Application of Integrals
Area under Simple Curves
The area of the region bounded by the curve y = f{x), which is continuous and finite in [a, b] and lies
| | I S
above the x-axis and between the linesx =a and x=b (b > a), is given by A = * 4 .
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Area cannot be negative. Hence, the absolute value of the area, , is taken even if the

curve y = f(x) lies below the x-axis (as shown below).
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Let g(v) be continuous and finite in [c, d]. The area of the region bounded by the curve x = g(y)
when g(y) lies to the right of the y-axis and between the lines y =cand y =d (d > ¢) is given by A =

fxdy = [Jg{y]dy_



Solved Examples
Example 1
Find the area enclosed by the circle x2 + y2 = 4.

Solution:

The area enclosed by the given circle is given by

4 xx Area of the region OPQO

4 yd
Area of circle -[' e
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(v lies in the first quadrant =
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= 4
Thus, the required area is 4.

Example 2
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Find the area covered by the ellipse 25 16

Solution:

Y

The area of the given ellipse is given by



4 xx Area of the region OABO

=4 | xdy
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(x lies in the first quadrant. Hence, x is positive)
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=20m

Thus, the required area is 20m.

Area Bounded by a Curve and a Line

If aline y = mx + n intersects a curve y = f(x) at a and b, then the area of this curve under the

A= f yedc = f ' f(x)dx

line y = mx + n is given by
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y=mx+n
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If aline y = mx + n intersects a curve x = g(y) at c and d, then the area of this curve under the
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A= | xdv= Ny
line y = mx + n is given by IT' -[EU}' .



ad

y=g0)

Mo XL

Solved Examples

Example 1

Find the area bounded by the parabola y? = 16x and its latus rectum.

Solution:

The given equation of the parabola is y2 = 16x. It is symmetrical about the x-axis.

The focus of the given parabola is F (4, 0) and its latus rectum is the line parallel to the y-axis at a
distance of 4 units from it.
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The required area is given by the area OABO.
Area OABO = 2 x({ Area OAFO)
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Example 2

Find the area of the region bounded by x2 + y2<1andx+y > 1.

Solution:

The area enclosed by the curve x2 + y2 < 1 is the interior of the circle x2 + y2 = 1.

Also, the area of the region x + y 2 1 is the region lying above the line x + y = 1.

The point of intersection of the circle x2 + y2 = 1 and the linex + y = 1is (0, 1) and (1, 0).
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The required area is given by area (ACBA).



Area (ACBA) = Area (AOBCA) - Area (AOB)
- -[:m'll —xdr~ [ (1-x)d

1 . . X 1 : i .-T:‘

[Esm .1.+Ex.ll—.\ l—[n——z

mll
i
| 1
=—sin"'1-1+—
2 >

| '

| E_Z
72

Area between Two Curves
The area of the region enclosed between two curves y = f(x) and y = g(x) and the linesx=a,x=b is

given by A= -r ['”I}_H{I)}h, where f(x) 2 g(x) in [a, b].
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If f(x) 2g (x)in [a, c] and f{x) < g (x) in [c, b], a < c < b, then the area enclosed between the

A= _E[,f[‘-.}— g{x]]cir + [I:g{r] - f{x}:l e

curves f(x) and g(x) is given by
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Solved Examples

Example 1

Find the area of the region included between the parabolas y? = 4ax and x? = 4ay, where a > 0.
Solution:

The equations of the two parabolas are

y2=4ax ... (1)
x2=4ay ...(2)

x= v
From (1), we obtain da

Substituting the value of x in (2), we obtain

_l-'l
J ~-=4day
16a”

= y* - 64ady = 0

=y (3 - 64a3) =0



>y=0ory3=64a3
~y=0ory=4a.
From (1), we obtainy=0=x=0and y = 4a = x=4a

Thus, the points of intersection of two parabolas are (0, 0) and (4aq, 4a)
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Now, draw QT perpendicular to XX'.
~ Required area = Area OPQRO

Area OPQRO = Area (OPQTO) - Area (ORQTO)

= J:l“ 2Jaxdy— f”:—:(k
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Thus, the required areais 3  square units.



Example 2

Find the area of the region bounded by x2 + y2 < 4x, y2 2 2x,x2 0,y 2 0.
Solution:

We have to find the area of the region lying in the first quadrantas x>0,y = 0.
The equations of the given curves are

x2 +y?2<4xand y? = 2x

On substituting y2 = 2x in the first equation, we obtain
x2-2x=0=>x(x-2)=0=>x=0o0rx=2

Whenx=0,y=0and whenx=2,y=2

Thus, the points of intersection of the two curves are O (0, 0) and A (2, 2).

The required area can be diagrammatically represented as
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We now draw AC perpendicular to OX.

~ Required area = Area OBAO

Area OBAO - j: 4I_I1dr_f@dx - .[._mdx—ﬁj. Jdx

Put2 -x=2sin 8 = -dx =2 cos 6 dO



~ Area OBAO =

“(1+cos28
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