Exercise 6.8

Answer 1E.

Consider the following:

!iﬂ f(x)=0

lim g(x)=0

lim(x)=1

I:iﬂ plx)=e

!iﬂq (x)=c0
(@) Consider the limit IimM,

= g(x)

Need to determine whether the given limit is an indeterminate form or not.
Since !rlﬂ f(x)=0 and l'i_.m“r glx)=0.
Then

i (1) _Hm /()

2 g(x)  timo(x)

=— Indeterminate form

Therefore the given limit is an indeterminate form of type E
0

(b) Consider the imit lim f[x]'
E—bad p{_‘f}

Need to determine whether the given limit is an indeterminate form or not.

since lim f(x)=0 and lim p(x)=2=.

Then
. f(x) lim f(x)
lim =—
= p(x) limp(x)
= E Not indeterminate form
a0
=0

The given limit is not indeterminate.

Therefore the value of the given limit is 0.



(c) Consider the imit lim——— hx }

Need to determine whether the given limit is an indeterminate form or not.

Since limA(x)=1 and lim p(x)==.

Then
h(x) limh(x)
lim
=2 p(x) limp(x)
1 Not indeterminate form
[+ ]
=0

The given imit is not indeterminate.

Therefore the value of the given limit is 0.

(d) Consider the limit lim P(x)

.l'—"ﬂ‘ (I]
Need to determine whether the given limit is an indeterminate form or not.
Since lim p(x)=2 and lim f(x)=
Then
- p(x) Ilmp{x}
= f(x) lim f(x)

= % Not indeterminate form

The given limit is not indeterminate.

If the denominator approaches 0 from left, then lim—— F{ }
Tk f(.l')

And if the denominator approaches 0 from right then lim—— P{ ]

~fx)
Then !rl_l’ﬂ PL;

Therefore the value of the given limit is s0,—o0 or does not exist .

=00 OQr —o0,



(e) Consider the limit lim p(x)
e q(x)

Need to determine whether the given limit is an indeterminate form or not
since limg(x)= and lim p(x)=0o.
- —re
Then
p( _r) Ilm p(x]
x—+a q{x} Ilmq(x)

=— Indeterminate form

Therefore the given limit is an indeterminate form of type .
oD

Answer 2E.

(A) We have been given that im f(x)=0 and Lmp(x)=

Then lim [f(0p(x)]=0c indeterminate form

(B) Wehave been given that hm A(x)=1 and lim p(x) =100
Then Lim [h(x)p(x)]: lco=co

Answer 3E.

(C)  Wehave been given that lim p{x)=0 and limg(x)=c0
Then hLim [p(x) +q(x)]:m

Answer 4E.
(C) Wehave been given that im #(x)=1 and lim p(x)=c0

Then Tim[#(x)]" = 1° —indeterminate
-2

(D)  Wehave been given that m f(x)=0 and limp(x)=00
a2 I3

Then Tim[p(x)] =’ —Tnderminate form
—=>a

E) ‘We have been given that im p(x)=00 and limg(x)=co
Then lim[p(x)][™ =

&) ‘We have been given that lim p{x) = and lmg(x)=

Then E_Jﬂ[ﬂ%p(x:'] = E[P(I)]uﬂﬂ =od —>Indeterminate form

Answer 5E.

From the graph both f(x)and g(x)tend to zero when xtendsto2.

Then by I' Hospital's rule

PPAC A )

\:—)., g( 1—) r—»Z & (1—)
S)_, 18c-2)
_r—)Eg':r) x—2 E{ _2}




tf:;:_’ ';I :; xi_.;* (—[B},r applying L' Hospital's rule)
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Answer 6E.

From the graph both f(x) and g{x) tend to zero when xtends to 2.
Then by 1" Hospital’s rule,

L 7®_ I3
J:—}E g(x) x—}I g (I)
1.5(x—2)

—=2 2 x

(1 5)( ) (By applying 1" Hospital s Rule)

x—ﬂ (—])
=-15
Therefore | Zr 00 ——
I—}z g(x)
Answer 7E.
We have to find the himat
ﬁm‘:_l This is the form of 0/0
=1 " —x
First we ﬁa[:torize the denominator and numerator
i _ (x D{x+1)
131 Jr2 x Hl x(x 1)
i KD [x+])
=l x



Answer 8E.

Consider the limit

X +x-6
Im———
= x—-7
. ; X 4x-6 .
Need to find the limit of the function l]ﬂliz using L'Hospital's rule or any other
x—=l x—

elementary method which know. (might not even need to use L'Hospital's Rulel) Always iry to
factor first, if possible.
T 4+x-6

x—2

Let fOO)=

Factor the numerator of the above function
*+3)[x-2
o E#3)E=2)
-2
This reduces to _fiic)=x+3 (where x=2).
Thismeans thereisaholeat x=2_

So.as x—2. x+3—5. That means Lifﬂn(x+3)= 5.

Answer 9E.

Both functions x —2x°+1land x —ltend to zero as xtends to 1. Then using I
Hospital’s Rule
© -2z +1 3x —4x

Lt
=l =1 = 33
3—

_ 4
3
!
3
fore | s £28+1_ 1
—1 r -1 3
Answer 10E.

Both functions 6x°+5x—4and 4x° +16x—9tend to D as x —>% . Using 1" Hospital’s rule

6x +5x—4 7 12345
cldx +16x-9 . 18x+16
2 2
_ 645

4416
11
20
6x°+5x—-4 11
sl 4z’ +162-9 T 20

Therefore

Answer 12E.

Evaluate the following limit

. sindx
lim
=0 tan Sx

Let’s look at the imit of the numerator and denominator separately.

Notice that when x—=0. sindx—0 and tan5x — 0. This is the indeterminate form %

Because of this; you are allowed to use L'Hospital’s Rule to evaluate the limit.



Now simplified the quotient, let’s evaluate the limit.
Note thatas x—0, cosx—1

. dcosdx
Iim

——— =lim—cosdx- cos’ 5x
=0 55ec”9x =05

As x=0. cosdx—1 and cos’5x—1 -

. 4 3 4
Therefore, lim—cosdx-cos Sx=—.
x—+0 5

Because of L-Hospital's Rule, the limit of Sin4x as x—>0is i i
tan5x 5

Answer 13E.

Both functions ¢= —1—>0and sinf —0 ast —0
By using I’ Hospital’s rule,

s -1 I 264

x>0 sinz  x—0 cost
21
1
=2
h_
Therefore | Lt & =2
=0 gin f

Answer 14E.

Both functions x> —>0and 1—cosx —>0as x —0
By using I" Hospital's rule
= 2x

Lt = ff —
0 1-cosx rsnx

Again 2x > 0and sinx —0as x — 0then by’ Hospital’s rule,

I _2x - I 2
—0sinx 30 cosx
_2
1
=2

Therefore | L 3
=0 1—cosx

=2

Answer 15E.

Both functions 1-sin# —>0and 1+cos28 —0as & > xf2
Then using I’ Hospital's rule
l-sin8d —cos &
8ot 14cos 28 G—2=f2 —2sin 28
_ cos &
G—af2 23in 28
Again cos8 —0and sin28 —0as & = 7f2then by 1" Hospital s rule

Answer 17E.

Consider the following limit:

. Inx
Iim—

= J;

The objective is to evaluate the given limit.



Answer 18E.

Evaluate the following limit

. x+x
lim———

x| =2y

Let's look at the limit of the numerator and denominator separately.

Notice that when X =90, y4 «? o0 and |_2,? _y oo This is the indeterminate form 2
oD

Because of this; you are allowed to use L'Hospital's Rule to evaluate the imit

L-Hospital's Rule says:

_J®_ @
Take the derivative of the numerator, and then the derivative of the denominator. (Note: do
NOT use the quotient rule. Take the derivative of the numerator and denominator
independently )

Let f(x)=x+x" and g(x)=1-2x"-
Their respective derivatives are

S (x)=1+2x and g'(x)=—4x.
L-Hospital's Rule says:

'm& =lim —f'('ﬂ
b plx): =4 glx)

lim x+x _liml+2x
P |_2x2 - —4X
=—limi—lim£
I—»x 41 I—x 4‘1'
-1 2
4(x) 4
2
=0=-=
4
_ 2
4
el B
2
Thus. lim x+x’ _l
x| = 2x° 2
Answer 20E.

Both functions lnwf;—)[]and % —3c0as r—©
Then using I Hospital’s Rule,

1
hw'__ug"ﬂ
x—)en ¥ 3w
1, Y=
2x—w= 2x
1 1
=— It —
4 x—w x*
1
=={0
Lo
Therefore L‘.]IIJ;=0
13w 32




Answer 22E.

Both functions gr_5' sy and f 035 1 >0
Using I' Hospital's Rule
L, 8-5 _, 8855

= Lt
=0 =0 1
=In8-In3
=In(8/s)

8 -5

Therefore =

L= =n(/9)

Answer 24E.

Consider the following limit;
-
. e
lim—-

u—x "3

The objective is to evaluate the given limit.
o

As m
u—mw, e — =»

Y I =X

S0,

. ey'f“ €0
Ilm—_‘=—
w—x o0

u/

/1
The limit  jjpm £ _is an indeterminate form of type 2 s0 use L'Hospital’s Rule to evaluate
T gy oo

s
%o
Apply L'Hospital's Rule t0 iy e_s_

T gy

d| i
A ;[ N ]

lim—=lim————=
- "3' e d
']

.41,
du| 10

=lim =
s 3“'
1
= | d
wo, -
=|@M
y—x 3;.!3
& L)
= lim——10
u—m 3“
1
1 e
=—Ilim—;
30%+= y~
_CCI
_u:l

The limit ,. e
lim——

is an indeterminate form of type =, again use L'Hospital's Rule to evaluate
2 L+

L




Apply L'Hospital's Rule to e’

lim
e gy
1
. d e
g’ 1 ) du
lim =——Ilim
Ll | ml—lﬂ: d[ I
n i
1
: Lela'
= —lim12
600 === ]
1 L
=——Ilime"
6000 ==
1
_ e
1 .
= e
1
=— .
6000
=0
) e.'“
Therefore, 1‘-[‘1?=
Answer 25E.
e —1-x 0
hm—F—— —
10 %2 [0)
Using " Hospital's rule, we get:
d ¢y
. et-1-x E(E —l—x)
lim 5 =lim
=3l x 30 d
—(=)
dx
g" —1 0
=lim —
0 Dy 0

dy 2
2" -1 _(E _1)
hm— —=hm =
adx
. e
_<
2
_!
2

Thus [lm ————=—




Answer 26E.

Consider the limit

i sinhx—x
- S
Ewvaluate the limit by using L hospital's rule.
d . . Apply L hospital's rule
. sinhx-x . E(Smhx-x) v ’
lim =lim

lim imde———— | ()] 1)
< (%) L«|g(r}] La[g(r)]

If we apply the limit then we get g form.

= im0 1 so again use the rule

=0 3y ‘

Continuation to the above steps:

Now
d
{cosh:r—l}
IimCOSh'r I—Im Since i{mushr)=sin1'|.:r
=0 3yt -0 _[3 } d
.. 0
If we apply the limit then we get 0 form.
=limsmmr <50 again use the rule
0 ﬁx ,
lim f( ) lim f( )
X=bid g{x) I—)ﬂ' g(x}
Answer 27E.

L-Hospital's Rule says:
£
]_ S WS

P g

Take the derivative of the numerator, and then the derivative of the denominator. (Note: do
NOT use the quotient rule. Take the derivative of the numerator and denominator
independently)

Let f(x)=tanhx and g(x)=tanx
Their respective derivatives are  f'(x) =sech’x and g'(x)=sec’ x-

L-Hospital's Rule says: Ilm =lim—— fx)
b g{x} =t g'(x)
tanh x sech x
lim = lim

Answer 28E.

X—smmx

Consider lim
=0 r—tan x
When x=0,
x—sinx=0-s51n0
=0-0



x—smx ,. l-cosx

Hence lim =lim = (applyi.ng L'Hospital's mle)
=0 r—tanx *01-sec’x

Since f and g are differentiable and g'(x) # 0 on an open interval
I that contains a. Suppose that we have an indeterminate form of
0 o0 32 g(x) T3z g'(x)
sinx

=0 —2gecxsecxtan x

sin X
=0 [2 sec” x)sin x
= —lim 1

T30 Dgec® x
1

lim
= y—tan x

2
X—sinx __l
2

Answer 30E.

The numerator and denominator are

Inx—m as x > x>

X— a0 as x — %

That is the limit gets again the indeterminate form of =
od

From the L Hospital's rule,

d
{In_t]
21im ¥ = 2 fim
T ()
e

1 “)

i

Answer 31E.

Both functions 3" =2 0and 3*-1—0as x =0
Using 1" Hospitals Rules
3 s 3 In3+3
=0 31 x—=0 FIn3
041

" I3
1

"3
Iz = _ 1
—=03*-1 1n3

Therefore




Answer 32E.

Again using I-Hospital rule, we get

d ] )
E[—m sm mx+arsn mr]

. —msin mx+Asin X
111'% 2 =].1mi] d
2 (21)
- —m cosmx+n’ cos nx
" 20 2
_ —m cos04+n2cos 0
2
R
2
p— 2_
Thus iy COSPE—coSHX _ 7 w
x—=0 x’ 2
Answer 33E.
Evaluate the limit as shown below:
. x+sinx 0+sin(0)
lim =
=0 x+cosx  0+cos(0)
_0+0
0+1
_0
1
=0
Thus. Tim x+sinx _
0 Y+ COSX
Answer 34E.
].imi_lJr E
=0 tan (4:{) 0
Using 1" Hospital’s rule, we get
d
_ x _ —(®
Eﬂt T(a )zlxﬁ d
an x 1
—| t 4
o (4]
0 1 X4
(1+162%)
(1+162")
= -3 4
_ (1+16x0)
4
1
Thus  [lim —— = —
-0 tan (41) 4
Answer 35E.
. 1-x+lnx [0]
lim—— —
=1 14 cosax 0

Using 1" Hospital’s rule, we get

d

—(1—x+1
{(1-x+lnx)

. l-x+lnx .

lim =1

“hlrcosmx i(1+ COSATX)
dx

1

—14+—
=lim—m«3% E
=1 —zrsin X



Answer 36E.

Consider the following limit-
. x" -1
lim —
=0 Inx+x—1

The objective is to evaluate the limit

Let
x'=f
Inx*=Inf
xlnx=Inf

lim (In f) = lim xIn x

In(llmf = 11m xlnx

1_ l::‘nu
m f =e*
I!‘ f E
Consider,

lim xIn x

0"
So.

Inx

llm xlnx= llmT

X

Thus the above equation have an indeterminate form of type =
)

Answer 38E.

Consider the limit
e -t 2x

Im———

=0 x—sinx
Need to find the given limit using L'Hospital’s Rule or any elementary method.
Before evaluate our imit, note thatas x —=0. ¢ 3lande™ —1-
Let’s look at the limit of the numerator and denominator separately.
As x—0. &'—¢*-2x—(1-1-0)=0 and x—sinx —»0 - This is the indeferminate form

%. Because of this, you are allowed to use L'Hospital's Rule to evaluate the limit.

L'Hospital's Rule says

X . "o

im @ _ i I
gl g

Now take the derivative of the numerator and the derivative of the denominator. (Note: do not

use the quotient rule. Take the derivative of the numerator and denominator independently_)

Let f(x)=¢"- ¢ —2x and g(x)=x—sinx.
Their respective derivatives are

fe=e"- (—e“)— 2 and g'C)=1-cosx.
Apply L'Hospital's Rule are you get the following:

e —e-2x | &+ -
lim _ =l
= x—sinx =0 11— cosx




In the second application of L'Hospital's Rule, to get
fe=e"+¢*-2 and glx)=1-cosx.
Their respective derivatives are fi(x)=¢*—¢* and g'{(x)=sinx

Applying L'Hospital's Rule again gives us:

In the third application of L'Hospital's Rule, to get

fxX)=¢&"—¢*and gl)=snx.

Their respective derivatives are

fix)=e*+¢* and g'G)=cosx.

Applying L'Hospital's Rule again gives us:
- | &y’

lim=— =
=0 sinx =0 CosSX

Answer 39E.

Consider the limit

] >
cosx—l+—x
lim 2
Fe ] X
Need to find the given limit using L'Hospital's Rule or any other elementary method.

Before evaluate our limit note that, as x — 0. cosx—1.

First, let's look at the limit of the numerator and denominator (separately).

As x—=0. cosx—1+%x’ —1-14+0 and x* . Thisis the indelerminateform%_

Because of this, use LUHospital's Rule to evaluate the limit.

L'Hospital's Rule says

_fw L F®
lim L = il
Bt glo

Now take the derivative of the numerator and the derivative of the denominator. (Note- do not
use the quotient rule. Take the derivative of the numerator and denominator independently.)

Let f(o)= cosx—1+%xj and g()=x*.

So, their respective derivatives are
J'eo)=—smx+x and g'(x)=4x".
Apply L'Hospital's Rule and you will get:

cosx—1+ ¥

lim < =lim
0 X x—0

—-sinx+x
4x°

Evaluate this new limit. Look at the limit of the numerator and denominator individually.

As x>0, —sinx+x—0 and 4x* 5. This is the indeterminate form %so use

L'Hospital's Rule again. You can use L'Hospital's Rule as many times as you'd like, just as long

as you apply it to an indeterminate form (like % or E)_
o



In the second application of L'Hospital's Rule, let
JfG)=—smx+x and glx)= A3,

Their respective derivatives are
SF'G)=—cosx+1 and 2= 12x3.
Applying L'Hospital's Rule again will give you:

lim_Sime— 1im—oosx+1
P =0 12

Let’s evaluate this new limit. As x — 0, it follows that — cosx+1—0 and 12x® — - This

gives us the indeterminate form g again, so use L'Hospital’s Rule until arrive at a limit.

In the third application of L'Hospital’s Rule,
Let f(x)=-cosx+1 and E(x0)= 122
Their respeciive derivatives are
f'e)=—(-sinx) and g'G)=24x.
Applying L'Hospital's Rule again will give you:

lim—cosx+1_ imsimr:
= 12x° 20 24x

Let’s evaluate this new imit. As x — 0, it follows that sinxy — 0 and 24x — 0. This gives us

the indeterminate form % again, so use L'Hospital’s Rule until arrive at a limit.

In the fourth application of L'Hospital's Rule,
Let fGx)=sinx and g(x)=24x.
Their respective derivatives are  f'(x)= cosx and g'C)=24.
Applying L'Hospital's Rule again will give you:
smx COSX

lim > = im 22
0 24x 0 24

Let's evaluate this new imit. As x — 0., it follows that cosx—1 and 24 — 24 _ That means
. ecosx 1

lim——=—.

ash 24 24

From multiple applications of L'Hospital's Rule, finally arrived at the limit:

1
cosx—1+—x* 1
lim E -
4
a0 x 24

Answer 40E.
img src="https://c1.staticflickr.com/1/693/32270700242_8d365938e5_0.png” width="622" height="564" alt="stewart-

calculus-7e-solutions-Chapter-6.8-Inverse-Functions-40E">
Answer 41E.

Consider the limit lim xsin[fj_

e X

As x =0, E_}{]. S0 sin[i)—)ﬂ
x X
The limit is indeterminate form of type op-0

rHospital's rule cannot apply here.



Rewrite the expression as a quotient.

- [E)
51| —
. E . x
lim xsin [—) =lim——=
I X = 1

X

As x— o0, f_;()_so sin(i]—)ﬂ and l_;u_
X X X

The limit is indeterminate form of type %

I'Hospital's rule can apply here.

Apply 'Hospital's rule:

lim xsin [£)= fim

e x

. T
= llm}l'Cl}S[—]

= T

As x —» o0, E-}{],SD m(i]—bl
x x

So, Iimxsin[%]:x{l)

=%

=x
s Z Fi 4
Therefore lim xsin [—] =[]
=% x
Answer 42E.

Consider the limit

J; 2

Jx—® as x>

Li
X—0
e 3¢ 50as x> ®
J_;e“'z = D-m{inder.erminale form }

Lt
X

We can deal with it by writing the product ,[xe~%2 as a quotient

J;—}*IJ as x—»oo

et e 5w as x> o

Lt £’: — E[irmin:ten‘ninme form )
x0g” ®



From I Hospital's rules gives

Lt Jxe ™ = Lt £

=

X3 x—m gt s

:“124’}

e |

E.t]
2
1/~
2

- L

o N L

= Lt

o gt

Jxromo as xow
e’ 3" 5w as x> w®
-Jr;-e‘:—}uc

Lt ——I—_}—}l—rﬂ
oo fr.e"? w

Therefore | Lt J;e" =0
X—»a

Answer 43E.

]imn cot 2xsin bx

. smnbx (U]
=lim —
0 {an 2x 0
Using I” Hospital’s rule, we get:-
sin 61 i(sin 6x)
him =hm
tanlx 0 i[tan 2x)
dx
- lim 6 [:oi bx
=0 Dzec” 2x
_ bcos0
2sec 0
=3
Answer 44E.

Wehave toevaluate lm sinx lnx
0t

This is the form of (0.(—c0))

For making it as of indeterminate form (cofco), we rewrite the given limit as

lim sinx lnx=lm

-0t 0t (1.-" sin x)

= lim

=0 csox

How this 15 the form of [—m.-"m)



Applying L-Hospital rule

d
. Inx .. E(]n %)
fim —lim dx °
=0 esex =0 i(-::s-:: x)
ax

) (1.-' x)
=lm —*f _
0" (— csc xcot x)

— lim (lfx)

0" (_ 1 1 )
sinx tanx

. sinxtanx
=lim —— —
I—)ﬂ"‘ —-x

(-t 22 i 5
=0t ot
=(—1)(ljm tanx) Since lim —oX_1
0 r=0 xr
={-1){tan 0)=0 irect substitution
(-1)(tan 0) [D ]
Thus lim sinx lnx=0
0t

Answer 45E.

Consider the expression

limx'e™

e
Then we can rewrite as
3

. — . X
limx'e™ =lim—

x”
Xe=p s
e

3

8§18 w8

L’ Hospital's Rule:

Suppose fand g are differentiable and g’(x) = Onear a (expect possibly at ). Suppose that

Ijmf(:):[land ]'img(_l':l=00‘l‘l]'lﬂl ljmf{:r]:imand l'img(:r}zim

(In other words, we have an indeterminate form of type %m x
od

Then lim I(IJ =lim ft(x]

2L if the limit on the right side exists (or IS w0r o)
=l g{_r) s g (_r)

Using L Hospital's Rule, we get

fo =l

e 0
= (o)

e:’

= lim—%

== = d g .y Usethe Chain Rule
et —(+%)
dx

= limj—r~ Simplify.
P 2er



Since Iim3—x. = E, again using L’ Hospital's Rule, we get
o

Tl

R S

et .S (x

i 3
=lim—2 (<) Use the Chain Rule
dx

=lim————
= 2e" -(2x)

=lim 3 — Simplify.
= dxe”

Continuing the previous steps:

limx'e™ == llm;
T 4 xom xel‘
=£-[1im1J[liml.]
4 e 3 l—ru:e'—
=£v{0)[limi,] Since liml=0.
4 l—hﬂer =y
=0

Therefore. limxe™ =[0]
E o

Answer 46E.
L'Hospital's rule:
Suppose f and gare differentiable and g’(x)+ 0on an open interval J that contain a.
Suppose that lim f(x)=0 and limg(x)=0
T X

Or that

lim f(x)=%% and limg(x)=1x
Then

IimM = Iim@
If the limit on the right side exists.

Consider the imit, limx mn(l]

=T X

Rewrite as the above imit is,




Applying L'Hospital's rule:

wll)  d!)

~ )Tl

(2
= sec?(0)
=1

Therefore, |lim x tan {1] =1

kT X

Answer 47E.

We have to evaluate limIn xtaﬂ_[E)
T 2

This 15 the form of[(]-m), 50 we rewrite this hmit as
lim In xtan i =]imL
T 2 T cot (:rxf 2)

Now this the indeterminate form of (U.-‘U)

Applying L-Hospital rule
. Inx & 1ix
lim = 5
==I' cot (7!';[.-' 2) =T — (ﬂ'f 2) CsC (J'r;n’ 2)
171
= irect substitution
—(7i2)csc? (7f2) o ]
L 2
Fil
Answer 48E.
i o Lt cosx-seclx
Consider the limit e
{3
Consider the function
COSX-SeCSx =Ccosx- or -secSx

cosSx Secx

The given function can be expressed as function of cosine or secant function

Use cosine form of function

COSX-SEC3x =Cosx-
cosSx

As x—r% . cos.r—bcos%—)[] and OOGSJ—H:(}SS—E—J\U

0. i F s
—}E[mtcm'lmale form ) as x— 3

cosSx



By using L' Hospital rule

. . COSX
lim cosx-secSx= lim
s xsx C085x
2 2
—sinx

= lim ——
.y —5sin5x

2

“550)

5
Use secant form of a function
secsx
cosx-secSx=
secxy

T Sx
As _1-_,5 . secx—mec;—)-m and SECSI—}SQCT—)C\'J
2

secSx

@ i s
— —(interminate form ) as x ——
o0

secx 2

So L Hospital rule gives

In this case we get again indeterminate form second application of L Hospital rule gives

;; SsecSx-anSx . sinSx-cos’x
- - 25y.sinx
x—b[i] secxtanx r—)[f] cos
2 2
-5 It cos x(sin 5x-cosx)
- 1 cos5x(cos5x-sinx)
o z]
5 I cos x(2sin5x-cosx)
N . 5]-c:u:u-;S:r(Zm:-esS:r-sin:r)
2
_s I cos x(sin 6x +sin 4x)

xa[f]' cos 5x(sin 6x —sin 4x)

-

s Lt 2cosxsinb6x+ 2sindxcosx
x—)[f]_ 2sinbxcos3x—2cos3xsindx

-5 I sin 7.x +sin 5x +sin Sx +sin 3x
=y sinllx+sinx—sin9x+sinx
H[_]

2

In this case we get again indeterminate form (%] second application of L' Hospital rule gives

sin 7x +sin 5x +sin 5x +sin 3x _ TcosTx+5cosSx+5cos5x+3cos3x
= sinllx+sinx—sin9x+sinx =y llcosllx+cosx—9cos9x+cosx
{3 {3

2

5

—7%sin7x—5%sin5x — 5% sin 5x— 3% sin3x

=5 Li
x-[f]_ ~11%sin11x—sinx+9 sin9x —sin ¥

5 =77 (-1)=-5(1)-5%(1)-3%(-1)
—113(=1)-1+9(1)-1

SO




Answer 49E.

Consider the limit Iim(L - L]
=\ x—1 Inx

As vy 1. ﬁ—)m and L 8

xr= Inx
The limit is indeterminate of type o —o0

I'Hospital's rule cannot apply here.

Rewrite the expression as a quotient.

; ( x 1 ] .| xInx—x+1

lim| — - — | =lim| ——

=ilx=1 Inx) =i| (x=1)inx
As x> 1. xInx—x+1->02nd (x-1)lnx—>0.

The limit is indeterminate of type g

I'Hospital's rule can apply here.
Apply FHospital's rule:

(L_L]= . %{xlnx—.\w]}

o %[(I—l)ll’l .l']

x
“+Inx-1
=limZ ;
=l X =—
——+lnx
X
X Inx
=lim 7
sl X =—
——+Inx
X

As x—>1. Inx—0 and 'r—_1+ln.r->l[l.
X

The limit is indeterminate of type g

Again apply FHospitals rule.
Apply FHospital's rule:

1
lim ———]zlim+
=ilx=1 Inx) = x—(x-1) 1
I i
x x
1
=|ij
1 x+1
x
x

=lim——
=i x+1

8

Answer 50E.

ljﬂ(cscx— -::otx) (m—m)




Using L Hospital’s rule, we get:-
. fl-coesx} .. i[l—cosx)
lim - =lim
0 sinx =0 i(m x)
dx

5in X

=lm
0 oo x

=lmtan x
=0

=0
Thus [hm (t:s-:: x—cot x)= 0
-

Answer 51E.

'8

Consider [ (l_ ! ]: It e-l-x
—ith\x &°-1) =0t kx(e"—l)

i x
-1
= L £ (because using I' Hospital’s rule)
-0t xe® +e* -1

'8 &=

= Lt | ———— | (again using I' Hospatals rule)
=0+ xe” +e* +e’

2
Therefore | L [l— ! ]: l
—{F 2

Answer 52E.

Consider the limit Iim(cut x— l] :
=il X

1
As x 30.cotx > and — 5w
X

The limit is indeterminate form of type oo —o0

FHospital's rule cannot apply here.

Rewrite the expression as a quotient

e85

[ xcos(x)—sin {x}]

xsin {r}

=lim
=+l
As y 0. xcos(x)-sin(x)—>0 and xsin(x)—>0

The limit is indeterminate form of type g

I'Hospital's rule can apply here.



Apply I'Hospital's rule:

oL S oot

x) =0 _tcos{,\') +sin (1]

_ lim[ —xsin (x} ]
=+0| xcos(x)+sin(x)

As x 0. —xsin(x) =0 and xcos(x)+sin(x)—0

The limit is indeterminate of type %

So, again 'Hospital apply here.

Apply 'Hospital's rule:

'.L’E!(“"” _ l] a lim[ ~[xcos(x) +sin(x)] ]

x) =| —xsinx+cosx+cos(x)
=[ ~[0cos(0)+sin(0)] J
~(0)sin(0)+2cos(0)

_-(0-9)
T 042
=0

Therefore, Iim[cot x- l] =[o]
e x

Answer 53E.

We have to evaluate I.im(x—]nx) .

We observe thatas = —>cox — o and lnx —»co. Therefore this 1s in the
indeterminate form {eo—co). Now we have to reduce the given limit into the

indeterminate form [EJ and then we apply 'Hospital’ Rule.
co

How,
Lim (x—ln x) = Limx[l— E)
= I x

= I.imx.[.im[l—E]

= = x
1
= Limx. [1—1;:'»:—“ x] M
F s ] I x

First we evaluate LIME . Clearly as 2 —mz Sowandlnz S

I I

which is of the E So we use "Hospital's Rule.

[4 4]
d
—(lnx)
Therefore Lim X = LimdZ
I x 3o i(x)
dx
_ ¥z
o 1
=.|‘_'.iml
- x

=0.



Therefore from (1)

In
Lim(x-In x)=ﬁmx.[1—ﬁm—x]
I—m I—m o x
= Limx [1-0]
=limx
=00
This 15 not in the indeterminate form.

Hence

Lim (x—Inx)=co|.

Answer 54E.

- ?_1
Consider xf.tﬂ+[]-ﬂ(x? —1)_11‘ (xj _1) - ,E‘fﬁh [; —J

(x—l) (xﬁ +rR A 4r A +x+1)
B x—*

(x=1) (x‘ +x+x +x+1)

- AP+ 1+
PR e I |

Therefore x{.fﬂ+[1n(x?—l)—]n(xs—1)]:]1:1('}',"5)

Answer 55E.

We have 1% =g¥ib*
Using 1 "Hospitals rule
Inx
Lt Jxlnx= Lt ——
—0r x—)l]*l!—q'f;
= Lt 1]"&
=07 2 =n
2
_n 32
R
a—rt x
= Lt -2
—rt
=0

Therefore Xt x% = Iz ¢¥R*
—0* =0
=gﬂ

=1
Therefore | £t % =1
x—0




Answer 56E.

Consider the limit lim (tan2x)"
=+l

[
26 g

Recollect the LU'Hospital’s Rule: LIEE

To evaluate the limit, take

y=(tan2x)’
Then

In y =In(tan2x)’

In y = xIn(tan2x) Use In(x")=r-Inx

In(tan 2x)

= lim -

x—ll" x
_ii In(tan 2x) I

T As x 50°. ——s and In(tan2x)— -0
X

X

ao
a0

MNow use L'Hospital's Rule to evaluate the limit.

fin (029 _ (In(tan22))

-0 l -0 1
: (5
X

Let F()=In(tan2x) and g(x)=x'.

r

1
Joo= tm?x(s:ec2 2x)-2

cos2x( 1 J _ d 1 du
=2 —— | usechainrule = (lnu)=—""
sin 2x \ cos® 2x dr{ nu) u

_ 2

 sin2xcos2x

And g'(x}:—_r_z Use %(_“"):mn'l

Now,
2
In(tan2x -
lim ( - ) = lim S0 Z.rcgs 2x
x—l" X x—+0" —lx =
. 2 1
= lim — —
=0 gin 2xcos2x —x°
) -2x°
= lim ——
0" gin 2xcos 2x
. -2x° 2
= lim ———=
0" gin2xcos2x 2

. [ —4x
Zh“"_{ — ]‘”*Sx—:-(}'- —4x* >0 2nd sindx -0
0" | gindx

0
0



Again use L'Hospital's Rule to evaluate the limit.

2 4)
fim—¥*_ = im (++7)
=0 sindy oo (sin 4.'r)'

Let f(x)=—4x" and g(x)=sindx.
F)=-8x Use ()=
And

£'(x)=4cos4x Since di(Siﬂ.t) =COSX
X

Now,

(4 ) —8x
lim -=
= (Sin 4.\') 4cosdx

-2x
cosdx

0
=7 AS x5 0°. -2x—>0and cosdx—1

=0

Thus limIny=0.
—y

i limlny=0
Since am ¥ . then
Em (s )
e =g

lim ™" =1
x—all”
Iimy=1
t—uﬂ')

lim (tan 2x)" = 1] Back substitute y = (tan 2x)"

Answer S7E.
We have to evaluate ]imi] (1— 21)]"
Let y=(1-20)"

Then l.nyzlln(l—Zx)
x

Taking limit
) . In (1— 2x)
lim (10 y)= m ———=
Applying L-Hospatal rule
—2
ln(1-2x) &
lim ( I) =lim 1-2x
-0 T =0 1
=lim ( 2 ) =-2
=0l 1-2x
Thus 1115 (]n y) =-2
Then e‘]‘-“(h") =g
Or ]in%eu") =g
Or ].itli] y= &

Therefore,  [lim (1-2x) =&
=

[Direct substitution)]



Answer 58E.

Consider the following limit:

a [
Iim[l +—]
. St x

Write,

sl

To evaluate the limit lim ¥, take natural log both sides:
e

|ny=1u|n[|+3] (1)
X

Now, apply limits to (1):
bl.n(l +.m'.t}

lim(In y)=1li
lim(In)=lim =1

Apply the imit and it gives a %form_ so, apply L-Hospital rule:

b
———(-a/x
“mbln(Hafx):]im (I+a!x)( )

T l_f"r T—x (_l{xz)
—lim—2
== (l+a/x)

Now, apply the limit

ab
(1+0)

m(1n )=

Thus,
lim(ln y)=ab
Use exponential function:
llm | In v
o) g
lime'™" =¢*
-
lim y = &*

Therefore the answer is:

lim(l+5]k e

T x

Answer 59E.

SR I
We have g% =gb*
By L’ Hospials rule,
e Lgnee 1 ¥E
=+ 1—x =i+ -1
=-1

T sl =1+




Answer 60E.

We have to evaluate  lim x MR

T

Let 3= D)
Taking In on both sides

In2
y= mln (x)

Taking limits:

lim (In y7) zlﬂ,% [Form of oofeo]
Applying L-Hospital's rule:

lim (ln 2) [ln x) f]jm (ln 2)(1.-‘ x)

e (1+lnx) == (1/x)

=lm (ln 2)
= (1a2)
Thus lim (ln y) =1n 2
Then lim &7 =™
Or limy =2
Therefore,
lim J|.rﬂ'ﬂmm':II =2
Answer 61E.

Evaluate the limit using L Hospital's rule: limx"~

X=rx

1
If we apply the limit directly, we get i xV'* = o= Which is an undefined form. But the L

=4

Hospital's rule works only for the undetermined forms of the type E and E_ So before
0

o0
applying the L Hospital's rule we need to rewrite the function in such way that it should be of an
0

undefined form of the type — or E_
0 a0

Rewrite the given function as

1

- _ nxx In

x* =™  Usethe formula: a=¢""
Inx

=g x Use the formula: lna” =nlna

Now write the given limit as

Inx
- Vx _ 4 v
lmx " =lme
XK= X =l
fi B2 (g im ()
=ern X Use the rule: lim /') = gx—a

X=bdl

. In
If we apply the limit to the exponent in the above function  lim e we get E_
gx—»x x o0

Hence the L Hospitals rule can be applied to the exponent.



According to this rule:

If the limit on the right hand side exists.

If it does not exist, then we write that lim Sx } = lim () provided that the right hand side
o= g(x) xo=g"(x)

exist, suppose if it doesn't exist then we look forward to third derivative of both numerator and

denominator in the function, this process will be continued until the limit of the right hand side

exist.

Now apply the L Hospital's rule to the exponent.

fim X _ i (1) Apply the rule: im? ) _ jim /(%)
I—+x x’ I—+x { } I=+x g(x] I—+K g {.r)
1
=lim< Use the formulae: i|':|11.\'}:l and i(:c‘):]_
=3 dx x dx
1
= % Apply the limit, that is substitute = for r.
=E Since L='I]'
1 a0
=0

Continue the second step,

Inx

) I
limx " =lime *
X—m X

lim X

=grm X Use the rule: llme’q }-

X—ra

lim _r[x}

. . Inx
=g Since lhm —=0
x=paz X

Therefore limx"* =[1]

=+

Answer 62E.

‘We have to evaluate llm (e' +x)
Let (e' )

Then ]ny:l].n 2 +x)
x

Taking himit
]n(e'+x)
limlny=lm| — [Form ofcofoo]
3w o x

Applying L-Hospital’s rule.
1
x(e' +1)

o o 1

=1im 2 +1 [Fon:n of E]
co

T
eel - x



Again applying L-Hospital’s rule

T F-3 z
lim & 12 i © [me of E]
A SR | @
Again applying L-Hospaital rule:
r B T
lim—=lim 2 =1
megt 4] Toewg
Thus ljﬂ]ny:l
Then lime™ =¢'
ox =
So, lim (e' +Jr)”x =g

Answer 63E.
Consider the limit lim (4x+1)™".
r—all”
Consider y =(4x+ ])‘“'.
Apply logarithm on both sides.
Iny=In(4x+1)™"
Iny=cotxln(4x+1) (Since Ina" =mIna)

Iimlny=Hh txln(4x+1
lim In y = lim cot x (4x+1)

AS y 50" cotx—>.and In(4x+1)—>0
The limit is indeterminate form of type a0-0
I'Hospital's rule cannot apply here.
Rewrite the expression as a quotient.
) . In(4x+1

lim In y = lim g

x—l" =" tany
As x 50" tanx—0.2nd In(4x+1)—0

The limit is indeterminate form of type %

IHospital's rule can apply here.

Apply FHospital's rule:

1 d
— 4:r+l)
4
s i L
0" -0 Sec” X
4
o (4.r‘+|]
0" SeeT Y
.
_(3(0)+1)
- sec’(0)
4
i
1
=4

Therefore, liminy=4_
=+l



liminy=4 =
To find hm y=4 Usethefact y=¢"

= colx -
Fp(axsl) ™ =Fpy
= lim ™"
0"

Therefore  lim (4x+1)™" =[¢]

Answer 64E.

Consider the limit Iim(2 - x]"['z_l]

==l
Consider j, _ (2 _x)'-[?]
Apply logarithm on both sides.
Iny= ln{Z—x}-{%]
Iny= tan[%)lnﬂ—x) (Since Ina” =mina)

Iimlny:]xi_r:ll[!an(%]ln{l-x}]

x=sl

As x 1. tan(%]—}m. and In(Z—x}—)D.

The limit is indeterminate form of type o«-0

I'Hospital's rule cannot apply here.

Rewrite the expression as a quotient

lim1n y = lim In(2-x)
(%)

As y 1. cot %]—)0. and In(?.—x}—)l].
.

The imit is indeterminate form of type g

I'Hospital's rule can apply here.

Apply Hospital's rule:
1 d
a0
limIn lim (Z—x}dx( "')
1 =11
i z[mr] d {x.r)
_m — .

x=s]
2 Jdx\ 2

-1

—tig— 222 2
e
1

=_(2(—ll ]z
esc’ =) }*
2

ait
T

. 2
Therefore limlny=—
T

=l



To find |'ﬂ1_|n,r:4_Use the fact y=¢™

[ =x
- ] — -
lim(2-x) 2/ =lim y
sl r—il"
= lim &
r=#l"

2

=|e*

Therefore . (-2) =
r—sl

Answer 65E.

We have to evaluate hm [cos Jr)m1
0t

Let ¥= (-::os x)m!
Then ]ny:lnln(cosx)
x
Taking it
In
lim (In y) = lim y [Farm %]
Applying L-Hospital's rule:
fim In (C(;S x) f fm (1/cosx)x{—sinx)
0t x 0 2x
g 1B %) 0
= ;l-altg*T Form of E
Again using L-Hospital s rule:
—tan H _ 2
hm ( 5) = lim = %
0™ *r =0+ 2
o2
_ —sec 0 —_1/2
2
Thus we have
11_511]11 y) =—1/2
Then lim &™) = gV
=0t
or =
Therefore,
. iy -z
lﬂ(cosx) =g = 1:"1,}'9_
Answer 66E.
x4+l
We have to evaluate lim (2;-3]
ol 2x4+5
2x-3)"
Let =
u [2x+5)

2x—3
The In y={2x+1)In
! r=( )[21+5)



Taking limit

[2x—3]
. 2x+5 . 1n(2x-3)—-1a(2x+3) 0
it =5 b
we 1/(2x+1)  we  12x+1) form of
Applying L- Hospital’s rule:

— — F-3 — T
i B2 =3)-lnQx+5) B, 242x-3)- 2/Q2x+9)
e 12z +1) e —2f(2x+1)

limlny =

. [2(2x+5)-2(2x- 3] 2x+1)°
o —2(2x—3(2x+9)
i [4x+10-4x+6)]2x+1)°
o —2(2x—3)(2x45)

im 16(2x+1)*

e —2(2x—3)(2x+5)

16x*(2+1/x)*

=hm

e 22 (2-3/ D245/ x)
o 16(2+1/x)*

e 223/ D(2+5/ %)
16(2+0° 64

—2(2-0)(2+0) -8

Thus we have limlny=-8

Then limy=g"
2x#
Or ].im[zx_B) =g*
—=o\ 2x+5

Answer 67E.

Use CAS, sketch the graph of the function and then evaluate lim[l .;.3] _

T—x X

¥=6.39

From the above graph if x tends to infinity, then the graph reaches the value approximately
6.39.

Therefore Hm[”E] =|6.39
=R x



x
Consider the limit of the function [jm [1 + E)

I=E x

x
Use Hospital's Rule to evaluate Iim[l +E) :

I—®x .I
2
As xo o l+=—=1+0=1
X

This limit is of the Indeterminate Form =.

So L'Hospital’s rule cannot use here.

Take the natural log of both sides and then evaluate the limit.

my=mp+§y

lny=x|n[t+3J (Since log, x” =rlog, x)
X
limln y = Iimxl.n(] +E] Apply limit on both sides
= P e T n .I
ln(l+3]
limln y = |im+
x
0
0

MNow, L'Hospital's rule can use here.

Apply the L'Hospitals rule.

Iimlny=limM
-

dr| x



To find the limit of ¥ . use the fact that y ="

: 2 .
Ilm[l+—] =lim y
T X I

= lim ™

=

- >
=lime”

T=pI

Therefore Ijm[].sz =|7.39

T=px x
Answer 68E.
Use CAS, sketch the graph of the function and then estimate the value of |jm > -4 :
J—"‘U‘ 3!’_2.‘!
1 F I:‘q
0.1
X
2 1.5 1 0.5 0l 0.5 1 1.5 2

From the above graph values of x tends to 0, then the function value reaches to 0.55



Consider the limit of the function fim >~
:_w 3'_2:

Use L'Hospital's Rule to evaluate |jm 3 -4 .
.1—0-0 3]-21

As x=0,5-4">1-1=0
Andas y—03-2"—=1-1=0

This imit is of the Indeterminate Form %

So, LU'Hospital's Rule can use here.

Apply the L'Hospital's rule.

5'In5-4"In4
=lim —————
3% In3-2"In2
_5"In5-4"In4
3*In3-2"In2
_(1-In5)—(1-In4)
(1-In3)—(1-In2)

_In5-In4
In3-In2

=l"[_§] Since In| = | =In(a)~In(b)
T (smslghnerso)

2
In(1.25)
" In(15)
=0.55
Therefore im -4 =|0.55
1_-0 31 _21
Answer 69E.
‘We have f(x)ze'—l, g(x)=x3+4x
Then Fx)=¢", g'(x)=32"+4

G gy )
z(x) g'(x)

On the same set of axis near x =0

‘We see that these ratios have same limit as x — 0 so this verifies 1" Hospitals

Now we skeich the curves y =

rule (which 15 0.23).
QMT
Eroral
y=fixgix)
LE o <0023 3 0CE L] -n-n::

Fig1



HMow we calculate the lim f (x)

=0 g(x)
By L- hospitals rule
i I
—0 g(x) z— f24 (x)
— -m E:
=037 + 4
0+4
!
4
5o fmd_1
=0 g(x) 4
Answer 70E.

We have f(x:]= 2xsinx and g(x:]=5t:t:x—1
Then f'(x)=2(xcosx+sinx) and g'(x)=secxtanx
S (x) f'(x)

and y=
gm0 gl)

On the same set of axis near x =10

How we skeich the curve y=

We see that these ratios have same hrmit as x — 0
So this werifies L-hospital rule (which is= 4)

4 DOD0S
somef—.
= fix)gix}
209300

1 89585
1 89550

ET o

20070 rﬁ]—"ﬂ'ﬁi
100865
3 89S0
1599555

1 89e50

Fig.1

HNow we calculate the limat
. f(x)
Hel)

By L-Hospital rule
. f(x)_ . f(x)
hm—— =lm
Sig(x) =0 g(s)

2(xc:osx+sin x)

=h
'-% (se-:: xtan x)



Bmthjsisagainintheformof% 50 again we use L-Hospital rule

5 d .
. 2(xcosx+sinx) . E(xcosx+smx)
m =
=0 (sec xtan x) =0 i (secx tan x)
dx
. 2(—xsin x+cosxtcos x)
=hm 5
=0 (SE:[:I_SE:[: x+st:cxtanxtanx)
_ 2(2[:051— xsin x)
=0 (5303x+sec xtan® x)
B 2(2x1—0)
- (1+0)
=2(2)
Answer 71E.
‘We have to prove that lim%zm
Left hand side = lim —— (3)
3w x* o

Using L — hospitals rule, we get:-

d s

g E E(e )

lr*x__]:ﬂi(x.)
dx

aal &)
e =)

gl’

lim—=c0  Hence proved
T30 gl

Answer 72E.
. Inx
We have to find ll.m? forp=0

This is the form ofE 5o we can use L — hospital rule
o

Answer 73E.
lim d — . & _ . £ fUE
s e l:m,_,,,—gm l;m,_,_,,—g.m lim___, Y
using this in the case of the given function, we get lim, _, = lim, _, »




SECX

Li
,4,[;;]_ tan x

Using 1" Hospitals rule,

Given

SEC X secrtan x
Lt = It - 2 _
;_)[E} tan x x_)[E} sec” x
2 2
tan x

= Lf . Still 1n the indeterminate.
I_)[ii} SEC X

Ewen on applying L Hospitals rule, for every time we get an indeterminate form.

Now consider,
£ SEEE 1fcosx
x—)[%} tanx I_)[;} sin xfcosx
= It lfsinx
£
1
" sin7f2
_1
1
=1
| op os=EE
oy
Answer 75E.

We have yzf(x)zm_'
(1) Domain =R

) ¥ —intercept 1s 0
[=y=0]
And z—intercept is 0 [m"’ =o:>x=o]

B f-xD)=—ze"V =z 2 f(X) = f(x)
So there 15 no symmetry

@) lim e = lim —

I—»w I—»w e:
Using L-hospital rule

F:
tim =~ Zlim L= 0
x—)ﬂe Hng

So horizontal asymptote 1s y=10
There 15 no vertical asymptote

()] F(x)==" s0 f'(x)z%(m_')
Then f'(x)=¢ -z [B¥ product and chain rule]
Or FD=(-x)"
F(x)=0 when 1-x=0 or x=1
Since f'(x) >0 when x <1
So f(x)is increasing on (—0,1)
And #'(x) <0 when z>1
So f(x)is decreasing on (1 c0)



(6)
7(x) bas local maximum f£{1)=>

&

)] F(x=01-x)"
Then f*(x)=({1-x)(-1)e"+& " (-1) [Byproductrule]
= (x—l—l)e_'
=(x—2)e_'

F(x)=0 when x—2=0 orx=2
Since j'(x:]}ﬂ when x> 2

And j'(x) <0 when x <2

So f(x) is concave upward on (2,c0)
And downward on (—m 2)

Inflection point 15 (2, 294)




Answer 76E.

Consider the curve,

_lnx

2
X

Let f(x)= %
(a)
Domain:

The domain of the function is the set of values of x for which £ (x)defined.

The domain is {x|x* # 0} ={x|x =0}

=|R-{0}
(b)
Intercepts:
The x-intercepts are values obtained by substituting y=0.
It f(x)=0thatis.

m:zﬂ

x
Inx=0
x=¢
x=1
Sothe x—interceptis y=1.
The y-intercepts are values obtained by substituting x =0 -

f(03=¥

= does not exist

So the v-intercept does not exist.

(c)
Symmetry:
Consider,
. =1n(—x
1=
=]n(:x)
x°
# f(x)
And
(=)
7975
zlﬂ(:-‘]l
o
-1 ()

Since f(-x)=—j(x) so the function is an odd function.



(d)
Asymptotes:
Vertical Asymptote is the x-value at which the function is undefined.

since the function f(x) = %is undefined at y = (.
Therefore the vertical asympiote is [x = 0]-

Horizontal Asymptote is the value the function cannot take.

Since f(x)-—»o as x>, so there is no horizontal asymptote.

(e)
Intervals of increase or decrease:

The intervals of increase and decrease are determined by the critical points of the function.
The critical points of the function occur when the derivative of the function equals zero.

Find the derivative of the function f{x) = %

=25

f'(_r)=$_2:;" Use [udv=uv~ [ vdu

Equate f*(x) to zero:

f(x)=0

1 2lnx

R

1-2lnx=0
2lnx=1

Observe the behavior of f'[_r) in both the intervals.

For x=1.
oL 2i()
I oy
=1
>0

]
Thus the function is increasing in the interval (ﬂ,el ] )

For x=2.

(.1 2In(2)

') o @
=-0.04829
<0

1
Thus the function is increasing in the interval |(el uo]|



(M

The value of f* changes from positive to negative at the critical point y =2_
So the function have local maximum at 2|

The local maximum is

In(2)

(2)

=0.17329

f(2)=

(9)

The intervals of concavity and the inflection points are determined by the second derivative of
the function. The inflection points occur where the second derivative of the function equals
Zero.

Find the second derivative of the function f{.r} = E

x

Differentiate f'[_-._-) = % — 2::“ with respect to x on both sides.

(%)= _i+ 6In(x)

Equate f*(x)to zero:
f(x)=0
_i_l_'ﬁln{_r} _

4 £ ]
X X

—5+6In(x)=0

0

Inx=

B W



The second derivative test,

The curve changes is concave upward it j'(x) >0 and concave downward if f'(x) <0

And the inflection points are the points at which the curve changes its direction of concavity.

Concavity: To check concavity, apply the second derivative test
For . {e;
. 5 6In(2
r)=-2 2
2 @
=-0.05257
<0

3
x>e®

For

. __i_'_ﬁln(m)
f(lu)_ {10}4 {10)4
=0.00088

>0

- 3 3
The curve is concave upward for ¢ and concave down ward for 6-
x<e x>e

The curve changes its position at ‘= e:"
sy In [ % ]

=-0.31507

(€

5
Therefore, the inflection point is [ei,-{);ﬂ&o‘f] ={230I0,-0.3150'.-‘} :

(n)
Graphing:

Use the information from A to G fo sketch curve of the function.

s T N
1 : o
: fix)=1x
& > - - X= X
2 a1 9 2 3 4 5
17 x=1
2+ E
a4+ E
o |
. st ! - J

Answer 77E.

‘We have yzj(x)zxe_',

—— - -

(1)  Domain=R



2 v — Interceptis 0
[=y=0]
And x— intercept is 0 [m‘" - 0:>x=0]

@ fR)=—= =1 (%)
So this is an odd function and symmetric about the origin

@ limz" =lim—
I—wm E o d - e
Using L-hospital rule
"
lim —=lim ——=0
3w g' o aT Oy
So horizontal asymptote is ¥ =0
There 15 no vertical asymptote

(8)] F(x)= x50 f'(x):%(m_'i)
Then f* (x):e"i—2x:e_" [B¥ product and chain rule]
o f(D=(1-22%)e"
f(x)=0 when 1-2x* =0 or x=i%
Since f'(x) >0 when —% <x<
L L]
B

And decreasing on [—n::l:.'u—i and o [Lm]

-

[

So j(x) 15 IOCTEASIng ON

=]

V2 2

(6  7(x) has local minimum f[—%]:-\'%

J(x) has local mazimum j[l -

2) 2z

@ F(D=(1-222)e"

Then f*(x)=(1-2x")(-2x)e™ +¢™ (—4z)  [Byproduct rule]
(42— 2x- 4;)
(42*-6x)e™

F*(x)=0 when 4z —6x=0o0rdx®—6=00rz=0

3
:}x’:E =x=1,— orz=0
4 3

3 3
Since j'(x)::-[] when —J%-::x-::(] and J;-::x <0D
3 3
And_f'(x){ﬂwhen—m-r.:x-r.:— Eandl']-r.:x-r.: 2

So j(x) is concave upward on [—E,O] and [Em}
And downward on [ JE) and (0 E]
Inflection points are (0, 0), [#: ‘Ji ]




=]

Fig.1

Answer 78E.

E:

We have yzf(x)z—

x

(1) Domain =[xfx=t 0}

4
(&) For = — intercept £ —0=¢" =0 whichis nottrus
x
So = — intercept = none
¥— intercept => none

3 Symmetry — none

2" ig'
@  1limE —lim d; [By L-hospital rule]
= x I-»w
dx X
= lim ex =00
d .
g = F
And lim —=1lim P~ lim & =0
rs-w oy o o -
—X
dx

So horizontal asymptote 15 y =10

4
. e
Now lim —=-c0
"
F 4

And ]i_‘r:;l_*e—:m so 2= 0 15 a vertical asymptote

x
® (==
x
Then f,(x):m'x;e' by Quotient rule
G

S



S'(x)=0 whenx—1=00rz=1
S'(x) <0 when w0 <x<0and0<x<1
and f'(x)>0 when 1<z <o

So f(x) 15 INCTreasing on [LUD)

And decreasing on (—00,0) and (0, 1)

(6)  f(x) has local minimum f{1)=e

gl

@ f'(x)=e:—?

Then f(x)= 200 ‘2"';42“'
2lx-0-(x*-2x) |
f'(x)=[ S IE )
_ [13—xﬂ—xi+2x]e'
Or o (x) _ (x —21x‘+ 21)9'
B (x1—21+2)e'

3
X

Since x* —2x+2>0 forall x

So f"(x) <0 forex<0

And f"(x)>0forz>0

So _f(x) 15 concave downward on (—m 0)
And f(x) 1s concave upward on {0,0)
There 1s no inflection point

Fig 1
Answer 79E.
We have y:f(x): x—In (l+x)

4} j(x) 15 defined when 1+ x>0 or=z> -1
So domain is = (—1,00)



@

@

&)

©)

For y — intercept, puiting =10
y:U—ln(1+U):U:>_}r:U
So y—intercept 15 0
For = — intercept, putting y =10
0= x—ln(1+x)
=>1n|:1+x:]= x
=l+x=e"
=zx=g -1
=" —x-1=0=zx=0
So z-intercept 15 0

This is not symmetric

l:i_{l;f(x)=1j_ﬂ(x—]n(l+x))

_ me[l_ ]n(1+x)] .

—w x
Since by L-hospital rule,
Inf1 "
P Gt TS
o e (1 +x)

Andwe have lim, f(x)= Iligur(x—ln(1+x))
Sice lim,In(1+x)=-® so lim (x—In{l+x))=co

Sox=-1 15 a vertical asymptote.

f(x)= x—ln[l+x)

1
The Tzxj=1-——
" f(I) 1+=x
1 1
Tx)=0 When 1-—=0=>—=1
7 (I) . 1+=x 1+x
=1+x=1
=x=0

So f'(x) >0 when 0 <x <o and f'(x) <0 when -1 <x <0
Thus f (x) is decreasing on (—l,ﬂ)
And f(x) is increasing on (0,c0)

f(x:] has local minimum f(ﬂ) =0

1
(1+x)

f'[x)= 1-

SN ) B
Then S A= Y T

Since f*(x) >0 forallx > -1
So f (x) 15 concave upward on [—l,m)



Fig.1
Answer 80E.
Consider the curve,
y:(xz —3)&" e (1)
Let f{x} =(r2 —3}8".
A
Domain:
Domain is set of all values that x take so that the function f {x} is defined.

The function is defined for all real numbers.
Domain of the function is the set of all real numbers.

B.
Intercepts:
The x-intercepts are values obtained by substituting y=0.
Substitute y=0 in (1)
0=(x"-3)e™
¥-3=0
=3
x=1+3
The y-intercepts are values obtained by subsiituting y=0.
Substitute y = in (1)
y=((0)°-3)e”
=-3(1)
=-3
Therefore, the x-intercepts are |, _ iwﬁ and y -intercept is -3.




C.
Symmetry:
Consider,
£ (=) =((=x) -3)e
=(x*-3)e
= f(x)
And
f(=x)=((~x) -3)e*
=(x*-3)e’
=—f(x)
Since f(x)# £(x) and f(~x) %=1 (x)
Therefore the function has

D.

Asymptotes:

Vertical Asymptote is the x-value at which the function is undefined.
The function is defined for all real values of x.

Vertical Asymptotes are none.

Horizontal Asymptote is the value the function cannot take. And also the function has no
horizontal asymptotes since the function can take all the values for all x values.

E
Intervals of increase or decrease:

The intervals of increase and decrease are determined by the critical points of the function.
The critical points of the function occur when the derivative of the function equals zero.

Find the derivative of the function y =(x* —3)e™

f(¥)=(¥-3)e~ y=1(x)
f(x)=2xe"~(¥-3)e™ . (2)



Equate f'(x) to zero:
f'(x)=0
2xe™* —(x*-3)e* =0
{21—(12 —3))&" =0
2x-x"+3=0
- +2x+3=0
¥ -2x-3=0
¥ =3x+x=-3=0
x(x-3)+1(x-3)=0
(x-3)(x+1)=0
x=3,-1
For y<3
Plug x=0 in f'(x)=2xe™ -(x*-3)e™
£'(0)=2(0)e ~((0)"-3)e”
=3
=0

For —1<x<3

Plug y=2 in f'(x):lxe_' -{12-3)6_‘

£(2)=2(2)*-((2) -3)e?
Y R
=0.4062
=0

For r=>3
Plug x=5in f'(x)=2xe" —{x2—3)e_‘
£1(5)=2(5)e” ~((5)"-3)e*

=10e* -22¢7

=—lle*

<0

Therefore, the function is increasing on the intervals {—m,j){—l,?}} .

And the function is decrease in the interval )

F
The value of f* changes from positive to negative at the critical point x =5
So the function have local maximum at ﬂ

The local maximum is

£(x)=((s) -3)e”
=(25-3)e”
=22¢7
=0.14823



G.

The intervals of concavity and the inflection points are determined by the second derivative of
the function. The inflection points occur where the second derivative of the function equals
Zero.

Find the second derivative of the function (1)
Differentiate (2) with respect to x on both sides.

f'(x)=2xe" ~(x*-3)e
f(x)=—e (- +2x+3)(-32" +2)
Equate f*(x)to zero:
—e*(—x +2x+3)(-3x" +2)=0
(—x' +2x+3)(-3x" +2)=0
(-3x*+2)=0

The second derivative test,

The curve changes is concave upward if f*(x)>0 and concave downward if f*(x)<0

And the inflection points are the points at which the curve changes its direction of concavity.
Concavity: To check concavity, apply the second derivative test.

For x‘;Jg
3

Fr(=1)==e T (=(=1) +2(-1)+3)(-3(-1)" +2)
=—e(1-2+3)(-3+2)
=2e
>0

2
For x= J;
£()=-e(=(1) +2(1)+3)(-3(1)" +2)
——=(-1+2+3)(3+2)

S nls

>

; 2 2

The curve is concave upward for y> |=— and x < [= .
3 3

The curve changes its position at x = F
3

F[[\ET —3]e )
o
. )

=-1.0313

Therefore, the inflection point is [0.81649,-1.0313



()

Graphing:

Use the information from A to G to sketch curve of the function.
4 e ™
104!
8
- . 6
= x-—3 e~
:I _1
10 8 6 -4
o
Answer 81E.
(A) Wesketchthegraphofj(x):x_'inﬁgurel
‘E?
05 fixy=x"
2
Fig.1
B) ]imx":limileecause ¥ —=las x =07
0t r=0F T
Using L. — hospaital rule
Let y=x°
=lny=—xlnx
_ax
Uz
In
limIny=lim | -~
=0+ =0t 1fx
Z iz .
=lim Hospaital rule
b — (L-Hosp )
=lmx=0
-0
Since Iny—>0as x —=0% so y=2" =1 as x =0*
(C)  From figure 1 we see that f(x) has an absolute and local mazimum
s F(0.37)=1.44
Finding exact value —
Flz)=x"

Ilet y=x"=hy=—-xlnzx



(D)

Differentiating with respectto x

ld‘—)\a:—xl—ltlx
y dx x
ld‘—)v:—l—h:ur
rydx

% =—y [1+1n x) =—x" (1+1n x)

F(x)=—x"(1+lnx)
F'(x)=0 When 1+lnx=0
=hzx=-1

a2 1
= x= =-
g

Since f'(x) <0 when Jr-n::l and 7'(x) >0 when x‘.:\-l
e

g

So 7(x) has maximum f [3 - [_]_m

From part (C) we have 7'(x)=—x" (1+Inx)
Since f(x)=x""
So F(x)=—F(z)(1+1nx)

Then f%(x)= _[ @)+ x)+ f(x)_ﬂ

= —[— “(1+1n xf +£]

X
x 2 1
=—|—X (1+]Il I) +F

x;l“ [1— x(lnx+1)2:|

£1(0)=-

We sketch the curve f(x) in figure 2. We see that f"(x) is changing from
negative to positive at x=10
S0 2 — coordinate of the inflection point is IEI

- Fig2



Answer 82E.

Consider the function f(x)=(sinx)™"-

(a)
Sketch the graph of the function as follows:

First enter the function into the calculator as follows:
| T |

Plotl Flotz Flet:
SYMiECsiniEI 2 s1n
LAl

=Ne=
~Nz=
=Ny=
~Ne=
~NE=

Set the following window:

W IHOOL
Zmin=-6.283185..
“max=6.2831853 .
wecl=1.57A7363..
Ymin=. 7l
Ymax=1
Yacl=.1
Ares=1

Click on the GRAPH option, the display for the graph of the function as follows:

- . Enx
f|:c|:1:5m:c:

ol e L WE L

(b)
Find lim (sin x}"" .
x=#l"
. . saf % - sarn
ILT (sinx)" =(sin0)
Clear that as y — 0*. (sinx)™ is indeterminate.

So find the limit by using L hospital's rule.
L hospital’'s rule says that,

L) w8
e g(x) eg'(x)

]_ t S . - SEnLT :
et ) Iﬂl (sinx)
Then,
- - SEnx
Iny= !E.T In(sinx)

= !E.T sinx-In {sm _r)

. In(sinx) __ B
= lim M Since siny=——
0"  CSCX CcsCx



1
— Iim m{msr} Apply L hospital's rule
0" —gscxcotx
— Iim csc x(cos x)
0" —gscxcotx

. COSX
=—lim
0" cOt x

lim CoOs X
== AT T COsXY
30" (ﬂﬂs_\') Since cotx =—
s smx
sinx

=—limsinx
x=all”

Iny=0
y=¢€
=1
Therefore,

}!ﬂ (sin x]ﬂ‘ =[1].

(c)
Need to find the local maximum and local minimum values of the function £

The second derivative test state that
If f'(¢)=0and f"(c)>0. then fhas a local minimum at ¢
It f'(c)=0 and f*(c)<0. then fhas a local maximum at ¢
Solve f'(x)=0.
(sinx)™" (cosxIn(sinx)+cosx)=0
cosxIn(sinx)+cosx=0
Continuation to the above steps as follows:

ﬂos_r(h‘l{sin x]+l}= 0

cosx=0
i
x=—

2

since f’(x)<0 when I{% and f'(x)>0 when x>Z
e
So f {x] has maximum

AH(=(2)"

=1
Therefore,

Maximum value of £ (x)=(sin x)“" is 1]



(d)
To find the inflection points of the graph, differentiate f* {x}with respect to x.

> i (sin(x)™ (cos(x) In(sin(x)) + cos(x)))

sin(x)™*) (cos(x) In(sin(x)) + cos(x))* + sin(x)™* [ -sin(x) In(sin(x)) + =251

sinfx)

—sin{x]]

50

40 -

30

20 1

104
U AU
|V| |VI VI IV T 1
-4x  -3ix -2x -K 0 X 2x ix ix

x

observing the graph, the curve changes its sha at mulkiples of £ - Sp the inflection point
g the grap g pe p p
2

occurs at these points.

From the graph, for x = () . the inflection points occur at [4,,_3]% .

And for y < ( . the inflection points occur at (4"— 1}% .

Answer 83E.
(A)  We sketch the curve 7 (x)=x"" in figure 1

Y
18

1.4 T T —

13

(4
.,.
(8]
&
I

k3

B

Fig.1



(B) Wehave f(x)=x"

Taking logarithms
In(f (=)=
i 0) =t =
d
E(]n x)
= 11m [By L — hospitals rule]
—(I)
=lim 1 0
Pex

So  limln(7(x)=0=>lm "™ =,

~ /0

Now (f(x))—%
Then lim, In( f(x)) —(ln x)=—0
Then limln(f(x))=-o
@) _ -

hm e
0™

I 7(7=0

(C)  From figure 1 we see that f(x) has mazimum
e j(e) =144
Finding the exact value
‘We have _f(x) =i
We write y=x"*

Taking logarithm In y= l]n;r
x

Dufferentiating with respectto x

1dy 11 1
;E (; ;— F]Il IJ [BY PrOdUCt m.le]
1
= F(1—1:1 x)
:;%: %(l—lnx)y

=>j'(x)= ?(1—1111)

F(x)=0 when 1-lnx=0=Ilnz=1
=zx=e
Since f(x) <0 whenz>eand f'(x)>0 whenxz<e

ST —
(v From part {(C) we have
. bl
#(9=5 (a )
= 7(9=L2 01

Duifferentiating with respect to

7= 3| 7@~ 170 |- 5@ 1122



2| 2
1 1 2
= xu'[xT(I—ln Jr)2 —?—?(l—ln x)]

i[{l—ln Jr:]2 —21(1—11:1 x:]—x:l

4
x

= ! [x”‘ (l—lnx 2—%1”']—%(1—]111)

Or  fi(x)=

How we sketch the graph of f'(x) in figure 2
We see thatf'[x) 15 changing form positive to negative at x = 0.58 and f'(x)

1s changing from negative to positive at x =4 4

So 2 — coordinates of the inflection points are 0.58, 4.4

[Here second point of intersection can not be viewed clearly so for this point we
zoom the scale of graph in (figure 3) and see that the = — coordinate of the point 15

about 4.4]
A
. Fix)
_ X
|- P ]
- Fig.-2
ooz Y
ix)
k] T ——= — 1 X
] 4 i ]
-0z 4
Fig3
Answer 84E.

Consider the curve f {r} =x"e"

Required to investigate the family of curves.

Graphs of f(x) for different values of n.

S0. f {r] is an increasing function for even values of n ,decreasing for odd values of n.



i e
Graph of the curve for p =0

it 2%

“§w



Graph of the curve for p=2

X
-3 3
Graph of the curve for =3
X
-3 3




Find the limit as x tends to infinity

. B . X
limx"e™ =lim—
I T e‘

={lim-——
X =T e
Since the limit is of the form = so use the L Hospitals rule to simplify the limit as

w0
{Iim a } =0
x—bze”'

=0
Also, From the graph it is visible that limx"e™ =0

The family of curves f {r} = x"e " do not show any inflection points for any value of n.

The family of curves f(x)=x"¢™* will have a maximum only if n is odd. in this case the global

as well as the local maximum occurs at [y — »|-

The family of curves f(x)= x"e™* will have a minima if and only if n is even, in this case the
global as well as the local minima occurs at [x=0]-

Answer 85E.
- . -1-1_11
%)=, putingc = —2-1.—,—.0,2.~.12
7(x) puting 2 3 32
f(x):mhsE:,EE,HS,I,M?,ET,E_',E_RI

_f'(x)=(2x+1)eh,(x+1)e',(%+1)e§,(%+1)e:_:,
L(l—%)ﬁ,(l—g)ﬁ,(l— x)e (1-2x)e™
_f"(x):(4x+4)é’2',(x+2)e',(§+1)e;,(g+§]e§,
o,[g_1]5,[g_g]ﬁ,(x_2);,(4_41)341

‘We graph the above and observe the required events.

'
T b e a | W e b e
=
-

-

|

= = & 54 ) « E E ? I 83 10
]
,;:"H' i
e NN
- i |, !
o i "
. :'I >
i

e N
7 /! | 3
! A
f } L] _'—'

id=crg?d

r{g=0rnix

id=rgie’)

Tld=crn el

g

g

ld-crp

Yo 2

Tdexp )



o

-0 2 T

see that the above graphs represent y, y', " in the order from abowve.
from these graphs we follow that

when ¢>0,lim_, _ f(x)=—wandlim_,__ 7 (x)=0
whene <0,lim,, _ f{x)=0lim_,_ f(x)=c0

on the other hand , either c decreases from 0 or c increases from 0 , the ma=zimum and
minimum poinis become close to the ongin.

similarly from the graph of £ * | the infliction points become close to the origin as ¢
decreases from the origin or increases from the ongin.



Answer 86E.

(4) Wehave v=T2(1-¢")
c

Then hmv= ]jmﬁ[l—e'm')
i=wo

f=w o~

=1jmﬁ(1—[e*)"')

I=sm -

=2Z1-0) since lime™ =0
il e

mg

c

It means the object’s speed approaches as the time goes on
c

This 15 called hmmiing velociiy

{(B) HNow again we have v=£(1—e"”')
c
Taking t as a constant, take the limit as » — o0

lim v=lim Z& (1-™")
S == el
i )
mow cfm

Applying L-Hospital’s rule:

[070]

—iim 2
lim v=lim £C7€H17))
=—3m = —cfm
= ime(e™")

- 5()- [

Thus, we can say that the velocity of a very heavy body is

Answer 87E.

n

Then In A =1n[4, (1+£]n]

=In4, +1n(1+:]

Given A=A (1+i]n

=In4, +nﬂn(1+i)
n

Consider lim]nflz]jm(]nﬁu+m‘.-]n(1+£n
E ] E s »

n

=]n4]+limnﬂn(1+£]

=In 4 +zlim

R

=ln4 +eélim| —% (applying L' Hospatal's rule)

Smce f and g are differentiable and g'(x) # 0 on an open interval
I that contains a. Suppose that we have an indeterrmnate form of

type % or 2. Thealim 7 ) i 7 ()

o e g(x) =2g'(x)




Continue to the abowe

=ln 4 +tlim|—r —
I+~
=In 4 +{-rt)
=lnA4+lne™
=in{4¢7)

Hence |im A= 4™

Answer 88E.
The distance travelled by the ball in time ¢ when projected in water is

s{r]:ﬂlnmsh,l’g—:.
C I

Here, m is the mass of the metal ball, ¢ is a positive constant.
Need to find lim s(7).
o=’

Note thatas ¢—0", = 0 and Incoshqlg—}ﬂ.
c mt

This is an indeterminate form of type %

gc
' mincosh  [=—
Apply L'Hospital rule lim /(c) =lim f,[c} to lim mi
“ogle) =gle) o ¢
mincosh [2€ %[]“mmd%)
m
lim| ——— Y |y lim m 1s constant multiple
e=pll" o c=s0" i{{_‘)
de

=m lim
=" 1




Rewrite the imit as follows:

2¢ inh JE / J&
m In cosh = P 5‘“[ mt |/ \me 2

lim| ——— |==1lim = is constant multiple

=il c pi |
cosh [ -3 }

mit

limsinh(,‘-g-'f} / J&
e’ mt || \mit

=3

mit

]
&2 e

1 ; . sinx .
- since lim =] and limcosx=1
kl =0 y ¥ sl

2 loe & oe

Therefore, the value of lims(r) is _
o= 2t

Answer 89E.

Consider an electrostatic field E, acting upon a liquid or a gaseous polar dielectric.
Then, the net dipole moment P per unit volume is given by the following equation:

E =E
p(£}=i_L_

ef—et E

Show that lim P(E)=0
E—li”

. e ret 1
lim P(E) = lim = -%

E(EE +e."‘€]—1{‘\':5 —e'E)

= lim
L )
. Ee*+Eef-e"+e” . 0
= lim - — Indeterminate form —
E—0° Ee" — Ee 0
. Eef+e"-Ee“+ef-ef-&"* .
= lim L'Hospital'sRule

E0’ Eef +e" +Ee “—¢ "

Simplify further as shown below-

Therefore, lim P(E)=0
E—l



Answer 90E.

o gmm{~(z)u(3)

Since R—)f"tl:lmi—)lmitequﬂ]sto

=—(1)'In1

=—-1-0

Since In=1

Tts mean 1if extension msulation R reaches to positive of radius of metal cable then
velocity reaches to 0.

z
®) limv= ]im{—c(i) .ln[i)]
R R0 R R
Where r — 0" then i—:t)"
And ln{£]:>]n{ﬂ+)—>0
R
So lmv=0
Rs0*

Its mean where reaches of the cable reaches to positive zero then the velocity v
reaches zero.

Answer 91E.

Consider the Fresnel function §(x)= Isin [% ar’ ) dr
L]

Which arises in the study of the diffraction of light waves.

Evaluate the |ims':I)
x—l Ii

) ol

The above imit is a %} indeterminate form because

x 1]
J-sin(lmzjdr jsin[lmz]dr
o 2 L] 2

0

Iim
x—l)

And limx’ =0
x=ai}

So, apply the L'Hospital rule

isin(;m"]dt %[isin(%m’] dr]
lim 2 - =lim ° p
0 x x—l) (x3)

dx

Use the fundamental theorem of calculus part-l %[J‘sin(% mr:] d'r] =sin [ % :r_ﬁ]
i



Again apply the L'Hospital rule

I.TCDS[ ; I.T:]

S
G T
r—+ _r" r—+ 6_"
;rcos{ l z.r’]
: 2
= Ilm—
¥ —sll ﬁ
 mcos(0)
6
.l
[
Answer 92E.

The temperature of the rod at the point = at time t 15

T(rf) = —— [,
( ) a\-‘4mi:t'|-
Then lim7(xf)=lm —— A g
n lim (x ) H“aJdi—'[’
Here only “a’ 1s vaniable so we treat C, k. t and = as the constant. And using 1. —
Hospitals rule
hmT(x .t:] lim ————— ( :a E'(x—l}‘!.ultdu
e {r—a} ik d x
ﬂ @ByFTC.-1) (ELj(t)dt =j[x))
E-;:*m:
hm T{x, £)=
ST

Answer 93E.

We have _ J2atr-xt —am
a—3ar®
[2‘131_:4)112 —a(aax:]m
a—(axz)m
Taking limit as ztendsto a
N ) M ol
= I—=a a_(ﬂ}})l'“

Or ry=

[Form of 0/0]



Using L-Hospital’s rule
i )

]-Ii—I}l;y=]!i—;-; 1 =T
—5(e@) (3ax)

{Flota-at) " (2t ae) )™ (e}

Answer 94E.

A(8)

Let the radius of the circle 1s 1

2

Then the area of the sector 1s = %

Area of the trniangle is = %lPleIORI
Z%rxrsing [P =rsing]
1, .
=—rsnd
2

Then the area of segment

A(&):?—%ma

Or A(8)= %{9— sin &) — (1)

Mow in tnangle PQR (By the Pythagorean Theorem)
IG‘QI2 =rf—r?sin’d
=|o[ -|Pof
=r*(1-sin’ 8)
=rlcos’ 8 [1— sin? 8 = cos? 9]



Then |OQ| =rcosé
Then |QR|=r—rcost9
So the area of the triangle POR is

B(H) = %rsing(r—rcosg)

B(H) = %rn (sinf}'—siné'cosé')

Or B(8)= %rn (sin - sm?29] — {2 [(sin 28=2sinfcos 9)]
Now from (1) and (2)

() _ %(5‘—5&19)
B(6) 1.(. _ =n28
() Eri(smt?— 2 )
A8)  8-sin8

50 [ano- )

Or

Taking limit as & — 0*
A8 —s
tim ) _ @ snd
0 B(8) Hﬂ*(. 511126')
2

sin 8—
Using L — Hospital rule

a .
m =hm
HII"B(H) 'wi(sinﬂ— sin 2&9)
a8 2
_ fim _(170s8)
Hﬂ*(cosﬂ—cos 29)

Thus 15 also form of % 50 we use L — hospital rule again

d
z —(1 —cos 9)
Lim A(8) = lim 42

MB(H) #07 :—g(cos 8—cos 29)

B sin &
= hm ——
0" —gin &+ 2sin 28

Again by L — hospital rule

d,
. CL 2gtné)
Hﬂ"‘B(g) i+

4 (_sin8+2sin28)
P
cos8

N 80" —cos G+ 4cos 28
1

T 1441
1

T 1+4
A(8) 1

So we have |hm —

e B(6) 3

Answer 95E.

Evaluate: lim {.’c— x2 In(] tx H
X0 x




Make the substitution x=- then x—oochangesio ¢ (.

1
1+-
lim [: x° ln[H_x]:l: lim !—L-,In —L 1| Substitute 1 for x.
=0l ¢ f? 1 t

f

= lim ¢-hn (I ‘ ’)] Convert into single fraction
.!'—10
0-In(1 +0) - .
=l — Apply the limit (Substitute 0 for 7.)

= % (Undefined form)

So use the L hospital’s rule to find the limit

Now consider,
[ . Apply L hospital's rule
_[e-m(1+0)] | (r-In(1+1))
lim - =lim f(x) f(x)
—0 - 1—0 P r = lim
L (7) 2 e | 2 ()
- . 0
[ | 1 ] If we apply the limit then we get o form.
=lim all so again use the rule
r—{ 21

L lim [f( )] lim [M}
xa| g(x) | x>a| g'(x)

(, _ IL] Apply L hospital's rule
= lim(*~—=1 ) [ L)
=0 () J!'—Ta[g(r)] r_'{'a[g(x)]

_1
(1+2)°

=Jrll_1;l‘|]I > Simplify
1
(1+0)° . :
= 3 Apply the limit (Substitute 0 for r.)
1
2
Therefore [lim [.r x ln(1+'r] =X
X0 x 2

Answer 96E.
The objective is to show thatif f is a positive function with ',iﬂ f(x)=0and ',i..rﬁ g(x)=oo,
then I,'-I:na[ f (1)]"‘1 =0.
That is it is required to show that for any g > () there exisisa § > ( such that
0<|x-d|<s =>l}<|[f{x)]’m|<z.

As f is a positive function it is equivalent to show that 0 «:|.r-a1 < & implies

ﬂq[f{x):rm <E.



Choose g>0, and for lim f [r} =0 then by the definition of limit:
T—b

For any choice of £ >0 there exists a &, >0 such that 0 <|x—a]<d, implies

ﬁ-r.:lf(xH-r:.El.
Choose ¢, suchthat 0<g <1 follows that 0<|x-a]<8,= 0< f(x)<g <], since fisa

positive function.

Also !lm g(x)=w9o, then for any choice of a positive number sy > () there exists a 8,20
such that 0<|r-a|<&, implies g(x)>m-.

Take & =min {5. »53} and use the following results:

(1)If a>b>0 and O<r<l then 0<r® <r".

(2) For any positive number j then there is a number m sufficiently large such that
1

0<k=<l.
Apply the result (1). to get 0<|x-al<5 = ﬂ-r.:[ f (x)]ﬂ’}-:z,".

But 0< [ f (x}]ﬂﬂ <g"<e.
Based on the selection of g, such that £ ="
l - -

1
Choose m as large as possible, then by (2) . _ .= . for small and large value of the &.
=

Thus, for g there existsa &= minimum(&* 53)1, with m chosen sufficiently large and

& =£:. then 0<g <land O<|x-a<d :nq[f{x}]'(" <g" <&

Therefore, by definition of limit conclude that [lim[ £ (x) ] = ul_
X—a

Answer 97E.
Wehave 7(2)=0and 7'(2)=7
We have to evaluate
. F(2+3x)+ f(2+53)
m

-3 x

Since this is the formof% s0 we can use L — hospital rule

(e gl G (2e5)]

0 x 0 i .
dx.

iy 3 (2432)+57(2+ 5%)

30 1
3/ (2+0)+5.77(2+0)

1

=3.7(2+57(2)
-25(2)
=8x7
=56

]jmf(2+3x)+f(2+5x) s

0 x




Answer 98E.

We have
. [ sin2x b
]:—I}HU(T-FG-'-F] =0
. sinZ2x+dx

=l ————+lma=0

. sin2x+bx
:ET:

Since left hand side of the equation 1s the from of %

So we can use L — hospital’s rule

i(sin 2x+bx)
g
- =i
2 ()
— lim 2cos2x+b s
T30 32
. L 244 . 0
Since left hand side 15 =T for malking the form of E,bmustbe equal to -2 so
(b=-2)
Then = lim 2cos2x—2 s
30 22
Again using L — Hospaital’s rule
. —Asin 2x
hm =—a
=0 bx
4. sinZx
=-——lim =—
30 Dy
:>—i(1)=—a I:]imsmgzl]
3 o0 g
]
=la=_
3
4
So we must have (a: §]""d (b: —2)
Answer 99E.
We have to find
h_mf(x+h)—f(x—h)
0 ok

Since this 1s the form of% so we can use L. — Hospital rule, (Here we treat x as a

constant)

L SR f(x-h) %[f(””)—f(x—k)]

i f'(x+h)+f'(x—h)
] 9
_ f'(x+0)+f'(x— U)
2
S
2
_Z2f'(x)
-z
=7'(x)
]jmj[x+h)—f(x—h)
B0 2k

So

-7




hl— -k

o TlrR)=1(xR)
2k

(x+#%) when & — 0 this secant line approaches the tangent line at x that is

- 7(x)

denotes the slope of the secant line from (x—h) to

Va

Tangent . Secant line

W

0 {x:- h) It {J:l +h)
Fig. 1
Answer 100E.
We have io find

h_m_f(x+h)—2f(x)+f(x—k)

R B

Thas 15 form of % so we can use the L. — Hospital's rule. (We treat x as a constant)

%[j(x+h)—2j(x)+j(x—h)]
E0 2 _li% d ¢4
g ()

dh
i L R0+ 7 ()Y
B0 ok
i Fx+h)-7(x-k)
B0 %

]imf(x+k)—2f(x)+j(x—h) .

Again using L — hospital rule

Hmf(x+iz)—2f£x)+f(x—h) _lim
0 k -0

%[j'(x+h)—f’(x—h)]
= (2%)

o S R)= 1 (x-R) ()

E-30 2
zlimf'(x+h)+f'(x—h)
EsD 9
_ F(=z+0)+ 7 (z—0)
2

_¥=®
2

(%)

Emf(x+h)—2_};£x) +f(x—k) _

£




Answer 101E.

Consider the function,
el if x=0
xl= (3}
/() {u if x=0

Use the definition of derivative to compute £*(0).
f(x)szi.r+kh!—f!x)

Calculate this value when x=0.

And y+h>0 when x=0

(oy= i S (0+1) -1 (0)
f(0)=lim—————

=K
—lim®——0 Substitute x = jin the function £(x)
=

A
= lim —— Simplity
b0 Jy

L"'Hospital's Rule will not help at this point unless you factor h out of the limit first.

. eV

7 (0)=limh-lim =2
. UK
—n‘llﬂF

The limit is now indeterminate of type =
[+ a]

So, use LU'Hospital's Rule.

L’'Hospital's Rule:

Suppose fand g are differentiable and g’(x)= 0 near a (except possibly at a).
If I'_u:.l f(x)== ana I'ﬂg(x)= @ _then

im? &) i oA (x)
If the limit on the right exists (or is = or —=)

Apply the L'Hospital's Rule.

Then,
2
' I
0)=0-1
r(0)=0-m—=
s
L



(b)
Use induction to show that there is a polynomial p_(x)and a nonnegative integer k, such

that fm'[*ﬁw for x=0 . (i)

First prove this equation when p=1.
Calculate f”(x) when x=0.

@) TE 1)

E—l_-‘n:nl-:r _ e-|_.-'r3

= lim
=l

Use L'Hospital's Rule.

2 “Uix+hf "
Lo ) )

(x+ .&)’ Since !i_rﬂm— o ()

f'(x)=lim ;

__ 2 ey
(x+0)

_ %E—l-'::

Thus, p,(x)=2 and k =3 since

For the induction step, suppose the equation is true when n=m (ie.
7(x)= p_(x)f(x)/x"* ) and prove the statement when n=m+1-

7 (x+h)— " (x)
h

£ ()= lim

p.(x+h)f(x+h) _P. (x)f(x)
(x+h)" (x)=  From()
h

= lim
h—0

Next use L'Hospital's Rule.

i p.{x-i_h}e—]-'(:vjl.‘ _0
_ dh (x+h)"
7o) = i =L
e, df Yiueap |
(x+h)"-—| p.(x+h)e
= lim dht ]
e (x+h)™
xesp d i
p.(x+ ) (-
~lim f”[ ]
0 (x+h)
p.(x+h)- - _‘e_l""*f+p_' (,I-!-h}'f'_l":[“if
=lim Lol
bs8 (x+h)"

Pa(x+h)e "k, (x4 1)
(x+ h')n'

—lim
A0



Continuation to the above steps:

200 et

)= —= k(e

_2p.(x)e" + x’p'.(xk: < Xk p,(x)e"”
_ [2.0. (x)+ ©*p.(x)-kp, (I]]e' "

The expression 2p_ { _r} + F_' { x} - x*_&_ p. { x} is a polynomial.

o (1)=2p. () XD 5k () 200 K =43

Then

2p. (1) x'PL(x)- k. () e

xi_,d

!
P () ()

‘r'*--l

Thus, by induction, f"']'{ x)= M for all positive values of n.
s

Therefore, f has derivatives of all orders that are definedon g .

Answer 102E.
Consider:
A ifx=0
Fx={
1 ifx=0
(a)
Show that ris continuous at 0.
Here. f(0)=1

lim £ (x) = lim|<|

=of’

lim £ (x) = //(0)

Therefore, ris continuous at 0.



(b)

The following is the graph of f(x)= | ifx= r_]_
1 ifx=0
Ay
18+

Y=

From the above graph, f (r) = H i I:‘is continuous at 0.
1 ifx=0
. . _ |o" ifx=0 B
After zooming several times, towards, the point f(x)= ; has vertical inflection
1 ifx=0
point at (0,1).
so f(x)= bl ifx 20, ot aimerentiavie at o.
1 ifx=0
()
LY
amwmm_fUJ=|4 220, not differentiable at 0.
1 ifx=0
Now,
o —Jof"
"10)=lim———
710) 0 x—0
=0
0
=0
Therefore, f(x)= Il ifx 20, ot amerentiavie at o.
1 ifx=0
| ifx=0

has a vertical tangent line.

From the graph in part(b), at point (0,1). f(x)=
1 ifx=0

|o" ifx=0
1 ifx=0

Since, the vertical line has slope undefined, the f{t’] - { is not differentiable at 0.
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