Sample Question Paper -9
Mathematics (041)

Class- XII, Session: 2021-22
TERM II

Time Allowed: 2 hours Maximum Marks: 40

General Instructions:

1. This question paper contains three sections — A, B and C. Each part is compulsory.
2. Section - A has 6 short answer type (SA1) questions of 2 marks each.

3. Section — B has 4 short answer type (SA2) questions of 3 marks each.

4. Section - C has 4 long answer-type questions (LA) of 4 marks each.

5. There is an internal choice in some of the questions.

6. Q 14 is a case-based problem having 2 sub-parts of 2 marks each.

Section A
1. Evaluate: [ %dm [2]
OR
Evaluate: [v/tan6d6
2. Solve % + (secx)y = tanz. [2]
3. Ifthe points A (m, - 1), B(2, 1) and C(4,5) are collinear, find the value of m. [2]
4. Show that the points (1, 1, 1) and (-3, 0,1) are equidistant from the plane 3x + 4y -12z +13=0. [2]
5.  The probabilities of A, B and C solving a problem are %, % and % respectively. If all three try to [2]
solve the problem simultaneously, find the probability that exactly one of them can solve it.
6. Let A and B be the events such that P(A) = 1—73, P(B) = % and P(ANB) = % find P(B/ A) [2]
Section B
7.  Evaluate the integral: Ofl cos ! ( ;iz )dac 3]
8.  Find the particular solution of the differential equation (1 — mz) j—z — Y = z?, given thaty  [3]
=2whenx=0.
OR
Solve the initial value problem: az% +y =X COSX +Sin X, y( %) =1
9. If Zi,g and ¢ are three vectors such that each one is perpendicular to the vector obtained by [3]
sum of the other two and || = 3, |b| = 4 and |¢| = 5, then prove that |G + b+ &| = 51/2.
10.  Find the vector and cartesian equations of the line through the point (1, 2, - 4) and [3]

perpendicular to the two lines 7 = (8 — 195 + 10]2:) + (37— 165 + 712:) and
7= (157 + 295 + 5k) + (37 + 85 — 5k).

OR
z+3 Y z—"7

Find the equation of the plane determined by the intersection of the lines 35— = — = —— and




11.
12.

13.

14.

z+6 _ y+5 21
i -3 2

Evaluate [(y/cotz + v/tanz)dx.

Sketch the graph of y = Ix + 3I and evaluate the area under the curve y = Ix + 3] above X - axis

Section C

and betweenx=-6tox=0.
OR

Find the area bounded by the curve y = 4 - x2 and the lines y =0, y = 3.

Prove that if a plane has the intercepts a,b,c is at a distance of p units from the origin then
1 1 11
2tegta=g
CASE-BASED/DATA-BASED

Three bags contain a number of red and white balls as follows:

/ /
[ | /

Sl o8 i
o) o8 O

Bag 1: 3 red balls, Bag 2 : 2 red balls and 1 white ball and Bag 3 : 3 white balls.
The probability that bag a will be chosen and a ball is selected from it is %. What is the

probability that

i. a red ball will be selected?

ii. a white ball is selected?

[4]
[4]

[4]

[4]



Solution
MATHEMATICS 041
Class 12 - Mathematics

Section A
LLetI= [ —S2 g (i)

acos? z+bsin’ z

Let a cos? x + b sin? x = t then,

d(a cos® x + b sin? x = dt

[a(2 cos x(-sin X))+b (2 sin x cos x)] dx = dt
= [-a(2 sin X cos X) + b(2 sin X cos X)] dx = dt
=[-a sin 2x + b sin 2x] dx = dt

= sin 2x(b - a) dx = dt

__ adt
= dx= (b—a)sin2z
Putting a cos® x + b sin® x= and dx = (b_a‘)im in equation (i), we get
. f sin 2% x dt
o t (b—a)sin2z
_ 1t
" b—a f t
_ 1
= —loglt|+ ¢

= ﬁ log |acos®x+bsin?x| +c[acos?x+bsin®x=t]
OR

Let,I= [ Vtan6dé

Now let tanf = x2. Then, we have

d(tanf) = d(x%) = sec2d df = 2xdx
= df = 2zdxr _  2xdxr _ 2zdx

sec? 6 1+tan? 0 1+z4

[z | 2zdx _ 212 _ 2 _p 14+1/2%+1-1/2?
f " Trat z4+1 dx fx2+1/a:2 f z2+1/2?
o 141/a? 1-1/z
:H_f 224122 dX+f 22+1/a?
1+1/22 1-1/22
=1 X+ | ———
‘f (z— l/m +2 f (z+1/z)>-2

. 1 _ . .
Putting x - ; = uin first integral and x + -- = v in second integral, we get

I = f u2+d:l‘/_)2 + f 2 di)/—)Z

1 U U—\/i_'_
=>I—ftan <f2 2\/_ +\/_/C\/_

_ 1 af z—1/z L1 z+1/x
=1= ﬁtan (—\/5 > —2ﬁlog Py +C

2. The given equation is of the form

d—z + Py = (), where P=secxand Q = tan x.

Thus, the given equation is linear.

IF = edem — efseca: dr _ elog(sec z+tanz) _ (SGCiB + tan:c)

So, the required solution is

yxIF = [{Q x (IF)}dz + C,

ie,y(secx + tanz) = [tanz(secz + tanz)dz + C

= [secztanzdz + [tan’zdz + c

=secx + [ (sec’z—1)dz+ C

=secx+tanx-x+C.

Hence, y(sec x + tan X) = sec X + tan X - X + C is the required solution.
3. The given points are A(m, -1), B(2, 1) and C(4, 5)

Now,we have



- A A 2 A
AB=(2i+j)—(mi—7)=(2—m)i +2j

— ~ ~ ~ ~ ~ ~

AC = (4i—l—5j)—(mi—j): (4—m)i+6j

If A, B, C are collinear, then

— —

AB = MAC

= (2—m)i +2j = \[(4—m)i + 6]]

=2—-m=A4—m)and 2= 6\

=A=1

and 2 -m = %(4—m)

=6-3m=4-m

=2m=2

=m-=1

Therefore, the value of m is 1.
. Given:

Points: A(1, 1, 1) and B(-3, 0, 1)

Plane: m=3x+4y-122+13=0

We know, the distance of point (x1,y1,z1) from the plane

max+by+cz+d=0:ax+by+cz+d=0isgiven by:
azr,+by, +cz+d

P

B)Q)+@)A)+(-12)1)+13
32442+ (—12)

= Distance of (1, 1, 1) from the plane =

8
= 13 units

(3)(=3)+(4)(0)+(-12)(1)+13
324424 (—12)°

= Distance of (-3, 0, 1) from the plane =

= 18—3 units
.". the points (1, 1, 1) and (-3, 0, 1) are equidistant from the plane
3x+4y-12z+13 =0.
.Let Eq, Ey and E3 be the events that the problem is solved by A, B and C respectively. Therefore,we have,
P(E1) = 5, P(Ep) =  and P(Eg) =
Exactly one of A, B and C can solve the problem in the following mutually exclusive ways:

i. A solves but B and C do not solve i.e. B4 N Ez N E3

ii. B solves but A and C do not solve i.e. El NE,N E'3
iii. C solves but A and B do not solve i.e. E_l N E_2 N Es
Therefore, Required probability = P (I or II or III)
=P[(E1NEyNE3)U (ByNEyNE3)U (E; N EyN E;)
=P(E,NEyNE;3)+ (BEyNEyN E3) U (Ey N EyN Es]

= P(E1)P(E;) P(E3) + P(E1) P(E;)P(Es) + P(Ey) P (E:) P(Es)
30-H -+ 0-HE0-D-0-H0-DE)
=§;75§tgxgxg+§x7xg

S

P(B/A) = ==

Now, by De-Morgan's Law, (AU B)C = A°N B¢
-.P(ANnB) = P(AuU B)*
Therefore,we have,



P(L)
P(ANB)
P(A)
P(AUB)"
P(A)

_ 1-P(AUB)

1-P(A)
12
13

-3

o=

Section B
. To solve this we will use substitution.
Let x = tanf

dx = sec2d df
Now,x=0=60=0
x=1=0=7

9
cos ! (—1 tan 6) sec? 6df
aln’

1+tan? 6

J
0
= jcos 1(cos26)sec? 6do [cos29 = ILM]
0
= [ 260sec® 6d
0

Using by parts, we get
[ 260 sec? 0df

=2 [Gfsec 0do — f(fsec 9d0) LI dﬁ]
= 2[0tan6 — [tanddo]

'.jZ@sec2 0do

= 2[ftan 6 + log cos@ [.- [tan6d# = logcosb)]
=2[(ftan T + logcos 4) (0 x tan0 + logcos0)]

2[ —|—log(\/_> —O—O]
:2<§—|—log%>

%—log2

',fcos_l(H 2)d;z:— Z —log2
0

. The given differential equation may be rewritten as,

dy T _ z2 .
dz m Y= (1—x2) e

.. dy _ 22
This is of the form — + Py = Q, where P = = and Q= )
Thus, the given differential equation is linear.

Therefore,we have,
—z d 1 —2z d
IF = ofPie — ¢ ) _ 2T ™ _ hosiat)

_ elog\/l—a:2 = /1= 22

Therefore, required solution is given by,




yx IF = foIF)da:+C’
ie., yx\/l—:ﬂ—f X y/1—z2dz+C

—f da:-i—C

—f{ 1m)+1}d L
z—f\/l—aﬂda:-l-f —dz + C
:_{m”lm2+lsin_lm}+sin_lx+0

2 2
—pa/1—x2
:wTM—f—%sin_lx—l-C’
_ —z sin —
Y= e

It is being given that when x = 0, then y = 2.
Putx=0andy =2 in (ii), we get C = 2.

-1
_ T sin "z 2
Hence,y = - + Wi + N

OR
The given differential equation is,
d .
:r:—y +y=xcosx+smx

dy sinz
Z = + =
Iz —|— =COS X + =

Itisa hnear differential equation. Comparing it with,
dy

7 TPy=Q

P= %, Q=cosx+
LF. = /P

= ef%dz

=elog X[ x>0
=x,x>0
Solution of the equation is given by,

y X (LF)= [Q X (LF)dx+c

yx) = [ (cosz + s“%) xdx+c
=f(xcosx+sinx)dx+c
xy=fxcosxdx+fsinxdx+c
=xfcosxdx—f(1 X fcosxdx)dx-cosx+c
=xsinx- [ sinxdx-cosx+c

sin z

=XSiNX+COSX-COSX+C
Xy=xsinx+c

Putx = %,y=1

% = % +C

c=0

Put c = 0 in equation (i),

Xy =X sin x

y=sinx
. According to the question,

al (b+¢),bLl(¢+a)cl(at+b)
and |G| = 3,|b| = 4,|¢| = 5

To prove |d + b+ ¢| = 54/2
Consider, |a =(@a+b+c)(at+b+e)l-.

—G.040.b+3-C+b.a+bb+bi+c.a+c-b+e.c
|a| —|—|b| —|—|c| +a- (b+c)+b (@a+¢)+c.(




10.

= [d” + [B]* + [¢* + 0+ 0+0
[-a L (b+c)]
a.(b+¢)=0

Similarly, b. (G + &) = 0

and ¢.(G@+b) =0
=32+42+52=9+16+25
= [a+b+ &> =50
= |a+b+¢| =52
According to the question, the equations of lines are
7 = (8% — 19 + 10k) + A(37 — 165 + 7k)
7 = (157 + 295 + 5k) + (3 + 85 — 5k)
Comparing with vector form of equation of line r = a + )\g, we get
=>b_1>_3%—163+712:
:>b2 —32—1—83—5]4

I L
b=0b; xby=1|3 —16 7
3 8 -5

— §(80 — 56) — j(—15 — 21) + k(24 + 48)
— 247 + 36 + 72k = 12(2i + 3] + 6k)
The required line is perpendicular to the given lines.
So, it is parallel to b1 X b2 Now, the equation of a line passing through the point (1,2, —4) and parallel to
247 + 367 + 72k or (26 + 35 + Gk) is
7= (i +2j — 4k) + \(2] + 3] + 6k)
which is required vector equation of a line
For cartesian equation putr = i +vy ] + zk
= @i+ yj+ 2k = (1+2))i + (2+ 3X)j+(—4+ 6Nk

Comparing the coefficients of 7, j and k
=T = 1—1—2)\y—2+3)\andz— —446A

—1 4
- DR P L)
z—1 _ y=2 _ 24+4
2 3 6
which is the required cartesian equation of a line.
OR
The given equations of the lines are
z+3 Yy 2T 1)
3 725_ 6
46 _ Yo _ 21
= 3 T 3 ..(2)

Let the direction ratios of the plane be proportional to a, b, c.

since the plane contains the line (1), it should pass through (-3, 0, 7) and is parallel to the line (1).
Equation of the plane through (1) is

ax+3)+b(y)+c(z-7)=0...(3)

where 3a-2b+6¢=0..(4)

since the plane contains line (2), the plane is parallel to line (2) also.

=a-3b+2c=0..05

Solving (4) and ( 5) using cross-multiplication, we get

a _ b _ ¢

40 =7
Substituting, b and c in (3), we get
14x+3)+0(y)-7(z-7)=0



= 2x+3)+0(y)-1(z-7)=0
=2x-z+13=0.
Section C

.LetI = [[y/cotz + /tanz]dz
=/ \/tclmx + Vitanz [ cote = ]

= [Vtanz |1+

] dz
(\/tanx)
puttanx = t? — sec’zdx = 2tdt
= dr=-2dt

sec”x

= dr= Qtn mdt[',‘ 1+ tan?z = sec? x|
= dr=—Z[tanz = t?]
=

_ 1) 2t . _ 42 _
I—ft<1+t2) (1+t4)dt[.tana:—t — +tanz = t]

ti+1
On dividing numerator and denominator by t? , we get

ooy ) g

+2
1
(%)
2
(t— %) +2

Again,putt—%:y:> <1+t%>dt:dy

dt

ST dy

~1=2f y2+(v2)*

I:%tan_1%+0l f\/m Ltan ! (%) +¢
= /2tan"! —=~ ) [puty:t—ﬂ

— /2tan ! (22Z1 ) + C [Put t* = tanz]

I= /2tan (%) rC

. First, we sketch the graph of y = |z + 3]
x+ 3, if z4+3>0
Sy=lz+3[=

(z+3), if z+3<0
:y:|w+3|:{

x+3, if xz>-3
—r—3, if z<-3

So,wehavey =+ 3forx >-3andy=-x-3forx<-3

A sketch of y = |z + 3| is shown below:

(
= +/2tan~ 1( )
(A=




13.

y = x + 3 is the straight line which cuts X and Y-axes at (-3, 0 and (0, 3), respectively.

.y = = + 3 for x > -3 represents the part of the line which lies on the right side of x = -3.
Similarly,y = —x — 3, x <-3 represents the part of line y = —x — 3, which lies on left side of x = -3
Clearly, required area = Area of region ABPA + Area of region PCOP

= f:63(_m - 3)c?l)w+ f_03(:1:+ 30)dar:
= [—m— —3211]:64- [:62—2-1—3&:}7
= [(—%+9) (—18+18)]+ [0 — (£ — 9)]

=18-9
=9 sq. units
OR

The given curves are,
y=4- x2
=x2=-(y-4)..0)
andy =0 ...(1i1)
y = 3 ...(iii)
Equation (i) represents a parabola with vertex (0, 4) and passes through (0, 2), (0, -2)
Equation (i) is x-axis and equation (iii) is a line parallel to x-axis passing through (0, 3)
A rough sketch of curves is given below:-

¥

| 10,4

/. ;
D‘; C {030 Pxy) ¥=3

e \B
; \Y

y o=t

Shaded region represents the required area. We slice it in approximation rectangle with its Width = Az and
length=y-0=y

Area of the rectangle = yAx

This approximation rectangle can slide from x = 0 to x = 2 for region OABCI.

Therefore,we have,

Required area = Region ABDEA

= 2(Region OABCO)

= 2f02 ydx
= 2f02 (4—2?)de
133 2
~afie-3),
=2[(8-3) (0]
Required area = % square units

The equation of the plane in the intercept form is £ + % +<=1

Distance of this plane from the origin is given to be p.
2 %042 %042 x0—1]

o RCER
SR CRORC
%=¢5 +(3)+ )



2
L=+ () + &)
L1141

CASE-BASED/DATA-BASED
14. Bag I: 3 red balls and 0 white ball.
Bag II: 2 red balls and 1 white ball.
Bag III: 0 red ball and 3 white balls.
Let E1, Eyand E3 be the events that bag I, bag I and bag III is selected and a ball is chosen from it.

P(E1) = ¢,P(E>) = 2 and P(B3) = 2
i. Let E be the event that a red ball is selected. Then, Probability that red ball will be selected.
P(E) = P(E))-P (Eﬂ) + P(Es)- (Eﬂ) + P(E3)-P (Eﬁ)
=43+ 3-34 80
=51 % +0
— 3t4 _ 7

18 18
ii. Let F be the event that a white ball is selected.
L P(F)=P(5,)-P(£) + P(By)-P(£) + P(Ey) - P (L)

-1, 2 1,3 q_-1,3_1
=5 0+5 3t l=9gt+6=1%

Note:P(F)=1-P(E)=1 — 1l8 = }—é [since, we know that P(E) + P(F) = 1]

—o |
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