Exercise 15.8

Chapter 15 Multiple Integrals 15.8

{a) First, let us plot the point with the given cylindrical coordinates.
24

In cylindrical coordinates, we have x = rcos8, ¥ = ran 8, andz=z.

Substitute the known valuez in ¥ = reooz & and find x

T
deos —

X

= 2

Eeplace » with 4 and z with ?—; i F =EEmipe

LT
= dsin =
¥ 31 3
= 23
We have z=-2.

Therefore, we get the corresponding rectangular coordinates as (2, 243, - 2) :




(h) Plot the point with the given cylindrical coordinates.

z
)

b m—

Substitute the known valuez in x = roos & and find x

r = Ecos(—i]
2

=)

Replace » with 2 and z with —?—; im ¥y = rsné.

: i
— 2 aal
M= Slﬂ[ —2]

= -2

e have z=1.

Therefore, we get the corresponding rectangular coordinates as [U, —is 1) .

Chapter 15 Multiple Integrals 15.8
(a)

Cylindrical coordinates are [ﬁ%l]

x=rcosf
y=rsinf
Iz
Here, r=42,0="=, z=2



Ve have

=3

Thus rectangular coordinates are

The plotted point is shown as:

(-1,1,2)

-

k)



(b)

Cylindrical coordinates are [I,LI]

x=rcosé
y=rsiné
Z=I

Here, r=1,&#=1, z=1

We have

x=cosl
=1-(0.54)
=0.54

y=sinl
=0.84

=1

Thus rectangular coordinates are |(0.54,0.84,1)

The plotted point is shown as:

, Ly
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a)

The point in rectangular coordinates is [-LI,I].

The relation between rectangular coordinates (,n_p,z] and the cylindrical coordinates

[r,a,z} are

r=axt+y

6 =tan"' 2

X

L]
Il

Let {x‘y‘z} = {-L Ll}.

=tan"' (1)
_|37
4
And
.

-

Therefore, the cylindrical coordinates suitable to (-1,1,1)are [ﬁ,%‘r 1] ,




(b)
Consider the point in rectangular coordinates is {—2,2@@,3].
Let (x,y,z)= [—2,2«.@3).

S50,

= tan —ﬁ]
_|27
3
And
L =2Z

=[3]

Therefore, the cylindrical coordinates suitable to (—2,2@,3] are [4,2—:{,3] :
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Consider the following point on rectangular coordinates.

(x,y,z]=(24§,2,—l}

The objective is to convert the point into rectangular coordinates to cylindrical coordinates.

Use the following conversion formulas to convert the rectangular coordinates [x,_}.r,z} to
cylindrical coordinates (r,0,z).

¥ =xt+y?

tan 0 =

F=F e (1)

Xt
Y
X



Here, x=2.3,y=2, andz=-1-

Substitute y =243,y =2, and z =1 in equation (1)

. +yz
:(zﬁ)z +(2) Since x=2+v/3 andy =2
—12+4
=16

Thus, =4.

Find the component g

tan5=£

Then,
E:tan"(LJ
J3
=3 Since mn[E]—L
6 6) 3
Thus, =2 .
(5}

Therefore, the cylindrical coordinates of (2@,2,—1} are {r,lil,z}z(d.,%ﬁ—l]

(b)
Consider the following point in rectangular coordinate system.
The objective is to convert the point into rectangular coordinates to cylindrical coordinates.
Convert the rectangular coordinate [4,-3,2}
Here, x=4,y=-3, andz=2
Substitute x =4, y=-3, and z =2 in equation (1),
P =xt 4y
:(4-)|2+(—-3]2 Since x=4 and y =-3
=16+9
=25
Thus, =5



Find the component @,

-

tanf ==

Therefore, the cylindrical coordinates of (-1,1,1) is {r._,ﬂ.z}=[5,tan' '[—%],2] :
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Given surface is 8 = /4

-\_\-‘_\-\_\_\_\_\-‘_“‘-«

,) /4 g
X [

The surface is a vertical half-plane through the z-axis that comes out diagonally.
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Since r=5, but z and 6 may vary, the surface is a cylinder with radius 5 around the z-axis.
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Consider the surface

z=4-p?
The objective is to identify the surface whose equation is - =4 — 2.

Here, the equation » - 4 — ,* says the height or z-value, of each point on the surface is the
same as the value 4 _ 2. here z is not given, so it can vary.

So any horizontal trace in the plane z=4k,k <4 is acircle of radius 4 -} .
Hence, these traces suggest that the surface of the equation - = 4,2 is circular paraboloid.

The sketch of the surface , — 4,2 IS,

7= 3.061

z=0.939

y= 1.061
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Consider the equation 2,2 42 =1,
Identify the surface of the given equation.
In cylindrical coordinates:
x=rcosf
y=rsinf
I=Zz
.I'I +.}J2 = J"E

zdyelx = rdzdrd @

Substitute ;? = x? +J:2 in the given equation.

i+t =1
2(12+}=2]+22=1
u+},_.,+z-=1

05 05 1

2 1

The equation of an ellipsoid centered at origin is %4.%4. '-_z =1.
a- b e

2

Y.z
=1 with ellipsoid equation and conclude that

(@3] (03]

this equation represents an ellipsoid.

Compare the equation

Surface of the ellipsoid 2(11 + y2}+22 = 1is shown below:
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{a) Wehave x=rcos8, y=rand,andz=z

Substitute the known values in x° —x +y2 +7#=1and simplify.
[rcosﬂ)g— roosd + [rsin5)2+zg =1
ricost 8- reos8+ rrsint 8+ 22 = 1

r[r— cosﬁ') +z22=1

Therefore, the equation in cylindrical coordinates is J‘"I:f" — Cos 5') +z5 =1

(h) Eeplace x with »cos& and y with #sin & inz = x° _yz_
z = (rcos .E?:l2 — (rsin 5')2

z = p |:|::c352 g — sin® 5':]
z = ricosd
Wehawve z=13

Therefore, the equation in cylindrical coordinates is |z = #* cos 28|

Chapter 15 Multiple Integrals 15.8
(a) Given equation is 3x+2y+z=6

Putting cylindrical coordinates xy = rgosf, v = rsinfl, z = z. equation becomes
3rcosf + 2rsinfl +z = 6
i) 2

(b) Given equation is —,2? — ;2 4 .2 =

Putting cylindrical coordinates, equation becomes —{rmsﬂ}j . {:'Rinﬂ}j i e

; TE i T
or —p lcos f+sinf|+z" =1
! ;
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Radius=2
Height=1
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o ""'IIE -I-yz is a cone that opens upward.

Therefore, ﬂ ot f:_: 2 is the region above this cone and beneath the horizontal plane z = 2.

0<fg=< ? restricts the solid to that part of this region in the first octant.
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Consider a cylindrical shell of 20cm long. with inner radius 6cm, and outer radius 7cm.

It is required to write the inequalities that describe the shell.

Use cylindrical coordinates to describe the shell.

Let z-axis be the central axis of the cylinder. Then 0<z <20.

The inner and outer radii can be treated as the limits for » . S0 §<p <7
To make a full circle, the angle & must bein the interval 0<8<2x .

Therefore, the following inequalities will describe the shell:

b=r=<?
0<@=<2x
0<=z<20
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In cylindrical coordinates, the equations are z=r2 and z = 5 - r2. The curve of intersection is r2
=5 -r2orr=x(3/2).

So we graph the surfaces in cylindrical coordinates, with 0 = r =v(5/2).

In Maple, we can use the coords=cylindrical option in a regular plot3d command. in
Mathematica, we can use ParametricPlot3D.

L

LT |

—
"l—”._
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Consider the volume integral

T i]f dzdrdf
o0

T2 0

Sketch the solid whose volume is given by the given iterated integral is

Now, evaluate the integral.

. w2 32

I 1]:? dzdrd@ J Jrl{z]: drd@

-2f2 0 0 -gi2 0

= J‘ j; dr do

—azi2 0

('} i\lzu’&
1)

J’ i (2-0) a6

[}

2

= j 40

4(0)",
(32)
2 2

da

Therefore, the volume of the solid is 45

[
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l#.Stewart-Calculus-7e-Solutions-Chapter-15.8-Multiple-Integrals-16E

First, the z ranges between 0 and », which means that the z-values range from the xy-plane
to the lateral surface of a right circular cone that has its apex at the origin and opens
upwards at an exact 45 degree angle, as on the surface of such a cone 15 the only way the
z-walue will equal the r-walue {on the surface of the cone the z- and r-values make two
legs of an 1sosceles right triangle, with the lateral surface of the cone forming the
hypotenuse). Mext, & ranges between 0 and 277, so goes around the entire z-axis and
does not limit the wolume at all. Finally, » goes between 0 and 2, bounding the volume
inzide a cylinder of radius 2. In other words, this solid 15 tnside a circular cylinder of

radius 2 with axms the z-axis, abowve the xy-plane, and below the right circular cone that
rizes at 45 degrees from the origin.

Here 15 a sketch:

The solid 15 the volume inside the red-outlined cylinder but below the solid red cone
surface.

iZalculate the integral.
dpdap¥
(I i

Integrate in tertns of z:
¥

[, el
= _I-;_I-ﬂlh(:r"2 = D)a’&z’r
NG



Integrate in terms of &:

[ (e
= _Ij (53‘2) 23.:1’:"
(o

[l

Integrate 1n terms of 7

E(zm?)dr

o
3 1]
_2m2y 2wy’
! 3

167
3
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Consider the triple integral

Hjﬁxr +y dv
E

Here g is the region that lies inside the cylinder ? +_1,~*‘- =16 and between the planes z=-5
and z=4

Cylindrical Coordinates:

x=rcosf
yv=rsin#
z=2z

x*+yt =1 cos® () +r' sin’ (0)
=7’ (cos® () + sin:{ﬂ}]
= r’z{l}
= p?

dV = rdzdrd@



The region

P+yi=16

r’ =16

r =4 Since radius is non-negative

E={(r0.2):0<60<2r,0<r<4,-5<z54)

Now, to find the integral

I+ av = jj’j‘ Jr? -rdzdrd®

0 0=5

I
4:,1—‘;"
-k

4
J‘ r.r.dz dr d@
=5

Il
o ey 1
13

4 4
ﬁjdzj‘r"'dr
=50
1 4
=32n'z-i r_]
]IJ ]--5 3 :

=(27-0)-(4—(-5) ]-%((4)‘—0]
-(2m)0) )

=67(64)

=384n7
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Consider the volume of a solid region G bounded by the surfaces
z=g [r, 3) and z = gl{r', H] in cylindrical coordinates. Now, if the projection of the solid

on the x-plane is a simple polar region R, and if f(r_ g, z] is continuous on G, then

&m0 gl )

fﬁf{: @, z)dV = I I I 7(r.6.2)r dzdrdo

& Al&) mir. 8

Let us determine the limits of integration of z by solving the given equation for z. In cylindrical
coordinates, x = rcosé and y = rsiné.

Z

{rccsﬂ')z + (rsin 5']1
z=rcos’@+rsin’ @

2

z =Fr
Thus, we get the limits as (r2, 4). We get the limits for r as (0, 2).

Since the region is entirely covered by the given eguation, the limits of integration of ris (0, a)
and that for @ is (0, 2x).

Substitute the known values in
&m0 pa(r. &)

Vo= I j j f(r. 0, z)r dzdrdd.
& @) mlr. &)

ij[ zr dzdrd
0

"

-
1
s

Evaluate the above integral.

First integrate with respectto z, where zvaries from ,? 410 4.

Ie 2 'zz 4
V= 2| drde
fiz] @
F:Tj'r 42_’":].531-::9
D4d L

-
i
R

J%r(]ﬁ s r4}drdfi
]



Integrate with respectto ,, where pvaries from 0 to 2.

xa[ 2 67
V:lj W _E o
24 2 6
6(

L

r=lT—] 54 Lo
23|72 6
1%[16(4) 64 ]
Poe [ |t 2oy
?,J;_ > 6|
V=l]"ﬁd6
5473

V= ]mjdﬁ
1 64, 2+
V=—. 2]
2 3[ ]IJ
1 64
P LU,
75
v =947
3

The volume of the region is MT'T
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Consider the triple integral

HL('TJ' y+:]dV

Where £ is the solid in the first octant that lies under the paraboloid z=4-—x* _y:_
Use cylindrical coordinates,

x=rcost, y=rsind and z==z

MNow
z=4-x"—)’
z=4-p°

Now, set z = 0, obtain that
4-r* =0

= r=2

Note that the solid lies in the first octant. So, the lower limit of all the three integrals is 0.

So, this region has a much simpler description in cylindrical coordinates:

:{{ragq.z}lﬂiH£%¢ﬂ£1'£2$0£3£4_,-:}



Therefore,

]

[I]. e+ 5+ dV=aH::

4pt

(rcos@+rsin@+z)rdzdrdd

-

O Wem—

; (reos@+rsind)z +%} rdrd@

]

Il
= ey
O Co— |

o]
P

Il
O — |

- .
.i'{cus!?+sin€](4-r1}+(4 ; ) rdrdf

=
=

[
D — o

L @3
[msﬂ+sinﬁ][4r3—r*}+(l{wH; ® }]f.’rdﬂ

i 3 8 & "
(cos@+sin ) e +l 82+l || do
3 5 Z [ ;

{cusﬁ+snn3)[E—§] : [32 % g 32]}1&

j ﬁlq[u:Jl*atE'-'+'ur|ﬁ'}+E &
2 L15 3

Il Il
=] -;t_-,f! Ny —_. |

Continuation to the above step,

iz

[ 64 16
HL_[I+_1— +z)dV = e —(sin8 - Lt}h€}+—§-€i|

H]

{00+ 5} {S0-0-24]

54 S.:r 64
15 3 I5
8z 128

= e o —
3 15

3
Therefore, the volume of the solid is Ei %
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In cylindrical co — ordinates the region & 12 bounded by planes z=10,
z=rcos@+rsnd+ 5 and the cylinderr =2 and r = 3 therefore & 15 given by

E={(r.8z) 028=2m 22r<3 0=z<r(sind+cosd)+5)



Then [[[za¥

F

Il
=] =]
BT BT e My
| T, S TR S—

O e B B B e,
I

2
]
bd._i‘—i
5y
w
=3
Il

D:-|'5"

b
]

e L

FLOSE +F e +5

[r cos E)rcizci'r' o le

n

Foos A+ ¥l +5

ricos E'[E]D

drd &

ricos 5'[r cos 8+ rain 5'+5:l.:£r &

B

4 4 Fei
J1‘—1::n::-525+r—|:c::~55'sir1-:5‘+Er3n::c}sé' &
4 4 3

¥=2

b

%l::o-s2 5'+% cosﬂsin5+19x%cos-§j|d5

da
[ 55% cos Bl sl 29+19x5c¢59}d5
g 2 3
! ix
8 2 2 3,
5

1 1 5
27+ 00— —+0-0+=[+19x=(0)
i 2 3

L
I_h
4

4
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Consider the triple integral HJ‘—R dVv
4

Here E is the solid that lies within the cylinder x* + y* =1, above the plane z =() and below
the cone z? =4x* +4y%.

The objective is to evaluate the integral HIXE dv
E

In cylindrical coordinates x = rcos@, y=rsin@,z=z,r" =x" +°.
To find the z limits,

Given planeis z=10

2f =4x* +4y°
22 =4(x2+_}‘2)
zZ* =4

— S

S0, z varies from () to 2.
And
x* 4yt =1
risin® @+r°cos’ 8 =1
¥ =1
r=1
ThenrliesfromOto 1and @ liesfrom0to 2.

The region of integration can be described as

E={(r.0.2)|0<z<2r,0<r<1,0<0< 2z}



S0, solve the integral as follows:

m‘x dV = _”I{r cnsH} redz dr d@

o000
T

j?flcos'ﬁa‘zdrdﬂ
o0

I

il
_ 2[![1 +c;52&]d9 J["!Hm. ]
= z[é&ﬂi“f&]:r[%l

=(2x +D—ﬂ}(]§—ﬂ)

_2&
5

[; “ cos -9[ " dr a’ﬁ]
|

1 cos® @ 2r]dr dﬂ]

Il
e L e e

Therefore, I” X dV = 2?"'

E
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Consider the following:

The volume of the solid lies within both the cylinders x? + y‘ =1, and the sphere
Yyt =4

Change the coordinates of the region of solid in terms of cylindrical polar coordinates.

x=rcosd
y=rsinfd
A

cos) —rsind 0
x.y.z) | .
e = d g 0
3(r.8.2) sinfd  rcos

0 0 1



Consider the volume element.
B{x,y,z)
E‘(r,ﬂ,z]
=rdrd@d:z

dydy dz = det dr dé dz

Then, the volume of the solid is as follows:
= [ffa
-

Here, in polar co — ordinates are as follows:
x=rcosf and y=rsiné .
I'.' +}"2 =F2
[=p2 Since x* 4y =1
r=l
and,
vy =4
ezl =4

=44

Therefore, the region is stated as follows:

E={(r0.2):020<27,02r <1, 41" <z<a-r|



Thus .

/-

I

'\-.llnl-—r'1
j r.dz dr d6 Perform the integration on z,

—\'I'\l--.r:

5

f{z}":ﬁ dr d@ Apply the limits for z.

I
= e,

r[m—(—m]]dme
2rJ4—1 drdo

Simplify,

ey 1 2 S T
— . e —

1 1
Id&f?raﬁd—rl dr Perform the integrationonrand g ,
0 ]

Continue the above steps.
Consider the integral.

1

[ 24— dr

1]
Lel. f=4—»° then df = —2rdr
and the limits are as follows:
fr=0thent=4
If ¥r=1 thentr=3



Therefore,
| 3
}'2;-44 —rldr = ‘[-J?d:
[

4
3

| e

u+l

I"-h

=— Use the formula !x"d.r=
n+l1

4

373
ri]
4
Now, apply the limits.
| 3P
}FEr 4—pdr = -E[F]
LU 3 i
2 12 312
= 3. - _‘4 -
i
2 1 g k7]
=2 47 -3
347 -3"]

2 2
=58-3"]

2
3

1 bJ|

Now,

2x 1
V= [do[2rd4-r" dr
L Since from (1),

-0 {3[s-3])
:{zﬁ}.[%[s-f”-’ﬂ Simplify,

_Ame o
-(s-57)

Hence, the required volume is |} = 4_”(3_33-’!] :
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Consider the sphere x* + y? +z* =2 and the cone ; = [, oyt

1.4

0.4

0.6

—
[y

0.4

1.4

The region is bounded above by the sphere x* + y* + z* =2 and below by the cone
CE NG S T
Wehave fx*4y? <z<2-x"-y"-

And x? 4 y* <]

In polar coordinates, this region  x? +y1 <lis R= {(r,t‘?) N<r<,0<P< 2;3-} and also

J2-xi—yr=2—pr and [ = =




Now, we can compute the volume by finding the volume under the graph of ,f> .2 above the
disk R= {{r,ﬁ}:{}i r<1.0<¢d 1:2;:} and subtracting the volume under the graph of »
above R.

Therefore, the required volume is

[wfi——::i--r)rdra'ﬁ

V

[ I

sty ==y
1 Oy — i oy, —

do

i
i

dé

o

Continuing the above step,

G
T

Therefore, the volume of the enclosed region is iﬂ-(ﬁ_ }) _
3
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Consider the following paraboloid and the sphere:

z=x"+y andx’+y* +2* =2
The objective is to find the volume of the solid.

Find the intersection points of the paraboloid and the sphere as follows:

Py 4=
z+z°=2 Since z = x" + 3°
Z2+z-2=0
(z+2)(z—1)=ﬂ

ta

=1-2

Sketch the graph of the paraboloid and the sphere as follows:

—_
M

=
i

=
in

L
71

e




Find the volume of the solid as follows:

The intersection of the paraboloid and the sphere is the circle, x? +_y1 =] z=]
The projection of the region on the xy—plane is a circle defined by the equation y? +y2 =1.

Thus, the limits of the integration is,
E={{x,y,z)|-IE.rﬂl,ﬂﬂyi-’xf']—xz,_rz+f£35.['2_11__,,2}

The volume of the solid region is expressed by the integral:

V= I.[L dx::.rszk

3 -] -]
W=z Y 2-x" =y

Use cylindrical coordinates to simplify the integral as follows:
x=rcost,y=rsinf,z=z
Find the region of the integration as follows:

From cylindrical coordinates x? + y? =2,
Substitute x* + y* =? inthe equations z=x*+y* andx* + y* +2° =2.

izi=d z=p
z=y2-#; z=r"

In cylindrical coordinates, the region of the integration is,

E-= [{r,ﬁ.z}lﬂi r<1,0€60<2n,r <z Jz-r*}



Substitute these values in the equation (1).

The volume of the solid is.
V= m rdrdzd0
)

x | \'Ii-.;'!'

= j _[ j rdzdrd@
Blip=ld zop?

= T i' r(-i.l'E—ﬁ'2 -r"‘).::r‘rdﬁ'
et ret)

2 1

— I I[rﬁ—rj)dr’dﬁ'

=0 r=(i

-0 . ] I
e T P BY " ? | 40
f[ 3( 2 +2) J

(IZ j-f_]_[dﬁ

Continue the above integral.

Pl y i
v=(Z+22 ][ do
W2 37 g
(—? 1 3 ir

=| —+—=+2 |(#
.-"_? 2 X
= —+=+2 |(27-0
12 3“{_)[’r )
%5 Err—i;r
3 6

Therefore, the volume of the solid is,

4_'!— 7
=—f2r——r|.
3 6
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(a)
The sphere of radius g has equationr® +z* =a".

Solve this for z to get z=+va* —#?.
Note that the circle ¥ =acos @ is complete for0 <G <7
The volume 1s,

K aoEf xl:;:::—r:
1:r=J‘ j L rdzdrd®
Complete the ij:;;'_;utf:gratiﬂn
K amsd 'aJ—r:'
= e drd&
v J’ !’ o o

}' 2rld® - drd®

substitute 1 =c:11 —r* with xu=a" —.F'g,
Fa*[l-ma?a} ;

V:f —u2dudd
]

.:p!—.:q =

Continuous from the previous step,

]-ﬁ-'
7 . 204 sin® @sin @146
3 3
3 %
_. 2a (1—cos? 8)sin 6146
33
3 %
:_2% sin @—cos® Osin 6—140
3
3 X
Fr:—zi _msg-}l[_}[]siﬁ—g‘
3 L 3 0
el 1 1
__ [1___;;}_[_”__{;}
340 3 3
2a (4 ]
e ——7
313




(b)
The graph of the sphere and cylinder on the same screen 1s as shovwn below.

a

Chapter 15 Multiple Integrals 15.8 27E
The paraboloid z = 4x® +4y° meets plane z=a (a> [}} in & circle with equation

a=4x" +4y*

az4(x2+y2)
x4y =%

The graph of a paraboloid

(0,0,a)

(0,0,0)



Cylindrical Coordinates:

x=rcosé

y=rsinf

z=z

x*+y* =r'cos’ (8)+r'sin’ (6)
=r"(cos™ (#)+sin’ (8))
0
= p?

dV = rdzdrd@

il
Here _rz-i-_:p! =— and _1'21-_],:2:;-2
i |

Then

r=

F= Since radius is non-negative

M|§-| PR

Then the solid S in cylindrical co — ordinates
E:{{;',H,z}: ﬂiﬂi!mﬂiri%,ﬂlrz Ezia}

Now, density p(x,y,z)=k(constant)

Then the mass is given by
m= Iﬂp[r,y,:)dﬁ'
.

Convert to cylindrical coordinates, then

3

I

=
L
Y

='|——,.|..|i'é-|

:i rdzdrdd
3

a

¢|—1|.||!'|.;‘--| o m—

r(

), . .drdd

Il
F:-

[
i

1]
=
e B
St |5 |y

[:a —4° )m’r di

[
v

Il
=
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[ar - 4;° ] drdf



On calculating the mass

m=kT "—’E—H " a0
1 0

&
kL (a0
145-[[
=k _(27)
e
8
Therefore mass m= kra
g

Now, moments about the three coordinate planes are

M, =Hjxp[,r,y,z]dlf

rmsﬁ rdzdrd@

II
'Dl"—'.“
‘: 'l——..

ricos@(z), . drdf
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?q-
-='|—-—,.m!€'-| =I‘—-—,||u="é-| i |='|

‘ cos 3[:-:1—4.!'3 ]dr A
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(a cosB.r’ —4cosf.r’ }dr da
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Now, on calculating
r L \I;
M =EI acos&’——iccsﬁ'r"" do
3 5 ,

¥

5

4 E
a’ |cos@.d@
60

And

M_ = m}'p(x,y,z)d!?"

E

(]
Ll

Il
.=
ﬂl‘—];

B

-:1-—1|u!‘:--h|

rsin@.rdzdrd@

=
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L

R

M

r¥sin 5".[11-4;'2 :l::fr df

Il
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:.1—.;;"

=k |sinédd (m'z—-’-lr"‘}dr

-.-:.'l\_.:

5
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And
M, = sz plx,p.z)dV

il

';".‘.'1 a¥

= kI j z.rdzdrdf

8 3Ix64
3
_k _2a (27)
2(3)(8)
—ikﬂ'a"
24
Now
M M
geomeap, yallwog =M
n m m
2
=—krd ==
i e

Hence the mass is

kna®
8

And center of mass is (;}E] - (ﬂ,ﬂ,—




Chapter 15 Multiple Integrals 15.8
The density at any point 185 proportional to itz distance from the z — axis 1.6

p(x,y,z) f:ra.,.'xj +_}f2

Taking constant of proportionality to be & we hawve
p(x,y,z) = kyxt +y°

Mow the region of integration 1.8 the ball B can be written in cylindrical co —
ordinate s as

B:[(r‘,ﬂ,zj: O=8=2m0sra —ja'—r EZE"\;':I:—.?‘E]

Then the mass of the ball 15
= IIIp(x,y,z)dF

B

= E:T ﬂ]."” rrdzdrdd
i

j r dzdrdd

L drdd

[
Irﬂfz)*“_

X

kzjirgm.:x‘rdﬁ'
oo
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Chapter 15 Multiple Integrals 15.8
Consider the following iterated integral.

2 opfa-pt 2
J J . _[ — xzdzdxdy
R L e T S Kl -

This is a triple integral over a solid region,

E:{[L}:z}l—zij'il,—\.' —y' <x< J4—_}::*J.r:+_1-‘: EIEE}

The lower surface of the plane is the cone - = [y? 4+ * and its upper surface is the plane

-~ —

=

Equate the z terms

X+yi=2
X +y =4

Therefore, the projection of g onto the xy—plane is the disk x* + y* <4,



Sketch the region E,

Z

X

Convert the rectangular coordinates (x, y,z) to cylindrical coordinates (r,0,z),using the

= b !
conversions p* =x*+y’ tanB==, andz =z
X

Here, x=rcos,y=rsin, andz==z.

Translating the surfaces and the region into cylindrical form,
N+ = Jr
=F

S0, the limits of integrationis r<z<20<r<2, and0<8<27.

Therefore, the description of the solid £ in cylindrical coordinates is as follows:

E={(r.0.z)r<z<2,05r<2,0<6<2x)



Rewrite the integral j' j “:*_ _xzdzdxdy in cylindrical form.
—'\ LY l. +'I

fj”-” [ xadzdxdy = [ [ [ (rcos 0) zrdzdrde

=2 a4y oty
= J: ,L L (rzz cos ﬁ}dza’ra'ﬁ

First evaluate the inner integral with respectto =z.

[ ] S W cosé’)[ derdﬂ

'4 -y Wy
=I:¢Lf(rlcos€)[g—%}rd9
JETJ —msﬁ" 4p* rd

Apply the limits of z, and evaluate the middle integral with respectto r.

4 1 2
fa-y? 1 4r r
j- j .'ﬁ Nere Hdzdxdv—.l' ECGSH\[T]‘,_[?J }13
= Ecﬁsﬂ —[8 0)-= 32 G}}:’

'J.r I’

=L s 225
o2 \3 5

= J‘hl[ﬁ) cos ddt
0 2015

Finally, evaluate the outer integral with respectto g

[N) i j\l,—xzdzdxdy ?; [ cosode

-,‘41- Farn

32 . Ix
-2 (sin0);

=E sin 27 —sin 0
15
=0

Therefore, the value of f j J'_ xzdzdxdy 1 @
—\H- ¥

oE



Chapter 15 Multiple Integrals 15.8 30E
Consider the following iterated integral:

LE L e ase

The objective is to evaluate the iterated integral using cylindrical coordinates.

This is a triple integral over a solid region:
E:{{x,y,zﬂ-agxga,ﬂgyg g-xi,uszgg-f-f}.

The lower surface of the solid is a plane z =) and its upper surface is the paraboloid opening
downward z=9_—y%— }F that is shown is as below.

Equate the =z terms.
9—x’—y*=0
xX*+y*=9

Therefore, the projection of £ onto the xy—plane is the disk x* +)* <9,



Convert the rectangular coordinates (x, y,z) to cylindrical coordinates (r,8,z),using the
conversions #* = x* + y* tan0 =£, andz = =z,
X

Here, x=rcos0,y=rsinf, andz==z.

Translating the surfaces and the region into cylindrical form,
Jet 9 = Jrt
=Fr

S0, the limits of integrationis 0<z<9- r:ﬂ <r<3 and 0<@<2x.

Therefore, the description of the solid g in cylindrical coordinates is as follows:

E={(r.0.z)|0sz<9-r*,0<r<3, and 0027},
: s K] 'L,":‘?-I-:. 9—.1:’1-)‘3 " r i 1 E
Rewrite the integral L J‘u L I':r‘ +7 dzdydy In cylindrical form.

fa.[;ﬁj:uf-f VA 4y dzdydx = ::"J:j:”rl J(rcosﬂ]z +[.'*sirh.’5a'}2 rdz dr df
= :jﬂ J:j:_r! Jrz (cr}s* @ +sin” 5') rdz dr d@

elx opd et
=7 [ rdzdrae
S0 Qi JD
First evaluate the inner integral with respectto =z.
3 po-xt pogtoyt = 53, o LR
}-—JID .[u e dndydx—j“ Lr ["]0 drdo

([ P(0-)-0] o

=Lf’j:[9r= ] drdo

Apply the limits of z, and evaluate the middle integral with respectto r.

o A i ! ’
(7 4] 2
’ LU

0

- :3{2? 4]]—%{243 —ﬂ]]dé’

0

:J'h E]J&

" 15

_le2 I’ldg
5, ]

Finally, evaluate the outer integral with respectto g,



j-: J-J‘}_x: r—x:_"j _1‘: oy J’z dz a’y dy = %(9 };H

0 L

162
=—|2x-0
2 (27-0)

_324x

5

Therefore, the value of rhl‘u"‘"‘: J':"‘:'f ¥ + 3 dedydx 18 324x ]

Chapter 15 Multiple Integrals 15.8 31E
Let the conical region occupied by the mountain be C.

Write the formula to find the work done in lifting a small volume of material.
Work =Height = Density » Volume

Divide the whole mountain into smaller volumes of material.

Use this formula to find the work done in lifting a small volume of mountain.
AW = h[F}g{P}.ﬁV

Now, the total volume of the mountain will be obtained by the following integral.

W= HIF:(P}g(P}&F.

Radius of the conical mountainis £ =62,000 fi.
Height of the conical mountain is H =12,400 fi.

Density of the conical mountain is g (P) =200 Ib/ft’,

In the cylindrical coordinates, the region C is as follows:

C=1(r,0,2)|0<0<2r,0<z<12,400,0 < r <62,000] | - — ]
12,400



Use the cylindrical coordinates to set up the integral.
W :Hjh[P]g[F)ﬁV
b
=j“j”"mj"’2'°°"|""'ﬁﬂJ(z 2007) dr dz dO
1] 1]
[ (53w (22007 dr de 08

[ 1002 AT )

=1nn-&2,mn*j:”’j;"“’z[l = 40{}] dz}dﬂ

. 100-62.000 TO0-02,090" (241 412,400z + 2* + 24,8002 }dz]a’t?
12,400° Jo [Jo
- 2 12,400
AU 02,000 — e [7112,400° 2+ 24248002 | do
12,400 o L 2 4 - ) P
_100-62,000° (12, 400* 12, 4{]{]‘  24,800-12,400° [ do
12, 400° 3 ”
_100-62,000° ( 12, 400‘ 12, 409‘ , 24,800-12,400° )
12,400 3
- 507 -62,000° -12,400° fi/lb
3
=3.1x10" f/lb

Hence the amount of work done is  [3.1x10" f/lbl.






