
vè;k; 1

la[;k i¼fr

1.1 Hkwfedk

fiNyh d{kkvksa esa] vki la[;k js[kk osQ ckjs esa i<+ pqosQ gSa vkSj ogk¡ vki ;g Hkh i<+
pqosQ gSa fd fofHkUu izdkj dh la[;kvksa dks la[;k js[kk ij fdl izdkj fu:fir fd;k
tkrk gS (nsf[k, vkÑfr 1-1)A

vkÑfr 1-1 % la[;k js[kk

dYiuk dhft, fd vki 'kwU; ls pyuk izkjaHk djrs gSa vkSj bl js[kk ij /ukRed fn'kk
esa pyrs tk jgs gSaA tgk¡ rd vki ns[k ldrs gSa_ ogk¡ rd vkidks la[;k,¡] la[;k,¡ vkSj
la[;k,¡ gh fn[kkbZ iM+rh gSaA

vkÑfr 1-2
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vc eku yhft, vki la[;k js[kk ij pyuk izkjaHk djrs gSa vkSj oqQN la[;kvksa dks
,df=kr djrs tk jgs gSaA bl la[;kvksa dks j[kus osQ fy, ,d FkSyk rS;kj jf[k,!

laHko gS fd vki 1] 2] 3 vkfn tSlh osQoy izkÑr
la[;kvksa dks mBkuk izkjaHk dj jgs gksaA vki tkurs gSa fd
;g lwph lnSo c<+rh gh tkrh gSA (D;k vki crk ldrs
gSa fd ,slk D;ksa gS\) vr% vc vki osQ FkSys esa vifjfer
:i ls vusd izkÑr la[;k,¡ Hkj tkrh gSa!  vkidks ;kn
gksxk fd ge bl laxzg dks izrhd N ls izdV djrs gSaA

vc vki ?kwe tkb, vkSj foijhr fn'kk esa pyrs gq,
'kwU; dks mBkb, vkSj mls Hkh FkSys esa j[k nhft,A vc
vkidks iw.kZ la[;kvksa (whole numbers) dk ,d laxzg
izkIr gks tkrk gSA ftls izrhd W ls izdV fd;k tkrk gSA

vc] vkidks vusd&vusd Í.kkRed iw.kk±d fn[kkbZ nsrs gSaA vki bu lHkh Í.kkRed
iw.kk±dksa dks vius FkSys esa Mky nhft,A D;k vki crk ldrs gSa fd vkidk ;g u;k laxzg
D;k gS\ vkidks ;kn gksxk fd ;g lHkh iw.kk±dksa (integers) dk laxzg gS vkSj bls izrhd
Z ls izdV fd;k tkrk gSA

D;k vHkh Hkh js[kk ij la[;k,¡ cph jgrh gSa\ fuf'pr :i ls gh] js[kk ij la[;k,¡

cph jgrh gSaA ;s la[;k,¡  
1 3,
2 4

, ;k  
2005

2006
 tSlh la[;k,¡ Hkh gSaA ;fn vki bl izdkj dh

lHkh la[;kvksa dks Hkh FkSys esa Mky nsa] rc ;g ifjes; la[;kvksa  (rational numbers)

Z D;ksa \
Z teZu 'kCn zahlen

(tsgyhu) ls fy;k x;k gS]
ftldk vFkZ gS ^^fxuuk**

vkSj zahl  (tgy) ftldk
vFkZ gS ^^la[;k**A
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dk laxzg gks tk,xkA ifjes; la[;kvksa osQ laxzg dks Q ls izdV fd;k tkrk gSA vaxzsth 'kCn
rational  dh O;qRifÙk vaxzsth 'kCn ratio  ls gqbZ gS vkSj v{kj Q vaxzsth 'kCn quotient
ls fy;k x;k gSA

vc vkidks ;kn gksxk fd ifjes; la[;kvksa dh ifjHkk"kk bl izdkj nh tkrh gS %

la[;k r  dks ifjes; la[;k dgk tkrk gS] ;fn bls p
q

 osQ :i esa fy[kk tk ldrk

gks] tgk¡ p vkSj q iw.kk±d gSa vkSj q  0 gS (;gk¡ ge bl ckr ij cy D;ksa nsrs gSa fd
q  0 gksuk pkfg,)A

vc vki bl ckr dh vksj è;ku nhft, fd FkSys esa j[kh lHkh la[;kvksa dks 
p
q  osQ

:i esa fy[kk tk ldrk gS] tgk¡  p vkSj q iw.kk±d gSa vkSj q  0 gSA mnkgj.k osQ fy,] 25

dks 
25
1

 osQ :i esa fy[kk tk ldrk gS_ ;gk¡ p = 25 vkSj q = 1 gSA bl rjg ge ;g ikrs

gSa fd ifjes; la[;kvksa osQ varxZr izkÑr la[;k,¡] iw.kZ la[;k,¡ vkSj iw.kk±d Hkh vkrs gSaA

vki ;g Hkh tkurs gSa fd ifjes; la[;kvksa dk 
p
q  osQ :i esa vf}rh; (unique)

fu:i.k ugha gksrk gS] tgk¡  p vkSj q iw.kk±d gSa vkSj q  0 gSA mnkgj.k osQ fy,] 
1
2  = 

2
4  =

10
20

 = 
25
50

 = 
47
94

, vkfnA ;s ifjes; la[;k,¡ rqY; ifjes; la[;k,¡ (;k fHkUu) gSaA fiQj

Hkh] tc ge ;g dgrs gSa fd  
p
q  ,d ifjes; la[;k gS ;k tc ge 

p
q  dks ,d la[;k
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js[kk ij fu:fir djrs gSa] rc ge ;g eku ysrs gSa fd q  0 vkSj  p vkSj q dk 1 osQ
vfrfjDr vU; dksbZ mHk;fu"B xq.ku[kaM ugha gS [vFkkZr~ p vkSj q vlgHkkT; la[;k,¡

(coprime numbers) gSaºA vr% la[;k js[kk ij 
1
2

 osQ rqY; vifjfer :i ls vusd fHkUuksa

esa ls ge 
1
2  ysrs gSa tks lHkh dks fu:fir djrh gSA

vkb, vc ge fofHkUu izdkj dh la[;kvksa] ftudk vè;;u vki fiNyh d{kkvksa es
dj pqosQ gSa] ls lacaf/r oqQN mnkgj.k gy djsaA

mnkgj.k 1 % uhps fn, x, dFku lR; gSa ;k vlR;\ dkj.k osQ lkFk vius mÙkj nhft,A

(i) izR;sd iw.kZ la[;k ,d izkÑr la[;k gksrh gSA

(ii) izR;sd iw.kk±d ,d ifjes; la[;k gksrk gSA

(iii) izR;sd ifjes; la[;k ,d iw.kk±d gksrh gSA

gy % (i) vlR; gS] D;ksafd 'kwU; ,d iw.kZ la[;k gS ijUrq izkÑr la[;k ugha gSA

(ii) lR; gS] D;ksafd izR;sd iw.kk±d m dks 1
m

 osQ :i esa fy[kk tk ldrk gS vkSj blfy,

;g ,d ifjes; la[;k gSA

(iii) vlR; gS] D;ksafd 
3
5

 ,d iw.kk±d ugha gSA

mnkgj.k 2 % 1 vkSj 2 osQ chp dh ik¡p ifjes; la[;k,¡ Kkr dhft,A

bl iz'u dks ge de ls de nks fof/;ksa ls gy dj ldrs gSaA

gy 1 % vkidks ;kn gksxk fd r vkSj s osQ chp dh ,d ifjes; la[;k Kkr djus osQ fy,

vki r vkSj s dks tksM+rs gSa vkSj mls nks ls Hkkx ns nsrs gSa] vFkkZr~ 
2

r s
,  r vkSj s osQ chp

fLFkr gksrh gSA vr% 
3
2 ,  1 vkSj 2 osQ chp dh ,d la[;k gSA blh izfØ;k esa vki 1 vkSj

2 osQ chp pkj vkSj ifjes; la[;k,¡ Kkr dj ldrs gSaA ;s pkj la[;k,¡ gSa %

5 11 13 7, ,
4 8 8 4

A
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gy 2 % ,d vU; fodYi gS fd ,d gh pj.k esa lHkh ik¡p ifjes; la[;kvksa dks Kkr
dj ysaA D;ksafd ge ik¡p la[;k,¡ Kkr djuk pkgrs gSa] blfy, ge 5 $ 1 vFkkZr~] 6 dks

gj ysdj 1 vkSj 2 dks ifjes; la[;kvksa osQ :i esa fy[krs gSaA vFkkZr~  1 = 
6
6  vkSj 2 = 

12
6

gSaA rc vki ;g ns[k ldrs gSa fd 
7 8 9 10, , ,
6 6 6 6  vkSj 

11
6  lHkh 1 vkSj 2 osQ chp fLFkr

ifjes; la[;k,¡ gSaA vr% 1 vkSj 2 osQ chp fLFkr la[;k,¡ gSa % 
7 4 3 5, , ,
6 3 2 3

 vkSj 
11
6

A

fVIi.kh % è;ku nhft, fd mnkgj.k 2 esa 1 vkSj 2 osQ chp fLFkr osQoy ik¡p ifjes;
la[;k,¡ gh Kkr djus osQ fy, dgk x;k FkkA ijUrq vkius ;g vo'; vuqHko fd;k gksxk
fd oLrqr% 1 vkSj 2 osQ chp vifjfer :i ls vusd ifjes; la[;k,¡ gksrh gSaA O;kid
:i esa] fdUgha nks nh gqbZ ifjes; la[;kvksa osQ chp vifjfer :i ls vusd ifjes;
la[;k,¡ gksrh gSaA

vkb, ge la[;k js[kk dks iqu% ns[ksaA D;k vkius bl js[kk ij fLFkr lHkh la[;kvksa dks
ys fy;k gS\ vHkh rd rks ughaA ,slk gksus dk dkj.k ;g gS fd la[;k js[kk ij vifjfer
:i ls vusd vkSj la[;k,¡ cph jgrh gSaA vki }kjk mBk;h xbZ la[;kvksa osQ LFkkuksa osQ chp
fjDr LFkku gSa vkSj fjDr LFkku u osQoy ,d ;k nkss gSa] cfYd vifjfer :i ls vusd
gSaA vk'p;Ztud ckr rks ;g gS fd fdUgh nks fjDr LFkkuksa osQ chp vifjfer :i ls vusd
la[;k,¡ fLFkr gksrh gSaA

vr%] gekjs lkeus fuEufyf[kr iz'u cps jg tkrs gSa%

1. la[;k js[kk ij cph gqbZ la[;kvksa dks D;k dgk tkrk
gS\

2. bUgsa ge fdl izdkj igpkurs gSa\ vFkkZr~ bu la[;kvksa
vkSj ifjes; la[;kvksa osQ chp ge fdl izdkj Hksn
djrs gSa\

bu iz'uksa ds mÙkj vxys vuqPNsn esa fn, tk,¡xsA
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iz'ukoyh 1.1

1. D;k 'kwU; ,d ifjes; la[;k gS\ D;k bls vki 
p
q  osQ :i esa fy[k ldrs gSa] tgk¡

p  vkSj  q  iw.kk±d gSa vkSj q  0 gS?

2. 3 vkSj 4 osQ chp esa N% ifjes; la[;k,¡ Kkr dhft,A

3.
3
5  vkSj 

4
5  osQ chp ik¡p ifjes; la[;k,¡ Kkr dhft,A

4. uhps fn, x, dFku lR; gSa ;k vlR;\ dkj.k osQ lkFk vius mÙkj nhft,A

(i) izR;sd izkÑr la[;k ,d iw.kZ la[;k gksrh gSA

(ii) izR;sd iw.kk±d ,d iw.kZ la[;k gksrh gSA

(iii) izR;sd ifjes; la[;k ,d iw.kZ la[;k gksrh gSA

1.2 vifjes; la[;k,¡

fiNys vuqPNsn esa] geus ;g ns[kk gS fd la[;k js[kk ij ,slh la[;k,¡ Hkh gks ldrh gSa
tks ifjes; la[;k,¡ ugha gSaA bl vuqPNsn esa] vc ge bu la[;kvksa ij ppkZ djsaxsA vHkh

rd geus ftu la[;kvksa ij ppkZ dh gS] os 
p
q  osQ :i dh jgh gSa] tgk¡ p vkSj q iw.kk±d

gSa vkSj q  0 gSA vr% vki ;g iz'u dj ldrs gSa fd D;k ,slh Hkh la[;k,¡ gSa tks bl
:i dh ugha gksrh gSa\ oLrqr% ,slh la[;k,¡ gksrh gSaA

yxHkx 400 lkú;qúiwú] xzhl osQ izfl¼ xf.krK vkSj nk'kZfud

ikbFkkxksjl osQ vuq;kf;;ksa us bu la[;kvksa dk lcls igys irk

yxk;k FkkA bu la[;kvksa dks vifjes; la[;k,¡ (irrational

numbers) dgk tkrk gS] D;ksafd bUgsa iw.kk±dksa osQ vuqikr osQ :i

esa ugha fy[kk tk ldrk gSA ikbFkkxksjl ds ,d vuq;k;h] ØksVksu

ds fgikDl }kjk irk yxk;h xbZ vifjes; la[;kvksa ds laca/ esa

vusd fdaonafr;k¡ gSaA fgikDl dk ,d nqHkkZX;iw.kZ var jgk] pkgs

bldk dkj.k bl ckr dh [kkst gks fd 2   ,d vifjes; la[;k

gS ;k bl [kkst ds ckjs esa ckgjh nqfu;k dks mtkxj djuk gksA

ikbFkkxksjl
(569 lkñ ;qñ iwwñ – 479 lkñ ;qñ iwwñ)

vkÑfr 1-3
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vkb, vc ge bu la[;kvksa dh vkSipkfjd ifjHkk"kk nsaA

la[;k ‘s’ dks vifjes; la[;k (irrational number) dgk tkrk gS] ;fn bls p
q

 osQ

:i esa u fy[kk tk ldrk gks] tgk¡ p vkSj q iw.kk±d gSa vkSj q  0 gSA

vki ;g tkurs gSa fd vifjfer :i ls vusd ifjes; la[;k,¡ gksrh gSaA blh izdkj]
vifjes; la[;k,¡ Hkh vifjfer :i ls vusd gksrh gSaA buosQ oqQN mnkgj.k gSa%

2, 3, 15,  , 0.10110111011110...

fVIi.kh % vkidks ;kn gksxk fd tc dHkh ge izrhd ‘‘ ’’ dk iz;ksx djrs gSa] rc ge

;g ekudj pyrs gSa fd ;g la[;k dk /ukRed oxZewy gSA vr% 4  = 2 gS, ;|fi 2
vkSj &2 nksuksa gh la[;k 4 osQ oxZewy gSaA

Åij nh xbZ oqQN vifjes; la[;kvksa osQ ckjs esa vki tkurs gSaA mnkgj.k osQ fy,] Åij
fn, x, vusd oxZewyksa vkSj la[;k  ls vki ifjfpr gks pqds gSaA

ikbFkkxksjl osQ vuq;kf;;ksa us ;g fl¼ fd;k gS fd 2  ,d vifjes; la[;k gSA

ckn esa 425 bZ-iw- osQ vkl&ikl lkbjhu osQ fFk;ksMksjl us ;g n'kkZ;k Fkk fd

3, 5, 6, 7, 10, 11, 12, 13,  14, 15  vkSj 17  Hkh vifjes; la[;k,¡ gSaA

2 , 3 , 5 , vkfn dh vifjes;rk (irrationality) dh miifÙk;ksa ij ppkZ d{kk 10 esa dh

tk,xhA tgk¡ rd  dk laca/ gS] gtkjksa o"kks± ls fofHkUu laLÑfr;k¡ blls ifjfpr jgh gSa]
ijUrq 1700 bZ- osQ var esa gh ySEcVZ vkSj ystkUMªs us fl¼ fd;k Fkk fd ;g ,d vifjes;
la[;k gSA vxys vuqPNsn esa ge bl ckr ij ppkZ djsaxs fd 0-10110111011110... vkSj

 vifjes; D;ksa gSaA

vkb, ge fiNys vuqPNsn osQ var esa mBk, x, iz'uksa
ij iqu% fopkj djsaA blds fy, ifjes; la[;kvksa okyk
FkSyk yhft,A vc ;fn ge FkSys esa lHkh vifjes;
la[;k,¡ Hkh Mky nsa] rks D;k vc Hkh la[;k js[kk ij
dksbZ la[;k cph jgsxh\ bldk mÙkj gS ¶ugha̧ A vr%]
,d lkFk yh xbZ lHkh ifjes; la[;kvksa vkSj vifjes;
la[;kvksa osQ laxzg ls tks izkIr gksrk gS] mls okLrfod
la[;kvks a (real numbers) dk uke fn;k tkrk
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gS] ftls R ls izdV fd;k tkrk gSA vr% okLrfod la[;k ;k rks ifjes; ;k vifjes;
la[;k gks ldrh gSA vr% ge ;g dg ldrs gSa fd izR;sd okLrfod la[;k dks
la[;k js[kk ds ,d vf}rh; fcUnq ls fu:fir fd;k tkrk gSA lkFk gh] la[;k js[kk
dk izR;sd fcUnq ,d vf}rh; okLrfod la[;k dks fu:fir djrk gSA ;gh dkj.k
gS fd la[;k js[kk dks okLrfod la[;k js[kk (real number line) dgk tkrk gSA

1870 esa nks teZu xf.krK oSQUVj vkSj
MsMsfoaQM us bls fHkUu&fHkUu fof/;ksa
ls fl¼ fd;k FkkA mUgksaus ;g fn[kk;k
Fkk fd izR;sd okLrfod la[;k osQ
laxr okLrfod la[;k js[kk ij ,d
fcUnq gksrk gS vkSj la[;k js[kk ds
izR;sd fcUnq osQ laxr ,d vf}rh;
okLrfod la[;k gksrh gSA

vkb, ns[ksa fd la[;k js[kk ij ge oqQN vifjes; la[;kvksa dk LFkku fu/kZj.k fdl
izdkj dj ldrs gSaA

mnkgj.k 3 % la[;k js[kk ij 2  dk LFkku fu/kZj.k (dks fu:fir) dhft,A

gy % ;g ljyrk ls ns[kk tk ldrk gS fd fdl izdkj ;wukfu;ksa us 2
dk irk yxk;k gksxkA ,d ,dd (ek=kd) dh yackbZ dh Hkqtk okyk oxZ
OABC yhft, (nsf[k, vkÑfr 1.6)A rc vki ikbFkkxksjl izes; ykxw

djosQ ;g ns[k ldrs gSa fd OB =  2 21 1 2  gSA la[;k js[kk ij

ge 2  dks fdl izdkj fu:fir djrs gSa\ ,slk ljyrk ls fd;k tk ldrk gSA bl ckr

dk è;ku j[krs gq, fd 'kh"kZ O 'kwU; osQ lkFk laikrh cuk jgs] vkÑfr 1-6 dks la[;k js[kk
ij LFkkukarfjr dhft, (nsf[k, vkÑfr 1-7)A

vkÑfr 1-7

vkj- MsMsfoaQM (1831&1916)
vkÑfr 1-5

th- oSQUVj (1845&1918)
vkÑfr 1-4

vkÑfr 1-6
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vHkh vkius ns[kk gS fd OB = 2  gSA ,d ijdkj dh lgk;rk ls O dks osQUnz vkSj

OB dks f=kT;k ekudj ,d pki (arc) [khafp, tks la[;k js[kk dks fcUnq P ij dkVrk gSA rc
fcUnq P la[;k js[kk ij 2  osQ laxr gksrk gSA

mnkgj.k 4 % okLrfod la[;k js[kk ij 3  dk LFkku fu/kZj.k dhft,A

gy % vkb, ge vkÑfr 1.7 dks iqu% ysaA

vkÑfr 1-8

OB ij ,dd yackbZ okys yac BD dh jpuk dhft, (tSlk fd vkÑfr 1-8 esa fn[kk;k

x;k gS)A rc ikbFkkxksjl izes; ykxw djus ij] gesa OD = 
2 22 1 3  izkIr gksrk gSA

,d ijdkj dh lgk;rk ls O dks osQUnz vkSj OD dks f=kT;k ekudj ,d pki [khafp, tks

la[;k js[kk dks fcUnq Q ij dkVrk gSA rc Q, 3  osQ laxr gSA

blh izdkj 1n  dk LFkku fu/kZj.k gks tkus osQ ckn vki n  dk LFkku fu/kZj.k dj

ldrs gSa] tgk¡ n ,d /ukRed iw.kk±d gSA

iz'ukoyh 1.2

1. uhps fn, x, dFku lR; gSa ;k vlR; gSaA dkj.k osQ lkFk vius mÙkj nhft,A

(i) izR;sd vifjes; la[;k ,d okLrfod la[;k gksrh gSA

(ii) la[;k js[kk dk izR;sd fcUnq m  ds :i dk gksrk gS] tgk¡ m ,d izkÑr la[;k gSA

(iii) izR;sd okLrfod la[;k ,d vifjes; la[;k gksrh gSA

2. D;k lHkh /ukRed iw.kk±dksa osQ oxZewy vifjes; gksrs gSa\ ;fn ugha] rks ,d ,slh la[;k osQ
oxZewy dk mnkgj.k nhft, tks ,d ifjes; la[;k gSA
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3. fn[kkb, fd la[;k js[kk ij 5  dks fdl izdkj fu:fir fd;k tk ldrk gSA

4. d{kk osQ fy, fØ;kdyki (oxZewy lfiZy dh
jpuk) % dkxt dh ,d cM+h 'khV yhft, vkSj uhps

nh xbZ fof/ ls ¶oxZewy lfiZy¸ (square root spiral)

dh jpuk dhft,A lcls igys ,d fcUnq O yhft, vkSj

,dd yackbZ dk js[kk[kaM (line segment) OP [khafp,A

,dd yackbZ okys OP1 ij yac js[kk[kaM P1P2 [khafp,

(nsf[k, vkÑfr 1-9)A vc OP2 ij yac js[kk[kaM P2P3

[khafp,A rc OP3 ij yac js[kk[kaM P3P4 [khafp,A

bl izfØ;k dks tkjh j[krs gq, OPn -1 ij ,dd yackbZ okyk yac js[kk[kaM [khapdj vki

js[kk[kaM Pn 1Pn  izkIr dj ldrs gSaA bl izdkj vki fcUnq O, P1, P2, P3,..., Pn,... izkIr dj ysaxs

vkSj mUgsa feykdj 2, 3, 4, ... dks n'kkZus okyk ,d lqanj lfiZy izkIr dj ysaxsA

1.3  okLrfod la[;k,¡ vkSj muosQ n'keyo izlkj

bl vuqPNsn esa] ge ,d vyx n`f"Vdks.k ls ifjes; vkSj vifjes; la[;kvksa dk vè;;u

djsaxsA blosQ fy, ge okLrfod la[;kvksa osQ n'keyo izlkj (expansions) ij fopkj

djsaxs vkSj ns[ksaxs fd D;k ge ifjes; la[;kvksa vkSj vifjes; la[;kvksa esa Hksn djus osQ

fy, bu izlkjksa dk iz;ksx dj ldrs gSa ;k ughaA ;gk¡ ge bl ckr dh Hkh O;k[;k djsaxs

fd okLrfod la[;kvksa osQ n'keyo izlkj dk iz;ksx djosQ fdl izdkj la[;k js[kk ij

okLrfod la[;kvksa dks iznf'kZr fd;k tkrk gSA D;ksafd ge vifjes; la[;kvksa dh rqyuk

esa ifjes; la[;kvksa ls vf/d ifjfpr gSa] blfy, ge viuh ppkZ bUgha la[;kvksa ls izkjaHk

djsaxsA ;gk¡ buosQ rhu mnkgj.k fn, x, gSa % 
10 7 1, ,
3 8 7 A 'ks"kiQyksa ij fo'ks"k è;ku nhft,

vkSj nsf[k, fd D;k vki dksbZ izfr:i (pattern) izkIr dj ldrs gSaA

mnkgj.k 5 % 
10
3 , 

7
8  vkSj 

1
7  osQ n'keyo izlkj Kkr dhft,A

vko`Qfr 1.9 : oxZewy l£iy
dh jpuk
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gy %
    3.333...     0.875       0.142857...
3 10 8 7.0 7 1.0
     9     64         7
     10       60         30
      9       56         28
     10         40           20
       9         40           14
       10          0             60
         9             56
         1              40

             35
               50
               49

       1

'ks"k : 1, 1, 1, 1, 1... 'ks"k : 6, 4, 0 'ks"k : 3, 2, 6, 4, 5, 1,
Hkktd : 3 Hkktd : 8 3, 2, 6, 4, 5, 1,...

Hkktd : 7

;gk¡ vkius fdu&fdu ckrksa ij è;ku fn;k gS\ vkidks de ls de rhu ckrksa ij è;ku
nsuk pkfg,A

(i) oqQN pj.k osQ ckn 'ks"k ;k rks 0 gks tkrs gSa ;k Lo;a dh iqujko`fÙk djuk izkjaHk dj
nsrs gSaA

(ii) 'ks"kksa dh iqujko`fÙk  Ükà[kyk esa izfof"V;ksa (entries) dh la[;k Hkktd ls de gksrh gS

(
1
3  esa ,d la[;k dh iqujko`fÙk gksrh gS vkSj Hkktd 3 gS] 

1
7  esa 'ks"kksa dh iqujko`fÙk

Ükà[kyk esa N% izfof"V;k¡ 326451 gSa vkSj Hkktd 7 gS)A

(iii) ;fn 'ks"kksa dh iqujko`fÙk gksrh gks] rks HkkxiQy (quotient) esa vadksa dk ,d iqujko`fÙk

[kaM izkIr gksrk gS (
1
3
 osQ fy, HkkxiQy esa 3 dh iqujko`fÙk gksrh gS vkSj 

1
7

 osQ fy,

HkkxiQy esa iqujko`fÙk [kaM 142857 izkIr gksrk gS)A
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;|fi osQoy Åij fn, x, mnkgj.kksa ls geus ;g izfr:i izkIr fd;k gS] ijUrq ;g 
p
q

(q  0) osQ :i dh lHkh ifjes; la[;kvksa ij ykxw gksrk gSA q ls p oQks Hkkx nsus ij nks eq[;
ckrsa ?kVrh gSa & ;k rks 'ks"k 'kwU; gks tkrk gS ;k dHkh Hkh 'kwU; ugha gksrk gS vkSj rc gesa
'ks"kiQyksa dh ,d iqujko`fÙk  Ükà[kyk izkIr gksrh gSA vkb, ge izR;sd fLFkfr ij vyx&vyx
fopkj djsaA

fLFkfr (i) % 'ks"k 'kwU; gks tkrk gSA
7
8  okys mnkgj.k esa geus ;g ns[kk gS fd oqQN pj.kksa osQ ckn 'ks"k 'kwU; gks tkrk gS vkSj

7
8  dk n'keyo izlkj 0-875 gSA vU; mnkgj.k gSa % 

1
2  = 0.5, 

639
250  = 2.556 gSA bu lHkh

fLFkfr;ksa esa oqQN ifjfer pj.kksa osQ ckn n'keyo izlkj dk var gks tkrk gSA ge ,slh
la[;kvksa osQ n'keyo izlkj dks lkar (terminating) n'keyo dgrs gSaA

fLFkfr (ii) : 'ks"k dHkh Hkh 'kwU; ugha gksrk gSA

1
3  vkSj 

1
7  okys mnkgj.kksa esa] ge ;g ikrs gSa fd oqQN pj.kksa osQ ckn 'ks"k dh iqujko`fÙk gksus

yxrh gS] ftlls n'keyo izlkj fujarj tkjh jgrk gSA nwljs 'kCnksa esa] gesa HkkxiQy esa vadksa
dk ,d iqujko`fÙk [kaM izkIr gksrk gSA rc ge ;g dgrs gSa fd ;g izlkj vuolkuh

vkorhZ (non-terminating recurring) gSA mnkgj.k osQ fy,] 
1
3

 = 0.3333... vkSj

1
7  = 0.142857142857142857... gSA

;g fn[kkus osQ fy, fd 
1
3  osQ HkkxiQy esa 3 dh iqujko`fÙk gksrh gS] ge bls 0.3  osQ :i

esa fy[krs gSaA blh izdkj] D;ksafd 
1
7

 osQ HkkxiQy esa vadksa osQ [kaM 142857 dh iqujko`fÙk

gksrh gS] blfy, ge 
1
7  dks 0.142857  osQ :i esa fy[krs gSa] tgk¡ vadksa osQ Åij yxk;k

x;k naM] vadksa osQ ml [kaM dks izdV djrk gS ftldh iqujko`fÙk gksrh gSA lkFk gh]
3-57272 - - - dks 3.572  osQ :i esa fy[kk tk ldrk gSA vr% bu lHkh mnkgj.kksa ls
vuolkuh vkorZ (iqujko`fÙk) n'keyo izlkj izkIr gksrs gSaA bl rjg ge ;g ns[krs gSa fd
ifjes; la[;kvksa osQ n'keyo izlkj osQ osQoy nks fodYi gksrs gSa ;k rks os lkar  gksrs gSa
;k vuolkuh (vlkar) vkorhZ gksrs gSaA
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blosQ foijhr vc vki ;g eku yhft, fd la[;k js[kk ij pyus ij vkidks 3-142678
tSlh la[;k,¡ izkIr gksrh gSa ftldk n'keyo izlkj lkar gksrk gS ;k 1-272727---] vFkkZr~
1.27  tSlh la[;k izkIr gksrh gS] ftldk n'keyo izlkj vuolkuh vkorhZ gSA blls D;k
vki ;g fu"d"kZ fudky ldrs gSa fd ;g ,d ifjes; la[;k gS\ bldk mÙkj gS] gk¡! bls
ge fl¼ ugha djsaxs] ijUrq oqQN mnkgj.k ysdj bl rF; dks iznf'kZr djsaxsA lkar fLFkfr;k¡
rks ljy gSaA

mnkgj.k 6 % fn[kkb, fd 3-142678 ,d ifjes; la[;k gSA nwljs 'kCnksa] esa 3-142678

dks 
p
q  osQ :i esa O;Dr dhft,] tgk¡ p vkSj q iw.kk±d gSa vkSj q  0 gSA

gy % ;gk¡ 3.142678 = 
3142678
1000000

 gSA vr% ;g ,d ifjes; la[;k gSA

vkb, vc ge ml fLFkfr ij fopkj djsa] tcfd n'keyo izlkj vuolkuh vkorhZ gksA

mnkgj.k 7 % fn[kkb, fd 0-3333---  = 0 3.  dks 
p
q  osQ :i esa O;Dr fd;k tk ldrk gS]

tgk¡ p vkSj q iw.kk±d gSa vkSj q  0 gSA

gy % D;ksafd ge ;g ugha tkurs gSa fd 0 3.  D;k gS] vr% vkb, bls ge x  eku ysaA

x = 0.3333...

vc] ;gh og fLFkfr gS tgk¡ gesa dqN ;qfDr yxkuh iM+sxhA

;gk¡] 10 x = 10  (0.333...) = 3.333...

vc] 3.3333... = 3 + x, pw¡fd x = 0.3333... gSA

blfy,] 10 x = 3 + x

x osQ fy, gy djus ij] gesa ;g izkIr gksrk gS%
9x = 3

vFkkZr~] x =
1
3

mnkgj.k 8 % fn[kkb, fd 1.272727... = 1 27.  dks 
p
q  osQ :i esa O;Dr fd;k tk ldrk

gS] tgk¡  p vkSj q iw.kk±d gSa vkSj q  0 gSA
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gy % eku yhft,  x = 1.272727... gSA D;ksafd ;gk¡ nks vadksa dh iqujko`fÙk gS] blfy, ge
x dks 100 ls xq.kk djrs gSaA ,slk djus ij] gesa ;g izkIr gksrk gS %

100 x = 127.2727...

vr%] 100 x = 126 + 1.272727... = 126 + x

blfy,] 100 x  x = 126, vFkkZr~ 99 x = 126

vFkkZr~] x =
126 14
99 11

vki blosQ bl foykse dh tk¡p dj ldrs gSa fd 
14
11  = 1 27.  gSA

mnkgj.k 9 % fn[kkb, fd 0.2353535... = 0 235.  dks 
p
q  osQ :i esa O;Dr dj ldrs gSa]

tgk¡   p vkSj q iw.kkZad gSa vkSj q  0 gSA

gy % eku yhft, x = 0 235.  gSA ;gk¡ ;g nsf[k, fd 2 dh iqujko`fÙk ugha gksrh gS] ijUrq
[kaM 35 dh iqujko`fÙk gksrh gSA D;ksafd nks vadksa dh iqujko`fÙk gks jgh gS] blfy, ge
x dks 100 ls xq.kk djrs gSaA ,slk djus ij] gesa ;g izkIr gksrk gS %

100 x = 23.53535...

blfy,] 100 x = 23.3 + 0.23535... = 23.3 + x

vr%] 99 x = 23.3

vFkkZr~] 99 x =
233
10

, ftlls x = 
233
990

 gqvkA

vki blosQ foykse] vFkkZr~  
233
990  = 0 235.  dh Hkh tk¡p dj ldrs gSaA

vr% vuolkuh vkorhZ n'keyo izlkj okyh izR;sd la[;k dks 
p
q  (q  0) osQ :i esa

O;Dr fd;k tk ldrk gS] tgk¡  p vkSj q iw.kk±d gSaA vkb, ge vius ifj.kkeksa dks la{ksi esa
bl izdkj O;Dr djsa%
,d ifjes; la[;k dk n'keyo izlkj ;k rks lkar gksrk gS ;k vuolkuh vkorhZ gksrk gSA
lkFk gh] og la[;k] ftldk n'keyo izlkj lkar ;k vuolkuh vkorhZ gS] ,d ifjes;
la[;k gksrh gSA
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vc ge ;g tkurs gSa fd ifjes; la[;k dk n'keyo izlkj D;k gks ldrk gSA vc iz'u
mBrk gSa fd vifjes; la[;kvksa dk n'keyo izlkj D;k gksrk gS\ Åij crk, x, xq.k osQ
vuqlkj ge ;g fu"d"kZ fudky ldrs gSa fd bu la[;kvksa osQ n'keyo izlkj vuolkuh
vukorhZ (non-terminating non-recurring) gSaA vr% Åij ifjes; la[;kvksa ds fy,
crk, x, xq.k osQ leku  vifjes; la[;kvksa dk xq.k ;g gksrk gS%

,d vifjes; la[;k dk n'keyo izlkj vuolkuh vukorhZ gksrk gSA foykser% og la[;k
ftldk n'keyo izlkj vuolkuh vukorhZ gksrk gS] vifjes; gksrh gSA

fiNys vuqPNsn esa geus ,d vifjes; la[;k 0.10110111011110... dh ppkZ dh FkhA eku
yhft, fd s = 0.10110111011110... gSA è;ku nhft, fd ;g vuolkuh vukorhZ gSA vr%
Åij crk, x, xq.k osQ vuqlkj ;g vifjes; gSA lkFk gh] ;g Hkh è;ku nhft, fd vki
s osQ le:i vifjfer :i ls vusd vifjes; la[;k,¡ tfur dj ldrs gSaA

lqizfl¼ vifjes; la[;kvksa 2  vkSj  osQ laca/ esa vki D;k tkurs gSa\ ;gk¡ oqQN pj.k

rd muosQ n'keyo izlkj fn, x, gSa%

2  = 1.4142135623730950488016887242096...

 = 3.14159265358979323846264338327950...

(è;ku nhft, fd ge izk;% 
22
7

 dks  dk ,d lfUudV eku ekurs gSa] tcfd   
22
7

gSA)

o"kks± ls xf.krKksa us vifjes; la[;kvksa osQ n'keyo izlkj esa vf/d ls vf/d vadksa
dks mRiUu djus dh fofHkUu rduhd fodflr dh gSaA mnkgj.k osQ fy,] laHkor% vkius
foHkktu fof/ (division method) ls 2  osQ n'keyo izlkj esa vadksa dks Kkr djuk

vo'; gh lh[kk gksxkA ;g ,d jkspd ckr gS fd lqYclw=kksa (thok&fu;eksa) esa] tks oSfnd
;qx (800 bZ-iw- & 500 bZ-iw-) ds xf.krh; xzaFk gSa] gesa 2  dk ,d lfUudV eku izkIr

gksrk gS] tks ;g gS%

2  = 
1 1 1 1 1 11 1 4142156
3 4 3 34 4 3

.

è;ku nhft, fd ;g ogh gS tks fd Åij izFke ik¡p n'keyo LFkkuksa rd osQ fy, fn;k
x;k gSA  osQ n'keyo izlkj esa vfèkd ls vf/d vad izkIr djus dk bfrgkl dkiQh
jkspd jgk gSA
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;wuku dk izcq¼ O;fDr vkoZQfeMht gh og igyk O;fDr Fkk
ftlus  osQ n'keyo izlkj esa vadksa dks vfHkdfyr fd;k
FkkA mlus ;g fn[kk;k fd 3.140845 <  < 3.142857 gksrk gSA
vk;ZHkV~V (476 – 550 bZñ) us tks ,d egku Hkkjrh; xf.krK
vkSj [kxksyfon Fks] pkj n'keyo LFkkuksa rd 'kq¼   dk eku
(3-1416) Kkr fd;k FkkA mPp pky oaQI;wVjksa vkSj mUur
dyu fof/;ksa (algorithms) dk iz;ksx djosQ 1-24 fVªfy;u
ls Hkh vf/d n'keyo LFkkuksa rd  dk eku vfHkdfyr
fd;k tk pqdk gSA

vkb, vc ge ns[ksa fd fdl izdkj vifjes; la[;k,¡ izkIr dh tkrh gSaA

mnkgj.k 10 % 
1
7  vkSj 

2
7  osQ chp dh ,d vifjes; la[;k Kkr dhft,A.

gy % geus ns[kk gS fd 
1
7  = 0142857.  gSA

vr% ge ljyrk ls ;g ifjdfyr dj ldrs gSa fd 2 0 285714
7

.  gSA

1
7  vkSj 

2
7  osQ chp dh ,d vifjes; la[;k Kkr djus osQ fy,] ge ,d ,slh la[;k Kkr

djrs gSa tks bu nksuksa osQ chp fLFkr vuolkuh vukorhZ gksrh gSA bl izdkj oQh vki
vifjfer :i ls vusd la[;k,¡ Kkr dj ldrs gSaA bl izdkj dh la[;k dk ,d mnkgj.k
0-150150015000150000- - - gSA

iz'ukoyh  1.3

1. fuEufyf[kr fHkUuksa dks n'keyo :i esa fyf[k, vkSj crkb, fd izR;sd dk n'keyo izlkj
fdl izdkj dk gS %

(i)
36

100 (ii)
1

11
(iii)

14
8

(iv)
3

13 (v)
2

11
(vi)

329
400

2. vki tkurs gSa fd 
1
7  = 0142857.  gSA okLro esa] yack Hkkx fn, fcuk D;k vki ;g crk ldrs

vkoZQfeMht
(287 lkñ ;qñ iwñ &212 lkñ ;qñ iwñ)

vkÑfr 1-10
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gSa fd 
2
7 , 

3
7 , 

4
7 , 

5
7 , 

6
7  osQ n'keyo izlkj D;k gSa\ ;fn gk¡] rks oSQls\

[laosQr % 
1
7  dk eku Kkr djrs le; 'ks"kiQyksa dk vè;;u lko/kuh ls dhft,A]

3. fuEufyf[kr dks 
p
q  osQ :i esa O;Dr dhft,] tgk¡ p vkSj q iw.kk±d gSa rFkk q  0 gS%

(i) 0 6. (ii) 0 47. (iii) 0 001.

4.  0.99999. . . dks 
p
q  osQ :i esa O;Dr dhft,A D;k vki vius mÙkj ls vk'p;Zpfdr gS\

vius vè;kid vkSj d{kk osQ lg;ksfx;ksa osQ lkFk mÙkj dh lkFkZdrk ij ppkZ dhft,A

5.
1

17  osQ n'keyo izlkj esa vadksa osQ iqujko`fÙk [kaM esa vadksa dh vf/dre la[;k D;k gks

ldrh gS\ vius mÙkj dh tk¡p djus osQ fy, foHkktu&fØ;k dhft,A

6.
p
q  (q  0) osQ :i dh ifjes; la[;kvksa osQ vusd mnkgj.k yhft,] tgk¡ p vkSj  q iw.kkZad

gSa] ftudk 1 osQ vfrfjDr vU; dksbZ mHk;fu"B xq.ku[kaM ugha gS vkSj ftldk lkar n'keyo
fu:i.k (izlkj) gSA D;k vki ;g vuqeku yxk ldrs gSa fd q dks dkSu&lk xq.k vo';
larq"V djuk pkfg,\

7. ,slh rhu la[;k,¡ fyf[k, ftuosQ n'keyo izlkj vuolkuh vukorhZ gksaA

8. ifjes; la[;kvksa 
5
7  vkSj 

9
11

 osQ chp dh rhu vyx&vyx vifjes; la[;k,¡ Kkr dhft,A

9. crkb, fd fuEufyf[kr la[;kvksa esa dkSu&dkSu la[;k,¡ ifjes; vkSj dkSu&dkSu la[;k,¡
vifjes; gSa%

(i) 23 (ii) 225 (iii) 0.3796

(iv) 7.478478... (v) 1.101001000100001...

1.4 la[;k js[kk ij okLrfod la[;kvksa dk fu:i.k

fiNys vuqPNsn esa] vkius ;g ns[kk gS fd fdlh Hkh okLrfod la[;k dk ,d n'keyo
izlkj gksrk gSA budh lgk;rk ls ge bl la[;k dks la[;k js[kk ij fu:fir dj ldrs
gSaA vkb, ge ns[ksa fd bls fdl izdkj fd;k tkrk gSA
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vko`Qfr  1.11

eku yhft, ge la[;k js[kk ij 2-665 dk
LFkku fu/kZj.k djuk pkgrs gSaA ge tkurs gSa fd
2 vkSj 3 osQ chp ;g la[;k fLFkr gSA vkb, ge
2 vkSj 3 ds chp la[;k js[kk ds Hkkx dks
è;kuiwoZd ns[ksaA eku yhft, ge bls 10 cjkcj
Hkkxksa esa ck¡V nsrs gSa vkSj bl Hkkx ds izR;sd fcUnq
dks vafdr djrs gSa] tSlk fd vkÑfr 1.11 (i) esa
fn[kk;k x;k gSA

rc 2 ds nk;ha vksj dk igyk fpÉ 2-1 dks
fu:fir djsxk] nwljk fpÉ 2-2 dks fu:fir djsxk]
vkfn&vkfnA vkidks vko`Qfr 1.11 (i) esa 2 vkSj 3
osQ bu foHkktu fcUnqvksa dks ns[kus esa oqQN dfBukbZ dk vuqHko gks ldrk gSA bUgsa Li"V
:i ls ns[kus osQ fy, vki ,d vko/Zu 'kh'ks (magnifying glass) dk iz;ksx dj ldrs
gSa vkSj 2 vkSj 3 osQ chp osQ Hkkx dks ns[k ldrs gSaA ;g oSlk gh fn[kkbZ iM+sxk tSlk fd
vki bUgsa vko`Qfr 1.11 (ii) esa ns[krs gSaA vc] 2-6 vkSj 2-7 osQ chp 2-665 fLFkr gSA vr%
vkb, ge 2-6 vkSj 2-7 osQ chp osQ Hkkx ij viuk è;ku osaQfnzr djsaA ge bls iqu% nl
cjkcj Hkkxks a es a ck¡Vrs gS aA igyk fpÉ 2-61 dks fu:fir djsxk] nwljk fpÉ
2-62 dks fu:fir djsxk] vkfn&vkfnA bls Li"V :i ls ns[kus osQ fy,] bls ge
vko`Qfr  1.12 (ii) esa vko£/r djrs gSaA

vko`Qfr  1.12
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vc bl vko`Qfr esa] 2-665 iqu% 2-66 vkSj 2-67 osQ chp fLFkr gSA blfy, vkb,
la[;k js[kk ds bl Hkkx ij viuk è;ku dsafær djsa ¹nsf[k, vkÑfr 1.13 (i)º vkSj dYiuk
djsa fd ;g Hkkx 10 cjkcj Hkkxksa esa ck¡Vk x;k gSA bls vkSj Li"V :i ls ns[kus osQ fy,]
bls vko£/r djrs gSa] tSlk fd vko`Qfr 1.13 (ii) esa fn[kk;k x;k gSA igyk fpÉ 2-661 dks
fu:fir djrk gS] vxyk fpÉ 2-662 dks fu:fir djrk gS] vkfn&vkfnA vr%]
2-665 bl mifoHkktu dk ik¡pok¡ fpÉ gSA

vko`Qfr  1.13

,d vko/Zu 'kh'ks dh lgk;rk ls la[;k js[kk ij la[;kvksa osQ fu:i.k dks ns[kus osQ bl
izØe dks mÙkjksÙkj vko/Zu izØe (process of successive magnification) dgk tkrk
gSA

bl rjg geus ;g ns[kk gS fd i;kZIr :i ls mÙkjksÙkj vko/Zu }kjk lkar n'keyo okys
izlkj okyh okLrfod la[;k dh la[;k js[kk ij fLFkfr (;k fu:i.k) dks Li"V :i ls
ns[kk tk ldrk gSA

vkb, vc ge la[;k js[kk ij vuolkuh vkorhZ n'keyo izlkj okyh ,d okLrfod
la[;k dh fLFkfr (fu:i.k) dks ns[kus dk iz;kl djsaA ,d vko/Zu 'kh'ks ls ge mi;qDr
varjkyksa dks ns[k ldrs gSa vkSj mÙkjksÙkj vko/Zu djosQ la[;k js[kk ij la[;k dh fLFkfr
ns[k ldrs gSaA
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mnkgj.k 11 : la[;k js[kk ij 5 n'keyo LFkkuksa rd] vFkkZr~  5.37777  rd  5 37.  dk
fu:i.k nsf[k,A

vko`Qfr  1.14

gy : ,d ckj fiQj ge mÙkjksÙkj vko/Zu djrs gSa vkSj ml okLrfod js[kk osQ Hkkxksa dh
yackb;ksa esa mÙkjksÙkj deh djrs tkrs gSa ftlesa 5 37.  fLFkr gSA lcls igys ge ;g ns[krs
gSa fd 5 vkSj 6 osQ chp 5 37.  fLFkr gSA vxys pj.k esa ge 5 37.  dk 5-3 vkSj 5-4 osQ
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chp LFkku fu/kZj.k djrs gSaA fu:i.k dks vkSj vf/d ifj'kq¼ :i ls ns[kus osQ fy,] ge
okLrfod js[kk osQ bl Hkkx dks nl cjkcj Hkkxksa esa ck¡V nsrs gSa vkSj vko/Zu 'kh'ks ls ;g
ns[krs gSa fd 5.37  vkSj 5.38  osQ chp  5 37.  fLFkr gSA  5 37.  dks vkSj vf/d ifj'kq¼ :i
ls ns[kus osQ fy,] ge  5.377  vkSj  5.378 osQ chp osQ Hkkx dks iqu% nl cjkcj Hkkxksa esa
ck¡V nsrs gSa vkSj  5 37.  osQ fu:i.k dks ns[krs gSa] tSlk fd vko`Qfr 1.14 (iv) esa fn[kk;k x;k
gSA è;ku nhft, fd  5 37. , 5.3777 dh vis{kk 5.3778  ls vf/d fudV gS [nsf[k, vko`Qfr
1.14 (iv)]A

fVIi.kh : ,d vko/Zu 'kh'ks ls mÙkjksÙkjr% ns[kdj vkSj lkFk gh okLrfod js[kk osQ ml
Hkkx dks] ftlesa 5 37.  fLFkr gS] yackbZ esa deh dh dYiuk djosQ ge bl izfØ;k dks fujarj
vkxs c<+k ldrs gSaA js[kk osQ ml Hkkx dk vkeki (size) D;k gksuk pkfg,] ;g ifj'kq¼rk
dh ml ek=kk ij fuHkZj djrk gS] ftlds vuqlkj ge la[;k js[kk ij la[;k dh fLFkfr
ns[kuk pkgrs gSaA

vc rd vki ;g vo'; le> x, gksaxs fd blh izfØ;k dks la[;k js[kk ij
vuolkuh vukorhZ n'keyo izlkj okyh okLrfod la[;k dks ns[kus esa Hkh ykxw fd;k tk
ldrk gSA

Åij dh xbZ ppkZvksa vkSj mÙkjksÙkj vko/Zuksa dh dYiuk ds vk/kj ij ge ;g iqu% dg
ldrs gSa fd izR;sd okLrfod la[;k dks la[;k js[kk ij ,d vf}rh; fcUnq ls fu:fir
fd;k tkrk gSA lkFk gh] la[;k js[kk dk izR;sd fcUnq ,d vkSj osQoy ,d okLrfod la[;k
dks fu:fir djrk gSA

iz'ukoyh 1.4

1. mÙkjksÙkj vko/Zu djosQ la[;k js[kk ij  3.765 dks nsf[k,A

2. 4 n'keyo LFkkuksa rd la[;k js[kk ij  4 26.  dks nsf[k,A

1.5  okLrfod la[;kvksa ij lafØ;k,¡

fiNyh d{kkvksa esa] vki ;g i<+ pqosQ gSa fd ifjes; la[;k,¡ ;ksx vkSj xq.ku osQ
Øefofues; (commutative), lkgp;Z (associative) vkSj caVu (distributive) fu;eksa dks
larq"V djrh gSa vkSj ge ;g Hkh i<+ pqosQ gSa fd ;fn ge nks ifjes; la[;kvksa dks tksM+sa]
?kVk,¡] xq.kk djsa ;k ('kwU; NksM+dj) Hkkx nsa] rc Hkh gesa ,d ifjes; la[;k izkIr gksrh gS
[vFkkZr~ tksM+] ?kVkuk] xq.kk vkSj Hkkx osQ lkis{k ifjes; la[;k,¡ lao`r (closed) gksrh gSa]A ;gk¡
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ge ;g Hkh ns[krs gSa fd vifjes; la[;k,¡ Hkh ;ksx vkSj xq.ku osQ Øefofues;] lkgp;Z vkSj
caVu&fu;eksa dks larq"V djrh gSaA ijUrq] vifjes; la[;kvksa osQ ;ksx] varj] HkkxiQy vkSj

xq.kuiQy lnk vifjes; ugha gksrs gSaA mnkgj.k osQ fy,] 2 2 3 3,  vkSj

17
17

 ifjes; la[;k,¡ gSaA

vkb, vc ;g ns[ksa fd tc ,d ifjes; la[;k esa vifjes; la[;k tksM+rs gSa vkSj ,d
ifjes; la[;k dks ,d vifjes; la[;k ls xq.kk djrs gSa] rks D;k gksrk gSA

mnkgj.k osQ fy,] 3  ,d vifjes; la[;k gSA rc 2 3  vkSj 2 3  D;k gSa\ D;kasfd

3  ,d vuolkuh vukorhZ n'keyo izlkj gS] blfy, ;gh ckr 2 3  vkSj 2 3  osQ

fy, Hkh lR; gSA vr% 2 3  vkSj 2 3  Hkh vifjes; la[;k,¡ gSaA

mnkgj.k 12 : tk¡p dhft, fd 7 5 , 
7 2 21 2
5

, ,  vifjes; la[;k,¡ gSa ;k ughaA

gy : 5  = 2.236... , 2  = 1.4142...,  = 3.1415... gSaA

rc 7 5  = 15.652..., 
7
5  = 

7 5 7 5
55 5

 = 3.1304... gSaA

2  + 21 = 22.4142...,   2 = 1.1415...

;s lHkh vuolkuh vukorhZ n'keyo gSaA vr% ;s lHkh vifjes; la[;k,¡ gSaA

mnkgj.k 13 : 2 2 5 3  vkSj 2 3 3–  dks tksfM+,A

gy : 2 2 5 3 2 3 3–  = 2 2 2 5 3 3 3–

                 = (2 + 1) 2 (5 3) 3 3 2 2 3

mnkgj.k 14 : 6 5  dks 2 5  ls xq.kk dhft,A

gy : 6 5   2 5  = 6  2  5   5  = 12  5 = 60



la[;k i¼fr 23

mnkgj.k 15 : 8 15  dks 2 3  ls Hkkx nhft,A

gy : 8 3 5 8 3 58 15 2 3 4 5
2 3 2 3

bu mnkgj.kksa ls vki fuEufyf[kr rF;ksa osQ gksus dh vk'kk dj ldrs gSa tks lR; gSa%

(i) ,d ifjes; la[;k vkSj ,d vifjes; la[;k dk tksM+ ;k ?kVkuk vifjes; gksrk gSA

(ii) ,d vifjes; la[;k osQ lkFk ,d 'kwU;srj (non-zero) ifjes; la[;k dk xq.kuiQy ;k
HkkxiQy vifjes; gksrk gSA

(iii) ;fn ge nks vifjes; la[;kvksa dks tksM+sa] ?kVk;sa] xq.kk djsa ;k ,d vifjes; la[;k dks
nwljh vifjes; la[;k ls Hkkx nsa] rks ifj.kke ifjes; ;k vifjes; dqN Hkh gks ldrk
gSA

vc ge viuh ppkZ okLrfod la[;kvksa osQ oxZewy fudkyus dh lafØ;k (operation)
ij djsaxsA vkidks ;kn gksxk fd ;fn a  ,d izkÑr la[;k gS] rc a b  dk vFkZ gS
b2 = a  vkSj b > 0 A ;gh ifjHkk"kk /ukRed okLrfod la[;kvksa ij Hkh ykxw dh tk ldrh
gSA

eku yhft,  a > 0 ,d okLrfod la[;k gSA rc a  = b dk vFkZ gS  b2 = a vkSj b > 0
gSA

vuqPNsn 1-2 esa] geus ;g ns[kk gS fd fdl izdkj
la[;k js[kk ij n  dks] tgk¡  n ,d /ukRed iw.kk±d
gS] fu:fir fd;k tkrk gSA vc ge ;g fn[kk,¡xs fd
fdl izdkj x  dks] tgk¡  x  ,d nh gqbZ /ukRed
okLrfod la[;k gS] T;kferh; (geometrically) :i
ls  Kkr fd;k tkrk gSA mnkgj.k ds fy,] vkb, ge
bls x = 3.5 ds fy, izkIr djsaA vFkkZr~ ge 3.5  dks
T;kehrh; :i ls izkIr djsaxsA

,d nh gqbZ js[kk ij ,d fLFkj fcUnq A  ls 3.5 ,dd dh nwjh ij fpÉ yxkus ij ,d ,slk
fcUnq  B izkIr gksrk gS] ftlls fd  AB = 3.5 ,dd (nsf[k, vkÑfr 1.15)A B ls 1 ,dd
dh nwjh ij fpÉ yxkb, vkSj bl u, fcUnq dks C eku yhft,A AC dk eè;&fcUnq Kkr

vko`Qfr  1.15
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dhft, vkSj ml fcanq dks  O eku yhft,A  O dks osQUnz vkSj  OC dks f=kT;k ekudj ,d
v/Zo`Ùk cukb,A AC ij yac ,d ,slh js[kk [khafp, tks B ls gksdj tkrh gks vkSj
v/Zo`Ùk dks  D ij dkVrh gksA rc BD = 3.5  gSA

vf/d O;kid :i esa] x  dk eku Kkr djus osQ
fy,] tgk¡ x ,d /ukRed okLrfod la[;k gS] ,d
,slk fcanq B ysrs gSa] ftlls fd AB = x ,dd gks
vkSj tSlk fd vko`Qfr 1-16 esa fn[kk;k x;k gS] ,d
,slk fcanq  C yhft, ftlls fd BC = 1 ,dd gksA
rc] tSlk fd geus fLFkfr  x = 3.5  osQ fy, fd;k

gS] gesa  BD = x  izkIr gksxk (vko`Qfr 1.16)A

ge bl ifj.kke dks ikbFkkxksjl izes; dh lgk;rk ls fl¼ dj ldrs gSaA

è;ku nhft, fd vko`Qfr 1.16  esa]  OBD ,d ledks.k f=kHkqt gSA o`Ùk dh f=kT;k  
1

2
x

,dd gSA

vr%, OC = OD = OA = 
1

2
x

 ,dd

vc] OB = 
1 1

2 2
x xx

vr%] ikbFkkxksjl izes; ykxw djus ij] gesa ;g izkIr gksrk gS%

BD2 = OD2  OB2 = 
2 21 1 4

2 2 4
x x x x

blls ;g irk pyrk gS fd BD = x  gSA

bl jpuk ls ;g n'kkZus dh ,d fp=kh; vkSj T;kferh; fof/ izkIr gks tkrh gS fd lHkh

okLrfod la[;kvksa  x > 0  osQ fy,] x  dk vfLrRo gSA ;fn ge la[;k js[kk ij x  dh

fLFkfr tkuuk pkgrs gSa] rks vkb, ge js[kk  BC  dks la[;k js[kk eku ysa]  B dks 'kwU; eku
ysa vkSj  C dks 1 eku ysa] vkfn&vkfnA B  dks osQUnz vkSj BD dks f=kT;k ekudj ,d pki

[khafp, tks la[;k js[kk dks E ij dkVrk gS (nsf[k, vkÑfr 1-17)A rc E, x  fu:fir
djrk gSA

vko`Qfr  1.16
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vko`Qfr  1.17

vc ge oxZewy dh vo/kj.kk dks ?kuewyksa] prqFkZewyksa vkSj O;kid :i ls  nosa ewyksa]
tgk¡  n ,d /ukRed iw.kk±d gS] ij ykxw djuk pkgsaxsA vkidks ;kn gksxk fd fiNyh d{kkvksa
esa vki oxZewyksa vkSj ?kuewyksa dk vè;;u dj pqosQ gSaA

3 8  D;k gS\ ge tkurs gSa fd ;g ,d /ukRed la[;k gS ftldk ?ku 8 gS] vkSj vkius

;g vo'; vuqeku yxk fy;k gksxk fd 3 8  = 2 gSA vkb, ge  5 243   dk eku Kkr djsaA

D;k vki ,d ,slh la[;k  b tkurs gSa ftlls fd  b5 = 243 gks\ mÙkj gS 3] vr%]
5 243  = 3 gqvkA

bu mnkgj.kksa ls D;k vki n a  ifjHkkf"kr dj ldrs gSa] tgk¡  a > 0 ,d okLrfod la[;k

gS vkSj  n ,d /ukRed iw.kk±d gS\

eku yhft,  a > 0  ,d okLrfod la[;k gS vkSj  n  ,d /ukRed iw.kk±d gSA rc
n a  = b, tcfd  bn = a vkSj  b > 0A è;ku nhft, fd 32 8 n, , a  vkfn esa iz;qDr

izrhd ^^ ** dks dj.kh fpÉ (radical sign) dgk tkrk gSA

vc ge ;gk¡ oxZewyksa ls lacaf/r oqQN loZlfedk,¡ (identities)  ns jgs gSa tks fofHkUu
fof/;ksa ls mi;ksxh gksrh gSaA fiNyh d{kkvksa esa vki buesa ls oqQN loZlfedkvksa ls ifjfpr
gks pqosQ gSaA 'ks"k loZlfedk,¡ okLrfod la[;kvksa osQ ;ksx ij xq.ku osQ caVu fu;e ls vkSj
loZlfedk (x + y) (x  y) = x2  y2  ls] tgk¡  x vkSj  y  okLrfod la[;k,¡ gSa] izkIr gksrh
gSaA

eku yhft,  a vkSj  b /ukRed okLrfod la[;k,¡ gSaA rc]

(i) ab a b (ii)
a a
b b

(iii) a b a b a b (iv) 2a b a b a b
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(v) a b c d ac ad bc bd

(vi)
2

2a b a ab b

vkb, ge bu loZlfedkvksa dh oqQN fo'ks"k fLFkfr;ksa ij fopkj djsaA

mnkgj.k 16 : fuEufyf[kr O;atdksa dks ljy dhft,%

(i) 5 7 2 5 (ii) 5 5 5 5

(iii)
2

3 7 (iv) 11 7 11 7

gy : (i) 5 7 2 5 10 5 5 2 7 35

(ii)
2

25 5 5 5 5 5 25 5 20–

(iii)
2 2 2

3 7 3 2 3 7 7 3 2 21 7 10 2 21

(iv)
2 2

11 7 11 7 11 7 11 7 4

fVIi.kh : è;ku nhft, fd Åij osQ mnkgj.k esa fn, x, 'kCn ¶ljy djuk¸ dk vFkZ ;g
gS fd O;atd dks ifjes; la[;kvksa vkSj vifjes; la[;kvksa osQ ;ksx osQ :i esa fy[kuk
pkfg,A

ge bl leL;k ij fopkj djrs gq, fd 
1
2  la[;k js[kk ij dgk¡ fLFkr gS] bl vuqPNsn

dks ;gha lekIr djrs gSaA ge tkurs gSa fd ;g ,d vifjes; gSA ;fn gj ,d ifjes;
la[;k gks] rks bls ljyrk ls gy fd;k tk ldrk gSA vkb, ge ns[ksa fd D;k ge blds
gj dk ifjes;dj.k (rationalise) dj ldrs gSa] vFkkZr~ D;k gj dks ,d ifjes; la[;k esa
ifjo£rr dj ldrs gSaA blosQ fy, gesa oxZewyksa ls lacaf/r loZlfedkvksa dh vko';drk
gksrh gSA vkb, ge ns[ksa fd bls oSQls fd;k tk ldrk gSA

mnkgj.k 17 : 
1
2 osQ gj dk ifjes;dj.k dhft,A

gy : ge 
1
2  dks ,d ,sls rqY; O;atd osQ :i esa fy[kuk pkgrs gSa] ftlesa gj ,d ifjes; la[;k
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gksA ge tkurs gSa fd 2 . 2  ifjes; gSA ge ;g Hkh tkurs gSa fd  
1
2  dks 

2
2

 ls xq.kk djus

ij gesa ,d rqY; O;atd izkIr gksrk gS] D;ksafd 
2
2

 = 1 gSA vr% bu nks rF;ksa dks ,d lkFk ysus

ij] gesa ;g izkIr gksrk gS%

1 1 2 2
22 2 2

bl :i esa 
1
2  dks la[;k js[kk ij LFkku fu/kZj.k ljy gks tkrk gSA ;g 0  vkSj 2 osQ eè; fLFkr

gSA

mnkgj.k 18 : 
1

2 3
 osQ gj dk ifjes;dj.k dhft,A

gy : blosQ fy, ge Åij nh xbZ loZlfedk (iv) dk iz;ksx djrs gSaA  
1

2 3  dks 2 3  ls

xq.kk djus vkSj Hkkx nsus ij] gesa ;g izkIr gksrk gS%

 
1 2 3 2 3 2 3

4 32 3 2 3

mnkgj.k 19 : 5
3 5

 osQ gj dk ifjes;dj.k dhft,A

gy : ;gk¡ ge Åij nh xbZ loZlfedk (iii) dk iz;ksx djrs gSaA

vr%]
5

3 5  = 
5 3 55 3 5 5 3 5

3 5 23 5 3 5

mnkgj.k 20 : 
1

7 3 2
 osQ gj dk ifjes;dj.k dhft,A

gy : 1 1 7 3 2 7 3 2 7 3 2
49 18 317 3 2 7 3 2 7 3 2
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vr% tc ,d O;atd osQ gj esa oxZewy okyk ,d in gksrk gS (;k dksbZ la[;k dj.kh fpÉ ds vanj
gks)] rc bls ,d ,sls rqY; O;atd esa] ftldk gj ,d ifjes; la[;k gS] :ikarfjr djus dh
fØ;kfof/ dks gj dk ifjes;dj.k (rationalising the denominator) dgk tkrk gSA

iz'ukoyh  1.5

1. crkb, uhps nh xbZ la[;kvksa esa dkSu&dkSu ifjes; gSa vkSj dkSu&dkSu vifjes; gSa%

(i) 2 5 (ii) 3 23 23 (iii)
2 7
7 7

(iv)
1
2 (v) 2

2. fuEufyf[kr O;atdksa esa ls izR;sd O;atd dks ljy dhft,%

(i) 3 3 2 2 (ii) 3 3 3 3

(iii)
2

5 2 (iv) 5 2 5 2

3. vkidks ;kn gksxk fd    dks ,d o`Ùk dh ifjf/ (eku yhft, c) vkSj mlosQ O;kl (eku

yhft, d) osQ vuqikr ls ifjHkkf"kr fd;k tkrk gS] vFkkZr~   = 
c
d  gSA ;g bl rF; dk

var£ojks/ djrk gqvk izrhr gksrk gS fd    vifjes; gSA bl var£ojks/ dk fujkdj.k vki
fdl izdkj djsaxs\

4. la[;k js[kk ij 9 3.  dks fu:fir dhft,A

5. fuEufyf[kr osQ gjksa dk ifjes;dj.k dhft,%

(i)
1
7

(ii)
1

7 6
(iii)

1
5 2

(iv)
1

7 2

1.6  okLrfod la[;kvksa osQ fy, ?kkrkad&fu;e

D;k vkidks ;kn gS fd fuEufyf[kr dk ljyhdj.k fdl izdkj djrs gSa\

(i) 172 . 175 = (ii) (52)7 =

(iii)
10

7

23
23  = (iv) 73 . 93 =
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D;k vkius fuEufyf[kr mÙkj izkIr fd, Fks\

(i) 172 . 175 = 177 (ii) (52)7 = 514

(iii)
10

3
7

23 23
23

(iv) 73 . 93 = 633

bu mÙkjksa dks izkIr djus osQ fy,] vkius fuEufyf[kr ?kkrkad&fu;eksa (laws of
exponents) dk iz;ksx vo'; fd;k gksxk] [;gk¡  a, n vkSj  m izko`Qr la[;k,¡ gSaA vkidks ;kn
gksxk fd  a  dks vk/kj (base) vkSj  m vkSj n dks ?kkrkad (exponents) dgk tkrk gS A]
ftudk vè;;u vki fiNyh d{kkvksa esa dj pqosQ gSa%

(i) am . an = am + n (ii) (am)n = amn

(iii)
m

m n
n

a a , m n
a (iv) ambm = (ab)m

(a)0  D;k gS\ bldk eku 1 gSA vki ;g vè;;u igys gh dj pqosQ gSa fd  (a)0 = 1

gksrk gSA vr%] (iii) dks ykxw djosQ] vki  
1 n

n a
a izkIr dj ldrs gSaA vc ge bu fu;eksa

dks ½.kkRed ?kkrkadksa ij Hkh ykxw dj ldrs gSaA

vr%] mnkgj.k osQ fy, %

(i) 2 5 3
3

117 17 17
17 (ii) 2 7 14(5 ) 5

(iii)
10

17
7

23 23
23

(iv) 3 3 3(7) (9) (63)

eku yhft, ge fuEufyf[kr vfHkdyu djuk pkgrs gSa %

(i)
2 1
3 32 2 (ii)

4

5

1
3

(iii)

1
5

1
3

7

7
(iv)

1 1
5 513 17

ge ;s vfHkdyu fdl izdkj djsaxs\ ;g ns[kk x;k gS fd os ?kkrkad&fu;e] ftudk
vè;;u ge igys dj pqosQ gSa] ml fLFkfr esa Hkh ykxw gks ldrs gSa] tcfd vk/kj /ukRed
okLrfod la[;k gks vkSj ?kkrkad ifjes; la[;k gks (vkxs vè;;u djus ij ge ;g ns[ksaxs
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fd ;s fu;e ogk¡ Hkh ykxw gks ldrs gSa] tgk¡ ?kkrkad okLrfod la[;k gksA)A ijUrq] bu
fu;eksa dk dFku nsus ls igys vkSj bu fu;eksa dks ykxw djus ls igys] ;g le> ysuk

vko';d gS fd] mnkgj.k osQ fy,]  
3
24   D;k gSA vr%] bl laca/ esa gesa oqQN djuk gksxkA

vuqPNsn 1.4 esa] geus  n a  dks bl izdkj ifjHkkf"kr fd;k gS] tgk¡  a > 0 ,d okLrfod
la[;k gS%

eku yhft,  a > 0  ,d okLrfod la[;k gS vkSj n ,d /ukRed iw.kk±d gSA rc
n a  = b gksrk gS, tcfd bn = a vkSj b > 0 gksA

?kkrkadksa dh Hkk"kk esa] ge  n a  = 
1
na  osQ :i esa ifjHkkf"kr djrs gSaA mnkgj.k osQ fy,]

1
3 32 2  gSA vc ge  

3
24  dks nks fof/;ksa ls ns[k ldrs gSaA

3
24  =

31
324 2 8

3
24  =

1 1
3 2 24 64 8

vr%] gesa ;g ifjHkk"kk izkIr gksrh gS%

eku yhft,  a > 0  ,d okLrfod la[;k gS rFkk m vkSj  n  ,sls iw.kk±d gSa fd 1 osQ
vfrfjDr budk dksbZ vU; mHk;fu"B xq.ku[kaM ugha gS vkSj n > 0 gSA rc]

m
na  =

m n mn a a
vr% okafNr foLr`r ?kkrkad fu;e ;s gSa%

eku yhft,  a > 0 ,d okLrfod la[;k gS vkSj  p vkSj  q ifjes; la[;k,¡ gSaA rc]
(i) ap . aq = ap+q (ii) (ap)q = apq

(iii)
p

p q
q

a a
a

(iv) apbp = (ab)p

vc vki igys iwNs x, iz'uksa dk mÙkj Kkr djus osQ fy, bu fu;eksa dk iz;ksx dj
ldrs gSaA

mnkgj.k 21 : ljy dhft,%  (i) 
2 1
3 32 2 (ii)

4

5

1
3

(iii)

1
5

1
3

7

7
(iv)

1 1
5 513 17
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gy :

(i)
2 12 1 3

13 33 3 32 2 2 2 2 2 (ii)
41 4

5 53 3

(iii)

1
1 1 3 5 25
5 3 15 15

1
3

7 7 7 7
7

(iv)
1 1 1 1
5 5 5 513 17 (13 17) 221

iz'ukoyh  1.6

1. Kkr dhft,% (i)
1
264 (ii)

1
532 (iii)

1
3125

2. Kkr dhft,% (i)
3
29 (ii)

2
532 (iii)

3
416 (iv)

1
3125

3. ljy dhft,%(i)
2 1
3 52 2 (ii)

7

3

1
3

(iii)

1
2

1
4

11

11
(iv)

1 1
2 27 8

1.7  lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcUnqvksa dk vè;;u fd;k gS%

1. la[;k  r  dks ifjes; la[;k dgk tkrk gS] ;fn bls  
p
q  osQ :i esa fy[kk tk ldrk gks] tgk¡

p vkSj  q  iw.kk±d gSa vkSj q  0 gSA

2. la[;k  s  dks vifjes; la[;k dgk tkrk gS] ;fn bls p
q

  osQ :i esa u fy[kk tk ldrk

gks] tgk¡  p  vkSj  q  iw.kk±d gSa vkSj  q  0 gSA

3. ,d ifjes; la[;k dk n'keyo izlkj ;k rks lkar gksrk gS ;k vuolkuh vkorhZ gksrk gSA
lkFk gh] og la[;k] ftldk n'keyo izlkj lkar ;k vuolkuh vkorhZ gS] ifjes; gksrh gSA

4. ,d vifjes; la[;k dk n'keyo izlkj vuolkuh vukorhZ gksrk gSA lkFk gh] og la[;k
ftldk n'keyo izlkj vuolkuh vukorhZ gS] vifjes; gksrh gSA

5. lHkh ifjes; vkSj vifjes; la[;kvksa dks ,d lkFk ysus ij okLrfod la[;kvksa dk laxzg
izkIr gksrk gSA
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6. la[;k js[kk ds izR;sd fcUnq osQ laxr ,d vf}rh; okLrfod la[;k gksrh gSA lkFk gh]
izR;sd okLrfod la[;k ds laxr la[;k js[kk ij ,d fcanq gksrk gSA

7. ;fn  r  ifjes; gS vkSj  s  vifjes; gS] rc  r + s vkSj  r  s vifjes; la[;k,¡ gksrh gSa rFkk

rs vkSj 
r
s   vifjes; la[;k,¡ gksrh gSa ;fn r  0 gSA

8. /ukRed okLrfod la[;kvksa  a vkSj  b osQ laca/ esa fuEufyf[kr loZlfedk,¡ ykxw gksrh gSa%

(i) ab a b (ii) a a
b b

(iii) a b a b a b (iv) 2a b a b a b

(v)
2

2a b a ab b

9.
1

a b
 osQ gj dk ifjes;dj.k djus osQ fy,] bls ge  a b

a b
 ls xq.kk djrs gSa] tgk¡

a vkSj  b  iw.kk±d gSaA

10. eku yhft,  a > 0  ,d okLrfod la[;k gS vkSj  p vkSj  q  ifjes; la[;k,¡ gSaA rc]

(i) ap . aq = ap + q (ii) (ap)q = apq

(iii)
p

p q
q

a a
a

(iv) apbp = (ab)p


