Exercise 6.1

Answer 1E.

(a3
A function ris said to be one-to-one function if it never takes on the same value twice.

Thatis f(x)# f(x,) wheneverx, #x,.

-'-\.I'
D

To determine the graph of the function whether one-to-one, it must pass the horizontal line
test.

Horizontal line test: A function is one-to-one if and only if no horizontal line intersects its
graph more than once.

Answer 2E.
(A If fiz a one to one function with domain & and range B, then 77 is also a one to

one function, defined fromBto A as f: B —= 4

f_lliy:l:x Where y:flix:l
The domain of f™' =the range of f= B
The domain of 7' =the domain of f=A

B Ifwe are given a formula for fand £is one to one then for finding a formula for

F7 we write y= f[x) solwe this equation for = (if possible) in terms of v, and

at last, interchange x and v. Eesulting formula will be w= F -1 I:x:l

(Ch If we are given the graph of one to one function f, then the graph of 770 is
obtained by reflecting the graph of faboutthe line ¥y ==

Answer 3E.

A function f(x) is defined by the below table of values:

x 1 2 3| 4 5 [
f(x)[15[20(36]53]28]20

The objective is to determine whether the function f(x) is one — fo — one or not.

A function fis called a one-to-one function if it never takes on the same value twice; that is,
f(x)= f(x,) wheneverx, #x,.

From the given table, it can be found that the function f(x) has the same value 2 for iwo

distinct xvalues at x=2, and 6.

It means that 2«6 but f(2)=f(6)=2.

Therefore, the described function f(x) is not one —to —one.



Answer 4E.
Afunction f£is called a one-to-one if it never takes on the same value twice.
Thatis, f(x, )= f(x,) whenever x, #x,.
Observe the table. for no two values of x. f(x) has the same value.

Therefore the function is not one - to- one.

Consider the following graph:

A

>
x

Determine whether the graph of the function is one-to-one or not.

Answer 5E.

To determine whether the graph of the function is one-to-one or not, use horizontal line test
Recall the horizontal line test.
If a horizontal line intersects a functions graph more than once, the function is not one —{o-one.

Draw a horizontal line along with graph as follows:

>
x

From the above graph, observe that horizontal ine intersect the graph twice.

Hence, from the Horizontal Line Test, the graph of the function is



To determine whether the graph of the function is one-to-one or not, use horizontal line test.
Recall the horizontal line test.
It a horizontal line intersects a functions graph more than once, the function is not one —o-one.

Draw a horizontal line along with graph as follows:

From the above graph, observe that horizontal line intersect the graph twice.

Hence, from the Horizontal Line Test, the graph of the function is jnot one-to-onel

Answer 6E.

Determine whether the following graph is one-one:

v A




Use the Horizontal line test to find whether the above graph is one-one or not.

According to the horizontal line test if every horizontal line intersects the graph at most one
point then the function is one-one.

From the graph it is clear that no horizontal line intersect the graph at more than one point.
1.e. any horizontal line intersects the graph at most one point.

Therefore, the function defined by given graph is one-one.

—

Answer 7E.

Determine the following function is a one-one function or not.

To determine whether the above function is a one-one function or not, use the horizontal line
test.

Draw any parallel line on the graph, if it intersects the graph at only one point then the function
is one-one, if intersects more than one point on the graph then it is not an one-one function.

From the figure it is obvious that, any parallel line that intersects the curve at only one point so
the given function is a one-one function.



Answer 8E.

Consider the following curve:

Now to determine whether the given function is one-to-one or not from the given curve.

Horizontal Line Test:

A function is one-to-one it and only If no horizontal line intersects its graph more than once.

Horizontal line is shown below:

AV

L J

I’y
-

In the given diagram horizontal line cuts the curve at two points.

Hence the given function is not one-to-one by using horizontal line test.

Answer 9E.
Consider the following function:
fe)=x-2x

To determine whether the function j(]:): 1 —2x is one-io-one or not, use Horizontal Line
Test.

If a function fails the Horizontal Line Test (a horizontal line goes through more than one point
on the curve) then the function is not one-to-one.



The graph of f(r)= x* 27y and a Horizontal line is as shown below:

-

_ad

From the above graph, it is observed that the horizontal line intersects the parabola at two
different point.

So, the Horizontal Line Test fails.

Therefore, the function f(x)=x*—2x 5 [not a one-to-one function|-

Answer 10E.
Need to determine whether the function f { x] =10-3x is one-io-one.

If a function fails the Horizontal Line Test (a horizontal line goes through more than one point
on the curve) then the function is not one-to-one.

From the graph of f (x] =10-3x below, it is evident that we cannot draw a horizontal line

through any two points on our ‘curve’.
X
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Mote that any function that is linear (and not a horizontal line itself) will always be a one-to-one

function. So. the function f(x)=10-3x is [a one-to-one] -

Answer 11E.
Need to determine whether the function g[_r} =1/x is one-to-one.

If a function fails the Horizontal Line Test (a horizontal line goes through more than one point
on the curve) then the function is not one-to-one.



From the graph of g(x)=1/x below, it is evident that we cannot draw a horizontal line and hit

the curve twice. Therefore, g(x) passes the Horizontal Line Test
5

4

So. the function g(x)=1/x is [a one-to-one]-
Answer 12E.

The given function is defined as

g(x)=|x

Let us take two different values 4 and 4 of =

Now g(—4)=|—4|=4

And g(4)=4|=4

Here, 4=—4but g(4)=g(-4)

Therefore, the given function g(z) is not one — to — one.

Answer 13E.
Consider the function h(x)=1+cos(x)
This is not one-to-one function.
For x==x
h(x)=1+cos(x)
h(z)=1+cos(x)
=1-1
=0
For x=—-x
h(x)=1+cos(x)
h(x)=1+cos(-7)
=1+cos(x) (Since cos(—#)=cos(8) )
=1-1
=0
For different values of x, get the same function value.
This is contradicting to definition of one-to-one function.

Therefore this is not one-to-one function.



To check Horizontal line test, sketch the graph of the function i(x)=1+cos(x)-

y=l+cos(x

JARVARVERN
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Here horizontal intersects the graph more than one point.

Hence By horizontal line test h(x) =1+ cos(x) is not one-to-one function.

Answer 14E.

Consider the function i(x)=1+cos(x). 0<x<x

Horizontal line test: A function is one-to-one function if and only if no horizontal line intersects
the graph more than one.

&
2
hix|=1+cos(x). 0<x<ax
1
X
0 1n

From the above graph Horizontal line intersect the graph more than one point.
So by Horizontal line test the function h(_r] =1 +c05(_r) is one-to-one function in the interval
O<x=x-

That is for difierent values of x, function values also different in the interval <y < .

Answer 15E.




When a football 13 kicked off then the path followed by it 15 a parabola

If fit) 12 the height of a foothall at *t" seconds after kickoft then the graph of fit)
will be parabola as shown in figure.

From figure it iz clear that, if we draw a horizontal line, it will intersect the graph
at two points & and B

Therefore, by horizontal line test, £it) 15 not one — to — one,

Answer 16E.

Given that f 15 one-to-one
ia) Zince S [6) =17
Then |F7{17)=6

(b)  Since f7(3)1=2

Then |fF [2) =3
Answer 17E.
Consider the system of equations
2x—y==-5 ... (1)
-2x-y=-1 ... (2)
Rewrite the equations as follows.
2x+5
y=—2x-1

Sketch the graphs both equations in the same coordinate plane.

1%

L B

N

(-3

From the graph, observe that the intersection point of the lines is | —.2 | :
2
\ <




Answer 18E.

Consider the function f(x)=x*+x"+x.

Find the value of f' (3)-

Differentiate f(x) with respectio x.

f(x)=5x"+3x"+1.

Itis clear that, f"(x)=35x*+3x" +1> 0for any value of x.

So the graph of the function y= f {x} is increasing and hence f is one-to-one.

Use the definition: If f be a one-to-one function with domain A and range B.
Then its inverse function f" had domain B and range A and is defined by
f"{y}:xc:-f{x):y forany yin B,
Here, y=3.
Thatis. f(x)=3.
Now find the x value coresponding to  f(x)=3.
f(x)=3
X+x +x=3
This equation is satisfied only when y=1.
Since f is one-to-once, so it never takes on the same value twice.
Thus, at x=1, the value of y= f(x) is 3.

That means, f(1)=3.

Therefore, f~(3)=[1l

Find the value of f( £ (2)).
Use the cancellation equation: f { ! [x}}: x for every x in B.

Therefore. (£~ (2))=[2]



Answer 19E.

Given that h{x)=x+q';.

Find &7'(6).

Firstwrite = y++/x.

Solve the equation y — x4 fxfor x.

Subtract x on both sides.

y—x=x+Jr—x

y-x=x Simplify.
(y- .r): = (J;]: Squaring on both sides.
yV+xr-2xy=x
Ve 2xp—x=x—x Subtract x on both sides.

X —x(2y+1)+y =0

Mow compare this equation with the quadratic equation g2 4 px+ ¢ =0 and use the formula

Pk Vb —4ac

2a
Here. a=1,b=—(2y+1) andc=)".

Substitute these values in the quadratic formula.

b Vb —dac

2a
_ (2y+1)x (2 +1) =4(1))"
2(1)

C(2y+1)£ eyt 1144y -4)7

2
e (2y+1)= \,I'I+4y
a 2

Interchange x and y:

(2.t+l}iq'l+4x
2

y:

Therefore, the inverse function is - { x

(2x+1)21+4x
it At

+J1+4x
3 ;

Now subslitute x =6 in the equation 4~ (x)= (2x+1)

7 (6)= (2[6]+|}’:,f|+4(6)
=(12+l)im




Take h™'(6)=9=h(9)=6.
Substitute the point (9,6)in the equation h(x)=x+ Jx.
h(9)=9+9
=9+3
=12
The point (9,6) does not satisfies the equation h(x)=x+ Jx.

So, neglect h'(6)=9.
Now take h™'(6)=4= h(4)=6.
Substitute the point (4,6)in the equation h(x)=x+ Jx.

h(4)=4+4
=4+2
-6

The point (4,6) satisfies the equation h(x)=x+ Jx.

Therefore, conclude that 4" (6)= [4]

Answer 20E.

Observe the below graph of the function y= f(x).
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(a)
Determine whether the function y= f [_r] is one-to-one.

Use Horizontal Line Test:

Observe the below figure:

[+

ﬂ"H

i

-z

From the graph notice that, no horizontal line intersects the graph more than once, so by using
Horizontal Line Test, conclude that the function y= f [_r] is one-to-one.

(b)
Find the domain of the function f"_

The domain of the function y = f(x) is [-3,3].
The range of the function y= f(x)is [-1,3].
Since domain of f~' = range of the function f.
Therefore,

The domain of the function £-'is [[-1,3]

The range of the function f-'is [[-3,3]




(©)
Find the value of f~'(2).

Use the definition: If f be a one-to-one function with domain A and range B.

Then its inverse function _{" had domain B and range A and is defined by
f'(y¥)=xe f(x)=y forany yin B

Here, y=2.

Thatis, f(x)=2.

Now find the x value corresponding to  f(x)=2.

From the graph notice that, at x=0, the valueof y=f {x] is 2.

That implies, f(0)=2.

Therefore, £~'(2)=[0]

(d)

Estimate the value of f~'(0).

Use the definition: If f be a one-to-one function with domain A and range B.

Then its inverse function #-' had domain B and range A and is defined by
f'(y)=xe f(x)=yforany yin B

Here, y=0.
Thatis. f(x)=0.
Now find the x value corresponding fo £ (x)=0.
From the graph notice that, the value of y= f(x) isOat x=-1.7.
That implies. f(-1.7)=0.
Therefore, £~ (0)=[=1.7]
Answer 21E.

Consider the formula € = ;{F —32).

Here F> 45967
That expresses the Celsius temperature £ as a function of the Fahrenheit temperature F.
Find the inverse function, interpreting it, and also stating the domain of the inverse function.

Now find the inverse function, you need io solve for F_

5
C=2(F-32

o\F—32)
9 . 59 . . 9
=z ="x—(F- Multiply each side by —
5% C =5 x(F~32) Muttply Y 3
2c=(F-32)
5
9

;C+32 = F Add 32 to each side

9
The inverse function is |F= s(.‘-l—E{Z and this expresses the Fahrenheit temperaiure F as

a function of the Celsius temperature £ .



5
C=§(-ﬁ9_67—32)
=-271315
So, the range for our funciion is € > 27315
The domain of the inverse function is [—“TS 15,)
Answer 22E.
Squaring on both sides
4
= T ;
1-X
CQ

2 2
-7
R

¢t
2 2
V"
T e
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vi=c 3
e

z
v=¢ 1—[ﬁ]
m

The speed of the particle as a function of mass of the particle and where #g, 12 the rest

mass of the particle and ¢ 1z the speed of light in vacuum.

Answer 23E.
We have to find the inverse of the function f(x)
We write ¥=3-2x
MNow we solve this equation for x
2x=3—-y
-y

O xr=—
2

Interchanging x and v for expressing f

(3-x)
Z
There fore the inwerse function 1s

2_
=820

Or f'l(szg—

Answer 24E.
We have to find the inverse of the function f(x)

_4x-1
2x+3

We write ¥

=3-2x

_4x-1
2x+3




We zolve thiz equation for x
y(2x+3) =dx-1

Or 2yx+3y=4x-1

O dx—2yx =143y

Cr x|:4—2y)=1+3y

Or re 143y
[4—2_33)
1+3
Cr le( y)
2(2-y)
Interchanging zand v
1 (143
L1043
2 [2—;\')
1+3
Therefore the inverse function f_l(x)=l.( x)
2 |:2—le
Answer 25E.
Given flix:l=1+x,"2+3x
1E. y=14+4243x
=  243x=[{y-1)"
2
= x:M
3
_ y2—2y—1
3
_x2—2x—1

Therefore f'l[x) xz1

3

Answer 26E.

Consider the function y= f(x)=x"-x

To find the formula for the inverse of the function y =y —y when x> 1

5
Solve the given equation for x:
X —-x=y

= x* —x— y=0. which is a quadratic equation of the form 42 4 pr4¢=0-

The quadratic formula gives

e -b++Jb" -4ac

2a

But given that ,t:g%_so we take _t=l+ \'H4-"‘
2" 2

Finally, we interchange x and ¥:

Ji+4x

y=r"(x)=2(1+V174x)

Hence, the reguired formula for the inverse of the given function is %(] +4/1 +4_¢)_




Answer 27E.

We have to find the inverse of the function f(x)= 1=z
1+-/%

1-Vx

1+

=olving for x
S(i45)=(1-47
y+yr=1-x

Cr yﬁ+«,f§=l—y

Or J;[1+y:l:1—y

or = []‘—""] ()

1+¥

Here w=

=ince “J{; 1 a positive square root of x
If p=-1 «_.G 1s not defined hence » =2 -1

Ifv>1and v=-1, then G_—y] be negative so it must be= —v'r;
+¥

This is contradiction with (1)

So NE:[]_—‘}?J when —-1<y=1
14+

2
O x= 1_—"V when —1lay=1
1+ ¥

Interchanging x and v
The inverse function is

1-x !
y:[—] . —1{:{51
1+x

Answer 28E.
Consider the function f(x)= 2% —8x where y>2
Meed to find a formula for the inverse of the function.
First rewrite the function as
y=2x" —8x.
2 —8x—-y=0
Compare this equation with gy? 4 px 4+ ¢ = 0. 10 get

a=2b=-8c=-y
Solve this equation for x:

_—hEVb -dac
_—(-8)£(-8) -4(2)(-»)
2(2)
_8%,/64+8y
-

So. ‘= B‘:'_\lll "TR_'.'.

' 4
_8+,/64+8y
= 7 )

Since x>2, sofake »



Now interchange x and y:

}__=8+J64+8,r

4

Fi(x)=y=2EV64+8x Jﬁ:”‘

This inverse function is defined only when 6448y 2 0thatis x> -§.

Hence the inverse of the function f(x) is I (x)= 8+v64+8x ‘M,I >_8
4

Graphs of the functions f and f' are given below:

(=1

8 6 -4 2 0 2 6 8 1

| -=3+1E-1+8:c
e A

—_— f(x)=2x—8x

-107

Answer 29E.

Consider the function,
f{.‘l’)=_l" +L,x=0

Tofind f' take y=x*+1and solvefor x

y=x'+l1
‘(1)
x=(y-1)

Replace xby yand write.

y=(x- lll

Therefore -1 _ (- 1}:



Answer 30E.
We have to find 7 ofj[x:lz R+ 2x,x =0
We write y =~z 4+ 2x x=0

=olving equation for x
¥ 4o
Cr 4=y =0

-2+ J4—4{-y* )1
T sl

2

o —24 . J44+457
T r=—

2
Or  x=-1tf1+5°

We cannot take negative value of {1+ »* because given condition is x = 0

Sowe take x = —14 1+ *

Eeplacing x and v,
¥=—1l+afl+ 2

So ‘f’l(x)=—1+\jll+x2

Mow we sketch the curvef(x), f_l [x) and ¥ = x on the same screen forx =0

for x =0

From figure we see that the graph of f_l [x) 15 the reflected graph of [x) about
y=x

Fig.1



Answer 31E.

Consider the graph,

.

=
-
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(35
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The object is to graph the inverse of the function f

Observe that the graph of f passing through the below points.

f={(-1.-2).(1.-1),(2.2).(3.3)}-
Since the inverse of the funciion fis obtained by interchanging the x and ycoordinates.

So the inverse of fis calculated as,

£ ={(=2-1).(-11).(2.2).(3.3)}-

The skefch of the graph f'joining the points (-2,-1),(-1,1),(2,2),(3,3)is shown below:

4y

55

2

=
o
¥




Answer 32E.

Given the graph of fis:

A

The objective is to make the graph of £ .

From the graph, it can be seen that;
£(0)=1,

f(2)=0

So,

r(y=o

r(0)=2

» X

Hence, now to make a graph that satisfies condition mentioned above;

The graph is as follows:

Y

S

Answer 33E.
Given f(z)=+1-2",0=z=1
{a) Let y=a1-x
= _yz=1—;r2
=  +y'=

From f(x)and f_l[X),CIEBIIY f=r7



(k) EBoth the function represents the same graph which is a circle in the positive

quadrant.
0,1 ..
( ) X +y =1
(0.0) (.0)
Answer 34E.
Given _}"Iix) =il1-x
(&) Let y=3il1-x
= y=1-x
= x4y =1

Le; FHx)=31-y
From f[x),f_l [x:l,clearly f=5"1
ik EBoth functions represent the same graph which is

05 Y

P

Answer 35E.

(&), We have to showj[x) =z is one — to—one
Let the two numbers are x axnd x, and x= %
Sox# x
Because two different numbers have different cubes
=0 flixJ#f[xg:l

Then f[xj =x" is one —to — one



E).

().

@3.

(E).

We have a= 2°=§8
=ince f(2) =8
Se  F(B)=2 s g(B=s7(8)=2
And f'(x)= 3%
Then by the given theorem

. 1
g'(a)=
0 )
Fora=8
1
g'(8)=—7=
sy
o1
7(2)
1
32
rrgy= L
g8)=05
K [x) =x
We write y =z
Cr r=y" (zolving for z)
We interchange z and v
yo
o f_l [K) — xl.l’Z
Cr z [x) =z where g [x) = f_l [x)

2o domain of g(z) =range of [x) = R, the set of real numbers
And Range of g{x) = domain of § [x) = R, the zet of real numbers

From part () we have
113
glx)=x
Differentiating with respectto x

1 -
g'(szgx %

Forxz=a

g'la)= %a_%

Puttinga=38, g'(8)= %(8)_%

So g'(8) =% Jthis is same as in part (B).




Answer 36E.

(&)

()

(<)

D)

(E)

We have to showj[x) = m 1z one to one
Let the two different numbers are x,, x,

o nEn

Then n—2zxn -2

o B e
Andthen = fx)
fote) f(x) is one to one function
We have f[ix)zmanda=2
Since f(6)=6-2=2
So F(2=6 sog(Z=sT"(2)=6
1
24z =2

Then by the theerem g'(a) =

We have f'(x)=

Duttinga=2

f(x)= x—2

We write ¥ = m

Cr ¥ =x-2

O =342 (solving for =)

We interchange z and ¥
y=x4+2

So f‘l(;;): Iixz +2)

Or g(x)z[x2+2:l

=o domain of g( ) =range of _f =
Andrange of g( ) = domain of f )

)=[0,0
=[
From part (C) we have g [x) =% +2

So g'lx)=2x

And then m

Putting x==2
So g'Z)=2x2

Cr g'(Z) = 4| which iz same as inpart (B)

aix)

. -
g . ) ! S T

I 1 z 3 4

Fig 1



Answer 37E.

CA) e have to show j(x) =9—x" iz one to one in [0, 3]
Let x and x, are tweo difference positive numbers
S0 nE I
Then x =%
And  9-x =#9-x
Then F(x)=7(x)

2o j[x) ig one to one function
(B e have flix):Q—x;" and =8
Since f(1)=9-1"=8
Se  FEI=1  er  g(8)=s7(8)=1
And we have f'(x)=-2x
Then by the theorem

£'(0)=
7'(2la))
Fora=5&
(8=~
f'(2(8))
1
IEEEG)
1
71
1
-2
__1
2
So  |g'(8)=—=
=TT
(0 flx)=9-4
We write y=9— x°
Solving for x
X =9-y
Or x=4—y
Eeplacing = and v
y=49-=x
S0 f'l(x):xHQ—x

—
-

——
pf=]
-

Or g =8 -
So demain of g(x) =range of # () =[0, 9]
Range of g (x) = domain of /' (x) =[0, 3]

() Frompart (C) g [x) =Af9-x

1
Then g'(x1=-
IC ) 28 —x
1
And ‘(a) =-
nd so g'(a) oo
1 1
Forz=8§ g'(81=- =—=
I:) 2-J9-8 2
So g'(S):—% . this is same as in part (B)




(E)

Answer 38E.

1
(&)  We have to show f[x) = m x> 115 one to one
r—
Let x and x, are two different numbers, xor 1, =1
o X Ex
Then x-1#zx,-1
1 1
=
n-1 x,-1

Then f(xl) iflixg)

=0 f(x) 15 one to one

And

anda=2

B We have f [x) =

1
(x=1)
. 1 1
Since f[1.5) = (15_1) = —5— 2

05
So  FH(2)=15er g(2)=F(21=15

Andwe have f'(x)=-

(x-1)’

Then by the theorem

©  flx)=

solving for =,
1
x—1j=—
(1=

Or x=l+1
¥



Eeplacing xand v

y= l+1
x
a 1 1
ot 7 [x:l:—+1 ot g[x):—+1
x x

o Domain of g(x) =range of f(x)={0,00]

Eange of g [x:l = domain of F [x) = [l,m)

L We have
=4 [x) = l+ 1
x
. 1
So g(x) =
x
. 1
Then |g I:a:l =——
@
Puttinga=2=2
1 1
L) W
g'(2) 2 4
Or g'[E) = —0.25| which 1z same as in part (B)
(E)
A
[
1
g 1 2 4 E X
1
Fig. 1
Answer 39E.

Consider the following function:

f(x)=2+3" +Tx+4 a=4

Differentiate the function f(x)= 2x* +3x" + Tx +4 with respect to x_
f'(x)=6x"+6x+7

Clearly the function f(x) is one-to-one, because f'(x)= 6x" +6x+7>0

And also f(x) is an increasing function.

By the well-known theorem, {f"] (a)=—

(' (a))



Now, find f~'(4).
Using the inspection method, £(0)= 2(0}’ 4.3.(())z +7(0)+4=4
Then f~' (4)=0

Therefore, (f~ ')'(4)=;

£(£7(4)

Y (el
O=7

) I
" 6(0)" +6(0)+7

Hence. the required value is ( e }' (4}:%.

Answer 40E.
Consider the function f(x}= x>+ 3sinx+ 2cosx.
Find {f-t)'(,,} at g=2
Thatis finding (-4 }' (2) of the function f{x)= x"+ 3sinx+ 2cosx -
Use theorem if f is one-to-one differentiable function with inverse function and
£'(f (a))=0. then inverse function is difierentiable at a and (/™" ) (a)=

1
7'(f(a))

First check f is a one-to-one function.

It is enough to check f '(x) =0

f'(x)=3x" +3cosx—2sinx ... (1)

The values of sine and cosine oscillate between -1 and 1.

Here values of f(x) doesn't going to below zero.

To do that, examine the X -values that give these minimums for sine and cosine.
Examine

We know that sin > = —1. and cos gz =—1.
2

Now check either of these values make f'(x)<0
f'(x)=3x"+3cosx—2sinx
()] ool 5 ()
2 2 2 2
97 L 0-2(-1)

4
_ 217’
4

=3

+2>0

S'(x)=3x" +3cosx—2sinx
f'(7)=3(x) +3cos(x)-2sin(x)
=3(x) +3(-1)+0
=3(x)" -3>0
Therefore for any value f*(x)>0

Therefore f is a one-to-one function.



if f is a one-io-one function then f(x)=y < f(y)=x.
From the above relation, wiite f'(2)=x< f(x)=2.

Slx)=x+3sinx+ 2cosx

2= x* + 3sinx+ 2cosx

When x= 0 the value of £(0) is as follows.

Flx)=x"+3sinx+ 2cosx
F(0)=0*+3sin0+ 2cos0
=2
flo)=2
since f(0)= 2 that means that {2} =0.

oo )=y

{f_l)'{2)=m

1
()
Now find the value of f*(0)

J'(x)=3x" +3cosx-2sinx
£(0)=3(0)" +3cos0-2sin0
=3
Therefore f*(0)=3

Now (f")'{2}=m

Thus, the solution is |( £~') (2) =% .

Answer 41E.

Sincej(x)=3+x’+tan(?], 1<x<1, a=3

We see thatf'(x):2x+g_sec2 (?])0, -l<xz<l

So j(x) 15 an increasing function on (-1, 1), thus_f(x) 15 one to one

We have to ﬁnd_f_] (3) , this we can find by inspection
F(0)=3+4+0+tan0=3

Se  f(3)=0

Therefore by theorem

a1
O @)
So we have (j'l)'(B):m
1
0]
1 1

Where g(a) =f_1 (a)

) 2(0)+% sec*(0) I

or (3 =%




Answer 42E.

Since f[x):w.u'x3+x2+x+1, a=2

Differentiating by chain rule with respect to =

1 (3x2+2x+1)
Fix)s c——=>10
2 4R 4+l

Sof(x) 1z an increasing function thus f (x:l 18 one to one function and inverse of

f(x) exists. "We have to findf_l (2) , this we can find by inspection

FO =P+ +1+1=4=2
o F(2)=1

Therefore by theorem g'(a) =

5o we have (f_l)r[2): =

_ 1 _4
T 1(3+2+1) 6
2 4
BTy 2
o 7V @=3
Answer 43E.

Suppose f'1 Is the inverse function of a differentiable funciion f and f(4)=35, f’[-l}:

If f is a one-to-one difierentiable function with inverse function ' and f'[_,f":{a‘,l)i[).

then the inverse function is differentiable at a is as follows:

TR 1
Use the above condition write U—l)'(s)

Given f(4)=35 and the definition of the inverse function says that f{4)=5 is the same a

Fi5)=4

1 1
) re
1
(2 Since £'(4)=
3)

%

since f'(5)=4

i | 2

b | s

Therefore, the inverse function (j_']'{s) is E

Answer 44E.
Given that gis an increazsing function
g(2)=8and g'(2)=5

1

Therefore (g'l )1 (8)=-

| k2



Answer 45E.
Consider the following function:

£(x)=I=ra

The objective is to find the function ( ! )' (0)
The function ris one-to-one differentiable function, to find f’ {x)

The function f {x] is differentiate with respect to x.

i{f{x})%ﬂﬁfﬂ]

f(x)=v1+x
f(x)>0
Now calculate f~'(0) from f(x)

f{x}=imdr
f(3}=imdr

-0 (sim:f: [ £(x)dx=1(a)- f{a]=0J
Therefore, f(3)=0
f(0)=3
To find the function jq)'(“)

The theorem states that If 7is one-to-one differentiable function with inverse function f" and
f'(£7(a))#0 . then the inverse function is differentiable at a and .

(f_')'{“]=m

Substitute 0 for a

() O oy
)

Therefore. the function ( f‘)'tﬂ) =




Answer 46E.

Wehave 7(3)=2  then F7(2)=3
FE=19
And GFx=1/Fx) = [ f'l(x)]_l _____________ (N
Differentiating (1) with respect to x
F(x)=- [f_l(x)]_g . {%f‘l (x):| By chain rule

Mow since

d .4 1
_f ( ) oy —
' T W)

Then

substituting x =2

Loy T
- L72]

A7)
Since F7(2)=3

Th (2 =- BN
RNE)
1
95°(3)
1
9(1/9)

Or F(2) = -

Or (2 =-—

Therefore

Answer 47E.
Graph the function f [x) =Ax +5+x+1

200

150

100

=3 [} 5 10 15 T 15 30
“We can see that the function 13 ihcreasing, so f(x) 15 one-to-one.

For the inverse we need the roots of x = 43"+ 3% +¥+1 you can use any computer
algebra system to find the explicit expression for f_l [x)

y=1/3 (Power[27 v"2+3 Sart[3] Sart[27 y™4-40 v"2+16]-20, (3111 Power[2, (31*-1]-
1-(2 Power[2, (30 1]/ Power[27 v°2+3 Sqrt[3] Sart[27 v-40 y2+16]-20, (3"-1]

v=-((1"\[Imagmaryl] Sqrt[3]) Power[27 v"2+32 Sgrt[3] 2qut[27 v™4-40 v*2+16]-20, (33"
16 Power[2, (2™ 1]- 13+ FPower[2, (Y1) {1+ Imaginaryl] 2qrt[2])003 Power
[27 97243 Bqrt[3] Sqrt[27 v™4-40 v 24161-20, (31

v=-((1+Imaginaryl] Sqrt[3]) Power[ 27 v"2+43 Sqrt[3] Sqrt[27 v"4-40 v*2+16]-20, (3)™-
16 Power[2, (3)™-1]-13+HFPower[2, (3y™-1] (1-\[Imaginaryl] Sqri[ 317003 Power[27
vh2HE 3qri[3] Sart[27 v™-40 v2+16]-20, 33-17)

We get two solutions invelving imaginary expressions [irrelevant solution for real
analysiz].

The real solution give us the inverse:

£ )= 13 (Power[27 x™2+3 Sqrt[3] Sqrt[27 ="4-40 2"2+16]-20, (3)"-1)Power[2, (T)"-
11-1-£2 Power[2, (31D Power[27 2"2+3 Sqrt[3] Sqrt[27 =™4-40 v"2+16]-20, (337-1]



Answer 48E.

hix}=sinx

Fig.1

K [x) =sginzx, * € & i3 notone to one [Bythe horizontal line test]
o, . T T .
If we restrict it’s domain as — — = x £ — then we see that it 15 a one to one

2

function and its inverse exists, g = f

Since f'(x)=cosx

FKx)=sinx

Horizanal e

Fig.1
j(x) has demain [—gg} and range [- 1, 1], since

g(x) =f_'1 (=)

So by the theorem g'(a) =

1
Wehave g'(x) = -
[7(2(x))]
1
L "x)=
' g'(x) j'l[sin_lxj
Or g'(x)= ;1
cos[sm' le
Answer 49E.
a) Let f (x) the curve function.

7 (x) 1z ofie-to-one,

The graph of_f_l [x) 15 obtained by reflecting the graph of (x) about the line
y=x.

if we shift a curve c units to the left the new function iz givenby g [x) =i [x +c)

where ¢ =0
If the pair [x,y) iz onthe graph of § ':"') then the point [x—c,y) 15 onthe graph

ofg(x)=F(x+e).



Let 7 (x:l be a one-to-one function with domain & and range B. Then itz inverse
function f_l(x) has domain B and range 4, therefore, if the pair [x,y) 15 on the
graph of f(x) then the point I:y,x—c) 15 onthe graph of f_l(x) and if the
point [x—c,y) 1z onthe graph of g(x)=f(x+cj the point (y,x—cj 1
onf_l[x+c). o we have that f_l[x+c) , shift the graph of g[x)z f[x+c) a
distance ¢ units downward, TUsing this geometric principle an expression for the

nverse function 1z g_l[xj =f_1|:x)—c , that 15, the curve's reflection is shifted

dowtward ¢ units as the curve itself 12 shifted ¢ units to the left

b k [x) =f (cxj , compress the graph of f [x) horizontally by a factor of ¢, where

c=1
k [x) =F [cx) , stretch the graph of f [x) horizontally by a factor of ¢, where
0zewl

Ifthe pair (=,v) 15 on the graph of [x) then the point [cx,y) 1z onthe graph of
k [xj =f (cxj then the point (v,cx) iz on the graph of ﬁz_l(xj

Then if we compress or stretch the graph of § [x) horizontally by a factor of ¢,
the curve's reflection in the line y = x1is compreszed or stretched vertically by the
same factor. Using this geometric principle, an expression for the inverse function

(=L )
o
Answer 50E.

If 7is a one-to-one differentiable function with inverse function ' and _,f'l:f" (a]) =0, then

the inverse function is differentiable at a and

Yoy 1
U= F7a)

Here f is one-to-one twice differentiable function with inverse function g

That f'=g

J 1
From above definition, write (g) (¥)=———

f'(g(x))

Use the Chain Rule to evaluate this derivative of (g]{t'}

g(x) = (e)]'
d

(e

()]
(e()-5 )]
(7 (s()]




Finally, use the formula for the derivative of ' (a) to further simplify the expression.

7(8(x) s
x)=- S (g[x]) ince (g) (x)= :
O ey P o)
__I(2(v)
(7 (e(x)]
(D)

If f isincreasing then f"(g(x))>0

Therefore [ (el x}}]’ -0

If f is concave upward. then f*(g(x))>0.

Now the function g”(x)= —ﬂg(—x)l; must be negative.
(7 @)

since f'(g(x))>02nd 1*(g(x))>0-

Therefore second derivative of g is negative.

By concavity principal gis concave downward.

Hence inverse function of f is concave downward.



