Chapter

Differential Equations

~v=_: Topic-1: Ordinary Differential Equations, Order & Degree of Differential Equations

Tif 1 MOQs with One Correct Answer
1. Ifx2+)y2=1,then [20008]
@ »w"-20"P+1=0 (b) w"+()F+1=0

(c) w"+ :_1"}3 —-1=0 (d) w"+2(0°)+1=0

oy

i MOQs with One or More than One Correct Answer

2. Consider the family of all circles whose centers lis

straight line y = x. Ifthis family of circle is represente

differential equation Py"+ Qy'+1= 0, where P, Qare

AR ay S ’
functions of x. y and ' here y =Y e
- 48 dx dx
which of the following statements is (are) true?
[Ady. 2015]

(a) P=y+x (b) P=y—x
(c) P+p=1 .1'*'I1'1'-_1’—(‘1")r1 (d) P—O0=x+y—y ()

3. A curve passes through the point | 1-g | Let the slope of
tsec| ¥ }.x}ﬂ'.

X \x

Then the equation of the curve is [Adv.

=

the curve at each point (x. y) be

2013]

<

el
(by cosec| = [=logx +2

[ F |
| |
(7) sin| = |=logx+—
"(]} |-. X _.-| it 2 e

o P50 ;
(c) SLa"'| = |=logx+2 (d) cos| = |=Iogx e
., \ % ) 5

The differential equation representing the family of curves
y2=2c | x ++c|, where ¢ is a positive parameter, is of

11999 — 3 Marks]

(b) order2 (c) degree3 (d) degreed

The order of the differential equation whose general

solution is given by

]

(a) order |

- v ol A TS hHhoere ~ 2 3 - +

=(c, * c,) cos (xtcy) —c, e, WhULtI'(E' Cys €45 Css
are arbitrary constants, 1s [1998 — 2 Marks]
(a) 5 (b) 4 {c)=3 (d)y 2

i) .“'-!H.lljl'l'li\ e Il’[‘lillli‘lj}ﬁ
A normal is drawn at a point P(x, y) ofa curve. It meets the
x-axis at Q. If PQ is of constant length k, then show that
the differential equation describing such curves is

dy

y——=+\[k* — y° [1994 — 5 Marks]
ti'].\'
Find the equation of such a curve passing through (0, k).
> 2
3d°y [ dy
If (a + bx) €'*= x, then prove that x ==Y
dx* \ dx
(1983 —3 Marks]

Topic-2: General & Particular Solution of Differential Equation

=]
g
:é 1 MOQs with One Correct Answer _ ; _ s dy \”__1,2 .
s . : 2.  The differential equation —=—— determines a
If y = y(x) satisfies the differential equation dx y

—— IR T U T
/x| 9+ +/x }L'._\' = (\1'4 + 49+ a/x J dx,x>0and
[Adv. 2018]

y(0)
(a) 3 (b) 9 (c) 16

J7 . then y (256)=
(d) 80

family of circles with [20055]
(a) variableradii and a fixed centre at (0, 1)

(b) wvariable radii and a fixed centre at (0, —1)

(c) fixed radius 1 and variable centres along the x—axis.

(d) fixed radius | and variable centres along the y—axis
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For the primitive integral equation ydx + y2dy = x dy;
xeR,y>0,y=y(x),¥(1)=1,theny(-3)is  [2005S]
(a) 3 (b) 2 (c) 1 (d) 5

The solution of primitive integral equation (x* +?) dy=xy
dxisy=y(x). Ify (1)=1 and (x;) = e, then x;, is equal to

[20055]
(@ J2(e% -1) () 2(e2 +1)
2
@ e @ S

|@;

9

10.

;;gj‘ 3

11.

If y = y(x) and it follows the relation x cos ¥y + y cos x =

nthen y" (0)= [2005S]
(a) 1 (b) -1 (c) ;-1 (d) —m
ity =y ana 2L (B oy 0=,
y+1 \dx
T
then y[z] equa[s [20048]
(@) 173 (b) 2/3 (c) -1/3 d) 1

If y(#) is a solution of (1 + t)%—ry =1 and y(0)=-1, then

y(1) is equal to [20038]
(@ -172 (b) et1/2
(c) e-1/2 d) 12

A solution of the differential equation [1999 — 2 Marks]|

- .
[Q] —IQ‘FJ’:O is

dx dx
@ y=2 (b) y=2¢
@ y=2-4

() y=2x—-4

If y(x) is the solution of the differential equation
xdy— (2 —4y)dx =0 forx>0, y(1)=2,
and the slope of the curve y = y(x) is never zero, then the

value of 10 y(ﬁ) is

Let f: IR — R be a differentiable function with /(0) = 1 and
satisfying the equation

Sa+)=f)f )+ ) f () forallx,y e R

Then, the value of log,, (f(4)) is : [Adyv. 2018]

=

Let f: R — IR be a differentiable function with f(0) = 0. If
v=fix) satisfies the differential equation

[Adv. 2022]

dv
i (2+5y)(5-2),

then the value of lim f(x)is
X—p—00

[Adv.2018]

Let I denote a curve y = y(x) which is in the first quadrant

and let the point (1, 0) lie on it. Let the tangent to I" ata
point P intersect the y-axis at Y, If PY, has length 1 for
each point P on I', then which of the following options
is/are correct? [Adv. 2019]

/ 2
(a) ¥ :—loge[i.l—_x]qy-\“-—xz
X

®) w'-y1-x* =0

1+v1-x* 2
© yelog——————Vl-x
%

@ xp+v1-x*=0

A solution curve of the differential equation

d
(x2 +xy + 4x +2y + 4) ay —y?=0, x>0, passes through

the point (1, 3). Then the solution curve  [Adv. 2016]
(a) intersects y=x + 2 exactly at one point

(b) intersects y=x + 2 exactly at two points

(c) intersectsy=(x+2)*

(d) does NOT intersect y=(x +3)2

Let y(x) be a solution of the differential equation
(1+e*)y'+ ye* =1.Ify(0)=2, then which ofthe
following statement is (are) true? [Adv. 2015]
(@) »(4)=0 (b) y(-2)=0

(¢) y(x)hasa critical point in the interval (-1, 0)

(d) v(x)hasno critical point in the interval (-1, 0)

o

on y = y(x) of the differential equation

Let a soluti
2

2 2 :
xWx~ —=ldv—yyy-—1dx=0 satis =

STATEMENT-1 : 3(x) =sec[sec_] x—%) and

23 _ | 1

X xz
[2008]
(@ STATEMENT - 1 is True, STATEMENT - 2 is True;
STATEMENT- 2 is a correct explanation for
STATEMENT - 1

STATEMENT-2 : y(x)is given by L =
¥
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16.

E—;]

L)

1

(b) STATEMENT - 1 is True, STATEMENT - 2 1s True;
STATEMENT-2 is NOT a correct explanation for
STATEMENT- 1

(c) STATEMENT - | is True, STATEMENT - 2 isFalse

(d) STATEMENT - 1is False, STATEMENT - 21s True

If length of tangent at any point on the curve y = fix)
intecepted between the point and the x—axisis of length 1.
Find the equation of the curve. [2005—4 Marks]
A hemispherical tank of radius 2 metres is initially full of
water and has an outlet of 12 cm? cross-sectional area at the
bottom. The outlet is opened at some instant. The flow

through the outlet is according tothe law v(£)=0.6 y/3gh(1).

where v(f) and (t) are respectively the velocity of the flow
through the outlet and the height of water level above the
outlet at time t, and g is the acceleration due to gravity. Find
the time it takes to empty the tank. (Hint : Form a differential
equation by relating the decrease of water level to the
outflow). [2001 — 10 Marks]

19.

20.

B63

A country has a food deficit of 10%. Its population grows
continously at a rate of 3% per year. Its annual food
production every year is 4% more than that of the last
year. Assuming that the average food requirement per
person remains constant, prove that the country will
become self-sufficient in food after n years, wheren is the

5 e _Inl0-n9
smallest integer bigger than or equal to 1 70070 03 -

[2000 — 10 Marks]
A curve passing through the point (1, 1) has the property
that the perpendicular distance of the origin from the normal
at any point P of the curve is equal to the distance of P
from the x—axis. Determine the equation of the curve.

11999 — 10 Marks]|
Determine the equation of the curve passing through the
origin, in the form y=f(x), which satisfies the differential

equation Lt sin (10x + 6y).

-5h <
e [1996 larks]

Topic-3: Linear Differential Equation of First Order

@) 1 O

Letf:[1, ) —> R be adifferentiable function such that

3
f{l}=§ and 3jle(t)dt=xf(x)—%,xe[l,oo)Let e

denote the base of the natural logarithm. Then the value

of f(e) is [Adv. 2023]
2

e +4 log.4+e

(a) 3 (b) =

2 @

de e —4

(©) e (d)

The function y=f{(x)is the solution ofthe differential equation

) AR x* +2x

Sie— in (- 1, 1) satisfying f (0) = 0.

+
& x-1 J1-x

Then [Adv. 2014]
= B x 3
LT e
n 3 T N3
Gis s SR

For x R, let y(x) be a solution of the differential equation

(x2 —5)%—2){}?:—25{();2-—5)2 such that y(2) = 7.

Then the maximum value of the function y(x) is [Adyv.
2023]

Let 3'(x) + y(x) £'(x) = g(x) g'(x). (0)=0,x e R, wheref
'(x) denotes % and g(x) is a given non-constant

differentiable function on R with g(0)=g(2) = 0. Then
[2011]

the value of y(2) is

For x R, let the function y(x) be the solution of the

d n
differential equation Zy +12y =cos [Ex) v(0)=0

Then, which of the following statements is/are TRUE ?

(a) y(x)isan increasing function [Adv. 2022]

(b) y(x) is a decreasing function

(c) There exists a real number B such that the line y = p
intersects the curve y =y(x) at infinitely many points

(d) y(x)isa periodic function

For any real numbers o. and B, let y B (x),x eR, bethe

solution of the differential equation

dy px
—+ay=xe" y()=1
oy (1)
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Let S={y, g(*): P € R }. Then which of the following G- Tty [1] ‘.' ® I f(l -
; a 1—|= — =
functions belong(s) to the setS? [Adv. 2021] e ke ) v Pl
2 2
(a) f(x}=%e‘"+(e—éJe‘" (c) ‘l_i:'g xf'(x)=0 (d) |fix)|<2forallx € (0,2)
> 9. Ify(x) satisfies the differential equation
s 5 P » —ytanx = 2x secx and y(0) = 0, then [2012]
Wil mese ‘*(“ﬂf ; T )%
= S o [ e
© =% ]] - e o | y(4 .
xX)=—| x—= -—le” >
‘) L 2 J ur 3 : ﬁ_: 4“ -+
e.?_ {c) 2 3 I| g
e T SRR T MDA AL
(d) f(r}——(i—xJ+{e+—:] £ mhmmg A e
Let f:[0,20) >R be a continuous function such that 10.  Match the following : [2006 - 6M]
II i Column 1 Column I1
f(xX)=1-2x+| & f(r)dt =
0 (A) J (smxlmx (p) 1

forall x €[0,20). Then, which of the following statement

oy % ) U e (cosrcot x - log(sin r]mx]dx

(@) Thecurve y= f(x) passes through the point (1. 2)

(b) The curve y = f(x) passes through the point (2. -1) ®) AR? bounded by X (@ 0

(c) The area of the region —4*=xandx—1=-5"
J | ~2 (C) Cosine of the angle of (r) 6ln2
l{r Me[OIxR: f(x)<y=Svl-x I 2 intersection of curves

(d) The area of the region y=3""!logxandy=x*-lis
f O.1IxR: £(x) |5 . = dy 6 4

X} el0xR: f()<y<vVl-x" ) is — - = 2

l(\’}).e[ IxR: f(¥)sy<svl-x } 3 (D) Let 5 x - where (s) 3

Let f: (0, ) = R be a differentiable function such that #(0) =0 then value of y when

fix)=2 - ( ix) forallx € (0,oc)and fi1)= 1. Then [Ady. 2016] x+y=6is

Answer Key

10.

10.

Topic-1: Ordinary Differential Equations, Order & Degree of Differential Equations
® 2069 3@ 4@ 5 ©
Topic-2 : General & Particular Solution of Differential Equation

(a) 2 e 3. (@ 4. (o) Sie) 6. (a) 7. (@) 8 (0 9. (8)
@ 1N 04 12 d 13. @d 4. @ 15 (o) :

Topic-3 : Linear Differential Equation of First Order

(©) 2. (b) 3. (16) 4. O 5 (o 6. (ac) 7. (bo) 8. (a) 9. (a,d)
(A) - p, (B)—>s, (C)—>p,(D)—>r




Hints & Solutions

ﬁ Topic-1: Ordinary Differential Equations,

tn

=)__Order & Degree of Differential Equations

(b) Given x? +_v2 =1.Differentiating w.r.t. x, we get
x+y'=0

Again differentiating w.r.t. x,

1+ +w"=0

(b, ¢) Let the equation of circle be

X2 -)'3 +2gx+2gy+c=0

= 2x+2p'+2e+2gy'=0

= xt+tw+tgtg'=0 1)
On differentiating again, we get

1 +'1,i\'" == (1"]2 + gj'" =0= == "

1+ +'Wﬂ
_‘(‘ J

On substituting the value of g in eqn. (i), we get

1+ (/) + " (l+(_y’)2+_v}'rrJ '=0
,F .

= 0"+ === "=y =P - wy" =0
= (@=yp"=yA+y+P=1

= @-xp"+[1+y+07]y+1=0

. }jyrl_'__QYu_:_l:O

L P=y—x,0=1+y+(@)

Hence, P+ Q=1-x+y+y'+ ()

x+y'—

v " | V "
o N

(a) % 'F+sec Y
a —=— R
o X
dy dv
Put y=wr, ..—=vV+x—
dx dx
dv
=5 X —see V= Jcosv dv = j—
dx b

= sinv=logx+c (i x=0)

ST )
= sm'; = logx+c¢
. = i 1
Since, it passes through |1, —| = c=—
6 2
4 1

Hence, Sin— = logx+—
- x 2

(a,¢)y?=2c(x++Jc) = 2 =2¢c = c=y
Eliminating ¢, we get
7 9
¥ =2y (x+ ot (y-2x,)" = 4}jui3
It involves only Ist order derivative, its order is 1 but its
degree is 3 as yj 1s there.
{c) The given solution of differential equation is

\ ) X+Cs5
v=I(c +cy)cos(x+c3)—cqe

(e +¢3)cos(x+c3) —cg e e’

Acos(x +¢3)— Be®

[Here, ¢) + ¢, = A,qiec's = B]
Hence in the solution there are actually three arbitrary
constants and hence this differential equation should be
of order 3.
The length of normla PQ to any curve
y=f(x) is given by ¢
Cdy)?
ay

0%

Given, length of PO = k

which is the required differential equation of given curve,
On solving this D.E., we get the Eqn. of curve as follows

g

III 2 2
—Ak -y =xx+c
Since, it passes through (0, &), we get c = 0
Equation of curve is

dy I
J. yay :jidx = ___2\/.!"2 -yz =txx+c¢
2,2 2

~\."k1— WV =tx = P2+ =k
.1‘
(a+bx)e” = x
;}I
o E'x = = '(1}
a+bx
Diff. w.r. to x, we get
d '
¥ [(-\C];‘r —,1}
oF dx nat bx —bx
x° (a ~9—bx)2
=
d 4 — 2
= [,x-i—_;-] b s (i)
dx (a + bx)~
From (i) and (ii) we get
(rﬂ_\.] _ @
“dx ) a+bx (1)

Differentiating (ii1) w. r. to x, we get
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a'zy 5 dy dy (a+bx)a—axb (¢) The given differential equation is (12 + yz)dy = xydx
dx* dx ax (a+bx)? suchthaty (1) =1 and y(xg)=e
2 2 !
xtf oo a - ix &= Xy
x> (a+bx) dx 3242
2 2 y
= x3il=[ i ] @) Pt v g e
&2 \a+bx dr 1447
Comparing (iii) and (iv), we get
d? 2 => x—d—v= — J.!+v2dv+‘[5x—"0
xa__y_[xﬂ_y] B 5 -

1.

3.

a2 \drx

of Differential Equation

Topic-2: General & Particular Solution

(a) Given differential equation can be written as
1
dy = _[ dx
J ( 4+J9+J;){\/9+J;)8\/;

Putting (/4494 /x =t we get

dx =dt
204+ 9+ x - 29+ vx - 24x
J'dy=jdt = y=t+c¢
= y= 4+\I‘9+J; +c
Now, ¥(0)= 7 = c¢=0
y=V4+/9+Jx = y(256)=3

— 2 —

© %:”1 P08 1Y i o gy

¥ 1-3°

= \,‘l—y2 FE=C = (x—c)z-i-yz =1

which is a circle of fixed radius 1 and variable centre

(¢, 0) lying on x-axis.
@ ydc+y’dy=xdy ixeR,y>0,y(1) =1

= i’ﬁ“zidimyzo = —d—[ijwy:o
y dx\y

On integration, we get £+ y=c
y

Now tofind y(-3), putting x = -3 in above equation, we get

3
__+y=2:>y2-—2y—320=>y=31_]
y

y>0, .. y=3

1
= =——5+log|v|+log|x|=c
v

2
= logy=c+— (:v=y/x)
2y

e

Now, y(1)=1 = c:——l-,-'- iogy:x 2y
2 2y
_ 2
since y(xp)=e = loge = 0 == x{}:ﬁe
2e

(¢) Given that y = y(x)
and xcosy+ ycosx=m7

From eqn. (i), when x = 0 then y = nt

On differentiating (i) with respect to x, we get
—xsin y.p'+cos y+ y'cosx— ysinx =0

»sin x —cos y

= y'=
COSXx—xsin y

= »'(0)=1

(using y(0)=m)

Differentiating (i1) with respect to x, we get
(»'sinx+ ycosx +sin y.y")(cos x — xsin y)

w_ ~(=sinx —sin y — xcos yy')(ysin x— cos y)

¥ s
(cosx—xsin y)
n(l)—1
1

= y"0)= =x-1

e Y _ _—cosx
(1+y) 2+sinx
On integrating both sides, we get

=  In(l+y)=-In(2+sinx)+e

(i)

(i)

(i)

Put x=0andy=1 = n2=-In2+¢ = c¢=I4

Put x=

7
1
= P=—
=3

% in eqn. (i), 1n(l+y)=-]n3+ln4=ln-j—
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Lol 2l so, 2L A oyt
W T 1t U T raes ailds - ¥
e _f(5)a
LF. = 1+r — 1+1 e—(r—log{lu))
_ —t log(l+1) _ ~t 4
=e .E‘ =(l+1t)e Take y = - = y(\[i)=i
Hence solution is I+x 3
TA+)dt+c So, IUy(J_):S
; 10. (2) f(x+y)=fX) ' (y)+f' (x) f(y) (1)
= yell+)=-e"+c zy___+_ﬂ'€_ On puiting x = y =0, we get
1+t 1+t 1
y(0)=-1, o ¢=0 fO)=2f"(0)f(0) = f'(0)= 3 [ f(0)=1]
2y 23 y ik On putting y = 0 in equation (i), we get
Hence, PR y1)= 2 fx)=1f(x) f'(0)+f’'(x) £(0)
(c) Given differential equation is f '
- = =t I fﬁdpljdx
dv\® dy _ 2 f(x) 2
—] —x—+p=0 (i)
dx dx
¢ f0)=1and f'(0)= L]
dy
@ y»=2= E—O = logef(x)=%+logec
& fﬂgl}nf Y = f®=ce? = fx)=e
= y =0 which is not satisfied. [ f(0)=1]
X
H f = o ——
&) y=2x:>%= = log (Fx)= 2 = log, (f(4)=2
o . d 2 2
8‘;2133;“_11283} E:‘ld @, 1. (0.4) —y- =(y+2) (5y—2) =25 (y+ 3) [y ~§]
=4-2x+y=0 e
= y = 2x which is not satisfied. = 25 j ﬁzj\ Idx
P e
‘(e) y=2x-4= 29
dx
On putting in Eq. (i) = 25_[ maicily = J'dx
2P -x-2+y 5 Yr E
4-2x+2x-4=0 [ y=2x-4] 2
y = 2x — 4 is satisfied. a0 oy Y-
d) y=2x*-4 = —x=—/n =1 N
dy 25 4 +g
a=4x 5
On putting in Eq. (), 85 jlem L Be
(4x)*—x.4x+y=0 20 Sy+2
>y= 0 which is not satisfied. As, fl0)=0, . 0=0+¢c = ¢=0
(8) Given differential equation x dy— (32 —4y) dx =0 =
y-2 0
dy dr Hence, =
e 1o
¥ -4)? X 5 =
= i e g lim e =e®=q
[ };), j_ x—2-o|5f(X)+2| xo-w
y-4 ; 2
= 5 lim filx)-2=0 = lim f{x)=§=0.4
X——oo X—>—0
1n = ' In|x|+c¢ 12. (d)
= Put x=1landy=2,wegetc=0 Emgent to(tl;e( )ccurvey y (x) at point P (x, y) is given by
= y=y (x —X)
In 4 .4 =4In|x| It intersects y-axis at Y , putting x =0

Y-y==xy®=Y=y-xy'(x)
Yp (0, y—xy'(x))

Given PY, = 1= \/(x—U)z +(y-y+xy'(x))* =1
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13.

l—x2

= x2 -i»;\cz(g,"(x))2 =l=>yE =

Now y = y (x) less in first quadrant and its tangent
passes through (1, 0), therefore it has to be a decreasing
function, so derivative should be negative

| [or xy' (@) + V1-x% = 0}
X

y'(x):
2
1-x
::»y(x)=-_|- z dx
put x =sin 8 = dx=cos 6 d@

y -—-j-coiecosﬁde = —I(cosecﬁ—smﬁ) do
sin 6
y =+ log |cosec © + cot 6] —cos 8 + ¢

li-_l;xz ._-\“_.xz +cC
X

forx=1andy=0,wegetc=0
||| 2
_h[ﬁ]_‘\“_xz
X

options (c) and (d) are correct.

y =log

dy
@d)  [(x+2)(x+2+y)] G- -y =0, Puty=(x +2)t

:ﬂ=(x+2)ﬂ+t
dx dx

dt
(x+2)*=00r(l +t)[(x+2)&;+t]—t2 -0

dt
2)(1+t)—+1t=0
(x+2)( )dx

[E’l)dtz_ﬂ
t x+2

Int+t=-In(x+2)+c
S EnYE
xX+2 x+2
=—In(x+2)+c¢
y
- —— =] +2)+
Iny-In(x+2)+ s In(x+2)+c

y
+ ——=C
my x+2

=In3e

In3+1=c=hy+
X+

(A)Iny+ x_iz =ln3e=In(x+2)+1=mIn3+1
= one solution

2
D) y=(x+32=In(x+3*+ M:
X+2

(x+2)% +1+2(x+2)
X+2

gx)=2In(x+3)+(x+2)+ 2+ .
(x+2)

In3+1

2In(x+3) + =In3+1

~In3-1

14.

15.

16.

Mathematics

o 2 e 1 2(x+ 2} (x+3) 150
(x+3) x+2)?  (x+3)(x+2)°

Since x > 0 given and g(0) > 0, therefore g(x) will never

intersect x-axis when x > 0.

e’ s 1
1+¢* l1+¢*
LE. =1 + &*. Hence solution is

d
@9+

yl+e)=x+¢

TR 7y e R e AR
ef +1

dy _ (e*+1)—e(x+4)
dx (ef +1)>

Also—

F itical point - =
or critical point, pu
p p ]

= Mx+3)=1 = x+3=¢*
Its solution will be intersection point of y =x+3 andy=¢™*
2
2
3
yTe
e
/ __] O > X

Clearly there is a critical point in (-1, 0).
(c) The given differential equation is

xVx? - dy y\,’y —ldx 0

=j = sec”

2 _|x+c
A *1 x

y=sec
x =1

2
= y=sec[sec” x+¢], - y(2)=-ﬁ

2 -3 2
sy = sec(sec”! 2+¢) = sec Ej—g—sec

et ec[sel_}
6 3,67
Statement 1 is true.

Al *1*- C‘JJS[(:::@.']l ﬂ}
S0 y— % 6

[ . 1) o [ oy 1] o
= cos| cos™ —|cos—+sin| cos™ — |sin—
i 6 6

X
BN
y 2 2\
Statement 2 is false.
‘We know that length of tangent to curve y = f(x) is

given by
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(2)

According to the question,

2
dy]
1+ [—
4 dx

@ | e
i dx
2 2 d
= [ﬁ] - A

2
yl-y
dy=%|dx
o e
Put y = sin 6 so that dy =cos0d0
2]
[ cos0d0=tx+c
sin®

= I(cosec&—sinﬂ)dﬁ =tx+c

= log|cosecO—cotB|+cosO=%x+c

1-41-)?7
B¢

17. Let the water level be at a height # after time ¢, and water
level falls by dh in time dr and the corresponding volume
of water gone out be dV.
= | dV|=|nrldn|
= 4 _ e dh (x>

dt dt

Now, velocity of water, v =% 2gh

= log + l—y2=ix+c

(. dh is very small)

as f increases, h decreases)

Rate of flow of water = Av(4=12 cmz)

av [3 ] > dh
= —=|=2ghd|=-n?"=
& \BE L

Also from figure,
R*=(R-h2+r* = r?=2nR-1?

So, %@ hd=-n2hR —hz).%

2hR - h? 3
= - dheuPDedd
Jh SV e

0 I
Integrating, jR(szE 12 = -3’5&_14. L} dr
¥

f(i) 1805 8)
—5n

= T 2R hz h?
34fe| T 38
R

2 2
__om [—ER5’2+E.R3”)= St 14 52
342g\ 5 3 34,28 15
5n 14 5/2
= % — % 200
3x12x2\Jg 15 e
n

"SIz
n

= ———= x(2)? x (2)12 x (100)2 x (100) 12
54\5@*() (2) x (100)* x (100)

141

27g
18.  Let X, be initial population of the country and ¥, be its

initial food production. Let the average consumption be a

unit. Therefore, food required initially aXj. It is given

90
Yp =aX (HU-] =0.9aX (1)

2% x (100)*2

(10)° units.

Let X be the population of the country in year ¢.
dx
Then, e Rate of change of population

=3 x-003x
100

= % =003dt= j% = j'o.osdr

= logX=0031+¢

= X=A4.e"%% where 4 = ¢
Atr=0.X=)§?,thusX0=A

5 X=X, 00

Let ¥ be the food production in year r.

4
Then, Y=1@[1+T:~OJ = 0.9aX,(1.04)

¥y =09aX, [from Eq. (i)]
Food consumption in the year ¢ is aX, %%
Again, Y-X =0 [given]

= 0.9 X, a(1.04) > a X003
(1.04)' sl 10
L0 T 09 9
Taking log on both sides, we get
1[log(1.04)-0.03] > log10 —log9
5 log10—log9
log(1.04) - 0.03

Thus, the least integral values of the year n, when the
country becomes self-sufficient is the smallest integer
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Hence, required curve is x? + 32 = 2x.

log10—log9 4
Brcaioe that or equalto 1 01.04) 0,03’ 20. Given, DE, = =sin(10x+6))
19. Equation oz:onnal at point (x,y) 1s Put 10x+6y=y
=yl (i) o 30 6%:% 5 -z—;—lo 6sinv
Distance of perpendicular from the origin to Eq. (i) A i
&2 =% _— = dx or ——*—‘T =iy
y+Tox 6sinv+10 12sin > cos~ +10
* dy 2112
] (a‘sz On dividing numerator and denomenator by cos? (%} =
dy _ we get
Also, dls!ar;f between P and X-axis is |y|. s v de
y+d—»x - 2 = dx
2 LO 12tan > +10sec® ~
2 2 2 2
1+[_J Now put tan[vj—t:lseczi=£
dy e 2 2 2 dv
2
=y? +ﬁ_x2 +2xyﬁ=y2 1+[£] = Zdr—secz— dv
dy dy dy
2dt dt
e 2 o _—2 =dx or —2-—=dx
ﬁ[—} (x2 = y)+ 2xp—=0 12641001 +17) 5t +61+5
dy dy
:)—id-x——[[ ](x -y )+2xy} 0 3
e =S
dx dy y*-x? 2
= —=00r—= 5 _151+3
dy dx 2xy = =5x+5¢
dx i 4
But a‘—‘o = x = ¢, where ¢ is a constant. — mn‘lﬂzatx +e (1)
Since, curve passes through (1, 1), we get the equation of 2
the curve as x = 1. Atoﬁginx=0,y=0=~»v=0=>z=tan—2~=0
o iy Pea . 43
The equation & = 2 is a homogeneous equation. 5 tan T —=c
On putting the value of ¢ in equation (i), we get
dy dv 5t+3 3
Put y=w=-==v+x— tan ' — " —tan 1= =4
dx dx 4 i
dv  vix?—x? Stt3 8
vV x—=—r— T 2080,
dx 2x%v = —_HS‘_J’E 3 =tandx = I andx
:xdv et 2 o V2 +1 1 54 4
——— _ = = - = + — =
=Y ¥ 7 7 = 4t=(5+3t)tandx = ¢(4—3tan4dx) St;n4x4
L3y g = lgn e B e
== ldv=-; 2 4-3tandx 4-3tandx
vk Stan4x
5 . = sre3y= (224
=) 51 lOg(VZ i 1) lOg |X[ 2 \‘ & 4—3tandx
Y e
=log|x|(V+1)=¢ = x| +1|=¢ 1[ _,[ Stan4x ] )
=5 =—/tan” | ———— -5
(=" 773 4-3tandx)
= x*+ y2 =+e%xorx® + yz =+¢“x is passing through
(L, 1).
altl=+el

=+ =2
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5} Topic-3: Linear Differential
=) Equation of First Order

-
putx=2,y=?$ _l =—4+c=>Cc==-3
y=—(x2-5) (¢ +3); Letx*=1>0

3
1. (¢) Given that 3"‘ t)dt= xf(x]-——-

i
i
!
1

differentiate w.r. to x both side y=—(t=5)(t+3)
3f(x) = fix) + xf(x)— x2 = \ 3
dy [zjy i ymx=l6whenx2=l .
Lt SN | ST ol i
dx \x [+ y=1x)] 4. (0) The given equation is 34‘8 ()Y = gx) gx)
1 1 1
[F=e 2= —=> y[—} = [x.—dx _ Je@ax _
¢ 32 <2 2 IF.=e = e8®)
1 1 Hence solution is y.e8™)_ J’ 2(x) '
=y 2+, s = = = |e g(x).g'(x)dx
yex faxgneen s 30 3:>c 3 Put g (x) = ¢ so that g'(x) dx = dt
2 = | S N
Yl y(e]=4i y.e8® = [tat =et(t-1)+c
3 y.es) = 89 [g(x)— 1] +
2 @ L3 v=x“+2x Asy(0)=0andg(0)=0, . c=1
& 1 o2 S €8 = g8 [g(x)— 1]+ 1
= 4 5 As g (2) =0, putting x = 2 we get
ety =e71°g(1'x s 1-x° N2).e52) = 8D [g(2) - 1]+ 1 =y (2)=0
Hence, solution is givell by 5 © %‘1+12}_,=c05[%‘_]
X
_1'\1'1—1 j\l'l- = +2td\' o
-2 LE =% -2
5
i —x? = 15- +x* +e Solution is: ,v.el 2 - Ielh.cos[%]du C
flO)=0= A1x=(g,y=0 =c¢=0 o 2% st g oy
RS 2 = yet=—————|12co8—+—sin| — | [+
yll=2? =2an Wi T ani v
5 A 127+ 12
5 T .5
ok 5 gt Putx=0,yl——éﬂweget
= y=f(lx)= S . = I > 2cix C=-_—2
1-x _\E l-x 122+[£]
2 12
V3
= Zi x? dx { X is Ode Soy= & 12cos[ ]+—sin(ﬂ}—12e“'2Jlr
0 HI_IE I—IZ ﬂ, 12 12 12
Putx = smﬁ = dx= cos{-) de fl(x)
I- 2jsm 0d0 = j'l c0s20)d0 LW
5 [-EJ +122
(9-““29] E_ﬁ 12
2 Jo 3 4 e
dy LA [ ) cos—+144e_lgx
3.  (16) Given differential equation is (xz—S}E —2xy=-2x ar | 12) 122 12
G- 5)¢ f(®)
& o When x is large then 12¢'%* tends to zero.
S y=—2x[x2 —S)
& x2-5 [t
N fx o : : But £, (x) varies in z [12) T []2)

d
" Hence E{- is changing its sign.

x2 -5 So, y(x) is non-monotonic for all real number.
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6.

%

Also when x is very large then again —12¢~!2¥ is almost
zero but f, (x) is periodic, so there exist some p for

which
y= P intersect y = y(x) at infinitely many points.
d
(a, ¢) Integrating factor = ef A o

Solution : ye® = fxe(mmx dx

Casel :
2
x
If oo+ B = 0 then ye™ = "2—+C

Putx=1landy=1

= C=eﬂt—l
2

So, yem'r=——+eﬂ‘—l
2
2
=2 y:%e 'u+(e ~—)e_m
fora=1

L 123
y= -2—8 +[€ *2—]8
option (a) is correct,
Casell :

Ifa+f=0

e I.e“.l'rgj.l'
e
a+p

w(u—B}x eiu+5}x

- =+ C
a+p (x+B)”
Putx=1andy=1, we get

C=ea_ga+_ﬁ+ 2B
o+p ('(1+|3]2
P
=———((@+B)x-1)
(a+B)
+e & ex——ea+B+—ea—+ﬁ—
o+p (a+[3)2
Fora=f=1

x 2 2
=L Rr-NreFhe-S o
¢ 4(x ije 25 4

e* [ 1 = &
y=—x——=|+c | e——
4 2 4
So, option (c) is correct.

(b,¢) f(x)=1-2x + J' O" X' (t) dt

g 13thematics |

= f(x) =1~2x+ex_[0xe‘tf(t}dt

= f(x)=-24¢X j; e 'f(t) dt + e[ *f(x)]

= f'(x)=-2+[f(x) -1+ 2x]+f(x)
= f'(x)-2fx)=2x-3
Its a linear differential equation.

= eJ'-'szC = c—2x

Solution: f{x)xe-zx :Ie-zx(2x—3) dx

=2%
= fx)xe X = I L 5 x 2 dx
-2x —2x
=5 t’:‘z’(l"(x)=‘3 5 (2x—3)+e +c

= f(x)=—x+1+ce2*
From definition of ﬁ,mctlon fl0)=1

3 1 2x
f(X)=—x+=+—+ce
=5 (%) ks

I=1+e = =0, f(x)—l-—x
Clearly curve y = | — x, does not pass through (1, 2) but it
passes through (2, — 1) Va4

. (a) is false and (b) is true.
Also the area of the region

]—-x<y<\|'l— , is shown in

the figure by the shadecl region,
is given by 0
= Area of quadrant — Area AOAB

n—2

= —l-xnxlz—lxlxl e
4 2
= (c) is true and (d) is false.
f(x) 1
@ 'x)=2-—=f + —f(x) =2
X X
LE.=elo8x=x, - fix)x= [2xdx =x?+c

Cc
= fix)= x+;—,c¢0 as fix) = 1

(a) lim+f'[3 = lim (I-cx 2y =1

x—0 10"

A 1 :
(b) lim xf(l)= lim x(—+ cx] lim 1+cx2=1
X X

x—0" x—0" x—0"

(© lim x*f'x = lim x’ (l—%} = lim x?-c¢c=—c
x—0" x—0" X x—0"
(d) Forc# 0, f{x) is unbounded as 0 < x < 2
c

i C ¢
=5 —<—<WD—<X+—<©
2% 2 X

d _dz tanx = 2x
(a, d) 4y ~ytamx=2xsecx,
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10.

LE =e‘-“2'r”“"{r =CosX

yc05r=IZxdr— P +c

Now, ¥(0)=0=¢=0, -. y=xsecx
=y =2rsecx+ rzsecxtanx

o N 5
B SAET TR
i 2 2
I.L*_‘]J_ﬂ:%}_
g Y 9
2
| E) 2 e
: [4] TR W
m
},FES_J 211:)(2 21: _21'6 +_4_Tt
(A)—m.(B}—rs,(C)—?p,(D)—H

13 '
(A) J'O" (sin x)°®* (cos xcot x — log(sin x)*™* )dx

= j'c" du where (sinx)™ %=y =1
(A)—(p)
() (-4, 1) Y

(1,0)

(_49 =] )

1 1
Solving yz = _ZI and J»‘2 = —E(X—IJ , we get

mtc:secum pointsas(—4,+1)
.. Required area

4
=[L0-5) -yl =2 -y =3,
(B)— ()

(C) By inspection, the point of intersection of two curves

y=3"logxandy=x"-1is(1,0)

x—1

For first curve & = 3 +3* 1 log3logx
dx X
d
o ] [—'}—;] == m
&/ 1,0)
For second curve % =x"(1+logx)

&), -

(1,0)

m; = m, => Two curves touch each other
= Angle between them is 0°

SocosB=1,
©)—(@
dy (v6uacdr 1. 3
= dx x+y dy 6 6
1F. =gVt

=> Solution is x- /- F- _[( d-F- }ﬁ/

= xeV0=—ye 6 _ 616+

e*'wﬁ(x +y+6)=

=x+y+6=ce®

=x+y+6=6e" s W (0)=0)
= 12=6¢" (using x +y = 6)
=y=6In2(D)—(1)
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