FUNDAMENTAL CONCEPTS OF 3-DIMENSIONAL GEOMETRY (XII, R. S. AGGARWAL)

EXERCISE 26 [Pg.No.: 1103]

1.

Sol.

Sol.

Sol.

Find the direction cosines of a line segment whose direction ratios are
@) 2,-6,3 (1) 2,-,1-2 (iii) -9,6,-2

(i) Here,a=2,b=-6andc=1

Now, Va2 +b? +¢? :JZZ +(-6Y +3% =7

L]
1

I . 2 3
Hence, direction cosines are iy

(ii)Here ,a=2 b=-landc=-2

Now, Jaz*-rbz_+ c? = \/22 + (—1)2 +(—2)2 =3  Hence, direction cosines are %—%—%

(iii) Here, a— -9, b=6and c =-2

Now, ya® +b? +¢? = \/(—9)2 185 (—2)2 =+/121=11 Hence, direction cosines are —%,:16—1,—1% :
Find the direction ratios and the direction consines of the line segment joining the points
(i)-4(1.0.0) and B(0,11) (i) A(5,6,-3) and B(1,-4,3)

(iii) 4(~5,7,-9) and B(-3,4,-6)

(i) Direction rations of AB
are (0— 1), (1 = 0), (1 =)

e -1 1.1
e
Now, \{(—1)2 +1 + 1% =+/3 Hence, Direction cosines are —%%%
(iii) Direction ratios of AB
are, (1 —5), (-6 —6)and (3 +3)ie -4,-12, 6
Now, (4] +(~12)° +62 =196 =14
Here, direction cosines are —i,—E.E i€, ~£.—3.§
14’ 14'14 7 77
(ii1) Direction ratios of AB
are(-3+5),4-7).(-6+9)ie2. -3,3
Now, 1/22 + (~3)2 B Hence, direction cosines are %~%%

Show that the line joining the points 4(1,—1,2) and B(3,4,-2) is perpendicular to the line joining
the points ('(0,3,2) and D(3,5,6)

Direction ratios of AB

Are 3-1), (4 + 1), (-2,-2)

ie,2, 5 -4

Direction ratios of CD are,3-0,5-3,6-2 1e.3,2.4
Now,2 x3+5x2+(-4)x4=6+10-16=0



Hence, AB and CD are perpendicular.
4.  Show that the line segment joining the orgin to the point A(2,1,1) is perpendicular to the line
segment joining the points B(3,5,—1) and C(4,3,-1)
Sol. Let, 0 be the origin.
Now, Direction ratio of OA are 2, 1, 1
Direction ratio of BC are 43, 3—5,-1—(-1)
ie 1,-2.0 Now,2x1+1x(2)+1x0=0
Hence, OA L BC.
5. Find the value of p for which the line through the points A(4.1, 2) and B(S, P, 0) is perpendicular
to the line through the points C(?.,l,]) and D(3,3,—l)

Sol. Direction ratio of AB
are(5-4),(P-1),(0-2)

iel.P-—-1.2
Direction ratioof CD  are,3-2,3-1,-1-1
ie 1,2 -2 + AB L CD

=S 1x1+2P-1)F(2)(-2)=0=1+2P-2+4=0=2P=-3>P= -g

6. If O bethe origin, and P(2,3,4) and O(1, —2,1) be any two points, show that OP L 0Q..

Sol. The direction ratio of the vector OP are 2, 3. 4.
2 3 4

J@F +BF (4) ) +G) +(4) (2 +() +(#)’
2 3 4 2 3 4
BN R oA R N R R -
The direction ratio of the OQ are 1, -2, 1.
1 -2 1
JO @)+ ) +(=2 +(17 ) +(=2) £@)
2 1 ::n!—Lm—_—zMr—L
J_J_J_ e JeT e

OP 1LOQ ther L1, +mm,+n.n, =0

. its direction cosines are

", its direction cosines are

3 2 6 4
J_ J‘ J_[ ] 6‘0 =T 5 W

Hence OP L OQ proved.

7. Show that the line segment joining the points A(1.2.3) and B(4.5,7)1s parallel to the line segment
joining the points C(—4,3,-6)and 1(2,9,2).

Sol. Let, A= (: +2;+_~.k) (4; +51+?k) é (-4;’+3}-61E) & D:(2f+9}+21$)
AB = (Position vector of B — position vector of A)
:(4?+5}+7£)-(I+2j‘+3£) :(3£+3j'+4§)

AB= (37 +3j+4k) =|4B|=\(3) +(3) +(4) =o+9+16=34
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Sol.

Sol.

10.

Sol.

= Direction ratios of the vector AB are (3,3,4).

3 3 4 J o o

3a'\BaTBa) T

CD = Position vector of D — Position vector of
=(2f+9}+2§)~(-4f+3}+6§)=(6f+6}+8!;)

CD|=q/(6)' +(6) +(8)" =36+36+64 =136 =234

The direction ratios of the vector CD are (6,6, 8).

Itsdirectioncosine( - ) . —( 3 A e, L= - m . n .

2t 2B b, \Babab) TR T R
Now, the line /, & /, are parallel

I m n 4 4 3 B4 3 4

L= o X o - X o = %X -1 Hence, AB is parallel to CD .

g
L m m 34 4 34 3 34 3

if the line segment joining the points 4(7,p,2) and B(g¢,-2,5) be parallel to the line segment
joming the points C(2,-2,5) and D(-6,-15,11) find the values of p and q

3 -+

3
,m, = n
SaT BT B4

Its direction cosines are [

CD =(6i +6j+8k) =

Direction ratios of ABare q—7,-2-P,5-2

ie, q—17, 2P, 3
Direction rations of CD are -6-2, -15+3, 11 -5
ie -8,-12,6
+ AB||CD
8-F 2P 3 R e 2P ¥
-8 -12 6 -8 2 12
=>2q-14 =-8 or, -2—-P=-6
=>2q="06 or, -P=-4
=>q=3 or P=4

Hence, P=4 and q =3 Ans.
Show that the points A(2,3,4),B(—1,—2,1) and C(5,8,7) are collinear

Direction ratios of AB are -1 —2,-2-3,1 -4

ie. -3,-5,-3
Direction rations of BC are § — (-1), 8 = (-2), 71
ie 6,106
-3 -5 3
N —_— = . ABJIBC
T .

Here, B is common Hence, A. B and C are collineai
Show that the points 4(-2,4,7) , B(3,-6,—8) and C(1,-2,-2) are collinear
Direction ratios of AB are 3 —(-2), -6 -4,-8-7
ie 5, -10,-15
Direction ratios of BC are 1 -3, -2 —(-6), -2 — (-8)
ie -2,4,6
.5 -10 -15

ez ==~ AB|B
2 4 6 BC



11.

Sol.

12.

Sol.

13.

Sol.

14.

Sol.

15.

Sol.

Here, B is common Hence, A, B and C are collinear.
Find the value of p for which the points 4(—1,3,2),B8(-4,2,-2) and C(5.5,p) are collinear

Direction rations of AB are-4 —(-1),2-3,-2-2
ie.-3,-1,-4

Direction ratios of BC are 5 —(-4), 5 -2, P —(-2)
ie. 93, (P+2)

*+ A, B & C are collinear

LB 1 4 A -4 _1_4

i = —= — e =P+2=12=P=10 Ans.
9 3 P+2 3 P+2 3 P+2

Find the angle between the two lines whose direction cosines are %_71%2 and %%g
5 t e |

Angle between two lines having direction cosines {,, m, n, and [, m, n, is gives
by,0 =cos '(¢,/, ~mm,,+nn,)
Here,e=CO$'1(Ex§+4—1x2+*—2x§}=cos'1[g—£—i]=005'4(“—81 Ans,

34 3 7 3 T ¢ 21 7, 21

Find the angle between the two lines whose direction rations are a,b,¢ and (b—¢),(c—a)(a—5)
Let, O be the angle b/a the two lines

3

a&, +bb, +cc,
Jai +0? +c2 a2 +b2 + 2
a(b-c)+b(c-a)+c(a b

Ja? i b2 +CZJ(b—C)2 +(|::—r=|)2+(a—b)2

we have, 8 =cos ™’ {

—0=cos’

ab-ac+bc—-ab+ac-bc

Ja? +b? ﬂtcz\/(b—c)2 +(c—a)2 +(r:1—b)2

0
Ja? +b? +¢? \/(t:-—c)2 +(c —a)2 +(a —b)2

—f0=cos

=0=cos’

G
=0=cos'{0} =>0= Tt?Ans.

Find the angle between the lines whose direction ratios are 2,-3,4 and 1, 2, |

Let, O be the angle between the two lines.

we have. 6 = cos 1 { a,a, +bb, +c.c, ]

2 v & v 2 &
Jat +b; +¢; Jaz +bj +¢3

c

2x1+(-3)x2+4x1 2-6+4}:>9=005-1{0}:,9=% Ans.

J22 +(-3)" + NP + 22 4 1 V296

Find the angle between the lines whose direction ratios are 1,1,2 and (\/5— i),(— 3— I), 4

—=0=cos’ :>9=cos'{

Let, O be the angle between the two lines,

we have, 6 = ('_',()3‘1 { 8,8, + b1b2 +C,C, }

2 2 2 v 2 >
\/a1 +b{ +¢] Jaz +b; +6;
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1x (B -1)+1x1(—B - 1)+2x 4

1

=08 =cos - -
JE P +22J(J§-1) +(-J§-1) +42
—=0=cos' V3-1-V3-1+8 :G:cos"‘{—e }
V63 +1-2y3 +3+1+2J3 +16 V624
C
=6 =cos"{632} =0 =cos"{%} :;»'3:% Ans.

16. Find the angle between the vectors 7, = (3f ~2j +i;) and 7, = (4? +5)+ ’M:)

Sol. Let, 0 be the angle between r, and r,

9 =cos'1 _1-152_
I

(i " A A Iy A "
[3i—2j+k]-(4i+5j+7kj

=0=cos =0 =cos {w}
JFH (2 + R 5+ 7 V14490

o 9 i1 9 g 3
=0=coS" =>9:cos‘{—}=>9:cos1{——¥ Ans.
{J2x7x2x3x3x5} 8J35 2435

17. Find the angles made by the following vectors with the coordinates axes

Q) (7-Jj+k) i) (7-4) (iif) (7 —47+9%)

Sol. (i)Let, r =i-j+k
1 1 1
B+ P (B +(<P+ P +(-1) +F

5
Direction cosines of r are,

5 i =1 1
e, —, =, /=
V3 3B

- . 1 1
Thus, Angle between r and x — axis,p = cos ‘( J
. o\ B

> : =4
Angle between r and y — axis, B =cos' (——J
g y B B

Angle between r andz— axis, y=Co0s ‘715

(i) Let, r = j—k

. . . ~ 0 1 -1
Direction cosines of r are : 2
JE +12 Y17+ (1) + 2
. 1 -1
L€, 01_'_'—1_'_"
242

TEC

thus, Angle between F and x —axis, o0 = cos‘l(O) = —
2



18.

Sol.

Sol.

&

. af 1 b
Angle between r and y — axis, B = cos '[]=g
g y -\/5 a
. x . 1
Angle between 7 and z-axis y=cos ‘(——}
gl y B
:yzn—cos“%:yzn-%:y:%
(iii) Let, r = i-4j+8Kk
Direction cosines of
1 4 E
i 2 : 2 > 2
JE+(-A) +8 P +(-a) 48 [F+(-4) +8
- 1 —4 8 I8 14 8
T T

thus, Angle b/® x-axis and ? o= cos"‘%

2 R 1 —4\ ) i i _ 1 8
Angle between y-axis and r ,p =cos ?J Angle between z-axis and r, y=cos 3
Find the coordinates of the foot of the perpendicular drawn from the point 4(1,8,4) to the line joining
the points B(0,-1,3) and C(2,-3,-1)
Find the coordinates of the foot of the perpendicular drawn from the point 4(1,8,4) to the line joining
the points B(0,-1,3) and C(2,-3,-1).
The given line BC is

x=0_y=(-1) _z-3 _ 4(1.8,4)
2-0 -3-(-1) =18
%:y_—;lzz_—_:zi(say]m(i) . N
The general point on this line is (24, =22 -1, —41+3). N(24;=24=1,~44+3)

Let N be the foot of the perpendicular drawn from the point 4(1,8,4) to the given line.

Then, this pointis N (22,—22—1.—44+3) for some value of 4.

Direction ratioof AN are (24-1,-24-1-8,-41+3-4) = (24-1),(=24=9),(—41-1)
Direction ratio of given line (i) are (2, -2, —4)

Since AN L given line (i) we have, 2(24~-1)=2(-241-9)=4(-44=1)=0

= 41-2+41+18+164+4=0 = 241+20=0 :>A=_2—240——-%5
s 3
So, the required point of N[Tsé% I.

W |t

5)
* 3 »

Hence the required co—ordinate foot of the perpendicular is [_TS



