Long Answer Questions-I-B (PYQ)

[4 Mark]

gl dy _ (itlog y)’
o1 If y* = €77 then prove that -— = T
Ans.

Given, y* = &' 7

Taking logarithm both sides, we get
log y*=log & ™

= xlogy=(y-x).loge = x.logy=(y-x) [ log (m)" = nlog m]|

= x(l+logy)=y = x:HTygy

Differentiating both sides with respect to y, we get

(1+log ).1 - y.(0+%)

E ==
dy (1+log y)2
_ l1+log y — 1 > log y
(1+log y)? (1+log y)*
-, 4y _ (1+log y)?
dx log y
[ Note : (i) log. mn =log, m + log_n
(i) log, = =log, m — log, n
(iii ) log. m" =nlog, m
(iv) loge=1 L
If ¥ = €77, then show that % = A
02. {log (xe)}

Ans.



Given, x*' = e
Taking log both sides, we get

= logx=loge'™” = ylogx=(x-y).loge [+ log e=1]
=  ylogx=(x-y) = ylogx+y=x

dy (1+log z).1 — z.(O-*—é)

1+log = dx (1+log z)

dy 1+log =z — 1 log = i

= E = 5 — ) [. = log C'J
(1+log z) (log etlog z)

5 ﬂ B log z 5 ﬂ _ log =

dx  (log ex ) dx  {log (ex)}?

Prove that : -2 a2 — z2 + Zsin’! (2)| = Va2 — z2
Tdx | 2 2 a

Q.3.
Ans.

LIS = (5va =) + 3 (Fo" ()= V@~ ) + & (o (3)
L x-2z+ VaE—Z ) 4 } _2_ 1 1 [Apply product rule ]

{ 2va? and inverse formula

z? Va2 - z2 a®

— +
2va? — 22 2 + 2va? - z2

2 2 2 2
_ @ ia? 1"2:\/52__9;7=RHS
I

2va? - z2 Vva?

o If (cos x)" = (cos y)% then find :i—;
4.

ANsS.



Given, (cos x)* = (cos y)*

Taking logrithm both sides, we get

=

log (cos x)* = log (cos y)*

y . log (cos x) = x.log (cos y)

Differentiating both sides, we get

Q.5.

Y.==— ( —sin z)+log ( cos m)%

ysm:z:

=&T.

|~ log m" = nlog m|

1

-(—sin y). 2

T d
— +log(cosa:) T = Czlsnyy di+log(cosy)
d rzsiny d sin x
log(cosx).ay-l— Cosyy. Y —log (cosy)+ =
dy

- [log(cos:c)—i— == ] log (cosy)+ Lt

log ( cos y)+!::+: _ log(cosy)+ytanz

dy_
==

v  log(cosz)tztany

+log(cos y)

Find the value of % at @ =7, if x = ae (smﬂ - cos 0) and y = ae (smO + cos 6).

AnsS.



Given, x = aee(sin B-cosB) and y-= ae? (sin B + cos 6)
X = ac‘e(sin B - cos 0)
Differentiating with respect to g, we get
;—‘: = ae’ (cosf + sinf) + a(sinf — cosh).e’” = ae’ (cosf + sinf + sinh — cosb
- 2 aé%in O ... (1)
Again, v y= aee(sin B + cos 0)

Differentiating with respect to 6, we get

I — ae (cos® — sinf) + a(sinf + cosf).e’ = ae’ (cosf — sinf + sinf + cos b

a0
=2 aé® cos O sest kil

dy

dy @ _ 2ae’.cosd A %

TR [From (1) and (u)]
dé

dy dy L

= —_— = = AL — - =
= cot @ dXL:; cot4 1

If sin y = x sin (a + y), then prove that % — 2= Gty

Q.6. sin a
Ans.
: : ; sin
Here, sin v = x sin (a + V) 2B
- ’ sin (a+y)
sin (a+y). cos & _ sin y.cos {a+y) oy
- y). Y= Y. y)-— o

sin? (a+y)

= %{sin(a+y).cosy— siny. cos (a +y)} = sin® (a + y)

dy sin? (a+y) = dy sin® (a+y)

ax sin (a+y — y) ax sin a




; ; T+z2 1| .
Differentiate tan! [++] with respect to x.
Q.7.

Ans.

T

1422 -1

Putx=tan® = B =tan'x

. -l = | 1+tan- 8 -1 | = | secf — 1
NOW, y= tan (T) = tan ( tan @ )
|
— tan! cos 8 el tan‘l 1 - cos@
] sin @
cos @
[+ — ooz 00 i
™ ™
—> tan (—5)ta.n9ta,n (5)
w o™
= —303
Tl
= 131
9 - .
= ze(57)<c(57) |

2

2sin2?
-1 2 . | &\ 8
= tan (_251113 cosﬁ) = tan (tang) ==

u_vil =3 dy 1
= YeglaliTE = g =pay

Q.8. Differentiate the following with respect to x:

(sin x)x + (cos x) $n X

Ans.



Let u = (sin x)* and v = (cos .\')Si" X

Given differential equation becomes y = u+ v

U
gl&

__ du dv -
==+ (1)
Now, u = (sin x)*

Taking log on both sides, we get

log u = xlog sin x

Differentiating with respect to x, we get

-117.-2-;3 =z ——.cosz + log sinz = % =u(zcotx + log sinz)
- % = (sinz f{zcotx + log sinz} ..(10)

Again v = (cos x) Aol
Taking log on both sides, we get
log v = sin x . log cos x

Differentiating both sides with respect to x, we get

1 dv _ 1 :
3§ =Sinz. o= ( —sinz)+log (cosz).cosz

]

= % =v{— sc‘g:: + cosz.log cosa:} = (cosz = {cos:c.log(cosa:)— Séﬂz:’}
= % = (cosz )'***{]og (cosz) — tan® z} - (1)

From (i), (i) and (iii), we get

dy 5 : 1isin z e 2
— = (sinzJ'{zcotz + log sinz} + (cosz) """ *{log (cosz)— tan®z}



dy cos? (a+y)
Q.9. If cos y = x cos (a +y), with cos a # +1, then prove that 9 sina

. d? . dy
sina— +sin2(a+y)3= =0
Hence show that dx

AnNs.

dy  cos® (aty)

To prove == ===

(Refer Q. 30 Page-208)
Differentiating both sides w.r.t. x, we get

d? i o
24— ks {~2cos (a+v)sin(a+3). 2}

2
i “y al % dy
= — —
sin a—s sin2(a +y).

e 2 dy
sina— + sin2(a +y).— =

U

tan_l ( Vit - 1 -z )
Vitz+y/1 -z

Q.10. Differentiate the following with respect to:

Ans.



Yy _o- 1 4 (ﬁ—=)
2 7 dx

dx i A== Vitz
Vs
=5 1

e VT T amY T
= 2 1+=x

Vitzx Tz % s e s
14z A AT e JoEx/T =2
4 1+z

2 1

o1t If y = log tan(f + %), then show that % —sec z =10,

AnsS.

Given, y =log tan(§ + 7)

d
= .d_i = tan(;+%) .% [ta,n(g- + -;-)] = cot (% - -;-).sec2 (-z- + -2-)
- wos(3+3) 1 - 1
sm(§+§) 2 cos2(§+§) 2sin(7"+§) cos({+3)
N 1 _ 1 1., _
T ma(zel)  sm(ie) o oo
= % —secx =20 Hence proved.



x (log x)™ + X8 %,

Q.13. Differentiate the following function with respect to

ANs.

Let y = (log x)* + ¥ 108%

= y=u+v, whereu= (logx)* v= o8 X

-

U
=
I
&l

(=9
¢
~
~—"

ax
Now, u = (log x)*
Taking logarithm on both sides, we get

log u = x.log (log x)

Differentiating both sides with respect to x, we get

IS

.%=zk’gz 2 +log(logz) = %=u{log% +log(log:c)}

= (10gmf{—+log(log:c)} ..(11)
Again v = xl°8*
Taking logarithm of both sides, we get
log v = log x18
= logv=Ilog x.log x = log v = (log x)3
Differentiating both sides with respect to x, we get

= 210ga: —

1d
37&

dv __ o logz l0gz
S - =2 — .. (1)

From (i), (ii) and (iii), we get

(logx)’{ +log(log:c)}+2M



Q.14.

Ifv1- 22+ 4/1-y? =a(z— y), then show that % = /=L
Ans.

Given, y/1— 22 + ,/1- y2 =a(z - y)

Putting x =sin@ = d =sin"' xand y=sin B = B =sin" y, we get
1 - sina + 4/1 - sin’ B =a(sina - sinB)
= ¢cos O + cos B = a(sin A - sin B)

= 2cos (a;ﬂ)cos (a 5 ﬂ) = a.2cos (QTJ”B) sin (QT—ﬁ)

= cot(a—i—ﬁ)=a = aj_—ﬁ=cot“la = a- fB=2cotla

1

= sin"! x-sin! y=2cot! a

Differentiating both sides with respect to x, we get

1 1 &y _ 5 = X 1—¢

V1 — 2 Jv1-2 dx dax 1- 22

Differentiate tan* \/13_12 with respect to sin' (2z,/1— z2).
Q.15. B

AnNsS.



Let u=tan‘1(\/1’_2) and v=sin?! (2z,/1—- z2)

du

We have to determine —

dv

Put x = sin O = 0 =sin! x

Now, u = tan"l (Lg) = u

=

V1 — sin? 8

du 1

. -1
u= S = Xx = ——
dx V1 — z2

Again, v=sin! (2z,/1 - 22)
v=sin"! (2sin#y/1 — sin?# = sin! (2sinfcosh)

=

v =sin™! (sin 20) = v=20

v = 2sin"'x =2 % - \/1%_12
= sin(-3)s
= _xgx
= —5203

= 20 € (

“33)

s tan-—l (SmB
cos @

)



Q.16.
If x = cos t(3 - 2cos? t) and y = sin £ (3 - 2sin? t), then find the value of % at t =7.

AnNs.

Given, x = cos t(3 — 2cos’ t)

Differentiating both sides with respect to ¢, we get

% — cost{0 + 4cost.sint} + (3 — 2cos®t).( —sint)
= 4 sin . cos® t— 3 sin £ + 2cos” ¢ sin ¢
= 6 sin tcos® t— 3 sin t = 3 sin t'(2coszt— 1) = 3 sin . cos 2t
Again, * y = sin t (3 ~ 2 sin? t)
Differentiating both sides with respect to t, we get
% =sint.{0 — 4sintcost} + (3 — 2sin®t}.cost
=—4sin® t.cos t+ 3cos t—2sin® t.cos t =3 cos t— 6sin® t. cos t

=3 cos ¢ (1 — 2 sin? t) = 3cos . cos 2t

. dy T _ 3cost.cos2t
Now, dx = 9 = 3sint.cos2t

1

= =cott

dy S ; S
Ejlt:' —Cotz =

Q.17.
Differentiate tan ( T ) with respect to cos ! (2z,/1 — z2), when x # 0.

E A




AnNs.

Let u=tan"1(‘1;”2) and v =cos! (2z/1 - z2)

We have to determine %

Put x=sin® = 0 =sin"! x

sin @ sin @

V1 — sin2
Now, u = tan™ (l—smg) = u=tan ! (6059)

=  u=tan”! (cot 9) = u = tan ! [tan (.’2’- — 0)]
= u=§—9 = u=-2-—sm'1:c
= g& =) — 1 = E = 1
dx V1- 22 dx Vvi-z2
Again, v = cos™! (2z,/1 — z%)
x=sin0

v=cos ' (2sinfy/1 - sin®4)

= y=cos! (2 sin 0 . cos 9)
= y=cos! (sin 20)
= p=cos!’ (cos (g- — 29))

= v=-;-—20 = v=-’2'-—2sin“1:c



dv i 2 v 2
= ax V1 - g2 = dx V1 - g2
1
du —
du o I s \/l - z2 I 1
e R e WA
& J1-22
2 A 4
TV
= sin(-F)sin@sin (})
= —;0%’
= 3203
= Eeggei
= x (g3 - 26)0
= (3 - 20)€(0,x)C [0,x] |
[Note: Here the range of x is taken as — -35- <ES —v%]

o1 Find -3%, if (22 +49%)P =xy.

AnNsS.

-~ . . 2 25\ 2
Given, equation is (x~ + y7)" = xy.

Differentiating with respect to x, we get
2(z? +y?) (2.'v+2 ﬁ) ity
= dz(z?+y?)+4y.(2? +y2).% = z.% +y

= {4y(z? +y?)- z}% —=y- dz(z? +y?)

dy v 4z(z*49?)
dx  4dy(z®iy?) =z

Q.19. Differentiate the following function with respect to x:

y=(sinz)* +sin? /T



AnNs.

Given, y = (sinz ) +sin ' /T

y=u+v, whereu= (sinx)* v=sin'!.T

-+

[
&le
ElE

gl

Now, u = (sin x)T
Taking log both sides, we get
=  log u=x.log (sin x)

log u = log (sin x)*

Differentiating both sides with respect to x, we get

du 1 2
= T.gzcosz +log sinz

S

= % = u{z cotz + log sinz}

du _ /sinz zcotx +log sinz
dx

Also, v =sin ! /T

dv 1 1 1
—_ = x = L B 1 4
dx \/1 (VZ) VT 2 /21 z) ( )

From (i), (ii) and (iif), we get

1

dy . .
— = (sinzff{zcotz+log sinz} + ——
& = (sinz)]*{ g } %

If y = cos™ {PL— i }, then find —g—x’i.
Q.20. X

Ans.



3z14vV 2 }

1
Here, y = cos { E

Let x= cosd = A= cos ! x
y=cos ' {32 4 £./1— cos?a}
y=cos ' {Zcosa + gsina}
Let %:coso smB:m_—_dl-z—!’s:%
Now, y:cos"'?cos B. cos a + sin 6. sin
y=cos '(cos (0-0)) =0-a

3 3
= y=cos';-cos'z [- cos@=:; = @=cos!

(5]

If y = cos™ ( = ), then find %

0.21 1+4%
Ans.
- - =¥ 2ra2
Given, ¥y = cos (—-———-—1 { (2:)2)

Let 2=tanQ = O =tan"' (2%)

2 tan )

-1
= COS
y (lltanza

=cos ! (sin2a)=cos ! (cos (5 — 2a)) =3 - 2«

1
= y=3 - 2tan’ (27)

dy 1 z  22%lg.2  2%llog 2
= dx—O 21;(2!)"10&32'2 a 14 1447

w|w



0.2, Find X if y=sin [zyT— 2~ T/1- 2.

ANsS.

Given, y=sin' [z3/1— z — /T /1 - Z%]
=sin1[1:\/1— (\/a—:jz— VZ/1- zZ]
= gy=sinlz-sinlyz [using sin Px-sin! y=sin" [2/1- y? - yv/1- z?]

Differentiating with respect to x, we get

& .. I 1 d
&« Vi ‘/1 i) dx(ﬁ)

Find %, if y= (cosz)* + (sinz)"/=.
Q.23.

Ans.



Given, y = (cos x)* + (sin x) Y

y=u+w where u = (cos x)*, v = (sin x) Ix
dy du dv .
PR e B (1)

Now u = (cos x)*
Taking log both sides, we get
log u = log (cos x)*
= log u = xlog (cos x)
Differentiating with respect to x, we get

1

%.% =— T.=sinz +log (cosz)
= %:u{log(cosz)— ztanz}

= (cos x)* jlog (cos x) ~ x tan x|



Again, v = (sin x) 1/
Taking log both sides, we get

logv = Llog (sinz)

Differentiating with respect to x, we get

1d _1 L cosz+log(sinz) (_Eli)

dv — cotz log (sin x)
dx z Z2

e
 (sinapie otz _ et}

x " du dv - L ;
Putting the value of = and 3 10 equation (i), we get

g‘i‘ = (coszJ*{log (cosz)— ztanz} + (sinz)"/* {co;z B log:;inz}

Q.24. Differentiate the following function with respect to

z:- f (z)=4an? (%)— tan (lzf;)

Ans.
1(1-=z 1 zi2 1(1-z 1 z|2
f(z)=tan (“z)—tan (1 2:):t"m (1;:.1)'“‘“ (1 2.::)
= (tan™! 1 - tan™! x) - (tan"! x + tan™! 2) ( tan! 2 b:tan‘a—tan‘b)
1tab

=tan' I -tan"' 2 -2tan"' x

Differentiating with respect to x, we get

Flo)— i

=

If x'3y = (x+ y)zo, then prove that % =.
Q.25.
OR



If x"y" = (x+ y)™"", then prove that % = %

Q.26. Differentiate with respect to x :
et zil
sin”! (232 )
1+(36)
Ans.
omr i1 (22032 Y s (2.9 _ s 28
Let 6"=tan® = B=tan"' (6%

g=sin! (2=0) =  y=sin!(sin20)

ANs.

1122 1
Let u—=tan! (T) and v = tan"! x

We have to find 42
dv

I

1
Now, u = tan ! (L)

let x=tan® = O=tan!x

o 1 | Viitan?d 1| 1 [seco 1] T e
u = tan [T = tan tan 8 = tan win 0

28
—tand [1oeom8 s8] _ a1 [1-eme] _pon1 | 293
cosf “sind an _




u:%tanlz

Differentiating both sides with respect to x, we get

du 1 3
& = 015 (1)

Also, v= tan ' x

dv. 1 =
= ol ll_:tz ...(II)
dv 2(1412) 1 2

Q.28.
Ans.
Given xsin (a+ y) +sinacos (a+y) =0

sina. cos {a}

X=-s8sina.cot (a+vy
sin (a{y) ( "-)

Differentiating with respect to y, we get

dx . 2 sin a
£ _ tsin a. a S
= 4 cosec” (a+y) e o

dy_sinz(aly)
dx  sina

If &+ ¢ = €77, th that <X 4 et - % = (.
.20 + en prove =S8 0

ANsS.

« 2
If xsin (a+y) +sin acos (a+y) zo,thenprovethat%:w

sina



Giveli, &+ =g ¥
Differentiating both sides with respect to x, we get
dy dy
T y & _ Ty 9
e +el.—=e {1+ =
= f+el. Y vy T = (Y — V)X — o= — W
dx dx dx

= (e’+e”—e")%:e“’—e’—ey [ €F +e¥ =e*'¥( given)]

z dy d e
= € “Ix —eY = & =
= %=—ey = = %+e” £=0

If x= ¢ 2 and y = ¢ 2 prove that & —— Y\%6%
Q.30. dx zlogy

ANs.



We have
X = 08 2t
Differentiating w.r.t. f, we get
dx _ cos2t s : . :
5 = €% (— 2sin2t) =2z sin 2t

sin 2¢

Again y=¢€
Differentiating w.r.t. ¢, we get

Y _ M2 959 — 2y cos 2t

dt
d B 2y cos 2t
S, W S,
Now, dx & = 2zsm%
)
. I M. vx= %2 = Jog x=cos 2t y=e" = log y=sin 2f]
dx  z sin 2 ["‘ gX= <L V= gy =: |
dx r logy

Hence proved.

Long Answer Questions-1-B (OIQ)

[4 Mark]

_ [ (= - 3)(=*+4) dy

AnNsS.



Given, y= \/ T 32214215

Taking log on both sides, we get
logy = 5/[log (z — 3)+log (z* +4) - log (3z® + 4z + 5)]

Differentiating both sides with respect to x, we get

dy 1 1 1 0 1
e [z 3+—22Mx2a: —hz‘ulsx(6z+4)]

a@ ¥ 1 {: 2z 6z 14
d&x 2 |z-3 z2 44 32 14z15

dy 1 (z - 3)(z2+4) 1, 22 x4
dx 2 322 44T 45 z—8 © Z2y44 322 14115

Q.2. Find the derivative of y with respect to x, where y = (x)s"* + (sin x)*.

ANs.

Given, y = (x)™"* + (sin x)* (1)
Let u=x"% and v = (sin X:)“, then (i) becomes y = u+ v

(i)

-

e
I
gle
ElE

=
First consider, u = x*"*
Taking log on both sides, we get log u = sin x. log x

Differentiating with respect to x, we get

=9

u : 1 du sin
= =cosz.logz +sinz. =2 = —u(cosmlogz+ = )

2 -

= % = (zJ™* [cosz(logz)+ =X ] ..(dfi)



Again consider, v = (sin x)*
Taking log on both sides, we get log v = x log sin x
Differentiating with respect to x, we get

1dv : 1 dv

s = llog sinz+z.—.cosz = = =v(log sinz+zcotz)

— = (sinz)*[log sinz + zcotz/ ca(1V)

From (i), (iii) and (iv), we get

&= (2o

0 Ify:[m+\/m",thenprovethat% = \/%

We have, y=/z+\/m]" == %:g;[{er\/m}"/
=n{z + /22 + a2} l%{x-k\/m [By chain rule]
—nfe+ a2t L {L(x)+ L /a7 ar)

-1
=n{z + /2 + a?}" ‘.{1+%(z2+a2)T.§;(a:2+a2)}

= 2 23— 21n -1
=n{z + /2% +a?} .{1+2 —— 2z}—n{z+\/:c +a?} {1+«/W}

=n{z+ /22 +a?}" 1{ I’“‘z”} Bk vl

Vz2ia? Vz?ra?
dy ny
= _— =
dx Vz2ia®
Q.4.

If y/22 + 1 =log (v/z2 + 1 — z), then show that (2 +1) +xy+1=0.

Ans.



Givenyy/z2 +1=log (/22 +1- z)

Differentiating with respect to x on both sides, we get

3 1 1 _
Y X 2‘/:? x2:r,+\/a: +1 7 =y ><(2\/$2'l 2% 1)

= - +\/a:2_+1 oy R

vatil 2/ - z)
= \/:ZYT+‘/“’2+1%= 22‘“
ki \/1:2—“% \/z:n— \/::;1
= \/:c +1—— ‘(/1%)

= ( +1)dx _(1+XY)
Hence, (22 + 1)% Fxy4-1=>1
Fmd :y= (sinz) + (cosz)"*.

Q.5.
ANs.



Given, y= (Sill X)"' + (COS X)lan X

Let u= (Sin X:)x and v= (COS X.)tan X

We have, y = u + v then

dy d dv 3
Now, u = (sin X)"'
Taking log on both sides, we get log u = x log sin x

Differentiating both sides, with respect to x, we have

1 du 1 3

T =%z x cosz + log sinzx

% =u(zcotz+ log sinz)
%:(sinz}’(mcotz+log sinz) (1)

Again, v= (cos x)"*
Taking log on both sides, we get
log v= tan x [log cos x|

Differentiating both sides with respect to x, we get



1 dv 1 . 2
3-q = tan TX o7 x (- sin z)+log cos T xsec”
2 2
= - tan” x + sec” x log cos x
% —v(sec’zlog cosz — tan’z)

fan x

= (cos x) (sec2 xlog cos x - tan® X) .. (1)

From (1) (ii) and (iii), we have

dy

+ = (sinz ) (zcotz +log sinz)+ (cosz )™ (sec® zlog cosz — tan’z)

Q.6.

If x € R~ [-1, 1] then prove that the derivative of sec”! x with respect to x is ﬁ ;

ANs.

Let y = sec”! x

Then, sec y = sec (sec”' x) = x

Differentiating both sides with respect to x, we have

d d
= Ssecy= E(m)

d dy
= d—y(secy)a =1

d : ;
= secytany% = [Usmg chain rule]
g L. R 1

dx  secytany  |secy||tany]
= ii_ — 1 _ 1 o 1
dx  jsec y ftan?y  |secylv/sec?y -1 |zlvE? 1



[If z1, then y € (0,7)

secy >0, tany > 0
— |secy|.|tany| =secytany
If z - 1, then
ye (3.m).. secy<0, tan y <0
= |secy|tany|

| = (—secy)(-tany)=secytany




