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The word vector is derived from Latin word

meaning "to carry". The subject vector analysis
was developed in the later part of the 19"
century by the American Physicist and
mathematician Josiah Willard Gibbs (1839-1903
A.D.) and the English enginner Oliver Heaviside
(1850-1925 A.D.) workign independently. Many
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Grassmann (1809-1877 A.D.). It was Hamiliton
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Hamilton's Lectures on Quatermions. Hamilton's
method of quaternions was a solution to the
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Vector Algebra

6.1 Introduction

Vectors represent one of the most important mathematical systems, which is used to
handle certain types of problems in Geometry, Mechanics and other branches of Applied
Mathematics, Physics and Engineering.

Scalar and vector quantities : Physical quantities are divided into two categories - scalar
quantities and vector quantities. Those quantities which have only magnitude and which are not
related to any fixed direction in space are called scalar quantities, or briefly scalars. Examples
of scalars are mass, volume, density, work, temperature etc.

A scalar quantity is represented by a real number along with a suitable unit.

Second kind of quantities are those which have both magnitude and direction. Such
quantities are called vectors. Displacement, velocity, acceleration, momentum, weight, force
etc. are examples of vector quantities.

6.2 Representation of Vectors -

Geometrically a vector is represented by a line segment. For example, a = AB. Here 4 is
called the initial point and B, the terminal point or tip.

Magnitude or modulus of a is expressed as | a|4 ﬁlz AB . B

LAZQD?: O The magnitude of a vector is always a non-negative real r

O Every vector AB has the following three characteristics:

Length : The length of AB will be denoted by | ﬁ?ﬂ or AB.
Support : The line of unlimited length of which AB is a segment is called the support

of the vector AB.
Sense : The sense of AB is from A to B and that of BA is from B to A. Thus, the
sense of a directed line segment is from its initial point to the terminal point.

6.3 Types of Vector
(1) Zero or null vector : A vector whose magnitude is zero is called zero or null vector and it

is represented by 0.

The initial and terminal points of the directed line segment representing zero vector are
coincident and its direction is arbitrary.

(2) Unit vector : A vector whose modulus is unity, is called a unit vector. The unit vector in
the direction of a vector a is denoted bya, read as “a cap”. Thus, | a| =1.

a Vector a

é_ o | L e——
| a| Magnitude of a
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I.A[Clté’ : O Unit vectors parallel to x-axis, y-axis and z-axis are denoted by i, j and k

respectively.
O Two unit vectors may not be equal unless they have the same direction.

(3) Like and unlike vectors : Vectors are said to be like when they have the same sense of
direction and unlike when they have opposite directions.

(4) Collinear or parallel vectors : Vectors having the same or parallel supports are called
collinear vectors.

(5) Co-initial vectors : Vectors having the same initial point are called co-initial vectors.

(6) Co-planar vectors : A system of vectors is said to be coplanar, if their supports are parallel to
the same plane.

|NOZ"6’ : O Two vectors having the same initial point are always coplanar but such three or

more vectors may or may not be coplanar.
(7) Coterminous vectors : Vectors having the same terminal point are called coterminous
vectors.
(8) Negative of a vector : The vector which has the same magnitude as the vector a but

opposite direction, is called the negative of a and is denoted by —a. Thus, if ﬁjza , then

QP =-a.
(9) Reciprocal of a vector : A vector having the same direction as that of a given vector a but

magnitude equal to the reciprocal of the given vector is known as the reciprocal of a and is denoted

by a'. Thus, if | a|=a)| a-1|=3
a

[A[QKE : O A unit vector is self reciprocal.

(10) Localized and free vectors : A vector which is drawn parallel to a given vector through a
specified point in space is called a localized vector. For example, a force acting on a rigid body
is a localized vector as its effect depends on the line of action of the force. If the value of a
vector depends only on its length and direction and is independent of its position in the space, it
is called a free vector.

(11) Position vectors : The vector OA which represents the position of the point A with respect to
a fixed point O (called origin) is called position vector of the point A. If (x, y, z) are co-ordinates of
the point A, then OA = xi +yj+zk.

(12) Equality of vectors : Two vectors a and b are said to be equal, if

(i) | ald b| (ii) They have the same or parallel support and (iii) The
same sense.

6.4 Rectanqular resolution of a Vector in Two and Three dimensional systems
(1) Any vector r can be expressed as a linear combination of two unit vectors i and j at right

angle i.e., r=xi+Yj
The vector xi and yj are called the perpendicular component

vectors of r. The scalars x and y are called the components or
resolved parts of rin the directions of x-axis and y-axis
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respectively and the ordered pair (x, y) is known as co-ordinates of point whose position vector

is r.

Also the magnitude of r=4x*+y? and if ¢ be the inclination of r with the x-axis, then

0 =tan'(y/x)

(2) If the coordinates of P are (x, y, z) then the position vector of r can be written as

r=xi+yj+zk.

The vectors xi,yj and zk are called the right angled components of r.

The scalars x,y,z are called the components or resolved parts of r in the directions of x-
axis, y-axis and z-axis respectively and ordered triplet (x, y, z) is known as coordinates of P

whose position vector is r.

Also the magnitude or modulus of r+ r|=+/x?+y? +z2

Direction cosines of r are the cosines of angles that the vector
r makes with the positive direction of x, y and z-axes.

X X
cosg=l=—n=— " COSﬂ:m:+:L
JxZ+y?+z? Il JxZ+y?az? 1l

z Z Z

and

Y
P(x,
Ir
J 7
0 X
k 1

y}

coSy=N=—u—— =

JxZ+y24z2 Tl

Clearly, 1> +m? +n? =1. Here o =/POX, f=4POY y=/POZ and i,jk are the unit vectors

along OX,0Y,0Z respectively.

Example: 1 If a is a non-zero vector of modulus a and m is a non-zero scalar, then ma is a unit vector if

() m=+1 (b) m a ©) m :&

. . . 1 1
Solution: (c) As ma is a unit vector, | ma|=1=|m|l a|=1 = | m|:|—| = m :J_rl—|
a a

(d) m=+2

Example: 2 For a non-zero vector a, the set of real numbers, satisfying | (6—x)a| <| 2a| consists of all x such that

(a) 0<x<3 (b) 3<x<7 (c) 7<x<-3
Solution: (b) We have, | (5—x)a| < 2a]

= |5-x]|la]<2]a] =|5-%X|<2 = 2<5-x<2 = 3<x<7.
Example: 3 The direction cosines of the vector 3i—-4j+5k are

3 41 3 4 1 3 4 1

() g:?lg (b)

sz O Rl
Solution: (b) r=3i-4j+5k; | rl=32+(4)?+5%2 =52
1

-4 5 1

3 . 3 -4
, , ie., , ,
5J2 542 52 5J2 '542 "2

Hence, direction cosines are

6.5 Properties of Vectors

(d) 7<x<3

3 4 1
d —, = =
@ 57z 52 V2

(1) Addition of vectors

(i) Triangle law of addition : If two vectors are represented
by two consecutive sides of a triangle then their sum is represented
by the third side of the triangle, but in opposite direction. This is
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known as the triangle law of addition of vectors. Thus, if ﬁ:a,ﬁzb and A_(fzc then
E+BT£=TC i.e., a+b=c.

(ii) Parallelogram law of addition : If two vectors are represented by two adjacent sides
of a parallelogram, then their sum is represented by the diagonal of

C

the parallelogram whose initial point is the same as the initial c=a+b
point of the given vectors. This is known as parallelogram law of b
addition of vectors.
(0] a A

Thus, if OA=a,0B=b and OC=c

Then OA+ OB =0OC i.e., a+b =c , where OC is a diagonal of the parallelogram OABC.

(iii) Addition in component form : If the vectors are defined in terms of i, j and k, i.e., if
a=al+a,j+azk and b=bi+b,j+bsk, then their sum is defined as
a+b=(@, +b))i+(@, +b,)j+(a; +by)k.

Properties of vector addition : Vector addition has the following properties.

(a) Binary operation : The sum of two vectors is always a vector.

(b) Commutativity : For any two vectors a and b, a+b=b+a

(c) Associativity : For any three vectors a,b and c, a+(b+c)=(@-+b)+c

(d) Identity : Zero vector is the identity for addition. For any vector a, O +a=a=a+0
(e) Additive inverse : For every vector a its negative vector —a exists such that
a+(-a)=(a)+a=0 i.e. (-a) is the additive inverse of the vector a.

(2) Subtraction of vectors : If a and b are two vectors, then their subtraction a—-b is
defined as a—b =a+(-b) where —b is the negative of b having magnitude equal to that of b
and direction opposite to b .

If a=ai+a,j+ask and b =b;i+b,j+bsk
Then a-b=(a, —b,)i+(@, —b,)j+(a; —by)k.

Properties of vector subtraction

(i) a—-b=zb-a (ii) @-b)-cza—-(b—-c)

(iii) Since any one side of a triangle is less than the sum and greater than the difference of
the other two sides, so for any two vectors a and b, we have

(@) |a+b|<al+|b| (b)|a+b|> al —|b]

(c)|a-bl< af+|b] (d)[a-bl|>a|- b

(3) Multiplication of a vector by a scalar : If a is a vector and m is a scalar (i.e., a real number)

then ma is a vector whose magnitude is m times that of a and whose direction is the same as
that of a , if m is positive and opposite to that of a, if m is negative.

Magnitude of ma 4 ma| = m (magnitude of a) = m| a|
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Again if a =a,i+a,j+azk then ma =(ma,)i +(ma,)j+(ma,)k
Properties of Multiplication of vectors by a scalar : The following are properties of
multiplication of vectors by scalars, for vectors a,b and scalars m, n
(i) m(-a) =(-m)a = ~(ma) (ii) (-m)(-a)=ma
(iii) m(na) =(mn)a = n(ma) (iv) (m+n)a=ma-+na
(v) m@@a+b)=ma+mb
(4) Resultant of two forces
R-F+0

| RI=R =/P2+Q?+2PQcos ¢

where | I_5| =P,| 6|=Q, tana:w
P+Qcosé
Deduction : When | 5|=| 6| ,l.e, P=Q, tana = Psiné = sin & = ang; a:Q
P+Pcosd 1+cosd 2 2
Hence, the angular bisector of two unit vectors a and b is along the vector sum a+b.

Important Tips

& The internal bisector of the angle between any two vectors is along the vector sum of the corresponding unit

vectors.
& The external bisector of the angle between two vectors is along the vector difference of the corresponding unit

vectors.

B(b)
Example: 4 Tt ABCDEF 15 a regular hexagon, then ADTEETFC= [Karnataka
CET 2002]
(@) © (b) 2AB (c) 3AB (d) 4AB

Solution: (d) We have AD +EB + FC E D

(ﬁ+ﬁ+§)+(ﬁ+5¢+§)+ﬁ

= ﬁ+(§+§)+(§+&)+5+ﬁ F c
=AB+O+O+AB+2AB = 4AB [E:E,E:ZE]
A B

Example: 5 The unit vector parallel to the resultant vector of 2i +4j—-5k and i+ 2j+3k is
i+j+k
J3
Solution: (a) Resultant vector r=(2i+4j-5k)+(i +2j+3k) = 3i+6j-2k

1

Unit vector parallel to r = ir=—(3i+6j—2k) = £(3i+6j—2k)
| rl 32 162 4 (=2)2 7

(a) %(3i+6j—2k) (b) (o) itj+2k (d) Lg(—i—j+8k)

V6 V69
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Solution:

Example:

Solution:

(b)

(9}

8

(a)

9
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If the sum of two vectors is a unit vector, then the magnitude of their difference is
[Kurukshetra CEE 1996; Rajasthan PET 1996]

(a) ¥2 ) V3 © = (@ 1
J3

Let|al=1,|bl=1 and|a+b|=1 = |a+b|?=1 = 1+1+2cosf=1 = cosé):—% = 0=120°

la—b|?=1+1-2c0s0=3 =|a-b|=v3.
The length of longer diagonal of the parallelogram constructed on 5a + 2b and a - 3b, it is given that

| a] = 2\/E,I b| =3 and angle between a and b is % , is

(a) 15 (b) v113 (c) /593 (d) V369

Length of the two diagonals will be d;, 5 (5a +2b)+(a—3b)| and d, 4 (5a +2b)—(a —3b)|
= d, 4 6a—-b|, d, 4 4a+5b|

Thus, d, =+ 6a|2 +| b|Z +2] 6a|| —b| cos(r —7/4) = \/36(2\/5)2 +9+12.2ﬁ.3.[—i] - 15.

V2

V2

d2=J4a|2+| 5b|? +2] 4al| 5b] cos - = Jlex8+25x9+40x2\/§x3xi = 593 .

Length of the longer diagonal = V593
The sum of two forces is 18 N and resultant whose direction is at right angles to the smaller force is
12N . The magnitude of the two forces are
(a) 13,5 (b) 12, 6 (c) 14,4 (d) 11,7
We have, | P| +| Q|=18N ; | R[4 P+Q|=12N
a=90° = P+Qcosfd=0 = Qcos@=-P S
Now, R? =P? +Q? +2PQcos @ = R? =P? +Q? +2P(-P)=Q? —P? IR
= 122 =(P+Q)Q-P)=18(Q-P) Rg
— Q-P-8 and Q+P=18 = Q=13, P=5 ho N

Magnitude of two forces are 5N, 13N. E

The vector c, directed along the internal bisector of the angle between the vectors a =7i-4j—4k and
b =-2i—j+2k with|c|=5v6, is
5. . 5 . . 5. . 5 . .
(a) §(|—7J+2k) (b) §(5I+5j+2k) (o) §(|+71+2k) (d) E(_5|+51+2k)
Let a = 7i—4j—4k and b =-2i —j+ 2k
a b j _ i£7|—41—4k+—2|—1+2k

Now required vector ¢ = A| — + —
lal [b] 9 3

j = g(i—7j+2k)

2
|C|2=§—1><54 =150 = A=+15 = ¢ = i%(i—7j+2k)

6.6 Position Vector

If a point O is fixed as the origin in space (or plane) and P is any point, P

then OP is called the position vector of P with respect to O. r
If we say that P is the point r, then we mean that the position vector of Origi
P is r with respect to some origin O.

(0]
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(1) AB in terms of the position vectors of points A and B : If a and b are position vectors of

points A and B respectively. Then, OA =a,0B =b
In AOAB , we have OA+AB=0OB=AB=0OB-OA=b-a

b
= AB = (Position vector of B) - (Position vector of A)
— AB = (Position vector of head) - (Position vector of tail) 0

(2) Position vector of a dividing point

B

a A

(i) Internal division : Let A and B be two points with position vectors a and b

respectively, and let C be a point dividing AB internally in the ratio n
Then the position vector of C is given by

a:-zmb+na
m+n

(ii) External division : Let A and B be two points with position vectors a and b

respectively and let C be a point dividing AB externally in the ratio r

Then the position vector of C is given by R B
oC — mb —na c
m-n
o a A
Important Tips
@ Position vector of the mid point of AB is a+h
& If a, b, c are position vectors of vertices of a triangle, then position vector of its centroid is atb+c
a+b+c+d

& If a, b, c,d are position vectors of vertices of a tetrahedron, then position vector of its centroid is

4

Example: 10 If position vector of a point A is a+2b and a divides AB in the ratio 2 : 3, then the position vector of B is

[MP PET 2002]

(a) 2a-b (b) b-2a (c) a-3b (d) b
Solution: (c) Let position vector of B is X.

The point C(a) divides ABin 2 : 3.

a- 2x+3(a+2b)

2+3
= ba=2x+3a+6b
x=a-3b %

A (a+2b)

¢ @

B (x)

Example: 11 Let a, f, y be distinct real numbers. The points with position vectors ai+f+k, fi+yh+ok,

A+aj+ K

(a) Are collinear

(b) Form an equilateral triangle
(c) Form a scalene triangle

(d) Form a right angled triangle

B
(B +7n+ak)

[IIT Screening 1994]

A (ad+ fj+K)

C
i+ + k)
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Solution: (b) AB = (@A) +(f-7) +(y—a)> =BC =CA

ABC is an equilateral triangle.

Example: 12 The position vectors of the vertices A, B, C of a triangle are i-j-3k, 2i+j-2k and -5i+2j-6k
respectively. The length of the bisector AD of the angle BAC where D is on the segment BC, is

(a) %Jﬁ ) % ©) % (d) None of these
Solution: (a) | AB|=| (2i+j-2K)—(—j—3K)| = i+2j+k| = V12+22+12 =6 A (i—j-3K)
| AC| = (=5i+2j—6K)—(i—j—3K)| =| —6i+3j—3k| = (-6)2 +32 +(-3)?
= 54 =36 .

Je 1

BD:DC=AB:AC= ——=_. B 2C .
36 3 Qi+j-2k) D (-5i+2j-6k)

1.(-5i+2j—6Kk)+3(2i +j—2k) _

Position vector of D = %(i +5j-12k)

1+3
= iy . 1. _. - 1, . 40 3, ..
AD = position vector of D - Position vector of A = Z(|+5]—12k)—(|—]—3k) = Z(_3|+9D:Z(_I+3D

| E|=%,/ 1) 4 32 =%«/ﬁ.

Example: 13 The median AD of the triangle ABC is bisected at E, BE meets AC in F. Then AF : AC =

(a) 3/4 (b) 1/3 (©) 1/2 (d) 1/4
Solution: (b) Let position vector of A with respect to B is a and that of C w.r.t. B is.c

Position vector of D w.r.t. B = 0+c =L A @)

2 2 N
c F
at_ 4
Position vector of E = 2 2.t (i) 1
2 2 4
LetAF: FC= 4:1 and BE:EF =y4:1 ©)B D c )
Position vector of F = Acra 1
1+2 3¢
#(/Ilc +,1aj+1'0
Now, position vector of E = +—1 ....... (ii). From (i) and (i) ,
M+
a0 M g, M
2 4 (@Q+)0+p QL+AQ+p)
1
31:# andl:i—’u: ﬂ:l’ ﬁ:L:L:&:l.
2 Q+)A+p 4 Q+A)0+p) 2 AC AF+FC 1+41 3 3
2

6.7 Linear Combination of Vectors
A vector r is said to be a linear combination of vectors a,b,c..... etc, if there exist scalars x,

y, z etc., such that r=xa+yb +zc +....

Examples : Vectors r,=2a+b+3c,r,=a+3b ++/2c are linear combinations of the vectors
a,b,c.
(1) Collinear and Non-collinear vectors : Let a and b be two collinear vectors and let x be the

unit vector in the direction of a. Then the unit vector in the direction of b is x or —x according
as a and b are like or unlike parallel vectors. Now, a 4 a| X and b=+ b| X .
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az(lilll bl X = azﬂi:%”b = a=/1b, where ﬂ,:ill%.

Thus, if a,b are collinear vectors, then a=4Ab or b =/1a for some scalar 4.
(2) Relation between two parallel vectors
(i) If a and b be two parallel vectors, then there exists a scalar k such that a =kb.
i.e., there exist two non-zero scalar quantities x and y so that xa+yb =0.
If a and b be two non-zero, non-parallel vectors then xa+yb=0 = x=0 and y=0.
a=0,b=0
or
Obviously xa+yb=0 = {x=0,y=0
or

all b
(i) If a=a,i +a,j+azk and b =b,i +b,j+bs;k then from the property of parallel vectors, we
have
a b2 _ &
b, b, by

(3) Test of collinearity of three points : Three points with position vectors a,b, ¢ are collinear
iff there exist scalars x, y, z not all zero such that xa+yb+zc =0, where x+y+z=0. If
a=ai+a,j, b=bji+b,j and c=c,i+c,j, then the points with position vector a,b,c will be

a a, 1
collinear iff (b, b, 1|=0.
c, ¢, 1

(4) Test of coplanarity of three vectors : Let a and btwo given non-zero non-collinear
vectors. Then any vectors r coplanar with a and b can be uniquely expressed as r=xa+yb for

some scalars x and y.
(5) Test of coplanarity of Four points : Four points with position vectors a,b,c,d are coplanar
iff there exist scalars x, y, z, u not all zero such that xa+yb +zc +ud =0, where x+y+z+u=0.
Four points with position vectors
a=ai+a,j+ak, b=bji+b,j+b;k, c=cji+c,j+c;k, d=d;i+d,j+d;k

a a, a; 1

b, b, b; 1
will be coplanar, iff | © > ° T|=0

c, €, ¢ 1

d, d, d, 1

6.8 Linear Independence and Dependence of Vectors
(1) Linearly independent vectors : A set of non-zero vectors a,,a,,.....a, is said to be linearly

independent, if x;a, +X,a, +.....+Xx,a, =0 = X, =X, =..... =X, =
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(2) Linearly dependent vectors : A set of vectors a,,a,,.....a, is said to be linearly dependent if

there exist scalars X;,X,,......, X, not all zero such that x;a, + X,a, +......... +X,a, =0

Three vectors a=ai+a,j+ak, b=Dbji+b,j+b;k and c=c;i+c,j+c;k will be linearly

a a, as

dependent vectors iff |b, b, b;|[=0.

¢, C G

Properties of linearly independent and dependent vectors

(i) Two non-zero, non-collinear vectors are linearly independent.

(ii) Any two collinear vectors are linearly dependent.

(iii) Any three non-coplanar vectors are linearly independent.

(iv) Any three coplanar vectors are linearly dependent.

(v) Any four vectors in 3-dimensional space are linearly dependent.

Example: 14 The points with position vectors 60i+3j, 40i—8j,ai —52j are collinear, if a =

Solution: (a)

Example:

will be

Solution:

Example:

Solution:

15

(b)

16

()

[Rajasthan PET 1991; IIT 1983; MP PET 2002]
(a) - 40 (b) 40 (c) 20 (d) None of these
As the three points are collinear, x(60i + 3j)+ y(40i —8j)+ z(ai —52j) =0
such that x, y, z are not all zeroand x+y+z=0.
= (60x +40y +az)i +(3x -8y —-522)j=0 and x+y+z=0
= 60x+40y+az=0, 3x-8y-52z=0 and x+y+z=0

60 40 a
For non-trivial solution, | 3 -8 -52|=0 = a=-40
1 1 1

Trick : If A, B, C are given points, then AB = k(ﬁ) = —20i—-11j =k[(@a—40)i —44]]
On comparing, —11 =44k = k :% and - 20 = %(a—40) = a=-40.

If the position vectors of A, B, C, D are 2i+j,i—3j,3i+2j and i+ 1] respectively and ﬁ” @, then A

[Rajasthan PET 1988]

(@) -8 () - 6 © 8 () 6
AB =(i-3j)-Qi+j)=-i—4j; CD=(+A)-@i+2j)=-2i+(1-2)j; AB| CD= AB =xCD

A= x {2+ (-2 >-1=2x-4=(A-DX = X =%,i:—6.

Let a,b and ¢ be three non-zero vectors such that no two of these are collinear. If the vector a+2b

is collinear with ¢ and b+3c is collinear with a (A being some non-zero scalar) then a+2b+6c

equals [AIEEE 2004]
(a)o (b) Ab (o) Ac (d) Aa
As a+2b and c¢ are collinear a+2b=4Ac ... (1)

Again b+3c is collinear with a
b+3c =gya . (ii)
Now, a+2b+6c =(@+2b)+6c = Ac+6c = (1+6)c  ..... (iii)
Also, a+2b+6c=a+2(b+3c) = a+2ua = Qu+Y)a .. (iv)



268 Vector Algebra

From (iii) and (iv), (1+6)c =(2u+1a
But a and ¢ are non-zero , non-collinear vectors,
A+6=0=2u+1. Hence, a+2b+6¢c=0.

Example: 17 If the vectors 4i+11j+mk,7i+2j+6k and i+5j+4k are coplanar, then mis [Karnataka CET 2003]
(a) 38 (b) o (c) 10 (d) - 10
Solution: (c) As the three vectors are coplanar, one will be a linear combination of the other two.
4i+11j+mk =x(7i+2j+6Kk)+y(i+5j+4k) = 4=7x+y ..... (69)
11=2x+5y L (ii)
m=6x+4y (iii)
. .. 3 23 3 23
From (i) and (ii), x :E,y :E ; From (iii), m = 6><H+4 xﬁle .
Trick : - Vectors 4i+11j+mk, 7i+2j+6k and i+5j+4k are coplanar.
4 11 m
7 2 6|=0
1 5 4

= 4(8-30)-11(28-6)+m(35-2)=0 = -88-11x22+33m=0 = 8-22+3m=0 = 3m=30 = m=10.
Example: 18 The value of 2 for which the four points 2i+3j—k,i+2j+3k,3i+4j—2Kk,i—1j+6k are coplanar[MP PET 2004]

(a) 8 (b) o (c) -2 (d) 6
Solution: (c) The given four points are coplanar

© XQi+3j-K)+y(i+2j+3K)+z@Bi+4j—-2K)+w(i—1j+6k)=0 and x+y+z+w=0,

where Xx,y,z, w are not all zero.

= (@x+y+3z+W)i+@Bx+2y+4z—W)j + (-x+3y—-2z+6w)k=0 and x+y+z+w=0

= 2Xx+y+3z+w=0, 3x+2y+4z-Aw=0, —x+3y—-2z+6w=0 and x+y+z+w=0

2 1 3 1 2 1 3 1
- . 3 4 -2 0 0 0 -(1+2) .
For non-trivial solution, =0 = =0, Operating [R, >R, -R, —R,]
-1 3 -2 6 -1 3 -2 6
11 1 1 1 1 1 1
2 1 3
= —-(1+2) |-1 3 -2|{=0 = A1=-2.
1 1 1

Example: 19 If a=i+j+k, b=4i+3j+4k and c=i+aj+ Bk are linearly dependent vectors and | c|= \/g, then [IIT 1998]
(a) a=1,p45=-1 (b) a=1,p==+1 (c) a=-1,p8=%1 (d) a=41,p5=1
Solution: (d) The given vectors are linearly dependent hence, there exist scalars x,y,z not all zero, such that
xa+yb+zc=0
ie, x(+j+kK)+y@i+3j+4k)+zi+a4+ pk)=0 ,
ie., X+4y+2)i+(X+3y+a2)j+(x+4y+ )k =0
= X+4y+z2=0, x+3y+0z=0, x+4y+p2=0

1 4 1
For non-trivial solution, (1 3 «|=0 = pg=1
1 4 p
[c|?=3= 1+a’+p*=3 = a?=2-p"=2-1=1; .. a==1
Trick: |cl=ylta?+ 2 =3 = a?+ % =2
111

a,b,c are linearly dependent, hence (4 3 4|=0 = g=1.

a p

[y

a?=1= a=+1.

6.9 Product of Two Vectors
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Product of two vectors is processed by two methods. When the product of two vectors results
is a scalar quantity, then it is called scalar product. It is also known as dot product because we are
putting a dot (.) between two vectors.

When the product of two vectors results is a vector quantity then this product is called
vector product. It is also known as cross product because we are
putting a cross (x) between two vectors.

(1) Scalar or Dot product of two vectors : If a and b are two non- b
zero vectors and ¢ be the angle between them, then their scalar
product (or dot product) is denoted by a.b and is defined as the o a A

scalar | a|| b| cos@, where | a| and| b| are modulii of a and b
respectively and 0 <@ <r.

Important Tips

a.beR
a.b g all b|
a.b >0 = angle between a and b is acute.

a.b <0 = angle between a and b is obtuse.

9 9 9 § 9§

The dot product of a zero and non-zero vector is a scalar zero.

(i) Geometrical Interpretatlon of scalar product: Let aand b be two vectors
represented by OA and OB respectively. Let 6 be the angle between
OA and OB . Draw BLL1OA and AM_LOB.

From As OBLand OAM, we have OL=0OBcosd and
OM =0OAcos@. Here OL and OM are known as projection of b on a
and a on b respectively.

Now a.b = a|| bjcos@ =| a|(OBcos#) =| a|(OL)

= (Magnitude of a)(Projection of bona) ... i)
Again, a.b 4 a|| b|cos@ 4 b|(| a] cos&)=| b|(OAcoséd)4 b|(OM)
a.b = (Magnitude of b) (Projectionof a onb) ... (ii)

Thus geometrically interpreted, the scalar product of two vectors is the product of modulus
of either vector and the projection of the other in its direction.

(ii) Angle between two vectors : If a,b be two vectors inclined at an angle 4, then,
a.b 4 al| bjcosé

= c0sf = a.b :¢9=cos‘l( a.b ]
| al| b | al| b|

a,;b, +a,b, +a;b,

If a=a,i+a,j+a,k and b =b,i+b,j+b,k; 0 =cos™
JaZ +a? +a? b2 +b2 +b?

(2) Properties of scalar product
(i) Commutativity : The scalar product of two vector is commutative i.e., a.b=Db.a.

(ii) Distributivity of scalar product over vector addition: The scalar product of vectors is
distributive over vector addition i.e.,
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(a) a.(b+c)=a.b+a.c (Left distributivity) (b) (b+c).a=b.a+c.a (Right
distributivity)

(iii) Let a and b be two non-zero vectors a.b =0 < alb.

As i,j,k are mutually perpendicular unit vectors along the co-ordinate axes, therefore

i.j=j.i=0; j.k=k.j=0; k.i=i.k=0.

(iv) For any vector a,a.a 4 a|?.

As i,j,k are unit vectors along the co-ordinate axes, therefore i.i4i|°=1, j.j4 j|?°=1 and
k. k4 k|*=1

(v) If mis a scalar and a,b be any two vectors, then (ma).b =m(a.b)=a.(mb)

(vi) If m, n are scalars and a,b be two vectors, then ma.nb =mn(a.b)=(mna).b =a.(mn b)

(vii) For any vectors a and b, we have (a) a.(-b)=—(a.b)=(-a).b (b) (-a).(-b)=a.b

(viii) For any two vectors a and b, we have

(@) |a+b|?=| a|? +| b|? +2a.b ()| a-b|?=| a|? +| b|? —2a.b
(c) (@+b).(a-b)=|a|® - b|? (d)|a+b|=|al+[b|=all b
(e)|a+b|?=| a|® +| b|?*=alb (f)|]a+b|=|a-b|=alb

(3) Scalar product in terms of components.: If a =a,i+a,j+a;k and b=b;i+b,j+b;k,
then, a.b =ab; +a,b, +a;b;. Thus, scalar product of two vectors is equal to the sum of the

products of their corresponding components. In particular, a.a =| a|*’=a’ +a5 +a;.

Example: 20 (a.i)i+@.))j+@.K)k= [Karnataka CET 2004]

(a) a (b) 2a (c) 3a (@o
Solution: (a) Let a=aji+a,j+ask

a.i=@i+aj+ak).i=a, a.j=a,,a.k=ay
(@.ni+@.jji+@.kk =ai+aj+ak=a.
Example: 21 If | a|]=3| b|=4 then a value of 1 for which a+.b is perpendicular to a—4b is

(a) 9/16 (b) 3/4 (c) 3/2 (d) 4/3
Solution: (b) a-+4b is perpendicular to a—4b

(a+4b).(a—Ab)=0 = | a|®> -Aa.b)+ A(b.a)-A?| b|?’=0 =]a|>-#|b|*=0 = zziﬂ:i%

| bl
Example: 22 A unit vector in the plane of the vectors 2i+j+k, i—j+k and orthogonal to 5i+2j+6k is
6i —5k 3j—-k 2i —5j 2i+j—2k
(a) (d) == (9 (d) ———

Je1 Jio J29 3

Solution: (b) Let a unit vector in the plane of 2i+j+k and i—j+k be
a=aRi+j+K)+B>i-j+K)=QRa+p)i+(@-pPj+(+ Pk
As a is unit vector, we have
= a+ P’ +(a-py +(@+py =1
= 6a’+4aBf+38%=1 )
As a is orthogonal to 5i+2j+6k, we get 52a+ f)+2(a—-pB)+6(@+p) =0 = 18a+94=0 = f=-2a



Example: 23

Solution: (a)

Example: 24

Solution: (d)

Example: 25

Solution: (d)

Example: 26

Solution: (b)
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1 2 N 3 . 1
From (i), we get 6a®-8a°+120%°=1 = a=+——=—= = f=F——. Thus a=+| —j-——=k
10 10 410 10

If 0 be the angle between the vectors a =2i+2j—k and b =6i-3j+2k, then

4 3 2 5
a) cosf=— b) cosfd=— c) cosf=— d) cosf=—
() o1 (b) 19 () 19 (@ o1
Angle between a and b is given by, cosé = ab__ @i+2j-K).(61-3j+2K) _12-6-2 4
[allbl 0722ty Yo r(apr2? 37 &
Let a,b and ¢ be vectors with magnitudes 3, 4 and 5 respectively and a+b+c = 0, then the values of
ab+b.c+ca is [DCE 2001;
AIEEE 2002; UPSEAT 2002]
(a) 47 (b) 25 (c) 50 (@) -25
We observe, | a|® +| b|?=32+42 =524 ¢|?

a.b=0

b.cH bl C|-COS(/Z—COS_l%)z4XS{—COSECOS_l%j}=4x5x[—%] = 16
c.acl al-cos(n—cos’lgj = 5.3.{—cos[cos‘lgj}:5.3(—§j =-9

a.b+b.c+c.a=0-16-9=-25
Trick: ~ a+b+c=0
Squaring both the sides |a+b+c|?=0

= |a?|+|b|?+/c|?+2(@.b+b.c+c.a)=0 = 2@@b+bc+c.a)=—(9+16+25) = a.b+b.c+c.a=-25.

The vectors a=22%+4Jj+k and b=7i-2j+ik make an obtuse angle whereas the angle between b

and k is acute and less than = /6, then domain of 1 is
(a) 0 <ﬂ<% (b) A>4/159 (c) —%</1<0 (d) Null set
As angle between a and b is obtuse, a.b <0

= QAZi+42j+K).(7i-2j+1K)<0 = 142 -81+1<0 = A21-1)<0 = 0<1<% ...... 6))

Angle between b and k is acute and less than % .

A

V53 + A2

b.k= b||klcosd = A=v53+2*.1.cos8 = cosf=

0<Z = cos@>cos Z = c050>£:>4>£ = 42 -3063+2)>0 = £ >159 = A<-/159
6 6 V53 + 22

or A>+159 (ii)

From (i) and (ii), A=¢. .. Domain of A is null set.

In cartesian co-ordinates the point A is (x;,y;) where X, =1 on the curve y = x?+x+10 . The tangent at

A cuts the x-axis at B. The value of the dot product OA.AB is

(a) —% (b) -148 (c) 140 (d) 12
Given curveis y=x>+x+10 (1)

when x=1, y=12+1+10=12
A=(L12); .. OA=i+12j
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From (i), d_y =2x+1
dx

Equation of tangent at Ais y-12 = (d_y) x-1) = y-12=2x1+)(x-1) = y-12=3x-3
1,12)
y =3(x+3)
This tangent cuts x-axis (i.e., y =0) at (-3,0)
B=(-3,0)

OB =-3i+0.j=-3i ; OA. AB=O0A .(OB-0A) = (i +12j).(-3i —i ~12j) = (i +12j).(-4i —12j) = —4-144 =148 .

Example: 27 If three non-zero vectors are a =a,i+a,j+azk, b=bji+b,j+bsk and c =c,i+c,j+cz;k. If ¢ is the unit
2

a a, a;
vector perpendicular to the vectors a and b and the angle between a and b is % ,then |b;, b, by| is
C; C C3
equal to [IIT 1986]
3(za2)(zb?)(zc? ¥a?)(zh2
@ o @ SCAEICED) () (@) 2
Solution: (d) As c is the unit vector perpendicular to a and b, we have | c|=1a.c=0=b.c
a, a, a,]° |a, a, a,|la, a, a a? +a2+a?
1 Ay az 1 2 Az 1 8 ag | +a; +a;3 ab; +a,b, +azb; a;c; +a,c, +a,c,
Now, b, b, by| =|b; b, by|[b, b, by|=|ab, +a,b, +azb, bZ +bZ +b2 b,C; +b,C, +byc,
C, C, Cg C; €, Callc, €, C4 a,C, +a,C, +a5C, byC; +b,c, +bycs cZ+c2+c
la|]> a.b a.c| [|a]®> a.b ©

—la.b |b]> b.c|=|a.b [b]> 0|da|%b|?—a.b)
a.c b.c |c|? 0 0 1

2
3 1 1
- 1217 bI7 {1 all leos Z | < al? b1 (1-3 = 3y a1 517 caD)eb)

4
(4) Components of a vector along and perpendicular to another vector : If B
a and b be two vectors represented by OA and OB . Let & be the angle
between a and b. Draw BMIOA. In AOBM, we have N
OB=0OM + MB=b =OM + MB 0
0 M a A

Thus, OM and MB are components of balong a and
perpendicular to a respectively.

Now, OM =(OM)4a = (OB cos0)a = (| b| cos®)a = 6 b| ﬂjéw (ﬁJaz(ﬂJi{aEJa
| all bl | a lal Jlal || a]

. b~ OM + VB = mzb_o—nﬂ’zb_[la-lﬁja
a

Thus, the components of b along and perpendicular to a are (la'lk;]a and b—[a'lgja
a

| a
respectively.
Example: 28 The projection of a=2i+3j-2k on b =i+2j+3k is
1 2 -2
(a) — (b) —— (©) V14 (@) —=
V14 V14 V14



Solution: (b)

Example: 29

Solution: (¢)

x?+y?+z%=1

Example: 30

Solution: (b)

Example: 31

Solution: (b)
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Projectionof @ on b = aboa D - (1+31-20).(+2j+3K) _ 2+6-6__ 2

|b| | i+2j+3K| Jia Jua

Let u,v,w be such that | u] =1] v| =2| w| =3. If the projection v along u is equal to that of w along

u and v,w are perpendicular to each other then | u—v+w| equals

(a) 14 (b) V7 (©) 14 (d 2

Without loss of generality, we can assume v=2i and w=3j. Let u=xi+yj+zk, |u|]=1=

Projection of v along u = Projection of w along u
= v.u=w.u = 2i.Xi+yj+2K)=3j.Xi+yj+zk) = 2x=3y = 3y -2x=0

Now, | u—v—w| = Xi+yj+zk-2i+3j| =|(x-2)i+(y+3)j+zk| = Jox =2 +(y —3)? + 22

= J? +y? +2%)+2(3y —2x)+13 =\1+2x0+13 =414 .

Let b=3j+4k, a=i+j andlet b, and b, be component vectors of b parallel and perpendicular to a.

If b1:%i+%j,then b, =

3. 3. 3. 3. 3. 3.
a) —i+—j+4k b) ——i+—j+4k c) ——i+— d) None of these
()2 5] (b) PRRY. () PRRY. (d)
b=b, +b,
. 3. 3. 3. 3.
b,=b-b, = Bj+4K)-|—-i+—j|= ——i+—=j+4k
<oty = - (20 3] 20 2

Clearly, b :E(i +j)=§a i.e., b, is parallelto a
1 2 2 1

bz.a:[—%i+%j+4k].(i+j)=0; b, is Lr to a.

A vector a has components 2p and 1 with respect to a rectangular cartesian system. The system is
rotated through a certain angle about the origin in the anti-clockwise sense. If a has components
p+1 and 1 with respect to the new system, then

(a) p=0 (b) p=1 or—% (c) p=-1 oré (d) p=1or -1
Without loss of generality, we can write a=2pi+j=(p +1)i +3 (i)
Now, i:cosei+sin9j

J=—sin@i+cos 0]

From (i), 2pi +j=(p +1)(cos Qi +sinj)+(-sinfi +cos )

= 2pi+j={(p+1cos&—sinG}i+{(p+1)sinG+cos &}]j

= 2p=(p+1cosf—singd ....(ii) and 1=(p+1)sin@+cosd ....(iii)

Squaring and adding, 4p? +1=(p +1)? +1

= (p+1)?=4p® = p+1=+2p = p=1, —%.

(5) Work done by a force : A force acting on a particle is said to do work if the particle is

displaced in a direction which is not perpendicular to the force.

B

%
F
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The work done by a force is a scalar quantity and its measure is equal to the product of the
magnitude of the force and the resolved part of the displacement in the direction of the force.

If a particle be placed at O and a force F represented by OB be acting on the particle at O. Due
to the application of force F the particle is displaced in the direction of OA . Let OA be the
displacement. Then the component of OA in the direction of the force F is | O—A| cosf .

Work done = | F||OA|cos@=F.OA=F.d, where d=0A Or Work done = (Force) .
(Displacement)

If a number of forces are acting on a particle, then the sum of the works done by the
separate forces is equal to the work done by the resultant force.

Example: 32 A particle is acted upon by constant forces 4i+j—3k and 3i+j—-k which displace it from a point
i +2j+ 3k to the point 5i +4j+ k. The work done in standard units by the force is given by

(a) 15 (b) 30 (c) 25 (d) 40
Solution: (d) Total force F = 4i+j-3k)+@Bi+j—-k) = 7i+2j-4k
Displacement d = Gi+4j+k)—(i +2j+3k) = 4i+2j-2k
Work done = F.d = (7i + 2j —4K).(4i +2j —2k) = 28 +4+8=40.
Example: 33 A groove is in the form of a broken line ABC and the position vectors of the three points are

respectively 2i —3j+2k, 3i+2j—k and i+ j+k. A force of magnitude 24/3 actson a particle of unit

mass kept at the point A and moves it along the groove to the point C. If the line of action of the force
is parallel to the vector i+ 2j+ k all along, the number of units of work done by the force is

(a) 1442 (b) 14443 (c) 7242 (@ 7243
Solution: (c) F=(2443) 2*+K _ 2“‘/§(i+2j+k) = 124/2(i + 2j + K)
| i+2j+Kk]| J6

Displacement r= position vector of C - Position vector of A = (i+j+k)—(2i —3j+2K) = (-i+4j-k)

Work done by the force W =r.F = (ci +4j—K).12J2 (i + 2j + k) = 1242(-1+8 -1)=722 .

6.10 Vector or Cross product of Two Vectors .
Let a,b be two non-zero, non-parallel vectors. Then the vector product a xb, in that order,

is defined as a vector whose magnitude is | a|| b| sind where 6 is
the angle between a and b whose direction is perpendicular to the
plane of a and b in such a way that a,b and this direction b

constitute a right handed system.
(0] a

In other words, axbdal|b| sin@ﬁ where 6 is the angle

between a and b, n is a unit vector perpendicular to the plane of a and b such that a,b,q
form a right handed system.
(1) Geometrical interpretation of vector product : If a,b be two non-zero, non-parallel vectors

represented by OA and OB respectively and let 6 be the angle between them. Complete the
parallelogram OACB. Draw BL_1OA.
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In AOBL, sin@:% = BL=0OBsind=| b|sing ...... (i) A

Now, axb =| a|| b|sindn = (OA)(BL)n b
= (Base x Height) n = (area of paralle logram OACB)?]
= Vector area of the parallelogram OACB

Thus, axb is a vector whose magnitude is equal to the area of the parallelogram having a
and b as its adjacent sides and whose direction 5 is perpendicular to the plane of a and b such

that a,b,q form a right handed system. Hence axb represents the vector area of the

parallelogram having adjacent sides along a and b.
Thus, area of parallelogram OACB =|axDb]|.

Also, area of AOAB =% area of parallelogram OACB = %| axb|= %l OAx @l

(2) Properties of vector product

(i) Vector product is not commutative i.e., if a and b are any two vectors, then axb #bxa,
however, axb =—(bxa)

(ii) If a,b are two vectors and m is a scalar, then maxb =m(@axb)=axmb

(iii) If a,b are two vectors and m, n are scalars, then maxnb =mn(axb)=m(axnb)=n(maxb)

(iv) Distributivity of vector product over vector addition.

Let a,b,c be any three vectors. Then

(a) ax(b+c)=axb+axc (Left distributivity)

(b) (b+c)xa=bxa+cxa (Right distributivity)

(v) For any three vectors a,b,c we have ax(b-c)=axb-axc

(vi) The vector product of two non-zero vectors is zero vector iff they are parallel
(Collinear) i.e., axb =0 < a|| b,a,b are non-zero vectors.

It follows from the above property that axa =0 for every non-zero vector a, which in turn
implies that ixi=jxj=kxk=0

(vii) Vector product of orthonormal triad of unit vectors i, j, k using the definition of the
vector product, we obtain ixj=K,jxk=i,kxi=], jxi=-K kxj=—-I,ixk =—]

(viii) Lagrange's identity: If a, b are any two vector then |axb|?dal|] b|?—(a.b)’or
|axb|? +@a.b)* 4 a|j b|?

(3) Vector product in terms of components : If a =aji+a,j+a;k and b =Db,i+b,j+bsk.

i j k
Then, axb =(a,b; —azb,)i —(a,b; —azb,)j+ (b, —a,b,) )k =la, a, a;|.
b, b, b,
(4) Angle between two vectors : If 0 is the angle between a and b, then siné ::a%:
a

Expression for sing : If a=a,i+a,j+azk, b=bji+b,j+bk and 6 be angle between a and b,
then
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(agbs — a3b2)2 +(a,bs - asb1)2 + (b, - azb1)2

sin?@ =
(a7 +aZ +a)(f +bJ +b?)

(5) (i) Right handed system of vectors : Three mutually perpendicular vectors a,b,c form a
right handed system of vector iff axb=c,bxc=a, cxa=Db

Example: The unit vectors i,j, k form a right-handed system,

ixj=k,jxk=i,kxi=]j

b

(ii) Left handed system of vectors : The vectors a,b,c, mutually perpendicular to one
another form a left handed system of vector iff
cxb=a,axc=b,bxa=c

(6) Vector normal to the plane of two given vectors : If a,b be two non-zero, nonparallel

vectors and let ¢ be the angle between them. axb 4 a|| b| sin Hﬁ where ﬁ is a unit vector 1L to
the plane of a and b such that a,b,n from a right-handed system.

— (axb)daxb|n = n=2xP
| axb]|
axb . . axb . .
Thus, is a unit vector L to the plane of a and b. Note that - is also a unit
| axDb] |axb
vector L to the plane of a and b . Vectors of magnitude '42' normal to the plane of a and b
are given by iM.
| axb]

Example: 34 If a is any vector, then (axi)? +(axj)? +(axk)® is equal to
[EAMCET 1988; Rajasthan PET 2000; Orissa JEE 2003; MP PET 1984, 2004]
(@) | al? () o () 3lal’ @ 2|al’
Solution: (d) Let a=ai+a,j+azk
axi = (i+a,j+akK)xi = —a,k+asj
(@xi)’ =(axi).@xi) = (-a,k+ag)).(-a,k+aj) = a3 +aj
Similarly (@axj)’ =a? +a? and (a xk)® =a’ +a’
(axi+@xj?+@xk)?= 2(@@? +as +a?)=2|al?.

Example: 35 (axb)’ +(a.b)? is equal to



Vector Algebra 277

(a) a’+b? (b) a?b? (c) 2a.b (@ 1
Solution: (b) (axb)?+(a.b)?>= (| a|| b| sin@n)’ +(| a|| b| cos &)

= a|q b|? (sin? Om.n)+cos’ P) = (a.a)(b.b)(sin?@+cos? ) = a’b?.1=a’b?.

Example: 36 The unit vector perpendicular to the vectors 6i +2j+3k and 3i-6j—2k, is [IIT 1989; Rajasthan PET

1996]
2i —3j+6k 2i —3j-6k 2i +3j-6k 2i +3j+6k
(a) S—212X (b) S=212X (o) 222X (qy SEE0K
7 7 7 7
Solution: (¢) Let a=6i+2j+3k and b=3i-6j-2k
i k
axb=|6 2 3 |=14i+21j-42k=72i+3j-6kK); |axb|=7] 2i+3j-6k|=7.7
3 -6 -2
axb 1. . L. . .
| b] = 7(2| +3j—-6Kk), which is a unit vector perpendicular to a and b .
ax
Example: 37 The sine of the angle between the vectors a=3i+j+k,b=2i-2j+k is [Pb. CET 1988]
74 25 37 5
a) .|— b — C — d) —
()99 ()99 ()99 ()‘/H
i j k
Solution: (a) axb=({3 1 1|=3i-j-8k; sin6?=IaXbl = iz =Jﬂ
lall bl V11.49 V99
2 -2 1
Example: 38 The vectors ¢, a=xi+yj+zk and b =j are such that a, c, b form a right handed system, then c is [DCE 1999]
(a) zi—xk (b) O () yj (d) -zi+xk
Solution: (a) a,c,b form a right handed system. Hence, bxa=c = c =

Jx(Xi+yj+zk) = —xk +zi = zi — xk
(7) Area of parallelogram and Triangle

(i) The area of a parallelogram with adjacent sides a and b is|axb].

(ii) The area of a parallelogram with diagonals a and b is %| axb].

(iii) The area of a plane quadrilateral ABCD is %| A_Cfxﬁjb where AC and BD are its
diagonals.

(iv) The area of a triangle with adjacent sides a and b is %| axb]

(v) The area of a triangle ABC is %| ﬁxA_Cﬂ or %| B_C>><B_A’| or %| @xal
(vi) If a,b,c are position vectors of vertices of a AABC, then its area =

%l (@axb)+ (b xc)+(cxa)l

LNQ-@E’ : U Three points with position vectors a,b,c are collinear if (axb)+(bxc)+(cxa)=0
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Example: 39 The area of a triangle whose vertices are A(l,-1,2), B(2,1,-1) and C(3,-1,2) is

(a) 13 (b) V13 (© 6 (@ V6

Solution: (b)  AB =(2i +j—K)—(i—j+2K) =i +2j-3K, AC =(3i—j+2K)—(i—j+2K) = 2i
Area of triangle ABC = %| ABxAC| = %| (i +2j-3K)x 2i| = %| 4k —6j| =| -3j—2k|= 13

Example: 40 If a=i+j+kb=i+3j+5k and c=7i+9j+11k, then the area of the parallelogram having diagonals
a+b and b+c is [Haryana CET 2002]
(a) 446 (b) %JZ © @ @ V6

Solution: (a) Area of the parallelogram with diagonals a+b and b+c = %l (@+b)x(b+c)

= %| LG +j+K)+G+3j+5K)3x{G +3)+5K)+7i +9j +11K)} = %| {(i +4j+6Kk)x 8i +12j +16K)}|
i j ok

= 4] (i+2j+3K)xQi+3j+4K)| = 4|1 2 3||=4|-i+2j-K| = 46
2 3 4

Example: 41 The position vectors of the vertices of a quadrilateral ABCD are a, b, ¢ and d respectively. Area of the
quadrilateral formed by joining the middle points of its sides is

(a) %laxb+b><d+d><a|
(b) %|b><c+c><d+a><d+b><a|
(o) %|a><b+bxc+CXd+dxa|

(d) %| bxc+cxd+dxb]

Solution: (c) LetP, Q, R, S be the middle points of the sides of the quadrilateral ABCD.
a+b b+c c+d d+a

Position vector of P = ,that of Q = ,that of R = and that of S =
d+a b+c)l 1
Mid point of di 1SQ = —— |==—(@+b+c+d
id point of diagonal SQ ( > + > jz 4( +b+c+d) (‘de
2

- e 1 d C(c
Similarly mid point of PR =—(@a+b +c +d) D
4 d+a b+c
As the diagonals bisect each other, PQRS is a parallelogram. 2 . ‘ 2
B

5 _atb d+a b-d| s _¢+d d+a _c-a A
- - - - a (a+bj (b
2

SP SR
1 1
= Z|b><c—b><a—d><c+d><a|= Z|a><b+b><c+c><d+d><a|.

2 2 2’ 2 2 2 (

Area of parallelogram PQRS = | SP x §| :‘ [b%dj x (%)

6.11 Moment of a Force and Couple

(1) Moment of a force
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(i) About a point : Let a force F be applied at a point P of a rigid body. Then the moment

of F about a point O measures the tendency of F to turn the body
about point O. If this tendency of rotation about O is in
anticlockwise direction, the moment is positive, otherwise it is
negative.

Let r be the position vector of P relative to O. Then the

moment or torque of F about the point O is defined as the vector M=rxF .
If several forces are acting through the same point P, then the vector sum of the moment of
the separate forces about O is equal to the moment of their resultant force about O.

(ii) About a line: The moment of a force F acting at a point P about a line L is a scalar
given by (rx E).é where 4 is a unit vector in the direction of the line, and OP =r, where O is any
point on the line.

Thus, the moment of a force F about a line is the resolved part (component) along this

line, of the moment of F about any point on the line.

T_A[QZ'E’ : 1 The moment of a force about a point is a vector while the moment about a straight line

is a scalar quantity.
(2) Moment of a couple : A system consisting of a pair of equal unlike parallel forces is called

a couple. The vector sum of two forces of a couple is always zero 7 H\A N
vector. o

r

The moment of a couple is a vector perpendicular to the plane of

couple and its magnitude is the product of the magnitude of either

(o}

force with the perpendicular distance between the lines of the forces.
M =rxF, where r=BA

| I\7f| = ﬁxﬁ = | I_f|| Eﬂsine, where @ is the angle between BA and F

=| FI(BN) = F|a
where a=BN is the arm of the couple and +ve or -ve sign is to be taken according as the
forces indicate a counter-clockwise rotation or clockwise rotation.
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(3) Rotation about an axis : When a rigid body rotates about a fixed axis ON with an angular velocity @ , then
the velocity v of a particle P is givenby v=wxr , where r = OP and o =| @| (unit vector along ON)

Example: 42 Three forces i +2j—3k,2i +3j+4k and i—j+k are acting on a particle at the point (0, 1, 2). The magnitude of the moment
of the forces about the point (1, — 2, 0) is [MNR 1983]
(@) 2435 (b) 6410 (©) 417 (d) None of these
Solution: (b) Total force I_fz(i+2j—3k)+(2i+3j+4k)+(i—j+k)=4i+4j+2k E
Moment of the forces about P = rx F = PAx F 0.12)
PA=(0-1)i+@+2)j+@2-0)k =i +3j+2k A
i j ok (1-2,0)
. Moment about P = (—i +3j+2K)x(4i +4j+2K)=|_1 3 2|-_2i+10j-16k P
4 4 2

Magnitude of the moment = | —2i +10j—16Kk| = 2y12 +52 + 82 = 24/90 =610
Example: 43 The moment of the couple formed by the forces 5i + k and —5i —k acting at the points (9,—1,2) and (3,—2,1) respectively is

[AMU 1998]

(@ —i+j+5k (b) i-j-5k (c) 2i-2j-10k (d) —-2i+2j+10k

Solution: (b) Moment of the couple, )
EA 5itk

=BAxF = {(9-3)i+(-1+2)j+(@2-Dk}=(5i +k)

A
i j K 0-1.2)
3-2,1
= Gi+j+k)xGi+k) =|6 1 1|=i-j-5k G204
(6 +j+K)x( ) i
501 —F ¥ -5ik

6.12 Scalar Triple Product
If a,b,c are three vectors, then their scalar triple product is defined as the dot product of two vectors a and b xc . Itis

generally denoted by a. (b xc) or [abc]. It is read as box product of a,b,c . Similarly other scalar triple products can be
defined as (b x c).a,(c xa).b . By the property of scalar product of two vectors we can say, a.(bxc)=(a xb).c

(1) Geometrical interpretation of scalar triple product : The scalar triple product of three vectors is equal to
the volume of the parallelopiped whose three coterminous edges are represented by the given vectors. a,b,c form a right

handed system of vectors. Therefore (a xb).c =[abc ]= volume of the parallelopiped, whose coterminous edges are a, b

and c.
(2) Properties of scalar triple product
(i) If a,b,c are cyclically permuted, the value of scalar triple product remains the same. i.e.,

(axb).c=(bxc).a=(cxa).b or[abc]=[bca]=[cab]

(ii) The change of cyclic order of vectors in scalar triple product changes the sign of the scalar triple product but not
the magnitude i.e., [abc]=-[bac]=-[cba]=-]acb]

(iii) In scalar triple product the positions of dot and cross can be interchanged provided that the cyclic order of the
vectors remains same i.e., (@xb).c =a.(bxc)

(iv) The scalar triple product of three vectors is zero if any two of them are equal.
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(v) For any three vectors a,b,c andscalar 1, [labc]=A4[abc]

(vi) The scalar triple product of three vectors is zero if any two of them are parallel or collinear.

(vii) If a,b,c,d are four vectors, then [(@ + b) ¢ d]=[acd]+[bcd ]

(viii) The necessary and sufficient condition for three non-zero non-collinear vectors a,b,c to be coplanar is that
[abc]=0 i.e., a,b,c arecoplanar < [abc]=0.

(ix) Four points with position vectors a, b, ¢ and d will be coplanar, if [a b ¢c]+[d c a]+[d a b] =[a b c].

(3) Scalar triple product in terms of components

() If a=ai+a,j+azk, b=bji+b,j+bsk and ¢ =c,i +c,j+c;k bethree vectors.

a, b, ¢
Then, [abc]=|a, b, ¢,
a; by ¢
& a, a4
(i) If a=al+a,m+azn,b=b,l +b,m+b;n and c =c,I +c,m +cyn,then [abc]=|b, b, b, |[Imn]
C, C, Cg

(iii) For any three vectors a,b and c
(@[a+b b+c c+a]=2[abc] (M[a-bb-cc-al=0 (c)[axb bxc cxa]=[ab c]

(4) Tetrahedron : A tetrahedron is a three-dimensional figure formed by four triangle OABC is a tetrahedron with
AABC as the base. OA,0B,OC,AB,BC and CA are known as edges of the A@)

tetrahedron. OA,BC;0B,CA and OC, AB are known as the pairs of opposite edges.

A tetrahedron in which all edges are equal, is called a regular tetrahedron.
Properties of tetrahedron
(i) If two pairs of opposite edges of a tetrahedron are perpendicular, then the
opposite edges of the third pair are also perpendicular to each other.
(ii) In a tetrahedron, the sum of the squares of two opposite edges is the same for each pair.
(iii) Any two opposite edges in a regular tetrahedron are perpendicular.
VVolume of a tetrahedron

B(b) C(c)

(i) The volume of a tetrahedron = %(area of the base) (correspon ding altitude)

| AB x AC|| ED| = %| AB x AC|| ED| cos0° for AB x AC|| ED

N |-

1
>

%(EXA_C’).EJ’ =é[ﬁ AC EA + AD] =%[ﬁ AC AD].
Because AB,AC,EA are coplanar, so [AB AC EA]=0
(i) If a,b,c are position vectors of vertices A, B and C with respect to O, then volume of tetrahedron
OABC = %[a b c]
(iii) If a,b,c,d are position vectors of vertices A, B, C, D of a tetrahedron ABCD, then

its volume = %[b—ac—ad—a]
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()

a,_bxc

[abc]’

Reciprocal system of wvectors : Let a,b,c be three non-coplanar vectors, and let
, _Cxa , axb

= , ¢'= .
[abc ] [abc ]

a’,b’,c’ are said to form a reciprocal system of vectors for the vectors a,b,c .

If a,b,c and a’,b’,c’ forma reciprocal system of vectors, then

(i) a.a’=b.b'=c.c’'=1 (i) a.b’"=a.c’'=0;b.c’'=b.a"=0;c.a’=c.b’'=0
1 . Vs
(iif) [@'b'c]= (v) a,b,c arenon-coplanar iff so are a’,b’,c’.
[a bc]
Example: 44 If u, v and w are three non-coplanar vectors, then (u +v —w).[(u —Vv)x (v —w)] equals [AIEEE 2003]
@ o (b) u.(vxw) () u.(wxv) (d) 3u.(vxw)
Solution: (b) U+v-w).lu-vxV-w)] = U+V-wW).[(uxV)—(UxwW)-0+(Vxw)]
= [uuv]+[vuv]-[wuv]-[uuw] — [vuw]+[w uw]+[uvw]+[vVvw]-[wvw]
=0+0-[uvw]-0+[uvw]+0+J[uvw]+0-0=[uvw] = u.(vxw).
Example: 45 The value of ‘@’ so that the volume of parallelopiped formed by i +aj+ k; j+ak and ai + k becomes minimum is
[T Screening 2003]
@ -3 ) 3 © 1/43 @ 3
Solution: (c) Volume of the parallelepiped
V=li+aj+k j+ak ai+k] = (i+aj+k).{(j+ak)x(@i+k)} = (i+aj+k).{i+a’j—ak)} =1+a’-a
2
v 3a? -1; d \2/ =6a; N )3 1-0mact o
da da da J3
1 d?°v _ 6
At a=—, =—>0
J3'da® 3
L 1
SoVoisminimumat a = —
J3
Example: 46 If a,b,c be any three non-zero non-coplanar vectors, then any vector r is equal to
(@ za+xb+yc (b) xa+yb+zc (c) ya+zb+xc (d) None of these
Where x — [rbc] y= [rca] . [rab]
[abc] [abc] [abc]
Solution: (b) As a, b, c are three non-coplanar vectors, we may assume r=ca + Sb+yc
[rbcl=(@a+pBb+yc).(bxc)=cfa.(bxc)}=alabc] = a:%
Butx:[rbc]; SLa=X
[abc]
Similarly g=y,y=z; .. r=xa+yb+zc.
Example: 47 If a, b, c are non-coplanar vectors and A is a real number, then the vectors a +2b +3c,Ab +4c and (24 —1)c are non-
coplanar for [AIEEE 2004]
(@) Novalue of A4 (b) All except one value of A
(c) All except two values of 1 (d) All values of 4
Solution: (c) As a,b,c are non-coplanar vectors. .. [abc]=0

Now, a +2b +3c,Ab +4c and (21 —1)c will be non-coplanar iff (@ +2b +3c).{(Ab + 4c)x(22—-1)c}=0
ie, @+2b+3c).{121-D)(bxc)}=0ie, Y(21-1)[abc]=0

/H&O,l
2

Thus, given vectors will be non-coplanar for all values of 1 except two values: 2 =0 and % .



Example: 48

Solution: (a)

6.13 Vector Triple Product
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X, ¥, z are distinct scalars such that [xa +yb +zc, xb +yc +za, xc +ya +zb] =0 where a, b, ¢ are non-coplanar vectors then
(@ x+y+z=0 (b) xy+yz+2x=0 © x*+y*+z%=0 (d) x*+y?+z2=0
a, b, ¢ are non-coplanar
~ [abc]#0
Now, [xa +yb +zc,xb +yc +za, xc +ya+zb]=0
= (xa+yb+zc).{(xb +yc +za)x(xc +ya +zb)} =0 = (xa +yb +zc).{(x*> —yz)(b xc)+ (2> —xy)(@x b) + (y*> —zx)(c xa)} =0
= x(x? —yz)[abc ]+y(y? —zx)[bcal+z(z? —xy)[cab]=0= (x* —xyz)[a b c]+(y® —xyz)[abc ]+ (z°> — xyz )[abc ] = 0
As[abc]#0, x3+y +2z° -3xyz =0 = (x+y+2)(x? +y* +2° —xy —yz —2x) =0

= %(x+y+z){(x—y)z+(y—z)2+(z—x)2}:0 = X+y+z=00r x=y=z

Butx, y, z are distinct. .. x+y+z=0.

Let a,b,c beany three vectors, then the vectors a x (b x ¢) and (a x b) x ¢ are called vector triple product of a, b, ¢ .
Thus, ax(bxc)=(a.c)b —(a.b)

(1) Properties of vector triple product

(i) The vector triple product a x (b xc) is a linear combination of those two vectors which are within brackets.

(i) The vector r=a x (b xc) is perpendicular to a and lies in the plane of b and c .

(iii) The formula ax(b xc)=(a.c)b —(a.b)c is true only when the vector outside the bracket is on the left most
side. If it is not, we first shift on left by using the properties of cross product and then apply the same formula.

Thus, (bxc)xa=—{ax(bxc)}=—-{(@a.c)b-(a.b)c} =(@.b)c-(a.c)b

(iv) If a=ai+a,j+azk, b=bji+b,j+bsk and ¢ =c,i +c,j+c;k

i j K

then ax(bxc)= Q a, a,

b,c; —bsc, bzc, —bic;  bic, —b,c,

[N.QIE : O Vector triple product is a vector quantity.

Example: 49

Solution: (a)

Example: 50

O ax(bxc)z@xb)xc

Let a,b andc be non-zero vectors such that (axb)xc :%| b|| cla. If @ isthe acute angle between the vectors b and c ,

then sin@ equals [AIEEE 2004]
242 V2 2 1
e by M z d =

(a) 3 (b) 3 (© 3 (d)

(@xb)xc = %| bllcla = (a.c)bf(b.c)azél bl| ¢|a
1 1
= (a.c)b ={(b.c)+§| bllc|}a = (a.c)b =| b]| c]| {cos&+§}a

As a and b are not parallel, a.c=0 and cosa+%=0

22

= cos@:—l = sinf =——
3 3

Ifa=i+j+kb=i+jc=i and (axb)xc=4a+ub , then 1+ u= [EAMCT 2003]
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(@ 0 (b) 1 (© 2 (d) 3
Solution: (a) (@axb)xc=da+ub = (@.c)b—-(b.cla=4a+ = A=-b.c, u=a.c

S A+pu=a.c—b.c =@-b).c ={(i+j+K)-(@{+)}i = k.i=0.
Example: 51 If a,b,c and p, g, r are reciprocal system of vectors, then axp+bxq+cxr equals

(@ [abc] (b) (p+g+r) (¢ 0 (d a+b+c
Solution: (c) p= b>xc q= €x8 ro axb

“[abc]’ " [abc]’  [abec]
(bxc) (a.c)b—(a.b)c

axp=ax

[abc] [abc]
Simi|ar|ybxq:Mandc”:(b-c)a*(a-c)b
[abc] [abc]
axp+bxg+cxr = 1 {@.c)b—(a.b)c+@.b)c—(b.c)a+(b.c)a—(a.c)b} = 1 <0 =0
[abc] [abc]

6.14 Scalar product of Four Vectors
(axb).(cxd) is ascalar product of four vectors. It is the dot product of the vectors axb and ¢ xd.

It is a scalar triple product of the vectors a,b and ¢ xd as well as scalar triple product of the vectors a x b,c and d .

(@axb).(cxd)= be b.d

a.c a.d‘

6.15 Vector product of Four Vectors
(1) (@xb)x(c xd) is a vector product of four vectors.

It is the cross product of the vectors axb and ¢ xd.
(2) ax{bx(cxd)},{(axb)xc}xd are also different vector products of four vectors a,b,c and d.

Example: 52 a x[a x(axb)] isequal to [AMU 2001]
(@ (axa).(bxa) (b) a.(lbxa)-b.(axb) (c) [a.(axb)]a (d) @.a)(bxa)

Solution: (d) ax[ax(@axb)] = ax[@.b)a—(a.a)b]= (a.b)@xa)—(a.a)(axb) = (@.b)0+(@.a)(bxa)= (a.a)(bxa)

Example: 53 [bxccxaaxb] isequal to [MP PET 2004]
(@ ax(bxc) (b) 2[abc] (© [abel (d) [abc]

Solution: (c) [(bxc)(cxa),(@axb)] =(bxc){[cxa)x(@xb)}=(bxc).{[cab]la-[aab]c}

= (bxc).{[abcla—0} = [bca]fabc ] = [abc ]?

Example: 54 Let the vectors a, b, ¢ and d be such that (axb)x(c xd)=0. Let P, and P, be planes determined by pair of vectors a,b and
c,d respectively. Then the angle between P, and P, is [T Screening 2000]
@ o° 0 © 3 @ 7

Solution: (a) (@xb)x(cxd)=0 = (axb) isparallel to (c xd)

Hence plane P, , determined by vectors a, b is parallel to the plane P, determined by c,d
Angle between P, and P, =0 (Asthe planes P, and P, are parallel).
6.16 Vector Equations
Solving a vector equation means determining an unknown vector or a number of vectors satisfying the given

conditions. Generally, to solve a vector equation, we express the unknown vector as a linear combination of three known
non-coplanar vectors and then we determine the coefficients from the given conditions.

If a,b are two known non-collinear vectors, then a,b,a x b are three non-coplanar vectors.

Thus, any vector r =xa +yb +z(a xb) where x,y,z are unknown scalars.



Example: 55

Solution: (a)

Example: 56

Solution: (a)

Example: 57

Solution: (c)

Example: 58

Solution: (b)
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Ifa=i+j+k ab=1andaxb=j-—k, then b= [1IT Screening 2004]
@ i (b) i-j+k © 2j-k d) 2i
Let b =h,i+b,j+bsk

i
Now, j-k=axb=|1 i 1| = by—-b,=0,b; —b; =1,b, —b, =-1 = by =b,,b; =b, +1
bl bZ b3
Now, a.b=1 = b; +b, +b; =1 = 3b,+1=1 = b, =0 =b,; =1,b; =0. Thus b =i
The point of intersection of rxa=bxa and rxb=axb where a=i+j and b=2i-k is [Orissa JEE 2004]
@ 3i+j-k (b) 3i-k () 3i+2j+k (d) None of these

We have rxb=axb and rxa=bxa

Adding, rx(@+b)=(@axb)+(bxa)

= rx@+b)=0 = risparallelto a+b
r=A@+b) = @i +j)+@Qi-k)}= A{8i+j-k}

For A=1, r=3i+j-k

Let a=i—jb=j-kc=k-i.lIf d is a unit vector such that a.d =0=[bcd], then d is equal to [11T 1995]
i+j—-k i+j+k i+j—2k
(@ =+ (b)y =+ () +——— (d) =k
V3 J3 J6

Let d=ci+pBj+yk

a.d=0 = (i-j).@i+f+K)=0=a-f=0 = a=p

i j k
[bed]=0 = (bxc).d=0 = |0 1 -1| . (@i+fj+7K)=0 = (+j+K).@i+Sj+yK)=0 = a+f+y=0
-1 0 1
= y=—a+p)=-2a; (f=a)
ldl=1 = a?+p%+y2 =1 = a® +a® +4a? =1 = a=+L - p and ;/:?Li
6 V6
dot -t (ij-2k)
% .
Let p, g, r be three mutually perpendicular vectors of the same magnitude. If a wvector x satisfies equation
px| x—q)xp| +gx| X —r)xq| +rx| (x—p)xr| =0, then X is given by [T 1997]
1 1 1 1
@ S(P+q-2r) ® SP+a+n (© §(p+Q+r) (d) 5(2p+Q—r)

Let| p| =| q| =| r| =k
p=kpqg=kg,r=kr
Let Xx=ap+BQq+yT
Now, px{x—a}xp} = (p.p)x —a)—{p.(x—q)}p =|p|* x-a)—{(P-X)-p.a}p
= k*(x-a)—{l pI (P-%) -0} pI b = k*(x—q) —| pI* (. 3)p = k* {x-q-ap)
Px{(x-a)xp}+agx(Xx—nxq}r+rx{(x-p)xr}=0
= K{X-q-op+x-r—g+x-p-n}=0=3x—-(p+q+nN—(ap+49+m)=0
= 3X-(P+q+nN-x=0 = 2x-(p+g+n=0

1
== r
X 2(|0+0|+ )
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Example: 59 Let the unit vectors a and b be perpendicular and the unit vector ¢ be inclined at an angle 6 to both a and b. If
c=aa+ fBb+y(@xb), then [Orissa JEE 2003]
(@ a=p=cos@,y?=cos20 (b) a=pB=cosb,y?=—cos20
() a=cosh,B=sinb,y? =cos 20 (d) None of these

Solution: (b) We have, | a|< b|=1

a.b=0; (as alb)

c=aa+Mp+y@xb) L. 0]

Taking dot product by a, a.c =a] a|® +f(a.b)+y[aab]

= |al|c|cosf=a.1+0+0 = 1]c|.cosf@=a

As|c|=1; .. a=cosé

Taking dot product of (i) by b

b.c=b.a+p b|*>+y[bab] =|b||c|cosd=0+3.1+0
S =1.1.cos 8 =cos

lc]?=1 = a?+B%+y2 =1 = cos?O+cos?0+y% =1
y2=1-2c0s2 0 =—cos 20

Hence, a = #=cos 6,72 = —cos 20

Example: 60 The locus of a point equidistant from two given points whose position vectors are a and b is equal to
@) [r—%(a+b)}.(a+b):0 (b) [r—%(aer)}.(a—b):O
© [r—%(a+b)}.a=0 d [r-@+b)].b=0
Solution: (b) Let P (r) be a point on the locus.
AP =BP

= |r-al=|r-b] = | r—a|2=| r—b|2 = (r—-a).(r—a)=(r—b).(r—b)

= 2r.(a—-b)=a.a-bb = r.(a—b):%(a+b).(a—b)

[r- %(a +b)].(a—b)=0. This is the locus of P.

*k*x
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