DAY EIGHTEEN

Differential
Equations

CLearning & Revision for the Day)

« Solution of Differential Equation | ¢ Solutions of Differential « Linear Differential Equation
Equations of First Order and | 4 |nspection Method
First Degree

An equation involving independent variables, a dependent variable and the derivatives of
dependent variable w.r.t. independent variables, is called differential equation.

A differential equation which contains only one independent variable, is called an ordinary
differential equation.

Order and Degree of a Differential Equation

* The order of a differential equation is the order of the highest derivative occurring in the
differential equation.

* The degree of differential equation is the degree of the highest order derivative, when
differential coefficients are made free from radicals and fractions.

Solution of Differential Equation

A solution of the differential equation is a relation between the dependent and independent

variables of the equation not containing the derivatives, but satisfying the given differential
equation.

General Solution

A general solution of a differential equation is a relation between the variables (not
involving the derivatives) which contains the same number of the arbitrary constants as the
order of the differential equation.

Particular Solution

Particular solution of the differential equation is obtained from the general solution by
assigning particular values to the arbitrary constant in the general solution.



Solutions of Differential
Equations of the First Order and
First Degree

A differential equation of first order and first degree may be of
the following types:

Differential Equation with
Variable Separable

‘Variable separable method’ is used to solve such an equation
in which variable can be separated completely, e.g. the term
f(x) with dx and the term g(y) with dy

Le. g(y)dy = f(x)dx
Reducible to Variable Separable Form

dy

Differential equations of the form ax = f(ax + by +c)can be
b

reduced to variable separable form by the substitution

ax +by +c =z
0 e =

dy dz
Homogeneous Differential Equation

A function f(x,y) is said to be a homogeneous function of
degree n if f(Ax,Ay)= A" f(x, y) for some non-zero constant A.

0 a+b—= ——a+bf(z]
dx

e Let f(x,y) and g(x, y) be two homogeneous functions of
same degree, then a differential equation expressible in the
form

dy _ f(x,y)
dx  g(xy)

is called a homogeneous differential equation.

¢ To solve a homogeneous differential equation of the type

dy _ f(xy)
=h t d to sol
o(x,7) ngwe put y = vx and to solve a

homogeneous dlfferentlal equation of type

dx _ f(x,y)
- hfl t
dy g(x y B»H we pu X = Vy'

Linear Differential Equation

A differential equation of the form Z—y + Py =Q,
Ix

where, P and Q are the functions of x (or constants), is called a
linear differential equation.
To solve such an equation, first find integrating Factor,

IF =e )™, Then, the solution of the differential equation is
given by y(IF) ZJ' Q(IFdx +C.

NOTE * Sometimes given equation becomes a linear differential

equation of the form CTX + Rx =S, where R and S are
y
function of y (or constants).

* The integrating factor in this case is IF = e/ * ¥
and the solution is given by x [IF) =J’(S x|F)dy +C.

Bernoulli’s Differential Equation

(Reducible to Linear Form)
Let the differential equation be of the form

dy+P}/:QJ/n D y—n dy+Py—17+l :Q

dx dx

Cn 41 ,dy _dz
Here,put y™" "' =z0 (-n+ 1)y " = =—
ere, put y zO(-n+1)y I

dz
0 —+(1-nPz=(1-

l 1-nPz=01-nQ

which is a linear differential equation in z.
The solution of this equation is given by

J'(l n)Pdx J,gl )@ aix+C

J' (1-n)Pdx []

Inspection Method

If we can write the differential equation in the form

A v (x ) + ol (x, ) d{f(x, ¥)} +... =0, then
each term can be easily integrated separately.

For this use the following results.
() d(x £ y)=dxtdy (ii) d (xy)
0
(iii) dB}»(B— ydx - Xdy
 x0d de x dy
yB X+ y
xdy + ydx
Xy
ydx Xdy

=xdy + ydx

(iv) d Ban

(v) d[log(xy)] =

Ox

(vi) d dog B»H

.. O XdX+ydy
vii d log (x* +
(vii) 5 g ( yZE e

(viii) dB— 14 7xdy+ydx
(ix) dB}ﬁ_yede e” dy

x+y0O_ Xdy de

XyH

(xi) d % log



(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 The order of the differential equation whose general
solution is given by
y=ce” "% +c,e" +¢, sin(x +c,), is

(@) 5 (b) 4 (c) 3 (d) 2
2 The degree of the differential equation
d’y ., Edyﬁ
3 =x%lo is
dx? gEB H
(a) 1 (b) 2
(c) 3 (d) None of these

3 Order and degree of the differential equation,
representing the family of curves y? = 2¢(x ++/c), where
c is a positive parameter, are respectively equal to
(@)1,3 (b)2,3
(c)2,4 (1,2

4 The differential equation of all circles in the first quadrant
which touch the coordinate axes is of order
(a) 1 (b) 2
(c) 3 (d) None of these

5§ The differential equation of the family of curves v = é + B,
r

where A and B are arbitrary constants, is

2
(a)d‘/ dav_y ()L‘;_gﬂ_o
dar® rar ar® rar
2
av +Eﬂ 0 (d) None of these
dr?® rdr
6 The solution of the differential equation
xdx+ydy+Xdy7y2dX—O, is
ty
2 2
(a) y = xtan ME
a 2 a
2 2
(b) x= y tan ME
0 2 0
— 2
(c) y=xtan élcxfyﬁ

(d) None of the above

7 The differential equation of the family of parabolas with
focus at the origin and the X-axis as axis, is

a) y%§+4xﬂ:4y b)y%g=2xg—y
Y%ngy 2Xy y%gﬂxy +y=0

8 The differential equation whose solution is
x? + y? +2ax +2by +c =0, where a,b, ¢ are arbitrary
constants, is

() By, =(1+y])y, =0 (b) Byfy, —(1+ )y, =0

(©) Byys +(+y)y, =0 (d) By,y; —(1+ )y, =0
9 If xdy =y (dx +ydy), y(1)=1 and y(x) >0.

Then, y(=3)is equal to

(a) 3 (b) 2

(c) 1 (d) 0

10 If% =y +3>0and y(0) =2, then y(log2) is equal to
X

(a) 5 (b) 13 () -2 ) 7

11 The differential equation determines family

ax y
of circles with,

(a) variable radii and a fixed centre at (0, 1)

(b) variable radii and a fixed centre at (0, — 1)

(c) fixed radius 1 and variable centre along the X-axis
(d) fixed radius 1 and variables centre along the Y-axis

12 If the solution of the differential equation —- dy _ax+3
ax 2y + f
represents a circle, then the value of a is
(a) 2 (b) -2 (c) 3 (d) -4
13 Solution of the differential equation y —XQ =y? +d—y is
ax ax
(@) Cy=(-x0-y) (b) Cx=(@1+x0-y)
(c) Cy=(+x(1-y) (d) Cx=(@1-x0+y)

14 Solution of the equation In %Q: ax +by,is
X

(a) ae™ +be™ +C =0
(b) ae” +be™ +C =0
(c) ae” +be ™ +C =0
(d) None of the above

15 The solution of the differential equation
[
dx

=e"V +x%7is
(a) ¢ =¢" +3+C (b) & =" +2x+C
(c) e =e"+x*+C (d) y=e*+C
. dy
16 If(2+sinx)—=+(y +1)cos x =0and y(0) =1, then
( )Ly +1) ¥(0) vEH
is equal to = JEE Mains 2017
@-3  ®3 (©) (d) -2/3
) 7

17 If a curve passes through the point @2 EQand has slope

Q - %Qat any point (x, y)on it, then the ordinate of the
X



point on the curve, whose abscissa is - 2, is
= JEE Mains 2013
5

S -_
(c) > (d)

-3
(a) 5 (b) 5

N |

18 Solution of the equation (x + y)?

@ y= Qta”@x%g (b) y = 4tan” @X%Q

(c) y =4tan™ %%Q (d) None of these

19 The solution ofﬁﬂ =e*"is
ax

ay =4,y(0)=0is
ax

(@) e+ x+C =0 (b) e =x+C=0
(c) e +x+C=0 (d) e -x+C=0
20 Solution of the equation xdy =(y + xf(y [ x)/f'(y  x))dx
is
(a) [fy/x) =Clx, COR (b) [fly/x)|=|x+C C>0

©) v/

21 If x Zy = y(logy —log x +1), then the solution of the

(b) log %Q: Cx

Ox O
c) xlo =C d lo =Cx
) 9%@ % (d) y QB;%

‘ = C\x\, C>0 (d) None of these

equation is

Ox O
a) logE-O=C
(a) gDyD y

22 The general solution of y? dx + (x* —=xy + y?) dy =0, is

(a) tan"EIrX%+ logy + C =0
Oy

(b) 2tan” FH+ logx + C =0
Oy

(c) log(y + yx* + y*) +logy +C =0

(d) sin™ erﬁ+ logy+C=0
y

23 Solution of the differential equation x°dy + y(x + y)dx =0
is
(a) y+2x =c*x%y
() y+2x=c*x%]y

-2x=c*xy
None of these

A,.\

a) eV3 b) v2e* —1/J2
(c) Ne? =1//2 d) Ve +1/+/2

25 If a curve y =f(x) passes through the point (1,-1) and
satisfies the differential equation y(1+ xy)dx = xdy, then
= JEE Mains 2016

f%%@is equal to
4 2 4

_2 4 < d
(a) : (b) : (c) c (d) :

26 The equation of the curve passing through the origin and
satisfying the differential equation

b) y
d)
24 1f(x® + y®)dy = xydx and y(x,) = e, y(1) =1, then x, is
)
)

—

1+ X2)Q +2xy =4x% is
ax = JEE Mains 2013

(b) 3(1+ x*)y =2x°
(d) 3(1+ x?) y =4x°

(&) 1+ x)y =x°

() 1+ x*)y =3x°
27 The solution of the differential equation

dy, 3x* _sin®x

= Lis
dx 1+x3y 1+ x°

(a) y(1+x3):x+%sin2x+C
(b) y(1+x3):Cx+%sin2x
(c) y(1+x3)=Cx—%sin2x
x _1

dy@a+xH)== Zsir12x +C

28 If y(x) satisfies the differential equation

y'=ytan x =2x sec x and y(0) =0, then = 1T 2012
T e mo_ Tt
a = b) v =_
)y%g 82 ()y%g 18
m_ 1t nO_4m, T
c =— d) y' E L
)y%@ 9 ( )y%@ 3 3J8
29 The solution of the equation
ay

+ y tanx =x" cos x, is
a) (m+1)y x"*'cosx + C(m + 1) cosx
b) my = (x" + C) cosx

c)y ( m+ 4+ C) cosx

(d) None of the above

ax
(
(
(

30 Let the population of rabbits surviving at a time t be
art) P( ) - 200.

governed by the differential equation
If P(0) =100, then P(t)is equal to - JEE Mains 2014
t
(a) 400 - 300 2
t

(c) 600 - 500 e?

-L
(b)300-200e€ 2
-L
(d)400-300e 2

31 The solution of differential equation
(xy® + 2y)dx —xdy =0, is
(@) 9x® + 4x°y* =9y’ C (b) 9x® - 4x°y* -9y*C =0
(c) x*@Q+ 4y*) =10y*C (d) None of these
32 LetY = y(x) be the solution of the differential equation

sin xg+ y cos x =4x,x 0(0, ). If y@ggz 0, then
ax 2

y(11/6)is equal to = JEE Mains 2018

8 8 4 4
(a) 9fTr2 (b) 9Tr2 (c) 9Tt2 (d)gﬁﬂ2
33 Statement | The slope of the tangent at any point P on a
parabola, whose axis is the axis of x and vertex is at the
origin, is inversely proportional to the ordinate of the point
P.
Statement 1l The system of parabolas y? = 4ax satisfies
a differential equation of degree 1 and order 1.
= JEE Mains 2013
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |



(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |
(c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true
34 Statement | The elimination of four arbitrary constants in

y =(c, + ¢, +c,e’ )x results into a differential equation

of the first order xd— =y.
ax

Statement Il Elimination of n independent arbitrary
constants results in a differential equation of the nth order.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is not
a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 The differential equation which represents the family of
curves y =c,e”" where ¢, and ¢, are arbitrary constant, is

(@ y"=yy (b) yy" =y’
© w" =) @y =y
2 The population p(t)at time t of a certain mouse species

satisfies the differential equation

aPt) _ 0.5(1) - 450. If
dt

p(0) = 850, then the time at which the population
becomes zero is

(a) 2log18
1

c) —log18

(c) 5109

(b) log9
(d) log 18

3 A curve passes through the point QEQ Let the slope of

+sec§£§x>0

Then the equation of the curve is = JEE Advanced 2013

. 1
a) sin =logx +—
) sitc=ro0x 3
=1 2
b)cosec%@ ogx +
(c) sec?@z logx +2
X
y
d COS? =logx +—
(d) cospY H=logx +

4 Let y'(x)+ y(x)g'(x) =g(x)g'(x), y(0) =0, x R, where
f'(x) denotes

the curve at each point (x, y) b

X . .
and g(x)is a given non-constant

differentiable function on R with g(0) = g(2) =0. Then
the value of y(2)is
(a)2 (b) 4
()5 (d)o
5 Consider the differential equation

y2dx + @x —lgdy =0. If y(1) =1, then x is given by
y

1 1
@1-'+e" by 4-2-¢€"
y 91 y e

1

c)3-'+e€ (d) 1+ 1€
y e y e

6 The equation of the curve y =f(x) passing through the
origin which satisfies the differential equation

% =sin(10x +6y)is
4, bStandx _otanax oo
3@ 4 -3tandx @
@ _; bStandx +5Xﬁ
3 4 -3tandx
)y = @ 1 Stan4dx _SXE
3 4 + 3tan4dx
(d) None of the above
7 Let I be the purchase value of an equipment and V(t) be

the value after it has been used for t yr. The value V(t)

depreciates at a rate given by differential equation
av(t) _
at

total life in years of the equipment. Then, the scrap value
V(T) of the equipment is

2 _ a2
(@ - KT _ kT -1

2 2

(e (d) 7% -—

- k(T —t), where k >0is a constant and T is the

8 The degree of the differential equation satisfying the
relation 1+ x2 + 1+ y2 =X (xy1 +y? =y 1 +x2),is

(a) 1 (b) 2
(c) 3 (d) None of these

9 If length of tangent at any point on the curve y =f(x)
intercepted between the point of contact and X-axis is of
length 1, the equation of the curve is



(@) J1-y? +In‘(1—\/1—y2)/y =+x +C
(b) 1= y? —|n‘(1—«/1—y2)/y‘ = x +C

(©) 1=y +|n\<1+\/1—y2>/y

(d) None of the above

=+x +C

10 The solution of differential equation

cos x dy=y(sinx —y)dx,where, 0 < x <g, is

(a) secx = (tanx+C)y
(c) ytanx =secx+C

(b) ysecx =tanx +C
(d) tanx = (secx+C)y
11 The curves satisfying the differential equation
(1-x?)y" + xy =ax are
(a) ellipse and parabola
(c) ellipse and hyperbola

(b) ellipse and circles
(d) None of these

12 A curve passes through (2, 0) and the slope of tangent at
a point P(x, y)is equal to ((x +1)* + y =3)/(x +1). Then
equation of the curve is = IIT 2004

(a) y=x*+2x
(c) y=2x*-x

(b) y = x* —2x
(d) None of these

13 The solution of the differential equation
x®  x°
X+l +2 +
3! 5!
x?  x*
1+ +"+

2l 41
(a) 2ye® =Ce™ +1
(c) ye** =Ce** +2

_ ax —dy is
ax +dy

(b) 2ye** = Ce** -1
(d) None of these

14 Let f be a real-valued differentiable function on R (the set
of all real numbers) such that f(1) =1. If the y-intercept of
the tangent at any point P(x, y) on the curve y =f(x)is
equal to the cube of the abscissa of P, then the value of
f(=3)is equal to

(a)3 (b)6 (€)9 (d) 1
Let f(x) be differentiable in the interval (0, 1t) such that

2 2
f(1)=1and tim M =1for each x > 0. Then f(x)
- X —X

15

16 Let a solution y = y(x) of the differential equation

Xy x? =1dy —y4y® —1dx =0 satisfy y(2):% .
Statement | y(x) = sec Hsec X —EQ

2f

Statement Il y(x) is given by !

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

ANSWERS

1. 2 3@ 4@
11. (¢ 12. (b) 13. () 14. (a)
21. (b) 22. (a) 23. (a) 24, (a)
31.(a  32.(b) 33.(b) 34 ()
1O | 2@ 3@ 4
11. (¢ 12. (b) 13. (b) 14. (o)

15.
25.

(©) 6. (c) 7. (b) 8. (d) 9. (a) 10. (d)
(@) 16. () 7. (a) 18 (@) 19. (a) 20. (o)
(d) 26. (d) 7. (d) 8. (a) 29. (a) 30. (a)
(d) (a) 7. (a) 8. (a) 9. (a) 10. (a)
(a) 16. ()



Hints and Explanations

SESSION 1

1 Given,

y=c, @*" +c¢,e* +c,sin(x +c,)
=c, [@“e™ + ¢ e”
+ c,(sinx cos ¢, + cos xsin c)
= Ae™ + c,e” + Bsinx + Dcos x
Here, A =c,e”, B =c,cosc,and
D =c,sinc,
Since, equation consists four arbitrary
constants.
So, the order of differential equation
is 4.
Since, the equation is not a polynomial
in all differential coefficients, so its
degree is not defined.

Given, y* = 2c(x +c) (1)
On differentiating both side w.r.t. x, we
get
dy dy
2y~ =2c0c=y—=
7 dx 7 dx
On putting in Eq. (i),
3/2

y _ ZXydy +2y3/2%@
o it
Ix dx

Which is the differential equation of
order one and degree 3.

Clearly, the equation of family of circle
which touch both the axes is

(x-af +(y —af =d, whereaisa
parameter.

Since, there is only one parameter,
therefore order of differential equation
representing this family is 1.

We have, v = é + B, where A and B are

r
parameters
On differentiating twice w.r.t. r, we get
O dv _ j (i)
dr r*
2
and dv _24 .. (ii)
ar* r’

Now, on substituting the value of A

from Eq. (i) in Eq ii), we get
dv_3Q sdvg ade
r dr
2
O d +Ed—v = 0, which is the
dr* rdr
required differential equation.
6 We have, xdx + y dy +M=O
X+ y

0 ld(xz +y)+d @an’1 X§= 0
2 X

10

On integrating, we get

%[Xz+y]+tan @ZH ¢
| ¢- X; y—tan H’;/H

O y=Xtan[C%_xZ y%
O 2 O

Equation of family of parabolas with
focus at (0, 0)and axis as X-axis is

v? =4a(x - a) ...(0)

On differentiating Eq. (i) w.r.t. x, we get
2yy, = 4a
0 v =2W1@X -mg
2

0 Y =2Xy, ~yy
O yyi=2xy, ~y
X+ y* +2ax +2by +¢ =0 ..(i)

On differentiating Eq. (i) three times, we
get
2x+2yy, +2a+2by, =0
O x+yy, +a+by, =0 ...(ii)
1+yi +yy, +by, =0 ..(iii)
3.y, v yys thy, =0 (V)
On eliminating b from Egs. (iii) and (iv),
we get

37,V ~ Vs~ ViV, =0
We have, xdy =y (dx + ydy), y >0
g Xdv-ovde_g
y
x . .
O Z=-y+C [integrating]
v
Now, y=1 0 C=2
O i+y:2
y
Forx=-3-3+ y* =2y

0 y*-2y-3=0
o y+1y-3=0

O y=3 [-y>0]
Here, dy =y +3>0and y(0) =
X

O dx
Iy+3 J-

0 log, |y +3|=x+C

But y(0)=2

O log, 2+3]=0+C

O C =log, 5

0 log, |v +3|=x +log, 5

When x = log, 2, then

O log, |y +3]|=1log, 2 + log, 5
=log, 10

O y+3=100 y =7

11

12

13

14

15

16

Clearly, J’L dy = Idx
1-y?

0 -J1-y' =x+C

0O x+C);+y =1

Hence, the centre is (-

is 1.

C, 0) and radius

We have, d—y -t

dx 2y +f
O (ax + 3)dx =2y + f)dy
On integrating, we obtain

a[fi+3x—y +fy +C

0-2%+y*-3x+fy +C =0
2

a

This will represent a circle, if - — =1

[+ coefficient of x* = coefficient of y*]
| a=-2

d
x+1)F =y -y
dx
0 dy _ dx
ya-y) x+1
O Elﬁ_'_ 1 Et:ly= dx
Ov 1-y0d x+1

0 logy-log(l-y)
= log(x +1) +logC

O Y oo+
1-y
0  (x+1)1-y)=Cy.

We have, d—y =™
dx

O e™dy =e“dx

0 “lew 2 lewug
b a
O be™+ae™ +C'=0 [C'= abC]
We have,
& - e +xXe” =e” (X +e¥)
dx
On separating the variables, we get
e'dy = (x* +e*)x

On integrating both sides, we get

3
L X
eV = +e* +C

3

We have,

(2+sinx)d—y+(y +1)cosx =0
dx

0 dy _ _ cosx dx
v+1 2+sinx

0 Idy _[ cosxX
y+1 2 +sinx

O In(y +1) = -In(2 +sinx) +InC
O (y+1)2+sinx)=C
Now, y(0)=1



0 @)2+0)=C
O C=4
Thus, (v + 1) (2 +sinx) = 4

Now, at x = En (v + 1]@2 + sinzn@: 4

(y+12+1) =4
4 1
=_-1==
7 3 3
Given, y—l x
X
1
O d :@——de
v e
0O y=x+ 1 C [integrating]
b

Since, the curve passing through the

point gz Q

i.e.

+Yico c=1

N\\l
N

O yzx+l+1
X
Now, at x = -2
1

Ordinate, y = -2 - =-3/2

P
We have, (x + y)* 2y _
dx

On putting x+ y =vand1+ —=

we get

O vzg—1§=4
X

0 Vzdl=vz+4.
dx

2
+ 4 -

O V'i“dvzdx
vi+ 4

v-2tan”'(v/2)=x+C

O O

Now, y(0)=00C =0.
O y =2tan™ @X';iyg

Wehave,d—y+1 =e
dx

On putting x+ y = zand 1+ =
dx
we get
a d—z =e’
dx

0 e7dz=dx
On integrating both sides, we get

e’ _

-1
O x+e™™+C =0

dy _y , Jr/x)

dx x f'(yv/x)

Onputtingy/x=vandd—y=v
dx

we get

dy _ dV
dx

X+y—2tan'1g7X;y§=x+C

dy _ dz

+ xX—

f’(v)dv dx

f(v) X
O log |f(v)] = log|x|+1ogC.C >0
O ‘fy/x‘ C‘X‘C>0.

leen = éog EZQ + 1H

Puty=tx,
and d—y=t + Xd—t
dx dx
dt _
Then, weget t + x — =t logt +1
dx
dr__ dx
t logt x
0 log logt = log x + logC

0 log @Zﬁ= Cx
X

dx X -xy+y _

Given, — +
dy v
2
o ax %f% H§H+ 1=0

dy OvO O0OvO

Put v=Zorx= vy
y

and d—X:V+ dv

dy dy

Then, Wegetv+yd +vi-v +1=0
dy

0 v, dr_,
v+l oy
0O tan"'(v)+logy +C=0

[integrating]

Ox 0O
O tan' g+ logy +C=0
Oy O

We havedl+ M =0
dx b'e
On putting v = vx, we get
v+ Xd—V+V(1+V) =0

dx

o G

x viv+2)

0r§+1§3— 1 in=0
X 2 v+2

On integrating, we get

log x + %[1og v —log(v +2)] +logC =0

=0

or log(v +2) =log x¥’vC*
or y+2x =C*x’y.

leeni— X
dx X+
Puty:VXDd—y:V+Xd—V,weget
dx dx
0 V+de= v
dx 1+v*
O dl: v - = - Va
dx 1+v* 1+v
2
O 1+3V dv _%
v X

O —%+logv =-logx +C
2v

O i+C :logX+logX =logy.
2y* X

Now, x=1y =1

0 C=-1/2
and X=X,y =e
O ﬁ—l:
2% 2
0 x. = 3e”.
We have,
y(a+ xy)dx = xdy
0 dy_y(l+xy)_1+y
dx X X
. dy dv
On puttin =vxand = =v + x—,
p gy dx dx
we get
V+xd—V=V+V2xZ
dx
O d—‘z/=xdx
v
dv _
O ?—J'de
2
O —1:L+C
v 2
x _x°
O -—==_+C
v 2
Put (1, -1), then
C:l
2
2
O —i:i+1
v 2 2
Now,putx——l, —é
2 5
1 4
0 @-7 =2
f 2 5
. zdy _ 2
Given, (1 + x°)—=— + 2xy =4x
2
O dl 2x y= 4x
dx 1+ X 1+ x*
szzd)( X
0 IF:el+x =elog(1+x)=l+X2

and the solution is
y 1+ x?%) =I4X2dX +C

v+ x?)= %+c

Now,x=0,y =0

O c=0
3
0 yarx=2-
O 3y@+ x*)=4x
.2
We have,d—y + 3x° - s X
dx 1+ x 1+ x°
Since, it is a linear equation with
- 3
1+ X

O =el " zglsto) =9 4



28

29

30

and the solution is

3y _ sin® x
y(l+X]—j Tr

1 —cosZX
i

¥)=Lx-
ya+ )zx

1+ x*)dx

stx
4

+C

Given, % - ytanx =2xsecx,y(0) =0

= tan xdx _ s
e I —e logsec x

IF =
IF =cos x
O cosxly :IZXseCXII’tosde
0 cosxy=x"+C
0 y(0)=00CG 0
O v = xX'secx
and y'= 2x [Bec x + x*sec x [fan x

AR
riE- e sk

y’@ﬂg= 22+ "nas
3 3 9

:ﬂ+21—f\/§
3 9

This is the linear equation of the form
dy

-~ + = .

Em Py =Q

where, P = tanx and Q = x"cos x
Now, integrating factor (IF)
Pdx tanx dx
= eI = e.r

logsec x

=e =secx
and the solution is given by,

y@J'dezj_Q@J'dedX_'-C
O yII'kecx=J’X’“ [¢os x Bec xdx + C

m+1

0 ysecx= +C

m+1
O (m+ 1)y =x"" cos x
+ C(m + 1)cos x

Given differential equation is

dp _ 1P(t] = - 200, which is a linear
dat 2

differential equation.
Here, P(t) = _71 and Q (t)= - 200

i} ]

Now, IF=el 2

and the solution is
P(1).IF = [Q@)IF dt + K

L
:eZ

t
P(t)@ ? = —J’200e 2 dt +K
_ t

t -
P(t) ? = 400e * + K

t
O P(t) = 400 + Ke?

31

32

33

If P(0)=100,then K = - 300
t
O P(t) = 400 - 300 e?
We have, (xy’+ 2y)dx = xdy
dy 5
O xX—— =2y =xy°
dx y %
dv 2y
O T2V oy
dx  x ’
sdy 2yt .
O ST _ =1 el
VT @
Put, vyt =t
O —4y75d7y :ﬂ
dx dx
wdy _ -1dt .
| "= L(id
VT ik (i)
From Egs. (i) and (ii), we get
_ldt 2t
4dx x
O di + ﬂ = -4
dx  x
Now, IF—eJX gllex = x®

and the solution is

t x* :I[—4]x“dx +C
Xis — 4 D{g
y' 9

0 9x” +4xr* =9y°C

O +C

We have, sin Xd—y + ycos x = 4x
dx

0 sinxdy + ycos xdx = 4xdx

0 d(ysinx) = 4xdx

On integrating both sides, we get
ysinx =2x* +C

Since, it is passes through Ezﬂoﬁ

O 0:§+C OCc=-1t/2

0 ysinx=2x —-1/2

O

vy = 2x°cosec X — icosec X
2

y(m/6)= EB—EE seclT —ﬁcosec /6

”@Eﬁﬁzﬁm

9

Statement I Let the equation of parabola
whose axis is the axis of x and vertex at
the origin is

y' = 4dax
dy

O 2y = =4a
de

O dlzzj
dc y

0 dlml
dx y

[where, a » parameter]

34 Letc, +¢, +c,e’ = A

Statement II  y* = 4ax ..(1)

dy
O 2y~ = 4a
Vix

O Q:Xﬂ
2 dx
0 yz=4XBZﬂ
2 dx

dy
dx

O v =2XE«II1X,
dx

which has order = 1and degree =1

[from Eq. (i)]

0 y* =2xy

[constant]
Then, y = Ax
0 oy

O y:Xdl

SR

SESSION 2

1 Given, y =c¢,e*"

0O y' =cce*0Oc,=

and y" =c,cle®* 0 y" = y.

[
=Y
000,

0w =)

2 Given,

dp(t)

v d]
p't)= p 05pt)-
O 2dp (t)
p(t)— 900
2dp (t)
Ip[t) 900 -I
O 2log|pt)-900|=t +C
To find the value of C, let’s substitute
t = 0and p(0) = 850
O 2log|p(0)-900|=0+C
O C =2log |850 - 900 |
0 C=21log 50
Now, 2 log |p (t) =

450

=dt

900| =t + 2 log 50
Now, put p (t) = 0, then
2log |0 =900 | =t + 2 log 50

O t—Zlog‘O =2log 18

3 Given slope at (x,y)is

dy _y
dx x

Let L =t0y=xt
X

+sec(y / x)

dl:t+xdl
dx dx

Now, t + Xd—t =t +sec(t)
dx

and



J'costdt = J'ldx
X

sint =lnx+C
sin(y/x)=Inx+C
-+ This curve passes through (1, 11/ 6)

sin(11/6) = In(1)+C O & %

Thus, sin §X§= Inx+ 1
be 2

We have, y'(x) + y(x)g'(x) = g(x)g'(x)
Linear differential equation with
integrating factor e &

0 yx)e —Ig "(x) & #™dx
0 y(xE _egm(g( )-1+C
Since, y(0) = 0 and g(0) = 0, therefore
Cc=1
0 y(x)=(gx-1)+e™
0 y@)=(g@)-1+e™ =0
asg(2)=o0.
Here, d—X+ %D{zia

y y

[linear differential equation in x]

Ly -1

TN P

Now, complete solution is,

Clearly,

_1 1
0 x@*=[105@ " dy
vy
Put -L=¢O ldy=dt
y 2

O xe ¥ =—{t@‘-J’1@‘dt} +C
0 xe ' = —te' +e' +C
1 1 1 -1
0 xe V =—_[@ 7 +e? +C
v
el =el el +C [vy(l)=
C:—l
e
21 1 -1 L 1
0 xe’'=1@+e’ -1
v e
1 L
ad x=—+1-=-1[
v e
On putting 10x + 6y =t and
10 + 6dy ﬂ we get
dx  dx
dt _ geint +10=60 210/ 2 . 1o
dx 1+ tan*t /20
sec’t/2

dt =dx

10tan®¢/2+ 12tant /2 + 10

1

dz

0 —————=dx [z = tan(t / 2)]
52"+ 6z +5
QZ+§H+(4/5)Z
5
0 Liant ¥*3 - x4
4

0 b5tant/2+3 =4tan4(x +C)

0 b5tan(5x+3y)+3 =4tan4(x +C)
Now,x=0,y =00 G 1t15111’1(3/4]
4

Hence, equation of the curve is

5tan(bx + 3y) = M
4 -3tan4x
1 ., btan4dx
O == e Ea
’ 3§tan 4 -3tan4x 5X§
7 Given, TV = _p(r —p
O d{V({t)} = - k(T —-t)dt (1)
O I:d{V(t)}zjoT - KT -t)dt
E(t— »2d
O V(T)-V(0)=k
H H
OovT)-1-= k (T -TY -(0 -TY]

[-when t = 0, then V(t) = 1]

0 V(T)=I—§TZ

8 On putting x = tan 4, and y = tanB in
the given relation, we get
cos A + cosB = A (sin A —smB]

0 @ﬂ
2
Otan” x—tan" y =2 tan™ @%H

On differentiating w.r.t. x, we get

1 —# y:O
1+x 1+ y° dx
O dl:1+yz
dx 1+ %

Clearly, it is a differential equation of
degree 1.

9 [yi+ (dx/dy) =1

Ji-v*
O I*dy =+x+C.
y
On putting y = sin®and dy = cos0d6, we

get
C+ XchosGIZtOSGdG

sin®

10

11

12

= J'[cosece —sin6)d0

0O C+x=log cosece—cotq +cos 6

0 Cix=log1_7 ‘1_yz+,l1—yz.

y

Given,

tan X =

cosxdy = ysinx dx - y*dx
-sec x
1o, g Ldy de
v vidx dx
+

Z = —secx

This is a linear differential equation.

NOW, IF = e J tan xdx = elogsec

Hence, the solution is

X

=secx

z [[sec x) =J'—seCXIEecde+C1

O —lsecx = —tanx +C,
y
| secx = y(tanx +C)
whereC = -C,.
We have, (1 - xz] + Xy = ax
o &, _x y:ﬂ [L.D.E]
dx 1-% 1-x
IF = ej'[xh —x* Yix - e’lzl%"l ’XZ‘
D\/i if-1<x<1
Di ifx< -lorx>1.
X -1

If -1 < x <1, then solution is

dx+C

1 X
a =
e Ta=—ey

ot -_d
v Vi-x¥ J1-¥
0 y=a+CV1-%
O (y-a°=C(1-%)
0 C*X+(y-af =C?
which is an ellipse.
If x< —1or x> 1, solution

+C

is

1 X
vy ——=C+af[ —————=dx
Nx -1 Il—;f]v;f—
=C-a dx C+
I Xz—l

O y:a+CVXZ—1

0 (y —af =C*X* =¢*

0 Cx¥-(y-af =C*

which represents a hyperbola.

Given,

dy _(x+1)°+y-3
dx x+1
Puttingx+1=X,y -3 =

the equation becomes
dYy

=(x+1)+

Y

=X+

dx

X

y-3
x+1
dy dy

dde




or

IF:eI[_l/X]dX =g leX = x1 =

dy 1

dX X

1
X

O The solution is
i priifieec ey
)'¢ )¢

(W) P!

(x+1)
Now, x=2y=0
0 978 -cuo41
2+1
O C=-4

O The equation of the curve is

y_szx—Boryzxz—ZX.
x+1
3 5
x+ 2+ X4
13 We have, 31 5! - dx-dy
> X! dx +dy

1+ — 4+ + ...

2!

4!

On applying componendo and
dividendo, we get

5 4
EX+£+£+ E+ %[+£+i %
g 3! s o o 2! 4! 0
D+£+£+ D—@+£+£+ H
SEETRY H 20 4l H

_ ldx-dy)+(dx +dy)
(dx —dy) = (dx =dy)
D+X+£+Xi+ d
. 21 3l H_zdx__dl
O —x+£—£+ 0O -2dy dy
21 3l

14

15

O ¢ = —dl
- dy
0 dy =e ¥dx
On integrating both sides, we get
—2x
= e + C]
=2

O 2ye*™ =-1+2C,e*
O 2ye*™ =Ce** -1, whereC =2C,

Equation of tangentis Y -y = Z—Y(X -x)
Ix

Y-intercept of tangent is y — x%’

From given condition, y - X% =X,

A N ()
dx x

—J’ldx —log, x
Now, IF=zelx =ze ¥z

| =

and solution is

1 X
— = —fxdx = -2 +C
X[:y -IX 2+

O f(x)=§+0x

Now, f1)=10 G % % %

0 f(x):%+gx

0 f(-:-n:zzl—g:g

i EF (0= £()+ F ()= ) _
x t-x

13}9% + x)f(x) + fW%: 1
1

2xf(x)+ X' (=f'(x)) =

16

. x* :_%,
where y = f(x)
ﬂ,y§=_g,
dx Ux* x*
_ 1
0 xty = +C
7 3x°
_ 1 2
0 x%y=_L 42 [ f) =
7 3 3 /
O :i+ﬁ.
3x 3
Gi dy _ yyy' -1
iven, = = 2V
X x, ¥ -1
dy dx
O =
Iy\/yz—l IX\/XZ—l
0 sec” y =sec” x+C
2
Now, x =2, v = —
V3
O E:E+CDC:—E
6 3 6
O =sec %ec’1 X - —@
v 6
O 0
0 l=cos|j:os'll—cos'1 SD
v O X 20
O
0 l=cos§os]%\/—§+ 1- L
v 0 [2x x*
3
4
p 1o¥8, 1 1
y 2x 2 X
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