11. Applications of Derivatives

Exercise 11A

1. Question

The side of a square is increasing at the rate of 0.2 cm/s. Find the rate of increase of the perimeter of the
square.

Answer

Let the side of the square be a

Rate of change of side= E = 0.2 cm/s

Perimeter of the square = 4a

Rate of change of perimeter = 4% =4 % 0.2

@ =0.8 cm/s
dt

2. Question
The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its circumference?
Answer

Let the radius of the circle be r

dr 0.7
il cm/s

Circumference of the circle=21r

Rate of change of circumference = 2‘]‘[’?
t

=2%x314x0.7
dC
— =44 cm/s
dt

3. Question

The radius of a circle is increasing uniformly at the rate of 0.3 centimetre per second. At what rate is the
area increasing when the radius is 10 cm?

(Take m = 3.14.)
Answer

Let the radius of the circle be r

dr 0.3
primlt cm/s

Area of the circle=qy?
Rate of change of Area — z-m-%

=2x314x10x0.3

% ~18.84 cm’/s
dt

4. Question



The side of a square sheet of metal is increasing at 3 centimetres per minute. At what rate is the area
increasing when the side is 10 cm long?

Answer

Let the side of the square be a

Rate of change of side= E =3 cm/s

Area of the square = a?

Rate of change of Area = ga$ —2%x10%3

E =60 ecm?/s
dt

5. Question

The radius of a circular soap bubble is increasing at the rate of 0.2 cm/s. Find the rate of increase of its
surface area when the radius is 7 cm.

Answer
Soap bubble will be in the shape of a sphere

Let the radius of the soap bubble be r

dr 0.2
primlt cm/s

Surface area of the soap bubble=42

Rate of change of Surface area = gm?
t

=8x3.14x7x02

6. Question

The radius of an air bubble is increasing at the rate of 0.5 centimetre per second. At what rate is the volume
of the bubble increasing when the radius is 1 centimetre?

Answer
Soap bubble will be in the shape of a sphere

Let the radius of the soap bubble be r

dr 0.5
il cm/s

Volume of the soap bubble=‘§1'm'3

Rate of change of Volume — 424

=4x%x314%1%2x%x0.5

di =6.28 em”/s

dt
7. Question

The volume of a spherical balloon is increasing at the rate of 25 cubic centimetres per second. Find the rate
of change of its surface at the instant when its radius is 5 cm.



Answer
Let the radius of the balloon be r
Let the volume of the spherical balloon be V

4
V=—mr?
3

dv dr

— = 4mr? —

dt dt

25cm?®/s= 4 x 1w x 57 x%
dr 1

dt  4m

Surface area of the bubble =42

Rate of change of Surface area = gm-$
1

=8XTXbX—
4T

d—S =10 cm?/s

dt
8. Question

A balloon which always remains spherical is being inflated by pumping in 900 cubic centimetres of gas per
second. Find the rate at which the radius of the balloon is increasing when the radius is 15 cm.

Answer
When we pump a balloon its volume changes.

Let the radius of the balloon be r

4

V=- .3
3m

dv 4 ‘zdr

a @

900 cm®/s= 4 X m X 152 x%

dr 9200

dt  4x3.14x225
dl.

— =0.32 ci/s

dt

9. Question

The bottom of a rectangular swimming tank is 25 m by 40 m. Water is pumped into the tank at the rate of
500 cubic metres per minute. Find the rate at which the level of water in the tank is rising.

Answer

Let the volume of the water tank be V
V=Ilxbxh

V=25x40xh

dv — 1000 dh
dt X a@t



dh
500 = 1000 X —
dt

dh -
— =0.5 m/min
dt

10. Question

A stone is dropped into a quiet lake and waves move in circles at a speed of 3.5 cm per second. At the
instant when the radius of the circular wave is 7.5 cm. how fast is the enclosed area increasing? (Take n =
22/7.)

Answer
Let the radius of the circle be r

dr 1E
i cm/s

Area of the circle=qy?

Rate of change of Area — z-m-%

=2x314x75x35

— 165 ecm?/s

11. Question

A 2-m tall man walks at a uniform speed of a uniform speed of 5 km per hour away from a 6-metre-high lamp
post. Find the rate at which the length of his shadow increases.

Answer
A
Iémp post
&m C
Zm
B X D ¥ E

ABE and CDE are similar triangles.

So,
AB_CD
BE DE
0.006_0.002
X+y vy
6y =2(x +y)
dy dx dy
6t = 2 G T ar
dy dy
65— 2(5+a
d d
6—y— 10 + 2_}’

dt dt



dy

4 =10
dy
Fri 2.5km/h

12. Question

An inverted cone has a depth of 40 cm and a base of radius 5 cm. Water is poured into it at a rate of 1.5
cubic centimetres per minute. Find the rate at which the level of water in the cone is rising when the depth is
4 cm.

Answer

Let the volume of the cone be V

dv LE cm®
g~ LScm /s

V =—m?h
3']TI

% L 5%h
=T
3

V25h

dv 25 dh
dat~ 3 Mat
15 25 dh
10 3 'dt
13. Question

Sand is pouring from a pipe at the rate of 18(:1113_.”3- The falling sand forms a cone on the ground in such a

way that the height of the cone is one-sixth of the radius of the base. How fast is the height of the sand cone
increasing when its height is 3 cm?

Answer
h= L
1

V= gm‘zh

V = —m(6h)%h

V = 12mh3

dv 362 dh

a0y
dh

18=36 X9 X T X —
dt

dh

—=_—__cm/s

dt T

14. Question

Water is dripping through a tiny hole at the vertex in the bottom of a conical funnel at a uniform rate of 4
cm- /s - When the slant height of the water is 3 cm, find the rate of decrease of the slant height of the water,

given that the vertical angle of the funnel is 120°.



Answer

Let the volume of the cone be V

Ve
—— = 4CIM"~ /8
dt /

V = —mr2h
3']TI

h 1
cosQ = 1= €os 120 = cos(180 — 60) = —3

r \.’E
5111Q=T=5111120=sin(180—60)=311160=?
1
V = —mr?h
3™
=03 L
=371 3D
3
- _ a2
V= 24111
dv__ 9 d
at 24" drt
A 3 32dl
8™
32 dl
7 cm/s-dt

15. Question

Oil is leaking at the rate of 15 mL/s from a vertically kept cylindrical drum containing oil. If the radius of the
drum is 7 cm and its height is 60 cm, find the rate at which the level of the oil is changing when the oil level
is 18 cm.

Answer

v 15 mL
= 15m /s

d
e -2 =
T (mtr*h) = 15

d
e 2 ==
T (m7¢h) = 15

49 dh—:L5
T -

dh 15
dt 49w

16. Question

A 13-m long ladder is leaning against a wall. The bottom of the ladder is pulled along the ground, away from



the wall, at the rate of 2 m/s. How fast is its height on the wall decreasing when the foot of the ladder is 5 m
away from the wall?

Answer

dx/dt

Let the original ladder be AC and the pulled ladder be DE
Let AB=y and BC=x

Applying Pythagoras Theorem in ABC

x?+y?=13%..(1)

5% +y* =137

¥y = 12cm

Differentiating both sides of eqn (1) wrtto t

x Xy
a o Yar T

d
5.2+12—y=0

dt
dy 10 5
E——E——Ecm;’s

17. Question

A man is moving away from a 40-m high tower at a speed of 2 m/s. Find the rate is which the angle of
elevation of the top of the tower is changing when he is at a distance of 30 metres from the foot of the tower.
Assume that the eye level of the man is 1.6 m from the ground.

B
13
(=]
=
A X E
Answer
A
LI
40 384




dx

P —2cm/s
38.4
tanQ = ~
38.4

=tan!——
Q X

dQ 1 1

1+—

b 4

d x? 1
@Q__ X (——).38.4
dt x?4+ 147456\ x?
dQ dx
—_—=—— 38.4. —
dt 302 +1474.56 dt
dQ
—_— = 384 x 2
dt 302 +1474.56
dQ
G —0.032 radian/second

18. Question

Find an angle x which increases twice as fast as its sine.

Answer
ATQ,
dx 5 d
il (sinx)
dx — dx
i cosxdt
_ 1
COSX = 2
T
X e —
3

19. Question

The radius of a balloon is increasing at the rate of 10 m/s. At what rate is the surface area of the balloon
increasing when the radius is 15 cm?

Answer

dr — 10

T m/s

S = 4mr?

ds _3 ‘dr
at - o e
ds

— = gm. 15.10
dt

ds

— —1200% em’/s
dt

20. Question

An edge of a variable cube is increasing at the rate of 5 cm/s. How fast is the volume of the cube increasing



when the edge is 10 cm long?

Answer

da _c

T cm/s
V=33

dv _ 342 da
at  °% ar
av =3.102.5
dt _ - -
dv

— — 1500 cm’ /s
dt

21. Question

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. Find the rate at which the area is
increasing when the side is 10 cm.

Answer
da 5
— = 2cm/s
dt /

/3

!
A=—a?

2 a
dA \,-"5 da
dt 4 dt
dA \,"'5 102
dt 2
dA

2
e 10\5 cm”/s

Exercise 11B

1. Question

Using differentials, find the approximate values of:
find the approximate values of\/g,_jr.

Answer

Let y =vx.

Let x =36 and Ax = 1.

Asy = Vx.
4y _ 1

dx 24K
We, know




=y -2
- Ay = 0.08

Also,

Ay = f(x+Ax)-f(x)

S 0.08=+36+1—36

=0.08 =V37-6

= V37 = 6.08

2. Question

Using differentials, find the approximate values of:

Find the approximate values of 3{2g.

Answer
Let y = ;t-"i

Let x =27 and Ax = 2.

dy 1 ~Z
=< =

dx SX 2
We, know

=>.ﬁy=?&x

X
. 1 ~*
Ay = EXE.&X

2

= Ay = 227%.2

2
S Ay = 0.074
Also,

Ay = f(x+Ax)-f(x)

S 0.074 =327 +2 - 327
=0.074= Y29 -3
=329 =3.074

3. Question

Using differentials, find the approximate values of:
Find the approximate values of \,’?

Answer

Let y =Vx.

Let x =25 and Ax = 2.

Asy = Vx.



=4 _
dx 24K
We, know
_ %y
= Ay = ™ AX
1
ﬁy== Eﬁi.ﬁx
1
= 'ﬁy = zb.'ﬁ'
S Ay = 0.2
Also,

Ay = f(x+Ax)-f(x)
“0.2=+v25+2—+25
=0.2=v27-5
=27 =5.2

4. Question

Using differentials, find the approximate values of:
Find the approximate values of \/0_24

Answer

Lety =Vx.

Let x =0.25 and Ax = -0.01.

Asy = Vx.
>4y _ 1

dx 2%
We, know
= Ay = Z Ax

1
ﬂy = ﬁ.ﬁx
1

= Ay = ST (—0.01)
= Ay =—-0.01
S Ay =-0.01
Also,

Ay = f(x+Ax)-f(x)

*—0.01 =+0.25 — 0.01 —/0.25
=-0.01 =v0.24 - 0.5

=+v0.24 = 0.49

5. Question

Using differentials, find the approximate values of:



Find the approximate values of , /19 5
Answer
Let y =vx.

Let x =19 and Ax = 0.5.

Asy = Vx.
>4y _ 1

dx 2\,"}
We, know

=>.ﬁy=%ﬁx

_ 1

SAy = M,;..ﬁx

= Ay = ——.0.5
24497 7
0.3

-~ Ay = 0.0357

Also,

Ay = f(x+Ax)-f(x)

“0.0357 = 49 + 0.5 — /49

= 0.0357 =v49.5-7

=+v49.5 = 7.0357.

6. Question

Using differentials, find the approximate values of:

Find the approximate values of /| 5

Answer
Let V= {."E

Let x =16 and Ax = 1.

ASyz {;‘E
dy 1 2

= _
—=-X
dx 4 :

We, know

=>.ﬁy=%ﬁx
.
Ay = ;x«..ﬁx

1, 2
= Ay = 1164.(—1)
Ay =-0.03125
Also,

Ay = f(x+Ax)-f(x)



S —0.03125 =316 — 1 — 316
= _0.03125 = {15 -2
= $/15 = 1.96875

7. Question

1
find the approximate values of ———=
(2.002)
Answer
1

X

Let x =2 and Ax = 0.002.

1
-dy_ -2
dx %3
We, know

=>.ﬁy=%&x

S Ay = =2 Ax

%3

= Ay = =.(0.002)

—0.5
= ﬁy = 1000
- Ay = -0.0005
Also,

Ay = f(x+Ax)-f(x)

. _ 1 1

< —0.0005 = Zo02E 22

= —0.0005 = m —0.25
= 002 0.2495

8. Question

find the approximate values of log_10.02, given that log_10 = 2.3026
Answer

Lety = log.x

Let x =10 and Ax = 0.02.

As V= logex
-0 _ 1

dx X
We, know

=>.ﬁy=%&x

SAy = 1 Ax

X



= Ay = —.(0.02)

0.02
= ﬁ = —
y 10

~ Ay = 0.002

Also,

Ay = f(x+Ax)-f(x)

. 0.002 = 10ge(10+0.02) - loge(10)

= 0.002 = 10ge(10.02) - 2.3026

= 10ge(10.02) = 2.3046.

9. Question

find the approximate values of log;¢(4.04), it being given that log;94 = 0.6021 and log;ge = 0.4343
Answer

Lety = log,ox

logex

loge 10
“y = 0.4343log.x
Let x =4 and Ax = 0.04.

As y = 0.4343log.x

= E _ 0.4343
dx X
We, know

=.ﬁ.y=%ﬁx

0.4343

S Ay = . CAx

= Ay = 222.(0.04)
= ﬂ.y _ 0.01:372

Ay = 0.004343
Also,

Ay = f(x+Ax)-f(x)

+.0.004343 = 10go(4+0.04) - loge(4)

= 0.004343 = log.(4.04) - 0.6021

= |0ge(4.04) = 0.606443.

10. Question

find the approximate values of cos 61°, it being given that sin 60° = 0.86603 and 1° = 0.01745 radian
Answer

Let y = cosx

Let x =60° and Ax = 1° .

As 'y =cos X



= g = sinx

We, know

= Ay = g&x

Ay =sinx.Ax

= Ay = sin(60)(0.01745)
= Ay = (0.86603)(0.01745
~ Ay = 0.01511

Also,

Ay = f(x+Ax)-f(x)

. 0.01511 = cos(60+1) - cos(60)
= 0.01511 = cos61° - 0.5
= c0s61° = 0.48489

11. Question

- iala ]
If y = sin x and x changes from r to ZZ, what is the approximate change in y?
2 14

Answer

Given x ism /2

Value of mis 22/7

22/14 ism /2

Hence there will be no change.
12. Question

A circular metal plate expands under heating so that its radius increases by 2%. Find the approximate
increase in the area of the plate, if the radius of the plate before heating is 10 cm.

Answer

Let the radius of the plate 10cm.
Radius increases by 2% by heating
. After increment = ﬁ x10=0.2
Change in radius dr = 0.2

. New radius = 10+0.2 = 10.2cm
Area of circular plate = A=mr?

. Change in Area = d_f‘

dA
= — = 2mrdr
dr

=>3—A—2><Tr>< 10 % 0.2

r B
dA
= — = 41t cm?
dr

13. Question



If the length of a simple pendulum is decreased by 2%, find the percentage decrease in its period T, where

T=2n

P

Answer

The formula for time period -

-'-T=21T\F
g

Here 2,m1,g have no dimensions. So we can eliminate them.

AT

T 2

L
By representing in percentage error

= % % 100% =

B | e

X % ¥ 100%

= % % 100%

Il
b |

X —e‘LLx 100%
AT 1
— 0 — = ]

= T Yo = 2>< 2%

gﬂ — 10
= T % = 1%
Hence the time period becomes 1 %.

14. Question

The pressure p and the volume V of a gas are connected by the relation, p\_.-'l 4 =) . where k is a constant.
Find the percentage increase in the pressure, corresponding to a diminution of 0.5% in the volume.
Answer

Given: pvl/4 =k

%decrease in the volume = 1/2%s

. AV -1
"?X 100 = >
pV1/4=k

taking log on both sides
log[pvl/4] = log a
log P + 1.4logV = log a

Differentiating both the sides we get
1 1.4
= Edp + ?dv =0
dP dv
=T +145 =0
Multiplying both sides by 100.
=%>< 100+1.4><%>< 100 = 0
dP -1
-2 x 1O0+1'4(T)=0
= d—; x 100 = 0.7

%error in P = 0.7%.



15. Question

The radius of a sphere shrinks from 10 cm to 9.8 cm. Find approximately the decrease in (i) volume, and (ii)
surface area.

Answer

Decrease in radius = dr = 10-9.8

sdr=0.2

Volume of the sphere is given by = v = gm'g
Change in volume = dv = 4mridr

S dV = 4m(10)? x 0.2

= dV = 80mcm?

Surface area of the sphere is given by = A = 412
Change in volume = dA = 8nrdr

- dA = 8mx10x 0.2

- dA = 16Tm.

16. Question

If there is an error of 0.1% in the measurement of the radius of a sphere, find approximately the percentage
error in the calculation of the volume of the sphere.

Answer

Volume of the sphere is given by =y = gm-z

Change in volume = dVv = 4nr2dr

Given: Ar = 0.1

av
= Ar. = 4mr? Ar

= AV = 4mr?Ar

Percentage error

AV 4mr?
= v == X 0.1
)
= 0.3%

17. Question

Show that the relative error in the volume of a sphere, due to an error in measuring the diameter, is three
times the relative error in the diameter.

Answer

Let d be the diameter r be the radius and V be the volume of Sphere

Volume of the sphere is given by =y = gm-z

Ve i) - o

Let Ad be the error in d and the corresponding error in V be AV.

2 av=ad = ind?ap
dd 2



1 a2z
. Av_ pnd’AD_ 4D

v Izpz "D
Hence Proved
Exercise 11C

1. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=x*on [-11]

Answer

Condition (1):

Since, f(x)=x2 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)=x2 is continuous on [-1,1].

Condition (2):

Here, f'(x)=2x which exist in [-1,1].

So, f(x)=x2 is differentiable on (-1,1).

Condition (3):

Here, f(-1)=(-1)?=1

And f(1)=11=1

i.e. f(-1)=F(1)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-1,1) such that f'(c)=0
i.e. 2c=0

i.e.c=0

Value of c=0¢e(-1,1)

Thus, Rolle’s theorem is satisfied.

2. Question

Verify Rolle’s theorem for each of the following functions:

f(x)=x"-x-12in [-3.4]

Answer

Condition (1):

Since, f(x)=x2-x-12 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x2-x-12 is continuous on [-3,4].

Condition (2):

Here, f'(x)=2x-1 which exist in [-3,4].

So, f(x)= x2-x-12 is differentiable on (-3,4).

Condition (3):

Here, f(-3)=(-3)2-3-12=0



And f(4)=42-4-12=0

i.e. f(-3)=f(4)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-3,4) such that f'(c)=0
i.e. 2¢c-1=0

i.e. C = E
2
Value of ¢ = 2 ¢(—3,4)
2

Thus, Rolle’s theorem is satisfied.

3. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=x*-5x+6in [2.3]

Answer

Condition (1):

Since, f(x)=x2-5x+6 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x2-5x+6 is continuous on [2,3].

Condition (2):

Here, f'(x)=2x-5 which exist in [2,3].

So, f(x)= x2-5x+6 is differentiable on (2,3).

Condition (3):

Here, f(2)=22-5x2+6=0

And f(3)= 32-5x3+6=0

i.e. f(2)=f(3)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(2,3) such that f'(c)=0
i.e. 2¢c-5=0

i.e. C =

[ ]

Value of ¢ = 2¢(2,3)
2
Thus, Rolle’s theorem is satisfied.
4. Question
Verify Rolle’s theorem for each of the following functions:
f(x)=x"-5x+6in [-3.6]
Answer
Condition (1):

Since, f(x)= x2-5x+6 is a polynomial and we know every polynomial function is continuous for all xeR.



= f(x)= x2-5x+6 is continuous on [-3,6].
Condition (2):

Here, f'(x)=2x-5 which exist in [-3,6].

So, f(x)= x2-5x+6 is differentiable on (-3,6).
Condition (3):

Here, f(-3)=(-3)?-5%(-3)+6=30

And f(6)= 62-5x6+6=12

i.e. f(-3)=f(6)

Conditions (3) of Rolle’s theorem is not satisfied.
So, Rolle’s theorem is not applicable.

5. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=x*-4x+3in [1.3]

Answer

Condition (1):

Since, f(x)=x2-4x+3 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)=x2-4x+3 is continuous on [1,3].

Condition (2):

Here, f'(x)=2x-4 which exist in [1,3].

So, f(x)=x2-4x+3 is differentiable on (1,3).
Condition (3):

Here, f(1)=(1)2-4(1)+3=0

And f(3)= (3)?-4(3)+3=0

i.e. f(1)=f(3)

Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one ce(1,3) such that f'(c)=0
i.e. 2c-4=0

i.e.c=2

Value of c=2 €(1,3)

Thus, Rolle’s theorem is satisfied.

6. Question

Verify Rolle’s theorem for each of the following functions:

-

f(x)=x(x-4)" in [0.4]
Answer

Condition (1):



Since, f(x)=x(x-4)? is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x(x-4)? is continuous on [0,4].

Condition (2):

Here, f'(x)= (x-4)2+2x(x-4) which exist in [0,4].

So, f(x)= x(x-4)? is differentiable on (0,4).

Condition (3):

Here, f(0)=0(0-4)?=0

And f(4)= 4(4-4)>=0

i.e. f(0)=f(4)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,4) such that f'(c)=0
i.e. (c-4)?+2c(c-4)=0

i.e. (c-4)(3c-4)=0

i.e.c=4orc=3+4

Value of ¢ = 25(0,4)

Thus, Rolle’s theorem is satisfied.

7. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=x’—7x* +16x —12in [2.3]

Answer

Condition (1):

Since, f(x)=x3- 7x2+16x-12 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x3- 7x2+16x-12 is continuous on [2,3].

Condition (2):

Here, f'(x)=3x?-14x+16 which exist in [2,3].

So, f(x)= x3- 7x2+16x-12 is differentiable on (2,3).
Condition (3):

Here, f(2)= 23- 7(2)2+16(2)-12=0

And f(3)= 33- 7(3)?+16(3)-12=0

i.e. f(2)=f(3)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(2,3) such that f'(c)=0
i.e. 3c%-14c+16=0

i.e. (c-2)(3c-7)=0

i,e.c=2orc=7+3



Value of ¢ = 2 €(2,3)
3

Thus, Rolle’s theorem is satisfied.

8. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=x> +3x% —24x —80 in [4.5]

Answer

Condition (1):

Since, f(x)= x3+3x2-24x-80 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x3+3x2-24x-80 is continuous on [-4,5].

Condition (2):

Here, f'(x)= 3x2+6x-24 which exist in [-4,5].

So, f(x)= x3+3x2-24x-80 is differentiable on (-4,5).
Condition (3):

Here, f(-4)= (-4)3+3(-4)-24(-4)-80=0

And f(5)= (5)3+3(5)2-24(5)-80=0

i.e. f(-4)=f(5)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-4,5) such that f'(c)=0
i.e. 3c?+6c-24=0

i.e.c=-4 orc=2

Value of c=2 €(-4,5)

Thus, Rolle’s theorem is satisfied.

9. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=(x-1)(x-2)(x-3) in [L3]

Answer

Condition (1):

Since, f(x)=(x-1)(x-2)(x-3) is a polynomial and we know every polynomial function is continuous for all >eR.
= f(x)= (x-1)(x-2)(x-3) is continuous on [1,3].

Condition (2):

Here, f'(x)= (x-2)(x-3)+ (x-1)(x-3)+ (x-1)(x-2) which exist in [1,3].
So, f(x)= (x-1)(x-2)(x-3) is differentiable on (1,3).
Condition (3):

Here, f(1)= (1-1)(1-2)(1-3) =0

And f(3)= (3-1)(3-2)(3-3) =0

i.e. f(1)=f(3)



Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(1,3) such that f'(c)=0
i.e. (c-2)(c-3)+ (c-1)(c-3)+ (c-1)(c-2)=0

i.e. (c-3)(2c-3)+(c-1)(c-2)=0

i.e. (2¢2-9c+9)+(c?-3¢c+2)=0

i.e. 3¢2-12c+11=0

i.e.c=2.58 orc=1.42

Value of c=1.42¢(1,3) and c=2.58¢€(1,3)
Thus, Rolle’s theorem is satisfied.

10. Question

Verify Rolle’s theorem for each of the following functions:
F(x)=(x-1)(x-2)" in [L2]

Answer

Condition (1):

Since, f(x)=(x-1)(x-2) is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= (x-1)(x-2)? is continuous on [1,2].

Condition (2):

Here, f'(x)= (x-2)2+2(x-1)(x-2) which exist in [1,2].

So, f(x)= (x-1)(x-2)? is differentiable on (1,2).

Condition (3):

Here, f(1)= (1-1)(1-2)°=0

And f(2)= (2-1)(2-2)>=0

i.e. f(1)=f(2)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(1,2) such that f'(c)=0
i.e. (c-2)°+2(c-1)(c-2)=0

(3c-4)(c-2)=0

i.e.c=2orc=4+3

Value of ¢ = = = 1.33¢(1,2)

Thus, Rolle’s theorem is satisfied.

11. Question

Verify Rolle’s theorem for each of the following functions:

F(x)=(x-2)"(x-3) in [2.3]



Condition (1):

Since, f(x)=(x-2)*(x-3)3 is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= (x-2)*(x-3)3 is continuous on [2,3].

Condition (2):

Here, f'(x)= 4(x-2)3(x-3)3+3(x-2)*(x-3)? which exist in [2,3].
So, f(x)= (x-2)4(x-3)3 is differentiable on (2,3).

Condition (3):

Here, f(2)= (2-2)*(2-3)3=0

And f(3)= (3-2)%(3-3)3=0

i.e. f(2)=f(3)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(2,3) such that f'(c)=0
i.e. 4(c-2)3(c-3)3+3(c-2)4(c-3)%=0

(c-2)3(c-3)%(7¢-18)=0

i.e.c=2orc=3o0rc=18+7

Value of ¢ = % = 2.57¢(2,3)

Thus, Rolle’s theorem is satisfied.

12. Question

Verify Rolle’s theorem for each of the following functions:

f(x)=~1-x" in [-11]

Answer

Condition (1):

Since, f(x) = V1 — x2is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x) = +/1— x2is continuous on [-1,1].
Condition (2):

Here, f(x) = —1—T which exist in [-1,1].
S0, f(x) = /1 — x2is differentiable on (-1,1).
Condition (3):

Here, f(-1) = JT-(-D?=0

Andf(1)= 1 -12=0

e f(—1) = £(1)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-1,1) such that f'(c)=0

. C
ie.——==10

\.'I 1-c2



i.e.c=0

Value of c=0¢e(-1,1)

Thus, Rolle’s theorem is satisfied.
3. Question

Verify Rolle’s theorem for each of the following functions:

f(x)=cosx in {—.

o | A
o | A

Answer

Condition (1):

Since, f(x)=cosx is a trigonometric function and we know every trigonometric function is continuous.
= f(x)=cosx is continuous on [~ 7, 7].
Condition (2):

Here, f'(x)=-sinx which exist in [ gg]

1

So, f(x)=cosx is differentiable on (—Z, 7).
Condition (3):

vere 1(-2) = cos(-3) =0

an (2) = cos(2) =0

e f(=3) = (5)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(—7,7) such that f'(c)=0

i.e. -sinc=0
i.e. c=0
Value of ¢ = UE(—E,E)

Thus, Rolle’s theorem is satisfied.

14. Question

Verify Rolle’s theorem for each of the following functions:

f(x)=cos 2x in [0.7]

Answer

Condition (1):

Since, f(x)=cos2x is a trigonometric function and we know every trigonometric function is continuous.
= f(x)= cos2x is continuous on [0,T].

Condition (2):

Here, f'(x)= -2sin2x which exist in [0,1].

So, f(x)=cos2x is differentiable on (0,t).



Condition (3):

Here, f(0)=cos0=1

And f(m)=cos2n=1

i.e. f(0)=f(m)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,n) such that f'(c)=0
i.e.-2sin2c =0

i.e.2c=m

. ™
i.e.c=-
2
Value of ¢ = EE[:O,?T)

Thus, Rolle’s theorem is satisfied.
15. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=sin 3x in [0.7]

Answer

Condition (1):

Since, f(x)=sin3x is a trigonometric function and we know every trigonometric function is continuous.
= f(x)= sin3x is continuous on [0,1].

Condition (2):

Here, f'(x)= 3cos3x which exist in [0,1].

So, f(x)= sin3x is differentiable on (0,m).

Condition (3):

Here, f(0)=sin0=0

And f(r)=sin3n=0

i.e. f(0)=f(m)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,m) such that f'(c)=0

i.e. 3cos3c =0

ie.3c==
2

. s
l.e. ¢ =—
&

Value of ¢ = Z¢(0,m)

Thus, Rolle’s theorem is satisfied.
16. Question

Verify Rolle’s theorem for each of the following functions:



f(x)=sin x +cos X in [0; |

Answer

Condition (1):

Since, f(x)=sinx+cosx is a trigonometric function and we know every trigonometric function is continuous.
= f(x)= sinx+cosx is continuous on [0,].

Condition (2):

Here, f'(x)= cosx-sinx which exist in [0, g].

So, f(x)= sinx+cosx is differentiable on (0,2)

Condition (3):

Here, f(0)=sin0+cos0=1

And f(g) = sin G) + cos(g) =1

i.e. f(0) = f(3)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,7) such that f'(c)=0
i.e. cosc-sinc =0

i.e.c= E

Value of ¢ = EE[:O,E)

Thus, Rolle’s theorem is satisfied.

17. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=e"" sin x in [0.7]

Answer

Condition (1):

Since, f(x)=e™ sinx is a combination of exponential and trigonometric function which is continuous.
= f(x)= e™ sinx is continuous on [0,m].

Condition (2):

Here, f'(x)= e (cosx - sinx) which exist in [0,m].

So, f(x)= e™ sinx is differentiable on (0,m)

Condition (3):

Here, f(0)= e sin0=0

And f(n)= eMsinn =0

i.e. f(0)="f(m)

Conditions of Rolle’s theorem are satisfied.



Hence, there exist at least one ce(0,m) such that f'(c)=0
i.e.e (cosc-sinc)=0
i.,e.cosc-sinc=0
N il
ie.c=—
4
Value of ¢ = EE[:O,TL’)

Thus, Rolle’'s theorem is satisfied.
18. Question

Verify Rolle’s theorem for each of the following functions:

f(x)=e" (sin x—cosx) in {Iq_-t
vy
Answer
Condition (1):
Since, f(x)=e™ (sinx-cosx) is a combination of exponential and trigonometric function which is continuous.

M ST

= f(x)= e™ (sinx-cosx) is continuous on [=, =7].
4’ 4

Condition (2):
Here, f'(x)= e (sinx + cosx) - eX (sinx - cosx)
M 5

= eX cosx which exist in [=, =]
4" 4

So, f(x)= e™ (sinx-cosx) is differentiable on (E:;_“

Condition (3):
Here, f(7) = I (sin> —cos>) =0
4 4 4
Andf5_“_ =% 5T 5_“_0
(4)— e s (51114 cos4)—
e (I = fram
i) = ()
Conditions of Rolle’s theorem are satisfied.
Hence, there exist at least one CE(E’?) such that f'(c)=0
i.e.e€cosc=0
iie.cosc=0
. T
i.e.c=-—
2
Value of ¢ = EE(E’S—T[)
2 a4’ 4

Thus, Rolle’s theorem is satisfied.
19. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=sin x —sin 2x in [0.27]

Answer



Condition (1):

Since, f(x) = sinx-sin2x is a trigonometric function and we know every trigonometric function is continuous.
= f(x) = sinx-sin2x is continuous on [0,2m].

Condition (2):

Here, f'(x)= cosx-2cos2x which exist in [0,2m].

So, f(x)= sinx-sin2x is differentiable on (0,2n)

Condition (3):

Here, f(0)= sin0-sin0 = 0

And f(2m)=sin(2m)-sin(4mn) =0

i.e. f(0)=f(2m)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,2m) such that f'(c)=0
i.e. cosx-2cos2x =0

i.e. cosx-4cos2x+2=0

i.e. 4cos2x-cosx-2=0

1 i \-"ﬁ

i.e. cosx =
i.e.c=32° 32" or c=126°23’
Value of ¢=32°32'€(0,2n)

Thus, Rolle’s theorem is satisfied.
20. Question

Verify Rolle’s theorem for each of the following functions:
f(x)=x(x+2)e" in [-2.0]

Answer

Condition (1):

Since, f(x)=x(x+2)e* is a combination of exponential and polynomial function which is continuous for all xeR.
= f(x)= x(x+2)eX is continuous on [-2,0].

Condition (2):

Here, f'(x)=(x?+4x+2)e* which exist in [-2,0].

So, f(x)=x(x+2)e* is differentiable on (-2,0).

Condition (3):

Here, f(-2)= (-2)(-2+2)e2 =0

And f(0)= 0(0+2)e®=0

i.e. f(-2)=f(0)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(-2,0) such that f'(c)=0

i.e. (C2+4c+2)e€ =0



i.e. (c+v2)?=0

i.e.c=-v2

Value of c=-v2 €(-2,0)

Thus, Rolle’s theorem is satisfied.
21. Question

Verify Rolle’s theorem for each of the following functions:

Show that f(x)=x(x-5 f satisfies Rolle’s theorem on [0, 5] and that the value of c is (5/3)

Answer

Condition (1):

Since, f(x)=x(x-5)? is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= x(x-5)2 is continuous on [0,5].

Condition (2):

Here, f'(x)= (x-5)2+ 2x(x-5) which exist in [0,5].

So, f(x)= x(x-5)2 is differentiable on (0,5).

Condition (3):

Here, f(0)= 0(0-5)*=0

And f(5)= 5(5-5)=0

i.e. f(0)=f(5)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,5) such that f'(c)=0
i.e. (c-5)%+ 2c(c-5)=0

i.e.(c-5)(3¢c-5)=0

i.e.c=2orc=5
3
Value of ¢ = 2¢(0,5)
3

Thus, Rolle’s theorem is satisfied.
22. Question

Discuss the applicability for Rolle’s theorem, when:

f(x)=(x-1)(2x-3), where | = x =3
Answer

Condition (1):

Since, f(x)=(x-1)(2x-3) is a polynomial and we know every polynomial function is continuous for all xeR.
= f(x)= (x-1)(2x-3) is continuous on [1,3].

Condition (2):

Here, f'(x)= (2x-3)+ 2(x-1) which exist in [1,3].

So, f(x)= (x-1)(2x-3) is differentiable on (1,3).



Condition (3):

Here, f(1)= (1-1)(2(1)-3)=0

And f(5)= (3-1)(2(3)-3)=6

i.e. f(1)=f(3)

Condition (3) of Rolle’s theorem is not satisfied.
So, Rolle’s theorem is not applicable.

23. Question

Discuss the applicability for Rolle’s theorem, when:

1
f{x}:xé on [-L1]
Answer
Condition (1):
Since, f(x)=x/2 is a polynomial and we know every polynomial function is continuous for all xeR.

= f(x)= x%/2 is continuous on [-1,1].

Condition (2):

Here, f'(x) = % which does not exist at x=0 in [-1,1].
2x2

f(x)=x1/2 is not differentiable on (-1,1).
Condition (2) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.

24. Question

Discuss the applicability for Rolle’s theorem, when:

R
f(x)=2+(x —1}% on [0.2]

Answer

Condition (1):

Since, f(x)=2+(x-1)?/3 is a polynomial and we know every polynomial function is continuous for all xeR.

= f(x)= 2+(x-1)2/3 is continuous on [0,2].

Condition (2):

2
Here, f'(x) = — 1 which does not exist at x=1 in [0,2].
3(x—1)2

f(x)= 2+(x-1)%3 is not differentiable on (0,2).
Condition (2) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.

25. Question

Discuss the applicability for Rolle’s theorem, when:

f(x) —cos2 on [-L1]
X



Answer

Condition (1):

Since, f(x) = cos= which is discontinuous at x=0
X

= f(x) = cos= is not continuous on [-1,1].
X

Condition (1) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.
26. Question

Discuss the applicability for Rolle’s theorem, when:
f{x} = [X] on [—1.1], where [x] denotes the greatest integer not exceeding x

Answer

Condition (1):

Since, f(x)=[x] which is discontinuous at x=0

= f(x)=[x] is not continuous on [-1,1].
Condition (1) of Rolle’s theorem is not satisfied.
So,Rolle’s theorem is not applicable.

27. Question

Using Rolle’s theorem, find the point on the curve y = X{X - 4}.)( € [0.4], where the tangent is parallel to
the x-axis.

Answer

Condition (1):

Since, y=x(x-4) is a polynomial and we know every polynomial function is continuous for all xeR.
= y= X(x-4) is continuous on [0,4].

Condition (2):

Here, y'= (x-4)+x which exist in [0,4].

So, y= x(x-4) is differentiable on (0,4).

Condition (3):

Here, y(0)=0(0-4)=0

And y(4)= 4(4-4)=0

i.e. y(0)=y(4)

Conditions of Rolle’s theorem are satisfied.

Hence, there exist at least one ce(0,4) such that y’(c)=0
i.e. (c-4)+c=0

i.e. 2c-4=0

i.e.c=2

Value of c=2€(0,4)

So,y(c)=y(2)=2(2-4)=-4



By geometric interpretation, (2,-4) is a point on a curve y=x(x-4),where tangent is parallel to x-axis.

Exercise 11D

1. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=x"+2x+3 on [4.6]

Answer

Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [4,6].

f(b) — f(a
(o =101
_(36+12+3)—(16+8+3)
6—4

_2

2
=12
= f' (C)=2c+2
= 2¢c+2=12
=c=5

2. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=x"+x-1on [0.4]

Answer

Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [0,4].

(o=@

_ (l6+4—-1)—(0+0—-1)
4—-0

=5

= f'(c)=2c+1

= 2c+1=5

=c=2

3. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=2x"-3x+1on [L3]

Answer



Given:
Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [1,3].

(o=@

- (18—9+1)—-(2-3+1)
3—-1

=5

= f'(c)=4c-3

= 4c-3=5

=Cc=2

4. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=x"+x"-6x on [-1.4]

Answer

Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [-1,4].

F(0) = f(bb): Z(a)
(64+16—24)— (-1+1+6)
4+1
50
5
=10

f' (c)=3c2+2c-6
=3 c2+2c-6=10
= 3 ¢2+2¢-16=0
= 3 c2-6c+8c-16=0
= 3c(c-2)+8(c-2)=0
= (3c+8)(c-2)=0

c=2,_—
3

5. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=(x—4)(x-6)(x—8) on [4.6]
Answer

Given:



f(x) =x* —18x* + 104x — 192
Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [4,6].

, f(b) — f(a)
f'{c) = b2
(216 — 648+ 624 — 192) — (64 — 288 + 416 — 192)
= f'(c)=
6—2
=0

= f' (c)=3c?-36c+104

=3c2-36c+10
=0
36 ++1296 — 1248
= .=
6
36 +/48
= =
6
2
= c= 615@

6. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=¢* on [0.1]
Answer

Given:

Since f(c) is continuous as well as differentiable in the interval [0,1].

—10 -9 -2 -7 - 5 -4 -3 -2 -1 0 1 2
_1-

, f(b) — f(a)

f'{c) = 53

_e— 1

1

= f' (c)=eC

= et =e-1

= log.e® = log(e —1)

= c=loge(e-1)



7. Question

Verify Lagrange’s mean-value theorem for the following function:

.

f(x)=x" on [0.1]

Answer

Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [0,1].

f(b) — f(a)

Flo)=—=3

1-0

= ==
8. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=logx on [Le]

Answer

Given:

Since log x is a continuous as well as differentiable function in the interval [1,e].



-2 1

—

In(z)

f(b) —fi
(o 101

loge —log1l
e—1

9. Question

Verify Lagrange’s mean-value theorem for the following function:
f(x)=tan™"x on [0.1]
Answer

Given:

Since tan~!x is a continuous as well as differentiable function in the interval [0,1].

f(b) —fi
(o 101

tan™'1—tan'0
B 1-0

T
4

f'(c) =

(e8]

1+c

—_ — =
1+ c?

Sl W F

= 1+c*=



10. Question

Verify Lagrange’s mean-value theorem for the following function:

f(x)=sinx on {

Answer

Given:

ST

5|

| A

Since sin x is a continuous as well as differentiable function in the interval [“ "“] .

-2

f'(c) =

Sm_ T
2 2
=0
f' (c)=cos x

cos x=0

ﬂ:b) — f(a)

—d

51115—1T sin1T
2 2

ntm
Xx=—. ne{1,2,3,4,5)

11. Question

Verify Lagrange’s mean-value theorem for the following function:

f(x)=(sinx +cosx) on {0; |

Answer

Given:

Since (sin x + cos x) is a continuous as well as differentiable function in the interval [0%] .

3

2

n(x) + cos(x)

AN /N /N N /N /N

v :
-
-2

-3

f'(c) =

N AV

ﬂ:b) — f(a)

—d

N



. T T .
B smi + cosi— sin0 — cos0
N I
2

-0
=0
f' (c)=cos x-sin x

= Cc0S X-sin x=0

s . L
= COSXCOSE—SIHXSIIIE= 0

= cos(x+g) =0
= (x+g) =cos™10

= (X—Fg):l

1 T
=x=1—-—
X 4

12. Question

Show that Lagrange’s mean-value theorem is not applicable to f{x} = |x| on [—1.1}.

Answer

Given:

Since f(x) is continuous in the interval [-1,1].

But is non differentiable at x=0 due to sharp corner.

So LMVT is not applicable to f(x)=|x|

5 5 4 3 2 1 o 1 2 3 1 5 5

-11

13. Question

Show that Lagrange’s mean-value theorem is not applicable to f{x} = l on [—1.1}
X
Answer

Given:

Since the graph is discontinuous at x=0 as shown in the graph.



So LMVT is not applicable to the above function.
14 A. Question

Find ‘c’ of Lagrange’s mean-value theorem for

f(x}:[_x3 ~3x"+2x) on [Oé |

Answer
Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [0%].

, f(b) — f(a)
f[:c)_ib—a
1 3
_§3t1-0
1
3-0

3
4
f' (c)=3x2 -6x+2
3 x2-6x+2=3/4
12 x?-24x+8=3
12 x2-24x+5=0

24 1+ 576 — 240
X =

24
., [336

X=1% 576
1+ |2

X=1E 1

14 B. Question




Find ‘c’ of Lagrange’s mean-value theorem for

f(x)=~25-x on [L5]

Answer

Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [1,5].

f(b) — fi
(o -0

V25— 25 —25 -1
N 5—-1

—V24

4

f'(c) = ———(—20)

2,/ 25—¢?

—C —v’ﬂ

= =
V25— 2 4

= 4c=,/24(25 —c?)

= 16c2=600-24c2
= 40c2=600

= c2=15

= C= \-”E

14 C. Question

Find ‘c’ of Lagrange’s mean-value theorem for
f(x)=~x+2 on [4.6]

Answer

Given:

Since the f(x) is a polynomial function,

It is continuous as well as differentiable in the interval [4,6].

f(b) — fi
(o -0

V8 — 6
= 6 _
8 —

e

V6

]




15. Question

Using Lagrange’s mean-value theorem, find a point on the curve y — X3, where the tangent is parallel to the
line joining the point (1, 1) and (2, 4)

Answer

Given:

y=x?

Since y is a polynomial function.

It is continuous and differentiable in [1,2]

So, there exists a c such that:

, f(b) — f(a)
f'(c) i
41

S 2-1

=3

= f' (c)=2c

= 2c=3

3

€=3

. . a9
So, the point is (5,1)
16. Question

Find a point on the curve y = x3: where the tangent to the curve is parallel to the chord joining the points (1,
1) and (3, 27).

Answer

Given:

y=x?

Since y is a polynomial function.

It is continuous and differentiable in [1,3]

So, there exists a c such that:



f(b) — f(a)

f'(c) =
(c) T
27 -1

T 3-1

=13

= f' (c)=3c?

= 3c2=13
13

= Cc= 3
V39

= C=—
3

So the point is (V_@,LV@)
3’ 9

17. Question

Find the points on the curve v = X3 —3x, where the tangent to the curve is parallel to the chord joining (1,
—2) and (2, 2).

Answer

Given:

y=x3-3x

Since y is a polynomial function.

It is continuous and differentiable in [1,2]

So, there exists a c such that:

f(b) —fi
(o 101

(8—-6)—(1-3)
- 2—1

=4
= f' (c)=3c2-3
=3 c2-3=4

= 3c2=7

So, the points are (\Fﬂf) (‘_?\FE\F)
3 3 3 3 3 343
18. Question

If f(x)=x(1-logx), wherec> 0, show that (a—b)logc=b(1-logb)—a(1-loga), where0 <a<c<
b.



Answer

Given:

f(x)=x(1-log x)

Since the function is continuous as well as differentiable

So, there exists c such that

f(b) — fi
(=@ @

1 b(l-logh)—a(l—1loga
=:-(1—logc)—c><E= ( gl:—a( 83)

b(1 —1logb) —a(1 — loga)
b—a

= logc =

(b-a) log c=b(1-log b )-a(1l-log a)
Hence proved.

Exercise 11E

1. Question

Find the maximum or minimum values, if any, without using derivatives, of the function:
(5x—1)" +4.

Answer

min. value = 4

Since the square of any no. Is positive, the given function has no maximum value.

The minimum value exists when the quantity (5x-1)2=0

Therefore, minimum value=4

2. Question

Find the maximum or minimum values, if any, without using derivatives, of the function:

Answer

max. value = 9

Since the quantity (x-3)2 has a -ve sign, the max. Value it can have is 9.
Also hence it has no minimum value.

3. Question

Find the maximum or minimum values, if any, without using derivatives, of the function:
—|x+4|+6

Answer

max. value = 6

Since |x+4| is non-negative for all x belonging to R.

Therefore the least value it can have is 0 .

Hence value of function is 6.



It has no minimumvalue as it can have infinitely many.
4. Question

Find the maximum or minimum values, if any, without using derivatives, of the function:
sin 2X +5

Answer

max. value = 4, min. value = 6

f(x)=sin2x+5

We know that,

-1=sin6=1

-l=sin2x=<1

Adding 5 on both sides,

-14+5=sin2x+5=<1+5

4=<sin2x+5=<6

Hence

max value of f(x)=2x+5 will be 6

Min value of f(x) =2x+5 will be 4

5. Question

Find the maximum or minimum values, if any, without using derivatives, of the function:
sin 4x + 3

Answer

max. value = 4, min. value = 2

We know that

-1=sin©=<1

-1=sindx=1

Adding 3 on both sides,

We get

-14+3=sin4x+3<1+3

2=<|sin4x+3|=4

Hence min.Value is 2 and max value is 4

6. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

Answer

local max. valueis 0 at x = 3
F'(x)=4(x-3)3=0

=X=3



[] local max. Vaue is 0.
7. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

f(x)=x’

Answer

local min. valueis0Oatx =20
F'(x)=2x=0

x=0

[] local min.value is 0

8. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

f(x)=2x" —21x* +36x -20

Answer

local max. value is —3 at x = 1 and local min. value is—128 at x = 6
F'(x)=6x2-42x+36=0

= 6(x-1)(x-6)=0

=x=1,6

F'(x)=12x-42

F'(1)<0,1 is the pont of local max.
F'(6)>0, 6 is the point of localmin.
F(1)=2-21+36-20=-3

F(6)=-128

9. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

f(x)=x"—6x* +9x +15

Answer

local max. value is 19 at x = 1 and local min. valueis 15 at x = 3
F'(x)=3x%-12x+9=0

=3(x-3)(x-1)=0

=x=3,1

F'(x)=6x-12

F'(3)=18-12=6>0, 3 is the of local min.

F'(1)<0, 1 is the point of local max.

F(3)=15



F(1)=19
10. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

f(x)=x*-62x* +120x +9

Answer

local max. value is 68 at x = 1 and local min. values are—1647 at x = —6 and —316 at x = 5
F'(x)=4x3-124x+120=0

= 4(x3-31x+30)=0

For x=1, the giveneqis 0

[x-1 is a factor,

4(x-1)(x+6)(x-5)=0

=X=1,-6,5

F’(1)<0, 1is the point of max.

F'(-6) and f'(5)>0, -6 and 5 are point of min.

F(1)=68
F(-6)=-1647
F(5)=-316

11. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

f(x)=-x+12x* -5

Answer

local max. value is 251 at x = 8 and local min. valueis—=5atx =0
“H(x)=-3x%+24x=0

= -3x(x-8)=0

= x=0,8

F'(x)=-6x+24

F’(0)>0, 0 is the point of local min.
F'(8)<0, 8 is the point of local max.
F(8)=251 and f(0)=-5

12. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

)

f(x)=(x-1)(x+2)
Answer

local max. value is 0 at x = —2 and local min. valueis =4 atx =0



f(x)=(x-1)2(x+2)+(x+2)?=0

x=0,-2

f'(0)>0, 0 is the point of local min.
f'(-2)<0, -2 is the point of local max.
£(0)=-4

f(-2)=0

13. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

F(x)=—(x-1)(x+1)

Answer

)

—345
local max. value is 0 at each of the points x = 1 and x =—1 and local min. value is _— 456

F'(x)=-(x-1)32(x+1)-3(x-1)%(x+1)2=0

= x=1-1—-
5

Since, fll(1) and fll(-1) <0, 1 and -1 are the points of local max.
F”(-%)>0, 3 is the point of local min.

F(1)=f(-1)=0

w1 2) = - 22

=

14. Question

Find the point of local maxima or local minima or local minima and the corresponding local maximum and
minimum values of each of the following functions:

Answer

local min. valueis 2 atx =2

Fix)=2-2—-0
2

:\'2
= x2-4=0
= X==+2

But since x>0, x=2

FJJ(Z) 2
Xg
2
= g <0

(point of local mini. is 2

F)=24+2=2
2 2



15. Question

Find the maximum and minimum values of 24* _ 24y = 107 on the interval [—3.3}.
Answer

max. value is 139 at x = —2 and min. value is 89 at x = 3
F'(x)=6x2-24=0

6(x2-4)=0

6(x?-22)=0

6(x-2)(x+2)=0

X=2,-2

Now, we shall evaluate the value of f at these points and the end points
F(2)=2(2)3-24(2)+107=75

F(-2)=2(-2)3-24(-2)+107=139

F(-3)=2(-3)3-24(-3)+107=125

F(3)=2(3)3-24(3)+107=89

16. Question

Find the maximum and minimum values of 3x* _gx? + 12x% —48x + 1 on the interval [1.4}.
Answer

max. value is 257 at x = 4 and min. value is —63 at x = 2
Fl(x)=12x3-24x?+24x-48=0

12(x3-2x%+2x-4)=0

Since for x=2, x3-2x2+2x-4=0, x-2 is a factor

On dividing x3-2x24+2x-4 by x-2, we get,

12(x-2)(x?+2)=0

X=2,4

Now, we shall evaluate the value of f at these points and the end points
F(1)=3(1)*-8(1)3+12(1)%-48(1)+1=-40

F(2)= 3(2)4-8(2)3+12(2)?-48(2)+1=-63

F(4)= 3(4)%-8(4)3+12(4)%-48(4)+1=257

17. Question

Find the maximum and minimum of

: 1
SIX +—COSX

-

mo=x<—
3

f(x)=

Answer

.3 s . 1
max. value is — at x = and min. valueis — at x =

4 6 2

[SER=



F|(x)=cos x-gsin x=0

§ 2 COS X=sin X

T T
= —=—
6 3
f(TI.’)_ . 1T+1 mo1
5 —51112 ZCOSZ—Z
f(TE) . TII+1 T l+v'§
6 —511'16 2C056—2 2

| e

1C(TI.’) . 4 1 T V3 .
3 —51113 2cos3— >
18. Question

Show that the maximum value of Xl X s el e

Answer

The given function is
Y = xx
Now, taking logarithm from both sides, we get..

logy = — logx

F ]

Differentiating both sides w.r.t x....

VNS SR
yy— lel_}s <2

Y

=Y = (1—-1In(x))

(1-In(x))=0
In(x)=1
x=e

hence the max. point is x=e

1
max value is €e,

19. Question

1
Show that | x + _J has a maximum and minimum, but the maximum value is less than the minimum value.
x
Answer
F(x)=x+E
X

Taking first derivative and equating it to zero to find extreme points.

F(x)=1—==0
X



now to determine which of these is min. And max. We use second derivative.
2

f”(x)=x_a

fll(1)=2 and fll(-1)=-2

since fll(1) is 4+ve it is minimum point while fll(-1) is -ve it is maximum point

max value-> f(—1)=—1+i1=—2

min vaue-> f(1)=1+%=2

hence maximum value is less than minimum value

20. Question

Find the maximum profit that a company can make, if the profit function is given by p(X} =41+ 24x —18x3

Answer

49

I’z = —24 —36x
=0

=>x=-23

Step 2

a2

£ B=_36 is negative
dx®

Step 3

maximum profit = p (—gj

=49

21. Question

An enemy jet is flying along the curve y = (xz + 2'). A soldier is placed at the point (3, 2). Find the nearest
point between the soldier and the jet.

Answer

(1, 3)

Let P(x,y) be the position of the jet and the soldier is placed at A(3,2)

AP=[(x =3)2+ (y - 2)?
As y=x242 or y-2=x2

[ AP2=(x-3)2 + x*=z (say)

dz
i _ 3
= 2(x—3)+ 4x

dz_

E_O



2 [Ox-6+4x3=0
Put x=1
2-6+4=0
] x-1 is a factor
And dz — 2
s 12x-+ 2

E:()or x=1
dx

2
and %(at x=1)>0

0 z is minimum when x=1,y=1+2=3
Point is (1,3)

22. Question

Find the maximum and minimum values of
f(x)=(-x+2sinx) on [0.27].

Answer

) T
max. value is [ - —\IE

3

atx:

wil A

3

f'(x)=-1+2cos x=0

COSX= ——

= 2
21
X=—
3

am

By finding the general solution, we getx = g and x = >
Now, by finding the second derivative, we get that f”(g) < 0and f”(s?“) >0

T

Therefore, max. value is =
3

atx:

L5

3 3

5w
and min. value is [_— -\;E

Exercise 11F

1. Question

Find two positive number whose product is 49 and the sum is minimum.
Answer

Given,

* The two numbers are positive.

* the product of two numbers is 49.

* the sum of the two numbers is minimum.

Let us consider,

* X and y are the two numbers, such that x >0andy >0

* Product of the numbers : x X y = 49

5w 57
and min. value is [_—-\@] at x :i
3



* Sum of the numbers : S=x +y
Now as,
X Xy=49

L — (1)

X

Consider,

S=x+Yy

By substituting (1), we have
S=x+ = (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point c then f'(c) = 0.

Differentiating the equation (2) with x
ds d ( N 49)
dx  dx X

dS_d()er( )
ax dx VT ax \x

X

ds -1
ol 1+ 49 (?2) ----- (3)

i d _ -1 d 1 d -n —n-1
[Since = (x*) = nx™*and - (xn) = = (x™)= —nx ]

Now equating the first derivative to zero will give the critical point c.

So,

=x= /49
Asx >0, thenx =7
Now, for checking if the value of S is maximum or minimum at x=7, we will perform the second

differentiation and check the value ofif at the critical value x = 7.

dx

Performing the second differentiation on the equation (3) with respect to x.

dzs_ d [1+ 49(—1)]
dx2  dx x2

dzs_ d i + d [49(—1)]
dx2  dx dx X2
dzs_ 0+ [49(—1 % —2)]
dx2z X3
d

. d 4 (2
[Since = (constant) = 0 and — (?) T d

- - = (X—n) — —I].X_n_l ]



d?s 49(2)_ 98

dx? x3 X3

Now when x = 7,

[dzs
dx? -

As second differential is positive, hence the critical point x = 7 will be the minimum point of the function S.

98 98 N
T 737 343

Therefore, the function S = sum of the two numbers is minimum at x = 7.
From Equation (1), if x=7

49
y: —_— =

7
Therefore, x = 7 and y = 7 are the two positive numbers whose product is 49 and the sum is minimum.
2. Question
Find two positive numbers whose sum is 16 and the sum of whose squares is minimum.
Answer
Given,
* The two numbers are positive.
* the sum of two numbers is 16.
* the sum of the squares of two numbers is minimum.
Let us consider,
* X and y are the two numbers, such thatx >0andy >0
* Sum of the numbers : x +y = 16
« Sum of squares of the numbers : S = ¥ + y?2
Now as,

X+y=16

Consider,

S =x%+y2

By substituting (1), we have
S =x% + (16-y)? ----- (2)

For finding the maximum/ minimum of given function, we can find it by d|fferent|at|ng it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with x

ds_d Lo
ds d d

— — 2 _ _ 2
== g% )T g [(16—x)7]

S = 2x+2(16—-x)(-1) ()

[Smce (Xn) = nx 1 ]



Now equating the first derivative to zero will give the critical point c.

So,

ds—z +2(16 —x)(-1) =0
dx X X)(=1) =

=22x-2(16-x)=0

=22Xx-32+2x=0

=4x = 32
32

=X= —
4

=>Xx=28

Asx>0,x=8

Now, for checking if the value of S is maximum or minimum at x=8, we will perform the second

differentiation and check the value ofif at the critical value x = 8.
dx

Performing the second differentiation on the equation (3) with respect to x.

d°s_ d [2x + 2(16 — x)(—1) ]
dx2  dx X x) (1)
d?s d d
EZE[ZX]_ZE[]-E’_X]
d?s

=2 200-1]

Since & _nand &L (ymy _ 01
[ <, (constant) =0 - (x") = nx ]

d’s 2—-0+2=4
dx2 B

Now when x = 8,
d?s
— =4>=0

2
dx -

As second differential is positive, hence the critical point x = 8 will be the minimum point of the function S.
Therefore, the function S = sum of the squares of the two numbers is minimum at x = 8.

From Equation (1), if x=8

y=16-8=28

Therefore, x = 8 and y = 8 are the two positive numbers whose su is 16 and the sum of the squares is
minimum.

3. Question

Divide 15 into two parts such that the square of one number multiplied with the cube of the other number is
maximum.

Answer

Given,

* the number 15 is divided into two numbers.

* the product of the square of one number and cube of another number is maximum.

Let us consider,



* x and y are the two numbers

* Sum of the numbers : x + y = 15

« Product of square of the one number and cube of anther number : P = 3 y?
Now as,

X+y=15

Consider,

P = X3y2

By substituting (1), we have
P=x3x (15-x)2 - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with x

P d | 5

£= E [X XK (15—}{) ]

dP d d

- _ 22 o3 3 Y Y
e (15 —x) = (x*) + x = [(15 —x)*]

dP 2 2 3 _ _
o = (15-%)7 (3x%) +x° [2(15 - x)(-1)]

[Since di (x™) = nx™ 1 and if u and v are two functions of x, thendi (uxv)=v x di (W) + u x di (v)]
X X X X

dp
o (15 —x)% (3x%) + x3 [-30 + 2x]

= 3x[15% - 2x (15)x(x) + x2] x2 + x3(2x-30)

= x2[3% (225 - 30x + x?)+ X (2x - 30)]

= x?[ 675- 90x + 3x%+ 2x? - 60x]

= x2[5x% - 120x + 675]

= 5x? [x% - 24x + 135] ----- (3)

Now equating the first derivative to zero will give the critical point c.

So,

dP
— =5x?[x?-24x + 135] =0
dx

Hence 5x2 = 0 (or) x2 - 24x + 135 =0

2x1

x=0(ory =

x=0 (or) X = 24i:-'576—540]

2

x =0 (or) x = 23Ev3e
2
x =0 (or) x — 2*%6
2
24+a 24—-a

x=0(onNx= T(Or)x: -



x=0(orx= %(or)x= %

x=0(or)x=15(or) x=9
Now considering the critical values of x = 0,9,15

Now, for checking if the value of P is maximum or minimum at x=0,9,15, we will perform the second

differentiation and check the value ofif at the critical value x = 0,9,15.
dx

Performing the second differentiation on the equation (3) with respect to x.

P d __ .

E = E [5X (X - 24x + 135) ]

d?p d d

- — 2 _ _ P 2 w2 _

2 (x* - 24x + 135) = [5x?%] + 5x dx[x 24x + 135]

= (x? - 24x + 135) (5 x 2x) + 5x2 (2x - 24 + 0)

[Since di (constant) = 0 and di (x™) = nx™ ! andif uand v are two functions of x, then
X X

d d d
E(u XV)=v XE(U)-'_ u XE(V)]

= (x2 - 24x + 135) (10x) + 5x2 (2x - 24)
= 10x3 - 240x2 + 1350x + 10x3 - 120x2
= 20x3 - 360x2 + 1350x

= 5x (4x2 - 72x + 270)

dz—P= 5x (4x% - 72x + 270)

dx=

Now when x = 0,

[dzP

dx?

=5 x 0[4(0)2— 72 (0) + 270]

x=0
=0
So, we reject x =0

Now when x = 15,
d?p
— =5 x 15[4(15)2— 72 (15) + 270]

x=15

dx?

= 65 [(4 x 225) -1080+ 270]
= 65 [900- 1080+ 270]

= 65[1170- 1080]

= 65%x (90) >0

Hence [g] =0, so at x = 15, the function P is minimum
o

x=15

Now when x = 9,
d?p
— =5 ><9[4(9)2— 72 (9) +270]
dx?|

x=9
=45 [(4 x 81) - 648 + 270]
=45 [324 - 648 + 270]



= 45 [594 - 648]
= 45 x (-54)
=-2430<0

As second differential is negative, hence at the critical point x = 9 will be the maximum point of the function
P.

Therefore, the function P is maximum at x = 9.
From Equation (1), if x=9
y=15-9=6

Therefore, x = 9 and y = 6 are the two positive numbers whose sum is 15 and the product of the square of
one number and cube of another number is maximum.

4. Question

Divide 8 into two positive parts such that the sum of the square of one and the cube of the other is minimum.
Answer

Given,

* the number 8 is divided into two numbers.

* the product of the square of one number and cube of another number is minimum.
Let us consider,

* x and y are the two numbers

* Sum of the numbers: x +y =8

* Product of square of the one number and cube of anther number : S = @ + y?

Now as,

X+y=38

Consider,

S=x3+y?

By substituting (1), we have
S =3 + (8-X)? - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f’(c) = 0.

Differentiating the equation (2) with x

s d . )
&—&[X + (8 —x)°]

ds d d

- o (x*) + e [(8—x)7]

ds .
= (3x)+2(8-%(-1)

[Since di [:x“) = nx" 1]

.4

ds 5
— = 3x°“— 16+ 2%
dx

= 3x% + 2x - 16 - (3)



Now equating the first derivative to zero will give the critical point c.

So,

ds
—=3x*+2x — 16=10
dx

Hence 3x2 + 2x - 16= 0

(2= /(2)2—4(3)(-16)
N 2 x3

X

—2+4+192
6
—2 44196
6
-2 +14
6

X =

—-2+14

—2-14

12 —16
x=—(onNx=—
5] 5]

X =2 (or) x = -2.67
Now considering the critical values of x = 2,-2.67
Now, for checking if the value of P is maximum or minimum at x=2,-2.67, we will perform the second

differentiation and check the value ofif at the critical value x = 2,-2.67.
dx

Performing the second differentiation on the equation (3) with respect to x.

dzs—d [3x2+2x—16]

Xz dx on X

d’s d d d
3%+ — i
dx?z dx [3x°] + dx [2x] dx [16]

=3(2x)+2(1)-0

Since & —nand & femy — n—-1
[ -, (constant) =0 - (x%) = nx"7 ]

=6X+ 2
d?s
@= 6x+ 2

Now when x = -2.67,

[dzs

— =6(-2.67)+ 2

x=—2.67

=-16.02 + 2 = -14.02
At x = -2.67 ij'z —14.02 < o hence, the function S will be maximum at this point.
dx
Now consider x = 2,
d*s
— =6(2)+ 2
x=2

=12+2=14



%] =14 >0, so at x = 2, the function S is minimum
x=2

Hence [
X

As second differential is positive, hence at the critical point x = 2 will be the maximum point of the function
S.

Therefore, the function S is maximum at x = 2.
From Equation (1), if x= 2
y=8-2=6

Therefore, x = 2 and y = 6 are the two positive numbers whose sum is 8 and the sum of the square of one
number and cube of another number is maximum.

5. Question

Divide a into two parts such that the product of the pth power of one part and the gth power of the second
part may be maximum.

Answer

Given,

* the number ‘a’ is divided into two numbers.

* the product of the pth power of one number and gth power of another number is maximum.
Let us consider,

* x and y are the two numbers

* Sum of the numbers : x +y = a

* Product of square of the one number and cube of anther number : P = » yA

Now as,

X+y=a

Consider,

P = xPyd

By substituting (1), we have
P=xP x (a-x)4 ------ (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with x

w_d [xPx (a—x)9]

dx  dx

dP

= (a—X)qE (xP) + XP& [(a—x)9]

dp ) .
e (a—x)% (pxP™) +xP [q(a—x)9*(-1)]

[Since di (x™) = nx®~* and if u and v are two functions of x, thendi (uxVv)=v x di (u) + u x di (v)]
X X X X

dP
e xP(a—-x)9[(a—x)p — xq]

= xP1(a-x)9[ap-xp-xq]



= xPL(a-x)% ap - x (p+a)] - (3)
Now equating the first derivative to zero will give the critical point c.
So,

dpP
= xPHa—x) T fap—x (p+ )] = 0

Hence xP1 = 0 (or) (a-x)%! (or) ap- x(p+q)= 0

a
x=0(or)x =a (orx=—
p+q
Now considering the critical values of x = 0,a andx = %
p+q

Now, using the First Derivative test,

For f, a continuous function which has a critical point ¢, then, function has the local maximum at ¢, if f'(x)

changes the sign from positive to negative as x increases through ¢, i.e. f'(x)>0 at every point close to the

left of c and f'(x)<0 at every point close to the right of c.

Now when x = 0,

&,
dX x=0 B

So, we reject x =0

Now when x = a,

&), =0
dx x=a -

Hence we reject x = a

Now when x < i,

p+q
dap _ (2 \PThL o ap ¥R ap
[dx]xq% - () (-2 law-Ze+ral>0—@
p+q
Now when x > ——,
p+q
@l () (e 2) a2
[dx]x>g§g" (p+q) (a p+q) [ap— 5 (P+a)]<0-—(5)
By using first derivative test, from (4) and (5), we can conclude that, the function P has local maximum at
2P
p+q

From Equation (1), ifx = £
p+q

ap _a(p+g)—ap_ ap
P+q P+q P+q

y=a-—

Therefore, x = ﬁ andy = i are the two positive numbers whose sum together to give the number ‘a’ and

whose product of the pth power of one number and gth power of the other number is maximum.
6. Question
The rate of working of an engine is given by.

6000
L

R =150+ . where 0 = v <30

and v is the speed of the engine. Show that R is the least whenuvu = 20.



Answer
Given:

Rate of working of an engine R, v is the speed of the engine:

R=15v+ @ where 0<v<30

For finding the maximum/ minimum of given function, we can find it by differentiating it with v and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f’(c) = 0.

Now, differentiating the function R with respect to v.

dR_ d {5 6000
dR_ d [15v] + d [6000]
v oav o Tavl Ty
dR _ 6000 _ 5030 _____ (1)
d r
. d d -n -n—
[Since % (x™) = nx™* and = (.{in) = (x™) = —nx "]

Equating equation (1) to zero to find the critical value.

dR 15 6000
dv vz
6000
15 =
Vz
, 6000 A
Vo= —=
15
vZ =400
v = ++/400

v =20 (or) v =-20
As given in the question 0<v<30, v = 20

Now, for checking if the value of R is maximum or minimum at v=20, we will perform the second

differentiation and check the value of £ = d°R at the critical value v = 20.
dw?

Differentiating Equation (1) with respect to v again:

d’R d 6000

e @ P e
- d [15] d [6000]
T odx dx

Vz
6000

=0—

[Smce - (constant) =0 and —

£ (@)= £ 0= -

6000
- [ v3 ]

R _ [0

Now find the value of (d 1;{)
v

v=20



dv? (20)3] ~ 20 x 20 x 20 2

(dz R) 12000] 12000 3
v=20

So, at critical point v = 20. The function R is at its minimum.

Hence, the function R is at its minimum at v = 20.

7. Question

Find the dimensions of the rectangle of area 96 C1113 whose perimeter is the least. Also, find the perimeter of
the rectangle.

Answer

Given,

« Area of the rectangle is 93 cm?.

* The perimeter of the rectangle is also fixed.

Let us consider,

A @ &8

X

* x and y be the lengths of the base and height of the rectangle.
* Area of the rectangle = A = x x y = 96 cn?

* Perimeter of the rectangle =P =2 (x + y)

As,

X Xy=96

y= = - (1)

X

Consider the perimeter function,
P=2(x+Yy)
Now substituting (1) in P,

P=2(x+ Z)—(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to x:

dP_ d [2( N 96)]
dx dx T %

dP_d (2)+2d(%)
dx  dx X dx\ x

g=z(1)+ z(z—f) (-1)

. d
[Since & (x™) = nx®*and —

i — i -ny _ __ -n—1
dx dx( )_dx(x )_ nx ]

K



T2 ()3

dx x2

To find the critical point, we need to equate equation (3) to zero.

dP ( 192)
dx x2 /)
192
2= (x—z)
192
2 — —_
X ( 2 )
X = \.’%
X= +4 \."_6

As the length and breadth of a rectangle cannot be negative, hencex = 4 /¢

Now to check if this critical point will determine the least perimeter, we need to check with second
differential which needs to be positive.

Consider differentiating the equation (3) with x:

dzP_ d [2 (192)]
dx2  dx x2

dx? - dx dx \ x2
d?p 192
w00 (3
I d _ i ERTE i -ny _ -n—1
[Since - (constant) =0 and — (xﬂ) = (&)= mx ]
dzp 2 %192
E = ( x3 ) (4)
2
Now, consider the value of (g) _
X S y=a6

d?P (2 x 192
dx2 |\ (4V6)3

( 2 %192 )
- 4\;"% * 4\.‘%)( 4\.’%

( 2 %192 ) 1
B "-l-v"g ><4\."g>< 4\.’% B V"E

dzp 1 . . -
As (E):(:el-u'g = ﬁ:} 0, so the function P is minimum at x = 4,/g.

Now substituting x = 44/ in equation (1):

96

y= 4\.’%
966

Y= 4 %6

[By rationalizing he numerator and denominator with ,/g]
-u y: 4\,"’3

Hence, area of the rectangle with sides of a rectangle withy = 4\/gandy = 4\/6 is 96cm? and has the least



perimeter.

Now the perimeter of the rectangle is

P= 2(4/6+ 46) = 2(8V6) = 1616 cms

The least perimeter is 161/6 cms-

8. Question

Prove that the largest rectangle with a given perimeter is a square.
Answer

Given,

* Rectangle with given perimeter.

Let us consider,

* ‘'p’ as the fixed perimeter of the rectangle.

* ‘X" and 'y’ be the sides of the given rectangle.
* Area of the rectangle, A = x x vy.

Now as consider the perimeter of the rectangle,

p = 2(x +y)
p=2Xx+ 2y
=2

Consider the area of the rectangle,
A=xXxy
Substituting (1) in the area of the rectangle,

p-— ZX)

A=x><(

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f’(c) = 0.

Differentiating the equation (2) with respect to x:

di d g1
e _ a2
dx dx [2 (px— 2x )]
dA 1d

- 2
Frial (px) (ZX )
dAa 1 2
&2 (p) - E(ZX)
[Smce [:Xn) 11 1 ]

dx 2
To find the critical point, we need to equate equation (3) to zero.

dA p
E— E—(ZX)—O



Now to check if this critical point will determine the largest rectangle, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with x:

dEAZE[E_(ZX)]

@ dx L2

2A  d,py d
o nk) ~m @
dzA—O 2= -2
dx2 o

Since & —_pand & fyny — pen-1
[ — (constant) = 0 = (x™) = nx™ 1]

FA_ g (4)

dx2

. d?A
Now, consider the value of (—) B
:\(:_
4

dx?
da 2<0
dx2
as (£F) ,=-2<0, so the function P is maxi tx =P
S\ae/ ok = » S0 the function P Is maximum at x = .

2

Now substituting x = E in equation (1):

p—2 ()
)
P

P=5 p

=
P
e y: E

As=y = Ethe sides of the taken rectangle are equal, we can clearly say that a largest rectangle which has a
given perimeter is a square.

9. Question

Given the perimeter of a rectangle, show that its diagonal is minimum when it is a square.
Answer

Given,

* Rectangle with given perimeter.

Let us consider,

* ‘p’ as the fixed perimeter of the rectangle.

* ‘x" and ‘y’ be the sides of the given rectangle.

» Diagonal of the rectangle, p = \fxz + y2. (using the hypotenuse formula)



Now as consider the perimeter of the rectangle,

p=2(x +y)
p=2x+ 2y
=)

Consider the diagonal of the rectangle,
D= x2+ y?

Substituting (1) in the diagonal of the rectangle,

p—ZX)z
— ez
D jx +( 5

[squaring both sides]

Differentiating the equation (2) with respect to x:

dz_d [, (p—Zﬂz
dx dx 2

dZ

& L 6+ (- 297)

dz 1
i E[Z(P_ZX) (=2)]

Since & (xm) = px™!
[ - (x™) =nx" 1]

=2X-p + 2X

To find the critical point, we need to equate equation (3) to zero.

z_
x T P=

Now to check if this critical point will determine the minimum diagonal, we need to check with second
differential which needs to be positive.




Consider differentiating the equation (3) with x:

dEZ_ d[4 ]
axz ax o P

d*Z d d
EZEHX)_ dx (p)

=4+0
Since & —nand & femy — n—-1
[ -, (constant) =0 - (x%) = nx"7 ]

L4 (4)

ax?

. d%Z
Now, consider the value of (—z) p
dx=/ =k
4

2

=430
dx?

d*Z

i

As ( ) p =4 >0, so the function Z is minimum at x = B
:{=; 4

Now substituting x = E in equation (1):

Asx =y = Ethe sides of the taken rectangle are equal, we can clearly say that a rectangle with minimum
diagonal which has a given perimeter is a square.

10. Question

Show that a rectangle of maximum perimeter which can be inscribed in a circle of radius a is a square of side
N

Answer

Given,

* Rectangle is of maximum perimeter.

* The rectangle is inscribed inside a circle.

* The radius of the circle is ‘a’.




Let us consider,

* ‘x" and 'y’ be the length and breadth of the given rectangle.
« Diagonal AC? = AB? + BC? is given by 4a? = x2+y? (as AC = 2a)
* Perimeter of the rectangle, P = 2(x+y)

Consider the diagonal,

4a2 = x2 + y?

y2 = 4a2 - x2

y= vaaz— x2-- (1)

Now, perimeter of the rectangle, P

P=2x+ 2y

Substituting (1) in the perimeter of the rectangle.
P=2x+2y4aZ— x2 - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to x:

dp d

- f442 _ 2

X dx [2x+2\;4a x]

dP d d

- _ 1[4z — 2
= ax (2x) + de[\f4ﬂ x2]
dp 1 1

- _ Z (432 — x2) 3 (—
= 2+ 2[2(4a x%)7Z (—2x)]

Since £ (xm) = pxo1
[ - (x™) =nx" 11

dP 2x
Lo 2 (3
dx V43— x?

To find the critical point, we need to equate equation (3) to zero.

dpP 5 2% 0
dx VdaZ — x2
2%
C VaaZ - x?

v4aZ — x?2=x

[squaring on both sides]

432 - x2 = x2

2x2 = 4a?
x2 = 2a?
x=+ay2
X= av2

[as x cannot be negative]

Now to check if this critical point will determine the maximum diagonal, we need to check with second
differential which needs to be negative.




Consider differentiating the equation (3) with x:
d’p d [2 2x ]
dx2 dx VaaZ— x2

dzP_ d(z) d ( 2% )
dx2  dx dx \\/437 — x2

d2p V4aZ — x? %(Zx)— (Zx)% (V4az — x?)
a0 i =2

. du dwv

[Since & (constant) = 0 and 4 (x™) = nx™ ! and if u and v are two functions of x, then & (E) _ Vax Y]
dx dx dx \v w2
i 1
d’p V4aZ— x2(2) — (2}{)%(432 - x3)7Z (-2x)
dx? 432 — x2
[ 1
d*p V4a? — x2 (2) + (2x%)(4a% — x?) 2
dx? 432 — x2

s 2x°
2 w2 [ —
d2p 2W4a X® + iz

dx? 4a? — x?

d?p 2 (42— x?) + 2x?

2 3
dx (4a% — x2?)2
2 2
e e I
) (4a%—x%)z

2
Now, consider the value of (d—f)

X* =22
(dzp) 8a2
— —_ _
dx x=ay3 (422 — (av2)2)z
(dz P) 8a® 8a’ 8aZ 12
2 = — 5= — = - - _
dx x=ay2 _(43_2 — 232 )5 (232)5 2\.@ as d
As (ﬂ) =— E{: 0, so the function P is maximum at x = 34/2.
dx?® x=ay2 a

Now substituting x = 34/2 in equation (1):

y= [4a2 — (ay2)?

y = 4 4a?— 2a? = 4/2a?
-u y: av"i

As yx — y = ay/2 the sides of the taken rectangle are equal, we can clearly say that a rectangle with maximum
perimeter which is inscribed inside a circle of radius ‘a’ is a square.

11. Question

The sum of the perimeters of a square and a circle is given. Show that the sum of their areas is least when



the side of the square is equal to the diameter of the circle.
Answer

Given,

* Sum of perimeter of square and circle.

Let us consider,

* ‘x’ be the side of the square.

* ‘r’ be the radius of the circle.

* Let ‘p’ be the sum of perimeters of square and circle.
p = 4x + 2nr

Consider the sum of the perimeters of square and circle.
p =4x + 2nr

4x = p - 2mr

x= P2 (1)
4

Sum of the area of the circle and square is
A = x% 4 nr?

Substituting (1) in the sum of the areas,

— 212
A= (p 2 )+m‘2

A= —[p*+ 4n*r® — 4upr] + mr? - (2)

=
16
For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then

equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to r:

dA dg1

- ar e [p? + 4m’r® — 4mpr] + m‘z]
ddi 1 d d
i O 2.2 ; Sz
T 16 (p”+ 4m°r 4mpr) + dr[m ]
dA

1
+-1¢ (0 + 8m’r — 4mp) + 2mr

Since £ (x") = nx®tand & -
[ — (x™) = nx = (constant) = 0 |

dA_
dr

mir
2

— ¥+ 27 - (3)

To find the critical point, we need to equate equation (3) to zero.

da  wfr W, 0

ar - 2 4 ST

2

(E+21T)1'—Tp=0
mp

o _ & __* ™
%E-FZTL' 4(m2+ 4m)  2(m2 + 4m)



- Tp _ p
2n(n+ 4) 2(m+ 4)

r= _P
2(n+ 4)

Now to check if this critical point will determine the least of the sum of the areas of square and circle, we
need to check with second differential which needs to be positive.

Consider differentiating the equation (3) with r:

d’A  d [r’r W

arz _ax|2 4 ™

d’A  d (n’r d mpy d
FZE(T)_ & (3) g

dzA_ i 0+ 2

drz = 2 T

[Since % (constant) = 0 and % (x™) = nx" 11
TA_T 4 o (4)

dr? 2

, dza
Now, consider the value of (F) . p

1=2(1'r+ 4)

d*A e iy

_— = — TT

dr? P 2

SImr 4
dZA w? . . . p
As (ﬁ) p = - T 2m >0, so the function A is minimum atr = .
T = m+a) 2 2(m+ 4)

P
2(m+ 4)

Now substituting r = in equation (1):

R v

x= 4
_p(n+ 4)—mp mp+4p—mp  4p
T 4 x(m+ 4 4m+16 4(n+4)
_ P

™+ 4

As the side of the square,

Xzi
™+ 4
_ P ]_ .
X _2[2(-n+4) =2
.
[asT = 2(11+=1-]]

Therefore, side of the square, x = 2r = diameter of the circle.

12. Question

Show that the right triangle of maximum area that can be inscribed in a circle is an isosceles triangle.
Answer

Given,



* A right angle triangle is inscribed inside the circle.

* The radius of the circle is given.

Let us consider,

* ‘r’ is the radius of the circle.

* ‘X" and 'y’ be the base and height of the right angle triangle.
« The hypotenuse of the AABC = AB? = AC? + BC?

AB = 2r, AC =y and BC = x

Hence,

4r2 = x2 4+ y2

y2 = 4r2 - x2

y= 4rz — x2 - (1)

Now, Area of the AABC is

1
A= 2 % base x height

A 1
= - XXX
2 y

Now substituting (1) in the area of the triangle,

1 —
A= —-x(y4r2— x2)

[Squaring both sides]
Z=A?= :txz (4r? — x?) ------ (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to x:

dz d 1

e e )

dzZ 1 d d

S8 Zlrar? _ o2y S ry2 250 a2 2
dx 4[(41 X)dx (%) + x dle X )]
dZ 1

E=E[(4r2—x2)x(2x)+ x%(0—2x)]

[Since di (x™) = nx®~* and if u and v are two functions of x, thendi (wv)=v ? + u?
X X X X



dZ 1
— =—[8r?x— 2x®— 2x7]

dx 4
dZ 1 4x
o E[Srzx— 4x3] = ?[Zr2 — x?]

To find the critical point, we need to equate equation (3) to zero.

dZ

=2.2_ 320
dx r°x X

i\.' 2r2

X =12

[as the base of the triangle cannot be negative.]

Now to check if this critical point will determine the maximum area of the triangle, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d?z d

E=E[2r2x— Xa]

d’z d d
B SO S S G-
dx?z dx (2r*x) dx (x)

PL_ 52 g2 4
== 2T 3x (4)

i i ny __ n—1
[Since = (x") = nx 1

2
Now, consider the value of (E)

du? S y=p 2

—

=ry2

a2z
A (55)
Now substituting x = r+/2 in equation (1):

y= [4r2 — (1y2)?

y= 42— 2r2 = /212 = /2

dzz 2 2 2 2 2
o2 =2r — 3(1W/2)2=2r* —6r* = —4r
X=T

_ = —4r* <0, so the function A is maximum at x — /2.
x=ry2

As x = y = ry2, the base and height of the triangle are equal, which means that two sides of a right angled
triangle are equal,

Hence the given triangle, which is inscribed in a circle, is an isosceles triangle with sides AC and BC equal.
13. Question

Prove that the perimeter of a right-angled triangle of given hypotenuse is maximum when the triangle is
isosceles.

Answer

Given,



* A right angle triangle.

* Hypotenuse of the given triangle is given.

G

Let us consider,

* 'h’ is the hypotenuse of the given triangle.

* ‘X" and 'y’ be the base and height of the right angle triangle.
* The hypotenuse of the AABC = AC? = ABZ + BC?

AC=h,AB=xandBC=y

Hence,
h? = x2 + y2
y2 =h2 - x2

y= yRZ—x2- (1)
Now, perimeter of the AABC is

P=h+x+y

Now substituting (1) in the area of the triangle,
P=h+x+ Vh?— x2 - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to x:

dp—%[hﬂw V’ﬂ]

e
dP d d d
_ 1= _ — (.hz — 2]
dx dx (h) + dx(x)_'_ dx(vh x?)
dP_O+1+1( —2x )
dx 2 \yhZ — x2

I i ny __ n—1
[Since ™ (X ) = nx ]

Eo1- 3

dx Vvhe— x=

To find the critical point, we need to equate equation (3) to zero.

dP 1 X 0
dx JVRZE— x2

X

vh2 — x2

=1

X =+h?— x?



[squaring on both sides]

x2 = h2— x2

h2
x2= —
2
2
=+ _—
== 13
h

X= —
V2

[as the base of the triangle cannot be negative.]

Now to check if this critical point will determine the maximum perimeter of the triangle, we need to check
with second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d’p d [1 X ]
dx?  dx VhZ— x2

dzP_d(l) d( X )
dx2  dx dx \(hz — x2

d°p el xd(E—e)
R — O _
dx® (w’m)z
d d
[Since & (x™) = nx™ ! ifuand v are two functions of x, then 4 (g) _ v _;1:'“_;;]
o dx \wv w2
[ —2x
T w2 1) w [ —2%
d2_p= - vh x2(1)—x (Zwﬂm)
dx? h2 — x2
2P [(VRE— x2)%+ x? b2
dx2 |hz- x2VhZ2— x2| (h? — x2) VR2— x2
d?p h2
—=
dx (hz — x2)z
- (&)
Now, consider the value of e F%
3
(dzp) a b h® 2
dx? h—‘w—— el il b e Rl s
5 |m—(F) | Tl ()2
V2 ( \-"E ) 2 7
2 2
d=p 2z . . . N
As (@)FL = -7 < 0, so the function A is maximum at x = 5

v

Now substituting x = i'_ in equation (1):

v 2
2
- b
V2



Asx=y = % the base and height of the triangle are equal, which means that two sides of a right angled

triangle are equal,
Hence the given triangle is an isosceles triangle with sides AB and BC equal.
14. Question

The perimeter of a triangle is 8 cm. If one of the sides of the triangle be 3 cm, what will be the other two
sides for maximum area of the triangle?

Answer

Given,

* Perimeter of a triangle is 8 cm.

* One of the sides of the triangle is 3 cm.

* The area of the triangle is maximum.

Let us consider,

* ‘x" and ‘y’ be the other two sides of the triangle.

Now, perimeter of the AABC is

8=3+x+y
y = 8-3-x = 5-x
y =5x-- (1)

Consider the Heron’s area of the triangle,

= Js(s—a)(s—b)(s—0)

Where g — 3t2*¢
2

As perimeter =a + b+ c =8

Now Area of the triangle is given by

A= /8(B-3)(B—x)(8-Y)

Now substituting (1) in the area of the triangle,

A= 4(4-3)4—x)(4—(5—x))

A= 44 —x)(x—1)

A= J4(4x—4— x2+x)=./4(5x— x2—4)

A= J4(5x— x2—4)
[squaring on both sides]
Z = A% = 4(5x -x2-4) ----- (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point c then f'(c) = 0.

Differentiating the equation (2) with respect to x:



z_d o L,
dx_dx[(x_x )]

dZ d d d
R A (v} _ 4 —
dx 4 dx (5%) 4dx (x)— 4 dx (4)

Since £ (xm) = pxo1
[ - (x") =nx" 11

dz
= e -4@-0

To find the critical point, we need to equate equation (3) to zero.

dz 20—8 0
dx X =
20-8x=0
8x =20

5
X=3

Now to check if this critical point will determine the maximum area of the triangle, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

dzz_ d (20 — 8x]
dx2  dx x

L g (4)

ax?

i i ny __ n—1
[Since = (x") = nx 1

d2Z . . .
As (_d@) <= —8 <0, sothe function A is maximum at x =
! Xx=
2

[ A

Now substituting x = 3 in equation (1):

y=5-25
y =25
As x =y = 2.5, two sides of the triangle are equal,

Hence the given triangle is an isosceles triangle with two sides equal to 2.5 cm and the third side equal to
3cm.

15. Question

A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of the
window is 10 metres. Find the dimensions of the windows to admit maximum light through it.

Answer

Given,

* Window is in the form of a rectangle which has a semicircle mounted on it.
* Total Perimeter of the window is 10 metres.

* The total area of the window is maximum.



Let us consider,
* The breadth and height of the rectangle be ‘x’ and ‘y’.
* The radius of the semicircle will be half of the base of the rectangle.

Given Perimeter of the window is 10 meters:

10 = (x + 2y) + % |2n @]

[as the perimeter of the window will be equal to one side (x) less to the perimeter of rectangle and the
perimeter of the semicircle.]

10 = (x + 2y) + (E)

2
From here,
2y —10—x— (E)zw
2 2
—AIm (1)

4

Now consider the area of the window,

Area of the window = area of the semicircle + area of the rectangle
1 Xy 2
A= 3 [TL'(E) ]+ Xy
Substituting (1) in the area equation:
A 1 [ (X)z]_l_ (ZO—ZX—TL'X)
~21™3 X 4

A 1[ 214 20x — 2x* — mx?
g™ 4

mx? — 2mx”* + 40x — 4x?
8

A= - [x2(m—2m—4)+ 40x] — (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (2) with respect to x:

da d 1

_— = —_ 2 e e

el P [x°(m—2m— 4) + 40x]

da 1d 1d
el (- QRN S - -

= 8 dx(x (m—2m 4)}+8 = (40x)

I i ny __ n—1
[Since = [:x ) = nx ]

dd 1 1
E = E [ZX[:—T[— 4)] + E (40)



dA 1
E= ;[X(—TL'— 4)]“1‘ 5 (3)

To find the critical point, we need to equate equation (3) to zero.

?1_;?: %[x(—ﬁ—4)]+ 5=0
1
E[X(—?T—4)]+ 5=0
1
E[X(4+TL’)]=5
X (4 +m) = 20
_ 20
=G+

Now to check if this critical point will determine the maximum area of the window, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d? d

d’A d

d
Foch E[X(_H_ 4)]+ e (5)

Since £ (xm) — n-1
[ » (x") = nx" 11

LA (Cn—(D+ 0= —(+4) (4

dx2

a2 A
As (—) 2o = —(m+4) <0, so the function A is maximum atx = ——

dx2/ .= '
T lem (4-+m)

Now substituting x = GLA in equation (1):

+1T)

20— (K%F) (m+ 2)

4
2004+ 1) —(20)(m+2) 20[4+m—-m—2] 20 x2
- 4(4+ m) - 4(4+) T 4(4+ )
5 x2 10
Y"Ga+rm @+
Hence the given window with maximum area has breadth, x = —— and height, y= 0
(4+1) (4+m)

16. Question

A square piece of tin of side 12 cm is to be made into a box without a lid by cutting a square from each
corner and folding up the flaps to form the sides. What should be the side of the square to be cut off so that
the volume of the box is maximum? Also, find this maximum volume.

Answer
Given,
* Side of the square piece is 12 cms.

e the volume of the formed box is maximum.



Let us consider,

* ‘x’ be the length and breadth of the piece cut from each vertex of the piece.
* Side of the box now will be (12-2x)

* The height of the new formed box will also be ‘x’.

Let the volume of the newly formed box is :

V = (12-2x)? x (x)

V = (144 + 4x? - 48x) x

V = 4x3 -48x2 +144x ----- (1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function f(x) has a maximum/minimum at a point ¢ then f'(c) = 0.

Differentiating the equation (1) with respect to x:

v d[-ﬂ:3 48x% + 144x]
dx dx Y x X
= 12x>— 96x+ 144 - (2)

Since £ (x™) — px-1
[ » (x") =nx"1]

To find the critical point, we need to equate equation (2) to zero.

dv 5
— = 12x% — 963+ 144 =0
dx

x2-8x +12=0

_ —(=8)x/(=8)7-4(1)(12) 8 +V64—-48 8116
x= 2(1) = 2 =72

X= 2
[as x = 6 is not a possibility, because 12-2x = 12-12= 0]

Now to check if this critical point will determine the maximum area of the box, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with x:

dzv  d ,
T = g [12%7 — 96x + 144]



Since £ (xm) = pxo1
[ - (x") = nx" 11

Now let us find the value of

vy 24 (2) — 96 = 48 — 96 = —48
dx2) _, ~ - -

As (ﬂ) = —48 < (0, so the function A is maximum at x = 2

dx?/x=2
Now substituting x = 2 in 12 - 2x, the side of the considered box:
Side = 12-2x =12 - 2(2) = 12-4= 8cms
Therefore side of wanted box is 8cms and height of the box is 2cms.

Now, the volume of the box is
V=(8)2x2=64x2=128cm

Hence maximum volume of the box formed by cutting the given 12cms sheet is 128cm3 with 8cms side and
2cms height.

17. Question

An open box with a square base is to be made out of a given cardboard of area c:' (square) units. Show that

3
the maximum volume of the box is C_ (cubic) units.

63
Answer
Given,
* The open box has a square base
« The area of the box is c? square units.

* The volume of the box is maximum.

Let us consider,

* The side of the square base of the box be ‘a’ units. (pink coloured in the figure)
* The breadth of the 4 sides of the box will also be ‘a’units (skin coloured part).

* The depth of the box or the length of the sides be ‘h’ units (skin coloured part).
Now, the area of the box =

(area of the base) + 4 (area of each side of the box)

So as area of the box is given c?,

c2 = a? + 4ah



Let the volume of the newly formed box is :
V = (a)? x (h)

[substituting (1) in the volume formula]

2

v 2><-:—::12
=a
4a

For finding the maximum/ minimum of given function, we can find it by differentiating it with a and then
equating it to zero. This is because if the function f(a) has a maximum/minimum at a point c then f'(c) = 0.

Differentiating the equation (2) with respect to a:

v d ac? — a®
da da 4

I i ny __ n—1
[Since = [:x ) = nx ]

To find the critical point, we need to equate equation (3) to zero.

dv ¢ 3a? 0
da 4 4
c?2-3a%2=0
2
a2=c—
3
Cz
=+—
S
C
a= —
V3

[as ‘@’ cannot be negative]

Now to check if this critical point will determine the maximum Volume of the box, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (3) with x:

d’v  d[c? 3a?

da?  dx|4 4

da? P 2

d*v 3x2xa _ 3a (4)

[Since di (Xn) = mx™1]

X

Now let us find the value of

3 (5
@ L V3 o V3
daZ 4= S N N

V3



d2 ]
As (—da‘:) e = —48 - —c; < 0, so the function V is maximum ata =
a=—
a3

£
J3
Now substituting a in equation (1)

2
2 _ (& 2c?
€ (\;@) V3 C

h p— P T P p—
4 (L) 4c 6 23
V3 V3
h C
o 2\;"5

Therefore side of wanted box has a base side, a = ,% is and height of the box,h = —.

v 2 \,'E

Now, the volume of the box is

V- (%) * G5)
- \;"'5 2\-@

6\.@
18. Question

A cylindrical can is to be made to hold 1 litre of oil. Find the dimensions which will minimize the cost of the
metal to make the can.

Answer

Given,

* The can is cylindrical with a circular base

* The volume of the cylinder is 1 litre = 1000 cm?.

* The surface area of the box is minimum as we need to find the minimum dimensions.

Let us consider,
* The radius base and top of the cylinder be ‘r’ units. (skin coloured in the figure)

* The height of the cylinder be ‘h’units.
« As the Volume of cylinder is given, V = 1000cm3
The Volume of the cylinder= nr?h

1000 = nréh




The Surface area cylinder is = area of the circular base + area of the circular top + area of the cylinder
S =nr + nr? + 2nrh
S =2nr? + 2nrh

[substituting (1) in the volume formula]

1000)

S= 2mnr?+ Zm'( >
mr

S=2 [T[r2 + (g)] ------ (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then
equating it to zero. This is because if the function f(r) has a maximum/minimum at a point ¢ then f’(c) = 0.

Differentiating the equation (2) with respect to r:

ds B d 2[ 2 (1000)]
dr dr i r

1000
E=2(2m)+( )( 1)
[Slnce [:X“) 11 and (X_“) x—-1]
= 2(2m) - z(”’““) ------- (3)

To find the critical point, we need to equate equation (3) to zero.

dsS - 20m 2(1000) 0
dr i re N
1000
2 (2mr) — 2( = ) 0
1000
27r = 3
¢
500
2= -
=500
r= |—
bl

Now to check if this critical point will determine the minimum surface area of the box, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (3) with r:

d*s 1000

az =gl 20w -2(57)]

d*s 2 x1000%(=2) _ 4000 _____ 4

drz 4m 3 = 4m+ 2 (4)
[Slnce [:X“) = nx1 and a ( -n) = 1]

Now let us find the value of

(dzs) g, 2000 4000 xTw
— =4M+ ————=4n1+ —— =41 T= 121
drz) _s[500 .[E00\ 500

i

om



d?s "
As (F) sfe = 12T > 0, so the function S is minimum atp = * 500
r= \IT ™
Now substituting r in equation (1)
1000 1000 1000
= 2 2= "1 2
™ (=500} 73 (500)3
s
1000
=71 p
a3 (500)3
— 1000
Therefore the radius of base of the cylinder, ; = af:’_‘]"]'and height of the cylinder, h =-—1——= where the
T ma (500)2

surface area of the cylinder is minimum.

19. Question

Show that the right circular cone of the least curved surface and given volume has an altitude equal to \E
times the radius of the base.

Answer

Given,

* The volume of the cone.

* The cone is right circular cone.

e The cone has least curved surface.

v

Let us consider,

* The radius of the circular base be ‘r' cms.
* The height of the cone be ‘h’ cms.

* The slope of the cone be ‘I’ cms.

Given the Volume of the cone = nr?|

mirh

The Surface area cylinder is = mrl
S =nrl
S= mr (yh2+r?)

[substituting (1) in the Surface area formula]



3V\?
S=mr (—2) + 12
Tr

[squaring on both sides]

9Vv?
’]'[2

— Q2 _ 2.2
Z= 8= mr( -

+r?)
2
7= ﬂz(%+ 1‘4) ----- (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then
equating it to zero. This is because if the function Z has a maximum/minimum at a point ¢ then Z’(c) = 0.

Differentiating the equation (2) with respect to r:

dZ_ d 5 9y? o
dr  dr T Tmere :

dz 9vi\d /1 d
o)== 2 [yt
ar (Tlfz )dr (1‘2)+H dr ()

Si d my _ n—1 d d -ny _ _ —n—1
[Since — (x") =nx""* and = (x7%) nx 1]
dz _ (-18V 2 3y oo

== ( = )—i—TL’ (41%) (3)

To find the critical point, we need to equate equation (3) to zero.

dZ  [-18V? .

T 3 +m° (4r°) = 0
18V*?

e (4r?) =

rs
2m%ré = 9y? ---- (4)

Now to check if this critical point will determine the minimum surface area of the cone, we need to check
with second differential which needs to be positive.

Consider differentiating the equation (3) with r:

¢z _d[/-18vi) o
dr2 _dl' r3 T [: I )

d’zZ —18V?(-3
= 7( ) + 1 (4 x3r?)

dr2 r4

Si d ny _ n—1 d d -ny _— _py—h-1
[Since - (x™) = nx™*tan = (x™) nx ]
d’Z  54V? 2 (1212

— = T r

dr2 ré ( )

Now let us find the value of

d?z 54V?
(—) = +m? (12r¥) >0

drz r
2
As (g) ~ 0, so the function Z = S2 is minimum
n

Now consider, the equation (4),

9V? = 2%t



Now substitute the volume of the cone formula in the above equation.

mr2h\’
9| —— | =2n’r®
&

n2réh2 = 2 n?rb

2r2 = h?

h= l‘v"i

Hence, the relation between h and r of the cone is proved when S is the minimum.
20. Question

Find the radius of a closed right circular cylinder of volume 1oocmi which has the minimum total surface
area.

Answer

Given,

* The closed is cylindrical can with a circular base and top.
* The volume of the cylinder is 1 litre = 100 cm3.

e The surface area of the box is minimum.

Let us consider,
* The radius base and top of the cylinder be ‘r’ units. (skin coloured in the figure)

* The height of the cylinder be ‘h’units.
« As the Volume of cylinder is given, V = 100cm3
The Volume of the cylinder= nir2h

100 = nr?h

The Surface area cylinder is = area of the circular base + area of the circular top + area of the cylinder
S =mr? + nr? 4+ 2nrh

S =2mnr + 2nrh

[substituting (1) in the volume formula]

—_ .2 - 100
S= 2nr-+ 2mr p—y
Tr



For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then
equating it to zero. This is because if the function f(r) has a maximum/minimum at a point c then f'(c) = 0.

Differentiating the equation (2) with respect to r:

ds - d 2[ 2 (100)]
dr  dr o r

4 _ 2 (2mr) + (g) (—1)

dr

Si i my _ n—1 d i -ny _— -n-—1
[Since - (x™) =nx™*an = (x™) nx ]
ds 100

- 20m) - 2(2) )

To find the critical point, we need to equate equation (3) to zero.

dS_ 2 (2m) 2(100) _ 0
dr o rz )

100
2 (2mr) — 2(—2 ) =0
-
2mr = LZO - (4)
"

Now to check if this critical point will determine the minimum surface area of the box, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (3) with r:

szZ%[g (2mr) — 2(%)]

dr?

dzs 2 %100%(-2) 400 ___ (5)

are 4m 3 = 4T+ 3

[Since i (Xn) = nxt1 and i (X—n) = _le—n—l]
dx dx

Now let us find the value of

d?s 4+400 4+400><n PR 2
— =4+ ——— =41+ ——— =4m T=12m
dr2) =50 350\’ 50
1‘—\1? =y
s
d*s . . . 2|50
As (_er) 3Fe = 12m > 0, so the function S is minimum at = 2
=222 b
N

As S is minimum from equation (4)

100

2mr= —
re
‘ v
2Tr = 1—2
V =2

Now in equation (1) we have,

v o 2m?
2 mr?

h = 2r = diameter

Therefore when the total surface area of a cone is minimum, then height of the cone is equal to twice the
radius or equal to its diameter.



21. Question

Show that the height of a closed cylinder of given volume and the least surface area is equal to its diameter.
Answer

Let r be the radius of the base and h the height of a cylinder.

The surface area is given by,

S=2nrd+2mnrh

Let V be the volume of the cylinder.

Therefore, V = nréh

....... Using equation 1

S— 2m‘3)

2mr

V=”IT1‘2(

Sr — 2mr
B 2

Differentiating both sides w.r.t r, we get,

aw_s 2 (2)
dr 2

For maximum or minimum, we have,

o

dr

= z —-3mr?=0

=S = 6mr?

2nr? + 2nrh = 6mr2

h=2r

Differentiating equation 2, with respect to r to check for maxima and minima, we get,

d2v ‘
(11_'2 = —6rur=<20

Hence, V is maximum when h = 2r or h = diameter

22. Question

Prove that the volume of the largest cone that can be inscribed in a sphere is é of the volume of the
sphere. -

Answer

Given,

* Volume of the sphere.

* Volume of the cone.

* Cone is inscribed in the sphere.

¢ Volume of cone is maximum.



Let us consider,
* The radius of the sphere be ‘a’ units.
* Volume of the inscribed cone be ‘V’.
* Height of the inscribed cone be ‘h’.
* Radius of the base of the cone is ‘r’.
Given volume of the inscribed cone is,

_ mr’h

3

Consider OD = (AD-OA) =(h-a)

Now let OC2 = OD? + DC?, here OC = a, OD = (h-a), DC =,
So a2 = (h-a)2 + r?

r2 = a2 - (h2+ a2 - 2ah)

Let us consider the volume of the cone:
\ - 2h
= — (mr
5 (rh)
Now substituting (1) in the volume formula,

V:

(mh(2a— h)h)

V = - (2mh?a— mh?) - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with h and then
equating it to zero. This is because if the function V(r) has a maximum/minimum at a point ¢ then V'(c) = 0.

Differentiating the equation (2) with respect to h:

dv—d[thz hg]
ah —an |3 (¢rhia— mhY)

dv

1 1 2
=3 (2ma)(2h) — gl:Tf)(?*h )

I i ny __ n—1
[Since = [:x ) = nx ]

av_1 _ 27 e
5 = 5[ 4mah— 3mh?] (3)

To find the critical point, we need to equate equation (3) to zero.

dV_14 h— 3mh?] =0
dh_B[ﬁa mh*] =



4mah - 3mh2 =0
h(4na-3nmh)= 0

h=0(orh= 2m2_ 22
3m 3

43

h=3

[as h cannot be zero]

Now to check if this critical point will determine the maximum volume of the inscribed cone, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (3) with h:

ST E——
ahZ —anl3lt™ T

dzv

- i“ﬂa —(3m(2h)] = J[4a— 6h]  (4)

I i ny __ n—1
[Since = [:x )_ nx ]

Now let us find the value of

d2v T[[4 . (43)] dam -2 4am
dh?) s =31 3/ 73 = T3
3
dZ
As (d_h;,)hzﬁ = —4? < 0, so the function V is maximum ath = ?
2

Substituting h in equation (1)
2 (43) (Za 43 )

3 3
2 (43) (2 4a )
PEE/\R TS

8a?
9

As V is maximum, substituting h and r in the volume formula:

=5 (5)5)

8
V= 27 (volume of the sphere)

Therefore when the volume of a inscribed cone is maximum, then it is equal to 2% times of the volume of the
sphere in which it is inscribed.

23. Question

Which fraction exceeds its pth power by the greatest number possible?
Answer

Given,

The pth power of a number exceeds by a fraction to be the greatest.

Let us consider,



* ‘X’ be the required fraction.

* The greatest number will bey = x - X ------ (1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function y(x)has a maximum/minimum at a point ¢ then y'(c) = 0.

Differentiating the equation (1) with respect to x:

dy d .
dx  dx (x=x)

& _ 1 _pxPl- (2
= 1—px (2)

Since £ (xm) = pxo1
[ - (x™) =nx" 11

To find the critical point, we need to equate equation (2) to zero.

dy

B T
Ix 1—px 0
1 = pxPl

Now to check if this critical point will determine the if the number is the greatest, we need to check with
second differential which needs to be negative.

Consider differentiating the equation (2) with x:

d’y d
—_— = — — P_l
dx? dx[ L=px ]

Y= pp— Dxr2 - 3)

Since & (x) = px®!
[ » (x") = nx"1]

Now let us find the value of

(g)k(aﬁ - v ()7

1

L P2
= —plp-1 (G)P_l) < 0, so the numbery is greatest at,, _ (E)F

p-2

% (53)

1
P

Hence, the y is the greatest number and exceeds by a fractiony, — (E)F
p

24. Question

Find the point on the curve }.—3 = 4x which is nearest to the point (2, —8).

Answer

Given,

« A point is present on a curve y2 = 4x
* The point is near to the point (2,-8)
Let us consider,

* The co-ordinates of the point be P(x,y)



* As the point P is on the curve, then y2 = 4x

x=L
4

* The distance between the points is given by,

D2

(x-2)2 +(y+8)2
D? = x2-4x+4 + y2 + 64 + 16y

Substituting x in the distance equation
24 2 2
D? = ('%) — 4 (%)+ y? + 16y + 68

&
Z=D*="+ 16y +68 ~ (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with y and then
equating it to zero. This is because if the function Z(x) has a maximum/minimum at a point ¢ then Z’(c) = 0.

Differentiating the equation (2) with respect to y:
dz_d (v* + 16y + 68
dy dy \16 y

3 3
2 i16=Y1 16— (2)
dy 16 4

I i ny __ n—1
[Since = [:x ) = nx ]

To find the critical point, we need to equate equation (2) to zero.

dz y?

— = 4+16=0
dy 4
y3+64=0

(y +4) (y* -4y +16) = 0

(y+4)=0(or)y? -4y + 16 =0

y=-4

(as the roots of the y? - 4y + 16 are imaginary)

Now to check if this critical point will determine the distance is mimimum, we need to check with second
differential which needs to be positive.

Consider differentiating the equation (2) with y:

z2_4d1v 16
dy2 dy| 4
2z 3y
¥

I i ny __ n-1
[Since ™ [:x )_ nx ]

Now let us find the value of

(dzz) 3 (—4)2 =12
dy? y=—a 4

2
As (j—}j) = 12 >0, so the Distance D? is minimum aty = -4
y=—4



Now substituting y in X, we have

x=(_T4)2=4

So, the point P on the curve y? = 4x is (4,-4) which is at nearest from the (2,-8)
25. Question

A right circular cylinder is inscribed in a cone. Show that the curved surface area of the cylinder is maximum
when the diameter of the cylinder is equal to the radius of the base of the cone.

Answer

Given,

* A right circular cylinder is inscribed inside a cone.
* The curved surface area is maximum.

e

h1

Let us consider,

* ‘r1’ be the radius of the cone.
* ‘hy’ be the height of the cone.

* ‘'r’ be the radius of the inscribed cylinder.
* ‘h’ be the height of the inscribed cylinder.
DF=r,and AD=AL-DL=h;-h

Now, here AADF and AALC are similar,

Then

AD DF h,—h r

—_—=— = = —

AL LC h, r,

rh,

hy—h=

heh, — Mg (1 I)
- 1 1.1 - 1 1’1

h=h,(1-2)- @)

1

Now let us consider the curved surface area of the cylinder,
S = 2mrh

Substituting h in the formula,

S = 2mr [hl(l _11_1)]



-2
S = 2mrh, — ﬁ (2)

ry

For finding the maximum/ minimum of given function, we can find it by differentiating it with r and then
equating it to zero. This is because if the function S(r) has a maximum/minimum at a point ¢ then S’(c) = 0.

Differentiating the equation (2) with respect to r:

ds d _— 21h,r?
dr _dr |7 r
ds 2mh, (2r)
E = 2"]'[}'11 — T

Since £ (xm) = pxo1
[Si - (x") =nx"1]

To find the critical point, we need to equate equation (3) to zero.

ds 4mh,r
dr ry
41h,r
].‘1
- 2mhyry
'= 41h,
- 1‘1
=2

Now to check if this critical point will determine the maximum volume of the inscribed cylinder, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (3) with r:

d?s d [ 41Th11']
T 1_

EE—
drz dr ry

dzs 4mh 4mh
Lot i (g
dr2 ry ry

Since & (x) = px®!
[ » (x") = nx" 1]

Now let us find the value of

d?s 41h,
dr? -Is ry
d%s amh : . : -
As — ., = —— <0, sothe function S is maximum atr = ‘?*
r=— 1

Substituting r in equation (1)

I‘ 1

h=h|1-2

I. 1

h=h,(1-1)= 25

2

As S is maximum, from (5) we can clearly say that h; = 2h and

ry=2r



this means the radius of the cone is twice the radius of the cylinder or equal to diameter of the cylinder.
26. Question

Show that the surface area of a closed cuboid with square base and given volume is minimum when it is a
cube.

Answer

Given,

* Closed cuboid has square base.

* The volume of the cuboid is given.
* Surface area is minimum.

Let us consider,

* The side of the square base be ‘x’.

* The height of the cuboid be ‘h’.

* The given volume, V = x2h

Consider the surface area of the cuboid,
Surface Area =

2(Area of the square base) + 4(areas of the rectangular sides)
S = 2x2 + 4xh

Now substitute (1) in the Surface Area formula
v

S=2x+ 4x (—2)
X

s=2x%+ (¥) —(2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function S(x) has a maximum/minimum at a point ¢ then S’'(c) = 0.

Differentiating the equation (2) with respect to x:

dS_ d [2 2y (4‘\!)]
dx  dx X X

sS_, (2%) + 4V (_1)
dx X x2

i i ny __ n—1 i -ny _ __ —n—1
[Since = (x™) = nx™* and = (x™) = —nx ]
ds 4V
= 4% — = (3)

To find the critical point, we need to equate equation (3) to zero.

dS 4 4V 0
—_— = W — — =
dx x2

4V
4X_§
x3=V

Now to check if this critical point will determine the minimum surface area, we need to check with second
differential which needs to be positive.




Consider differentiating the equation (3) with x:

d’s d [ 4V
X_

dx?2 dx x?2

d3s a8V

S gt T (@)

dx? x3

[Since & (x™) = nx™ ! and 4 (x™) = —nx~ 1]
dx dx

Now let us find the value of

a’s PP
dxZe-ys vV o

z
As ? . = 12 > 0, so the function S is minimum atx — 3y

2
X x=Vz

Substituting x in equation (1)

v x?
h =x

As S is minimum and h = x, this means that the cuboid is a cube.
27. Question

A rectangle is inscribed in a semicircle of radius r with one of its sides on the diameter of the semicircle. Find
the dimensions of the rectangle so that its area is maximum. Find also this area.

Answer
Given,
¢ Radius of the semicircle is ‘r’.

* Area of the rectangle is maximum.

Let us consider,

* The base of the rectangle be ‘x’ and the height be ‘y’.
Consider the ACEB,

CE? = EB? + BC?

As CE =r, EB = gandCB=y

2 — (%)z_l_ y?

2
2 _ 2 [*)Y - (1
y-=t (2) (1)
Now the area of the rectangle is
A=xXy

Squaring on both sides



A2 = x2 2

Substituting (1) in the above Area equation

ool )

7 = AQ =X2r2 _X2x:= X21'2 e (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function Z(x) has a maximum/minimum at a point ¢ then Z'(c) = 0.

Differentiating the equation (2) with respect to x:

dx dx 4
dzZ 453
o 2 _

dx r* (2%) 4

i i ny __ n—1
[Since = [:x ) = nx ]

To find the critical point, we need to equate equation (3) to zero.

dZ
—=2xr’—-x*=0
dx

x(2r2 -x2) =0

x = 0 (or) x2 = 2r?
x=0(orx=ry2
X=1V2

[as x cannot be zero]

Now to check if this critical point will determine the maximum area, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with x:

d?z d

I -2 3
@—dX[ZXI x°]
PL_ 52 9.2 4
== 2T 3x (4)

Since & (xm) = n—1
[ - (x™) = nx™ 1]

Now let us find the value of

dzz 2 2 2 2 2

= = 2r°— 3(ry2) = 2r°— 6r°-= —4r

dx?4=ryz
2

As g = —4r? < 0, so the function Z is maximum atx = /2
X x=ry2

Substituting x in equation (1)

Ay 2 2 2
oo (V) . ¥
2 2 2



As the area of the rectangle is maximum, and x = ry/2and y =

So area of the rectangle is

A= 1‘\.’5 X @
2
A=r2
Hence the maximum area of the rectangle inscribed inside a semicircle is r? square units.
28. Question

Two sides of a triangle have lengths a and b and the angle between them is 8. What value of 8 will maximize
the area of the triangle?

Answer

Given,

* The length two sides of a triangle are ‘a’” and ‘b’
* Angle between the sides ‘a’ and ‘b’ is 0.

* The area of the triangle is maximum.

Let us consider,

The area of the APQR is given be
A= ; ab sin6 --- (1)

For finding the maximum/ minimum of given function, we can find it by differentiating it with 8 and then
equating it to zero. This is because if the function A (6) has a maximum/minimum at a point ¢ then A’(c) = 0.

Differentiating the equation (1) with respect to 6:

dA d [1 b si B]
a0 23 51N

6=
dA 1
=3 abcos@ (2)

[Since % (sin@) = cosB]

To find the critical point, we need to equate equation (2) to zero.

dA_lb 8- 0
15— 7 abcos® =

CosB6=0

Now to check if this critical point will determine the maximum area, we need to check with second
differential which needs to be negative.




Consider differentiating the equation (2) with 0 :

d?A dg1
E[ﬁ abcos(—)]

dez

dZA 1

PA_ 1 2
Jez = —;absin® (2)
[Since % (cos8) = —sinBl

Now let us find the value of

d?A 1 YAl 1
@Ez% = —E ab sin (E) = —E ab
2
As j?ja_“ = —g ab < 0, so the function A is maximum at 8 = g

As the area of the triangle is maximum when § = E
29. Question

Show that the maximum volume of the cylinder which can be inscribed in a sphere of radius 5\/§cm is

Answer
Given,
* Radius of the sphere is 54/3.

* Volume of cylinder is maximum.

2r

2r

Let us consider,

* The radius of the sphere be ‘R’ units.

* Volume of the inscribed cylinder be V.

* Height of the inscribed cylinder be ‘h’.

* Radius of the cylinder is ‘r'.

Now let AC2 = AB? + BC?, here AC = 2R, AB =2r, BC = h,
So 4R? = 4r2 + h?

r? = ; [4R? —h?] - (1)

Let us consider, the volume of the cylinder:

V = nrh

Now substituting (1) in the volume formula,



1
V=mh(; [4R* —h?])
V= E (4R*h— h3) - (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with h and then
equating it to zero. This is because if the function V(h) has a maximum/minimum at a point c then V'(c) = 0.

Differentiating the equation (2) with respect to h:

dv d m

ah = |z (R 1)
v 4R’m m _ |
FTA A

i i ny __ n—1
[Since ™ (X ) =nx ]

ﬁ_ 2 ahzﬂ _______ 3
dh R 4 (3)

To find the critical point, we need to equate equation (3) to zero.

av_ 3h’m
T
3h2n = 4R?%nt
4 4 4
h?= - R%Z=— (5y3)2= — (25 x3) =100
3 B(M) 3( )
h =10

[as h cannot be negative]

Now to check if this critical point will determine the maximum volume of the inscribed cone, we need to
check with second differential which needs to be negative.

Consider differentiating the equation (3) with h:

v d[_, shim

—_— = — T —

dh?z dh 4

EY_ o sewm_ A
= = —2hm (4)

Since £ (™) — n-1
[ » (x") = nx"1]

Now let us find the value of

_dEV 2h 2(10 20
=—2hm= — m= —201
i) (10)
=10
d? ; ; i —
As (d_h‘:)hzm = —20m < 0, so the function V is maximum at h=10

Substituting h in equation (1)

= C H(5V3) - (10)7

1
r? = 2 [4 (25 x 3) — 100]

300—100 200

=50
4 4

As V is maximum, substituting h and r in the volume formula:



V =1 (50) (10)

V = 500m cm3

Therefore when the volume of a inscribed cylinder is maximum and is equal 500m cm?
30. Question

A square tank of capacity 250cubic meters has to be dug out. The cost of the land is Rs. 50 per square
metre. The cost of digging increases with the depth and for the whole tank, it is Rs.(400 xh’ ) where h

metres is the depth of the tank. What should be the dimensions of the tank so that the cost is minimum?
Answer

Given,

» Capacity of the square tank is 250 cubic metres.

* Cost of the land per square meter Rs.50.

« Cost of digging the whole tank is Rs. (400 x h?).

* Where h is the depth of the tank.

Let us consider,

* Side of the tank is x metres.

« Cost of the digging is; C = 50x% + 400h? ---- (1)

« Volume of the tank is; V = x2h ; 250 =x2h

Substituting (2) in (1),

250
C = 50x? +4OO(X )

C = £ox2 4 200x62500 (3)

K

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function C(x) has a maximum/minimum at a point ¢ then C'(c) = 0.

Differentiating the equation (3) with respect to x:

[ 400 *® 62500]
dx dx x*

25000000 (—4)
— = 50(2x)+ -
dx x5

Since £ (xm) = pxo1
[Si - (x") =nx"1]

Lo 100x- L)
dx

To find the critical point, we need to equate equation (4) to zero.

dC 0®

— = 100x— — =0
dx X3

x% = 10°

x =10

Now to check if this critical point will determine the minimum volume of the tank, we need to check with
second differential which needs to be positive.




Consider differentiating the equation (4) with x:

100 108

—_— X —_— —

dx2

d’c _ 10°(-5) _ 10° (5) _____ 5
= = 100 = 100 + = (5)
[Slnce [:X“) 11 and (X_“) x—0-1]

Now let us find the value of

dzc 10° (5)
— =100+ ——— =100+ 500 = 600
x=10

dx? _ (10)¢
d=C . . .-
As (—) = 600 > 0, so the function C is minimum at x=10
dx® /=10

Substituting x in equation (2)

X 250 250 5
©(10)2 100 2

h=25m
Therefore when the cost for the digging is minimum, when x = 10m and h = 2.5m
31. Question

A square piece of tin of side 18 cm is to be made into a box without the top, by cutting a square piece from
each corner and folding up the flaps. What should be the side of the square to be cut off so that the volume
of the box is maximum? Also, find the maximum volume of the box.

Answer

Given,

* Side of the square piece is 18 cms.

* the volume of the formed box is maximum.

0 L

%
A :
(=] ]

Let us consider,
x' be the length and breadth of the piece cut from each vertex of the piece.
* Side of the box now will be (18-2x)
* The height of the new formed box will also be ‘x’
Let the volume of the newly formed box is :
V = (18-2x)? x (x)
= (324+ 4x% - 72x) x

V = 4x3 -72x2 +324x - (1)



For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function V(x) has a maximum/minimum at a point c then V’(c) = 0.

Differentiating the equation (1) with respect to x:

v d[—ﬂ:3 72x% + 324x]
dx dx o X X
= 1257 144x+ 324 (2)

Since £ (x™) — px®-1
[ » (x") =nx"1]

To find the critical point, we need to equate equation (2) to zero.

dv 5
— = 12x% — 144x+324 =0
dx

x2-12x +27 =0

—(-12) £ J(—12)7 = 4(D)(27) 12+y144—108 12436
x= 2(1) - 2 -T2

X= 2
[as x = 9 is not a possibility, because 18-2x = 18-18= 0]

Now to check if this critical point will determine the maximum area of the box, we need to check with second

differential which needs to be negative.

Consider differentiating the equation (3) with x:

dzv  d ,
T = g [12%7 — 144x+324]

2
Y 24x— 144 (4)

dx®
[Since % [:x“) = nx™ 1]

Now let us find the value of

v
— =24(3)— 144=72—144= —72
dx? =3

As (ﬂ) = —72 < 0, so the function V is maximum at x = 3cm

dx®/y=3
Now substituting x = 3 in 18 - 2x, the side of the considered box:
Side = 18-2x = 18 - 2(3) = 18-6= 12cm
Therefore side of wanted box is 12cms and height of the box is 3cms.

Now, the volume of the box is
V = (12)2 x 3 = 144 x 3 = 432cm>

Hence maximum volume of the box formed by cutting the given 18cms sheet is 432cm3 with 12cms side and
3cms height.

32. Question

An open tank with a square base and vertical sides is to be constructed from a metal sheet so as to hold a
given quantity of water. Show that the cost of the material will be least when the depth of the tank is half of



its width.

Answer

Given,

* The tank is square base open tank.

* The cost of the construction to be least.
Let us consider,

* Side of the tank is x metres.

* Height of the tank be ‘h’ metres.

« Volume of the tank is; V = x¢h

« Surface Area of the tank is S = X2 +4xh
* Let Rs.P is the price per square.

Volume of the tank,

h=— - (1)

2(2
Cost of the construction be:
C = (x2 +4xh)P ---- (2)
Substituting (1) in (2),

\
c=[x2+ 4x—2]P

X
c=[x*+ TP 0

For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function C(x) has a maximum/minimum at a point ¢ then C'(c) = 0.

Differentiating the equation (3) with respect to x:

dc d [2+4V
ax dx X

X
j—i = [(2x)+ —Wi;l)l p

Since & (™) — nx1and & (x—m)— _pyx-n-1
[Si — (x™) = nx = (x™) nx ]
dc

- — [2 -2 P ------- (4)

To find the critical point, we need to equate equation (4) to zero.

dC [2 4y p 0
R )
x3 =2V

Now to check if this critical point will determine the minimum volume of the tank, we need to check with
second differential which needs to be positive.

Consider differentiating the equation (4) with x:

d?c d [ 4V

E= PE 2x— E
gz [2_41!;—2]];,:[2_,_ i_f]p ----- (5)



Since & () = n-13ndd fe-ny - _pp-n-1
[Since = (x") = nx = (x™) = —mx7]

Now let us find the value of

(dzc) [2 + SV] P=[2+4]P =6P
dx? x=(2V]§ 2V

As (dzc

@)F(wﬁ = 6P > 0, so the function C is minimum atx = {/2v

Substituting x in equation (2)

Vv Vi(2v 1
he— = OV _ Zay
(2V)z
1 5o
h = E V2V
Therefore when the cost for the digging is minimum, when y = /2y and h = ; V2v

33. Question

A wire of length 36 cm is cut into two pieces. One of the pieces is turned in the form of a square and the
other in the form of an equilateral triangle. Find the length of each piece so that the sum of the areas of the
two be minimum.

Answer

Given,

* Length of the wire is 36 cm.

* The wire is cut into 2 pieces.

* One piece is made to a square.

* Another piece made into a equilateral triangle.
Let us consider,

* The perimeter of the square is x.

* The perimeter of the equilateral triangle is (36-x).
* Side of the square is

« Side of the triangle is &5
3

Let the Sum of the Area of the square and triangle is

A= 05

2

A= @ + ? (12—2): §—2+ ? (144+ X;— Sx)

-] = -]
A=+ 2 (14445 - gx) -

16 4 9
For finding the maximum/ minimum of given function, we can find it by differentiating it with x and then
equating it to zero. This is because if the function A(x) has a maximum/minimum at a point c then A’(c) = 0.

Differentiating the equation (1) with respect to x:

A _ d X2+£ st X g
dx  dx |16 " % g %




= —+
16 4

dA 2% \E((HZX a)
dx 9

Since & (™) = px!
[ - (x™) =nx" 11

da_ 2x W3 (2x gy 2

dx 16 + 4 ( 8) (2)

To find the critical point, we need to equate equation (2) to zero.
dA 2x+ V3 (Zx 8) 0

d« 16 4 \ 9 B

2x V3 ( 2}{)

16 4 9
2% [3x
—=2w"§—w—
16 18
2% V3x
— 4+ — =23
16 ' 18 v
2(9)++/3(8
. (9) +v3(8) _ 23
144
18 +8v3
= 23
X( 144 ) v
144 14443
X=2\.’§( ) Y

18+8V3/ (9+4V3)

Now to check if this critical point will determine the minimum area, we need to check with second differential
which needs to be positive.

Consider differentiating the equation (3) with x:

dEA_d 2x+£(2x )
dx2 dx|[16 4 \ 9

dx2 8 4

-4 Ii_ l'_
d-A 1 y3 (;) _ S+44/3 (4)

72

[Since di (Xn) = mx™1]

X

Now let us find the value of

d?A 9+ 443
dx? - 1243 72

(9+4+/3)

dZA 9+443 . . i
As (@) _1aa3 = 5, > 0, s0 the function A is minimum at

TR (9+43)

1444/3

X= ————

(9 +4V3)
Now, the length of each piece is x = 1‘1“1“"?_ cmand 36 —x = 36— ”“J“’E - 22 m

(3+4+/3) (3+44/3) (9+4+/3)

34. Question
Find the largest possible area of a right-angles triangle whose hypotenuse is 5 cm.

Answer



Given,
* The triangle is right angled triangle.

* Hypotenuse is 5cm.

N

20"

Let us consider,

* The base of the triangle is ‘a’.
* The adjacent side is ‘b’.

Now AC2 = AB? + BC?
AsAC =5 AB=bandBC=a
25 = a2 + b?

b2 = 25 - a2 - (1)

Now, the area of the triangle is
A L b
=—-a
2

Squaring on both sides
1

AZ = = a2p2
2 a

Substituting (1) in the area formula
Z=A = Za?(25—a%) — (2)

For finding the maximum/ minimum of given function, we can find it by differentiating it with a and then
equating it to zero. This is because if the function Z (x) has a maximum/minimum at a point ¢ then Z’(c) = 0.

Differentiating the equation (2) with respect to a:
dZ d g1

i By _ 42

da da [4 ¥(25-a )]

dZ 1
_— = — — 3
P [25 (2a) — 4a°]

Since & (xm) = pxo1
[Si - (x") =nx"1]

dZ 25
L_ g (3)
da 2

To find the critical point, we need to equate equation (3) to zero.

dZ 25a 5_0
da 2 =
25
al—-2a*=o0
(Z-#)
a=0(or)a=i,_
V2



5
a=—
V2
[as a cannot be zero]

Now to check if this critical point will determine the maximum area, we need to check with second
differential which needs to be negative.

Consider differentiating the equation (3) with a:

d’Z d[25a 3]
—a

daz  dal 2
PZ_ 25 L0 4
da? 2 3a (@)

Since £ (xm) = pxo1
[Si - (x") = nx" 1]

Now let us find the value of

(E) =§_3(i)2= B (325 .

daz) s 2 N 2 2
vz
42z _ _ . .
As (—2) s = —25 < 0, so the function A is maximum ata = —
da®/a= vz

V2

Substituting value of Ain (1)

b2=25—§=§
2 2
b S
V2

Now the maximum area is

A 1(5)(5) 25
2 \2/\\2) 4

UL
S~ A= — (N
4

Exercise 11G

1. Question

Show that the function f(x )= 5x —2 is a strictly increasing function on R.

Answer

Domain of the function is R

Finding derivative f'(x)=5

Which is greater than 0

Mean strictly increasing in its domain i.e R

2. Question
Show the function f(x)=-2x+7 is a strictly decreasing function on R.
Answer

Domain of the function is R

Finding derivative f'(x)=-2



Which is less than 0
Means strictly decreasing in its domain i.e R

3. Question

Prove that f(x)=ax +b, where a and b are constants and a > 0, is a strictly increasing function on R.

Answer

Domain of the function is R

Finding derivative i.e f'(x)=a

As given in question it is given that a>0
Derivative>0

Means strictly increasing in its domain i.e R

4. Question

Prove that the function f(\} — 2% s strictly increasing on R.

Answer

Domain of the function is R

finding derivative i.e f'(x)=2eX

As we know eX is strictly increasing its domain
f'(x)>0

hence f(x) is strictly increasing in its domain

5. Question

Show that the function f(x) = X° is

a. strictly increasing on [0, o]

b. strictly decreasing on [0, [

. neither strictly increasing nor strictly decreasing on R
Answer

Domain of function is R.

f'(x)=2x

for x>0 f'(x)>0 i.e. increasing

for x<0 f'(x)<0 i.e. decreasing

hence it is neither increasing nor decreasing in R

6. Question

Show that the function f(x)= |x| is

a. strictly increasing on 10, =]

b. strictly decreasing on] — «, O
Answer

For x>0

Modulus will open with + sign



f(x)=+x

= f'(x)=4+1 which is <0

for x<0

Modulus will open with -ve sign

f(x)=-x => f'(x)=-1 which is >0

hence f(x) is increasing in x>0 and decreasing in x<0

7. Question
Prove that the function f(x)=log_x is strictly increasing on ]0, wf[.

Answer

f(x)=In(x)
¢ _ 1
(x) = "

for x<0

f'(x)=-ve —increasing

for x>0

f'(x)=+ve —decreasing

f(x) in increasing when x>0 i.e x&(0, )

8. Question

Prove that the function f(x} = loga X is strictly increasing on ]0, «[ when a > 1 and strictly decreasing on
10, o[ when 0 <a < 1.

Answer
Consider f(x)=log, x

domain of f(x) is x>0
f = 11
(x) = " n(a)

= for a>1, In(a)>0,

hence f'(x) >0 which means strictly increasing.
= for O<a<1, In(a)<0,

hence f'(x)<0 which means strictly decreasing.

9. Question
Prove that f(x) — 3* is strictly increasing on R.

Answer

Consider f(x)=3*

The domain of f(x) is R.

f'(x)=3%In(3)

3% is always greater than 0 and In(3) is also + ve.

Overall f'(x) is >0 means strictly increasing in its domain i.e. R.



10. Question
Show that f(x) = x° —15%% + 75% = 50 is increasing on R.

Answer

Consider f(x)=x3-15x2+75x-50
Domain of the function is R.
f'(x)=3x2-30x+75
=3(x%-10+25)

=3(x-5) (x-5)

=3(x-5)?

f’'(x)=0 for x=5

for x<5

f'(x)>5

and

for x>5

f'(x)>5

we can see throughout R the derivative is +ve but at x=5 it is 0 so it is increasing.

11. Question

Show that f(x)=| x —— | isincreasing all x € R, where x = 0.
X
Answer
1
X)=|x——
fx) = (x— )

domain of function is R-{0}
1
f'[:X) =1+ ;

f'(x) V x € R is greater than 0.

12. Question

Show that f(x) =

1
— L5 ] is decreasing for all x = R, where x = (.
X

Answer
fi L +5
(x) =

domain of function is R-{0}

f(x) = —%

for all x, f'(x)<0
Hence function is decreasing.

13. Question



1
Show that f(x) = ﬁ is decreasing for all x =0
+X

Answer

Consider f(x) = .

(1+x2)
2X
f =
)= ~Tr
forx =0,
f'(x) is -ve.

hence function is decreasing forx = 0

14. Question

1

Show that f(x) -l x =+ _3J is decreasing on }—1.1[.
X

Answer

f(x)=x3+x"3

f'(x)=3x2-3x"4
=3(x2-1/x%)

¥ -1 x*+1

=3( 2

C3E-DEHx+DE+DE —x+1)
X‘Je

Root of f'(x)=1and-1

Here we can clearly see that f'(x) is decreasing in [-1,1]
So, f(x) is decreasing in interval [-1,1]

15. Question

o] A

Show that f(x): IX is increasing on |0_ [
SImMx

Answer

X

Consider f(x) =

sinx’

sinx — X.cosx

flx) =—————
(x) sin?x

cosx(tanx — x)

Fx) = sin?x

in ]02[ cos>0,

tan x-x>0,



sin?x>0

hence f'(x)>0,

so, function is increasing in the given interval.
16. Question

-

-

Prove that the function f(X)=log(l1+x)—

is increasing for all x = —1.
(x+2)
Answer

2x
x+2)

Consider f(x) = log(1 + x) —

1 4
Plx) = 1+x (x+ 2)2

_(x+2)"-4(x+1)
O (x+ 1)(x+2)2

X2

T &+ 1) (x+2)2

Clearly we can see that f'(x)>o0 for x>-1.
Hence function is increasing for all x>-1

17. Question

Let | be an interval disjoint from }—1_1[. Prove that the function f(x} =

1. . , .
X+ _J is strictly increasing on I.
X

Answer

Consider f(x) = (x+ %)

flx)=1- é

P00 = x:—z 1

_x—1x+1

= =

—r | i | S . S~
1q 0 +1

We can see f'(x) <0 in [-1,1]

i.e. f(x) is decreasing in this interval.
We can see f'(x) >0 in (-», -1) U(1, «)
i.e. f(x) is increasing in this interval.

18. Question



R

X
Show that f(x)= ( is increasing for all x = R, exceptat x = —1.

Answer
: _ (x-2)
Consider f(x) = -y
3
f =—
) = ¥ e

f'(x) at x=-1 is not defined
and for all x € R- {-1}
f'(x)>0

hence f(x) is increasing.

19. Question
Find the intervals on which the function f(x )= (2):3 - SX) is

(a) strictly increasing
(b) strictly decreasing.
Answer
f(x)=(2x2-3x)
f'(x)=4x-3

f'(x)=0 at x=3/4

- |I +

3
Clearly we can see that function is increasing for x€[3/4, «) and is decreasing for x&(-«,3/4)

20. Question

Find the intervals on which the function f(\) =2x° —3x% —36x+7 s

(a) strictly increasing (b) strictly decreasing.
Answer

f(x)=2x3-3x2-36x+7

f'(x)=6x2-6x-36

f'(x)=6(x2-x-6)

f'(x)=6(x-3)(x+2)

f'(x) is 0 at x=3 and x=-2

F'(x)>0 for x € (-, -2] U [3, =)

hence in this interval function is increasing.



F'(x)<O0 for x € (-2 ,3)
hence in this interval function is decreasing.

21. Question

Find the intervals on which the function f{\.) —6—9x—x°is

(a) strictly increasing (b) strictly decreasing.
Answer

f(x)=6-9x-x2

f'(x)=-(2x+9)

+ | - :

-9/2

We can see that f(x) is increasing for x £ (—oo,—g] and decreasing in x € (—3, c:o)

22. Question
Find the intervals on which each of the following functions is (a) increasing (b) decreasing.

3
4

X
X ——
3

f(x)=

Answer

. fus
Con5|derf(x) = (x - )
f'(x)=4x3-x2

=x2(4x-1)

F'(x)=0 for x=0 and x=1/4

l |

0 14

'

v

Function f(x) is decreasing for x € (-»,1/4] and increasing in x € (1/4 , «)
23. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
f(x)=x" —12x% +36x +17

Answer

f(x)=x3-12x2+36x+17

f'(x)=3x%-24x+36

f'(x)=3(x2-8x+12)
=3(x-6)(x-2)



v

Function f(x) is decreasing for x € [2,6] and increasing in X € (-»,2) U (6, »)
24. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
3 2 '
f(x)=(x" —6x" +9x +10)

Answer
f(x)=x3-6x2+9x+10
f'(x)=3x2-12x+9
f'(x)=3(x?-4x+3)
=3(x-3)(x-1)

+ - +
l |

T

1 3

v

&

Function f(x) is decreasing for x € [1,3] and increasing in x € (-»,1) U (3, »)
25. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
f(x)=(6+12x+3x” - 2x° |

Answer

f(X)=-2x3+3x2+12x+6

f'(x)=-6Xx2+6x+12

f'(x)=-6(x2-x-2)

=-6(x-2)(x+1)

v

&

-1 2
Function f(x) is increasing for x € [-1,2] and decreasing in x € (-»,-1) U (2, ®)
26. Question
Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
f(x)=2%x" —24x +5
Answer
f(x)=2x3-24x+5
f'(x)=6x2-24
f'(x)=6(x2-4)
=6(x-2)(x+2)



A

Function f(x) is decreasing for x € [-2,2] and increasing in X € (-»©,-2) U (2, »)
27. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.

)

fx)=(x-1)(x-2)

Answer

f(X)=(x-1)(x-22=x2-4x+4 * x-1= x3-4x2+4x-x2+4x-4
f(x)=x3-5x2+8x-4

f'(x)=3x2-10x+8

f'(x)=3x2-6x-4x+8

=3X(x-2)-4(x-2)

=(3x-4)(x-2)

+ |. = | +

4/3 2

&

Function f(x) is decreasing for x € [4/3,2] and increasing in X € (-»,4/3) U (2, )
28. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
f(x)=(x" -4’ +4x7 +15)

Answer

f(x)=x*4x3+4x2+15

f'(x)=4x3-12x2+8x

= 4Ax(x2-3x+2)

=4x(x-1)(x-2)

- + - +

v

Function f(x) is decreasing for x € (-»,0] u [1, 2] and increasing in x € (0,1) U (2, »)

29. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
f(x)=2x +9x? +12x +15

Answer

f(x)=2x3+9x?+12x+15

f'(X)=6x2+18x+12



f'(X)=6(x2+3x+2)

=6(x+2)(x+1)

+ = | +

v

&

Function f(x) is decreasing for x € [-1,-2] and increasing in X € (-»,-1) U (-2, »)
30. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
f(x)=x*—8x% +22x% - 24x +21

Answer

f(x)=x*-8x3+22x2-24x+21

f'(x)=4x3-24x°+44x-24

= 4(x3 -6x2+11x-6)

=4(x-3)(x-1)(x-2)

'
b

Function f(x) is decreasing for x € (-»,1] u [2, 3] and increasing in x € (1,2) U (3, »)

31. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.
F(x)=3x" —4x° —12x% +5

Answer

f(x)=3x%-4x3-12x2+5

f'(x)=12x3-12x2-24x

=12x(x2 -x-2)

=12(x)(x+1)(x-2)

Function f(x) is decreasing for x € (-»,-1] U [0, 2] and increasing in x € (-1,0) U (2, »)

32. Question

Find the intervals on which each of the following functions is (a) increasing (b) decreasing.

3 4 , | 36
=—x'——x"-3x"+ +11
f(x) 10); 5x X SX

Answer

3
f'{x) = 2 —12_32— 6x + =2
10 3 3

f'(x)=(12x3-24x2-60x+72)/10
=1.2(x3-2x2-5x+6)
=1.2(x-1)(x-3)(x+2)



'y

Function f(x) is decreasing for x € (-»,-2] u [1, 3] and increasing in x € (-2,1) U (3, »)
Exercise 11H

1. Question

Find the slope of the tangent to the curve

iy =(x"-x)atx=2

i v :(_2:(2 —351'11)() atx =0

2

iii. y =(sin2x +cotx+2) atx=

i

| A

Answer

i dy p
. = = SX —1
dx

dy
ix at(x=2) =11

od
il. 2 = 4x + 3 cosx
dx

dy
Eat(X—O)—B

ii. ? = 2(sin2x + cotx + 2)(2cos2x — cosec?x)

~ at (x=g)=2(0+0+2)(—2—1)= —12

2. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for
y=x -2x+7 at (1.6)

Answer

d
m: =2 =3x2-2
dx

mat(1,6)=1
Tangent:y-b =m(x-a)
y-6=1(x-1)
Xx-y+5=0

Normal :y— b = :T:(x—a)
y-6=-1(x-1)
XxX+y-7=0

3. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for



P a 2a
y =4ax at | —.—
m- m

Answer

dy
m: 2y ol 43
a 2a
mat|—,—]=m
m2 m

Tangent:y-b =m(x - a)

2a ( a )
— —=mlx— —
y m m2

m2x-my+a=0
P .y

Normal :y— b = —(x—a)

2a —1 a
_—=— X ——
y m m( m?)
m2x + m3y - 2am?-a =0
4. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for

2 2

X° ¥ ,
~+===1at (acosb.bsin6)
a- b

Answer

. 2x | Zydy
m: az+thK—0

—bcosB

t 6,bsing) =—
m at (acos sin@) -
Tangent:y-b =m(x - a)

—bcosB

asin® (x— acos)

y— bsinf =
bxcosf +aysinf = ab
Normal iy —b = :T:(x— a)

asin@
bcosH

y—bsinf = (x —acos0)

ax sec 0 - by cosec 6 = a? - b2
5. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for

X,, —Y,} =1lat (asecO.btan®)
a~ b-

Answer

. 2x 2ydy
m: — bde—D

bsecB

mat(asecB,btanB) =
( ) atan®




Tangent:y-b =m(x - a)

ecB
atan®

y— btanb = (x— asecB)

bxsech —aytanb = ab
Normal iy —b = _—1(){— a)

—asinb
bcosB

y—bsinf = (x—acos0)

by cosec® + ax sec 6 = (a% +b?)
6. Question
Find the equations of the tangent and the normal to the given curve at the indicated point for

y=x" atP(Ll)

Answer

mat(l,1)=3
Tangent:y-b=m(x-a)
y-1=3(x-1)

y=3x-2

Normal :y— b = :T:(x— a)

1= Lo
y—1l=—&-1)
X+ 3y=4

7. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for

y? = 4dax at (_at E.Zat)

Answer
dy
m: 2y ol 43

m at (at?, 2at) = 1/t
Tangent:y-b =m(x - a)
1

y— 2at= ¥(x—at2)
X-ty +atZ=0

v—h= trw—
Normal :y — b = —(x—a)
y - 2at = -t(x - at?)
tx +y = at3 + 2at

8. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for



) T
y=cot “Xx—-2cotx +2 a‘r)-;:1

Answer

m: % = 2 cotx(—cosec?x) + 2 cosec?x
mat(x =mn/4) =2(-2) +2(2) =0
Tangent:y-b =m(x - a)
y-1=0(x-m4)

y=1

Normal 'y—b= —l(x— a)

y—1= o (x— )

X = 1/4
9. Question
Find the equations of the tangent and the normal to the given curve at the indicated point for
16x* +9y* =144 at (2.y,), where y; >0
Answer
. dy _
m:32x + lﬁiydx =0

—32
mat(2,y,) = e
1

16(2)2 + 9(y1)2 = 144

4\-@
Vi = 3

Tangent:y-b =m(x - a)

45 32 x—2)
—_— = N —
y 3 "-l-v"g
3

Normal iy —b = :T:(x— a)

4,/5
"-l-v"g ;; [: 2)
Y=73 32 =

9v5x — 24y + 145 = 0
10. Question

Find the equations of the tangent and the normal to the given curve at the indicated point for
y— xt —6x” +13x% —10x < 5 at the point where x = 1

Answer

m : % — 4x3 —18x2 + 26x— 10



mat(x=1)=2

yat(x=1) = (1)*-6(1)3 + 13(1)2-10(1) + 5= 3
Tangent:y-b =m(x - a)

y-3=2(x-1)

2Xx-y+1=0

Normal iy —b = :T:(x— a)

-1
y—3= ?(X— 1)

X+2y-7=0

11. Question

a’ a’
Find the equation of the tangent to the curve \jﬁ .\F =a at [ — —J
4 4

Answer
1 1 d
m: — —.——F=
2yx 2, /ydx

2(x +y) = a?

12. Question

3 3

- F 'I'."['.'
Show that the equation of the tangent to the hyperbola X_q _ ; —1at (X,.y,)Is & 22l
a- b a’ b-
Answer
b?x,
mat (x,,y,) =
101 azyl
At (x1, y1) % 1 = b2x12 - a?y;2 = aZb?

a2yqy - a2y;2 = b2x;x - b?x;2

b2x1x - a2y y = aZb?
Wiy
a2 bz

13. Question

4

Find the equation of the tangent to the curve y = (Sec

T
X—Tﬂll_lX) arx —;



Answer

d
m : d—i = 4sec?x(tanx secx) — 4tan®*x(sec’x)

mat (x = g) = 4(2)*(V3x2)-4(V3)’(2)? = 16V3

Atx=mn/3,y=17

y-b=m(x-a)

y—7=16V3(x~ g)

3y —48V3x+16V3m—21=0

14. Question

Find the equation of the normal to the curve v = (51'11 Ix tcotx + :)2 atx = T
- -

Answer

m: % = 2(sin2x + cotx + 2)(2cos 2x — cosec?x)

dy ™
o at (x_i)_ 200+ 0+2)(—2-1) = —12

Atx=1/2,y =4

y—b=—{x-a
1
R

24y -2x +1m-96 =0

15. Question

Show that the tangents to the curve v = 2%x? — 4 at the point x = 2 and x = —2 are parallel.

Answer
Jdy 2
m: ol 6x

mat(x =2) =24

mat (x =-2) =24

We know that if the slope of curve at two different point is
equal then straight lines are parallel at that points.

16. Question
Find the equation of the tangent to the curve x* + 3y = 3, where is parallel to the line y —4x + 5 = 0.

Answer
We know that if two straight lines are parallel then their slope
are equal. So, slope of required tangent is also equal to 4.

dy —2x

m: dX_ 3

x=-6andy =-11



y-b=m(x-a)

y - (-11) = 4(x - (-6))
4x -y +13=0

17. Question

At what point on the curve - + ;.-3' —2x —4v +1=10, is the tangent parallel to the y-axis?

Answer
If the tangent is parallel to y-axis it means that it’s slope is

not defined or 1/0.

X2+ (2)?2-2x-4Q2)+1=0
=»x2-2x-3=0

=x=3and x =-1

So, the requied points are (-1, 2) and (3, 2).

18. Question

Find the point on the curve x? + V: — 2x — 3 =( where the tangent is parallel to the x-axis.

Answer

If the tangent is parallel to x-axis it means that it’s slope is 0
m: 2x + Zyg—2= 0
dx
2x +2y(0)-2=0
Xx=1
(1)2+y2-2(1)-3=0
»y2=4>y=2andy=-2
So, the requied points are (1, 2) and (1, -2).
19. Question

Prove the tangent to the curve y = %’ —5x + 6 at the point (2, 0) and (3, 0) are at right angles.

Answer

We know that if the slope of two tangent of a curve are satisfies a relation m;m, = -1, then tangents are at
right angles

Ly _
s
mq at(2,0) =-1

m 2x—5

m>at(3,0)=1



mim, = (-1)(1) = -1
So, we can say that tangent at (2, 0) and (3, 0) are at right angles.

20. Question

Find the point on the curve v — X3 + 3x + 4 at which the tangent passes through the origin.

Answer
If tangent is pass through origin it means that equation of tangent is y = mx

Let us suppose that tangent is made at point (x4, yq)
Y1 = X12 + 3X1 + 4 ...(1)

d
m: —y=2x+3
dx

m at (X7, y1) = 2X7 + 3

Equation of tangent : y; = (2x1 + 3)X7 ...(2)
On compairing eq(1) and eq(2)

x12 43Xy + 4 = (2x1 + 3)x;
x12-4=0=x; =2and-2

Atx; =2,y; =14

Atxy =-2,y; =2

So, required points are (2, 14) and (-2, 2)
21. Question

Find the point on the curve y = x° —11x < 5 at which the equation of tangent is y=x-11.
Answer

Slopeofy =x-1lisequaltol

d
m: —y=3x2—11
dx

3x2-11=1=x=2and -2

Atx =2

From the equation of curve, y = (2)3-11(2) + 5 = -9
From the equation of tangent,y =2 -11 =-9

Atx =-2

From the equation of curve, y = (2P -11(-2) + 5 =19
From the equation of tangent, y =-2 - 11 =-13

So, the final answer is (2, -9) because at x = -2, y is come different from the equation of curve and tangent
which is not possible.

22. Question
Find the equation of the tangents to the curve 2x? _33.—3 =14, parallel to the line x =3y =4.

Answer



If tangent is parallel to the line x + 3y = 4 then it's slope is -1/3.

dy
m: 4x + 6yﬁ= 0

—2X —2X -1
m= = —

3y 14—2x¢ 3
3 - -
N
, 14 — 2x2
X= |[—5—
3

14 — 2x?
3
x=1and-1

4x? =

Atx=1,y=2andy = -2 (not possible)
Atx =-1,y =-2andy = 2 (not possible)
y-b=m(x-a)

At (1, 2)
y—2= = (x-1)
3
3y+x=7
At (-1, -2)
y—(-2)= = (x—(-1)
3y + x=-7
23. Question
Find the equation of the tangent to the curve x? 2y = §, which is perpendicular to the line X — 2y +1=0.

Answer

.: If tangent is perpendicular to the line x - 2y + 1 = 0 then it's -1/m is -2.

dy
m: 2x+2—=20
dx
m=-x=1/2

X =-1/2

Atx =-1/2,y = 31/8

y—b=—(x-a)

At (-1/2, 31/8)

24. Question

)

Find the point on the curve v — 2%~ — 6x — 4 at which the tangent is parallel to the x-axis.



Answer

We know that if tangent is parallel to x-axis then it's slope is equal to 0.

dy
=
4x -6 =0=x=3/2

m 4x—6

Atx =3/2,y=-17/2

So, the required points are G_T”)

25. Question

)

Find the point on the parabola y = (X _3} , Where the tangent is parallel to the chord joining the point (3, 0)
and (4, 1).

Answer

If the tangent is parallel to chord joining the points (3, 0) and (4, 1) then slope of tangent is equal to slope of
chord.

1—-0 .
m= 2=
dy
: —=2(x—13
m: o~ (x—3)

2(x-3)=1=x=17/2

Atx=7/2,y=1/4

So, the required points are Gi)

26. Question

Show that the curves x = }.-3 and xy =k cut at right angles if gj.> —1.

Answer

If curves cut at right angle if 8k? = 1 then vice versa also true. So, we have to prove that 8ké = 1 if curve cut
at right angles.

If curve cut at right angle then the slope of tangent at their intersecting point satisfies the relation mym, = -1
We have to find intersecting point of two curves.

x=y2andxy=ktheny= 3 and y _ 13

dy 1
Mk T 2k
2 1 1
m, at (k?,kﬁ) =—
2ks
dy -k
T 4y~ %2
z 1 -k 1
m, at (k§,k§) =—=——3

mym, = —1



)

kg 1 k2 ! 8k?
3—2=> —8=:- =

27. Question
Show that the curves xy = a° and x® + v~ =2a° touch each other.

Answer
If the two curve touch each other then the tangent at their intersecting point formed a angle of 0.

We have to find the intersecting point of these two curves.

xy = a2 and x% + y2 = 2a?

2
= x4+ (a—z) = 2a°

x
=>x*-2a2x2 +a%*=0
=(x2-a%) =0
=X = +a and -a
Atx=a,y=a
Atx=-a,y =-a

dy —a’

m,: —= —
dx x2

m, at (a, a) = -1

m, at (-a, -a) = -1

dy
m, : 2X+ Zyﬁ =0
m, at (a, a) =-1
m> at (-a, -a) = -1

At (a, a)

my —ms,
tan = ——
1+ mym,

tanﬂ=w=0=>9=0

1+(-1)(-1)
At (-a, -a)

my —m
tanf = ———

1+ mym,

-1 _
tan @ = PrvarTTare 0=06=0

So, we can say that two curves touch each other because the angle between two tangent at their
intersecting point is equal to 0.

28. Question
Show that the curves x° —3xy~ +2 =0 and 3x v —y° —2 = () cut orthogonally.

Answer



If the two curve cut orthogonally then angle between their tangent at intersecting point is equal to 90°.
We have to find their intersecting point.

x3-3xy2+2=0..1)and 3x%y -y3-2=0...(2)

On adding eq (1) and eq (2)

x3-3xy2 +24+3x%y-y3-2=0

x3-y3-3xy? +3x2y =0

(x-y)P=0=x=y

Putx =yineq (1)

y3-3y3+2=0=>y=1

Aty =1, x=1

d
m, : 3x2—3(x><2yd—z+y2)= 0

mqat(1,1)=0

dy dy
: 3( 2= +2 )—3 P==10
m, Xt Ty Y %
m» at (1, 1) = -2/0
At (1, 1)
m; —m
tanf = ——=
1+ mym,
m
mz( —ﬁ)
tanf = ——————
m, (E + ml)
= 2= ot defined 8 —
an —(0+0)—110 efined = 6 = >

So, we can say that two curve cut each other orthogonally because angle between two tangent at their
intersecting point is equal to 90°.

29. Question

Find the equation of tangent to the curve x =(6+sin0).y =(1+cos0) at g = E
Answer

de
m at (E}= g) = 1_:1\5= 1—v2

Atg = E,x= G+ Tli) andy = (1+ TIE)

y_(1+ \J—li)= (1—‘*@("_G+ n’_li))



[\.’E — l)TI.’

+2
4

y= (1—»@)x+

30. Question

Find the equation of the tangent at t = T for the curve X =sin 3t,y =cos 2t.

Answer
dy
dy I —2 sin 2t
m: — = =
dx _% 3 cos3t
dt
T 2\.@
m at (t= —) = —
4 3

Att= " x=—andy=0
4 V2

y-b=m(x-a)

0 2»@( 1)

4x—32y—2/2=0
Objective Questions

1. Question

Mark (V) against the correct answer in the following:

i dy
If y =2% then — =7

dx
A x(ix_l)
~x
B. —
(log 2)

C. 2%(log 2)

D. none of these

Answer

Given that y=2%

Taking log both sides, we get

log.v =xlog. 2 (Since log,b® = clog.b)
Differentiating with respect to x, we get

1dy dy
;E— logEZmE— log.2xy

dy _ ox
Hence e 2%log.2

2. Question

Mark (v) against the correct answer in the following:



dy
If y =log,,x then — =7
dx

o

B. l(lc)gl())

v

1
cC. —
X (log 10)
D. none of these
Answer

Given thaty = log,,x

Using the property thatlog,b = i::e:, we get
]
log.x
y= log.10

Differentiating with respect to x, we get

dy 1
dx  xlog.10

3. Question

Mark (V) against the correct answer in the following:

: dy
If y =e'™ then —- =7

C.e'*logx
D. none of these

Answer

1

Given thaty = ex
Taking log both sides, we get

1
log .y = " (Since log_ b® = clog_b)

Differentiating with respect to x, we get

ldy 1 dy 1

———=——=0I5—=—— X
ydx x? dx xz Y
dy 1 1



4. Question

Mark (V) against the correct answer in the following:

: dy
If y =x* then — =7
dx

A. x*log x

B. x*(1+log x)

C. x(1+log x)

D. none of these

Answer

Let y=f(x)=x*

Taking log both sides, we get

log.y = x x log_x-(1) (Since log_ b® = clog_,b)

Differentiating (1) with respect to x, we get

LV 1
ydx_xxx 0g_X X

dy
= E—yx (1+log.x)

= % = f'(x) = x*(1 + log.x)
5. Question
Mark (V) against the correct answer in the following:

sinx dy
If y =x™"% then — =7
dx

A. (Si]] X)leﬂ'nx—ll

B. (sin x cos x)-x' ™" *7

C. Xsin i J
l X

sin X +x log x-cos x}

D. none of these

Answer

Let y=f(x)=x5I"X

Taking log both sides, we get

log.y = sinx x log_x-(1) (Since log_ b® = clog_ b)

Differentiating (1) with respect to x, we get

ldy . 1
—— = sinx X —+ log_ X X cosx
ydx X



sinx
=—=yX (T + logexcosx)

sinx +xlog.x COSX)
X

_y_ T — x(
:dx—f(x)—x

6. Question

Mark (V) against the correct answer in the following:

fy= ¥ then dy =7
dx
A. &IXI\E—II
x‘f’_‘lc-g X

B.

2Jx
C o [2+1og x}
24/x
D. none of these
Answer
Let y — f(x) = xV*
Taking log both sides, we get
log.y = vx x log.x -(1)
(Since log, b® = clog,b)

Differentiating (1) with respect to x, we get

1dy 1 1
L S Sy R
ydx xxx+10gexx2¥&
dy (2+logex)
dX_ X 2\.&
Y _
= f'(x)
(2+10gE )
_X\F - -
2Vx

7. Question

Mark (v) against the correct answer in the following:

Ify = e¥ax then &
dx
s/ -ccnsvf::
B et cos~/x

2%



eain\E
2Vx

D. none of these

C.

Answer

Given that y = psinyx

Taking log both sides, we get
log. v = sinyx

(Since log_ b® = clog_b)

Differentiating with respect to x, we get

1d 1
Y COSYX X ——
y dx 2Vx
Or
dy 1
L o ——

= cosyX X X
dx v 2\.& y
Hence & _ &M cosy

dx 24x

8. Question

Mark (V) against the correct answer in the following:

dy

If y =(tan x) " then — =7
dx
-1 3
A. cot x -(tan x)m”‘ sec” X
B. —(tan x)™ " -cosec’x

C. (tan x)™ - cosec’x (1 —log tan x)

D. none of these

Answer

Given that y = (tanx)®*™

Taking log both sides, we get

log. v = cotx x log.tanx (Since log_b® = clog,b)

Differentiating with respect to x, we get

1d 1
—XY _ cotx x —— x sec?x— log. tanx X cosec’x = cosec’x(1— log, tanx)
ydx tanx
d
Hence, d—i = cosec’x(1 — log, tanx X y = cosec’x(1 — log, tanx)(tanx) “

9. Question

Mark (v) against the correct answer in the following:



. log x dy
If y =(sinx)™" then —-=7

log x-1

A. (log x)-(sinx}' .cosx

8. (sin X)lugx ]Jx log x + log sin x}

.

X

C. (sinx)

logx J( x log x)cot x + log sin x}
1 X

D. none of these

Answer

Given thaty = (Sinx)logex

Taking log both sides, we get

log.y =log.x % log,sinx (Since log_ b® = clog,b)

Differentiating with respect to x, we get
1 ! +1 i L

—— =log.x X —— X cosx + log_sinx x —
X BeX ™ Sinx Be X

xcotxlog, x + log, sinx

X

Hence, ? _ xcotxloge x+loge sinx

X X

xcotxlog.x + log,. sinx
= Be - Be (sinx)'ogex

10. Question

Mark (V) against the correct answer in the following:

) ] dv
Ify = sm(x") then d_ =
' X

A. xxcos(xx)
B. x*cosx™(1+log x)

C. x"cos x" log x

D. none of these

Answer

Given that y=sin(xX)

Let x*=u, then y=sin u

Differentiating with respect to x, we get

dy du oy du
— = cosu X — = cos(x*)— -(1)
dx dx ( )dx

Also, u=xX



Taking log both sides, we get
Loge U=X X loge X
(Since log_ b® =clog_b)

Differentiating with respect to x, we get

1du 1

Eﬁ=xx§+logexxl
du

=S = ux (1+log.x)

_d

d—: =x*(1+1log.x) -(2)

From (1) and (2), we get

dy X X
I cos(x®)x*(1 + log.x)

11. Question

Mark (v) against the correct answer in the following:

, dv
If y = /xsin x then d_ =7

X

(x cosx +sin x )

2\/xsi11x
1 . :
B. —(x cos x+sin X)- X sin X
1

l,/x sin X
D. none of these

Answer

Given that y = y/xsinx
Squaring both sides, we get
y? = xsinx

Differentiating with respect to x, we get

XCOSX+sinx

2y

dy - dy _
Zyd— XCOSX+ sinx Or .= =

X

d xcosx+sinx
Hence, o = ——
dx 2y xsinx

12. Question

Mark (V) against the correct answer in the following:

. dy
If e =xy then — =7
dx



B.
x(y-1)
o (x-x)
(xy-vy)

D. none of these

Answer

Given that xy=eX*Y

Taking log both sides, we get

log.xy =x +y (Since log_b® = clog_b)
Since log_,bc =log.b +log, c, we get
log.x+log.y=x+y

Differentiating with respect to x, we get

1 1dy dy
Ty~ 1tax

Or

dy (y — 1) 1-x

dx\ y / x
dy _ y(1-x)

Hence, A x(y—1)

13. Question
Mark (V) against the correct answer in the following:
If (x +y)=sin(x +y) then &,
dx
A -1
B.1
c 1- c?s(x +v)
cos™(X+V)
D. none of these
Answer
Given that x+y=sin(x+y)

Differentiating with respect to x, we get
dy _ dy _ ayy _
1+ = cos(x+y) (1 + dx) or (cos(x+y)—1) (l + dx) =0
Hence, cos(x+y)=1 or? =—1
X

If cos(x+y)=1 then, x+y=2nmn, n&€Z
Hence x+y=sin(2nm)=0 or y=-X

Differentiating with respect to x, we get



dy_
dx

d
Hence, & = 1
dx

14. Question

Mark (V) against the correct answer in the following:
dy
|fJ£_ v :.\/a_ then = =7
N -

— X
A.

}.'

o

|
(] | —
B e

Jx

D. None of these

<

C.

Answer

Given that \/x + @ =+a

y

Differentiating with respect to x, we get
1 1 d

L LY

2K Zvydx

Or

2--f
dx X
15. Question

Mark (V) against the correct answer in the following:

. ] dy
If x¥ =vy* then —=7
dx

(y-xlogy)
' (x -y logx)
‘-.'(}.'_Xlog }.'}

B. =
x(x—vylogx)

c Y(y+xlogy)
' x(x+ylogx)

D. none of these
Answer
Given that x¥¥Y=y*

Taking log both sides, we get



ylog.x =xlog.y
(Since log_ b® =clog_b)
Differentiating with respect to x, we get

y dy xdy
" +log.x dx ~ ydx +log.y

x—ylog.xdy v-—xlog.y
- - v - @ =-¢
y dx X

d. —x1
Hence &Y — Y—xlogey)
dx  x(x—vlogex)
16. Question

Mark (v) against the correct answer in the following:

+4H d"i’
If xPy® =(x —}’)lp * then &‘:?

X

Y
X
-1
x p
}.' q_l

D. none of these

Answer

Given that xPyd9=(x+y)P+d

Taking log both sides, we get
log.xPy%= (p+ q)log.(x+y)

(Since log,b® = clog,b)

Since log_bc =log,b +log, c, we get
log.xP +log.y% = (p+ q)log.(x+y)

plog.x+qlog.y=(p+q)log.(x+y)

Differentiating with respect to x, we get

d + d
bady_pta(,, &
X ydx x+y dx

dy(xq—yp) Xq —yp

dx\y(x+y)/ ~ x(x+y)
Hence, &¥ _ ¥
dx X

17. Question

Mark (v) against the correct answer in the following:



7 . 1 d‘_,-'
If y =x~sin— then — =7
X dx

1 1
A Xsil——cos—
X X

1 1
B. —cos—+2xsin—
X X

1 1
C. —xsin—+cos—
X X

D. None of these

Answer
Given that y = x2sin>
b 4

Differentiating with respect to x, we get

dy 1 1 1 1 1
— = x%c0os— X —— + 2xsin— = 2xsin— — cos—
dx X x2 X X X

18. Question

Mark (v) against the correct answer in the following:

7 dV
If y =cos’x° then — =7?
dx

A _3x?sin

B. 3x*sin’x°

C. —3x° cos’ (_2);3)
D. none of these
Answer

y=c0s2x3=(cos(x3))2

Differentiating with respect to x, we get

d
E:i = 2cos(x?) x —sin(x?®) x 3x?

Using 2sinAcosA=sin2A

dy 2 o3 3
i —3x%sin(2x?)

19. Question

Mark (V) against the correct answer in the following:
2 5| d\_."
If v :log(x +afx- +as ) then &':?

1

A 2 ’)'
E(X— X'—a')




-

x’+a’

D. none of these

Answer

Given thaty = 1039(;{ T \;’m}

Differentiating with respect to x, we get

dy 1 1
- = —— I\l T =%
dx x+ vyx2+a? 2Vx2 + a2
[xZ1al
Hence,ﬂ= 1 xx+\,:( taf _ 1
dx x4y x2+al Vx%+a? Vx%+a?

20. Question

Mark (v) against the correct answer in the following:

dy
then — =7

If y = ].Dg

1+~
1-+x

D. none of these
Answer

1+ \,"}

1- \,"}

Given that y = log,.
Differentiating with respect to x, we get
(1= VD) X e — (14 VE) X — e

X 2vx 2Vx _ 1

+ \'& (l—\.&)z (l_x)\'E

21. Question

Mark (v) against the correct answer in the following:

dv
then — =7

If y =log
] dx

W1+x? +x
\,’l—xl —X




A. .
1+x°

B 2 1+x
X_'
-2

C. .
l+x°

D. none of these

Answer

Given thaty = loge(

\."1+:(2+3-.')

y1+x%—x

Differentiating with respect to x, we get

— 1 "y 1
— [ 14+x%—x )% X2x+1 |- 1+xZ4x )X X2X—
= J1exE : 241 |4/ 142 : 2x-1
= dy  1+x*-—x 2y 1+x2 2y 14x2

) — z
dx 1+ 4x {\.-'1+x2—x:l
d; 2
Hence, LA

dx  f14x2
22. Question

Mark (v) against the correct answer in the following:

1 NE A
C. —cosec™ | ——— |[cot
2 4 2

a—

D. none of these

Answer

Given that y = |22
1-sinx

. . . . X X
Using, cos?8 +sin%0 =1 and sinx = 2sin;cos;

|
X X X X
inZ— 2= i — —
s ) + C0s ) + 251112 COS?.

X X X X
inZ= 22 _ 25in= cos=
1\15111 2—|—c05 3 251112121::-52

X . X
_ COSE‘FSIIIZ

Ccos X sinx
2 2

Dividing by sing in numerator and denominator, we get



2 o (TE

_coti—l_mt(‘ﬂf 2)
T cotA+1

(Using COt(E_A)ZicotA—l)

Differentiating with respect to x, we get

g = —cosec? (g— %) X —%

d 1 :
Hence, & = - cosec? (E— E)

dx 2 4 2
23. Question

Mark (v) against the correct answer in the following:

secx —1 dy
If v= |——— then — =7
secx +1 dx

A gec”x

— " X
C. —cosec”—
3 3

- -

D. none of these

Answer

secx—1

Given that y =

secx+1

Multiplying by cos x in numerator and denominator, we get

1— cosx
V= [T+ coss
COSX

Using 1 — cosx = Zsinzg and 1+ cosx = ?.C()Szg, we get

X
2sinZ=
2

X
2
X 2cos 5

= tan (%)

Differentiating with respect to x, we get

2x)(l
= sec?i=x—
y 272
1 X
=_—sec’-
2 2

24. Question

Mark (v) against the correct answer in the following:



l+tan X
then
1 tan X
A. —sec X -tan

“J
X R
2 4

i

X—_

i)

2 [ftan X—EJ
*\J 4

X

sec”

SEC

fan| x +—

D. none of these

Answer

Given thaty — 1+tanx
1-tanx

1+tanx

Using tan G+ x) = , we get

1—tanx
y= [tan (g + X)

Differentiating with respect to x, we get

dy 1

dx ) 2 ftan(g+x)

dy _ secz(gﬂ-:)
rdxo 2 \J'tan(%+xj]

X sec? G+ x) x 1

Hence

25. Question

Mark (V) against the correct answer in the following:

[ 1-cosx dy
If y =tan™ | ———— | then — =7
sin x dx

L | —

-1

-

D.

Answer

Given thaty = tan™! (l—cosx)

sinx



. . X . . . b 4 b 4
Using 1 — cosx = 2511125 and Using sinx = Zsmacosa, we get

1 2sin?3 -1 X
y = tan —x—2yg|Ory=tan “tan-
2sin-cos— 2
2z
X
Y=32

Differentiating with respect to x, we get
dy 1
dx 2

26. Question

Mark (V) against the correct answer in the following:

1 J COS X +sIil X dy
Ify=tan ¢ ————— | then — =7
1 COS X —sin X dx

.

0
1| =

-1

X
Answer

Given thaty = tan? (

cosx+sinx)

Ccosx—sinx

Dividing numerator and denominator with cosx, we get

tan-1 1 + tanx
y=tan (1 - tanx)
using (£ +3) = 222 e gt
y = tan"! tan (E+ x) T x
4 4

Differentiating with respect to x, we get

dy_
dx

27. Question

1

Mark (V) against the correct answer in the following:

[ cosx dy
If v =tan IJ ——— then — =7
11 +5In X dx

>
1| =

W
|
ok

tJ|



D. -1

Answer

Given thaty = tan™* ( cosx )

1+sinx

. b 4 . X . . X b 4 .
Using cosx = cosza — sin? 2 Sinx = Zsmacosa and cos?0 +sinZ0 =1

Hence, y = tan™! (

o= . ok . R p:o
cos“—+sin“-+2sin-cos_
2 2 2 z

-:-::osX sinX
= y=tanl—% }2{
cosz + sinz

Dividing by cosg in numerator and denominator, we get

X
3y 1-— tani

X
1 +tani

y =tan~

1—-tanx

Using tan G— x) - , we get

1+tanx
y = tan~! tan (E — E)

4 2
mox

4 2

Differentiating with respect to x, we get

dy 1

dx 2
28. Question

Mark (V) against the correct answer in the following:

1 [I—cosx dy
If v =tan then — =
l+cos x

AL

2
B, 1

2

1

C.7 .,

(1— x‘)

D. none of these

Answer

1—cosx

Given thaty = tan_l

1+cosx

Using 1 — cosx = Zsinzg and 1+ cosx = ?.C()Szg, we get

X . X
COS—+5In—
z z

2

2X ., aX X , X X, X
COE ——5In"— -1 CCISE—SIDE COSE+S]11§
2 2 = tan

)



—

2sin2% X
2 -1
~ = tan™ " tan (E) =

X
2X 2
2cos 5

y =tan~!
\
Differentiating with respect to x, we get

dy 1
dx 2
29. Question

Mark (V) against the correct answer in the following:

acosx —bsin x dy
then — =7
dx

If vy = tan !

bcosx +asin X

C.1
D. -1
Answer

Given that y = tan-1 (acosx—bsinx)

bcosx+asinx

Dividing by bcosx in numerator and denominator, we get

a
g = tan-t p ~ tanx

—a.
1+ Etanx

a —
Let - = tana = a = tan !

[=al ]

— tano—tanx

Then V= tan 1 (—)
1+tanatanx

tanA—tanB

—, we get
1+tanAtanB

Using tan(A —B) =

a
I-—x

y=tan ‘tan(a¢— x) = a —x = tan” 5

Differentiating with respect to x, we get

dy_
dx

30. Question

-1

Mark (V) against the correct answer in the following:

: dy
Ify = sin”! (3:( — 4x3) then — =7
' dx



D. none of these

Answer

Given that y=sin"1(3x-4x3)

Let x=sin 6

= 0=sin"1x

Then, y= sin"1(3sin6 -4sin36)

Using sin36=3sin0 -4sin36, we get
y=sin"1(sin30)=36=3sin"1x
Differentiating with respect to x, we get

dy 3

E V11— x2
31. Question

Mark (V) against the correct answer in the following:

_ - dv
”Y=Cm1(hf—3x)mﬁ1—zz?

dx
3
A. -
1—-x-
-3
B. -
1—-x-
4
C. -
1—-x-
4
D. 5 ;
(3x° -1
Answer

Given that y=cos1(4x3-3x)

Let x=cos 6

= 0=cos1x

Then, y=cos1(4cos36-3cos6)

Using cos36=4c0s36-3cosh , we get
y=cos1(cos30)=3=3cos 1x

Differentiating with respect to x, we get



dy -3
& VI-x

32. Question

Mark (V) against the correct answer in the following:

If }-‘ :‘[‘an_l[ M ‘[‘hen E:?
1 —~Jax dx
1

A.

(1+x)
5 1

Vx(1+x)
C. N

1
> 2% (1+x)

Answer

Given that y= tan_l Vat;
1—/

wl

gl

Let \/a = tanA and \/x = tanB, then A = tan~*y/aand B = tan~ !k

_1 tanA+tanB

Hence , = tan
y 1-tanAtanB

tanA+tanB

Using tan(A +B) = 1-tanAtanB’

we get

y=tan’! tan(A+B)=A+B
=tan"1ya+ tan~ 1/
Differentiating with respect to x, we get

dy 1 1 1
— =0+ 5 X =
dx 1+ (\."E) 2vx 2\.&(1 +x)

33. Question

Mark (v) against the correct answer in the following:

If y =cos™ Xa_\ then = =2
X +1 dx
2
A T
(1—:(‘)
-2
B



2X

D. none of these

Answer

Given thaty = cos™t (xz—l)

x2+1
x?—1 xF+1
= cosy = o Of secy = ——

Since tan?x=sec?x-1, therefore

5 x2+ 1\’
tfan“y = 21 -1

4x?

S (x2-1)2
- 2x _ -1 (_ 2x )
Hence, tany = —=0fy=tan —
Let x=tanb
= f=tan"1x
Hence, v — _1(_ 2tanB )
y tan 1-tanZ8

Usin _ _2tamd e get

g tan26 T —tan®E 9

y = tan™!(—tan20)

Using -tan x = tan(-x), we get

y = tan™*(tan(—20))

=-26

=-2 tan’! x

Differentiating with respect to x, we get

dy -2
dx 14 x2

34. Question

Mark (V) against the correct answer in the following:

-1 I—XE ‘ d}"
If v =tan = | then — =7
—-xX" dx
2x
A
(1+x7)
—2X
B.



_x
C. (1_ X_]_)
D. none of these

Answer

2
Given that v = tan~1 (“" )
iv y=tan™

Let x2=tan®
= f=tan1x?

1+tana)

— -1
Hence, y= tan (1—tanB

1+tanx

Using tan G+ x) =

, we get
1—tanx 9

T ™ ™
— -1 _ —_ — -1 2
y = tan ta11(4+9)—4+9—4+tan (x?)

Differentiating with respect to x, we get

dy 1 2x
dx 1+ x* 1+ x4

35. Question

Mark (V) against the correct answer in the following:

If y =tan™ ( —\/;)

-1
A
(I+x)
2
B.

-1
© 2Jx (1+x)

D. none of these

Answer

Given that y = tan‘l(—\ﬁ)
Differentiating with respect to x, we get

dy 1 -1 -1
—_— = > =
dx 14+ (—yx)* 2Vx  2VX(1+x)

36. Question

Mark (V) against the correct answer in the following:
_ dv
If y =cos™'x” then —=— =7

-1
A.

1—x°



C.

x*41-x°

D. none of these
Answer

Given that y=cos1x3

Differentiating with respect to x, we get

dy -1 ,  —3x7
dx  [1—(x3)2 CVI-x¢

37. Question

Mark (v) against the correct answer in the following:

- dy
If y =tan~' (sec x + tan x ) then d_ =7?
X

>
1| =

B, 1
2
C.1
D. none of these
Answer
Given that y=tanl(sec x + tan x)

1+sinx)

COSX

Hence, V= tan_l (

. X . X . . X b 4 .
Using cosx = cosza — sin? 2 Sinx = Zsmacosa and cos20 +sinZ0 =1

2X . oX . XX x ., X2
cos®=+sin®=+2sin-cos- cos-+sin-
Hence, y= tan~?! ( z z z z) = tan—? ({ ( z z:l )

2K . Xk X . X X . X
COE“——5In“— Cos-—sIn_ || cos—+sin-
2z z 2 2 2 2

X . X
COS—+S]11—)

cos——sin-
z z

=y =tan"! (

Dividing by cosg in numerator and denominator, we get

1+ tan%
y=tan' —%
1-— tani
. n 1+tanx
Using tan (I+ x) = . weget
T Xy T X
=tan!tan|—+-)=—+—
y (4 2) 4 2

Differentiating with respect to x, we get



dy 1

dx 2
38. Question

Mark (V) against the correct answer in the following:

If v = cot| ——= | then d—" =?
1+x dx
1
A (_l—x:')
1
B. (_1—}(3)
-1
C.

(1+x2)"

D. none of these

Answer

Given thaty = cot™* (1;‘)

1+x

Let x=tan® = B=tan 1x and using cot™*x = g— tan~1x

1—tanB
Hence, y = T —tan™! (—3“ )
] 1+tanB
. s 1—-tanx
Using tan (—— x) = ——, we get
4 1+tanx

y=g—tan‘1tan(g—9) =g—(g— B)=§+B =§+tan‘lx

Differentiating with respect to x, we get
dy 1

dx 1+ x2

39. Question

Mark (V) against the correct answer in the following:

|f }.' — I__X 'then E :?
Vl—x dx

C.

(1-x)7 (1+x)%

D. none of these



Answer

Given that y = fﬂ
1-x

Let x=-cos® = 6=cos 1(-x).
Using 1 — cosP = 2sin? g and 1 + cosB = Zcoszg, we get

—

Zsinzg 0
= tan (E)
2=
\ 2cos 5

y:

Differentiating with respect to x, we get

dy _ E(E) 1d8 4
= sect (D) xS o (1)

Since, x=-c0s8 = 2c0s22 = 1 + cosB = 1 — x O sec? (E) =22
2 2 1—x

Also, since 6=cos1(-x), therefore 98 _ % -(3)e

dx V1-x2
Substituting (2) and (3) in (1), we get
dy 2 1 1 1 1

= X — X = —— =
dx 1-x 2 1-x2 (1—-x)1-—x2 (1—x)§(1+x)é

40. Question

Mark (V) against the correct answer in the following:

If y =sec™" X: _1] then ﬁ:?
x -1 dx
—2
2
> (_l—xz)
b
¢ (l—xz)

D. none of these

Answer

2
i n that v = -1 (:{ +1)
Give aty = sec S

x2+1
= secy = 5—

Since tan?x=sec?x-1, therefore

, x2+ 1\° 4x?
tan“y = e _12—(){2—1)2

2x

2x
Hence, = — ory = -1 (_ )
tany .z Ofy=tan —



Let x=tan® = 6=tanlx

2tanB
Hence, = tan_l (— )
y 1—tan?8
. 2tan@
Using tan2f = ——, we get
1—tanZ @

y = tan~!(—tan20)

Using -tan x=tan(-x), we get

y = tan~*(tan(—20)) = —26 = —2tan"!x
Differentiating with respect to x, we get

dy -2
dx 14 x2

41. Question

Mark (V) against the correct answer in the following:

If y =sec 1 ] then = =2
2x° -1 dx
—2
—2
> (_l—x:')
e |
C. ——
1+x°

D. none of these

Answer

af 1

= y = sec (m)

1
= secy = oo—
= cos y=2x2 -1
= y=cos! (2x2 -1)
Put x = cos 6
>y =cos}(2cos?6-1)
=>y=cos1(cos20)
=y =20
But 6 = cosx.

dy d(cos™'x)
dx dx
dy 5 d(cos™'x)

T ax YT ax



dx V1—x2
dy -2
dx 1—x2

42. Question

Mark (V) against the correct answer in the following:

1+x7 -1 dy
If y = tan ' {L then d—" =7
X X

(1+x7)
(_l—hx:')
_
2(1+x%)

D. none of these

B.

C.

Answer
Put x =tan 6
tan-1 vi+tan?f—1
= v =tan
y tan®
. secB — 1)
= v =tan~
tan®
,f1—cos B)
= v =tan~
sin®
25111
= y=tan}
25111 cc-s
= v=tan* (tan
= Y= —
y=3
0 = tan
tan™!
=1 =
y 2
dy 1

T dx 2(1+x9)
43. Question

Mark (v) against the correct answer in the following:



Mex+1-x dy

1 ¥
then — =7

If v =sin~

I S—

-

-1
A ———

«.,’1—)-;2
NS S
«.,’1—)-;2
1

241+x?

D. none of these

-
-

Answer

Put x = cos26

__,[Vv1+cos28 1-cos28
= y=sin > + 5

_— (\,‘2 cos220  /2.sin? Ei)
y = sin

= -
2 2

cos20 311128)

AN

-1
= y =sin (
V2 v

= y = sin~!(sin G + 29)

s
= y= E+29.
dy
= 9= 2
Put B — cCDs X
e -1
= — =
dx  44/1—x2
dy -1
Cdx o 2y1x?

44. Question

Mark (V) against the correct answer in the following:

o) d'ﬁ_.-’
If x =at”.y = 2at then — =7
dx




D. none of these

Answer
X = at?
'dX—Zt
A o
_dt_ 1
T dx 2at
Y = 2at
dy
--E—Za
dy dy dt
7 & dt Ndx
dy 1
:E—Zaxﬁ
dy 1
= — = —
dx ¢

45. Question

Mark (v) against the correct answer in the following:

dy
If x =asecH.y =btan6 then & =7

A. Esec(—l
a

b
B. —cosecH
a

C. Ect:)t(-l
a

D. none of these

Answer
X =asecH

dx
ST asecB.tan®
Lo 1

dx asecB.tanf
y=btan 6
%= b.sec?6

dy _dy do

& a0 dx

= @ =b.sec?’fx ——
dx ) asecB.tanb



dy bsecB
= dx  atan®

1

- g_b'cosﬂ
dx~ _ sinB
"cosB
d b
= —y=—csc9
dx a

46. Question

Mark (V) against the correct answer in the following:

3 .2 dy
If x =acos” 6.y =bsin~ 6 then & =7

-

b
B. ——cot@
c. 7P

a

D. none of these

Answer
X = a.cos?0
L84 8.sin0
" 45 = —2acosB.sin
e -1
dx  2a.cosf.sinB
y = b.sin?6
Ldy :
--E—stmﬂ.cosﬂ
dy dy do
3 a0 dx
Y _ b sing. cosh !
= g cPSIb.C0SU X o sl sind
dy_—b
= dx  a

47. Question
Mark (v) against the correct answer in the following:
: . dy
If x = B(COSB —SlIlB:l and }-‘=a(51118 —eCDSB} then — =7
dx
A.cot©
B. tan 6
C.acot@

D.atan®©



Answer

X = a(cos 6 + 6 sin )
% = a(—sinB + sinb + B cosB)

dﬁ_ 1
~ dx  aBcos0

y = a(sin 6 - 6 cos 0)

% = a(cosB — (cos0 + 6(—sin0))

= el = acosB —acosBb + Basind

do
y .
= de—aBsmB
dy dy dé
= dx a6 " dx
dy .
= £=3E}51119><ae 050
Y _
= dx—tan(—)

48. Question

Mark (V) against the correct answer in the following:

R dv
If y =x*  then — =7

C.—————
x(1-ylogx)

D. none of these

Answer

Given:

_{xx...m

=y =x
We can write it as

= y=xY

Taking log of both sides we get
logy =y log x

Differentiating

1dy dyl N 1
== —— = — L —
ydx dx oBxX Ty



(1 1 )dy_
= v 0gxX e

pl |

dy y( y )

= —=—|—
dx x\l-logx
dy ~ y?

= dx  x(1-logx)

49. Question

Mark (V) against the correct answer in the following:

If v :\/ +4/x +4fx+ o0 then %:?

D. none of these
Answer

Given:

= y= [x+ [x+VXT ..

We can write it as
> y=/xFy
Squaring we get
=y2=x +y

Differentiating

dy dy

= 2}’&— 1+£
dy 1

== — =

dx (2y—1)

50. Question

Mark (V) against the correct answer in the following:

dy
If v — lein % \/ <o fsin x o then — =7
=4SN X +4SIM X +4/S11 X+ .00
Y dx

sin X
A ———
(2y-1)




COs X
C. —
(2y-1)
D. none of these
Answer

Given:

= y= Jsinx+ Jsinx+ Vsinx+ ..o

We can write it as
= y= fsmx+y
Squaring we get
= y2=sinx +y

Differentiating

dy dy
= Zyﬁ = cosx+£
dy COSX
= - =
dx (2y—1)

51. Question

Mark (V) against the correct answer in the following:

C o xe dy
If y =e® +e* =" then — =7
dx

C. .
(v-1)

D. none of these
Answer

We can write it as
= y=eXty

logy = (x + y) log e
Differentiating

= —— =

ydx dx



1 dy
= (;— 1)&— 1

5 (5)
=2 —=1|—"
dx 1-y

52. Question

Mark (V) against the correct answer in the following:

[sin 5x .
. JAfx =0 . .
The value of k for which f(x) :l 3Ix is continuous at x = 0 is

k.ifx=0

w
o

0
r_hll")_;

o
r_ulrJtl

Answer

Since f(x) is continuous on 0.

I sin bx €0

= SHO
sinbx bx

= lim x — = f(0)

x—0 3X 5%

. sinbx bx €0
= lim X-—=
x—0 bX 3x ()
5
flo)= =
= f(0) = 3
K 5
= = —
3

53. Question

Mark (V) against the correct answer in the following:

1
stm—. ifx=0
Let f(X)= X
1 0. when x =0.
Then, which of the following is the true statement?

A. f(x) is not defined at x = 0
B. ]1'11%I f(X) does not exist
X—

C. f(x) is continuous at x = 0

D. f(x) is discontinuous at x = 0



Answer

Left hand limit =
= lim f(x)
x—=0"

= limf(0—h)

. (1
= EE%}‘LSIII (T)
(@)
= LIE%—}ITXT =1
h

Right hand limit =
= xli}(]}gr f(x)

= LlE(l;ﬂ:O +h)

. /1
= Efah.sm (H)

sin (%) y 1

= limh.
h—0

= =

=1
AsLH.L=RH.L
F(x) is continuous.
54. Question

Mark (V) against the correct answer in the following:

3x +4 tan X
_ ——— . whenx =0 _ .
The value of k for which f(x)=- 2 is continuous at x = 0, is
}\ k. whenx =0
A.7
B. 4
C.3

D. none of these

Answer
= f(x) = =254 continuous at x = 0.
. 3x+4tanx
= f(x) = lim
x—=0 X
. 3x 4tanx
= f{x) = lim—+
x—0 X

tanx
= f(x) = 3+4lim—
=0 X

= f(x) = 3+4



LK=17.
55. Question

Mark (V) against the correct answer in the following:

Let f(x}:xa/—, Then, f'(0)=7?

A.

1| W

1| =

C. does not exist

D. none of these

Answer
f(x) = x3/2
3
= f'(x)= —
(x) oNE

As x-0, f'(x)-x
.~ f'(x) does not exist.
56. Question

Mark (V) against the correct answer in the following:
The function f(x)= ‘X‘\#X =R is

A. continuous but not differentiable at x = 0

B. differentiable but not continuous at x =0

C. neither continuous nor differentiable at x = 0

D. none of these

Answer

N\ /

AN /7

f(x)=|x]|

(Sometimes it's easier to get the answer by graphs)

Now in the above graph

We can see f(x) is Continuous on 0.

But it has sharp curve on x = 0 which implies it is not differentiable.
57. Question

Mark (v) against the correct answer in the following:



FAY

_ fl +x, whenx =2
The function f(x )= is
] 5—x. whenx =2

-

A. continuous as well as differentiable at x = 2

B. continuous but not differentiable at x = 2

C. differentiable but not continuous at x = 2

D. none of these

Answer

For continuity left hand limit must be equal to right hand limit and value at the point.
Continuity at x =2.

For continuity at x=2,

LHL=lim(1+x)=3
x—=27
R.H.L = x11ﬁ1‘1?1+(5 —-x)=3

f2)=1+2=3
- f(x) is continuous at x = 2

Now for differentiability.

e _ f(x)—1f(2)
= @)= lm
L f2-h)-f(2)
= P =lm—=——
1+2—-h-3 —h
= f'(27)= lim————=lim—= 1.

e 2 —_h—2 lim —- =
- 1= Jip o
- 17 = T2
- )=

=i =

=-1

As, f'(27) is not equal to f(21)
. f(x) is not differentiable.
58. Question

Mark (v) against the correct answer in the following:

ka +5. whenx <2
If f(x)= ]

X +1 whenx =2

is continuous at x = 2then k =7

A2
B.-2



C.3

D. -3

Answer

For continuity left hand limit must be equal to right hand limit and value at the point.
Continuous at x =2.

LH.L = lim (kx + 5)

= EEEJ(R(Z —h) +5)

= k(2-0)+5 = 2k+5

RH.L= lim (x+1)

= EE(IJ(Z +h+1)

=2+0+1

=3

As f(x) is continuous

S 2k+5 =3

K=-1.

59. Question

Mark (V) against the correct answer in the following:

J'I—COS X Lo
If the function f(x )= 1 9x? is continuous at x = 0 and then k = ?

k.x=0

.

O
1| =

1

-
-

D.

Answer

Given:

1—cosdx

gx=

= f(x) = is continuous at x = 0.

= 1-cos4x = 2sin2x

() = 1 2 sin” 2x
= 100 = I
) = 1 2sin® 2x
= f(x) = im——
x—0 2 X 4%2

f) = 1 (sin 2}{)2
= =
x) = lim|——

x—=0



=>f(x) =1
s Kk=1

60. Question

Mark (V) against the correct answer in the following:

If the function f(x} -

C. -2
D. -4
Answer

F(x) is continuous at x = 0.

_ sin?ax
= f(x) = lim
x—=0 X
~ sin?ax a®
= f(x) = lim X —
=0 X2 a

- 2
sin ax
= f(x) = lim( ) % a2
ax

x—=0
= f(x) = a2
k= a2

61. Question

sin? ax
J— whenx =0

)
1\ k. whenx =0

is continuous at x = 0 then k =7?

Mark (V) against the correct answer in the following:

If the function f(x) ="

8

A3
B.-3
C.-5
D.6

Answer

Given: f(x) is continuous at x= m/2.

~ LHL = lil%l_f'[:x)

K——

2

~ kcosx
= lim_
x_,“TT[ — 2%

Puttingx = E— h;

"kcosx
— =  whenx=
(m—2x)

1 3. when x =

2| A

i

2] A

be continuous at x = E then the value of k is
“»



As X — E_ thenh — 0.

T
. kcos (i_h) _ sinh
11111[1_—1T= k. EE(I}T
x—rTTE—?.(E—h)
L LHL=k

As it is continuous which implies right hand limit equals left hand limit equals the value at that point.
sok=3.

62. Question

Mark (V) against the correct answer in the following:
At x =2, f(x}:|x| is

A. continuous but not differentiable

B. differentiable but not continuous

C. continuous as well as differentiable

D. none of these

Answer

Given:

Let us see that graph of the modulus function.

We can see that f(x) = |x| is neither continuous and nor differentiable at x = 2. Hence, D is the correct
answer.

63. Question

Mark (V) against the correct answer in the following:

X" —-2x-3
—— . whenx =-1

Let f(x}:l x+1°

k, whenx=-1

If f(x) is continuous at x = -1thenk =7
A. 4

B. -4

C.-3

D. 2



Answer

e T I .
X ~Zx73 s continuous at x = 0.
x+1

= f(x) =

o (x+1)(x—3)
= = 0 T
= f(x) = }in_llx— 3

= f(x) = -4

64. Question

Mark (V) against the correct answer in the following:
The function f(x )= X +6xT+15x—12is

A. strictly decreasing on R

B. strictly increasing on R

C. increasing in (—.2) and decreasing in (2. )

D. none of these

Answer

Given:

f(x) = x3+6x2+15x-12.

f'(x) = 3x%+12x+15

f'(x) = 3x?+12x+12+3

f'(x) = 3(x2+4x+4)+3

f'(x) = 3(x+2)°+3

As square is a positive number

-~ f'(x) will be always positive for every real number
Hence f'(x) >0 for all x e R

.~ f(x) is strictly increasing.

65. Question

Mark (V) against the correct answer in the following:
The function f(x)=4-3x+3x* -x’is
A. decreasing on R

B. increasing on R

C. strictly decreasing on R

D. strictly increasing on R

Answer

f(x) = -x3+3x%-3x+4.

f'(x) = -3x2+6x-3



f'(x) = -3(x2-2x+1)

f'(x) = -3(x-1)?

As f'(x) has -ve sign before 3
= f'(x) is decreasing over R.
66. Question

Mark (V) against the correct answer in the following:
The function f(x)=3X +cos 3xX is

A. increasing on R

B. decreasing on R

C. strictly increasing on R

D. strictly decreasing on R

Answer

Given:

f(x) = 3x+cos3x

f'(x) = 3-3sin3x

f'(x) = 3(1-sin3x)

sin3x varies from[-1,1]

when sin3x is 1 f(x) = 0 and sin3x is -1 f'(x) = 6
As the function is increasing in 0 to 6.
.. The function is increasing on R.

67. Question

Mark (V) against the correct answer in the following:

The function f(x)= X° +6X° +9x +3 is decreasing for

A.l<x<3

B.x>1

C.x<1
D.x<lorx>3
Answer

Given:

f(x) = x3+6x2+9x+3.
f'(x) = 3x?+12x+9 = 0
f'(x) = 3(x?+4x+3) =0
f'(x) = 3(x+1)(x+3) =0
X=-lorx=-3

for x>-1 f(x) is increasing

for x<-3 f(x) is increasing



But for -1<x<-3 it is decreasing.
68. Question

Mark (V) against the correct answer in the following:
The function f(\) —x> —27x+8is increasing when
A [x|<3

B. ‘x =3

C.3<x<3

D. none of these
Answer

Given:

f(x) = x3-27x+8.

f'(x) = 3x2-27x = 0

f'(x) = 3(x?-9) =0

f'(x) = 3(x-3)(x+3) =0
X=3o0rx=-3

for x>3 f(x) is increasing
for x<-3 f(x) is increasing
-~ for |x|>3 f(x) is increasing.
69. Question

Mark (V) against the correct answer in the following:

f(x)=sin x is increasing in

A.

2| A

ol %

Answer

Given: f(x) is sin x
- f(x) = cos x

= f'(X) =cos x

=0

= forxe (%Tg)



f'(x) is increasing
—T
~ f(x)isincreasingin [—,= ).
(x) is increasing in ( > 2)

70. Question

Mark (V) against the correct answer in the following:

2x
flx)= is increasing in
log x
A. (0, 1)
B. (1, e)
C. (e, »)
D. (-», €)
Answer
2x
= f(x) = @
2.logx— 2
= F(x) = %
Put f'(x) = 0
We get
2.logx— 2
= logZx -
= 2.logx = 2
logx =1
=Xx=e

We only have one critical point

So, we can directly say x>e f(x) would be increasing
.~ f(x) will be increasing in (e, «)

71. Question

Mark (V) against the correct answer in the following:

f(x)=(sin X —cos X ) is decreasing in

3
Al o. ’EJ
4
3t TEJ
B. )
474
C —.:TEJ

D. none of these
Answer

Given:



f(x) = sin x - cos x
f'(x) = cos x + sin x

Multiply and divide by v2.

e o)
= —COSX +—51nxX
V2 V2

i T T
= m2(51115.c05x+ cos;.smx)

= /2(sin G + x))

g1
") — [ ain [ —

= f'(x)= \,25111(4 +x)

For f(x) to be decreasing .f'(x)<0

i
= f'(x)= wﬁsin(z+x) <0

T
=:-TE<X+E<2TL'
(" sin © <0 form <6 <2m)
1T‘=i <2 I
:;. — — — —
T 2 X T 2

3TII< <7TL'
= — < X< —
4 4

.~ f(x) decreases in the interval.

(31‘[ 71‘[)
= |—,—
4 4
72. Question

Mark (V) against the correct answer in the following:

(x)=——is
Sl X

A. increasing in (0, 1)

B. decreasing in (0, 1)

C. increasing in [OlJ and decreasing in [llJ
-

S

D. none of these

Answer

X
= f(x) = —

sinx

sinx — Xcos X
= fX)= ————

sinx

Now see

In (0,1) sin x is increasing and cos x is decreasing

sin x - x cos x will be increasing



-~ f(x) is increasing in (0,1)
73. Question

Mark (V) against the correct answer in the following:

f(\ } = x* is decreasing in the interval

A. (0, e)

(o4

C.(0,1)

D. none of these
Answer

Given: f(x) = x*.

= f'(x)=(log x+1) x*
= keeping f'(x) =0
We get

1
>x=00rx= -
e

Now

When x>1/e the function is increasing

x<0 function is increasing.

But in the interval (0,1/e) the function is decreasing.
74. Question

Mark (V) against the correct answer in the following:

)

f(\} —x-¢™* isincreasing in

A. (-2,0)

B. (0, 2)

C. (2, »)

D. (-, )

Answer

Given f(x) = x2.eX

= f'(x) = 2x. eX - x% eX

= Putf(x) =0

= - (x2- 2x)e* =0

=>x=0o0rx=2.

Now as there is a -ve sign before f'(x)
When x>2 the function is decreasing

x<0 function is decreasing



But in the interval (0,2) the function is increasing.
75. Question

Mark (V) against the correct answer in the following:
f(x)=sin x —kx is decreasing for all x ¢ R, when

A k<l

B.k=1

Ck>1

D.k=1

Answer

f(x) =sin x - kx

f'(x) = cos x -k

. f decreases, if f'(x)= 0
=cosx-k=0

= cos x= k

So, for decreasing k= 1.
76. Question

Mark (v) against the correct answer in the following:

F(x)=(x+1) (x-3)

A. (-», 1)

s increasing in

B. (-1, 3)

C. (3, x)

D. (1, «)

Answer

Given:

= f(x) = (x+1)3.(x-3)3

= f'(x) = 3(x+1)2(x-3)3 + 3(x-3)3 (x+1)3
Put f'(x) =0

= 3(x+1)%(x-3)3 = -3(x-3)%(x+1)3

= X-3 = -(x+1)

=2X =2

=x =1

When x>1 the function is increasing.
x<1 function is decreasing.

So, f(x) is increasing in (1, «).

77. Question

Mark (V) against the correct answer in the following:



f(x)= [X(X _ 3}]3 is increasing in
A. (0, )
B. (-», 0)
C. (1, 3)

D. [0.

|t
—
—
L]
2
S

Answer
= f(x)=[x(x-3)]?
= f' (x)=2[x(x-3)] =0

3 and 2
=x=3andx=;
2

When x> 3/2 the function is increasing

X<3 function is increasing.
3 . P .
= (0,5) U (3, ) Function is increasing.

78. Question

Mark (V) against the correct answer in the following:

If £(x) —kx° —9x° +9x +3 is increasing for every real number x, then

A k>3

B.k=3

C.k<3

D.k=3

Answer

Given f(x) = kx3 -9x2+ 9x+3
= f'(x) = 3kx?-18x+9

= f'(x) = 3(kx? - 6x + 3)>0
= kx? - 6x + 3 >0

For quadratic equation to be greater than 0. a>0 and D<O0.
= k>0 and (-6)?- 4(k)(3)<0
= 36 - 12k<0

= 12k>36

= k>3

s k>3.

79. Question

Mark (V) against the correct answer in the following:



f(x)= 71) is increasing in
A. (-1, 1)

B. (-1, «)

C. (—n.—-1)u(L=)

D. none of these

Answer
= f(x) = x2+1
.

= For critical points f'(x) = 0

When f'(x) = 0

Wegetx=1lorx=-1

When we plot them on number line as f'(x) is multiplied by -ve sign we get
For x>1 function is decreasing

For x<-1 function is decreasing

But between -1 to 1 function is increasing.

. Function is increasing in(-1,1).

80. Question

Mark (V) against the correct answer in the following:
The least value of k for which f(\) = X_‘- +kx +1 isincreasing on (1, 2), is

A -2

B.-1

C.1

D. 2

Answer

f(x) =x2+kx+1
For increasing
f'(x) = 2x+k
k= -2x

thus,

k= -2.

Least value of -2.

81. Question



Mark (V) against the correct answer in the following:
f(x)=[x| has

A. minimum atx =0

B. maximum x = 0

C. neither a maximum nor a minimum at x = 0
D. none f these

Answer

f(x) = [x]

Now to check the maxima and minima at x =0.
It can be easily seen through the option.

See |x| is x for x>0 and -x for x<0

That is no matter if you put a number greater than zero or number less than zero you will get positive
answer.

.~ for x = 0 we will get minima.
82. Question
Mark (v) against the correct answer in the following:

When x is positive, the minimum value of x* is

Answer

Given: f(x) = xX.

= f' (x)=(log x+1) x¥
= keeping f'(x) =0

We get

1
= x=0o0rx= —

e
= f"(x) =x*(1+1logx) [1 +logx + ;]

x(1+ logx)

When x is greater than zero,
We get a maximum value as the function will be negative.
Therefore,

F(x) = xX

Fle) = (2)" = et

e



Hence, Cis the correct answer.
83. Question
Mark (V) against the correct answer in the following:

=

X

The maximum value of is

>
-,
T | —
i

w
|k

C.e
D.1

Answer

= f(x) = =&

X

log x—x2
Flx) =—%—

=>f(x)=logx-1

= Put f'(x) =0

We get x =e

F’(x) = 1/x

Put x =e in f"'(X)

1/e is point of maxima
. The max value is 1/e.
84. Question

Mark (V) against the correct answer in the following:

f(x)=cosecx in (-m, 0) has a maxima at

A.x=0
4

C. X:_TE
3
2

Answer

We can go through options for this question
Option a is wrong because 0 is not included in (-m,0)
At x = -1/4 value of f(x) is -V2 = -1.41

At x

-1i/3 value of f(x) is -2.



At x = -11/2 value of f(x) is -1.

-~ f(x) has max value at x =-1/2.

Which is -1.

85. Question

Mark (V) against the correct answer in the following:
If x > 0 and xy = 1, the minimum value of (x + y) is
A. -2

B.1

C.2

D. none of these

Answer

Given: x>0 and xy =1

We need to find the minimum value of (x + y).

1
= f(X)=X+£

) = x:-: 1

S (0 = X.2% — (;2+ 1).1

= f'(x)= sz_z !

- (x) = x* (ZX)—SZ —1).2x
- =

- )=

For maximum or minimum value f'(x) = 0.

x2—1
=0

X?
“Xx=1lorx=-1
f'(x) at x = 1.
s (X)) = 2.
F’(x)>0 it is decreasing and has minimum value atx =1
Atx =-1
f'(x) = -2
f""(x)<0 it is increasing and has maximum value at x = -1.

. Substituting x = 1 in f(x) we get



f(x) = 2.
.. The minimum value of given function is 2.
86. Question

Mark (V) against the correct answer in the following:

The minimum value of | x* + 250 is
X
A.0
B. 25
C.50
D. 75
Answer
250
= f(x) = x? +—
=f'(x)= 2x—%= 0
= 2x3 = 250
=x3 =125
=2x=5

Substituting x = 5 in f(x) we get
f(x) = 25450

f(x) = 75.

87. Question

Mark (V) against the correct answer in the following:
The minimum value of f(x)= 3x* —gx? _48x +250n[0, 3]s

A. 16

B. 25

C.-39

D. none of these
Answer

Given:

f(x) = 3x4-8x3-48x+25.
F'(x) = 12x3-24x2-48 = 0
F'(x) = 12(x3-2x%-4) = 0
Differentiating again, we get,
F'(x) =3x%-4x =0
X(3x-4)=0
x=0o0rx=4/3



Putting the value in equation, we get,
f(x) = -39

Hence, Cis the correct answer.

88. Question

Mark (V) against the correct answer in the following:

-

The maximum value of f(x}:(X—H’HX_H; Is

—

A.

(%) |

w
w

27

D.0

Answer

f(x) = (x-2)(x-3)

f(x) = (x-2)(x?-6x+9)

f(x) = x3>-8x2+21x-18.

f'(x) = 3x?-16x+21

f’(x) = 6x-16

For maximum or minimum value f'(x) = 0.

5 3x2-9x-7x+21 =0

= 3Xx(x-3)-7(x-3)=0

=x=3o0rx=7/3.

f'(x) at x = 3.

S fr(x) =2

f"’(x)>0 it is decreasing and has minimum value at x = 3
At x =7/3

F'(x) = -2

F"’(x)<O0 it is increasing and has maximum value at x = 7/3.

Substituting x = 7/3 in f(x) we get
~(-2)(E-3)
-0

4
= —
27

89. Question

Mark (v) against the correct answer in the following:



The least value of f(x)= (ex +e " ) is

A. -2

B.0O

C.2

D. none of these
Answer

f(x) = eX + e
1
= f(x) =e*+ =

e?¥ 4+ 1
e:{

= f(x)=

f(x) is always increasing at x = 0it has the least value

1+1
> fx) = ——=2

.. The least value is 2.
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