Integration (Indefinite Integrals)

Q1) s
I

Sol.1)
1—+x
I Vx

rationalize

2f —x—tdt
2 =3 (1 t) tdt
t—t2
= Zf\/l——tzdt
_t g _ 21— 72
zfmdt 2 t2V1 — t2dt

put 1 —t2=2zin(l)

=2t dt = dz
tdt = —%
2

=——f =+2f - Wd

—2\/E+zf% t

V1 -2+2f V112 - —

—2VT = €2 + 2 [SVT = €2 +5sin~1(t) — sin ™} (©)| + ¢
—2V1—t2+2 Em —%sin‘lt] +c
—2V1—t2+tV1—t2—sin"t+c

replacing t by vx
= I =-2J1—x++V/xV1—x—sin"Wx+c ans.

-> | Partial Fraction (Total : Types)
Type : 1 all are linear factors (ax + b)

Q.2) _ 2x—1 _ x3
(a)! _f (x—1)(x+2)(x—3) dx (b)I f (x-1)(x-2)
x2 3+4x—x2
(=] (x—1)(x=2)(x—3) dx (A1 = J (x+2)(x-1) dx

Sol.2 - (%1
) (a)l f (x=1)(x+2)(x-3)

2x-1 A B c

let ——=— =2 4 5 4 °

t (x—=1)(x+2)(x-3) x-1  x+2 x-3

=22x—1=Ax+2)(x=3)+B(x—1D(x-3)+C(x—1)(x + 2)




52x—1=A(x*—-x—6)+B(x*>—4x+3)+C(x* +x —2)

Comp. the coefficients of x? , x and constant term
0=A+B+C = C =-A-B
2=-A-4B+C = 2 =-2A-5B
-1 =-6A+3B-2C= -1 =-4A-B

solving these two equation we get

A==,B="andC==-
6 3 2

el=f =4~ _dx

6(x—=1) 3(x+2) 2(x-3)

= %loglx—1|—§10g|x+2|+%log|x—3|+c

x3

(b)l = [ e ™

Since degree of N" > degree of D" we have to divide

7X—6
ol =[(x+3)+ Pty
x? 7X—6
= Z 3+ J (x—1)(x-2)
let—2" =2 | px—2

(x-1)(x-2) x—1
= 7x—6=A(x—-2)+B(x—-1)
Comp. the coefficient of x and constant term

7=a+0b
-6 =-2A-B
1 =-

. B =28

A=-1 and B = 8
2 _
=4 3x+ [ 2+ 2y
2 x—1 x—2

I=%2+3x—log|x—1|+810g|x—2|+c ans.

ans.

Q.3)

_f (x2+1)(x2+2) x

Sol.3)

I={ ad dx
(x2+1D(x%2+2)
put x? = t

xdx=E

2

=i
1 _ A B

et(t+1)(t+2) T+l t+2
Proceed Yourself

%[log|x2+1|—log|x2+2|]+c ans.

(t+1)(t+2)

Q.4)

1
sin x—sin(2x)

@I =]




Sol.4)

1
sin x—sin(2x)

(@I =J
= ' ax

sinx2 sinx cosx
= 1
sinx(1—2cosx)
multiply and divide by sin x

J- sinx

sin2x(1-2 cos x)

f sinx

(1-sinZx)(1—cos x)

f sinx

(1—cos?x)(1-2 cos x)

f sinx

(1—cosx)(1+cosx)(1—-2cos x)

putcosx =t

~ o Ssinxdx =-dt
dt
== (1-6)(1+)(1-2¢t)
let 1 A LB L C

A-O(+0(1-20  1-t © 1+t | 1-2t

= 1=4A01+t)Q1-20)+B(1—-t)(1-20)+C(1—-t)(1 +¢)
= 1=A(-2t’—-t+1)+BQt2=3t+ 1)+ C(1 —t?)
Comp. the coefficient of t?,t and constant term

0 =-2A+2B-C C =-2A+ 2B

0=-A- 3B
1=A+B+¢C
~1=-A+ 3B
0=-A- 3B
1 =-24
A= B=landc=12
2 6 3
== 41 4 * 4

2(1-t) | 6(1+t) = 3(1-2t)

+1 1 4 -1
[Slog 11 —t1+3logl1+¢t1+3logl1—2t1.(Z)|+c

logl1—t|—zlog|1+t|+3logl1—2t]+c
replacing t

= I=_?1|1—cosx|—£log|1+cosx|+§log|1—cosx|+c

ans.

-> | Type : 2 Linear and Quadratic Faction
.5 S Y N
QS ()l = f O = s
Sol.5) |(a)l = [ x

(x=1)(x2+4)
X _ A Bx+C

et e w1 T xrea
= x=A*+4)+Bx+c)(x—1)
= x=Ax?+4)+ (Bx*—Bx+Cx—2C)




@S tudiesToday

Comp. the coefficient of x?, x and constant term
0=A+B
1=-B+C
0 =4A-C
Solving these equations,
we get A = %.B = _—1and C =§
-_1x+_

1
“I_f 5(x— 1)+x2+4d

_f_d __f 2+4d X+3 f 2+4
putx?+4=t
xdx =%
2
I=—log|x—1|——f + X = tan‘1(2)+c

— X
I=Elog|x—1|—ﬁlog|x +4|+§tan (E)+C

1
b = |

= !

A+ +x2(1+2)
[—L

(1+x)(1+x2)

1 A Bx+c
S T T i

=AM + 1)+ Bx +O)(x + 1)
1=Akx*+ 1)+ (Bx> + Bx + Cx + ©)
Comp. the coefficient of x?, x and constant
0=A+4+B = B=-A
=B+4+C ~0=-A+C
=A+C 1= A+C

2C

=§,A=landB=—

A R R o

__1 . 3h

T2(x+1)  x2+1

- _fmd __f 2+1d x+; f 2+1
put x2+ 1=t

dx =%

2
= _1og|x+1|——f + = tan x

dx

I=7log|x+1|—zlog|x +1I+Etan_1x+c

ans.

ans.

Q.6)

Sol.6)




X
x _i Bx+c
(x-1)(x%2+x+1) x-1  x2+x+1
x = Ax*+x+ 1)+ (Bx + o) (x-1)
x = A(x* + x + 1) + (Bx- Bx*+ cx + ¢)
Comp. the coefficient of x? , x and constant term
0=A+B = B =-A
1=A-B+C=>1=2A+C
0=A4A-C = 0= A-¢C
1= 34
1

A=l,B=_—1andC=—
3 3 3

let

-1 1

x4
o=+ 275 gx

3(x-1)  x2+x+1

1,0 1 1 -1
= gfzdx—gf —dx {typef

x2+x+1

linear }
quadratic

1 1
I—glog [x—1] —51 ..(1)

x-1
where | =
f x24+x+1

Proceed Yourself and get |

1 1 1 2x
I==loglx—1|—=loglx*+x+1]| +—tan‘1(—>

3 6 B B

Q.7)

tan@+tan36
1+tan36

Sol.7)

(@I =J
tan@+tan36
(a)l - f 1+tan36
tanf(1+tan?6)
= [ Z=—/——— 240
1+tan30
_ f tanf.sec?6
- 1+tan30
puttanf =t

sec?6 dO = dt
o I=[——dt

1+t3

N N

(1+t)(t2-t+1)
Proceed as above Qns. :-

-1 1 29 _ 1. g (2tanf-1
3log|1+tar19|+610g|tan6 tan6+1|+ﬁtan ( NG ) ans.

Type : 3 Linear and Linear repeating factors

Q.8)

3x+1 X% +x+1
(a)f = f (x+2)(x+2) (x—2)2 dx (b) = f (x—1)3 dx

Sol.8)

3x+1
(@i =J (x+2)(x+2)(x—2)2 dx
3x+1 A c
(x+2)(x=2)2  x+2 (x—2)2
3x+1=A(x—-2)2+B(x—2)(x+2) + c(x + 2)
3x+1=A(x%?—-4x+4)+B(x*—-4)+C(x+ 2)

B
+ —
xX—2




Comp. the coefficient of x?, x and constant
0=A+B = B =-A
3=-44A+C = 3 =-4A+ ¢
1 =4A-4B + 2C > 1 = 84 + 2C

solving these equations, we get

A=_—5,B=iandC=Z

16 16 4
-5 5 7

T 16(x+2) + 16(x—2) + 4(x—2)2 dx

-5 5
I—;loglx+2|+16

7
4(x-2)

x2+x+1
(b)I = [ o7 4

xZ+x+1 A B c

(x-1)3  x-1  (x-1)2  (x-1)3
x2+x+1=Ax-1D*+B(x—-1)+C
x2+x+1=Ax*-2x+1)+Bx—-1)+C
Comp. the coefficient of x?, x and constant

1=A4

1 =-2A+B

1=A-B+C

solving these equationwegetA = 1,B = 3,C = 3

3
Tl St e

let

—3dx

i 3(’“ D 4o

loglx—ll—

.'.I=log|x—1|—x—— +c ans.

....{Sincef x—lzdx = _x

Q.9)

-1 ( 1)2

3x+5

[=[=E
f x3-x2—x+1

Sol.9)

| = f 3x+5

X3—xZ-x+1
f 3x+5
x2(x—1)-1(x-1)
3x+5
(x— 1)(x2 1)

f ==
_ f 3x+5
| ey

(x-1D)(x+1)(x-1)
3x+5
(x+1)(x— 1)2
3x+5 A B c

HDE-DZ x4l | x-1 | (x-1)2
3x+5=A(x—-1)?+Bx+1D(x—-1)+C(x+1)
3x+5=A(x?—-2x+1)+Bx?*—-1)+C(x + 1)

0=A+B

3=-24A+C

5=A-B+C




solving these equation , we get A = %,B = _71, C =

= ————+ 2 _dx

2(x+1)  2(x-1)  (x-1)2

1 1 4
I—Elog|x+1|—zlog|x—1|—E+c ans.
- | Type : 4 Even Power of x let x? = y (temp.)
Q.10) _ x? — 1
(@I =] Ty dx (b)I = [ D dx

2
U100 | qar = f e
letx? =y
x2 y
TR (D) ()
y A B
OO+ v+l | y+a
y=Aly+4)+Bly+1)

Comp. coefficient of y and constant

1= A+B
0 =44 + B
1 =-34

A=‘?1.-.B=§

==+

3(x2+1)  3(x2%2+4)

-1 1 4 1
T 3 (x2+1) dx+§f X2+(2)2 dx
= ZLtan~lx + 2x ltan? (5) +c ans.
3 3 2 2
1
(o) = [ s dx
1
=J (x2+1)(x2-1) dx
let x2 =y
. 1 _ 1
V2D (x2-1)  (y+D(y-1)
1 A B

et oD ~ yr1 Ty
1=Ay-1)+Bly+1)

Comp.
0=A4A+B
1=-A+B
1 =2B
.'.leandAz_—1

2 2

-1 1

=] 2(x2+1) + 2(x2-1) dx

-1 1 1 1

R x2+1dx+5f xz—ldx




-1 _
— tan Ix +

-1, _
— tan Iy +

1
=X
2

1
~lo
4

1 x—1
———logi———i+—c
2x1 x+1

x-1
—|+c
5 |x+1






