Now, P (A and B are contragict to each other)
=P (A; N Br)+P(ANBy)
= P(A;)-P(Br) + P(A7)-P(B;)
[ events A; and B; are independent events]
60 10 40 90
e s 4 + X
100 100 100 100
_600+3600 _ 4200 _ 42
~ 10000 10000 100

. Percentage of P (A and B are contradict to

42
each other) = — x 100 = 42% 1
100 (i)

(1%%)

Yes, the statement of B will carry more

weights as he speaks truth in more number of
cases than A. (1)

6. The probabilities of two students Aand B
coming to the school in time are ;1 and ;,

respectively. Assuming that the events,

‘A coming in time” and ‘B coming in time’ are
independent, find the probability of only one
of them coming to the school in time.

Write atleast one advantage of coming to
school in time.Value Based Question; Delhi 2013



Given, probablllty of student A coming in
time,

P(A) ==
7

then probability of student A not coming in
time,

P(A =1-—=—
(A) — (1)

and probability of student B coming in time,

P®) =2

then probability of student B not coming in
time,
o 5 2
PB)=1-=== (1
7 7
Now, required probability

=P(ANB +P(ANB
=P(A)-P(B) + P(A) - P(B)

[ events A and B are independent events]
a2 4 5 6
— X =+ — 20 8 (1)

7777494949

Regular attendance and punctuality are
important, if children want to take advantage
of the learning opportunities offered by the
school. Also, it is vital to the educational
process and encourages for a good pattern of
work. (1)

7. In a hockey match, both teams Aand B
scored same number of goals upto the end of
the game, so to decide the winner, the
referee asked both the captains to throw a
die alternately and decided that the team,
whose captain gets a six first, will be
declared the winner. If the captain of team A
was asked to start, then find their respective
probabilities of winning the match and state
whether the decision of the referee was fair
or not. Value Based Question; Delhi 2013C



Let £, : Event of A getting six.

and E,: Event of B getting six.
In throwing a die,

Total number of elements in sample space,
n(S) =

PE) = P(E,) =~

and probability of not getting a six

— = 1 5
P(E-[):P(Eg):]—gzg (1)

Since, the referee gives first chance to captain
A for throwing a die.

.. Probability of A winning
=[PE)+PENE2 N E) +...]

= P(E) + P(E7)-P(E2)-P(E}) +...

[ sum of an infinite GP,

L =1—- Here,a =1 and r—5/6:|

1 36 6
= (1
6 11 11 )
Probability of B wmning

=P(Er)- P(E2)+P(E1) P(E2) - () (Ez)+
5>< 5 5 5 1



" 36| e} 7|

[ here, series is an infinite GP]

/
5 1 K 36 .5
= = x = — (1
36|,_25| 36 11 1 )
. 36

Here, we see that P(A) > P(B).
Hence, team A has more chance of winning
the match.

As the referee first give a chance to team A, so
it is not a fair decision. | (1

8. Probabilities of solving a specific problem
independently by Aand B are % and %,

respectively. If both try to solve problem
independently, then find the probability that

(i) problem is solved.

(i) exactly one of them solves the problem.
Delhi 2011

() The problem is solved means atleast one of them
solve it. Suppose A and B are mdependent
events, then their complements are
mdependent

Let P(A) = Probability that A solves the

problem.
P(B) = Probability that B solves the
problem.
P(A) = Probability that A does not solve the
problem.
and P(B) = Probability that B does not solve
problem. (1)
According to the question, we have
1
P(A) = —
A PAY=1-+=1
then P(A)=1- e

-+ P(A) + P(A) = 11(1/2)



1
d PB=-
an (B) 3

then PB)=1-PB) =1 (1)

WM

_1
3
(i) P (problem is solved)
=P(ANB)+P(ANB +P(ANB)
= P(A) - P(B) + P(A) - P(B) + P(A) - P(B)
[+ A and B are independent events]

(1 2) (1 1] (1 1)
=|l—-X=|+|=X=]|F|=X=
2 3 2 3 2 3

2 1 1 4 2
=t -t ==
6 6 6 6 3
Hence, probability that the problem is
solved, is -:23- (1%2)
Alternate Method

P (problem is solved)
=1- P (none of them solve the problem)

=1-P(ANB)
=1-P(Z)-P("B‘)=1-[lx3) (1)
273
[ PA) =1 and PB) =-3~]
2 3
T o %)
373

(i) P (exactly one of them solve the problem)
=(PnB)+PANB
= P(A) - P(B) + P(A) - P(B)

(1 2) (1 1) 2 1
=l—-X—H]=X=|==*+—=
2 3)\2 3) 6 6

:3’:1(11/2)
6 2



9. 12 cards numbered 1 to 12 are placed in a
box, mixed up thoroughly and then a card is
drawn at random from the box. If it is known
that the number on the drawn card is more
than 3, then find the probability that it is an
even number. All India 2008

Let us define the events as
A :Number on the drawn card is more than 3.

B: Number on the drawn card is an even.
number (1)
Here, total elements in sample space, n(S) =12

A=14,56,78,9,10,1112}

s B={2 4681012}
So, ANB=1{4,6,8,10,12 (1)
Then, n(A) =9, - néB} :36 and
A ( L ommw
n(AmB =5 PlA= —n-{?g ==
_nB_6 1
(m"ns)lz 2
n(A Bl 5
T e (1)
and P(ANB) = = (S) -

Now, we have to find P(B/ A).
By using conditional probability, we have

P(B N A) 5/12
= ,PA) #0="——
Lo P(A) 3/4
[+PB N A =PANB=5/12]
5 4 5
= — X —-— = —
12 3 9
Hence, required probability is 5/9. (1)

6 Marks Questions



10. Consider the experiment of tossing a coin. If
the coin shows head, toss it again, but if it
shows tail, then throw a die. Find the
conditional probability of the event that ‘the
die shows a number greater than 4’, given
that ‘there is atleast one tail’, Delhi 2014C

Let S = Sample space of the experiment
—{HT,HH, T\, T2,73,T4,75,T6} (1)
A = Event that die shows a number greater
than 4 = {T5, T6} (1)
B =Event that there is atleast one tail
=(HT)(TN(T2)(THTAT5) T 6)

AN B=(T5),(T6) (1)
Then, P (A N B)=P(T5)+P(T6)
11,11 .
2 6 2 6 6
and P(B) = P(HT) + P(T1) + P(T2) + P(T 3)
+ P(T4 + P(T5) + P(T6)
1 1 1 1 1 1 1 1
= X —X—F=X—F X
2 * 2 * 2 * 6 2 6 2 6
1 1 1 1 1. 1 3
LPEE S TR LR R
3767276 276 4
Hence required probability =
p.’i PAND) _ 176 _2 (1)
B P(B) 3/4 9

11. in a game, a man wins rupees five for a six
and loses rupee one for any other number,
when a fair die is thrown. The man decided to
throw a die thrice but to quit as and when he
gets a six. Find the expected value of the
amount he wins/loses. All India 2014C

In a throw of a die, the probability of getting a six
is 1/6 and the probability of not getting a 6 is 5/6.

(1)
Case | If he gets a six in the first throw, then
the required probability is 1/6. (1)

Amount he will receive =35 (1



Case Il If he does not get a six in the first
throw and gets a six in second throw, then

~ probability
- (5 1) 5
=|—"X—]=—
6 6 36

Amount he will receive=-1+5=% 4 (1)
Case 11 If he does not get a six in the first two
throws and gets a six in the third, then
probability '
(5 5 1) 25
) [Pl T, T . i
6 6 6/ 216
Amount he will receive=-1-1+5=33 (1)
Case IV If he does not get any six, then

probability
(5 5 5) 125
=|l=-Xx=X=|=—
6 6 6/ 216

Amount he will receive=-1-1-1=3%-3(1)
Now, expected value he can win

= [])5 4 (i]4+(£)3+ [125)(_3) =0
6 36 216 216

(1



Baye’s Theorem andProbability
Distribution

4 Marks Questions

1. An experiment succeeds thrice as often as it
fails. Find the probability that in the next five
trials, there will be atleast 3 successes.

All india 2014

~ Let p denote the probability of getting succees
in the experiment and q denote the probability
of getting failure in the experiment.

According to question,

p=3q
= p=301-p) ['“p+q=1]
= p=3-3p
=$ p+3p=3 = 4p=3
3 o
= and then,g=1-==— (1
P - . 4 4

Let X denotes the number of successes in
5 trials. Then, X follows binomial distribution

withn=5,p = % and g = % such that

3 r 1-5—r
P(X=n="C, (—] (—] r=0,12,...,501)
4) \4



Hence, required probability = P(X > 3)
=PX=3)+P(X=4+P(X=5)

R{HRSETD

1 5 1 5 1 5
L (3 () +503)° (”) +1(3)° (—) 1))
2 4 4 4

5
=3 G) [10+15 +9]

_ AL X34

1024
918 _ 459

1024 512

(1

2. Three cards are drawn at random (without
replacement) from a well-shuffled pack of
52 playing cards. Find the probability
distribution of number of red cards. Hence,
find the mean of the distribution. Foreign 2014



Let the random variable x = Number of red
cards
Here, x can take values O, 1, 2, 3.
Now, P(X = 0) = P(all black cards)
= P(B) x P(BB / B) x P(BBB / BB)
26 25 24 2
= > x =
52 51 50 17
P(X =1) = P(RBB) + P(BRB) + P(BBR)
=3 X P(R) x P(B/R) x P(B/RB)
26 26 25 13
X —— X o =
52 51 50 34
P(X = 2) = P(RRB) + P(RBR) + P(BRR)
=3 x P(R) x P(RR/R) x P(B/RR)
26 25 26 13
M — X =
52 51 50 34
P(X = 3) = P( All red cards)
= P(R) X P(RR/R) x P(RRR/R)
26 25 24 2
— > x =
52 51 50 17

So, the probability distribution of X is as
follows:

=3

(M

= 3K

(1)

............................

7 0 : se——
D= = = | S
7 3 i 3 b7
()
Now, mean
—ox 2+ B e Buasax
17 34 34 17
i e T 8 (1)

34 34 17



3. Aclass has 15 students whose ages are 14,
17,15,14, 21,17, 189, 20, 16, 18, 20, 17, 16,
19 and 20 years. One student is selected in
such a manner that each has the same
chance of being chosen and the age X of the
selected student is recorded. What is the
probability distribution of the random
variable X? Find the mean of X. All India 2014C

{;) Flrstly, flnd the probablllty of respective ages and
- * make a probability distribution table then usmg
the formula

‘Mean (X) ZxP(X) calculate mean..

Here, total students =15

The ages of students in ascending order are
14,14, 15,16, 16, 17,17, 17,18, 19, 19, 20,
20, 20 and 21.

2 1

Now, P(X=14)="—,P(X=15)=—,



P(X=18)~-1~ PX=19)= — -
15 15’

P(X=20)=-§—,P(X=21)=-1— (1)
19 15

Therefore, the probability distribution of
random varlable X is as fo[lows

X im 15 16 17 18 19{20 21

SRRV RO 1.5 Wit it ol
Numherofstudents 2 | 1‘2 2 3t1
R _1_;-2_,3513.3;_.
11515 015115115115 115115

(1)
The third row gives the probability
distribution of X.

. Mean (X) = ZX - P(x) (1)

(14%x2 +15%x1+16x2 +17 %3 +18 x1]

+19x2 420 x3+21x1
15

It

[28 415 432 +51+18+38+60+21}
15

—E—)E*H'SB (1)
13

. Abag contains 3 red and 7 black balls. Two
balls are selected at random one-by-one
without replacement. If the second selected
ball happens to be red, what is the
probability that the first selected ball is also
red? Delhi 2014C



Let £, : First ball is red
E,: First ball is black

A : Second ball is red (1)
3 i
Then, PE)=—-, PE,)=-"
enr ( ]} 10 ( 2) 10
P(éJ =2 and P[—é] e (1)
E) 9 E,] 9

Then, by Baye’s theorem, probability of
second selected ball is red when first selected
ball is also red is given by

p(El) _ P(E,) - P(A/E)) (1)
A) P(E)-P(A/E) + P(E,) - P(A/E,)

3.2
= 109 _6_2 (1)
Sz 19 2T 9
10 9 10 9

9. Out of a group of 30 honest people,
20 always speak the truth. Two persons are
selected at random from the group. Find the
probability distribution of the number of
selected persons who speak the truth. Also,
find the mean of the distribution. What
values are described in this question?

Value Based Question; Delhi 2013C

Total number of honest people, n(S) = 30
Number of people speaking truth =20

Number of people not speaking truth
=30-20=10



P (X =0) = P (none speak truth)

10 x9
I X7
Lo 2% 9
- = — 1/2
0c, 30x29 87 i
2 %1

P (X =1) = P (only one of them speak truth)
LG, 20810 4D

= = 1/2
30C2 30><29 37( )

2%1
P (X = 2) = P (both of them speak truth)
20 x19
20 iy
Ll C2 al 2 = 38 “/2)
Ve, JUX2D A7
2 X
Then, probability distribution is given below:
e Br L OBE G M (1)
L Mean=Y X P =X -R+X, P+ X;-P
:Oxi+'l><ﬂ+2x§§—
8 87 87
il +40+76=116 1/2)
B7 B BY

In this question, value of speaking truth is
highlighted as out of the group of 30 honest
people, 20 always speak the truth. It clearly
depicted the value of truthfulness and
morality. . (1)



6. Assume that the chances of a patient having
a heart attack is 40%. Assuming that a
meditation and yoga course reduces the risk
of heart attack by 30% and prescription of
certain drug reduces its chance by 25%. At a
time, a patient can choose anyone of the two
options with equal probabilities. It is given
that after going through one of the two
options, the patient selected at random
suffers a heart attack. Find the probability

that the patient followed a course of
meditation and yoga. Interpret the result and
state which of the above stated methods, is
more beneficial for the patient?  Delhi 2013

Let E, : The patient follows meditation and

yoga.
E, : The patient uses drug, then E, and E,
are mutually exclusive
and P(E)=P(E,)=1/2
Also, at E : The selected patient suffers a heart
attack. \ (1)
40 (. 30 28
Then, P(E/E) = 1— =—— (1/2)
B S 100 100/ 100
40 (. 25 30
d PE/E)=—|1-—|=— (1/2)
o (HIE) 100\ 100) 100

. P (patient who suffers heart attack follows
meditation and yoga) = P(E,/E)
P(E/E,) -P(E,)

" P(E/E) - P(E) + PE/E,) - P(Ey)
[using Baye's theorem]

(1/2)



28 1
___ 10072 _28_14
28 1 30 1 58 29

R + o X con
100 2 100 2

Yoga course and meditation are more
beneficial for the heart patient. (1/2)

7. How many times must a man toss a fair coin,
so that the probability of having atleast one
head is more than 80%? Delhi 2012 -
Let man tosses the coin n times. Now, given
that, P(having atleast one head) > 80%

80

I.e. PIX21) > — (1
100
where, X is the number of heads.
= 1-P(X=0)> —
100
80
= 1= M " s — (1)
oP q 100

[using P(X) = "C,p'q" "]

0 n
- e
2 2 10

—

.+ p = probability of getting ahead once = %

1 1

andg=1-p=1-—=—

| q P 7 2]
1 _4 ! s
- T1——> = —<]—-—
21’? 5 2” 5

11 n '

s L 4, 2>5 +-*(|}

2% 5

Inequality (i) is satisfied for n> 3.
Hence, coin must be tossed 3 or more times. (2)



. Two cards are drawn simultaneously (without
replacement) from a well-shuffled deck of
52 cards. Find the mean and variance of
number of red cards. All India 2012
) Firstly, find the probability distribution table of
*  number of red cards. Then using this table, find |
] the mean and variance.

Let X be the number of red cards. Then, X can
take values 0, 1 and 2. (1/2)
Now, P (X =0)=P (having no red card)
¥,  26% 25/ x1)
2C. 7 52 x51VQ2 x1)
1..258 25
-
2 51 102
P (X =1) = P(having one red card)
= Probability of getting one red card
and other black card
_PCWC, 2BwIax2 26
- ¢, 52%51 51

—




P (X = 2) = P(having two red cards)
_*C, _26x25/2x1_ 25
2c. BIXR5V2R1 102

. The probability distribution of number of
red cards is given below:

Py 2 26 -

(1%2)
Now, we know that, mean = )’ X - P(X)

and variance = ng - [ZX - P(X))?

X P(X) x P(X) i
o | %5 . o | o0

0w % 2
.51 ;51 i 5
2 | 2 1 25 i 50

.'.Mean=ZX-P(X)-:0 25? 23 .5_1:1

51 51
Variance = 3 X*-P(X) - [D X - P(X)])’
76

= e 1) X2.ppo = 22
=M [Z P(X) ]

51

_16___1_ 76 — 51 25 (11%4)
51 51 51

9. Find the mean number of heads in three
tosses of a coin. HOTS; Foreign 2011



) Firstly, we write the probability distribution table | |
for the given experiment. Then, we find mean by
using formula

Mean =3 x;p,

Let X = Number of heads when a coin is tossed
three times.

Sample space of given experiment is
5eqHEH, TTT  HHT ,HTH . THH, TTH,

THT,HTT} (1)
X can take values 0, 1, 2 and 3.

Now, P(X = 0) = P (no head occur) = —
P(X =1) = P (one head occur) =

P(X = 2) = P (two head occur) =

o
oo | e e T

P(X = 3) = P (three head occur) = l (1%)

The probabllzty distribution is as follows

X | 0 { 1 | 2 | 3

T3 31
8 8 8 . 8

Now, for fmdmg mean

X  PX | XP

1 | 3/8 38
2 38 6/8
_mm_mwmsuumm“.méh""mwmlza“m.mmmémmmwth/ﬂ L

Meanzzx,-ﬂ:—:% (1%)



10. A random variable X has following
probability distributions;

x0123a56 7
R !

" —

POO O | k2 ok 3k K [2K W4k

Find (i) k (ii) P(X < 3) {m) P(X> 6)
(iV)JP(O< X<3) HOTS; All India 2011

) Fnrstly use the result that sum of all thezé
* probabilities of an experiment is one, to find k |

and then find other values by using this value of .
k.

(i) We know that, total probability of an
experiment =1

0+k+2k+2k+3k+k?>+2k* + 7k* +k =1
10k? +9k —1=0
10k?* +10k -k -1=0
10ktk +1) =1tk +1) =0

(10k-1k+1)=0

k=—1— or -1
10

AR A TR

But k = —1is-rejected because probability
cannot be negative.

el (1)
10
(i) PX<3)=PX=0)+PX=1N+P(X=2)
=0+k+2k=3k
@) b
10 10
3
== 1
10 L

(iii) P(X>6) =P(X = 7) = 7k* + k

2
10 10 10
_ 7 1 _7+10_ 17
100 10 100 100




(iv) PO<X<3)=PX=1)+PX=2)

=k + 2k = 3k
EORNT
10 10
3
== 1
e (1)

11. Find the probability distribution of number of
doublets in three tosses of a pair of dice.
All India 2011C; Delhi 2010C

We know that, when a pair of dice is thrown,
then total number of outcomes = 36

Also, probability of getting a doublet in one
throw = — = L]
6
[-- doublets in pair of dice are (1, 1), (2, 2), 3, 3),
(4, 4), (5,5) and (6, 6)]

Probability of not getting a doublet

g 1. 23
6 6
Let X = Number of doublets in three tosses of
pair of dice
So, X can take values 0,1, 2 and 3. (1

Now, P(X=0)=P (not getting a doublet)
5 5 5 125
=X X == ——
. 6 6 6 216
P(X =1) = P (getting a doublet once only)
= P (getting a doublet in 1st throw)
+ P (getting a doublet in 2nd throw)
+ P (getting a doublet in 3rd throw)

(1 5 5) (5 1 5 (5 5 1)
=l —-Xx=X=1+|—-"X=X—|+| X=X~
6 6 6 6 6 6 6 6 6
=25+25+25=75_ )
216 216 216 216

P(X = 2) = P (getting a doublet two times)




= P (doublet in 1st and 2nd throw)
+ P (doublet in 2nd and 3rd throw)
+ P (doublet in 1st and 3rd throw)

1 1.5 5 1 1) (1 5 1)
=|l—-X—X=]+]|—-X=X—=|+|=—-X=-X—

[6x6x6) (6 6 6 6 6 6
_ 5 L 5 a: 5 _15 )
216 216 216 216

P(X =3) = P (getting a doublet in all the three
throws)

cdelo . b
"6 6 6 216

. The probability distribution is as follows:

™\ B B 1
PO e | e | 6 | e
(1)

12. Two cards are drawn successively with
replacement from a well-shuffled deck of
52 cards. Find the probability distribution of
number of aces.  Delhi 2011C: All India 2008C



Let X = Number of aces

Since, two cards are drawn, so X can take
values 0, 1 and 2.

1
Now, probability of getting an ace = 512 =
And probability of not getting an ace (1)
T
13 13
P(X = 0) = P (not getting an ace card)
_12 12144
13713 169
P(X =1) = P (getting one ace card)
{1 12 .12 1 24
= —X——Ft—— X — = (1)
13 13 13 13 169
P(X= 2) = P (getting two ace cards)
:i X l = __1_ (1)
13 13 169
The probability distribution is as follows:
PX) 1 60 | 68 | 169
(M

13. Two cards are drawn simultaneously (without
replacement) from a well-shuffled pack of
52 cards. Find the probability distribution of
number of aces. Also, find the mean of

distribution. All India 2010C



Let X denotes the number of ace cards. Since,
two cards are drawn, so X can take values O, 1
and 2. We know that, probability of getting an
ace card '

4
T~ . | . 1/2)
¥, b2 13

Now, P(X = 0) = P (getting no ace card)

1><£}8><47_’
 CemTCy 2%
- g BEmSl
2 %1

_ 48x 47 188
T 52x51 221

)

P(X =1) = P (getting one ace card)
_TC YL, a8
- %%c,  52x51

2 %1
_4x48x2x1_ 32

52 x 51 221

P(X = 2) = P (getting both ace cards)
4%3

s 2% 4x3 1

(1)

52c, 52x%51 52%51 221

2.%1
»._The probability distribution is as follows:
X | 0 1 2
Now, required mean = ) X; - P
=0x1—§§+1x§—2—+2x—1-
231 221 271
_0432,2 _34 (1/2)

221 221 221



14. In a multiple choice examination with three
possible answers (out of which only one is
correct) for each of the five questions, what is
the probability that a candidate would get
four or more correct answers just by
guessing? Delhi 2010; All India 2009

We know that, probability of getting correct
answer in a multiple choice exam with three

. 1
possible answers = :_3

2
3

W | =

p:% and g=1-p =1-
But total number of questions =5
n=>5
1 2
So, we have n=5,p=§andq=~§ (1)

Required probability
= P (getting four or more correct answers)

= P(4) + P(5) 1)
Using binomial distribution, we know that

PXy="C.o'¢q (1)

4 s\
p{4)=5c4(1) 2 =5Xlxg=£
3] \3, 81 3 243

5 /270
andP(S)zs(ZS(l) = =1><L><1=L
3) \3) 243 243

(1)
Hence, required probability = P(4) + P(5)
[from Eq.(i)]
10 1 11
= -

= (1)
243 243 243

15. Adieis thrown again and again until three
sixes are obtained. Find the probability of
obtaining third six in the sixth throw of die.

HOTS; Delhi 2009



,%,‘) In the gwen questlon we have to Fnd probabllzty
- of getting third six in the sixth throw of a die, i.e..
the two sixes are obtained in first five throws.
Probability of this event is obtained by using
binomial ~ distribution and then required
probability =P(2 sixes in first five throws)
X P (thlrd six in 51xth throw) |

s e e — R .

Ftrstly, we find the probablhty of 2 sixes in fnrst
five throws by using binomial distribution. For
this, we have n =5.

p = Probability of getting a six = %,

1 5
=l=—==Zandr=2. (1)
=g 6

Using binomial distribution, we have
P(X) - nCr pr qn—r

2 3
. PQ)=5C, [-;-] (g)

5! 1 125 n n!
= % s
2131 36 216 (n—=n!rl

5x4 1 125
= X X
2 36 216
_10%125 _ 625
36 x216 3888
Now, P (obtaining third six in the sixth throw)
= P (2 sixes in first five throws)
x P (third six in sixth throw)

(1%)

e X L [ P (getting six on a die) = 1/6]
3888 6
625

Hence,required probability is

(1%%)



16. Three cards are drawn successively with
replacement from a well-shuffled deck of
52 cards. If getting a card of spadeis a
success, then find the probability distribution
of number of successes. Delhi 2009C

£ Let X denotes number of spade cards. Since,
* three cards are drawn, so X can take values 0,1, 2
. and 3. Further, use the binomial distribution and
: soive it. |

We know that probab:llty of gettlng a spade

13 1
card = — ,i.e. p=— (1/2)
52 4’ PT%
and probability of not getting a spade card
=1-122 e g=2 (1/2)
4 4 4

We know that, probability of X success by
using the binomial distribution is given by

P(X) i ﬂCr prqn— r

Here, we have n=3, p = ,q:%

1
4



2 1 .
4) \ 4 16 4 64

3 0
P(X=3)=3C3(l) (i) IR e
4) \ 4 64 64

(2)

Hence, the required probability distribution
is as follows

R

X o | 1 | 2 | 3

! R v.m?mmw e m.?,.w . _i,._,, o

pop ] 2L | 2 1 2 f L
B 64 | 64 | 64 | 64
(1)

17. A pair of dice is thrown 4 times. If getting a
doublet is a success, then find the probability
distribution of number of successes. Delhi 2008



We know that, the probability of getting

doublet = L = L.
36 6
[ doublets in a pair of dice are (1, 1), (2, 2),
(3, 3), (4, 4), (5, 5) and (6, 6)]

1.e p——1—
L 5

Probability of not getting a doublet

1 5
=l-p=1-—-=2
e 6 6

Here, we have n=4,p=2—',q=% (1)

Let X denotes the number of doublets, then X
can take values 0, 1, 2, 3 and 4.

We know that, by binomial distribution
P(X) - nc~r pr‘ qn—r

Using above formula, we find -

P(X=0), PX=1),P(X=2),P(X =3) and

P(X = 4).

0 4
1Y\ (5
PX=0)=4Col=]| |
e °(6) (6J
4
6 1296

1Y £5Y |
PX=1="C,|-||= 1
X =1) [6) (6] 0

1 125 500
4x— X =
6 216 1296




41 1 _25

= X X
2121736 36

_ 6x25 _ 150
36 36 1296

3 1
P(X=3)="C, (é-) (Z) (1)

216 6 1296

4 0
weame (] ()
6 6
4
=1><(l] ><1=——L~
6 1296

- The required probability distribution is as
follows:

X | o 1| 21 3 : a

P(X) ‘
s . 1206 | 1296 | 1296 | 1296 ; 1296

Or

X012t34

P(X}E 625 E?S[ 5 1
- 1296 0 324 1 648 | 324 | 1296

(1
18. A card from a pack of 52 playing cards is lost.
From the remaining cards of the pack, three
- cards are drawn at random (without
replacement) and are found to be all spades.
Find the probability of the four lost cards
being a spade. Delhi 2014




Let E, : Event that lost card is spade
" nE) =13
E, : Event that lost card is not spade
= n(E,) =52 —13 =39 and total cards =52

=» 1(S) = 52 %))

Since, E, and E, are mutually exclusive and
exhaustive events.

pEy=2=1 and Pey=2-2 @
52 4 52 4

Let E : Event that three cards, drawn from the
remaining pack are spades

When one spade is lost, then there are
12 spade cards out of 51 cards.

The three cards can be drawn out of spade in
'2C, ways.

Similarly, 3 spade cards can be drawn out of
51 cards in >'C; ways.

The probability of getting three cards when

. E
one spade card is lost, is given by P [E— :

1

L (E) =P (getting three spade cards, when a

1
lost card was spade)
12 x11%x10
c, “3waxi
Mgy BIRDPYxAd
Ix2x1
12 x11x10

" 51x 50 x 49

and P (E)
E,

P (getting three spade cards,

when a lost card was not spade)



13x12x11
BCy _ 3x2x1 _13x12x11 -
1c,  51x50Xx 49 51x50 x 49
Ix2xI1
By Baye’s theorem, P (the four lost cards being
a spade)

p(5]=
. P(E]-ma)+P(fJ-mag
E,
12><11><10 1

51><50><49 4
12><11><10 1 13><12><11 3
— X — + - -

51><50><49 4 51x50 x 49 4
10 _ 10

10 +13 X 3 49
6 Marks Questions

19. Two numbers are selected at random
(without replacement) from the first six
positive integers. Let X denotes the larger of
the two numbers obtained. Find the
probability distribution of the random
variable X and hence, find the mean of the
distribution. All India 2014

(1)

The two positive integers can be selected from
the first six positive integers without
replacement in 6 x 5 = 30 ways.

Since, X denotes the larger of the two numbers

obtained. So, the random variable X may have

values 2, 3, 4, 5 or 6.

P(X =2)=P [2 and a number less than 2 are

selected, i.e. (1, 2), (2, 1]
2 1

== (1)
30 15



P(X =3) =P [3 and a number less than 3 are
selected, i.e. (1, 3), (2, 3), (3, 1) and (3, 2)]
4 2

=—=— (1)
30 15
P(X = 4) =P [4 and a number less than 4 are
selected, i.e.(1, 4), (2, 4), (3, 4), (4, 1), (4, 2),
(4, 3)] 5
o Bt (M
30 15

P(X =5)=P [5 and a number less than 5 are
selected, i.e. (1, 5), (2, 5), (3, 5), (4, 5), (5, 1),

(5, 2), (5, 3), (5, 4})]

8 A (1)
30 15
and P(X=6)=P [6 and a number less than 6
are selectedi.e.(1, 6), (2, 6), (3, 6), (4, 6), (5, 6),
6, 1), (6, 2), (6, 3), (6, 4) ( 5)]
s (1)
30 3

Therefore, the  required  probability
distribution is as follows:

X 2 3 4 5 | 6

1y 2 3 _“_ 1 l

i 15 | 15 1 15 | 3

Mean of the distribution = X, X - P(X)
=2><i+3xw2~+4><—3—+5 ><i+6><l
15 15 15 15 3
2+6+12+20+30 70 14 o
15 T 5 3

20. There are three coins. One is a two headed
coin (having head on both faces), another is
a biased coin that comes up heads 75% of
the times and third is also a biased coin that
comes up tails 40% of the times. One of the
three coins is chosen at random and tossed
and it shows head. What is the probability
that it was the two headed coin? All India 2014



LetE, : The event that the coin chosen is two
headed having head on both faces.

E,: The event choosing a biased coin that
comes up heads 75% of the times.

andE; : The event choosing a biased coin  that
comes up tails 40% of the times

=the event choosing a biased coin that comes
up heads 60% of the times.

Since, E;, E, and E; are mutually exclusive and

exhaustive events. (1)

P(E) = P(E,) = PEs) = % )

Let F : Tossed coin shows up a head

Then, P (EE) = P (coin showing head, when
1
coin is two headed) =1



P (—E—] = P (coin showing heads, when coin is

2

biased having heads 75% of the times)

75 3

=" == (1
100 4

and P (5—-) =P (coin showing heads,when

; :

coin is biased having heads 60% of the times)
60 3

= —_— 1

100 5 {0

The probability that the coin is two headed,
given that it shows head, is given by P [i_‘)

Using Baye’s theorem, we get

E
P (E— - P(E)

F oA

1 2

20 20

20+15+12 47 il
21. An urn contains 4 balls. Two balls are drawn
at random from the urn (without
replacement) and are found to be white.
What is the probability that all the balls in
the urn are white? All India 2014C




Let A : Two balls drawn are white

E, : All the balls are white
E, : Three balls are white
E; : Two balls are white (1

1
Now, P(E,) = P(E,) = P(E;) = 5 (1
4 3
e p(iJ:4_<?zz1, 5 i]:f_z:1
2
P Al TC_Z_ o (1
E) 'y B
. Probability that all balls in the urn are white
\
: P(E,) - P(?
P (ZT) = - L (1)
P(E,) - P[) +P(E,)-P A)
E, \E) :
+ P(E,) P{fﬂ.‘]
E3
1
Ly
- 13 T 11 : t
VUL TLEVAL MLV L
3 372 36
=0.6 (1)

22. Five cards are drawn one by one, with
replacement, from a well-shuffled deck of
52 cards. Find the probability that

(i) all the five cards are diamonds.
(ii) only 3 cards are diamonds.
(ili) none is a diamond. Foreign 2014



Let X represents the number of diamond cards
among the five cards drawn. Since, the
drawing card is with replacement, the trials are
Bernoulli trials. In a well-shuffled deck of

52 cards, there are 13 diamond cards.

p = P(success) = P(a diamond card is drawn)
i3 1

" 52 4

1 3
and g = P(failure) =1-p=1-—== (1)
q p i
Thus, X has a binomial distribution with
1 3
n=5P=—andg== (1)
4 Neg=g

Therefore, P(X =1 = "C, pzq"' ' where
r=0,123,4,5

- r 5-r
X =g= %, (1) [3) (1)
4) \ 4

Now, (i) P(all the five cards are diamonds)

5
P(X=5)="C5pq° =1p’ = (l)

4
_— 1)
1024
(ii) P(only three cards are diamonds) =
5“’()()
ial (1)

T 1x2x3 42 1024 512
(i1i) P(None is a diamond) = P(X = 0)

5
: 3 243
= Cepg = 15-[—) = ——(1)
P q =19 4) 1024

23. Aninsurance company insured 2000 scooter
drivers, 4000 car drivers and 6000 truck
drivers. The probabilities of an accident for
them are 0.01, 0.03 and 0.15 respectively.



One of the insured persons meets with an
accident. What is the probability that he is a
scooter driver or a car driver?

Foreign 2014; All India 2009C; Delhi 2008

Let us define the events as

E, : Insured person is a scooter driver
E, :Insured person is a car driver

E; :Insured person is a truck driver

A :Insured person meets with an accident
Total insurance =12000 (1)



Now, P(E)= Probability that the insured

2000 1
person is a scooter driver = —
12000 6
P(E,) = Probability that the insured person is a
: 4000 1
car driver = =—
12000 3
and P(E;) = Probability that the insured person
: : 600 1
is a truck driver = o
12000 2
Also, P(A/E;) = Probability that scooter driver
meets with an accident =0.01 [given]
P(A/E,) = Probability that car driver meets with
an accident =0.03 [given]
and P(A/E;) = Probability that truck driver
meets with an accident
=0.13
[given] (2)

The probability that the person meets with an
accident was a scooter driver,

PE/A) = PE) - P(A/E)
P(E,) - P(A/E) + P(E,) - P(A/E))
+ P(E;) - P(A/E)

[by Baye’s theorem] (1)

1 x 0.01

= 6 , (1)

1 1 h
~x 0.01}1+| -—x0.03
6 | 3 )

\

+(1 %0135
2 )

0.00167

= 0.00167+ 0.01+ 0.075
0.00167

= 0.08667
Hence, required probability is 0.019. (1)

=0.019



24. A man is known to speak the truth 3 out of 5
times. He throws a die and reports that it is

‘1’. Find the probability that it is actually 1.
Delhi 2014C

Let E, = Event that 1 occurs

E, = Event that 1 does not occur
A = Event that the man reports that 1 occur

1
Then, P(E}) = —
6
5
and P(E,) = E (1
. P (man reports that 1 occurs when Toccur)
£} 5

and P(man reports that 1 occur but 1 does
not occur)
- P(i) s 0
E,} 5

Thus, by Baye’s theorem, we get
P(get actually 1 when he reports that 1 occur)

P(E,) - P(?)
P(E] ) O
A A

Pl 2+ PEY-PLEE
P(E1) (El] + P( 2) [EE)

13

6 5 0

= =71 3 5 2 (

e e e e s i
6 5 & 5
L (1)



25. From a lot of 15 bulbs which include 5
defectives, a sample of 4 bulbs is drawn one by
one with replacement. Find the probability
distribution of number of defective bulbs. Hence,
find the mean of the distribution. Delhi 2014

It is given that out of 15 bulbs, 5 are defective.
. Number of non-defective bulbs
=15-5=10 (1)
4 bulbs are drawn from a lot with replacement.
let p = P(drawn defective bulb)

Pt (1)
15 3
and g = P (drawn non-defective bulb)
2
sl == (1
15 3

Let X be the random variable which denotes
the defective bulbs. So, X may have values 0,
1,2, 3 or4.

Using binomial distribution, we have

PX=n="C,(p) @""'

Therefore,
P(X=0)="Cop’q" = @4 B 18_61'
vt 3
PX =2)="C,pq" =6 (Jijz(%jz i ?i"

3
1Y (2) 8
P(X =3) = *C 3‘:4(_) (_ it
( 3P°q 3 51



4 70
and P(X=4)="*C,p*q°=1 (-1-) (2) '

3 3 81
(1
Therefore, the required probability
distribution is as follows
X P(X) CX-P(X)
- 16 . D
I T
1 32 32
7 24 48
SR T T
; 8 24
om L a
4 | 1T . 4
Ex P(X) = 103
- B
(1
Hence, mean = 2X- P(X)
108 1 2oim @
81 9 3

26. In a group of 400 people, 160 are smokers
and non-vegetarian, 100 are smokers and
vegetarian and the remaining are
non-smokers and vegetarian. The
probabilities of getting a special chest
disease are 35%, 20% and 10%, respectively.
A person is chosen from the group at
random and is found to be suffering from the
disease. What is the probability that the
selected person is a smoker and
non-vegetarian? What value is reflected in
the question? Value Based Question; Delhi 2013C



Total number of people in a group, n(S) = 400
Let E,: Event of getting a person whao is
- smoker and non-vegetarian

E,: Event of getting a person who is
smoker and vegetarian

E,: Event of getting a person who is
non-smoker and vegetarian

and A = Event of getting a chest disease

n(E) =160
n(E,) =100
and  n(E;) = 400 - (160 +100) =140 (1/2)

P (E,) = P(a person who is smoker and
non-vegetarian)
n (E1) 160 2

= o (1/2)
n (5) 400 5
P, =
(a person who is s smoker and vegetarian)
_n(E,) _100 _2 ey
n(S) 400 8

and P (E;) = P (a person who is non-smoker
and vegetarian)

n(Ey) 140 7 )

“n(S) 400 20

Also, P (Eﬁ] = P (a person having a chest
1

disease,who is smoker and
non-vegetarian)

=35%= == : (1/2)

100 20
p [i] = P (a person having a chest disease,
2

who is smoker and vegetarian)

Ea et



== e (1/2)

100 5
A .
and P(E—)=P (@ person having a chest
3

disease, who is non-smoker and vegetarian)

-——10%22-——-!— (1/2)
100 10 .

. The probability that the selected person is

smoker and non-vegetarian, who is suffer
from chest disease,

fuayp[é)

(e
A A
PE)-P|Z|+PE)-P|D
&¢(3)ererr ()

' A
+PE;)-P| =
’ (Ea)

_[by Baye’s theorem]

2. 7
5720
=y 1 (1/2)
. SRS S~ TR SO~ M
520 8 5 20 10
Ed 7 &
_ 50 ___ 50 __.50
sl 7 2841047 4
50 20 200 200 200
_ 7 200 _28 o
4550 45

The value reflected in this question is
‘smoking is injurious for health'. (1)



2. Among the students in a college, it is known
that 60% reside in hostel and 40% are day
scholars (not residing in hostel). Previous
year results report that 30% of all students
who reside in hostel attain Agrade and 20%
of day scholars attain A grade in their annual
exams. At the end of year, one student is
chosen at random from the college and he
has an Agrade, what is the probability that
the student is a hostelier? Delhi 2012, 2011C

Let E,,E,,...,E, be n mutually excluswe andé
exhaustive events andE be the any event, thenby

Baye’s theorem P(E ]— PE;) - PEIE )

Y PE;)- PEIE,

e

whigrg = 12 .

Let us define the events as

E, : Students reside in a hostel
E, : Students are day scholars
A : Students get A grade
Now, given that

P(E,) = Probability that student reside in a

hostel

=60% = hild (1)
100 '

and P(E,) = Probability that students are day

scholars =1- 60 = . (1)

100 100

Also, P(A/E,) = Probability that students who

are hostelier get A grade = 30% = ﬂ

100

and P(A/E,) = Probability that students who

are day scholars get A grade = 20% = 1—2% (1)

.. The probability that the selecting student is
a hosteler having A grade,

P(E,) - P(A/E)

DIE: | AN o




ALYy —

P(E) - P(A/E,) + P(E,) - P(A/E,)
[by Baye's theorem] (1)
60 30

o 100~ 100 )

+(60 30] (40 20]
e e ol B oy
100 = 100 100 100

1800 1800 18 _ 9

T1800+800 2600 26 13
(1)

28. Suppose a girl throws a die. If she gets 5 or
6, then, she tosses a coin 3 times and note
the number of heads. If she gets 1, 2, 3 or 4,
she tosses a coin once and note whether a
head or tail is obtained. If she obtained
exactly one head, then what is the probability
that she throw 1, 2, 3 or 4 with the die?

All India 2012

Let us define the events as.

E, : Girl gets 5 or 6 on a die

E,:Girlgets 1,2, 3 or4 on adie

A : She gets exactly one head

Now,§(£'1)1: Probability of getting 5 or 6 on a
die =

6 3



and P(E,) = Probability of getting 1, 2, 3 or 4

onadie=—=~— (1
6 3

Also, P(A/E,) = Probability that girl get exactly
one head when she throws coin thrice

3
== (1)
) 8
[ {HHH, TTT, HHT, HTH, THH, TTH,
THT, TTH}]

P(A/E,) = Probability that girl get exactly one
head when she throws coin once

2

The probability that she throws 1, 2, 3 or 4
with the die for getting exactly one head,
P(E,) - P(A/E,)

PE, /A = ——— —
P(E,) - P(A/E) + P(E,) - P(A/E,
[by Baye’'s theorem] (1)
2 1
372
- 1
(1 3] (2 1) h
X =+ ]|= x-
3 8 3 2
1 1 1
e A8 ol ﬁ:ﬁ(n
1.1 348 11 3T 1
5 .3 24 24

29. Suppose 5% of men and 0.25% of women have
grey hair. A grey haired person is selected at
random. What is the probability of this person
being male? Assume that there are equal
number of males and females. HOTS; Delhi 2011



Let us define the events as

E, : Person selected is a male

E, : Person selected is a female

A : Person selected has grey hair (1)
Now, P(E,) = P (person selected is a male) = 1/2

and P(E,) = P (person selected is a female) = :;-

[ there are equal number of

males and females, given]
Now, P(A/E,) = Probability of selecting a

person having grey hair, who is male = 2

[given]
and P(A/E,) = Probability of selecting a person
having grey hair, who is female =-(—1)'§—05

[given] (2)



The probability of selecting person is a male
having grey hair,

PE/ A P(E,) - P(A/E,)

" P(E) - P(AJE) + P(E,) - P(A/E,)
[by Baye's theorem] (1)
1 5
X

= PE/A = e (1)
I 1_0.25
SR X VNI + kT x S
(2 100} (2 100)

=
_ 200 _ 3
5 0.25 5+0.25

i + .......
200 200

5 500 _100 _ 20
525 525 105 21

Hence, required probability is % (1)

30. Bag | contains 3 red and 4 black balis and bag Il
contains 5 red and 6 black balls. One ball is
drawn at random from one of the bags and is
found to be red. Find the probability that it was
drawn from bag Ii. Delhi 2011, 2010



Let us define the events as
E, : Bag | is selected
E, : Bag Il is selected

A : Ball drawn is found to be red

Now, P(E,) = P(E,) = % (1)

[ there are two bags, | and Il and probability
of their selections is 50%, i.e. 1/2]

Also, P(A/E,) = Probability of drawing a red
ball from bag | =

3+ 4

[ bag I contains 3 red and 4 black balls]

= P(A/E,) = % (1)

and P(A/E,) = Probability of drawing a red
ball from bag Il = N
5+6

[ bag Il contains 5 red and 6 black balls]

= P(A/E,;) = e = (1)
5+6 11

The probability that the red ball is drawn from
bag Il is,

PE,/A) P(E,) - P(A/E,)

" P(E) - PLA/E,) + P(E,) - PCAJE,)
[by Baye's theorem ](1)




___x_
= P(E,/A) = 2 11 1
g Al (1 3) (1 5) (M
X—l+]=x%—
5771 12719
5 5
22 23 5 154

35
= P(E,/A) = —
A =8

Hence, required probability is g (1)

31. Amanis known to speak truth 3 out of
4 times. He throws a die and reports that it is
a six. Find the probability that it is actually a
SiX. HOTS; Delhi 2011; All India 2008C



Let us define the events as

E,: Six appears on a die

E, : Six does not appear on the die
A : Man reports that it is a six

Now, P(E,) = P (six appears on a die) = 1

6
and P(E,) = P (six does not appear on a die)
LIRS (1)
6 6

P(A/E,) = Probability that six appears on a die
and man also reports that it is a six, i.e. he is

speaking the truth = —f—; (1)

[ man speaks truth 3 out of 4 times, so the
probability of speaking truth is 3/4, given]
P(A/E,) = Probability that six does not appears

on the die but man reports it is a six, i.e. he is

not speaking the truth =1- % oL (1)

4
The probability of getting a six, when man
reports that it was a six,

P(E,/A) = P(E,) - P(A/E))
P(E,) - P(A/E,) + P(E,) - P(A/E,)
[by Baye’s theorem] (1)
T 3
b2
— X —]+l|—-—X—
6 4) \6 4
3 3
- I R 3 y 24 ” E
4.9 8 24 8 B8
24 24 24

Hence, required probability is %



32. A factory has two machines A and B. Past
record shows that machine A produced 60%
of items of output and machine B produced
40% of items. Further, 2% of items, produced
by machine Aand 1% produced by machine B
were defective. All the items are put into a
stockpile and then one item is chosen at
random from this and this is found to be
defective. What is the probability that it was
produced by machine B? Foreign 2011



Let us define the events as

E, : ltems produced by machine A

E, : ltems produced by machine B

A :ltem is defective

Now,

P(E,) = Probability that item is produced by

machine A =60% = B
100
P(E,) = Probability that item is produced by
machine B = 40% = . (n
100
P(A/E,) = Probability that defective item is
2
roduced by machine A =2% = — (1
P Y o )
P(A/E,) = Probability that defective item is
produced by machine B=1% = " (1)
100

The probability that the machine B produced a
defective item is

P(E,) - P(A/E,)
P(E)) - P(A/E;) + P(E,) - P(A/E))

[by Baye’s theorem]

P(E,/A) =

A o 1
o 100 100 (1)
[ 60 2 ] ( 40 1 )
i x A + N X
100 100 100 100
40 40 1

T120+40 160 4
Hence, required probability is 1/4. (1)



33. There are three coins. One is a two headed
coin (having head on both faces), other is a
biased coin that comes up heads 75% of the
times and third is an unbiased coin. One of
the three coins is chosen at random and
tossed and it shows head. What is the
probability that it was the two headed coin?

Foreign 2011; Delhi 2009

Let us define the events as

E, : A two headed coin is selected
E, : A biased coin is selected
E; : Unbiased coin is selected

A : Head comes up

Now, P(E,) = P(E,) = P(Ey) = % (1)

Also, P(A/E,) = Probability that head comes

up on a two headed coin =1

P(A/E,) = Probability that head comes up on a
biased coin = 75% = s
100



and P(A/E;) = Probability that head comes up

: . 1
on an unbiased coin = 5 (2)

The probability that the two headed coin
shows head, is

PE,/A) = Atk i o

P(E,) - P(A/E,) + P(E,) - P(A/E,)
+ P(E;) - P(A/Ey)

[by Baye's theorem] (1)

1><1

_ 3
:P(E‘M)_(1 ) (75 1] [1 1)
- X1|+]|— X +|— X
3 100 3 3 2

(1)

1
75

s
100

1
<4+ —
2
B 1
- 100 +75 +50

100
100 4

T 225 9

Hence, recuired probability is g (1)
34. There are three identical boxes |, [l and IlI,
each containing two coins. In box |, both
coins are gold coins, in box i, both are silver
coins and in box Ilf, there is one goid and one
silver coin. A person chooses a box at
random and take out a coin. If the coin is of
gold, then what is the probability that the
other coin in box is also of gold? All India 2011



Let us define the events as

E,: Box 1 is selected

E, : Box Il is selected

E, : Box lll is selected

A : The drawn coin is a gold coin

: 1

Now, P(E,) = P(E,) = P(E;) = : (1

Also, P(A/E,) = Probability that a gold coin is
drawn from box |

= -E— =1[- box | contain both gold coins]

P(A/E,) = Probability that a gold coin is drawn
from box 1l =0 [ box Il has both silver coins]

and P(A/E,) = Probability that a gold coin is

drawn from box Ill = L

[- box HI contains 1 gold and 1 silver coin] (2)

The probability that other coin in box is also
of gold = The probability that the drawing
gold coin from bag |,

P(E,) - P(A/E,)
[P(E;) -P(A/E,) + P(E,) - P(A/E,)
+ P(E;) - P(A/E,)

P(E,/A) =

[By Baye’s theorem] (1)

—;—-x1
i (1)
[EREDREs
3 3 -
SR IR JROR.
1 M2 a

140 +
2

Hence, required probability is % (1)



35. There are three coins. One is a two tailed coin
(having tail on both faces), another is a
biased coin that comes up heads 60% of the
times and third is an unbiased coin. One of
the three coins is chosen at random and
tossed and it shows tail. What is the
probability that it is a two tailed coin?

All India 2011C

Do same as Que 33. [Ans. :——g-]

36. In a class, 5% of boys and 10% of girls have
an IQ of more than 150. In the class, 60% are
boys and rest are girls. If a student is
selected at random and found to have an |Q
of more than 150, then find the probability
that the student is a boy. All India 2010C



Let us define the events as

E, : Boys are selected

E, : Girls are selected

A : The student has an IQ of more than
150 students.

Now,  P(E)=60%= R
100
40
and P(E,) = 40% = —— 1)
i 2 100 (

[ in the class 60% students are boys,
so 40% are girls, given]
and P(A/E,) = Probability that boys has
an 1Q of more than 150
a2l 1 S
=5% = 100 (1)
and P(A/E,) = Probability that girls has
an 1Q of more than 150

10
2100/{):— (1
100 :

The probability that the selected boy having
Q more than 150 is

P(E) - P(A/E) + P(E,) - P(A/E,)
[by Baye’s theorem]
60 3
Qe o, x i
o 100 ~ 100 1)

Tfgn B ( 40 10
Sejiinlly, ™ BN 1 il Wil
100 100) \100 100

300 300
300 + 400 700

(1)

3
7

Hence, required probability is % (1)



3. In a bolt factory, machines A, B and C
manufacture 25%, 35% and 40% of total
production, respectively. Out of their total
output, 5%, 4% and 2% are defective bolts. A
bolt is drawn at random and is found to be
defective. What is the probability that it is
manufactured by machine B? Delhi 2010C

Let us define the events as
E,: Bolt is manufactured by machine A
E, : Boltis manufactured by machine B
Ey : Bolt is manufactured by machine C
A: Bolt drawn is defective
Now, P(E,) = Probability that bolt is

25

manufactured by machine A = 25% = e

P(E,) = Probability that bolt is manufactured

by machine B=35% = S
100

and P(E;) = Probability that bolt is
manufactured by machine C = 40% = 1::% (1)

Also, P(A/E,) = Probability that machine A
produces defective bolt

i
100
P(A/E,) = Probability that machine B produces
defective bolts = 4% = -
100
P(A/E;) =  Probability that machine C
produces defective bolt=2% = r.h (2)

100

The probability that the defective bolt is
manufactured by machine B,

PE,IA) = — P(E,) - P(A/E,)
[P(a) - P(A/E}) + P(E,) - P(A/Ez)]

[by Bave’s theorem]

(1




35 4
e, ¥ S
_ 100 " 100

. — (1)
(25 5 ) (35 4
e e | [ ¢ ———
100 100 100 100
(40 2
+ — >< P
I 100 100)_
_ 140 140 28
125 +140+80 345 69
. ik o AN
Hence, required probability is o (1)

38. Acard from a pack of 52 cards is lost. From the
remaining cards of the pack, two cards are
drawn at random and are found to both of
clubs. Find the probability of the lost card
being of clubs. Delhi 2010

Let us define the events as

E, : The lost card is a diamond
E, : The lost card is a spade

E, : The lost card is a club

E, : The lost card is a heart

A : The two drawn cards are clubs
13 1
Now, P(E;) =P(E,) =P(E;) =PEy)=—=— (1)
| 2 3) = P(Ey) T
Also, P(A/E)) = Probability that two drawn
cards are clubs when the lost card is a diamond

B¢,
- 51C2

13C

Similarly, P(A/E,) = P(A/E,) = 5'C2

2

and P(A/ E;) = Probability that two drawn cards

are clubs when the lost card is of also a club

12
e 2)

The probability that the lost card is a club,



when two club cards are drawn,
P(E,) - P(A/E;)) + P(E,} - P(A/E,)
P(E;) - P(A/E;) + P(E,) -P(A/E,)

[By Baye’s theorem] (1)

= . : (1)

1l

i 1 -
. 12C2_ 12! 12)(11 < Bh
21101 2
and PC, = 3L _13x12_ g
i 20111 2 !
66 66 66 11

3x78+66 234+66 300 50

Hence, required probability is11/50. (1)

39. From a lot of 10 bulbs, which includes
3 defectives, a sample of 2 bulbs is drawn at
random. Find the probability distribution of
number of defective bulbs? Delhi 2010

() Flrstly, let X be the random variable which gwes
the number of defective bulbs. Here, X =0, 1and |
2 because 2 bulbs are drawn from a lo* of |
10 bulbs. Now, find respective probabi _ies at |
X=0,1 and 2 to get the required prc¢ »ability !




~ distribution. - "

Given, total number of bulbs =10
Number of defective bulbs = 3
Number of bulbs which are not defective = 7
Now, let X be the number of dei_ctive bulbs
drawn. We take X =0,1and 2, 1s  bulbs are
drawn from a lot of 10 bulbs. (2)
~.P(X = 0) = Probability that no defective bulb
is drawn
71
3 7 1oy
Cox’Cy _ ~2151_ 71 218!
oc, 10! 21510 10!
218!
_7x6 _42 14 _ 7
10x9 90 30 15
7/

=  PX=0)=— (1)
15

P(X = 1) = Probability that one defective bulb
is drawn, i.e. the other drawn bulb is
non-defective

R w7

- ¢, 107 e
218!
_3x7x8Ix21 3x7x2 14 7 (1)
10! 10x9 30 15

P(X = 2) = Probability that both the bulbs
drawn are defective

3
_ G 3 R -
"W, T Jor e
2x8]!
_3x21x8! 3x2 6
10! 10x9 90
2 1
== =— (1)
30 15

« Tha ramitirad nrahlhahilifvg Aicteiliitian e A



« THT TOYUncu }JIUUCI.UIIIL)' I3 rruniurn 1> ax

follows:

. R P B e

X o | 1 | 2
i ......___.}_._.._...... R et At L et SRR,

CPX) 15 15 | s

T — e it A A8 e b

(1)

40. Two cards are drawn simultaneously

(or successively without replacement) from a
well-shuffled deck of 52 cards. Find the
mean, variance and standard deviation of
number of aces. All India 2009C

e A 8 e e e, B e |

.f ¥ ) F:rstly, find probabrlity d:stnbutlon then use
following formulae:

! Mean = ZX P
| and variance= ¥ X, P, - (¥ X,-P)?
|'- Z Z )

leen total number of cards = 52
Also, total ace cards =
and other cards =52 - 4 = 48

Let X denotes the number of ace cards drawn.
We take values of X as X =0, 1, 2.

Now, P(X =0) = Probability that no ace card
is drawn, i.e. both the cards drawn are non-aces

oiiikche
_*Cox®C, Ty 48x47 188
- & 32x51 52x51 221
2

P{X =1) = Probability that one ace card is
drawn, i.e. the other drawn card will be
non-ace card

_'Gx®C,  4x48 _4x48x2 32

2C,  52x51 52x51 221
2

(1%2)
and P(X = 2) = Probability that both drawn
i cards are aces



50! 4x3 1

pre

4 2121
il 210 = 43 % = —
®C, 52l 52! 52x51 221

2150!
* Tive probalsility distribytion |

X + o i 1 1 2

B8 2

| 21 | = |
Now, mean= ) X;-P (i)
and variance= Y X?-B - (Y. X, -P)?  ..(i)
. We have,

g
1 32 ; 32 32
o 21

P(X)

NS S R I _

1
]
—

] ;
Total =

(1



Here ZX,-'P:-——andZ 221

On putting above values in Egs. (i) and (ii),
we get

34
Mean= — =0.154 1/2
271 (1/2)

2
36 34
NariBntE = b f . (i
221 (221) feem Eq, Ui

_36 1156 _ 7956 1156

221 48841 48841

6
= 9800 o139 (1/2)
48841

. Standard deviation = +/Variance

6800 82.46
— r— = 0.37 1/2
48841 221 Wiz}

Hence, mean =0.154, variance =0.139 and
standard deviation = 0.37 (1/2)

41. A bag contains 4 red and 4 black balls. Other
bag contains 2 red and 6 black balls. One of
the bags is selected at random and a ball is
drawn from the bag which is found to be red.
Find the probability that ball is drawn from
first bag? Delhi 2009C

Do same as Que 30. [Ans. —2/3]

42. A man is known to speak truth 3 out of
5 times. He throws a die and reports that it is
a number greater than 4. Find the probability
that it is actually a number greater than 4.



Let us define the events as

E, : A number greater than 4 appears on the
die

E, : A number greater than 4 does not appear
on the die

A : Man reports that it is a number greater than 4
Now, P(E,) = Probability of getting a number

greater than 4 = =
6 3

[ there are only two numbers greater
than 4, i.e. 5 and 6]

and P(E,) = Probability that the number

greater than 4 does not appear
| -
=f——== (1
3 3

Also, P(A/E,) = Probability that the man reports

itis a number greater than 4 on the die and it is

s0, i.e. he is speaking truth = g (1)

[.- given that he speaks truth 3 out of 5 times]

and P(A/E,) = Probability that man reports it is

a number greater than 4 on the die but it is not

50, i.e.he is not speaking truth=1- g = % (1)

The probability of getting a number greater than
4 when man reports that it was greater than 4,



P(E,) - P(A/E,)
P(E,) - P(A/E) + P(E,) - P(A/E,)
[by Baye’s theorem]

1. 3
— ¥ —

. 3 5
1525
X =|+{=X"
3 3

3
5 3
7

P(E,/A) = (n

(b | e
1w W

—

3.4
5 5 5
Hence, the required probability is % (1)

7

+

43. Coloured balls are distributed in three bags
as shown in the following table:

Colour of Balls

Sok Black | White | Red
2 b s
m_ | 4 5 3

A bag is selected at random and then two
balls are randomly drawn from selected bag.
They happen to be black and red. What is the
probability that they come from bag {?

All India 2009



Let us define the events as
E,: Bag! is selected
E,: Bag Il is selected

E; : Bag lll is selected

A: Two drawn balls are found to be black
and red

Now, P(E,) = P(E,) = P(E;) = % (1)
Also, P(A/E,) = Probability that two drawn

balls red and black are drawn from bag |

_ G x G,
6C,

[~ bag | contains total 6 balls including
1 black and 3 red balls]

_Ix3  Ix3x2x4! 1x3x2
S 6! 6l 6X5
214
= PAIE)= %
and P(A/E,) = Probability that red and black
balls are drawn from bag Ii
_ RS
= 73
[ bag Il contains total 7 balls including
2 black balls and 1 red ball]

_2XT 2IXRIX2IKBI 2x2 _3“)
Rl 7! 7x6 21
215!
P(A/E;) = Probability that red and black balls
are drawn from bag llI




i Ko

i2c,
[ bag Il contains total12 balls including
4 black balls and 3 red balls]

4x3
T2 ]
21101
_4x3x21x10! 4x3x2 2
B 121 T 1B 1N

The probability that the two drawing balls
which are black and red, are come from bag|,

PE/A) = P(E,) - P(A/E,)
[P(E,) -P(A/E)) + P(E,) - P(A/EZ)]

+ P(E5) - P(A/E;)
[by Baye’s theorem] (1)

i .
il
= : 1
o GarGy)
Xl S b f i =
3 5 3 21 3 71
1 1
i 5 il 5
(1 2 2) 231+110+ 210
S, + el Pt S SR oo
o 21 11 1155
2_1_}{1155_231
5 551 551
y o
Hence, required probability is o (1)

44. Two groups are competing for the post of
board of directors of a corporation. The
probabilities that the first and second group



wins are 0.6 and 0.4, respectively. Further, if
the first group wins, the probability of
introducing a new product is 0.7 and the
corresponding probability is 0.3, if the

second group.wins. Find the probability that
the new product was introduced by second
group. Delhi 2009

Let us define the events as

E, : First group wins

E, : Second group wins

A : The new product is introduced

Now, P(E,) = Probability that first group wins
=0.6
and  P(E,) = Probability that second group
wins
=0.4
and P(A/E;) = Probability that first group wins

and it introduce the new product
=17

P(A/E,) = Probability that second group wins
and it introduce the new product
=0.3 (2)

The probability that product is introduced and
it was introduced by second group,

P(E,/A) =
P(E,) - P(A/E,) + P(E,) - P(A/E,)
[by Baye’s theorem] (1)
= PE,/A) = Urax 0.0 (1)
(0.6x 0.7)+ (0.4 x 0.3)
012 012 _12 2

T 042+012 054 54 9

Hence, the required probability is g (1)



45. Three bags contain balls as shown in the

Bag  White Balls Black Balls Red Balls

A bag is chosen at random and two balls are
drawn from it. They happen to be white and
red. What is the probability that they come
from bag 11?7 Delhi 2009

7

Do same as Que 43, [Ans.—%]

46. A company has two plants to manufacture
motorcycles. 70% motorcycles are
manufactured at the first plant, while 30%
are manufactured at the second plant. At
first plant, 80% motorcycles are rated of the
standard quality, while at the second plant,
90% are rated of standard quality.

A motorcycle, randomly picked up and is
found to be of standard quality. Find the
probability that it has come out from the
second plant. Delhi 2008



Let us define the events as
E, : Motorcycle manufactured in plant |
E, : Motorcycle manufactured in plant Ii

A : Motorcycle of standard quality (M
Kow B = e L POAE) =D = 8.
100 10 100 T 0
P = B pratey e B o
1 UGI 10 100 10

The probability that the plant Il manufactured
a standard quality of motorcycle,

P(E,/A) = (1)
3 9
10770
-7 8 3 9 (M
LA T Pa e S, = [N
10 10 10 10
_ 27 27 N
56+27 83

47. Adoctor is to visit a patient. From the past
experience, it is known that the probabilities of

doctor coming by train, bus, scooter and taxi

are—:-lw = iand% respectively. The

10°5"10
probabilities that he will be late are %f % and

—1——, if he comes by train, bus and scooter

respectively but by taxi, he will not be late.
When he arrives he is late; what is the
probability that he came by bus?  Delhi 2008C



Let us define the events as
E, : Doctor comes by train
E, : Doctor comes by bus
E; : Doctor comes by scooter
E, : Doctor comes by a taxi
A : Doctor arrives late
1 1

Now, given P(E,) = —, P(E,) = —,
5 "0 Y 5
' 3 2
P(E,) = — and P(E,) = = 1

Also, P(A/E,) = Probability that doctor arrives

late when he comes by train =% [given]

P(A/E,) = Probability that doctor arrives late

when he comes by bus = :1 [given] (1)

P(A/E,) = Probability that doctor arrives late

1 :
when he comes by scooter = T [given]

and P(A/E,) = Probability that doctor arrives
late when he comes by taxi =0 (1)

[ given when the doctor comes
by taxi, he will not late]

The probability that the doctor coming by bus
arrives late,

P(E,)- P(A/E,)
[P(EJ ‘P(A/E,) + P(E,)-P(A/E,) ]

P(E,/A) =

+ P(E;)- P(A/E;) + P(E,) - P(A/E,)

[by Baye’s theorem] (1)
1 1
¥

i ' 5 3

[ERNRES ST
RS x i + I )( o + . X —r
10 4 h A 15 12




1 1 1 (1)

_ 15 _ 15 -~ 15

1 1 3 3+8+3 14
_+...___+ " ¥ :

40 15 120 120 120

1 120 4
= — M ——
15 14 7
: e . 4
Hence, required probability is - (1)

48. In a bulb factory, machines A, B and C

manufacture 60%, 30% and 10% bulbs,
respectively. 1%, 2% and 3% of bulbs
produced respectively by A, B and C are found
to be defective. A bulb is picked up at
random from total production and found to
be defective. Find the probability that this
bulb was produced by machine A

All India 2008

Do same as Que 37. |:Ans.—15—7:|
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