Properties of Determinants

1 Mark Questions

2 7 65

1. Write the valueof|3 8 75|
5 9 86

All India 2014C

| | 3 8,
9 86 5 86i+ 15 9]
[expanding the determinant along R/]
=2 (688 - 675) — 7(258 —375) + 65 (27 - 40)
=26 +819 — 845
=845 -845=0

_7|

(1

2. Prove the following, using properties.of
determinants

=2 +b+c)?

a+b+2c a b
C b+c+2a b
C a c+a+2b

Delhi 2014



a+b+2c a
LHS = C b+c+2a
G a

b
b
c+a+2b

On applying C, —» C, + C, + C;, we get

| 2(a+b+0)
LHS=|ﬂa+b+c)
| 2@+ b+c)

a
b+c+2a
a

b
b
c+a+2b

On taking 2(a + b + ¢) common from C,, we

get
1

LHS =2(a+b+cC)|
1

a
b+c+2a
a

b
b
c+a+2b

(1/2)

On applying R, - R, =R, and R, = R; —R,,

we get
1 a
IHS=2(a+b+c¢)|0 b+c+a
0 0

b
0
c+a+b

On taking(a + b + ¢) common from R, and R,

we get

LHS:ﬂa+b+mﬂo 10
o o

1 a b

1

On expanding along R,, we get
LHS =2(a+ b +¢)’ [(1) (1-0)]

=2a+b+c) =

RHS

(1/2)

Hence proved.

3. Using properties of determinants, prove that

x2+1

Xy
Xy y2 +1
Xz yz

XZ

yz
72 41

=1+x2+y2+22.

Delhi 2014



| X° +1 Xy XZ |
LHS=} Xy yi41 yz
| XZ %4 zZ +1|

On taking common factors x, y and z from
R,, R, and R;, we get

1
X + — % Z
X

LHS = xyz X y + L Z

| X y  Z+—

On applying R, > R, =R, and R; —» R, - R,,
we get

1
X+— Yy Z
X
LHS = xyz a7 0 (1/2)
X Y
1t p A
X s

On multiplying and dividing C, by x, C, by y

; 1 1
and C, by z and taking common l, —, —from

Xy Z
C,, C, and C;, we get

X +1 y2 z*
LHS:xyzx——I— -1 1T 0
WEL 1 0

x° +1 y2 z*

=] -1 1T 0

-1 0 1

On expanding along R,, we get
LHS = - 1x (-Z +1[1( + 1)+ 1y~” 9]
=x?+y? + z2 +1=RHS Hence proved.
(1/2)



4. Write the value of the determinant.

102 18 36
1 3 4
173 6 Foreign 2012
@102 18 365
let A= 1 3 4
117 3 6
117 3 6
::>|A}:6‘1 3 4
17 3 6
[ taking 6 common from R;]

=6 X0=0
[ two rows(R, and R;) are identical] (1)

4 a b+c
5. Whatisthevalueof|4 b c+a|?
4 c a+b

Foreign 2010




Let A=

On applying C, — C, + C;, we get

4
4
4

s

a
b
C

4

4

4

b+c
c+a
a+b

at+b+c
a+b+c
at+b+c

b+c
C+ a
a+b

Now, taking common 4 fromC;and (a + b + ¢)

from C,, we get

A=4(a+b +c)

1
1
1

1
1
1

=4(a+b+c)0)=0
[ C, and C, are identicall

5
6

. 9x

b+c
C+2a
a+b

(1

4
8
12x

Delhi 2009

2
6. Write the value of | 5
6x
| 3 4
let A=| 5 6 8
6x 9x 12x
On taking 3x common from R;, we get
2 3 4
A=3%[|5 6 8
2 3 4
=5 A=

[* R, and R; are identical] (1)



a—b b-c c¢c-a
. Write the value of | b—c¢ c—a a-bj.
c—da a-b b-c

All India 2009

a-b b-c c-a
let A=|b-c c—-a a-b
c—d a~-b b-c
On applying R, = R, + R, + R;, we get
0 0 0
A=|b-c c-a a-b
c-a a-b b-c
= A=0 Q)

[ if a determinant has all elements zero in any
of its rows or columns, then value of
determinant is zero.]

4 Mark Questions

8. Using properties of determinants, prove that

b+c c+a a+b a b c
qg+r r+p p+q|=2|p q r}|
y+z zZ+Xx XxX+Y X y 2

All India 2014, 2010C; Delhi 2012, 2010, 2009C

R 8 A 8 RSP i R AR AR e e e s,

Q Firstly, split the determinant along theiri
. * respective columns and replace determinants,!
having identical column with zero and arrange!
the remaining, to get the desired resuit. |

b+c c+a a+b
Consider A={g+r r+p p+q
y+z zZ4+Xx X4y
On splitting A along C,, we get

b c+a a+b




C Cc+a a+b
+|r r+p p+q| (1)
Z Z+X X+y

Again, on splitting both above determinants
along their respective second columns, we get

b ¢ a+b b a a+b
A=|q r ptq|t|lq p p+q

Y Z X+Yy Yy X X+y
‘c c a+b| |c a a+b
+\r r p+qgl|+|r p p+g
zZ z x+y Z X X+y
b ¢ a+b b a a+b
=g r p+q|+lq p p+q
Yy Z Xx+y Yy X X+y
c a a+b

+Hr p ptq
rz X X+

c ca+b
‘\r r p+q|=0,asC,isidentical toC,
Z Z x+y

i A
(1)
Similarly, on splitting all above determinants
together, we get

b ¢ a bcblbaa
A=\q r pl+|q r q|+iq p p
y Z X yzy‘yxx
b a b| |c
+lg p ql|+|r
y x yl| |z

x T W
x T M

]
48]
o



+r p q

¥ X ¥y
b ¢ aj {c a b
= A=|q r pi+|r p q
Y Z X} |z X Yy

[ all other determinants have their two
columns identical, so their value is 0.]

On applying C, & C; in first and C, & C, in
second determinant, we get

a ¢ b a ¢ b
A=-\p r q|-lp r g
X Z N X Z vy

[ when any two columns or rows of a
determinant are interchanged, its value
becomes negative]

On applying C, <> C; in both determinants,
we get

a b c a b c
A=lp q rl+lp aq r
X Yy z X y z
’a b c‘
=2lp q r (1)
lx y z

Here, we have shown that
b+c c+a a+b

g+r r+p p+q
y+z Z+X X+Vy

a b c
=2|p q r
X y Z

On taking transpose both sides, we get
|lb+c a+r v+zl



c+a r+p z+x£
a+b p+gq x+y1
a p %

=2|/b q vy
rz

(1)

Hence proved.

NOTE The determinant of matrix A or its transpose

A" have same value,i.e.|A|=|A"].

9. Using properties of determinants, prove that

l+a 1 1

1 1+b 1

1 1 1+c¢
1+ a 1 1
Consider LHS=| 1 1+b 1
1 1 1+cC

On dividing R, by a, R, by b and R,

=agbc + bc + ca + ab.

All India 2014

by c and

multiplying the determinant by abc, we get

1 1 1
SRS Ry | = e
a a a
LHS = abc 1 l+1 T
b b b
11 Ly
C c c (1)
On applying R, = R, + R, + R;, we get
1T 1 1T 1 1 1
1+ —+—+— —+—+—+1
.a b ¢ a b c
LHS = abc l+1
b

1

e
b
1



1 1 1
ot — b —+1
a b c
1
s (D
b
LY
C

On taking (1 + 1 + il + -1—) common from R,

a b c¢
we get
1 1 1
T 1 1
LHS:abc(1+l+~l+l)B L
d b CJ1 1
SR R e
C C C
(1)

On applyingC, - C, - C,,C3 > C; = C,, we
get

LHS = (abc + bc +ca + ab) | --

= (abc + bc +ca + ab) [1(1-0)]
[expanding along R, ]
= abc + bc + ca+ ab =RHS Hence proved.
(1)



10. Using properties of determinants, prove that

X
2x
3x

X
2x
3x

X
N
3x

= X3.

All India 2014, 2009

=K'

On applyingR, > R, — 2R, and R; = R; — 3R,,

X+y X
S5x+ 4y  Lx
10x+ 8y  8«x
X+y X
To prove,| 5x + 4y 4x
10x+8y 8x
X+y X
LHS =] 5x+4y  4x
10x+8y  8x
we get
X+y X
LHS =(3x+2y 2x
/X+5y 5x
On expanding along C;, we get
LHS = x 3x+ 2y 2x
/X+5y 5x

X
0
0

(1'%2)

(1%)

=X [5x 3x + 2y) = 2x (7x + 5y)]
= x[15x% +10xy — (14x? + 10xy)] = x°
= RHS

a+x y
X a+y
X y

(m

Hence proved.
11. Using properties of determinants, prove that

z
&
a+1z

=a%la+x+y+2)

Foreign 2014



x? FIfStfy, we make (a+x+_y+z) a common factor. ln
" any row or column. Now, try to make two zeroes
in that row or column and expand the
determinant along that row or column.

Given to prove,

la+x vy z |
% ey |
| X y a+z[

=a’a+Xx+y+2)

la+x vy z |
LHS:ﬂ a+y | (1)
| x y a+z]

On applying C; = C; + C, + C;, we get
la+x+y+z vy z |
LHS =|a+x+y+z a+y z ]
la+x+y+z y a+z|
1 y Z
=(a+x+y+2z)|1 a+y z ¥ )]

1 y a+z

[taking common (a + x + y + z) from C|]

On applying R, > R, =R, and R; — R, — R,
we get

1 vy z
LHS=(a+x+y+2)0 a O (1)

0O 0 a

=(a+x+y+2)[1@*-0)]
=a%(a+Xx+y+ z)=RHS (1

Hence proved.



12. Using properties of determinants, prove that:
| x+2  2x . 2x |
I 2x  Xx+A  2x ‘=(5x+?\.)(1—x)2.
I 2x 2x X+M Foreign 2014
| x+& 2x  2x |

Toprove‘ 2x X+ A 2x ‘
| 2x 2x X+ A
=(5x+ A —x?

X+ A 2x 2x |

|
LHS:I Ix  X+A  2x ‘
| 2x 2x x+l|

On applying C, - C, +C, + C5, we get
|5x+A  2x  2x |

1}5=l5x+l X+ A 2x| )
|5x+7\. 2x  x+A|
11 2x  2x |
=6x+x41 x+ % 2x‘
|1 2x x+7«.|

[taking (5x+4) common from C,] (1)
On applying R, > R, =R, and R; —> R; —R,,
we get

11 2% 2x ]
LHS=5x+K*O A-% O I 1)
|0 0 A —X

On expanding along C,, we get
LHS = (5x + AM)[(A — )2 +0 +0]

=(5x+ M)A —x2=RHS (1)
Hence proved.

13. Prove the following, using properties of
determinants.

a’ bc ac + c?
a’+ab  b? ac |=La’bc?

2 2
W@ e ¢ Foreign 2014



a° bc ac +c?
To prove, |a% + ab b? ac
ab b? + bc c?
= 43%p%c?
g’ bc  ac+c?
LHS=|a’+ab  b? ac

ab b% + bc c?

On taking common a from C, , b from C, and ¢
from C;, we get

a & a+c
LHS=abcla+ b b a (1)
b b+c C

On applying C; = C, + C, — C; we get
0 C a+c
LHS=abc2b b a (1)
2b b+c ¢

Now, applying R, — R, — R;, we get
0 € d+c
LHS=abc|0 . -c a-c (1)
2b b+c ¢

On expanding along C,, we get
LHS abc [2b {c (a—c) +cla +¢)}]

= 2(ab’c) 2ac)
= 4a’b’c? = RHS (1)
Hence proved.

NOTE In this type of questions, we only use either
row operations or column operations not both at
same time.



14. Using properties of determinants, prove that

a
b.
C

a’? bc

b2 cal=(a—b)b—c){c—a)lbc +ca+ab) .

c? ab

a b c

To prove, | a®? b? c?

bc ca ab

Dethi 2014C, 2011C

a
or|b

)

a2

b2

C2

bc
ca
ab

=(a—-b){b—-c)(c - a)ab + bc +ca)

LHS =

On multiplying columns C,, C,andC; by a, b

and c¢, respectively and dividing
determinant by abc, we get
ax b g
LHS = L a’ b? e
A0 abc abc abc

On taking abc common from R,, we get

LHS=—1--abc a

a b C
a’ b? ?

bc «ca ab

a2

3
abc

1

b2
b3
1

Now, applying C, - C, - C, and
CZ ——p Cz" C3, we get

az-p? b?-
LHS =| & - b° b
0 0
(a—b)(a+ b)

c? c

3

e C

(b-ad b+

C2

c3

1

1

the

(1)

(1/2)

C2

=|(a-b)(@2+ab+ b)) (b-0(b*+bc+c?H

Al

n

1



‘ v V) I |

§))
On taking(a — b) and (b — ¢) common from C,
and C,, respectively and then on expanding
along R;, we get

LHS=(a-b)(b—-c)-1

a+b b+c
a: Eab+bd b +b6 £6°
On applying C, — C, — C;, we get

LHS =(a~ b) (b - )
a+b C —a

al+ab+b? c?-ad+bc-a)

On taking (c — a) common from C,, we get
LHS =(a-b)(b~-c)(c-a)

a+b 1
al+ab+b® c+a+b

(1/2)

—=(a—b)(b—-c)c -a)[(a’+ab+ac+ab
+b?% + bc) - (a? + ab + b?)]

=(a~-b) (b -c)(c - a)(ab + bc + ca)
= RHS (1)
Hence proved.
15. Using properties of determinants, prove that

1 x x°
2 1 x|=(1- x3)2.
x x% 1

Delhi 2014C, 2013; Foreign 2009

{:) Firstly, apply C; = C; + C, + C; and then take a
~ *  term common from C; and then solve it. |

To prove, | x° 1 x =(1-x°)?

i



x21x

X x*

LHS =

On applying C, - C, + C, + C;, we get
T+x+x* x x?
LHS=|{1+x+x* 1 «x (1/2)

T4xex* x* 1

On taking common (1 + x + x*) from C,, we get
1

1 X X
LHS =+ x+x3) |1 1 X1 (12
] ot

On applying R, = R, =R, and R; = R; — R,, we
get

1 X x2
LHS = (1+x+x)[0  1=x x(1-=-x| (1)
0 x(x—1) 1-x?

On expanding along C,, we get

(HS =Hawel] 0¥ ¥OX
-x{(1=x (1-x9)
e o 'S l(1!2)
~x(1-% (1=x (1+x)

On taking common (1= x) from C, and C,, we
get
1

-x T+x

LHS = (1+x+x%) (1=-%? (1/2)

=(1+x+x) (1-%% (1+x+x?
={(1+x+ )(2}(1-}()}2
= (1-x)*=RHS

[-@?+b*+ab)a-b)=a’-b] (1
Hence proved.



16. Show that A = A,, where

Ax xz 1 A B (|
A=|By y* 1, A,=|x y 1z|
cz 22 1 zy Ix Xy
All india 2014C
Ax  x? 1
Given, A=|By y? 1
0z z= 1

On taking common x, y and z from R,, R, and
R; respectively, we get

A x 1/x
A=xyz|B y 1/y
C z 1/z

Now, on applying C; — xyzC,, we get

A x yz| |A x yzl|
e B y zx|={B Y zx
Xyz
X C z xy| |C z xy
A B C
Also, given A, =| x y z | (2)
zZy ZX Xy
A X yz
A"=|B y zx|
C z xy

A=Ay = A=A, [|A]=|Al]
(2)



1%. Using properties of determinants, prove that
b+c a a
b c¢+a b |=habc.

q s a+b
All India 2014C, All India 2012

L

(:? Firstly, apply R, = R, + R, + R; and then take a
. term common from R, and solve it.

b+c a a
Toprove,| b c+a b |=4abc
C c a+b

b+c a a
LHS=| b C+a b
e C a+b

On applying R, = R, + R, + R;, we get
2b+2c 2a+2c 2a+2b
LHS = b - Cc+a b (1)
e C a+b

b+c a+c a+b
=2 b C+a b
o C a+b

[taking 2 common from R, ]



On applying R, > R, =R, and R, - R, — R;,
we get

C 0 a
IHS=2b-c a -a (1)
C c a+b

On expanding along R,, we get
LHS=2[c (a’ + ab + ac) + a (cb — ¢? - ac)}
=2[ca? + abc + ac?+ ach — ac? - a%c1 (1)
= 2 [2abc] = 4abc = RHS (1)
Hence proved.

18. Using properties of determinants, prove that

1 a a
1 b b
1 ¢ €

={a-b)(b-c)lc—a)la+b+c)
Delhi 2013C, 2009C



? Here, use row 0perati0ns (or column
operations) to make some factors common in:
one row or column. Then, take that factor
outside the determinant and then expand the
determinant.

ettt e S 8 A A 4, g b S

I
i
|

1 a a
Given, to prove [1 b b’
1 g

=(@a-b)(b-c)lc-ala+b+c)
1 a &
LHS={1 b b’
1 € ¢

On applying R, - R, —R; and Ry - R; - R,,
we get

1 a a
|HS=|0 b-a b®-3° (1)
0 c=a -2
1 a g
=|0 b—-a (b-a)(b*+a’+ab)
0 c—-a (c-ai’+a*+ac)

[.'.x3_y3_—_(x—y](x2+y2+x}’]]

On taking (b — a) and (c — a) common from R,
and R,, respectfully, we get

1 a a

LHS=(b-a)c-a|0 1 b*+a%+abl )
10 1 c?+a*+ac

=(b-a)c-alfc’+a’+ac
~ (b +a’ + ab)}]
[expanding along C,]

=(b—a){¢—a)[cz—b2+lac—ab] (1)



=(b—a)(c—a)[(c—b)(c-'kb)+a(c——b)]
=(b - a){c — a)lc = b)lc + b + a)

=(a-b)b-c)c—-ala+b+c) (1)
= RHS Hence proved.
Alternate Method
1 1 1
LHS=|a b «¢ o] A=Al
#F b g

On applyingC, - C,-C,and C, - C, - C;,
we get

0 0 1
LHS=| a-b b-c C
a¥mb? bleg? o

0 - 0 1

= a-b b-c ¢

(@a-b@+ab+bHb-9b*+bc+cA S
(1%%)

[-a® - b® =(a - b)(a® +ab + b?)]

On takihg (a — by common from C; and (b — ¢)
from C,, we get

LHS=(a-b)(b -c¢)
0 0 1
1 1 ¢

a’+ab+b? b*+bc+c? ? (1/2)

On applying C, —» C, — C,, we get
LHS =(a—b) (b—c) | |
* 0 0 1
0 1 C
(a°=c¢?) +(ab- be) b*+bc+c? c?

) 0 0 1|




=(a—b){b—c) 0 1 C
(a=cli(asb+c] b*4becic T

v+ (@?=cH+ab-bc

5

(2 =c)ia +c)+bla=¢
(a-c)la+b+c)

- -

On taking (c — a) (a + b +c) common from C,,
we get

LHS=(a~-b)(b-c)lc—-a)(a+b+c)
0 0 1
0 1 c §))

-1 b*+bc+c® |
={(a—-b)(b-c)lc - a) (a + b +c)[-1{(-=1)]
=(a-b)(b-c)lc-aa+b+c) (D
= RHS Hence proved.

On expanding along column C,, we get

=(a—b) (b-0 (c-aJ(a+b+c)(—-1>< ? 1

C

NOTE In this type of questions, we only use either
row operations or column operations not both at
same time.

19. Using properties of determinants, prove that

3x —Xx+y —X+12
x—-y 3y z2~y
X—2z- - y—2Z 3z

=3(x+y+ 2)(xy+yz+ zx). Allindia2013



To prove, | x—vy

X— L

-X+y

3y

VL

—X+ Z-
Z-y
3z

=3(x+y+2z)(xy+yz + zx)

3x
LHS ={x-y
X=2Z

—X+y —-Xx+2
3y zZ—y
y—Z 3z

On applying C,— C,+C, +C;, we get

X+y+Z =Xty -X+Z

(1)

(n

(1

LHS =|x+y+2z 3y Z-y
X+y+z y—-z 3z
On taking common (x+y + z) from C,, we get
1T —Xx+y —-Xx+y
LHS=(x+y+ 2)|1 3y Z-y
| 1 y-2z 3z
On applying R, = R, =R, R3 = R; —R;, we get
1 =x4y .=x+Z
LHS=(x+y+2)|0 2y+x x-y
0 Xx=2 2z+x

Now, on expanding along C,, we get

LHS=(x+y+2)-1- {2y +x) 2z + X)
| —(x=y)(x=2)}

= (x+y+2){4yz + 2xz + 2yx

+

2

X2~ x2+xy + zx —yz}

= (x+y+2z) -3xy +3yz + 3zx)

= 3(x+y+2z)-(xy +yz + zx) = RHS

Hence proved.

(1)



20. Using properties of determinants, prove that
X X+y Xx+2y
X+2y X x+y |=9y%(x+y).

X+y x+2y X All India 2013
X X+y X+ 2y
To prove, |x+ 2y X . X+y
X+y X+ 2y X
= 9y?(x+y)
X X+y X+ 2y]
LHS = '

X+ 2y X X+y
’x+y X+ 2y X ’

On applying R, > R, + R, + R;, we get
3x + 3y 3x+ 3y 3x+ 3y
LHS=| x + 2y X - X+ y (1)

| X+ y x+2y. X

On taking (3x + 3y) common from R,, we get
1 1 1 |
LHS:(3x+3y)|x+2y X X+ y

(M

|x+y x+2y x|

On applyingC, » C, - C, and
C; —» G -C,, we get

. 0 O
LHS=3 (x + y)fx+2y =2y -y (1)
Xty ¥y -y
Now, expanding along R, we get
LHS =3 (x +) - 1-[(= 2y) - (=y) = () - ()]
=3(x +y)[2y? +y?] = 3(x + y) By?) (1)
= 9y?(x + y) = RHS Hence proved.



21. Using properties of determinants, prove that
iy B e
o’ B2 w2

B+y yv+o o+P

={o.—B)B — Yy -l +B + )
Delhi 2012C, 2010C, 2008C

o B Y
Toprove,| a®* B2 v

B+y y+a a+p

=0-BP-Vy-@+p+7y)
o B Y
LHS=| o* B* v7
B+y vy+a o+p




On applying R; — R; +R,, we get

o B Y
LHS=| o? B? v
;a+B+y a+B+y a+B+y
o B v |
=+B+7!a* B v° (1'%2)
1 1 1
On applyingC, - C,-C, and
C, - C,-C;, we get
(o=l By,
LHS=(@+B+7)|a’-B? P*-y2 v’
0 0 1
. o-P pi—y Y |
=@+B+7) | (@-Po+P) B-pB+v ¥
0 0 1

On taking (@ —p) common from C, and
B — &) common from C,, we get

LHS =@ +B+ =B P -7

1 - &
a+Bp B+y v° (1%%)
o @ |nl
On expanding along R;, we get
LHS=(@+B+7y)-BB -7 ! 1 ‘
o+B P+

=@+B+Y@-BB-VPR+y-a-p

=-PPE-Ny-o@+B+y (1)
= RHS Hence proved.



22. Using properties of determinants, prove that

02

bz
c2

a?— (b—-c)® bc

b? - (c-a)* «ca
cZ—(@-b? ab

=(a—=b) (b—0) (c —a) (@ +b+0) (@ +b* +c?).

To prove,

5° g~ (b=p)?

b? b?- (c-a)?
e ©7= la=h)

All India 2012C

bc
ca
ab

=(a—b)(b-c)(c-a)
(@ 4 b + &@E° 4 b2 3¢9

LHS =

3 g%— (b=t

b? b*- (c-a)?
c* c=la=b)

bc
ca

ab

On applying C, — C, - C;, we get

a? —(b-c)® bc 23
LHS=|b? - (c-a)° «ca
c?2 —f(a=b?* ab
a? b%+ c?-2bc bc
== |p? ¢*+ at-2ac ca| (M
c? a’+ b?-2ab ab
[taking ‘ — ' common from C,]
On applying C, — C, + C; + 2C;, we get
a? a’+ bi+ c* bc
LHS =—|b? a?+ b?+ ¢?
c2 a2+b*+c* ab
| a? 1 bc
=—(@2+ b2+ cHb* 1 ca
¢* 1 ab




ftaking (a2 + b? + c?) common from C,] (1)
On applying R, — R, —R, and R,— R, —Rs,
we get
LHS = — (a% + b? + ¢?)
a’-b* 0 c(b-a
b’-c? 0 alc-b)

c? 1 ab
——(@%+ b2+ cH@-byb-c) 5
a+b 0 —-c
b+c 0 -—a (1)
c2 1 ab

[taking (a — b) common from C,
and (b — ¢) from C,]
On applying C,— C; — 5, we get
LHS =- (a?+b%*+c? (a—b) (b—0)
a+b+c 0 —c
a+b+c 0 -a
ct—ab 1 ab

On expanding along C,, we get
LHS=—(a? + b? + c®) (@ — b)}b —c}-1)
(a+b+c)—a+c)

=(a-bb-c)lc—-aa+b+c)
@2+ bZ+c)H)

3+2

= RHS ) Hence proved.
23. Using properties of determinants, prove
that |

—a? ab ac

ba -b? bc|=4a’b*c?
2

ca b —c
Delhi 2011; All India 2011C



-a ab ac
To prove, |ba —b? bc |=4a’b’c’

ca cb —c?

LHS =| ba -b*>  bc
ca cb —c?

On taking a, b and c common from R;, R, and
R, respectively, we get

. -a b ¢
|HS=abc] a -b C (1)
a b -
Again, on taking a, b and ¢ common from
C,, C, and C; respectively, we get
-1 1 1
LHS = a’b%c?| 1 -1 1 ¢!
1 1 -1
On applying C, —» C,; + C,, we get
0 1 1
LHS = a’b*c?|0 -1 1 1)
2 1 -1
= a?h%22(1+1) [expanding along C,]
= 4a’b’c? =RHS (1)
Hence proved.
24. Using properties of determinants, prove that

X y z
x2y? 2= xyzlx - y)y — 2z — x).
NERVE RS

Delhi 2011, 2010C



To prove,

X y Z
2y zil=xyz(x-Wly-2)(z-X
£ ¥y 2
X y z ‘1 1 1
LHS=|x* y? z%|=xyz| x y z
Y2 2 yr oz

(1/2)
[taking x, y and z common from C,, C, and
C,, respectively]
On applying C; —» C, - C, and
C,—> C, —C5, we get

0 0 1
LHS=xyz| x-y y—2 z (1%)
2—y?  y2-z? 72

On expanding along R,, we get
X—Yy y—Z

LHS = xyz
Y 2—y? Y-z

(1)

2

On taking common (x — y) from C, and {y — 2)
from C,, we get

1 1
X+y y+z

LHS = xyz (x-y) (y — 2)

=xyz x-y)ly—2)(z-X 1
= RHS Hence proved.
25. Using properties of determinants, prove that

X+ 4 2 2x
2X x+4  2x |=(Bx+4) & - x>
2X 2X X+ 4

Delhi 2011, 2009



To prove,

x+4 2x 2X
2x x+4 2x |= BGx+4(4-x9)
2X 2x x+4
X+ 4 2X 2X
LHS =| 2x X+ 4 2x
2x i X+ 4
On applying R, = R, + R, + R;, we get
LHS
X+ 442X+ 2X 2X+ X+ 4+ 2x 2X+ 2x+ X+ 4
= 2X x+ 4 2X
2X 2x X+ 4
5x+4 5x+4 5x+4
= 2K X+ 4 2X (1)
2X 2X X+ 4
1 1 1| .
=6Gx+4|2x x+4 2x (1/2)
2X 2x x+4

[ taking 5x + 4 common from R]
Now, on applying C, = C, — C,, we get

1 0 1
=5x+4)|2x 4-x 2x (1)
2% 0 4+ X
On expanding along C,, we get
1 1
=05x+4)(4-Xx . &)
=65x+4(4-x4+x=-2x)
=(5x+ 4 (4—x?=RHS (1/2)

Hence proved.



26. Using properties of determinants, solve the
following for x.
x—2 2x—3 3x-4
x—4 2x—-9 3x-16|=0
x—8 2x —27 3x-64
All India 2011; HOTS

M SRt T i ' i
) Firstly, apply some operations and use|

* properties, so that when we expand the!
| determinant, it is easy to simplify. *

Given determinant
X— 2 2x—-3 3x-4
X—4 2x -9 3x-16|=0
x—8 2x—-27 3x-—64
On applying R, — R, =R, and R, = R; —Rs,
we get
2 6 12

4 18 48 |=0 (1%)
x—8 2x-27 3x—-64
On taking common 2 from R, and R,, we get
1 3 6
2x2| .2 9 . 24 =0 (1/2)
x—8 2x-27 3x-—-64
On applying R, = R, — 2R, we get
1 3 6
4, 0 3 12 =0 (1)
x—8 2x-27 3x-64
On expanding along C,, we get
4[3(3x—-64)-122x—-27)

: +(x-8)(3%x12-3%6)]=0
:#4[9)(-—192—24x+324+18(x—8)]=0
= - 4[3x-12]1=0
= " 3x=12

x=4 (1)



2. Using properties of determinants, sclve the

following for «x.

la + x
|

| @ =X
a—X

a—x|

The given determinant equation is

a+X
a-—Xx
d. X

a— X
a+ X a-x!=0
a-x a+x
a-x a-—x
a+x a-x|=0
a—-x a+tx

On applying C, = C; + C, + C,, we get

3a—x
3a—Xx
3a — X

a—X
a+Xx
a =X

(1)

a—x
a-x|=0
a+x

On taking (3a — x) common from C;, we get

1

a—X
a+ X

a-—Xx

a—X
a-x|=0 (1/2)
a+x

(B3a-x|1
1
we get
:
B3a—-x)|0

0

On expanding along C,;, we get

Ba—x)-1:

[

a-x a-—x
2X 0 =0 (1%2)
0 2X
2x 0
2X =0
3a—x)-2x-2x=0
4x* Ba-x=0
x=0,3a (1

All India 2011



28.

Using properties of determinants, solve the
following for x.

ix+a X x |
. x  x+a X !:0
X ¢ x+a|  Alindia2011
The given determinant is
X+ a X X
X X+ a x (=0
X X X+ a

On applying C, — C; + C, + (5, we get

3x+ a X X
3x + a X+ a x (=0 (D
3x+ a X X+ a
On taking common (3x + a) from C,, we get
1 X X
Bx+a)|l x+a x |=0 (1/2)
1 X X+ a
Now, on applying R,—R,-R; and
R; — R; — R,, we get
1 X X
Bx+a|0 a 0|=0 (1%)
0 0 a
On expanding along C,, we get
Bx+a@-a-a=0
=5 a’(3x+a)=0
x=-2 (1)

3



29. Prove, using properties of determinants

'y +k y y o
Y y+k oy = KBy +K)
Ly y o y+k

Foreign 2011

) Ftrstly, appiy R, — Rl +R, + R3 and then to tahel
* common fromR, and then solve it. ]

.................. TORTISIG |

y+k y oy
Toprove,| v y+k vy =k* By +k)

y +k y y
LHS=| vy y + k y
y y y +k

On applying R, = R, + R, + R;, we get

3y+k 3y+k 3y+k

LHS=| vy y +k y (1
y y y +k

On taking 3y + k) common from R,, we get
1 1 1

LHS=Qy+Kk|y y+k y (12
y y y +k

Now, on applying C, = C, - C, and

C,— C,—-(C3, we get
0 0 1

LHS =@y +k |-k k y (1%%)
0 -k y+k

On expanding along R;, we get
LHS = 3y + k) [1k)] -
=k? 3y + k) =RHS 1)

Hence proved.



30. Prove, using properties of determinants

a-b-¢ 20 2a
2b fi— —@ b ={@+b+c)’
2C 2C c—a-b
| Foreign 2011
To prove,
a-b-c 2a 2a
2b b-c-a 2b
1 2C 2c c—-a-b
= (a+b+c)
a-b-c 2a 2a
LHS = 2b b-c-a 2b
26 2c c—-a-b
On applying R, = R; + R, + R;, we get
~ |latb+c a+b+c at+b+c
LHS = 2b b-c-a 2b
2c 2c c—-a-b
(1)

On taking (a + b +¢) common from R;, we get

LHS =(a+b+c)|2b b-c-a
2

1

_2c

1 1
2b
c—a->b

(1/2)



Now, on applying C,— C,-C, and

0 0 1
=(a+b+dlb+c+a-(a+b+c) 2b
0 c+a+b c-a-b
(1%)

On taking (a + b + ¢) common from C, and C,,
both, we get

0 0 1
IHS=(@+b+cP|1 -1 2b
0 1 c—-a-b
On expanding along R,, we get
LHS =(a+ b +¢)’ [1(1)]

=(a+ b +c)’=RHS ¢)

Hence proved.

31. Prove, using properties of determinants

| X+y+2z2 X y |
I 4 Y+ Z+2x y
| Z X z+x+2yi

=2(x+y+2>

Foreign 2011; All India 2009C, 2008



X+y+22z % _y

To prove, z y+ZzZ+2x y
Z X Z+X+2y
=2(x+y+z)
X+y+2z X y
LHS = z y +z + 2x y
Z X Z+X+2y

On applying C, > C, + C, + C;, we get

2x+2y+2z X y
LHS =|2x+2y+2z y+2z+2x y
2x+2y+2Z X Z+X+2y

(1)
On taking 2(x +y + z) common from C,, we
get
LHS =2 (x+y + 2)

1 X y
1 y+2z+2x y (1/2)
1 X Z+Xx+2y

On applyingR, = R, — R;andR; = Ry~ R, we
get
1 X y

LHS =2(x+y+2)|0 y+ 2z +x 0
0 0 Z+X+Yy

(1%)



On taking common (x + y + z) from R, and R;,

both, we get

LHS =2 (x +y + 2)°

1T x vy
O 1 0
0O 0 1

On expanding along C, , we get
LHS =2 (x+y+2) [1(1-0)—0+0]

=2(x+y+2)>=RHS (1)

Hence proved.

32. Prove, using properties of determinants

a?+1
ab
ca

ab
b%+1
cb

ac
bc |=1+a’+b*+c”
c?+1

All India 2011C; Foreign 2009




To prove,

a1
ab
ca

LHS =

ab
b? +1
cb
a2 +1
ab
ca

b

ac
bc
e41
ab
2 41
cb

=1+a’+ b’ +c’

ac
bc
ct+1

1
On applying R; = 1 R, R, — 5 R, and
a

R3—>%R3, we get
a+l b ¢
d 1
LHS=abc| a b+— ¢ (1)
s b EES
o
On applying C,— aC, C,—bC, and
C; > cCy , we get
al+1 b? c?
T . b2 +1 c? (1)
ac a’ b? c?+1
On applying C; = C, + C, + C3, we get
1+a® +b? +c? b? e
LHS=[1+a2+b%+c? b?+1 c?
1+ a2 +b?+c? b2 c?+1
1 b? c?
=(+aZ+b*+cH|1 b*+1  c? (1
1 b c?+1

[taking (1+ a? + b? +c?) common from Cy



On applying R, - R, =R, and
we get

1 b? c?
LHS=@1+a?+b%2+c?)|0 1 0@/
0 0 1
On expanding along C,, we get
LHS =1+ a? + b*+c* [1(1-0)]
=1+ a2+ b%+c? (1/2)
= RHS Hence proved.

33. Prove that

i(b o iG> a’
} h? {c +a)’ b?
} & & (@ + b)?

= 2abcla +b +c)>.

Delhi 2010: All India 2010C



To prove,| b? (c +a)° b?

(b +¢)? a’ a’

c? e (a + b)?

=2abc (a+ b +c)?

LHS =

b+c)? a° a’
b? (a+c)?* b?
o c? (a+b)?

On applyingC, » C, -C,and C; - C; - C,,
we get

LHS

Il

b+c)? a2=(b+c)? a?—(b+c)?
b2 (a+c)®-b? 0
c? 0 (a+ b)?-c?

b+c) (a+b+c)la-b-c)
b? (@a+c+bla+c—b)
o 0

(a+b+c)la—-b-c)
0 (1%2)
(a+b+c)a+b-c)

Fox? —y? =(x—y) (x + )]

On taking(a + b + ¢c) common from C, and C;,
we get

LHS =(a + b +¢)?

w+cf.a~b—c a-b-c
b? a+c—->b 0
&* 0 a+b-c




On applying R, = R, — (R, + R;), we get
LHS=(a+ b +¢)*

2bc -2cC -2b
b a+c-b 0 (1/2)
c? 0 a+b-c

On applying Cz' - C,+ %C,,

C;— G +—1—C1, we get
C

2bc 0 0
LHS=(@+b+0c)?| b> a+c  b*/c |(D
c? c* b a+b
On expanding along R,, we get |
LHS =(a + b +c)*[2bc(a’ + ab

+ ac+ bc— bc)]
=(a+ b +c)?2bc (a® + ab + ac)]
=@@+b+c)*-2abc(a+b +c)
=2abc (a+ b +c)’ =RHS (1)
Hence proved.

34. Using properties of determinants. prove that
1+x 1 1 |

| 1 14y 1 i=xyz+xy+yz+zx.

| |

|1 1 1+z]  Allindia 2009, 2008



1+x 1 1
Toprove,| 1 1+y 1
1 1 1+z
= XyZ + Xy +YZ + Zx

1+ x 1 1
LHS ={ 1 1+y 1
I ° 9 1+ z

On dividing R, by x, R, by y and R; by z and
multiplying the determinant by xyz, we get

1 1 1
—+1 - —
X X X
1 1 1
LHS =xyz| — —-+1 — (1)
y ¥ ¥
LA B
z z z
On applying R, = R, + R, + R;, we get
T 1 1 1.1, 1 1T 1 1
+—+—+—1+—+—+—T1+—+—-+—
X Vv Z X vV Z X Vv Z
1 1 1
= XYZ — —+1 -
¥ y y
l _1 l+‘]
z Z Z

(1)



On taking (1 + . + 1 + l) common from R,,
||t |2

28 b4 b | 14
we get LHS =xyz |1+ -+ —+ —
% %zl

1 1 1
1/y @Q/ly)+1 1y (1/2)
-2 ||| 1} 2 1/ z)+1

On applyingC, —» C, - C,and C3 = C3 - C,,
we get

1 0 O
LHS = (xyz +yz +zx+xy)|[Vy 1 0 (1)
iz ||| |%(]|0

= (xyz + Xy +yz + zx) [1(1-0)]
[ expanding along R, ]
=xyz + xy +yz + zx =RHS (1/2)
' Hence proved.

11 1+p 1+p+q |
35. Provethat?Z 3+2p 1+43p+29|=1
'3 6+3p 1+6p+3q
All India 2009



1 1+ p 1+p+q
Toprove, {2 3+2p 1+3p+2q |=1
3 6+3p 1+6p+3q

1 1+p 1+p+q
LHS =|2 3+2p 1+3p+2q
3 6+3p 1+6p+3q

On applying R, = Ry, — 2R, Ry = Ry — 3R;, we
get '

1 1+p 1-i;p+q
LHS =|0 1 p—1 (1%)
0 3 3p-2 '

Now, on 2xpanding along C,, we get

1 p-1
LHS =1x
3p -2
=1[Bp —2) - Gp - 3)] (1%2)
=3p-2-3p+3=1 1)
= RHS Hence proved.
36. Us:ng properties of determinants, prove that
1+a?-b*  2ab —2b ‘
2 1-a’+b> 20
2b 20 1-a’-b
= (1 +a’ +b?)’. Delhi 2009, 2008
To prove,
1+ a’ - b? 2ab -2b
2ab 1=a%4 b° 24
2b ~ 24 j— g%~ b

=1+ a*+b%»?



1% a*= b* 2ab -2b
LHS = 2ab 1-a’+b* 2a
2b R N

On applying C, = C, - bC; and
C, > C, + aC;, we get

14 a%4 b* 0
LHS = 0 1+ a* + b?
b+ a2+b% -a(+a’+b?
-2b
2a (1%)
1—#2 —b*

On taking (1+ a* + b% common from C, and
C,, we get
1 O -2b
LHS=(1+a’+b%)*|0 1 2a (1)
b -a 1-a’-b?
On expanding along R,, we get
LHS = (1+ a2+ b2)2x[1(1—a® - b?+2a?
~2b(©-b)]
—(1+a%+bH2(+a%+b?
=(1+a’ + b?*® =RHS (1%)

Hence proved.

. a b c |
3%. Provethat|a - b B =f
b+c C+a u+b|

=a’+b’ +c* —3abc.  pelhi 2009



To prove,

d

b
a—-b b-c c-—a
b+c c+a

= a3 + b+ -3abc

a
LHS =|a -

On applying C, —» C; + C, + (5, we get
a+b+c

LHS =|

=(a+

[ taking (a + b + ¢) common from C]

b
b b-c

b+c c+a

0

2(a+ b +c)

1
b+c)|0
2

C
c—a
a+b

b
b-—-c
c+a

b
b-c

c+a

C

a+b

€

Y e

a+b
c

c—a

a+b

(D



On applying R; = R; — 2R,, we get

LHS=(a+ b +¢)
1 - b C

0 b—c c—a
0 c+a—-2b a+b-2c

On expanding along C,, we get

b-c c—a
LHS=(a+ b +c)-1
( c+a-2b a+b-2c‘
(1%)
On applying R, = R, + 2R,, we get
b — _
LHS =Gdb o0 — =78
a-¢c b-a

=(a+b+c)[(b-c)b—-a)—-(a—c)(c - a)
=(@a+b+c)[(b®-ab - bc + ac)
+(a* + ¢*= 2ca))

=(a+b+c)@*+b?>+c?-ab-bc-ca

=a% + b® +¢3 - 3abc =RHS (1%)
Hence proved.

38. Showthat, ifx #y # zand

)
=10 then1 + xyz =0.

i T

X X 1+ x
y© 1+y

L

| 2 3 |
zoz7 1+ Delhi 2008C; HOTS



Q Ftrstfy, app!y propertles of determinants in LHSa
and reduce it into simplest form. Then, equate the
lowest term to zero and use the given fact that
X# y#ztoget the deslred result :

A —— Np—

S

z| e g
Given,|y v? 14y |=0andxzy=#z
¥ 2% 13z
The given determinant can be written as
v |t | e | x|t
y ¥y A*ly v ¥ |=0(12)
zi 2ol =l 5
||| ez || 1| e | |2
=5 % y2 T1i+xyz |1 ¥ 5?2 =0
z | |=7| | 3|51 |l==

[taking x, y and z common from R, R, and R;,
respectively in second determinant] (1/2)

On applying C, & C; in first determinant,
we get

X
—ly 1. y¥l4+xyz!1 y y?*[{=0 (1/2)
z

get

X
(=T y  y +xyz|1l y
- g




0 x-y x*-y°
0 y-z y*-z2|0+xyz)=0

1 Z z*

0 x-y xX-ykx+vy
= (I+xyz)|]0 y—-z (y—-2)y+2z)|=0

1 Z 7_2

On taking (x — y) common from R, and (y — z)
from R,, we get

0 T x+vy
M+ xyz)(x—y)ly—2)|0 1 y+z|=0
|1 Z z?

(1%)
On expanding along C,, we get -
(I+xyz)(x—=y)ly—z)[Ix(y+ z)-(x+y]=0
= (I+xyz2)(x—-yV(ly-2)(z-x=0
= Either T+ xyz =0
or XxX—y=y—z=z-x=0
= X=y=2
But this is contradiction as given that
X#EY#Z
1+ xyz=0 (1)
Hence proved.

39. Using properties of determinants, prove that
2y y—7-x 2y
27 2z Z-x—y|=x+y+2)°>
X—y—-z  2X 2X




| 2y  y-z-x 2y |
LHS:‘ 2z 27 z-x—y’

|x~y~-2z 2x 2x |
On applying R, — R, + R, + R;, we get

| x+y+2z x+y+z x+y+z
LHS=I 27 2z z-x-y

[x=y=z . 2x 2x |

On taking (x + y + z) common from R,, we get
|1 1 1|
LHS=(x+y+z){ 2z 2z z—x—yl
| X—y—z 2x 2x |

(M

On applyingC, - C, -C,,C; > C; - C,, we
get

Eillllle 0
LH&:u+y+nF 27 0
&—y—z X+y+2z
e
- xX+y+2) (1)
x+y+z'

On taking (x +y + z) common from C, and Cj,
both, we get

ANl 0 0]
uﬁ=u+y+zﬁ| 2z 0 —w 1)
| B=%=2 1 1]
=(x+y+2)°[10 +1)] _
=(x+y+ z)’ =RHS (1)
Hence proved.
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