Exercise 11.9

Q1E
Let f(x) =2 cpx"
el
Then FYx) = ncyx
M-l
=ince the radius of convergence of the series Zcx x iz 10, 5o it's derivative must
=l
have the same radius of convergence 10, therefore the radiug of convergence of
the series chmx”'l 12 10 (By the theorem)
H=1
Q2E
Suppose that the power series Z!m-" converges for ]_r|::2.

=0
- = = . - j}ﬂ o+l - & % s ¥ -y 1 £ & i E L
Notice that the series Y ——x"*' is the term by term integration of the series me‘ :
o n+1 —r

IZ bax" = I[bu +hix+bax” +bix +hax’ +..)
m={

b“ hl 3 b: 3 i o4 4 g
=—x4+—X +—X +—X +—X +
1 2 3 4 5
= !?" m-1
= X
o 41

-

Recall that the term by term integral of a power series exists and has the same radius o

convergence as the original power series.

Since ) bax" converges for |x|< 2. the radius of convergence of » bar" is at least 2. so
m=i m=0

a
L

. . . = b )
that the radius of convergence of )  ——x**' is the same. ) ——x"*' must have a radius
e+l =+l

of convergence of at least 2 as well

Therefore. ix"" also converges for ]1| <2
o +1
Q3E
Eeplace z by (—x) in the equation
1 w
—=>"x" x|l (1
1-x 3
We have
1 =]

SR =D (-

1+x u=l 2=l
And the radius of convergence is same as of (1) that is, and therefore the

interval of convergence iz [—1,1) .




Q4E

Consider the function
5
X1=
f(x) 1-4x°

The given function can be writien as
1

x)=5 ——|. ... ()
£(x) [,_4r ]
To write the power series representation for the given function, use the following equation:

1 »
—— =1+ x+x+4x° +---

1-x
=ix"‘, for |x] <1
=il

Substitute 4,2instead of x in the equation (2), get

- (2)

1 ] 212 -
-4 1+ 4x + (4,1'*) +4(4I_)3 oy
< . (3)
=Z(4f}', for |4f| <1
m=l
Muttiply equation (3) by 5.
1 _5412 =5+20x + 5(413):"‘20{4.!1)3 e )

=i5(4f)', for |4.r:|<.:l

From equation (1) and (4), get

5
1 - 4x*

= 54200° + 5(4x°) +20(4x°) +--, for [4x| <1

f(x)=

— 54+ 20x° + 80x* +1280x" +---, for |4f| <1

=25(4x:)", for |4le{1
a=iy

=i5(4)'f'. for |4x*| <1
m=il

5
1-4x°

is

Hence the required power series representation for the given function f {.r} =

1 (x)=25(4)




This series converges when |4f| < 1,0, |,r‘ | {%,nr |x] {%_

So the interval of convergence is [—l l]

29
Now test the interval of convergence at the endpoints.

At the endpoint x = —%, the series becomes

r=Ssy (-]
-3y ()" (5

=i5 Since (—1)" =1 forany a.

Clearly, ZS is a divergent series and therefore the given series is divergent at the endpoint

LE ]

x=——.
2

At the endpoint x=%, the series becomes
b 1 1-
1)=55y3)
w=0
= of 1 ]
=) 5(4) | ==
554y (5
= Zs
m=0
Clearly, ES is a divergent series and therefore the given series is divergent at the endpoint

w=0

x=—.
2

Hence the interval of convergence of the given series f(x)= > s ( 1 l)

1-42 | 272



QSE

2
3-x

Consider the funciion f{ .r) =

Recollect that

] % 3_
—=l4+x+x +x +---

1-x

=i:r" |_):|-r.:l
=)

2 _,[1
3—-x [3-x
1
=2.| 3
x
j—-=
L 3]
_2| 1
3%
3
L
SD_1_£ il
3
2, L _Zew
3, & 353

=2%° =+ provided [x|<3
L]

Therefore the radius of convergence is 3.



To find the interval of convergence so the series converges at y =13
255 =23
=3 3
2
“23
Which is diverges by using the divergence test

To find the interval of convergence so the series converges at y=-3
= (-3)
=2% 2L
E 31‘1 ; JJNI
a o 2
= -1} =
_Z__;( ) 3

Which is diverges by using the divergence test

Therefore the interval of convergence is (—3,3]

Q6E

1
x+10

Consider the function f{.r] =

Recollect that

1
——=l+x+ 2 -

l-x
=i:lr‘l I_r|-=:l
=i

I I
x+10 10+x




1-[ -2
L 10/
. X
_2[_1] Iﬂl:-l
Therefore
1 =i{—-l}r X
x+10 = 10"
Therefore the above power series converges when !—l|-;:| hat implies =
| 10| 10
'_r|-::|ﬂ
So the interval of convergence is '[—Iﬂ,lﬂll
Q7E
Weh ==
e have f(x) 5
3 x
9(1+x"19)
3 x
9[1-(-#*19)]
MNow replace x by Iz—ij’?:] in the equation
——Z;': ,|;':|-:11
1 =l
Then § il
(%) 9/ 1-(-x"19) |
g b "
25
. X2x+l
= -1
;u-lIII: ) 9x+l
2
This series converges when ‘—% <1 =}~|x2|c:9
=’;~|x|-::3

Thus the radius of convergence 1z and interval of convergence 1s




Q8E

Consider the function

f(x)= 2;+I

The objective is to find the interval of convergence of the function.

s
2x +1

The power series representation for this function f{x] =

X

®=25
e
=xx{§(—lr2).} [ Provided |-2x*|<1]

. z{— 1) 275 [vaided < T%]

1
Check whether the series converges at x= 172-_

1
At x=Ti_ the series becomes

g{—ﬂ' 2" [%]"’ _ g{—lr 2'({5)-:'"'
- 2{—0" ORI
= i‘.{— 1) 2273
=S (2)

By the geometric series test the series is diverges.

1
Al x=——=, the series is

Z}(-'T r(—~2)" =§(—1)‘ 2'[-2'3’5J(_3)—§
=§[—1}' 2z (-27)(~2)"
=2 () (-)(~2)
=2 (2)

By the geometric series test the series is diverges.

Hence, the interval of convergence is [-L,L] d
2 2



Consider the function f(x)
l1+x
f{'t =1—.-
MNote tha I can E'EEX,TE“Z'EC' a5 TOHOWS
l=x
;:1_1-1 +---3x" + =z_1"' |x|-=:| ------ (1)

a (1— x f.:zE) _ﬂ_zl—[xf.:;tf
Iow change = to [xf c;t:l3 in the equation

! —ix” ] |x|-::1

1_ X el

Then f[x:l :x—z[;{|

1—[xfa)

P 3
= aTZ [xf cx) "
nadl
w I+

X
=Z a3?€ +3

n=l

This series converges when ‘[xf.:;tﬂ <1
= |x3| <a

=[] <af

Thus the radius of convergence 1z (R = |.:;t|

and interval of convergence s (— |c:¢|, |.::¢D
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We have f[x:lzj;
x—x=2
3 3
= 2x4x—2
B 3
_(x—E)[x+1)
A B 3
N = =
W S T ) D) ()
= A(x+1)+B(x-2)=3
Putting x=-1 = B[—3)=3 = H=-1
Putting =2 = A[3)=3 =A=1
Thus = g = ! - !
r4+x=2 x=2 x+1
3 1 B 1
2[;{1’2—1) x+1
_ 1 B 1
2[1—:{1’2) 1—[—;{)
=~ (x2) = (=x)
Bl I

=/ ()=3] -V -5 | 7

This power series 15 the sum of two geometrics series. The first series converges

o)

X

for |x| <1 and second sertes converges for > <1 =>|x| < 2.

Then sum of'these series converges for |x| <1 so the mnterval of convergence is

11

Q12E
i " x+2
Given function is f(x)=—
2x* —x—1
x+2
T (2x+1)(x-1)
) 1 1
n Nnis as parual iractuons, we ge _III}-——
x—1 E.T?l
B I I i y ok " |
c la¥e — = — ——Il-r.l'!'.'l. T...TX -



i

50, 2x+1 - 1-(-2x) =1 +[—2.1’}+{—2.1-]: +---+{—3-1‘]” "

:i[—l‘f}d,|—h]-:l e (3)
=1

Further, |-2x<1= <2 - (4)

-

Using (2), (3)in (1). we get f(x)=-> x"-> (-1)"(2x)°

=i =l

On simplification, we get f(x)=->(-1)"2"x" +x"
m=l

or. f(x)= i{[—z]"" - l}x“

To find the radius of convergence, we have take the intersection of the cases (2) and (4).

_ . L 1
That is nothing but }_1.'|-:: =
-
Thae tha radinie nf -HHHH-.]' Hhe into £ ArANSS e _I'I
hus. the radius of convergence is — and the interval of convergence is —=
5

Q13E

(&)  First BEeplace xto —xin the equation

1 =)
= " 1 1
- E;{ |x|-:: (1)
1 = 2
Th = - 1
en T g( x |%| <
=3 (=17 ", FI S R— (2)
=l
Differentiate both sides with respect to x,
1 © ”
- =S (=1} ux?
(1+x)" E'( )
1 i a4l .|
0 = -1 =x
[1+x)2 :u-1[ )
Ifwe replace n by nt1, then
1 d M+
=% (-1 n+1)x"
e NCIE
=3 (-1 (n+1)2"
n=

The radius of convergence 13, E=1.



(B) From part (&), the power series iz

1 ad x
Fixl= =% (=1} [»+1)x", x| <1
NGO
Again differentiate this series with respectto =
1 - »
-2 = “1 [+ 1D)mx™?
e
]. ]. = B u-1
ot =—— 1) (#+1)nx
R NGOG
_ %i(-u“(mmm*-l
H=1

iChanging n with nt1, we get

(1;)3 - %é(—u"” (14+2) (2 +1) 2

_ %i.{_u" (2+2) (2 +1) 2

Ml

The radius of convergence 1s same as the power series of

1+x
() The power series for
1 1z #
==>"(-1 + 2]z +1)x" 1
M TS L

Then f(x)= (1;)3 = 5;(—1)” (2+2)(n+1) 2"

- %g(—u’“ (2 2) (1) 5

%i (-1 % (e=1z"  [Replace nby (n-2)]
Hed

: : : 1 _
The radinz of convergence 12 sate ag the power series of [ )3 ie.
1+ =x
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Consider the funciion,
f(x)=In(1-x).

Use the fact that L=I+x+x2+xs+x‘+.._=2f for |x|<1 to find a power series
1-x =0

representation for f(x)=In(l-x).

d 1
Note that — In(] — x) = ———
In(l—x)

1-x
1
So, In(l-x)=—|—-
1-x
If a function has a power series representation, the power series representation of its integral is
the term-by-term integral of its power series.

In(l—x)=— 1

1-x

1 2
=-Il+x+1l+rl+:.r‘+--- USE—=|+I+_;-’+_;-3+I"+,..
-X

=-(:+lf+lx’ +lx‘+lx’]
2 3 4 5

I

o+l
The radius of convergence of the integral is the same as the radius of convergence of the
original power series.

-
Since IL:lﬂr”" +x* +x* +...=) x" istrue only when the ratio satisfies |x|<1. the
—-X e

radius of convergence is 1.

So, the integral of the power series has the same radius of convergence.

This implies that In(l-x)=- E le"" also has radius of convergence 1.
4
=



Hence, the power series representation of the function with radius of convergence is

LR=[1].

=

1 o
m=0 n +l

In{l-x) =

(b)
Use part (a). to find a power series for the function f(x)=xIn(l—-x).

Since the power series representation of the function In [I -x}is

In{l-x}——z

Multiply both sides by x, and then the power series representation of the function is

_1"*'
—n+1

—x"”

mn+l

xIn(1-x)=- Z

= |

—X

l=lI'H+I

m+2

The function xIn(l-x)= -xZLIx' *' converges only when the original series Z—Ix'*‘
+ S+

converges, 5o the radius of convergence is still 1.

Hence, the power series representation of the function with radius of convergence is

LR=[1].

a

-2,

a=Al

1 e

xIn(l-x)= T
n

(c)

Use part (2) to express Jp 2 as the sum of an infinite series.

Substitute x = 1 i the series representation of part (a) result, then
2

In(1-x)

-E—"—I’ .ki{]

=]

1

2

n( 3)

~In(2)=-

2

&

l=ﬂn

.||=ﬂ

+1

1
+1

(
110

2

1
2

eor-5(a)

Hence,

;

)"’ Use |..[ ]_In[I]-In(Z]

"

In(2) =

p 2

=l

1

n+l

[

1

2

]"' |
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We have f[xj =In [5—x)

Then  flizi=-

a—

—

. 1 1.2 2
Since —5_x——5[1_ﬂ5]——§§[xf5) . |xf5|-::1

w x?é
=X <
H=ll
Integrating both sides, we have
1 L
_I 5_xdx:—_[§ﬁdx
'] 1 ,
= _Z 5:u+1 _I-x dx

w=ll

w x:v¢+1
=lnid-x)=-2, —7——+C
ﬂl: x:‘ §5x+l[n+1)

Putting x==10 1in thiz power series, we have ln [5) =

w B+l
So ln[ﬂ—x):—Z( ! Jx +1n5

=l et
w 1 xx+1
Or ln[ﬁ—x:lzlnﬁ—z — |—
Hudl 5 ?3+].
We can write it as
L") x?é
ln[ﬂ—szlnﬂ—z -
o M0
The radius of convergence 1s .
Q16E
Consider the function
f(x)=x"tan™"(x7).
The ::_i%’:f".e Is to find the power series representation of function, and he radius o
CONVErgence.
Use the following equation to write the power series representation for the given function
1 = ,
=l+x+x +4x + :Zr I"ur|1.|~=:| 1
l —x =i
eplace xwith _,? in equation (1
11
l+x°  1-(-x")
= 1+ (—x" )+ (=) +4(-x") +
1 = 3
=> (=) . for ‘—r |<:I
1 X m=0 .
_— |
his series converges for i—_r| <1.thatis, 2 ¢].0 1|-::l




Integrate each side of equation (2) with respect fo x.

Frete= [ S0 Ja
m&:ZJ(-:)'fa&

_ Z{ I) IIJH-'I
= 2”"‘1
Tofind C, put y=( in the equation.
C=tan"'0
=0

Subsiitute 0 for C, then

N 1C

f 13
e b <

Substitute ,* for x in the equation (3).

1) ()
( } z )2£+]) forlr'l{l
—;u( 2’:1 for |13|<:l

This series converges for |f| <lor |:I <.

an!(x*) =3 D

= 2n+l

])'.' fm+3

, for [ <1 - (4)

Multiply equation (4) with 2 on both sides.

()= £
_ ( ]) tﬁn-r,]- 2
; 2n+l1

_Z(

= 2n+l

1} xﬁuﬂ-s-

—E( ST for [ <1

=l

1}- Gmeded

Hence. the required power series representation for the given indefinite integral x* tan™ {r’)

i< xtan'(’) Z{ 1) x™

= 2n+l

. for [ <1}

The radius of convergence for this series is



Q17E

Consider the function

(1+4x)"

1(x)=

The given function can be writien as

f{x}={r}[ ‘ ] -

(1+4x)’

To write the power series representation for the given function, use the following equation:

1
—— =14+ x+ X +4x +---

l-x
ix", for |:|~:I
m=0

Differentiating each side of the equation (2), get

(2

1 =14+2x+3x° +4x° + ---

.l = 2
{ r) o {31"

=in.t"'" . for |x| <1
m=1

Substitute —4 instead of x in equation (3). get
1 1
(1+4x)’ ) (1- {—4.11:})1
I+ 2(—4x) + 3(—dx) + 4(—4x) +---

= 1-8x + 48¢° — 256x + -

.-:in(—dl.x}'_' . for |4x| <1

sl

- Zn(_4]*' (x)", for |-4x <1

The convergence of this series is |—4x] < 1, thatis |[dx] < 1or | {E]_

L =S n(=4)" ()", for | {1]- (@

So, get ==
ey &



Multiply equation (4) by x on both sides, get

[{1 e ]—xznt-4}*‘t ) for e <2

_ in{—d]"‘ (x)"™"", for|x] “El

w1 q, _I
—Zn{—4j for |x| e

1
So. get x[“ 4:}] Z n(—4)" X", f0r|x|<:— -

From equation (1) and (5), get

-y
=in(—4]'-lx'

=l

= 3 (nen)(—4)"

. ;(nﬂ}[—ﬂ'f"
- g(m}(q)'{arf" for o] <<

Hence the required power series representation for the given function Jf (x)= 5 is

(]+4.t)

f(x]=§{n+u){-|)" (4) ", for |« ""El'

And the radius of convergence for this series is |R = —|
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Consider the function

r0-(555).

The given function can be written as

__ X
r_£3
PENES B )
__x i x I :
7

So the function f(x) can be written as f(x)= L

-3

(1)



To write the power series representation for the given function, use the following equation:

1 2
—— =1+ X+ X +4x +---

l—-x
= Z:" , for |x] <1
p—
Differentiating each side of the equation (2), get
1

T}
=im"" . for x| <1

=l
Differentiating each side of the equation (3), get
2
(-2

=§Jr:(1--ar-v1}.r‘“2 . for |x] <1

(2

=14+ 2x+3x° +4x +---

- (3)

=24 6x+12x° + -

- (4)

Replace x with %in the equation (4).

.

oy el
A<

_(5)

= Zn(n— I)[%]H , for




Multiply equation (5) by inn both sides.
4

i ) G

2
=§n(n—uj(%][§r for §| <1
Continuation o the above:
zgn(ﬂ-—l}(%] for |+ <2
:in(n-]}(;—:] for | <2
32001 (o) for |+ <2

So, get E 2 =i"{"_l}(f"), for |x <2 ... (§)

[I ¥ Ji st 2n+2
2

From equation (1) and (6), get

_°
1= o

3D ), for <2

3
Hence the required power series representation for the given function f{ x) = [L] is
2-x

()=S0 (), or [ <2

=2

And the radius of convergence for this series is
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Consider the following function:

_ 1+ x
=5

The objective is to find a power series representation for the function and determine the radius
of convergence.

Rewrite the given funciion as,

=(1+x I
f(x)=0 )[“_I}z]

The power series is,

S@W=—
- X
=l+x+x"+0 +x' +--- V|x|<1
=Y ¥ V<
m=l

So, the series is converges when |_r|~r.: 1and the interval of convergence is (—I,l) and its radius
of convergence is p—1.

(1-x)

Find the derivative of f(x)=

Take the function f(x)=

|
(1-x)

Differentiate the function f(x) with respectio x.
ro-3w)
4t
dr| (1-x)
=)
-+

_ 1
Thus, f(-‘f}—[l_x),




Now, write the f”(x) in terms of power series.

s _d 1
S )= =)

=2 (1-x)"

=i(l+x+1’2 + +x +)
d
= |+2.1'+3I: +4.1'3+---
=inf'

=]

f'(-t]=§mr'" e 2)

From (1) and (2).
l T

—=% nx""

(1-x) ;

1
Substitute the value of —— in the given function f(x).

(1-x

Continue the above simplification.

Lz A i(m"" )+§m"

(- =

= i (m+1)x™"" +zt:mr"

a+l=1 =l

= g{nirl)x" +§m‘"

=(0+1)x" +i{n+ 1)x" +Zm¢"

=I+Z(m"+{n+l}x‘}

=l+§([n+n+]]x"}

Continue the abowve simplification.

{1':‘)2 =I+Z{{2ﬂ'+l}x’}

=i{2n+l]x", for |x| <1

Hence, the radius of convergence of the differentiated series is same as the radius of
convergence of the original series namely g—1.

Therefore, the radius of convergence is [R=1]-



Q20E

Mow write the funciion in power series representation as,
1 2 1 . 1
(1-x)’ (I-xy = (1-x)

L5 st + Sy

m=]

=lZn{n—|}x'+lZn(n—m“‘
2 n=2 2 w=2
Expand the series, and then the terms in the sequence are
lZn{n—l}I'+lzn(ﬂ—-lh"'
ZFI 2 =2
: {I-If+3v2,r}+4-3x‘+5-415+"-}
2 +(2—|I+3-2.‘I‘= +4-3x° +5—4.r‘+-—-)

=%(I'L“*(z"+3'2].r=+{3,1+4,3}f+[4.3+5,4}f +}
=%(l{ﬂ+1}x+2{]+3}xz +3(2+4)x" +4(3+5)x" +--9)

_ %(1(1}“1(4}1’ +3(6)° +4(8)x* +---)

= %Zﬂ{lﬂ)f‘

=3 nte

m=1

Hence, the power series representation of the function is

+x
(1-x)

= inix'.

f(x)=

Here, IL = Z x" is true only when the ratio satisfies | _tl-r.: 1. so the radius of convergence is
—-X o

1.
Since the derivative of the power series has the same radius of convergence.

! lii# = liiEx‘ also has radius of convergence 1.

(—xF 2drdcl-x 2dxde’=

Hence, the radius of convergence of the function is m
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X
X +16

Consider the function _f{:) =

Rewrite the function as

f(x)=

'+16

X

—F 3%
x
16| 1+—

\ Iﬁ)

X

7 Y
X
16| 1+ —

\ "5)

=55
23T

1) e
Z 16

And this series is converges only when

1_2
——i< lor
E|

2
x
<1

16

|xz|-=-' 16

<4
So the radius of the convergence is R — 4 centered at 0.

Therefore the required power series of the given function is

OB =




Here the nth partial sum is

x ¥ x x x’ (-1)" .
_f_f{_r}:—— + . + o bl o X
16 256 4096 65536 1048576 167
For m=0, su(;‘]:%
For mn=1 x_x
n=i1, .i‘,{.r}=ﬁ—ﬁ
E B _x ¥ X
or n=2, s:{x}-ﬁ—ﬁ+
L -] 7
For _l‘l:3.|I 5-{.T}=i— x + X = d
: 16 256 4096 65536
5 T g
For n=4, s,(x)=—- x PO MV S W,
16 256 4096 65536 1048576

The graph of the function and some partial sums are shown below.

5
1 d
k.
i
7 L]
05 -
5
r 3
f
-4 0 2 4
f X 32
5
_I]j 8
3 2,
_1 1
&

From the graph notice that as » increases, s_ {r} becomes a betier approximation to f {r]
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The sum of the terms up to infnite terms is called a series.

A convergent series is the one in which the sum tends to a limit or an arbiirarily small value,
otherwise the series is divergent

The radius of the largest disk in which the series converges is called as the radius of
convergence of the power series.

The radius of convergence is a value that is a non-negative real number.

The function is shown below:

f(x)=In(x* +4)

Consider the function:
n(x }}dr where h(x)=x"+4.
g(x)=Ink(x)
=In {xz +4)
=f(x)

Consider the function f {x]:

REE

— Ex;d[ :

e

1
The expansion of —Is:
-y

—x ¢ )

1
—— =14+ PP+t Y e
1=y

=3 i<
n=0)



rer ()G

- EE[_;“]""

st

2n+2
2

50, the function becomes:

-5 (1)

Hence, the required power series representation is i{_l} [-" ] and the series
=0

r ]
i|{1_
4

converges when

2
4

2<x<2

Hence, the radius of convergence is 2 and the interval of convergence is (—2,_2}.

As, the value of n increases in the expansion of the series, the series becomes convergent.

Further, replace n=1,2,3,--- to give the various curves of the function.

re9=me2)-3E0 (5]

Determine the partial sum for p=1:

L0

n+l

6 @

* x'

4 32




Determine the partial sum for »=2:

Determine the partial sum for 5 =3

=305

X x i_l[-‘]’ (@)
4 32 192 4\ 2
x x* * X

= E—
4 32 192 1024

Consider the sketch of the function and the partial sums as shown below:

10 [ﬂ

—-10 -
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:IL.:I’x+.|-—.:fx
1+x 1-x
:I[i[—l) x" +ix”:| dx
n=0 Hull
=.I-[(l—:ﬁ:+1':2+x4 ....... )+(l+x+xz+x3+ ....... )]dx
=[[z+22 +2xt 422" Jax
:Iigxhcx’x
p=ll
w 2x2x+1
zg[znﬂ)w
. T for,x=10
% % .
So ln[l—x]=§[2n+1) Since | f(0)=0
so =0

The radius of convergence is
. 2x 2x 2x" 2% 2x
Terms of series are @, = 2x,a) = ?,.::t2 = T —— @y = ——, s = T

5 7 g’

ow we sketch the curves [x:l and s, [x) on the same screen and see that, as n

INCreases, &, [x) becomes the better approzimation.

fl}ll:l-..‘ __-.'-I- % ms
F-.a_rj1
Q24E
“We hawve i [x) =tan” I:EX)
= tan™ (2x) = d
an” (25 I T+az
= [>2(—4*) ax
M=l
= ji (-1)" 2.2 x™dx
a0l
_ .I'i I:_lj?é 22?¢+1 xﬂxdx
H=ll

2a+l_ du+l
H2x+x?¢+

SN )

[2n+1)



For, xzﬂ,f[;::]:ll] then 0=

e

Thiz zeries 12 converges when |—4x2| <1 :>|x| <1/2

=m0 interval of convergence 1s [—1;’2, 1;’2]

wince at the end points of this interval the series conwverges by Alternating series
test.
Terms of the series are

~(2x) (2 (2w (2

aD=2x,a1=Tc12= ; Ly = 5 (i = g

Iow we sketch the graph of £(x) and su(x) on the same screen and see that as n
increases sy(x) be the better approxmation for £ (x).

5,48,
h

Fig-1

Q25E
Consider the indefinite integral,
f
f 1-1* a

To express this integral as a power series, use(1 —x}_l = ZI“
Fima]

t 1
—F I
- (1-r)
= ri(ﬁ }n Replace x b}-rﬂ in(l —x:]_l = ix"
Fi=dl
=rizs"
Rl



ra+1

. We get

Use-l_frg Z il d‘[f’d‘!‘_

_ = Bn+l
[
=_|'[r:+a.‘gl B S o S L T -]a‘t
IE rlﬂ rlﬂ rld I_ﬂm—l

= b
2 10 18 26 Sn+2

o Eu+3

_z{3n+ tC

n+l

+---+C_ where (' 15 a constant

Therefore the power series representation of the integral j— df 1s,

EJH..

J.l—tr“ﬁ= §(3n+z}

o

ZIEJHI

Hel]

Radius of convergence of _[—dr will be same as that of 1 3

Now for the series ZEE"”
Fomal]

The n* term, g =" and,{n +1)ﬂ term, @_, _ (Bl _ (Bneo
L I
a, - Iﬂml
ad
Andlim| 1) = lim|r®| = |f*
R—x {Iﬂ H—x

By ratio test, this series will be convergent 1f ‘IE| < I{Dr} |r| <1

o
Therefore, radius of convergence of series ZIE'”] 15 1.

i}

@ rﬂn—i‘. )
— dt (or) ;I:EH+2}+CE-
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1
We know that —— = 1=+ -8 - for [P <1 or |ff <1
+

Llultiply both the sides by £,
i

14+

S= it -

Mow, integrate both the sides with respect to £

I1j£3m==I[ﬁ—zﬁ+f—zm+zu—“jm

f,j zS f,ll f,H
=4+ - —+—— .
2 5 & 11 14

; 2 S @ Al

Thus, we get _[ zdi = 0+ ——-—+——-—+—— | for |z| < 1 and the radius of
1+ 2 5 8 11 14

convergence 15 obtained ag E= 1|

Q27E

Consider the indefinite integral,

I.r3 In(1+x)dx

The object is to evaluate the following indefinite integral as a power series.

If a function has a power series, the integral of that function has the same power series as
integrating the power series of the function term by term. That is, if we find a power series for

x In(l + x) . we can get a power series for J-_rf In(1 + x)dx Dy integrating it term by term.
First find a power series for x? In(1 +Xx)-

d 1 |
Mote that —In(l+x)=——. 50 In(l +x) = | —dx-

dx l1+x 1+x

Use the integration strategy to find a power series for In(l + x).-

1
1+x 1—(=x)

—

= Z{-_r]" By the geometric series formula
=l

=3

So integrate IL = Z(—I}"x" to find a power series for In(l+ x).
=i

Iﬂ“'l'x} = —Id'l.'
l+x
:Ii[—l}"_t”
m=

_yU "' +C

=l H+] -




Let's find the constant of integration._

In(1 + x) =i%f‘ +C

When x =(. the term R ~—x"™ in the right hand side is 0, so the right hand side is just ¢
1
a=0 n+

- The left hand side is In(1+0) =In(1)=0.

So we have ( =( and thus In(1+x) = E{ I};x’"'.
n+

Because In[l+_r}=i%x’"' X In(l+x)= xz{"l};x‘" E{Hl};x‘*’.

So we can finally integrate term by term to find _[x‘z In(1 + x)edx -
[+ xde= [ 5L v

(=1)° .3
—_—
z(n+l)(u+4} e

1 > (~x)" only when |-x] < 1. since the geometric series formula

1-(=x) =

MNote that

1

™ —Z“ only holds when the ratio asatisfies |a|<1. |-x]<1isthe same as |x|<1. s0
—d

—- Y s

The same Theorem 2 also tells us that the radius of convergence of the integral of a series has
the same radius of convergence as the series.

the radius of convergence of

So our power series expression In(l+x)= IZ{—I}' In(l+x)= Z%x"' +C has the

same radius of convergence 1.

Then, the power series expression can be written as,

X In(l+x) = :22{ ”

E{—n’ -

n+l

Also has the same radius of convergence 1 since it depends on the convergence of

In(1 + x) =Ii{-x}' In(1 + x)




(="

x"dx has the same radius of convergence as
n+l

So, the integral _[f In(1+ x)dx = IZ

Cin(l+x)=x E{ ”

This is equal to 1.

Hence, Jf In(1 + x)dx =ELI‘H + C with radius of convergence is 1.
o (A +1)n+4)

Q28E

Consider the indefinite integral

dx.

tan” x
I~

To write the power series representation for the given indefinite integral, use the following
equation:

2 o ex+Pea +---=i:", for [x]<1 (1)
=il

l1-x
Substiiute _,?instead of x in the equation (1), get
1 1
1+ 1- {—Iz}

=1+ {—xz}+ (—x’}z +4(-II}, TR
=i(-x’)l, for |-.r’| <1
1 = e 5
T =§(-f] , for |——r|{l

This series is converges for |-_r:’ I <lthatis, x*cy.0r [f <.

So, get

a2

(=), for { <1 (@

a=l



Integrating each side of the equation (2) with respect to x, get

T x=Il+lf =
| Ze Ja
=i [(=1) ¥
e

To find G, put x =( and obtain
C=tan"'0
=0
y - (_I}" II.-I-I
Therefore, get ¢gn x=Z— for |.11 <1 - (3)
‘= 2n+l

Divide equation (3) by X, on both sides.

tan- .1-:_2( 1) =

X =0 2n+1

_E{ l). Zeal=l

m 2n+l1

, for |x| <1 - (4)



Integrate equation (4) with respect to x on both sides.

tan"'x | < (-I:I'.r:"
I _J-[zﬂ 2n+1 :|dt

[

_ZI{

= 2n+l
R G ES ,
2[(7n+l} '—'n+l}+£:|
i{—l}”f“"

 t

= (2n+1)
Hence the required power series representation for the given indefinite integral Im" X is
" "ul
j T=C+ z —. for | <1|
2n+l

This series converges when |r| <1, and the radius of convergence for this series is same as

, namely

the radius of convergence of the original series

l-x
Q29E
_ 02
We have to approzimate L o fx
First we find power series representation for 1 =
1+ x
1 1 _ i _ 5 "
1+ x° ( )_E( <)
—Z( I
Then _[ cfx IZ x ot dx
H=ll
@ [ 1)?1 x5x+1
= +
E [5?24—1)
Therefore
0z 1 L5 8 02
J' ——dx= |t —+ .
T 1+ x & 11 16 .
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We want approximation up to s1x decimal places

11
0.2
bgz%m_amgxm”"‘

By alternating series estimation theorem we have
|5 — 5| = B, = 1.8618x10"

This error does not affect the simth decimal places so we have

§
g2~ [D? = (), 1595988

oz ]
=1[ - dx s 0.199989

0 1+ x

_ 04 .
“We have to approximate In In (1+;': )d}:

First we find power series representation for ln (1+}{4}

4 x5

=n{l+xt)=|——rd
() I(Hx*) !
= 4_[;{32[{—;{4)?!:1';':
Bl
=4 3 (-1 x"ax
nadl
o . I4?¢+4
=4% [-1 + .4
EE ) (4n+4)
Ifwe put x=0then we get &4 =0
o du+d
=0 we have In [1+I4:|=§[—1)H (1+1)
o " x4x+4
Then [In(1+x*)dx= jg[—lj ol dx
o li_-l:l?d x4x+5
= i
D T
for x=0 C=0
SO Iln [1+x4).:1'x= i [—1)” ;:;“’“5
ey [?z+l:][4?z +5)
5 .o e 04
Therefore J-D'4ln[1+x4)c1’x= x__;'r_+x_ ...........
0 5 18 3% .




17
04
Since f:;:t 53) = 25%107°

By alternating series estimation theorem we have
| — 5| <8y 0 2.5%107
This error does not affect the sizth decimal place. 5o we have
(04) (04 (04)"

oo -

5 15 359
= e 0002034

Then

[;'41n(1+x“j¢fm 0.002034|

Q31E

ol
Consider the definite integral j xarctan (3x )dx

[
Let f(x)=tan"'(3x)
Differentiating with respectio x

3
1+9x°

f'(x)=

) 3 5 432 »13
The power series of = is 3(]-{9_-;-)-1-(91—) _[gx—) +]

tan' (3x) = J%ﬂ&
+0x°

=3[(1-(9x") +(9x°) ~ (9°) +---Jae

=3 x-9X +81X _720% ;...
35 7

Therefore,

ol ol 1 5 T
x x X
yarctan(3x kv =3 x| x—-9—+8]1——T729—+---
frarcn(se =3 x -9 5 815 %0
0.1 ':.i Tb TS
=3[| ¥ -9+ 81— 729+
3 5 7

1]
3 5 7 9 4
S| i LAY L
3 3x5 Sx7 7x9

_3r{[]_l}'= -'}{ﬂ'lf +81 (ﬂ'I}T —Tz'}ﬂ+---jl
3 Ix5 5x7 Tx9

3 3x5 5x7 7x9 (2n+1)(2n+3)

L

:3’{[“}} Y (L) ey () e (1) S 9”(—1)”{“*'}”;1!]



This infinite series is the exact value of the definite integral, but since it is an alternating series.
The above sum using by the alternating series Estimation theorem.

If we stop adding after the term with 5 = 3. the error is smaller than the term with 5 =4.

n
ﬁﬁlu= 5.964546

10x11
Therefore,
1 0.1y 1) 0.1)
Ixamlan{h)d\' 3[({] } ( ) +8I{u ) -'}'29u]
3Ix5 5x7 T=x9

=[0.0009823
Q32E

Consider the definite integral

(1] ¥
[
e 11X
Let

X

Determine the power series of the above function:

r

f{:)_l+.r

= (I+:r*).l

Use binomial theoram;

_ﬂ:.!r}=x1 (I——_r*+:r$~—.1Jz +}
=x =x*+x"0—x"+--

Now, evaluate the definite integrak

|+I J‘(I —I +I —I + }]El’

¥ x X X
_?-T+W‘E+‘"r
(03) (03 _(03)" (03)" ()" (03"
? L 1 15 (2n+3)

I:IJ-

I




This infinite series is the exact value of the definite integral, but since it is an alternating series.
So, the above sum can be approximated by the alternating series Estimation theorem.

Now, note that for » = 3, the error is smaller than for p = 4:

L]
(0:3) =6.1171656157
Therefore,
T ¥, _(03) (03) (03)" (03)"
T+ 3 7 11 15

=0.008968

Hence, the required value of the integral is:

X
—dx =0.008968
o 1+ X

Q33E

Consider the expression

arctan(.2-

To compute the value of the given expression correct to five decimal places, use the result
given below:

arctan(x)=tan"' (x)

XX X

e 3 5 7 L.
x . IEHI

_é(—l} = for |x| <1

This is an alternating series, to find the sum of this series need to use Alternating Series
Estimation Theorem.

Alternating Series Estimation Theorem states that

(| I =Z(_|)"" b_ is the sum of an alternating series that satisfies
() b,.,<b, and (i) limb, =0

Then |R |=|s-s,|<Bb,.,



Substitute, y =02 in the given result (1).

arctan (0.2) =tan"' (0.2)
-3y G

2n+1
(02)-02, 0 0,

5 7
0.008 5 0.00032  0.0000128 i
3 5 7

(02) (02)
s 1

(02)" _0.0000128 _0.0000128
7 7 5

=(02)-

Let s=(n.z}—{“3f £

= 0.00000256

MNotice that _,_r;.

And

0.2) (02)
5, =(02)-02) (02
~ . 5
~0.1973973333

=0.19739

By the Alternating Series Estimation Theorem,

|s —s,| < b, <0.00000256

This error of less than 0.00000256 does not affect the fifth decimal place, so the required sum
of the series IS s = ().19739 correct to five decimal places.

Therefore,

arctan(0.2 =5
=0.19739
=0.19740

Hence the required value of the given expression is aretan 0.2 =[0.19740
Q34E

We have £ (x)= g(—;)»;x

If it 15 a solution of the equatmnf”[ :l [ :l 0
Then fl{x:l will zatisfy the equation 7" [ )+f[x) =1

o it _am
Again we have f(=x) :Z[ [15 ;
o (2n)l

w ] u 2 x-1
o [_1)?4 xh—l

= /=2 (2n—1)]




e (=1 (2n =Ty

Then F"(x)=32 (21

=r@-2 5

n=ll

For making stmilar S1gma notation, we put n -1 1n places of n1n second sum

JECIES (Ll s =

Ml Hml

= £ |:;n;:] + 7 (xj = g I:I:_;ix_x;_f [1 —1] =1

= F(x)+ f(x)=
Hence (=) 15 a solution of /" [x:] + fixi=0.

Q35E
(A Eeszel function of order 0 15

2
Then Jurlzxjj = i (

And 0 (2= i )

21 e [}z!:l2
Then x°J rrI:.?::l+xir|: :J+;':2JD (x]

_ ': ) I:EH l) +w L = [—1)” T2
Z ':*‘3!:'2 xz-f pa (n :1 ,,z [ )

Eeplace » by »-J 1n third part of the sum

=3 e ()25 ()£ jiﬂ[ﬁs:) sl j(. 2 [1[ f]’

-V Zn(2n-1) in 1 L
_Z‘[ 1] { o2 I:?z!:]:{ +2:x{m}2 ggx-:[tﬂ_l)!jz]

_ i(_ljx [4332 — 2H+2.’3—4H2:|X2H -0

2 (nl}

o ;;EJD" (x) +.?:JE,r (x)+xJ, (x)=0




®) Now [J,(x)dx= ]iﬂ (;L‘}

|: 1)?‘ xﬂ?é+1

=i ; +

w (#21) 2% (2041

Fx

1
1 x x x
Th Iy (x)dr=|x—-——+ - +
oo [ alx)an= 3.(4) 5(64) 7(2304) }

11 1
=l ———— -
T2 320 1128

SifcE 128 = 0000062, this error does not affect the third decimal place (by the

alternating series estimation theorem)

So _[J .:fml—l+i
12 320

= jﬂ Ty (%) 50,520

Q36E

(&) We have Bessel function of order 1, as
- I: )?! 2n+l
I: ) ; | I: ) |22H+1

Ml
.- (— 1) [2?2+1)I
fhen ) [I)_E al (n+1)1 27

= (=17 (2n+1) 2™
Z_l" I{ n+1)12%

(-1 (2 +1) (22} ™7
nl (1) 2%

jJlﬂ [szg,



Then 2%y (x)+xJ) (x)+(x" = 1), (x)
=Z[ 1) (2n+1 (Eﬂ)z‘*"+1+[x 2 (—1)”@“1)12“1}

- Ii :]I o 3+l P
-

2 al{n+1) 2™
o I:_l)?!xﬂ:ul
+
o nl (n+1)12% gﬂl(mﬂj!zﬂ*“

= (=17 (2H+1)(2nj£”+1+§(—1)”(2n+1)f”+1 i (-1 2

= +
2 al{n+1)1 2% al{n+1)1 28 (a=1)1nl 277

H=l
[ )?"- 2n+l

= .'-'f
;’;zl[rﬁl Pl

2
2.-‘*24—1 2?3 [2H+1:| 1 B 1 e
,é_l;zl (- 1 | 2 {n+1) 2“*1 a(n+1)2%0 2T ()2

1 [4?33+2?3+2?3+1 n{n+1)4- 1} -
X

i)

])?f dn43

X

n+1y28

Z
P
0w 1 2 _
Z dn® +4n+1- 4?22 14?3 1 L2
el % | ?3+1 2t

S0 [ )+x lr[x)+|[x —1:1 1 (x)=0

(B)  Wehave J,(x)= ng” (nljg

Futting n+ 1 in place of n
. o _1 ;‘"’12 +1 n+l
= [x)=2( ) 2(n ;.,-:
o QA |: 9@+1)!:|

o (= j 2(n+1) xonH

=2 5o (n-+1)1 (2 +17]

:u-III
o Ii 1) ® x2x+1

=L (n+1)]

xell

==J, (%)

ju'[;;):—jlixj

—
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(&) We have ¥ I:x:l = i x_”l
2
:}fr [I) — i?ﬁ x:'e—l
2l ?3!
w u-1
ooy x
:>f I:x)_ Z‘ I:??_].jl
-5 x_"l [putting (n+1)inplace ofn:l
neiy M
=/ (%]
So J'(x)=5(x]
(B)  Frompart{a) f'(x)=7(x)
Then if[x:l :f[x)
adx

5

Solution of differential equation of thiz form 18 f I:x:l = Ae
For =10 f[[:]) =1

Then A=l
Andso f(x)=¢"

Q38E
For the series me [x)
@ SN Ax
#oterm @, = 5
Fs

: . : 1
Let us consider an auxiliary series 3 b, where &, = =

Here |a':u|5|bx| since sinxx =]
And be 15 aconvergent p-series as p=2 > 1.
i MX

Therefore, by comparizon test, the series Z — L & fo [x) 15 convergent.
b

i g sin xx
)= L (=28
_ COSMX
=
_ CosAX
b

"When x = Zmr then cosn[?mﬂ) =1

Therefore, the series Z j; [x:l = Z 1—
.

Which is a harmonic series. So it 15 divergent. Thus for x = 2am, fo [x) is

divergent, where n i3 an integer.



" d o cosrx
Alze, f, =—1 =
. J [x) dx (x) dx
SifL Bx

=— M= —sinxx
pH

Thus, the series Zj:[x:]is Z[—sin m:jl
Or Zj;[x:l =—2 sinrx

If x= ko (ks an integer), then Ligesin xx does not tend to a unique finite value
N

and oscillates between -1 to +1. So for x 2 Lo the series —Zsin uxis divergent.

It x=/km (kis aninteger) then limannxr=0 and alse Limes, = U(ﬁnite)

o L]
Therefore, the series —Zsin X 1E qu [xj 15 convergent only when x =k

where k 15 an inte ger.

Q39E
We have f[x) =ix_2
el P2
Here «, = x_j
#

i 2
= |x|.1im( ] = |x|
r=wh 14112

By test of convergent series converges when |x| <1

The radius of convergence E =1,

For x=4%1
o x?d w 1
Z — = Z — . this is convergent p-series with p=2>1
nal | 2=l

mointerval of convergence 1s [—1,1]

since radu of convergence of Fand F7 are also 1.

o we check the endpoints of the interval

o 2-1 ! o
Since f'[szzﬂxj =Zx s ®

-l M x=1 # n=ll H+1

Forz=1

f’(x)=§

1
(?z +1)

. thiz 15 a divergent harmonic series



Q40E
(A

Forz=-1

= x 1 . ) . )

“Tx)= -1 . th lternat th & =
i [x) E[ ) I:.??--i-l) 15 12 an alternating seriez wi ;
since A =h,

lim &, —11mL—1m L7 =
H=rp x—m]+m :'¢—>m1l,l'ﬂ+1

Soforxz=-1, fF' [x:] is convergent

Then interval of convergence 1s [—1,1)

w gt
I
o S Moy
Forz=1
ot x #1(x)= ZJJ(HH)
lim —— =lim 120

et R S L E
S0 F" (x) diverges for x =1, by the test for divergence

x-1
= —1) #
For x==-1 #"(x)= [
4 I: ) g 741
This 1z an alternating series with &, = o
n+1
But  limd, =120 szo §" [x:] diverges for x=-1

H—w

Sof"(x) diverges for x=1%1

ot
I
e
—t
i

Then interval of convergence 1s

‘We hawve

w

Zx”=1+x+xg+x3+ ........... oo

u=

—

LE. =— x| =1
= I:l _ I:] | |
Differentiating both sides with respect to =,

d 2, df 1
— 2. x =—( ] |;:|-=:1
x4 dxi\1-x

= Tardo-—L_(c1)  |x<t
2l l—x)
ad 1

= nxtt = xl=1
2 (1-x)’ g

1+ #



(B} (1) From part (a), we have

@ 1
nxtt=
2 (1-xY°

Multiplying both sides by =,

w
:J:Z nxtl=
Hel

|x|-::l

(1-x)°
Oy inxxbl: [l—xsz |J'f|'=il

O 3 nx =
xz-i [l—x)

X
d

{11} We have in part (1)

() From part (b) we have
> A= ! - |x| <1
7=l |:1 — x)
Differentiating both sides with respect to x,
7 R | 1

EM-IHI =E[1—x)2
- e
= E.’EI:H—I)I —[1_x)3.[ 1

= % |..-"f|"::].

(1-%)°




MWultiplying both sides by x* , we get
27

xgiﬂ[rz—ljx”'g= - |x|-::1
2 [l—xj
= Taln-nrrt =2 2] <1
72 [l—xj
w0 2:{2
= ZH[ ) - |x|-::1
2 (l—x:l
Thus iﬂ[ﬂ—l)f= 2x 2 |x|-::1
=2 [1—:{)
(11) From part (1), we have
w 2:{2
nln—11x"=
Tl
Putting x—% we get,
© vy
5 (- 1) - 222
H=1 1
1— —
(-3

= » - 3
27 )

2

(1/2)

Hence,
R —-n
=4
%y




(iii)

Q41E

From part (b) (11) we hawve,

w

b
L
=7
And from part (o), (1) we have,
© ot —
2 -
"] 2 ] —_ +
Now, ZH;:Z[H b ?z)
L | EH =l EH
T L
= + J—
Hel 2:“ EEH
-1 = ni-n = »
= + —_
ol Z_g 2" Ez”
=0+4+2
=6
Hence,
I .?32
T g
L5
! w " x2m+1
Weh tan” = -1 ——1
ehave et ()= 33 (-1 2 )
We lenow that tan_I[tanx:lzx for—mi2cxeml?

T :
Sowe put x=tan z i equation (1)

tan [tan [;?Tf 6)) = i I:_ljm |Ztan I:Fﬂ 6))

2l [2."3"‘1:]

2n+l

Since tan(77/6)=1/3

E:Z_.‘; (22 +1)
b (_l)x?}_"'%
=T L )
:“*’E‘i (-1)"1

& _x-nI:EH+1)~J§.3”
=1

J‘Z(znﬂ)z”

(-1

di 2JZ[2H+1)3"




(A) _I-m ax =-|-]1|'2 A
0 xz—x+1 b, x+l—_+1
4
1i2 %
=.[u 2
(-3) 43
——| +=
2 4
_.I'IJ"2 dx

Dyt

Hence

-I'IJ"2 o _ o
0o x4+1 3.3

(B)  We hawve x3+1=[x+1)[x2_x+1)
MNow,
1 Cl+x [1+xj
[Ij—x+1)_1+x3 _1_(_x3j

w

= [1_ +x)§ [_xg)x

w

= (1+) (1) A

L]



Therefore

I % —1x+1dx= I{i(_ljx x" +i(_1)x f”+1i|ffx

»=ll
_ w L I3x+1 w [_1:]3“ Jrl_3:'¢+2
—r:—i-;[ 1) 3H+1+§, (3H+2) for |x|-=:1
And
. 13x+1 . 13x+2
N I O I Y
l e L (3n+1) 2 (3n+2)
R T N
= 2T aarl) BT (31D
=1 e Y
Z 227 (35 +1) +§ 2227 (3n+2)
Y Gl I TS S t—lf[ 1 }
40 (3n+1)+[3u+2) _MZ_.‘; 48 | Fntl 3nt2

Mow, from part (a) , J-um %2 ifi-+1 33

Theretore, we hawe,
T :i[—lj{ 2 1 }
23 =48 41l Ga+2

= =33 Z( )[ 2 ;1 }

48" [Zw+1 3u+42

f=3ﬁi‘,[_nx[ I ]

Am+1 Ea+Z





