Exercise 10.2

Q1E
Consider the following parameiric equations:
x =tsinft, y=1 +1
Find ﬁ
dx

(%)
Recollect that, i dt ﬁ #0.

Diiferentiate the parameifric equations with respect to .

x=tsint
Use Product Rule of differentiation.
dx \
—=[Cosl+sin/
dt

and, y= .i'." +1-

Then,

ﬂfv=2f+l-

i
Therefore,

2]
dv _\dt)
= 5

drf

_ 2r+1
fcost+sint

2r+1
fecosf+sinf

Thus, Q =
dx

Q2E

Consider the following parameiric equations:
1
= B Jie”

The objective is to find %



Differentiate x =1 with respect to  to get as follows:
t

&__1
dt r
Differentiate j, — Jre with respect to t to get as follows:
dy J_ -t 1 -
= - t—_—p
d (=) 2\t
1
(e _]
[ 2t
B ( -2t +1 ] y
2t
Therefore, obtain the following resuli
dy
v _ dr
dx  dx
dit
(—1: +1 ]E_,
Lo
(-+)
.,2
B I:[—1r+l)e_,
2t
3 :(2" - I] -t
=\ e
2
Q3E

‘We are required to find the equation of the tangent to the parametric curve
=144 y=2-F at £=1

X _a_> D __3p3

d dt

dy dyjde % 3¢

dx dxfdt 4-2¢ %4

whenficl, T P 3
dr 2-4 2

Therefore the slope of the tangent at £ =1is —%



Further, when £ =1, from the given parametric equations, we get
x=14+41-P =4 y=2-1=1

3
. The required tangent is the line passing through the point (4, 1) and having the slope — E

The equation 1s y—1= —3(1—4)

3
=—=x+7
N 2

Q4E
Consider the parameiric equations
x=t-r', y=l+r
Differentiating with respect to t to obtain that

dx 1 dy

—=l+= amd —=2X
dt t dt
Thus
ﬂ_ﬁﬁ.-‘hfl
de dx/dr

_ X

l+l__

7
rf+1

When the parameter y=1.
x=1-(1)"=0 and y=1+(1)"=2
The slope of the tangent at =] is

2]

)., (1) +1

"
2
=1



Recollect that, the equation of the tangent line at (x,, y, ) with slope m is
y=-y,=m(x-x)
The equation of the tangent at (0,2) is
y—2=1(x-0)
x-y+2=0

Thus the equation of the tangent to the curve at point corresponding to the parameter y=1 is

x—y+2=0|.

Q5E

Given parametric equations are x=£fcosf,  y=fsinf{

We are required to find the tangent to thiscurve at £ =7

dx
—=£(—5in£)+cos£,£=tcos£+sint
ot dt

:}abr_ dyfdi  tcost+sint
dx dxfdt  —tsinf+cost

AcosA+sin T
when £ = ;,-;;Q:

—wsin A+cosA
_ z(-1)+0

—m(0)+(-1)

=37
On the other hand, from the parametric equations,

whenf=m, =x=fcosw=—m,y=msnw=0

dy

Now, the equation of the tangent to the parametric curve at £ =&, havingthe slope E =
: : O - .
passing through the point ( X=—m,y= ﬂ) is y—3= E(x xl)

ie., y—0=#s(x+m)

_}*=?!’I+J'!J




Q6E

Given parametric equation is x=sin’ &, y=cos &

We are required to find the equation of the tangent line to this curve at 15'=E
£=35in29[:059, B g 8(—sin &)
48 a8
:}Q:dyfdﬂz3co_szf(—mn9):_mtg
dx dx/d8  3sin” Bcos8
: T dy T

So, the slope of the tangent to the given curve at ngIS_ =—cot £ =—-.-'§

£ S

6
Further, at Hzi,x:sin3£:l,y:c053£:—
6 6 8 6 8B

Therefore the tangent line to the parametric equationat &= % is passing through

133 . dy . dy
— " |andh the slope —=— -y =—(x—
[3’ 3 )an aving the slope e \B_ 15 ¥-N dx(x xl)

y =—~3x+—

Q7E

Consider the parametric equations
x=l+Int, y=r+2
(a).
Here the objective is to find the tangent line without eliminating the parameter.

Differentiate the parametric equations with respectto t

£=1 and ﬁ=2||'
dr 1 dr

Now, write %by using the chain rule.
ﬂz[ﬁ].[ﬁj
d de ) \ dr

288

2

-

[F]

]
f
=2t



(b).
Here the objeciive is to find the tangent line by eliminating the parameter.
Consider the parametric equations
x=l+lns, y=£+2
Eliminate the parameter -

x=1+Int
Ini=x-1
§=e""
Substitute this value of tin y=¢* +2 to get
y=(e) +2
y=e"42

Differentiate with respect to x to get,

ﬁ = Ie?x—'."

The slope of the tangent at (1,3) is

),
dx Ji3)

=2
The equation of the tangent at (1,3) is
y=3=2(x-1)
y-3=2x-2
2x—y+1=0

Thus the equation of the tangent to the curve at point (1,3) is [2x— y+1= Il]ll.

Q8E

(a). Given parametric curve is x= 1+-.,,"'r_,_:r,r:.usz"‘1

We are required to find the tangent line to this curve at (2, 2) without aliminating the

Cunﬂder——i,izefzt
2.ft dt
!2
Q: fdize 2:—49’1:3“
dx  dxfds 1



Further, substituting (2,e) inthe parametricequations, we get

=l =22 fi=1=1=1

y=e’z —e=>f =1=¢=+1

Comparing these equations, we observe that we are required to find the tangent at £ =1

3
Now, slope of the tangent at £ = lis Q =452 =4e

o el
Therefore the slope of the tangent 15 4e
The tangent equation 1s

y—e=4e(x—2)
v =dex—Te

(b). in this case, we find the equation of the tangent line to the given parametric curve by
first eliminating the parameter.
=14k 2 fi=x-1=24 =(z-1)"
_}r=e’= :‘!rh:l_:r,r=z2
comparing these equahons, we get ln y = (x— 1)‘
l@=4[x—1)3
¥ dx
dy 3
= —=4y(x—1
— =1

dy

£L =de(2-1)° =4
dX o1 (2.4

5o, the required equation of the tangent passing through (2, 2) and having the sope %ﬂl& is

Y—-n= %[I_xl)

ie, y—e= 49(1— 2)

[y =dex— e




QOE

Consider the parametric equations
x=6sinr. v=1 +t
Need to find the tangent to the curve at (0,0).

Differentiate the parametric equations with respect to f to obtain that

& _goost and L =211
dr di
Thus
dv _dyldr
dx  dvldi
2+l
bcost

From parametric equations, y=( when the point [x, y}:{ﬂ,ﬂ}.

The slope of the tangent at y=( is

[%] _ 1({]]-:}1
1=l cos
1
"6

Recollect that, the equation of the tangent line at {x!. J’s) with slope m is

y=y,=m(x-x)
The equation of the tangent at (0,0) is

1
| LY U
y 6(1 )

6y=x
x—6y=0

Thus the equation of the tangent to the curve at point ({],l]] 15 |x-6y=0|




Sketch the graph of the curve and the tangent line is shown below:

Fy
12%1Y

1[]..

x=6sins, V=1 +1

Q10E

Consider the parametric equations
x=cosf+cos2f, y=sinf+sin2s

Need to find the tangent to the curve at (-1,1).

Differentiate the parametric equations with respect to t to obtain that

o —sins—2sin2s and %=c05r+2t‘051f

dt

Thus

dy _dv/dt
de dx/dr

_ cosi+2cos2i
—sinf—2sin 2t




Need to find the parameter t when the point (x, y)=(-11)-

x* +y’ =(cost +cos2r)’ +(sint +sin2r)’
=cos” +cos” 21 +2cosfcos2f +sin” 7 +sin” 2f + 2sintsin 2f
=1+1+2(cosrcos2s +sinrsin2r)
=2+2cost

So,

(=1)" +(1)" =2+ 2cost

2=24+2cost
cost=0

The slope of the tangent at s=2 is
2

cos = +2coswT
Q] 5
{dr ’=§ —sing—zsinx

_0+2(-])
T -1-0
=2

Recollect that, the equation of the tangent line at {_rl, '}‘;) with slope m is

y-y=m(x-x)
The equation of the tangent at (-1,1) is

y=1=2(x+1)
y=1=2x+2
2x—y+3=0

Thus the equation of the tangent to the curve at point (-L1) is [2x—y+3=0].




Sketch the graph of the curve and the tangent line is shown below

x=cosf+cos2r.
y=smf+sm2t

Q11E

Given curveis x=£ +1 y=£ +¢

o o
df dt
dx dijdt 2 2




1
Observe that when £ <0.£° <0 and so, — ?H]

a‘lﬂ
It is clear that whent <0, —':r =0
dx

Further, the curve has concave upward ness where =0

2

Keeping this in view, we confirm that the given curve has concave upward ness att <0

The following graph verifies this result. In this graph the concave upwardness continued till (1,0)

ol

iy
A -

I

then started the concave down wa rd ness.

11‘—"‘534&

The first graph shows the concave upward ness fort <0

Then second graph shows the remaining part is concave down ward.



Q12E

Consider the curves

Now differentiate {1} on both sides

i =3¢* Since i;“ =m"™" and i[mnslam] =0
dt dt dt

Again differentiate (2) on both sides

@ =27 —1 Since i;" =nr}

dt dt
Therefore,

dy
dv _ dt
dx dx

it
_ -1

3“,2
dv_2 1
de 3t 3
Now

d(2 1

3[5_3;3) Since ‘t"_i_% £=3:,
T 3 dt

2 i(l) 1 E(L)
_3ldr\t)] 3|di\F
- 3

2 2

_if_!+3};' Since i{l]z_é: i(L}]z_E

=7 32 a\t) 7 da\’) F




Concavity Test:
d*y

(a)f == for all x in /. then the graph of fis concave upward on /.
dx

d’y

2

(b)if < for all x in /. then the graph of fis concave downward on /.

MNow consider

d’y 2[] )
—=—--1
dr 9\t

Mow see that for every i, gi' =10
i

-
-

so, 22 0 if and oulyif 1=150
& :

2Z 0 itand palyif >4
dx ‘

2

d’y

d[l

>0 ifand onlyifr <1

Also, when t <0, l—l <0
1

Thisteadsto 9 ¥ <0, whent<0
ﬂ‘-

Thus by Concavity Test and putting the above resulis together, the given curve has concavity
upward on (0,1).

Q13E

Consider the curve x=¢',y=1te”
Now

ﬁze’,%zf&"{-l)-}e" -1

=e"'(1-1)

Therefore,

Il
|
iz
—
—_—
I
-
e




_er(=N+(1-1)e™(-2)
¢

e (u-3)

—c—

e (2-3)]

Concavity Test:

(a) If %} 0 for all x in I, then the graph of fis concave upward on /.

d’y

)it =2

< () for all x in /, then the graph of fis concave downward on [.

Always, ¥ >

d¥ o itandonyif 23>0
dra.

S0, ¢¥(2-3)=

So, the given curve is concave upward at { where d;-f =0 24-3>0
dl_...

That is the given curve has concavity upward at |r > i ;

Q14

Sol: Given parametric curve is x=£+1 y=¢'—1

X 0P _g

de  dt
dy _ dyfdt
dx  dxjdt

¥
g
2f



dxt dx
dr
dé 2te" — 22"
s5) (=)
2% 2
-0 1 1
T E(au:“_#)
&
T4 48
Weknﬂwthatibﬂforevﬂyziﬂ

4¢

2 t
So, i{:f,—:g >0 ifandcn]yif—%{u
£

But we know that & >0 so, —%m ifand only ift < 0.

_dy

T et

>0 if and onlyift <0

So, the given curve has concavity upward whent <0

We venify this result in the following graph

Fys

= R = e A @ W 80 W8

X
of 2 23 4 5 68 7 8 9 |0




Q15E

Consider the parametnic curve,
x=2smf, y=3cost, 0<t<2r.

3 2.,
Need to find the values of the derivatives % and if_}'

From the given parametnic curve, x=2smf, y=3cosf, 0<f <2r,

dy

—=2c0o8f. —=-3smnt
T dt

Now, consider:
d
&y _g¥'*)
a dx
dt
5=
! tant
B\ 2 ) e ¥ e ad g
2cost dx 2
3d
——-—(tanf)
__ 24 i LlartiN=e L (1)
=24 Since, £(of (1) =c 2 (/1)
3 .2
——5ec 1
=2 Since, E{tanr}=sec;r
2cost dt )
=—Esec3t Since_ L=i'~i':?'l21'
4 cost




The given parametric curve 1s concave upward when
sec’ t <0
sect <0
cost <0
E <f<—
2 2
Therefore, the parametric curve x=2smnf, y=3cosf, 0<f <27 is concave upward for

the values of - %{f{% N

Q16E
Wehave x=cos 2, ¥=rcos{ 0<t <or
Then E=—25i1:|2»f, Q=—sin£
it P id
g_abr.-'d!_ —sin{
dx dxfdt —-2s51n2¢
_ sin f
Asinfcost
1
dcost
£=—SEEI
ot
i(f] lsm:ztanz
5 il
Therefore d'_:r:dt dx _4 _
dx —25n 2
Fe i
_ _1 sinffcos f
8 s=sinX
_—_lain.t.-'[:nsjz
8 Z2snfcost
2 —
Or jx:—yzésefi

The curve is concave upward when sec’f <0 =>secf <0

b4
=cosf <0= 5 <f <A




Q17E

Sol: Given parametric curveis x=£ —3f, y=£ -3

The tangent to the given is horizontal when %: Uand%#& 0

£=2£=U:}I=U
ot

Using this value of t in the given curve , we get x=0, =3
. The point on the curve where the tangent is horizontal 15 (0,-3)

The tangent is vertical at %zﬂ

%:3(:’—1):0:::11

Using this in the given curve, the points on the curve where the tangent is vertical are
(x=1-31), = ~3).(x= (-1 ~3(-1).y=(-1" -3
=-2,-2)and ( 2, -2)

‘We venily the above observations in the following graph

oY
il g I
- 7+ e
0
gY 4 1%
i 31 E
2..
R e L e e

A . ———_
-109-8-7-6-b-4-3- 345678910

=
tangentatz =0




Q18E
(Fiven x=£3—3£,_}r=£3—32

The tangent is horizontal when %= ﬂand%:ﬁ 0

Q:k’—&:ﬂ:ﬂ:ﬂ,z
dt

Using t =0, 2 in the given parametric equations, we get the points (0, 0) and (2,-4)

Further, we can easily see that when t=0, 2, %:32—3:& 0

_. the points at which the tangents are horizontal = (0, 0}, { 2, -4)

The tangent 1s vertical at %zﬂ

E=k“—3=ﬂz}:=il
dt

The corresponding point on the given curve C 15 |(—2,—2) and (2,—)|.

‘We venfy these observations in the following figure.

2JI."r

+— langenl alf — i —

o

]

o lgnipgetil al 1 -
/L
/ @ ol |
i tAngent ot fm =|

]

Te—— . .

Q19E
Sol: Given x=cos8, y=cos38

The tangent 15 horizontal when % =0
£=—3sin3ﬂ
d8

we Imow that sinx=0=x=ns
L —3an38=0=38 =g

===
373



Substituting &= g%ﬂ' in the given curve, we get ([:05 [%r) Cos 3(%)) = (l,—]),

() efZ)H( 2

The points where the tangents are horizontal to the given curve are (%,—1) and (—%,1)

The tangent to the given curve 15 vertical at %=U

dx i
Observe that E= —sin £= 0 is not possible while the curve is defined for =0

o4

So, the curve has no vertical tangents. z

Q20E

Sol: Given zx=¢&™7, y=2""

The tangent 15 horizontal when i=IZI,£$'EI:I
d8 a8

& cwa,

— = —smnFN=0=8=0—7,

I (—sin &)

So, the given curve has horizontal tangents at #=0,-x
Substiuting & = 0,—in the given curve, we get (emujemsn) = [l,e) and

(eﬁ[_'i,ec"{_’j] = (™7™ )= (e )= (1, 1] where the tangents are horizontal
g



: ; dx dy
The tangent 15 vertical at —=0,—=0
d8 g8

9% _ e g0 8=+ T
4o 5

Substiuting H=ig in the given curve, the points where the tangents are horizontal are

(e.1) and (51) |

The following figure confirms these observations.

T
JT I-!—H'I'I'-_""Iﬂlr.! 'I—]-'

_[ £

] =

E =

£ o
1 |

[ r_ A
.l’ T

+— tampenl al & —:#1 X
e | 3
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The graph of the curve x=¢—r°, y=¢' is shown below:

x=t—10,y=¢l

48 42 36 -3 24-18-12-06 OV 06

From the graph, observe that the right most point on the curve is |(0.6,2)

The slope of the tangent to the curve is given by,

dv _ dr
de dx




At the right most point on the curve, the slope of the tangent is undefined (because the tangent
is vertical there).

So we have,

-6 =0

1
1 1
s o Gl
65 6
( I
1 1
|l T
65 6-6°
— 6-::.1Ei_}
L6-6°
|3 e




Q22E

The graph of the curve x=¢*—-2¢, y=r+¢" is shown below

From the graph, observe that the left most point and the lowest points on the graph
approximately are |(-1.2,1),(1.3,-0.5)

The slope of the tangent to the curve is given by,
dy

d _di

de dx

dt

d s
—\t+1
S+
d .

—|\ =2t
dr( )

dy _1+40°
dx 4r'-2

Use %(f”] = n,[""



At the left most point, the tangent to the curve is vertical, and the slope of this vertical tangent
is undefined.

That is,

dy  1+4r

= =0
de 4r -2
S0, we have

4 -2=0

r=

=

() |_MI-—-

b | -

Hence the left most point on the curve is given as,

(x.y)=(r—201+1*)

f
1 21 1

& 1* 1 ' &

\23 23 23 23




Also_ at the lowest pDim on the cunve, the langent is pErEIIEI to x-axis, so iis SI{JPE is 0.
That is,

dy _1+48

dc 4r -2

S0, we have

1+47 =0

[ I ]3
t=|——
4
Hence the lowest point on the curve is given as,

(x.y)=(r'-20r+1")
)

ORI

1
|
B |-
\-—-'T
|
|-
I
a
|
|
o |
N -
—
|
|H
S —

Q23

Wehave x=£*—2*— 27 and y=F—¢
2_
Theg -l -1
dx dxifdi A 68" A

For honizontal tangent % =0

=% -1=0

:H:i}/‘\ﬁ

1 1 1 1
At =1/ B=2y=—— and y=——+——
33 3 33 BB
:‘#y—__zm—GBEmﬂ y—im+EI3B

33 33



at t=11/-3 :}x:—g—im—u_g and x=—>+_ 2 ~—0.170

3.3 9 33
i dx
For vertical tangent o =0

=462 -4 =0
:2:[2:’—3:—1):0

=2{t-2)(26+1)=0
=t=00o0r £t=2 or £t=-1/2

Fort=0, ==0, v
Fort=2, z=-8, y=6
Fort=1/2, ==-01875 ¢=0375

‘We see that maximum x value 15 8 and minimum value of x15 0

And minimum value of y=- 038

Mazimum value of y=6

So first we graph the curve in viewing rectangle [-8.5, 0.3]by [-0.5, 6.3]
This corresponds to £ €[—1.2, 2.05]

Fig. 1



But we see that on right hand side, we have very small portion of graph so we
choose viewing rectangle [-8.5, 3] by [-1, 6.3] this corresponds tot €[-1.2, 2.2]
&5

=

;.

__]_,f T Y T - T b r ¥ T
1 r = “:r-———*" TSa

Q24E

We graph the curve x=2'+4f* —8¢* and y=2¢*—¢ in the viewing rectangle
[-5, 5] by [-3, 5], we see that loop of the graph 1s 1n the interval (-3, 0) so we
choose viewing rectangle [-3.7, 0.2] by [-0.2, 1.4] in figure -2

(VRTINS




Graph has a horizontal tangent at about (-0.4,-0.1)
And vertical tangent at about (-3, 1) and (0, 0}
Now Q = _@fdt
dx  dxidt
B 45 —1
A +12¢7 - 16¢
So for horizontal tangents,

dy

We must have —=
dx

dy

= —=0
ot

==l
Fort=1/4, x =(-0.4336), y=0.125
This 15 shown in firgure2

Fig.2

For the vertical tangent we must have %zﬂ

=483 11242 —16£=0

=4 (.::‘ +3:—4) =0

=4(t+4)(e-1)=0

i=0f=—-4ft=+4+1 Forwhichx=0, -3,-128

We do not have the point (-128, 36) in figure 2 so we also choose a rectangle
[-130,130] by [0, 55] which shows another ventral tangent.



&
i
Al
5=
100 S0 EI'.%I S 100 %
Fig.3
Q25E
‘We have X=rcost, y=sintcost
then E:—5i1:11E and Q:—siniz+[:oszf.:[:ﬂ52t
ot ot
Let the tangent pass through (0, 0)
So z=10)
= cosi=10
Fr 37 S
== Rt S
2 2 2
Whent= 7rf2
—=—snjAwAf2)=-1
a1 2)
and Q = cos (EJTI 2) =-1

Then equation of tangent at (0, 0) 15 |y==x

""]F-.i'ht:nt=3—;llr
2
4 in(37/2)=1
ot
and Q=cos(3ﬂ')=—1
ot
50 Qz—l
dx

Then equation of tangent 15 |y =—x

I
|
b

Thus the curve has two tangents |y =x| and |y at (0, 0)




— g1
- ___-"'
- I
-\.\1 /
= ot
14 a5 g aE o
_,.i"'r;.t \
-
. ",
— as " 4
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Fig 1

Q26E

The graph of the curve x =cost + 2cos 21, y =sins + 2sin 2¢ is shown below:

41V

=

x=C0st+2c0s2t, y=sinf+2sin 2t

=

B
'Y




From this figure, observe that, this curve intersects itself at the point [(-2,0)|.

The slope of the tangent to the curve at any point is given by,

S

v _di
dx

a 8|8

—(sinf+ 2sin 2r
dt

~d Therefore, Q: .
E[mﬁr+2m521) dx —sint—4sin2¢

r+4cos2r
cosf+4cos M

B cosi+2(2cos2r)
- —sinf+2(-2sin 2s)
_ cosi+4cos2t
 —sinf—4sin 2t

As the point (—2._!]} lies on the curve, substitute x =-2, y =0 in the equations,

-2 =cost+2cos2r,0=sinr+2sin 2¢

To find the value of ¢ solve these two equations as follows.
First consider,

sinf+2sin2r=0

sinf+2(2sinfcost)=0

sint(1+4cosr)=0

sint =0 (or) 1 +4cosr =0
1
=0 r=—
(or) cos 3

Suppose =0
Put this value in -2 = cosr+ 2cos2r 0 get,

-2 =cos0+2cos0
~2=1+2(1)

-2=3

This is wrong. S0 r ()



S0 cost = _i put this value in -2 = cosf+ 2 cos 2rto get,

2= mr+2{2m531—1)

This is true, so the correct value of { is given as cosfs = _i

To find the value of sjps use the result,
sin“f+cos =1

sinf =++y1—cos’ 1

I 2
sinf=+ l—(——]
4

. 15
smfi==+ |—
=16

Jis

sinf=+——

Rewrite the equation (1) as follows.
dy  cost+4cost

dx  —sint—4sin 2
dy msr+4(2coslr-l}

dx  —sint—4(2sinscost)

e (2

dy  cost +4(2msir-l

P T S,



Now subsiitute the values of gjn s = E and cost = _%in the equation (2), we get
4

_1+4(_3‘
4 8 )
s s
4 2
1 7
T4
N
4
15
__4
NE
4
T

Therefore the equation of the tangent line at the point (x,, y, ) =(-2,0). and having the slope
m=—J1515.
y—y,=m(x—-x,)
y=0=-\15(x+2)

y=—JI5x- 215




J15

Substitute the values of gjps=———. and coss = —iin the equation (2), we get
4

~ s )i

Therefore the equation of the tangent line at the point (x,, y, ) =(-2,0). and having the siope
m=1585.

y—y,=m(x—-x,)

y=0=15(x+2)

y= JI5x+ 215




The graph of the given curve with the tangents at { -2,0}. is shown below:

x=C0st+2c0s2¢t, y=sint+2sin2s

[ 3
&

Q27E

{(a) We have

Step20f3 A

dy _dyld8  dsin8

drx dxld8 r—dcosd

Therefore

7
Slnpeofthetangent]jneis=@— ( s1n5:|

dr (r—d’ cos&)

¥



(b) For vertical tangent we must have :I_H =0

=r—dcosd=0
== r=dcosd
—=d=cos (r.-"d)

This is defined when —1£5£1 since |cos8|<1

So we must have r < d for vertical tangent
Ifd=<r, thenr/d =1 so & 15 not defined

Thus for d<r, trochoid does not have vertical tangent]

Q28E

(A) Wehave x=acos &

y=gasin" 8

Then E:hcosﬂa(—sﬁ.g)
d8
jﬁ:—hﬁnﬂcnszﬂ
d8
And D _ 34 sin?Gcosd
df
. dy dvid8
Then slope of the tangent 1s —=
% dx dxid8
dy  3a sin® Bcosd
== = : .
dr —3Sasnfcos &
. w8 e e
ax cos & ax

(B)  For horizontal tangent we must have % =

For vertical tangent we must have cos&=0
- T,
Or =2 £ 7/

Corresponding points are [(0, +a)




(C)  We have = +1

Or =—tan &==+1

8|8 B %

=tan8=10r -1

- T,
Or G=nmt 4

(Z. L)

where #=0,+1,42 43

Cormresponding point are 4

Q29E
Consider the following curves:

x=27 And y=1+4r-1

The objective is to find the points on the curve y =724 and y=1+4¢—r*. where the slope of
the tangent line equals to 1.

In order to do this, use the tangents formula to find the slope dy:
dx

> dy

Y _di o dx

de dx’ a
dt

Differentiate the equation » = 2,3with respect to 1.

£=ﬁ,=
dt

Also differentiate the equation y= 1+ 4¢ — 2 with respect to t

D42
dt
Now, using the formula,
dy
v _ dr
de  d
dt
_4-2
6’2
(2-1)




Given that, the slope of the line equals to one.

So. equate £=1
dx

(2-1)
3
2—r=3r
3 +1-2=0
(3t-2)(t+1)=0
This implies,

2
3

When ¢ = % plug it into the parametric function,

So, the point is [E,E]_
27 9



When § = -], plug it into the parametric funciion,
x=2r
=2(-1)

y=l+4t-1
=1+4(-1)-(-1)°
=1-5-1
=—4
So, the tangent line have slope 1. at the point (-2,—4).

16 29

Hence, the required points are [ .
279

]and (-2.-4)|

Q30E

We have x = 3% +1
And y=2r+1

Then ﬁ:ﬁz and £=5z’
dt dt

The slope of the tangent at any point

o
dx

U

Then at the point corresponding to the value £, an equation of the tangent line 15

[y—(2t3 +1)]=z[x—(i“+1]]

Since this tangent line passes through the point (4, 3) then
[3—(2:%1)]::[4—(3:%1)]
3-22—1=4-3F ¢
£-%+2=0
(1) (¢+2)=0
i=1 or t=-2

LYY



Whenti=1,x=4andy=23 and slope 1

Then the equation of the tangent at (4, 3) with slopes 1, is
(r=3)=1(x-4)
= y=x—443

=lp=x-1

N W *

Whent=-2,x=13 andy=-15
Then the equation of the tangent line at (13, -15) with the slope (-2) 1s
(y+15)=—2[x—13)

= ly=—2x+11

Q31E

Consider the parametric equations
x=acos@,y=bsinf. 0<0=<2x - (1)

Sketch the graph of the curves as follows.

&

x=acosf.y=>bsiné

e

Recall that,

The area of curve traced out by parametric equations x= f(r),y=g(r). a<r<f is

A=["g(r) £ (t)dr
So, to find the area, first find gy
Differentiate y = gcos# 0N each side.
Then

dr=—asmfdo



Therefore, the area is

A=[ pis

Since the ellipse is symmetric about the axis

Then area,

A=4], yax
2

1]
=4 [ bsin0(-asin0)do

1]
=-4abj sin’ @d@

{4

- _45-5.[_ I ﬂdg]
A 2

| —cos 28
2

Use Ihf |: .t']a:[‘t' = —jj _f'{xhi\_’ and sin’ @ =

Continue the above steps.

=2ab j-dﬂ-im 2846
o 0

[E1L}

=2ab| — _[ﬂ_ﬂ]] Apply the limits of integration

o]

= mab
Thus, the area of the ellipse enclosed by the parameiric equations given by (1) iS [zab units|-

Q32E

We need to find the area enclosed by the curve x=£"—2¢ , _}erI_End the y-a=zis.



Graph showings the area enclosed by the given curves:

wid
.:l:_,_,_._-—-—'—'_'_'_'_—
: x=_}’4—2}-'2
1of
0.5F
- X
-10 -05 05 10

3
The formula for the area under a curve x=F(y) ., 1s Ale(y)dy where F(») =0

In this case, we will solve for x as a function of ¥ from the given equations.

y=-
=)’ =t

So x=y'—2y*

The intercept of the curve and the y-axis occurs when x=10
That means

0=y*"-2)"
=0=y*(*-2)

Observe from the graph that x=F (_}r) 15 negative.
So required area 1s

A:—fmbr

A=—f[y‘—2y‘)@
T T
=32 -o}+5{ -0
L) (o)



&2

15

Thus area enclosed by the given curves 1s given by |—

Q33E

Consider the following curves:

x=l+é, y=t-r

Need to find the area enclosed by the x-axis.

Sketch the given parametric curves:

82

15

x=1+& y=1—-12




Area bounded by the curves x= f(r)and y = g(r)is as follows:

b B
Azjﬁirzjg[r}f'(r}d: _where g <t< g

y=g()=t-r
x=f(N=1+¢
rr)=¢©

The intercept of the curve and the x-axis occurs when y=0.
That iS._ it —.f= =10
t(1-1)=0

r=0,r=1

Therefore, the areais A :j(f - ]e' dr
[i]

1
Consider the first integral Ife"df.
o

Let y=rand dv=¢€dlr

Then gy =drand v=¢'
Use the formula for integration by parts.

[ udv = uv— [ vdu
i fe'dr=[re'1:r—_li;e’di'
= (e-0)-[¢'].

=e—(e-1)
=1



1
Now consider the second integral I re'dr
1]

Lel y=r* and dv=€'dr
Then gy =2tdr and v =¢'
Use the formula for integration by parts.

[ udv=uv~ [ vu

j‘ redi=[re] - zj’ t¢'dt
o o

I
=(e-0)-2(1) [ﬁ'nm integral [re'dr =1 ]
L}
=e—2
Substitute the values of first and second integral in (1)
Therefore, the area 4 =1-(e-2)

=3-¢
Thus, the area enclosed by the given curve is _

Q34E

Consider the parametric equations

x=acos @

y=asin @
Find the area of the region enclosed by the above curves.
The region as shown below:



Ak

The derivative of x is as follows:
x= a{cos’ H}
d
x=a r—(cns’ H)
dé

x"=-3acos’ #sind

To find the area of underneath the curve, consider the entire area swept and the region

bouned by the curve is <@<2x-

Area of the region is,
B
A= [ (t)x(£)dr

A= | (-3acos’ #sin#)(asin’ 0)do

A= -h*f{cusf 8)(sin’ 8)de

1]

The recurrence relation is,

+

sin” ' xcos™'x m-1

Isin' xcos” xdv=—

m+n

m-+n

Jsin"z cos” xde If m#n



2x

To find the area of the region, first find the integral Isin" @cos’ 6d6
']

Let m=4,n=2
o | 24
Isin‘xcns:.tdtz—sl“ kit I+4 ]IEin*'zcus!xdr
4+2 4+2
.3 3 )
o BEXCON ¥ o oi? it
6 6-
=3 3 '8 . 3
__sin xcos’ x 1[ sinxcos I+ljcﬂs](1]dr
6 27 4 3
_ sin*xcos’x 1f sin:ms;:c‘l' 1 Il+tus(2x)
6 2 4 4T

sin° xcos' x sinxcos x | 1 .
- - +—x+—sin2x
6 8 16 32

Substitute this into the area of the region,

A=-34" j cos’ @sin’ 04O
Li]

+—X+—sIn2x

_ 32 sin’ xcos’x sinxcos’x | 1 o
6 8 16 32

- _3,,2(‘:_:] (Since sin(27) =0, sin(0)=0)

Hence, the area should be positive and the area of the region is 4 =

Q35E

We have xzrﬂ—dsin.ﬂ:f(ﬂ) (Le.t)
y=r—dcosf=g(8) (Let)

Ford<r
One arch of the torched lies 1n the mnterval 0 <8 < 21

since f(H) =r8—dsmé
then f'(8)=r—dcos8

‘)

L2




] 2x (05 28+1
Therefore A= rnﬂ—rdsinﬂ]z'+dilwdﬂ
|- g 2
] T x
_ rnﬂ—Erdsinﬂ]z +d—[5mzﬂ+9]:
I 2| 2

~[22r]+ £ 2r]

= |A=2nr% +7d*

Q36E

(A) We have parameiric equations r=f = ¥i (I) (Lﬂt)
And y=t-%=g(t) (Let)
‘We sketch the curve

F

Fig.1

‘We see that the area 15 symmetric about z-azis
So we double the area of the region lies above the z-axis

3
So area of the loop is A= zj(n— »)dx
L]

= Ef—g(z)f'[t)d: [x=3then t=/3

=—2f|:z3—})(2:)dz

=—4f[t‘—}’]dt

cos28=2cos® 81
( )



_rj E
Therefore area = -4 g—f:ln
- 5

=—4 (ﬂ_}ﬁ

5

= 4[4{—%&]: ?[15—9]

A=24315
HNote [here for USIE-\E the curve lies below z-axis or the line y =10

3
So area of the region hies under z-axis 15 I(ﬂ—_}r)dx]
0

{(B)  'We consider only upper or lower half of the curve for finding the volume of
solid. Since if we rotate half of the loop about =z-ax1s, we get same volume as
the volume gotten by rotating full loop.

Y

-

Fig2

From the equation x=f wehave £ =iJ;
Then y=£(f,2 —3)

=+ fx(x-3)
Equation of upper half of the loop 1s y:—J;(x—3), 0=x=<3
‘We consider a vertical strip 1n this region, after rotation we get a disk with
Radius = —/x(x-3)

Then cross sectional area of disk A(x) :Jr(—JJ_r(x— 3))2
= ax(x-3)

3
So the wolume of resulting solid 1s ¥ = I A(x)dx
0



=im:(x—3)‘dx

i[x" +9x—6x")dx

= =(675)7

(C Let F(x)=—Vz(x-3) and G(x)=Vx(z-3)
For 0<zxx<3, f(x)lf}(x)
Then fz%!x[F(x)—G(x)]dx
:ilx[ \-"_(x 3)- J_(x 3)]::‘.:: since 24\5
24,3 5
Wj—zxf x(x—3)dx
=—%!xm(x—3)dx
:—%i(f”—me)dx
_ 5 [2272 67T
Therefore x=—12\5_ 5 - 5 1
5 [2.5n 6.5
=_mﬁ3 —53’“
5 2(3) 6
- 124§3m[ 5]
__5%93(6 6
123 (? 5)
15( 12
= 4( 35) 917
:>sz and by symmetry ¥=0

So centroidis [(X.)=(9/7, 0)
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Consider the parametric equation of a curve:

x=f(r)
y=g(1)
a<t<pf

The length of the above curve is determined as shown below:

-F\(&) (2] a

Consider the equation of a curve:

x=r+e”’

y=t—e"

0<r<2
Evaluate the derivative of the above parameters:

=

=3.1416
Solve the above value to obtain the result:

zJe'1*+|[e'sinh"{e' }-Je"—n] 1
Ve +1

L=

=4.4428
Hence, the length of the curve is [4.4428]



Q38

Sol: Given curve is x=£2 —I,_}rzf‘, 1=t=4

£ 2 2
The length of the curve is L:IJ{%} +[‘;%] gt

=2:—1,Q=4z3
dt

Be| &

L=iJ{2:—1)2+[433)1d£

4
= [V16° +47 —4r + 14
1

=|255.3756

Q39E

Set up an integral that represents the length of the curve then use the calculator to find

the length correct to four decimal places.
Givencurve is x=r-2sinf, y=1-2cost,0<r<4x

At first sketch the given curve (use computer to graph the given function).

£

4




g " 4 3
The length of the curve is . =IJ[§) +[i) dt
S )

£= l—Emsr.ﬁ=25inf
di di

4x
Therefore L = J{] —Iq:nsr]: +[25inr]:df
1]
4

= _f J{4ms: 1 +4sin’ r]—4msr+ 1 ot
[i]
-

= 'Jﬁ-dcus:-dr

0

It is difficuilt to solve this integral manually, so use the caiculator to find the exact value of the
integral.

Press the buitons and [g] respectively to obtain the following window.

In this window choose the option “Fnint™ and then press |ENTER | then the following window

will appear

fnlntCl



Now enter the integrand and the imits of integration as shown in the following window and then
press the buiton |ENTER | to obtain the final result

frlntid (S—4*cos(
RIIanaBd%kmd
2. 72978644

Therfore the length of the give curve in the given interval is [26.7298 units]

Q40E
Sol: (Given curve 15 x=£+JE,y=I—J.t_,UEI =1

B 2 2
The length of the curve is L:jJ(i—f] +(§] dt

=[2.09154
Q41E
We have x=1+3¢ y=4+2¢
Then 4 _ Y _ g
dt dt
The length of the curve 1s

=22 4

(6)" +(&2)" @t

I
ey o D e ot P

368 + 36t dt

2
&
B

122 (26) de

I
)
= —



Now substitute 1 + 1 =u = 2tdt=du

=0 u=1
And when
i=1 u=2

2
Therefore, L= 3]45 i
1

352
:3[”_

3f2
= 2[2m —13”]
- 2(245 —1)
Q42E
Consider the curves,
x=€&+e”
y=5-2

The objective is to find the length of the curve on Q< <3.
Recall the formula for arc length,
Arc Length: If a curve (is described by the parametric equations

x(1)=f(r),y(r)=g(r) . a<r<p.where f’and g'are continuous on [a,p]and Cis
traversed exactly once as rincreases from q to . then the lengih of Cis

N CANEAPS
L—EJ(JJ [m}m (1)

Consider the equations,

x=& +e’,y=5-2t
Difierentiate both equations with respect to *s'then
&y b

i

dr dr

Now find [d_] [@]

dr dr
&V 2 - .

(E] +[%) =(e’—e ) +(-2)
=" +e¥ -2+4
=¥ +e ¥ +2
(¢ vy




Therefore, the length of the curve over <y <3 is
P 2 2
1T
< yldt dt
i
= I{e’ +e’ }d‘r
[1]

-3
=[e" —e ]{]
=e' —e’ —1+1

=¢' —¢”

The length of the given curve is about |2* _ %] units.

Q43E

Consider the curve bounded by x=1rsinf, y=1cost, 0=r=l.

Write the expression to find the length of the curve bounded by
x=f(t),y=g(r), anda<r<g.

(&) (&)

Differentiate the equations with respecito L

=fcost +sint,

S8 &

=—fsinf +cos/



Replace ? with fcos? +sint and % with —rsinf+cost to find the length of the curve.
It

I
L= jJ{:msr +sin f]: +(~tsint +cost ):df
[1]

1
=IJ:’coszr+2.rcoslsim+sin:r+r: sin” 1 —2rsinfcost +cos” 1dr

1]
I
= IJf [msl { +sin’ f)+(co-5: f+sin’ r}df
0
= i-u'f + dt
L]

=Eﬁ+%m(;+ﬁ)l

Since Idnz +ad =%s.|'n: +a@+5 ln(:r+ N )+ C

2

L= %\E+%ln(l+ﬁ) :

Q44E
x=3cost—cos¥, y=3sinf—sin¥, 0<ft=mw
dx{dt=—3sn (£)+35in(})
dv f df = 3[:05[.-‘:)—3[:05[3!)

L=I£J(%] +(g) dt
= vt—3sin () +3sin (%) ] +[3cos(t)—3cos (%) e
= \{Qsin“ (£)—18sin (¢)sin (3 )+ 9sin® (%) + 9 cos® (£ ) — 18 cos (£) cos (3£) + I cos® (%)
= J; 181 sin (¢)sin (%) — cos (£) cos (3¢) ] a¢
= /18 J5 J1—sin (£)sin (3)— cos(£) cos (3¢) d
s Jl_ cos(zz):ns (42) _ cos(2e)+cos(4r)

2
= 3-\.-"5]'; ,ﬁ— cos(Et)d.t
=3J2[7 f2sin’ at
= 6[; sin (£)dt
= —ﬁ[cos[t)]:
=—6(-1-1)
=12




Q45E

Consider the following curves:
x=écost,y=¢€sinr,0<1<x
The objective is to sketch the graph and then find the length of the curve.

The formula for arc length is,

(5] (4]

The graph of x=¢' cost, y = €' sins,0 <t < ris shown below:

L'w

¥~

5 10 15 20 25 30




Differentiate the equation x = o' coss With respectio t
dx :
—=¢' cosf—¢ sin{
dt
Also differentiate the equation y = ¢’ sinswith respectto t
dy

—=¢sins+ ¢ cost
dt

Now, using the arc length formula, the exact length of the curve is,

= [(%) (%) 4

J{e* cosi—¢' sinr)z +{e‘ sinf+¢' msr):d!

Il
B e L e LI e L

J2e* sin 1+ 2¢¥ cos? 1 + 2¢¥ sint cost —2¢> sintcostdl
JZEI' (5in3f +cos” r)dl
N2e di

I
My i

Hence, the length of the arcis L = q":_!(e‘ -l} )

Q46E

£
x:cost+]n(tan§], y=sinf, afd=f<3ai4

We sketch the curve

P

02 o 0z



dx ls&c’(ﬂ 2)
Now o e sint+2
dt tan (£/2)
1/ cos?(£/2)
2sin(£/2)f cos(tf 2)
1

=—zsinf+

=—smi+

25in£t:os£.f 2
2
- 1
=—smit+t——
s5in £

=cosf

And o
dt

2 2 5
: (dx) +[dy) z(_ﬁ““‘#) +cos £
df dt

sin £

- 1
=sin’f+ ———2+cos’s

sin’ £
2 2 1
=[51ﬂ f+cos 1:)—24_ —
s £
T
sin £
2 2
(% +m
dt dt
=[:ot2£

= ‘: ||:c-tt|



Then length of the curve 1s

3x /4 =52 b . e
L= _[ leotz|dz = 2_[ cot idf [ EEHIISEg-rap S S g GG
s x4 aboutyaxisand atf =711/ 2,x=10]
: 2
- z[h(m't)]:u

=2[1In(sin 7/ 2)~In(sin 7/ 4) |
=2{in(1)-1n{1/+2)]

=2{ 0-1n(1/+/2)]
=—2In(1/+/2)

=—2In(2)"

1
=_2(_§J1ﬂ2 [lnsz" =zlnm

=[in2]

Q47E

given curve 1s x=sinf+sinl1.5f, ¥ = cost
The graph 1s

&Y

The length of this curve is 12.54 units startingfrom any point which can be observedfrom any graphing
utility.



K 2 F]
Length of the curveis szJ(ii) +(§) odf

=cosf+1 5cosl 5%

=sinf

B S &K

1254 5
L= J.Jl::cusr+1.5msl.5f:| +sin’tdf =16.6443
L]

Q48E

Wehave x=3t—" aﬂd_}f=3£2
First we sketch the curve.

‘We see that loop starts fromx =0 and ends atx =10
So 3:i-£=0

=£(3-£)=0

==f=0 or tziﬁ
So we have interval —ﬁEIE\E

Since x=3ft—f and y=3

Then ﬁ:z—:-&‘ and di’:ﬁz
dt dt



Then length of the curve 1s
3 2
L:IJ(ﬁ
_\-ﬁ ﬂ

=I= f Jo(1-£) +366 ae

=I= ]GJ9+91 —18:%) + 36 de

Q49E

We have z=t—e!
And y=t+¢ —6=f<b

Then %z(l—e’:l and = =(1+¢')

B |

Then length of the curve is
< 2 2
HE -

=I= [Jl e’ 1+g’
1]

= I te¥ — 2 +14e® 426" dt
&

=ﬁ] 24 2% df
1



Q50E

We use Simpson’s rule for approzimating the length
Let 7(f)= 2+ 2%
Forn=26 A= ﬂ: 2

Subintervals are [-6,—4][—4,—2].[-2.0].[0.2].[2.4].[4.6]

By Simpson’s rule
L %[j[—ﬁ)+4f(—4)+2j[—2)+4f[ﬂ)+2f|:2)+4f|:4)+f|:ﬁ)]

= %[the-“ +4y2+2e + 242+ 267 +4/8 4242 +22 +4/2+2¢° +~t'2+2*'-'u]

= 612.3055=|L = 612.3053

Wehavex=2acot & and _}r=Easin2'Ei. aAf4=8=xf2
Then E=—2.r:: csc? 8 and £=4asin5[:os£'
d8 a8

= £=2asin2-5'
a8

Then length of the curve is
2 2
=" E] +[ﬁ) o
=4 Y\ d8 48

= L= j’f«.&m“ csc 8+44° sin? 28 46

e R Y — 6
Now we use Simpson’s rule to approximate the length of the curve.

Let, 7(8)=vosc' m+sin® 28
Ai2-mf4 _ m

For, n=4 AP = =
4 16
Then subintervals are E,E , E,ﬁ_’r , ﬁ_”,?_’r , T_”_f
4 16 16 16 16 16 16 2

By Simpson’s rule, the length of the curve is
Lss 2::.%[_{(7!‘.-"4)+4f (572116)+2 f(67116)+4 (T 116)+ f (=] 2)]
= gx[f[:?n‘ N+47(57116)+2f (6x116)+4f (Tx6)+ f (&f 2)]

s 22« (17.269319)
24

= [L = 2 260549a]




Q51E

We have x=sin’t and j’=[:052t 0=<t=3m
‘We sketch the curve.

Y

f1E

=

18

MITJ- [ 10 Tsh
Fig.1

This 15 a straight line 1n the interval [0, 3]

Since x=sin’t=0,att=0, 7, 2%, 3.

This means particle starts from x= 0 and comes back three times at 0 and so particle
moves siZ times along the line.

[In other wards forz=0,t=0and =1, t=m/2.

So subintervals are [0,71/ 2].[7f 2, 7],[/. 321 2].[ 3 2, 27].[ 271, 571 2].[ 5704 2,37]
So particle covers the distance six times the length of the curve for0 <t <w2)

Now we find length of the curve,
dy

=Zsnfcosi and Ez—?cos.fsinr

= =sin X and Qz—sinzt

Be| & Be| B

2 2
Then Iength of the curve is L =[ﬂ’ﬂ J(ii) +[%] dt

= B L’”Jsin’ 2¢ +sin® 2f dt

Or L:L’” Dsin 2 dt
Or L=2[" (sin22)ds
- £2
Or sz.«‘rl_’ _cozﬁ]ﬂ’
Or L=\E _[:osﬂ'_l_t:osﬂ:l
N 2
11
Or L=+2|=4=
‘f—_2+2]
= |L=2




Therefore total distance, traveled by the particle1s=6 x L.

— 602

Q52E

Wehavex=t:052£, y=cost, 0=<f<4nm

Y
15

Fig.1

From these equation we have x =y2
Curve starts from (1, 1) and comes back at (1, 1) two times because,

Atf=0, x=1, y=1
Atf=2m x=1, y=1
Atf=4n x=1, ry=1

So the particle moves four times along the parabola and then distance traveled by
the particle =4 x length of the curve from £ =0to .

We have, x = cos® andy=cost
dy

Then%z—EcosIsint and —=—3zinf

dt
Then length of the curve Z =[u' J%]ﬂ +[g]:dz

= L=["JAcos?zsin? ¢+ sin® s
k

= L:L'sinz Acoste41 de

Let, cost=z = —smmidt=d=
Whenf=0,z=1and wheni=m, z=-1

So, L=—["1+a22&=[ 1+4P&
1 -1

1 1
= L=2[ 4—+sz2



2
Using _llx-'a:+u::ﬁt =52\-‘a2+u2 +%]n (u+\-'a2+u2 '+C
‘We have the length of the curve

L=2 51F+z’+ 1n[z+J—+z’)I
2y4 a3 4

1

2 11,-"5;4+11n(1+ 514 +%J5f4—%1n(1.-‘5;4—1)]

) (1+ 514
=2 JfT+ m(ﬁ 1)

JTTH)
J514-1)
(5+2)
4 (52

= L= 1.-"_+11n%

:}L-J'5_+ln

Therefore total distance traveled by the particle 1sd =4 x L.
(+5+2)
(5-2)

Or, d=|4y5+In

M

"-—-""-—-"

) (¥

-2) (
(5
(5-4)

=21n(...-‘_ +2)

Then we can write the length of the curve as 4 = 4£+21n(-.-"§+2)

Q53E

We have x=asind and y=bcosH, a>b>0

‘We divide the ellipse in to four equal parts. First part lies in the first quadrant, for
this O vanes from 0 to /2.

So, Total length of the ellipse =4x length of the first part of the ellipse.

Since, x=asind and y=kcos#d

Then E=.:;:[:vut:r5t€l and i=—.-§1'5i1:|5'
a8 a8



2 2
Then, length of the ellipse =4x.|:ﬂ\][%) +(%) d8

= 4x L’”Ja’ cos? 8+ b sin? 840

— 4w ]ﬂ'” Jf (1-sin?8)+2%sin” 626

2
xf2
- 4:=<L aJ]—sin29+b—sin2 848
i

2
' 2
=4xL”J1— 1—"5—2)51139&9
A, [
4 _[,m N i PP
= Ju - Hn
ﬂj

(«° &)

2

. 2 L2 2
Since c=+a —b" ande=cfaso " =

o
Then, length of the ellipse = 4a]n'” Jl-e*sin?8 d8

Q54E

Wehave x=acos’d and y=asin®d a>0.

‘We see that curve 15 symmetric about origin and lies in the all four quadrants so,
Total length of the curve =4 x length of the curve lying in first quadrant
Sincex=acos & and y=asin 8,

Then Ez—}:cnsiﬂsinﬂ and 2=3asin“acosa
de 48



In the first quadrant &varies 0 to W2
Then length of the curve.
2 2
I =4_[]"rz E] +[ﬁ] 48
d8 d8

- 4]0'” J9a? cos* @sin? H+9a’sin® Gcos? & 46

= 4]0'” 3aJsin’ 8cos*8(cos” B+5in?6) 26

Since cos? G+sin® &=1, then
akd =3 2
L=4L Za+Jsin? Jcos? § d8

=f2

=12aln sin fcos B8
=124 n'nsngda [6in28=2sin 8 cos@
_12a _-::0529 =/

2 2

=3a [— cos+cos U]

=3a[1+1]

=L =6a

Q55E

Consider the “epitrochoid™ with parametric equations,
11z . . (11
x=1l1cost -4(:05[?}}' =11sinz -4sm[?]

To graph this curve, use “advanced grapher”, the graph of the curve is shown below:

S
S

-10

)




27 _4z
The period of cosris 2. and the period of ms(?]is 11 1]

2
2z _4z
And, the period of gjpris 25 . and the period of sin (?]is TR
2

So the period of x=11cost —4(:05[]—2”],3,- =1 ]sinr-dsin(%)is the L.C.M of zﬂ-,‘:‘_":- =47

Therefore the parameter interval is, [{Lrh:r]

So the parameter in this interval gives the complete graph of the given curve.

x=11cosr—4 ms_-% ' y=11sinr—4 Ejn:-%--

/ x=11cosr—4 COS:% . LV =11sinr—4 Sm:-%-_




(b) If the curve C is given by the parametric equations, x= f(r),y=g(r) . a <7< § thenthe
length of  is,

F 4 z
L =[ E] +[ﬂ] dr
< Y\ dr dr
So the length of this curve is given by,
4 2 - 2
L=I i[llmr—4m(mn + i[llsinr—*isin EJ] dt
2\ ar 2 d L 2
4 B 332
= IJ[-llsinf+225in[m]] +[Ilcusr-22cus(£ ] dr
0 2 2 )
lzl(sin’1‘++|3¢1|5‘\f}+(22]I [5if(£)+ms3 (E ]
2 3

_{ZZxH}sin:sin[l—;]—{ﬂxﬂ}m;m(%]

sl

45
= I Jﬁﬂﬁ —484(:05[9?’)41 Use cosdcosB + sindsinB = cos {A - R}
[1]

1]
ﬁ'l-—qf;

By Maple software, we get

Ertjm—mM[%] dr
264EllipticE[% Jz ]

an 3 digits

294.02

Therefore the length of the epitrochoid is approximately
Q56E

(a)
It is given that

()

e
y=8(1)= .!sm [T]d’u
By using maple software to the graph can be drawn as shown below:
Maple Inputs:
> with(plots):
> a1:=plot(int{cos(Pi'u*2/2), u = 0.t).t = -5_5, thickness = 3, color = black):
> a2:=plot(int(sin(Pi*u*2/2), u = 0.t).t = -5..5, thickness = 3, color = blue):

> display(al.,a2);



Maple Outputs
> with( plots) :

> al = pfm‘[fm[ms{ '.'l:;u" ].li'=ﬂ._l']..l'=—5.5. thickness =3, mfo.r=b."ack] -

.
> a2 = p."ﬂ.![ i‘n.r[ sin[ I:,:r ] u ={'I.J]J=-5.5, thickness = 3, color = b.l"ﬂfJ :

> display(al,a2);

0.6

044

Lo
£

From the graph it can be assume that when ¢ — oo the value of the function approaches 0.5
and when ¢ —» —oo the value of the function approaches —(.5.

Hence

> int(sqri((sin(P"t" 272 )"(-Prt))* 2+{cos(PI"t" 2/2)"P"t)" 2).t = 0_1);

I 1 .“[.-u: (=R
1.'“ I | s1 | 2 '|".'.'.OS‘k 2
> simplify(%):

1,
2.' mesgn(r)



Q57E
Consider the curve x =¢tsint, y=tcost, 0=t i%

Always. the curve given by the parametric equations x = f {f}, y= g(r). a<t<pfis
rotated about the x — axis, where f”, g"are continuous functions and g(¢) > 0. then the area

of the resulting surface is given by
B z 2
dx dy ]
S=|2xy | —| +| = | dt
;! ) \)[ dr J ( dr

Since x=rsint, y =fcost

dy

dx . .
Therefore, — =rcost+sinf, — =—sinf +cos/
dt dt

Hence, the required area of the surface is

=2

s=| Ir-;cus:-J{rmsHEiMf +(—.rsim+nusr]zd:
o

=2
27t costyf’ cos® t+2fcostsinf+sin’ £+1° sin> f—2¢sinfcoss _cos’ fdt
1]

_ I Imr:us:Jt’ (r:us’ I+sin’ .I')+(Cﬂ$1f +sin’ .r)
]

= :{thcush.‘r: +l}dt

0

il (Using a calculator)

Q58E

b4
2

Sol: Givencurve 1s x=sinf, y=sin2f, 0 <f =

The surface area of the region enclosed by the curve and by rotating about X axzis 1s
£ dx 2 ﬁi}" 2

5= — | | = | &
Iz”y\([dr) [dz)

—=cns£,£=2c052ﬁ

=2
= = I 27T ﬁn(Eﬁ)-J{cnsI}i +(2[:cns H)ia'.t

= [B.17192]



1251515

025050,/

The red color piece of the curve 15 the given curve between 0 and g

‘When it 15 rotated about X axis, the area of the surface enclosed 15 shown 1n yellow color.

Q59E

(JIVEN CUIVE 15 x:1+m’,_}r:(£2+1)e’,(]£££1

The surface area when the given parametric curve is rotated about X axis 1s given by
E 2 2
dx dy
5= — | | = |
! 2””\([&: ) [d: ]

%=e’(§+1},%=e‘(¢+l}’

l- 2 2
- 8=|2n- 2+ -J[e*(.: +1)) +{ (¢ +1D7) dt
0

1
=27 (& +D” J(z +1) +(e+1) gt

1

=27 (t+ D) +D) -y +2e+2 d
0

=[103.5999



t

ke d ek ek ek el ek el (%]
=

o N 2 T 0 ) 20 £ 0 e 130 200 2 21 KO0 mad 5 (D

. N
Hh 432 1?3456?3916
3

The red color portion denotes the given curve betweent=0andt=1.

Q60E

Sol- Given curve is x=1£ —£3,_}r:£+f,‘, 0=f=1

The surface area when the given parametric curve 1s rotated about X axis 15 given by
£ dI 2 dy‘ 2

S = — | +H]| =
Izm'\![d:) (dx)

E:z:—f,ﬁzuqf
dt

B

: 2

_-_3:_'2::(:+z‘)-J[z:-f)’+[1+4z3) dt
L]

1

- .'27:(:+:‘)-.J[2t—32)2+[1+-‘-k3)2 dt
L]

1
= [2n+£4)- 1665 + 9 — 4 +47% +1-de
o

=[12.7176
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2345678910

The part of the curve in the red color1s 0 <2 <1

Q61E

We have

t'fl
}2

X
&=
df

The surface area of the surface obtained by rotating the curve about the x-axis is

1 2 2
5= | +| =] a
-.,2"”\{(&:) (a!r)

1
= [ 2 Jor* +482ds
o
1
= [27m® xe+foe? +4d:
o

1
e E:r-rlz‘ Jos? +4 s ds
1]




Mow substitute 9 +4=u = 18 df = du

fi=0u=4
When
f=1u=13

Then, S= 2::] JE—

81 (um — 4y )d.u

31 5

ey
81 i 5 3 5 3

=2:r13m[13 4] [32_2]]
31_ 5 3/ \5 3

[lm_[m) 15]_ 2 [247 T+ 4]

The surface area of the surface obtained by rotating curve about the z-axis is

foo 2] (2]

- zn_i'R’J(3—32)ﬂ+[&)2dt

= ﬁrriz“ J9+9¢* —18¢% +36£2 dt
1}
= 6nf Ao IR 49 ar
1}
- ﬁrriz“ (32 +3) 2
1}
= ﬁrriz“ (36 +3)at
1}
= 13:ri(z" +£%)dt
] 13,;1;5)‘

23

'
187 l+1)
5 3

'
=187 E]
15

===



Q63E

We have x=2cos 0 ¥y=asi )
Then E:hcos‘a(—m‘na), D _3asin?cosd
48 a8
=—3Zzsin&cos’ 8, =3acossin’ &

The swrface area of the curve about the z-a=is 15

_zﬂ E 2 Q 2
S= ! 27y dﬂ) +(d€) 46

xf2
= j 27t sin? 8+J9a? sin? Hcos® 8494 cos® Jsin* & 48
1}

=f2
= [ 2ansin® ana’ sin’ 8 cos” §{cos? 6 +sin? §) d&
L1}
=f2
= j Qarrsin® 8 3asin fcos 848
1]
xf2
= ﬁa“:rj sin* cosd 48
1]

Substiute sin f=u = cosf 48 =du
8=0u=0
When, 3

B=— u=1
2

1
Then, S =6a*m|u‘du

Q64E

202-11.2-62E

We have x =2cos O - cos20 and y=2sin0 - 51020
‘We sketch the curve.

Fig. 1



‘We see that graph makes this loop with in the interval 0 < 6 < 201 We have to
rotate this loop about =-axmis so if we rotate half of this loop which is lying above
x -axis, we get same solid as obtained by rotating full loop about z-axis.

For half of the graph O varies from 0 to 7.

Wehave x=2cos0-cos20 and y=251n0- 51020
Then E:—251'1:1-t?+25i1:|2t5' and ngcosH—EcosEH
d8 d8

Surface area

s-fomn|(] (3]

= | 27 (2sin8—sin 26)(25in 26 - 25in 8)’ +(2c0s 8- 2c0s 26)’ d8

= 47 (25in 8 — sin 26) J(sin 28— sin8)" +{cos&—cos26)’ d8
o

= 471" (2sin 6 sin 26) Jsin? 26+ sin* 8 — 2sin Fsin 26+cos” 8-+ cos” 26— 2cos Fcos 25

Since, sin® 28+cos® 280 =1 and sin’&+cos’ §=1

Then S= 47 (2sin &—sin 26)f1+1—2sin & sin 26—2cos fcos 26 d

= 47| (2sin & 2sin Fcos §) Jz— 2sin §(2sin Fcos §) — 2cos 8(1- 2sin §) 48

= 471 2sin §{1-cos ) J2—4sin® Bcos 8 2cos8 +4 cos Bsin’ 8 48
= 471 2sin 8(1-cos 8) /2~ 2cos 8 48

=872 sin#(1-cos 8)"" 48

8=0,£=0

Let, 1-cos & =£ = sin 848 =df, when
B=m =2

Then, .S'zznﬁ_[fz“d:
552
= 3:&&[2‘7

- (]

_167x8

5
=128 &/ 5

Ths [F=T28273)

2

=5




Q65E

Consider the curves
Xx=32.y=23. 0<1<5
Then ﬁ =|ﬁ,|",£ = ﬁfz

drt dt

If the curve is given by the parametric equations x= f(¢),y=g(7).@ <1< g, is rotated
about the y-axis, where f’ and g’ are continuous g(t)= 0.then the area of the resulting

A 2 2
surface is 5:[2;“ [E) +[£] dt
e dr dt
The surface area of the curve about the y-axis.
5 2 2
s=fore(£) +(2) a
. dt di

zx{sf) 3617 +361° di

o Ny, 1

3
= 13¢jﬁJl +£7(20) dt
1

Substitute 1+ =u, £ =u—1

ANG 2tdt = du
1=0u=1

When
{f =5u=26

Then §= IEET{H—”JI_IJH

3

=lﬂxf{u3'=—:r"=)du

- 26
=187 =u’" —-=u” }

-seel (26 287) (1)




Continue the above

-see[2e (33

=367 zﬁf(?s]+_}

15

—HﬁxE [949J_ﬁ+1J

Therefore |S =?n‘[949~."ﬁ +E]

Q66E
Wehave x=¢ —f y=4" 0=z=1
Then  Zegfq Q_qe‘“(l)zze‘“
dt 2

The surface area of the surface obtained by rotating the curve about the y-axis 1s

s-foref(8) (3] «

1
=[o 27e(e’ —2) e 1) +(2")’

- l'zrr[e’—z)\fe” +1-22'+4&" dt

— 'zrr[e’—z)Je?‘ +2e°+1 gt

1

2n(e —t) (¢ +1)

ot

27| (&' —2) (e’ +1) dt

[ +(1-£)&" —¢ | e



2

Therefore S=2

+H(1-5)e' - | (-1)3&:]1

2
= +(1-1)¢ +e‘[
=nle® - +2(1-1)e' +2¢' |

= 7 (¢ -1+0+2¢) (" ~0+2¢° +zg“)]1]

pa |

| [

=27

= a[e*~1+2-1-2- 2]:

= :r[e‘+ze— ﬁ]

Q67E

Consider the funciion f is invertible.

It is need to show that the parametric curve x = f(r),y = g(r),a <7 < b can be written in the
form y=F(x).
Now consider,
y=g(r)
=g(f"{_r)) Since f isinvertible, x= f (1)< f' (x)=t
= ( go f"){_‘r} By the definition of composition of functions
Suppose that F=go f
Then we have,
y=F(x)

So the parametric curve x = f(t),y=g(t),a<r<bcan be put in the form y = F(x).

Q68E

Letx=f(t)andy=g(¥) wherea<x=<bfora<i<p, {Ho)=a Hp)=25}

The surface area of the surface obtained by rotating the curve y= f(x),ai x=hb

about x -axis1s

s=["2ny 1+(%T dx



Q69E

(&)

dy dvidt _ dx

Since, —=——— if —=0
dx  dxldt ot

L (dy! d.:) dx
Then S_L2:-1yﬁ ) —

,[(dxm:) +{ay1at) | i,
(dx.-"dt) 2t

dx
= s=[ ZTD'J (dx:’rﬁ)(EJ
= 3:]:2@\[ % n % d

This 15 the area of the resulting surface obtained by rotating the curve about
x- Axis, where parametric equations are y =g (&), x=f (i), a=t<p

= 3—[27:3;

We have ¢=tan" (dy/dx)

Then ad —1 d (dy) (by chain rule )
dt  1+{dyldx) dt
Since, & _dpldt_y
dx dxfdt x
d 1
Then a8 ——[y )
dt 1+(_}r.fx) dt
di_}r
X [y— VX Where y = ——
= ﬂ: _jx:_z xx_}*_z_}’x [By Quotient rule] e dt?
& [(#+5) 2 d*xlde’
> L ®
df (x +y )

2 2
Now we have, ds = \k%} +[ﬁ) gt

ds =
= == = +y

Then curvature &= ‘dﬂ} |d¢fd£| | (i_fr J}i) |
ldsde| |(22+57) 2 +57 |
_ |Fy-3y]

Because 2+ 20 forall x

T




(B) Now we have been given x=x and y=1{(x)

dx d_
Then E_l and o f(x)
= =1 and y= f'(x)

And  £=0 , y=75"(x)

Putting these values 1n formula k= M
[i’ +j?]m
50
—=—0
The curvature k= ds’ -
[1‘+(Q] ]M
dx
2 2
b 2%y x|
[1+(dyfdx)’]“
Q70E
(A) Wehavey==x
2
Then @ =2x and "f_f= 2
dx dx
) _ ijfdle
Putting these values in formula of curvature k= =5
[1+[dy.-*.:£x) T
= = 2
[1+(2x)’]m
2
= =
(1+42)

2z
(1+4.2)"

= [|e=2/(55)

Then curvature at the point (1, 1) 1s £=




(B) 'We have to maximize £= 2

(1+422)"
We rewrite k=2(1+422) "
Dufferentiating with respectto x.
% = 2(— g] [1+4x‘]'m (8x) (By chain rule.)
=-3(1+422)"" (8x)
= —24x{1+422) "
ﬁzixjn, ﬁ=l:I when x =0
dx {1 +4x’] dx

Since ﬁ}ﬂ forxr=0and ﬁ-{ﬂ forx=0
dx ax

So, k has absolute mazimum at x = 0 by first derivative test.
Whenx=0,y=0.
So, the t:m've_}r=x2has maxzimum curvature atthepoint

Q71E

Parametric equation are =90 - 5108, y=1—cosO

fhen j:%ﬂ—msﬁ' and ﬁ=%=sin9
S EZ%ZSEH and f’zg=cosﬂ
Putting these values in the formula of curvature k = M
[ +5
- " |(1—t:-:rs &)cos & —sin & (sin H)l
[(l— cnsﬂ)i + (sin 9)2]3"1

- pe |[:05 8—cos® 8—sin’ Hl

[1+t:-::-s2 8—2cos &+sin” HTH
- |[:059—1|

=
[2— 2cos H]m

For finding highest point of the cycloid we hawve to find the mazimum of y.
Sincey=1—cos0 andwehave—1=<cos8=<1 foralld
When cosO=1, y=0.

And when cos8=-1, |y =2|which 15 mazimum.
So highest point of the cycloid comresponds to 8=, 3, 5 _ .




Q72E

(A)

®)

Taking 6=
‘We find the curvature of the cycloid.

= pe Icos;rr—ll
[2—2[:(:-5.‘i'r]3"rz
s e 1-1|
[2+2]"
— __Z
@™
= =1
4

Equation of the straight line 1s y=wx+c
Regarding this line, the parametric equations are
x=x  y=f(D=mxte

Then zx=1 |, jzg
dx
=m
. _ diy
And x=0 ==
¥ dxn
=0
MNow the formula of the curvature of the curve 1s kz[lzy_':jl
X +y

10-0.
Putting the values, we have kzg
[P o
=5 t:#:& k=0
Thus the curvature at each point of a straight ine 1s £k =0.

Equation of a circle of radius r 1s x +_:|s2 =72

Then y=tfr®—x*

Since curvature of the circle at any point will be same so, we consider only upper
half of the circle and equation is y= -\l‘r: -



Differentiating with respectto =

Q: —2x
dx 2 -2
—X
N

1(—2;{)
_ d'jy _ y‘ —-x +x. ) ,—
dx’ (- )

— ﬁfj_].i' = T
= o

(-
dy  —(r-+)-
ENE W e

= k=

Thus the curvature at each point of a circle of radius r1s k= 1/r.



Q73E

We increase |OT| up to the point R and draw a line segment from T parallel to the

=-axis and a line segment from P parallel to y-axis. Both the hines intersect each

other at C then sPcT=2

2
And LRTC=9=2LT0X

Bince, go’ﬂ%g then /RTP=

o |

And iC“T?:iRTP—z_’RTE:g—H

HNow parametric equations of a circle of radius r are
x=rcoséd and y=rsind

Then co-ordinates of the point T are (r cos0, r sinG)
Given that inihal position of P 15 (r, 0)

Then |TP| =radius % angle at the center of the circle.

=rx8
=8

Then by the triangle CTP,
|CT)= 78 cos E—a)zrasina ........ M

And |C'P|:r&sin[g—ﬂ] = rficosd @



Then co-ordinates of the point F are

x=rcos8d +|C1”|

=3 x:rcosﬂ+rﬂsin£1:r(cﬂsﬂ+ﬂsinﬂ)
And y=rsi.n9—|C'PI
= y=rsin8f—-rfcosd

= r(sin 8—8cos H)
Thus parametric equations are,
x= r([:os &+8san E')
y= r(sinﬂ—ﬂ COS H)

=

Q74E

Consider the data:

If the cow walks with the rope taut, it traces out the portion of the involute, corresponding to the
range (<@ <. amiving at the point (—r,zr) when @=jx

Now fully extended with the rope, the cow walks in a semicircle of radius zr, arriving at
(-r,—=nr) -

Finally, the cow traces out another portion of the involute, namely the reflection about the x-
axis of the initial involute path (this corresponds to the range —g<8<0)-

Refer to the figure: Observe that the total grazing area is I(AI + A, ]

Here, the area A, is one quarier of the area of a circle of radius, ar.

S0
A, =%x[zrj]
=%x(z=r=)
23

L
=—xr
4

Now, compuie A4, + 4, and then sublract 4, =%zr= to obtain 4, .



To find A, + A,. first note that the right most point of the involute is [%,r).

The left most point of the involute is (-r,zr)-

Thus, write as follows:

Ava=| ydi- | ya
=z =0
§ =
= J- ydx+ Iyd.r
=z %
. 2
=Ifd1
fax
Write the following:

vdx = r(sin8-8cosf)rfcosHd6
=7 {Esin BcosO—6° cos’ H]dﬂ
Integrate on both sides:

[ ye= [(6sinOcos 06" cos* 6) a6

- (Hsinﬂmﬁﬂ—ﬂz[#]]dﬂ

3

=%[% in@cos@+Hcos” @+ 8Hsin” 8-

g1
6 8

(26° —1}:5:12&—%3@29]

=—9m’3—%(9’ —l]sinﬂmﬂ—éﬂj +%H+r



This enables us, to compute A4, + 4, as follows:

4+%=Tf¢

f=x

=r3[-9mf a-l(rf ~1)sin fcos0-L6° +-1~EI
2 6 2 |

Mow. the area, AI can be calculated as follows:
A=(4+4)- 4,

Axr #) 1 ,
=r| =+ |-—=r*
2 6 2

=—a
So, the grazing area can be calculated as follows:
2(4,+4,) =1[%z’r2 +%J£‘5r:)

e
6

Hence. the required area is | =z |




