Chapter 9

182, Orthogonal Circles. Def. Two circles are
said to intersect orthogonally when
the tangents at their points of p
intersection are at right angles. @ _7\a

If the two circles intersect at
P, the radii 0, and 0,P, which
are perpendicular to the tangents
at P, must also be at right angles.

Hence 0,02 = 0, P34 0, P%,

i.¢. the square of the distance between the centres must be
equal to the sum of the squares of the radii.

Also the tangent from 0, to the other circle is equal to
the radius a,, e if two circles be orthogonal the length of
the tangent drawn from the centre of one circle to the

second circle is equal to the radius of the first,
Either of these two conditions will determine whether
the circles are orthogonal.
The centres of the circles
24y + 2024+ 2fy +¢=0 and 2?92+ 2¢0°x + 2"y +¢'=0,

are the points (-g, —f) and (-g’, —'); also the squares of their
r&ﬂii are ﬂ'ﬂ' -|—f2 — &na ﬂ.r’ﬂ ']"f m &
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They therefors eut orthogonally if
(=gt P~ F L P =L Ao g fRlimidf
1.6, if 290" +-2ff'=c+ .
183. Radical Axis. Def. The radical axis of
two circles is the locus of a point which moves so that the

lengths of the tangents drawn from it to the two circles are
equal.

Let the equations to the circles be
2+t + 202+ 2y +e=0 ... (1),
and B+ + 22+ 2y +e=0. . (2),

and let (w, 9,) be any point such that the tangents from it
to these circles are equal.

By Art. 168, we have
a4+ y? + 292 + Y + e =a® + y” + 291w + Ufan + 6y

%.6. Eml(g-gl)-i-ﬂyl(f—ﬁ}+c—ﬂ1=0.
But this is the condition that the point (#;, #,) should
lie on the locus
2 (9—g)+ 2y (f—S)+e—e=0...... (3).
This is therefore the equation to the radical axis, and it
ig clearly a straight line,

It is easily seen that the radical axis is perpendicular
to the line joining the centres of the circles. For these
centres are the points (—g, —f) and (—g, —/f;). The

“m” of the line joining them is therefore “h- _f),
~gi—(-9)
i€ f—i
g—8
The “m” of the line (3) is — L2,
j —‘fl

The product of these two “m’s” is — 1.

Hence, by Art. 69, the radical axis and the line joining
the centres are perpendicular.
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184. A geometrical construction can be given
for the radical axis of two circles.

TFig, 1. Fig. 2.

If the cireles intersect in real points, P and @, as in
Fig. 1, the radical axis is clearly the straight line P@.
For if 7 be any point on P¢ and 7'R and 7'S be the
tangents from it to the circles we have, by Hue. 111. 36,

TR =0P. Q=08
1f they do not interseet in real points, as in the second

figure, let: their radii be @, and w,, and let 7' be a point such
that the tangents TR and 7'S are equal in length,

Draw 70 perpendicular to 0,0,.

Nince ThE=T85
we have PO 0.8 =T02— G, 8%
Te. T4 0,F == TP+ 003 —as
i.e. 0,0 - 002=a—a?
1.6. (0,0—00,) (0,0 + 00,) = a,* — a’,
o
1.6, 0,0 — 00,=——-—" =a constant quantity.
0,0,

Hence O is a fixed point, since it divides the fixed
straight line 0,0, into parts whose difference is constant.

Therefore, since 0,07 is a right angle, the locus of 7',
i.e. the radical axis, is a fixed straight line perpendicular to
the line joining the centres,
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185. If the equations to the circles in Art. 183 be
written in the form S=0 and §' =0, the equation (3) to
the radical axis may be written §—8" =0, and therefore
the radical axis passes through the common points, real or
imaginary, of the circles S=0 and §" = 0.

In the last article we saw that this was true geometri-
cally for the case in which the circles meet in real points,

When the circles do not geometrically intersect, as in
Fig. 2, we must then look upon the straight line 70 as

passing through the imaginary points of intersection of the
two circles.

186. 1'he radical awxes of three circles, taken in pairs,
meet in @ point.

Let the equations to the three circles be

...........................

and S = (3).

The radical axis of the circles (1) and (2) is the stfﬂight
line

§-8=0........ penEam s (4).
The radical axis of (2) and (3) is the straight line
e R ) (5).

If we add equation (b) to equation (4) we shall have the
equation of a straight line through their points of inter-
section,

Hence S—8"=0iiiiiiiriniieiinnnnnnn(6)
is a straight line through the intersection of (4) and (5).

But (6) is the radical axis of the circles (3) and (1).

Hence the three radical axes of the three circles, taken
in pairs, meet in a point.

This point is called the Radical Centre of the three
circles.

This may also be easily proved geometrically. For let
the three circles be called 4, B, and (/, and let the radical
axis of 4 and B and that of B and ( meet in a point O.



270 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

By the definition of the radical axis, the tangent from 0
to the circle 4 = the tangent from
O to the circle B, and the tangent
from O to the circle & =tangent
from it to the cirele €.

Hence the tangent from O to
the circle 4 =the tangent from it
to the circle €, 4e O is also a

oint on the radical axis of the
circles 4 and C,

187. If S=0 and 8 =0 be the equations of two eircies,
the equation of any circle through their points of inler-
section is S =AY, Also the equation to any circle, such that
the radical axis of it and S=01s u=0, @5 5 + Au=0.

For wherever =0 and S'=0 are both satisfied the
equation S=AS8" is clearly satisfied, so that §=AS"is some
locus through the intersections of § =0 and S'= 0.

Also in both § and S the coeflicients of &® and 1° are
equal and the coeflicient of wy is zero. The same statement
is therefore true for the equation S=AS8'. Hence the
proposition.

Again, since « is only of the first degree, therefore in
S+ Au the coefficients of a® and %® are equal and the
coefficient, of my is zero, so that 5 + Au =0 is clearly a circle,
Also it passes through the intersections of §=0 and w=20.

Prove that the following pairs of circles intersect orthogonally :
1. 2+ =2ax+e=0 and 2%+3°42by - c=0.
9, z2ty?-2ax+20y+c=0 and x*+y?+2bx+ 2ay —c=0.

3. Find the equation to the cirele which passes through the origin
and euts orthogonally ench of the cireles

a*+y*—0r+8=0 and 2®*+y*-22-2y="T.
Find the radical axis of the pairs of circles
4, a?+y?=144 and 2*+y* - 16z + 11y =0.
5, a?+yt-Bw-4y+5=0 and 32+ 3y?-Te+8y+11=0.
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6. #*+y*-axy+be-Ty+8=0 and 2*+y? -2y --4=0,
the axes being inclined at 120°,

Find the radical centre of the sets of eircles

7. 22+y'+24+29+8=0, a?+y?+ 2+ 4y +5=0,
and a?ty?-Ta -8y -9=0.

8. (z-27+(y-3)*=36, (x+B)2 4+ (y +2)2 =40,
and (x—4)*+(y+5)* =64,

9. Prove that the square of the tangent that can be drawn from
any point on one circle to another cirele is equal to twice the produet
of the perpendicular distance of the point from the radical axis of the
two cireles, and the distance between their centres.

10. Prove that'a common tangent to two circles is bisected by the
radical axis,

11. Find the general equation of all circles any pair of which have
the same radical axis as the circles

2 +y?=4 and z?+y*4 2z +4y=H6.

12. Find the equations to the straight lines joining the origin to
the points of intersection of

mﬂ-l-yﬂ-‘.h:—ﬁy:‘l and :.93-1-1;9—21:"41; —d=_0,

13. The polars of a point P with respect to two fixed circles meet
in the point ¢. Prove that the circle on PQ as diameter passes
through two fixed points, and cuts both the given ecircles at right
angles.

14, Prove that the two circles, which pass through the two points
(0, a) and (0, — a) and touch the straight line y =ma + ¢, will eut ortho-
gonally if ¢*=a*(2+m®).

15. Find the locus of the centre of the circle which cuts two given
circles orthogonally.

16, If two cireles ent orthogonally, prove that the polar of any
point P on the first cirele with respect to the second passes through
the other end of the diameter of the first circle which goes through P.

Henee, (by considering the orthogonal cirele of three eircles as
the locus of a point such that its polars with respeet to the circles
meet in a point) prove that the orthogomnal circle of three circles,
given by the general equation is

(L4 01q 'y'z'fl'r glm'l'fly_l'al.
@40y, Y+ Jo,  gor+ Sy +og|=0.
1T+ﬂ33 ?.If"‘f:ﬂ.t ﬂam‘*'fs'!f']"cﬁ
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3, 84743y - Bx 429y =0. 4, 1bv-1ly=144,
5. x+10y=2. 6. 6xz-Ty+12=0. 7. (=%, =3
8. (8% 49 11 (A +1) (@243 + 2\ (@ + 2y) =4+ O\

18. (y-«)*=0.

SOLUTIONS/HINTS

2

1. Sum of squares of radii = {Ja —:c}2 5 {Jb“ —c}?
=@+ b*={join of centres}®.

2. Sum of squares of radii
= {«/OL"’_-l—bg——c}2 + {\/u? +b? +c)t=2 (a0 +07)
=(a+0b)*+ (@ —b)* = {join of centres}>.
3. Let #*+y*+ 292+ 2fy =0 be the equation of the
circle. Then —6y=8, and 29+ 2/=7. [Art. 182.]
S 2g=—3, and 2f=22
Hence the required circle is 32*+ 33* — 8z + 29y = 0.
4. Subtracting, 15z — 11y = 144.
5. Multiply (1) by 3, subtract, and we have z + 10y = 2.
6. Bubtracting, 62— Ty +12=0.
7. The equations of two of the radical axes are
+2y+2=0, and 42+ 5y +6=0. Solving, z=-2, y—— -3
8. The equations of two of the radical axes are
10z + 10y =13, and ® —4y=0. Solving, z=2%, y= o
9. Let LY DN =AY Liiiivisiieneas (i)
and By — DN =K% ..iiiiienniiees (i1)

be the equations of the two circles, so that the axis of y is
the common radical axis, and (g, f) any point on (i), so that

gg 'i-f2: 2/\1y + A2
The square of the tangent from (g, f) to (ii)
=g+ =209 =2(\,—\)g. .. ete.
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10. Taking a common tangent as axis of «, let
(®—a)*+(y—b)*=0% and (z—e)*+ (y—df =d*

be the equations of the two circles.

The equation of the radical axis is

2(—c)x+2(b—-d)y=a*-c~

This cuts y =0 where =1 (a+¢).

11. The equation of any circle passing through their
intersection is of the form

2+ — 4+ A (2 + Y+ 2w+ 4y —6) =0,

12. The equation of the common chord is #—y =0,
which goes through the origin.

Hence the required lines are (z —y)? = 0.

13. Let &+ Yyt =2+ A2 =0,
and Py =2z + =0

be the equations of the two circles.
If the polars of £ (g, /') with regard to each circle pass
through @ (¢, /'), then

99’ +ff =\ (g+9g)+ 1F=0,
and 99 + 1 =N (g+g)+ M*=0, [Art. 163],

2 __ 72
whence g=-g, a.ndf':‘-qfh ?

Hence the equation of the circle on PQ as diameter is

@=9) @+9)+ (=) (=) =0, [Art. 145],
f2+g“’—/h2—k2=o

2.€. e+yt—y.

which passes through the fixed points (+ 4, 0).
It is easily seen that the condition of Art. 182 for
orthogonal intersection is satisfied.

14. Let o®+3*—2hax=a® and 2+ y® — 2h,x=a’, be
the equations of the two ecircles.
Since y =ma + ¢ is a tangent, &, and /4, are given by
(1 +m?) (¢*~ a*) =(mc—L),, [see Art. 153].
S lyhy=at (mt+ 1) - ¢
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The circles cut orthogonally if A A, + a® = 0, [Art. 182],
ie if a*(m?+ 2) =¢2
15. If the circle a* + y* + 292 + 2fy + ¢ =0 cuts both
2+ 92+ 292+ 2f\y+¢,=0, and 2+ Y + 29,2 + 2,y + ;=0
orthogonally, we have
299, + 2ff1=c +¢,, and 29g,+ Uf.= ¢ + c.. [Art. 182.]

Subtracting, we have 2¢ (¢, — go) + 2/ (f1—=Sfo)=e,—¢s. Also
the centre of the first circle is (—g, —f).  .". the required
locus is the straight line

2(n—9) @+ 2(fi—So)y=cs—cy.

16. Let BP0 eeenreeiinrireanns (i)
and 2+ yt—2a — 20y + 2 =0.,........... (ii)
be the equations of two circles, which cut orthogonally.

The polar of (rcosf, rsin @), any point on (i), with
regard to (ii) is

@r cos 0 +yrsin 0 —a (z + 7 cos 0) — b (y + rsin 6) +22=0,
which passes through the point (- r cos §, — » sin 6).
The required equation is the condition that the lines
@ (@ +g1) +y (¥ + /) + & + 1y + =0,
@ (2 + go) +y (Y + Sa) + 9o + Foy' +€2=0,
@ (@ +g5) + y (Y + 1) + g2 + f3yf +ey=0,
should be concurrent. [See Arts. 163 and 79.]
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188. Coaxal Circles. Def. A system of circles
is said to be coaxal when they have a common radical axis,
i.e. when the radical axis of each pair of circles of the
system is the same,

To find the equation of a system of coawal circles.

Since, by Art. 183, the radical axis of any pair of the
cireles is perpendicular to the line joining their centres, it
follows that the centres of all the circles of a coaxul system
must lie on a straight line which is perpendicular to the
radical axis.

Take the line of centres as the axis of # and the radical
axis as the axis of y (Figs. I. and IT., Art. 190), so that O
is the origin.

The equation to any circle with its centre on the axis
of x is
o Do = Qvvenmissnanin s (1).
Any point on the radical axis is (0, #,).

The square on the tangent from it to the circle (1) is,
by Axt. 168, y,* +c.

Since this quantity is to be the same for all circles of
the system it follows that ¢ is the same for all such circles ;
the different circles are therefore obtained by giving dif-
ferent values to g in the equation (1).

The intersections of (1) with the radical axis are then
obtained by putting # = 0 in equation (1), and we have

y=1+J-c
If ¢ be negative, we have two real points of intersection

asin Fig. I. of Art. 190. In such cases the circles are said
to be of the Intersecting Species.

If ¢ be positive, we have two imaginary points of in-
tersection as in Fig, II.

189. Limiting points of a coaxal system.

The equation (1) of the previous article which gives any
circle of the system may be written in the form

(2—g) + =g —c=[Jo* —c].
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It therefore represents a circle whose centre is the point
(g, 0) and whose radius is Jai—c.

This radius vanishes, i.e. the circle becomes a point-
circle, when g®=e¢, t.e. when g=+ Jc.

Hence at the particular points (+ /¢, 0) we have point-
circles which belong to the system. These point-circles are
called the Limiting Points of the system.

If ¢ be negative, these points are imaginary.

But it was shown in the last article that when ¢ is
negative the circles intersect in real points as in Fig. I,

Art. 190,

If ¢ be positive, the limiting points Z, and L, (Fig. 11.) are
real, and in this case the circles intersect in imaginary points.

The limiting points are therefore real or imaginary
according as the circles of the system intersect in imaginary
or real points.

190. Orthogonal circles of a coaxal system.

Let 7" be any point on the common radical axis
of a system of coaxal circles, and let TR be the tangent
from it to any circle of the system.

-
- "

Fig. 1.

Then a circle, whose centre is 7" and whose radius is T'R,
will cut each circle of the coaxal system orthogonally.
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[For the radius 7'R of this circle is at right angles to
the radius 0,2, and so for its intersection with any other
circle of the system. |

Hence the limiting points (being point-cireles of the
system) are on this orthogonal circle.

The limiting points are therefore the intersections with
the line of centres of any circle whose centre is on the
common radical axis and whose radius is the tangent from
it to any of the circles of the system.

Since, in Fig. L., the limiting points are imaginary these
orthogonal circles do not meet the line of centres in real
points.

In Fig. II. they pass through the limiting points 7,
and L.

These orthogonal circles (since they all pass through two
points, real or imaginary) are therefore a coaxal system,

Also if the original circles, as in Fig. 1., intersect in
real points, the orthogonal circles intersect in imaginary
points; in Fig. IL. the original cireles intersect in imaginary
points, and the orthogonal cireles in real points.

We therefore have the following theorem :

A set of coaxal circles can be cut orthogonally by another
set of coaxal circles, the centres of each set lying on the
radical axis of the other set; also one set is of the limiting-
point species and the other set of the other species.
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191. Without reference to the limiting points of the original
gystem, it may be easily found whether or not the orthogonal circles
meet the original line of centres.

For the circle, whose centre iz T and whose radius is I'R, meesfs
or does not meet the line 0,0, according as T'R? is = or < T'0%

i.e. according as T0.2- R is Z TOP,
i.e. according as TO*+0032-0,R* 18 = TOA,
i.e. according as 00,18 Z Oy R,

i.e. according as the radical axis is without, or within, each of the
cireles of the original system.

192. Tn the next article the above results will be
proved analytically.

To find the equation to any cirele which cuts two given
cireles orthogonally.

Take the radical axis of the two circles as the axis of y,
go that their equations may be written in the form

ettt —2gx+e=0................ >
and g AP = DA B=0ismmmvencns o (2),
the quantity ¢ being the same for each.

Let the equation to any circle which cuts them or-
thogonally be

(=AY + (- BY =R v, (3).
The equation (1) can be written in the form
(=gl + == riiniiinnns (4).

The circles (3) and (4) cut orthogonally if the square of
the distance between their centres is equal to the sum of
the squares of their radii,

t.e. if (A —g)+ B*= R*+ [JgTr]J,
i.e. if A2+ B*-24g=R*—¢ cccccovvvrnnn (D).

Similarly, (3) will cut (2) orthogonally if
A5 B A= Bt oncorsmrnsins (6).

Subtracting (6) from (5), we have 4 (g—g,)=0.
Hence 4 =0, and RB*=5*+e¢,
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Substituting these values in (3), the equation to the
required orthogonal circle is
4yt —2By—c=0 ...l (7),
where B is any quantity whatever,

Whatever be the value of B the equation (T) represents
a circle whose centre is on the axis of y and which passes
through the points (+ /¢, 0).

But the latter points are the limiting points of the
coaxal system to which the two circles belong. [Art. 189.]

Hence any pair of circles belonging to a coaxal system
is cut at right angles by any circle of another coaxal
system ; also the centres of the circles of the latter system
lie on the common radical axis of the original system, and
all the circles of the latter system pass through the limiting
points (real or imaginary) of the first system.,

Also the centre of the circle (7) is the point (0, B) and
its radius is /B +e.

The square of the tangent drawn from (0, B) to the
circle (1) = B2 + ¢ (by Art. 168).

Hence the radius of any circle of the second system is

equal to the length of the tangent drawn from its centre to
any circle of the first system.

193. The equation to the system of circles which cut
a given coaxal system orthogonally may also be obtained
by using the result of Art. 182,
For any circle of the coaxal system is, by Art. 188,
given by
et gt a3 0 = B csssnmiiinies (1)
where ¢ is the same for all circles.
Any point on the radical axis is (0, %').
The square on the tangent drawn from it to (1) is
therefore %" + c.
The equation to any circle cutting (1) orthogonally is
therefore
2+ (y =y =y +e
.6, w?+ 1yt —2yy' —e =0,



280 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

Whatever be the value of g’ this circle passes through

the points (+ /e, 0), @.e. through the limiting points of the
system of circles given by (1).

194. We can now deduce an easy construction for the
circle that cuts any three circles orthogonally.

Consider the three circles in the figure of Art. 186.

By Art. 192 any cirele cutting 4 and B orthogonally

has its centre on their common radical axis, 7.e. on the
straight line OD.

Similarly any circle cutting B and € orthogonally has
its centre on the radical axis OF.

Any circle cutting all threv circles orthogonally must
therefore have its centre at the intersection of 0D and OF,
i.e. at the radical centre 0. Also its radius must be the
length of the tangent drawn from the radical centre to
any one of the three circles,

Bx. [Find the equation to the circle which cuts orthogonally each
aof the three circles

B2+ y2 422+ 1Ty+ 4=0 .ciiiiiiiiiniiin (1),
22y Tz 4 By411=0......cccceaninrrnann (2)y
B2ry?— 2+229+ 3=0.cccoiiiiinnnnnnn. (3)-
The radical axis of (1) and (2) is
br—1ly+7=0.
The radical axis of (2) and (3) is
These two straight lines meet in the point (3, 2) which is therefore
the radical eentre.
The square of the length of the tangent from the point (3, 2) to
each of the given cireles = 57.
The required equation is therefore (x - 8)%+ (y — 2)*=47
i.e. af+y? - ba — 4y - 44=0.

195. Ex. Find the locus of a point which moves so that the length
of the tangent drawn from it to one given circle is X times the length of
the tangent from it to another given circle.

Asin Art. 188 take as axes of x and y the line joining the centres
of the two cireles and the radical axis., The equations to the two
circles are therefore

22yt —Agrte=0. .. (1)

and 22y =20+ =0 oorrrrrneciiiinnennnnn (2



CHAPTER 9: SYSTEMS OF CIRCLES 281

Let (1, k) be a point such that the length of the tangent from it to
(1) is always X times the length of the tangent from it to (2).

Then B2 4% =29, h e =N [R* + k* - 2goh+e].
Hence (i, k) always lies on the circle

2 _
xg+y2—2$y{k?fl+ﬂzﬂ ..................... (3).

This circle is clearly a circle of the coaxal gystem to which (1) and
(2) belong.
Again, the centre of (1) is the point (g, 0), the centre of (2) is

L
(g9, 0), whilst the centre of (3) is ) J D)

M=-1
Hence, if these three centres be called 0,, 0, and 04, we have
g — g A2
0,0,= —ia =1 f =1 =iﬁ{92 ~ 1)
g\ — _ 1
and 0,0;= "ﬂ—ﬂuuﬂ_—l{ﬂz—ﬂﬂs

go that 0,0, : 0,04 11 N 1 1,

The required locus iz therefore a circle eoaxal with the two given
circles and whose centre divides externally, in the ratio A*:1, the line
joining the centres of the two given ecircles,

1. Prove that a common tangent to two cireles of a coaxal
system subtends a right angle at either imiting point of the system.

9. Prove that the polar of a limiting point of a coaxal system
with respect to any circle of the system is the same for all eircles of
the system.

3. Prove that the polars of any point with respect to a system of
coaxal cireles all pass through a fixed point, and that the two points
are equidistant from the radical axis and subfend a right angle at a
limiting point of the system. If the first point be one limiting point
of the system prove that the second point is the other limiting point.

4. A fixed circle is cut by a series of circles all of which pass
through two given points; prove that the straight line joining the
intersections of the fixed eircle with any circle of the system always
passes through a fixed point,

5. Prove that tangents drawn from any point of a fixed cirele of
a coaxal gystem to two other fixed cireles of the system are in a
congtant rafio.
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6. Prove that a system of coaxal eircles inverts with respect to

either limiting point into a system of concentrie cireles and find the
poeition of the common centre,

7. A straight line iz drawn touching one of a system of coaxal
eircles in P and cutting another in () and R. Bhew that P¢) and PR

subtend equal or supplementary angles at one of the limiting points
of the system.

8. TFind the locus of the point of contact of parallel tangents
which are drawn to each of a series of coaxal circles.
9., Prove that the eirvele of similitude of the two ecircles
224yt —2ke +6=0 and #*+y*—-2k'w+6=0

(i.e. the locus of the points at which the two cireles subtend the same
angle) is the coaxal cirele
k' <8
P T Rinh i M gPP R Sy
w4 y?-2 e x+d8=0

10, From the preceding question shew that the centres of gimili-
tude (i.e. the points in which the common tangents to two circles
meet the line of centres) divide the line joining the centres internally
and externally in the ratio of the radii.

11, If 4y A/ - l=tan(u+tv J-—l}. where &, ¥, %, and v are all
real, prove that the curves w=constant give a family of eoaxal cireles
passing tiirough the points (0, £:1), and that the curves v=constant
give a system of circles cutfing the first system orthogonally.

12. Find the equation to the eircle which cuts orthogonally each
of the cireles

242+ 2gx + ¢ =0, a2y 2g'x+¢=0,
and a?+y? + 2ha + 2ky + a=0.

13. Find the equation fo the circle cutfing orthogonally the
three circles

224+yf=a?, (r-c)P+y = and a?4(y-Db)P=di

14, Find the equation to the circle cutting orthogonally the
three cireles

22 4+y? -2+ 3y -T7=0, a2+ y2+5x - by +9=0,
and g y? + T~ 9y +29=0.

15. Shew that the equation to the cirele entfing orthogonally the
circles
(z—a)®+(y—b)E=02 (- 0P+ (y—a)=a

and (g—a—b—cP+yi=ab+c?
is 2 y? =2 (a+b) -y (a+ D) +a* 4 Bab+ 17 =0,
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8. a?—y*42may=c. 12, k(e +y®) 4+ (w—-c)y —chk=0.
13. 2249t —cx — by +a*=0. 14, «*+y°-16x-18y - 4=0.

SOLUTIONS/HINTS

1. Let (0, &) be any point O on the radical axis of the
two circles 2*+3°- 2g,x+¢=0, and a®+y*—2g.2+c=0,
{Tangent from O to either circle!® — 42 + ¢ — OL}? where L,
is a limiting point.

Taking O at the middle point of a common tangent, we
have O L, =4 (either common tangent). .". a common tan-
gent subtends a right angle at Z,.

2. Let a®+3y*—2\z+¢=0, for different values of A
represent the coaxal system. (Art. 188.) The polar of
(Ve 0) is xafc—A (x+ Je)+e=0, or z+ Je=0.

3. Let 2®+9°— 2\x + ¢ = 0 represent the system. The
polar of (h, k) is ah+yk +¢— \ (z + &) =0, which always
passes through the intersection of the fixed lines @ + A =0,
and @h+yk +c=0, i.e. through the point

) -
{—k, - }

Hence the two points are equally distant from the axis
of y, and subtend a right angle at (,/e, 0), since

hE—e
k i 1
h—afe —h— Je
If one point is (y/c, 0), the other is (— /e, 0).
4. Let «*+9*—2\x+a=0 be the equation of the
coaxal system, and 2+ 3%+ 2gx+ 2fy+c=0 that of the

fixed circle.
The equation of a common chord is

2(9+N)z+2fy+c—a=0,
which always passes through the intersection of
292+ 2fy+¢c—a=0 and z=0,
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w.e. through a point whose position does not depend on A.

6. Let W4+ P —202+¢=0, ce0vririanranas (i)
B+ P — 2w+ c=0, ..cciuuinnnnns. (ii)
B+ Y =202+¢=0, ....v0vrne.. (iii)

be the equation of the three circles.
If (A, k) lies on (i), A*+&* + ¢=2\kh.  The ratio of the
squares of tangents from (%, k) to (i) and (iii)
R+ EB+e—20E 2h(A-A) A
TR B c—20h Zh(A=A) A—A°
6. Take a’+3y"- 2\z+c=0 for the equation of the
system. Remove the origin to (,/¢, 0), and the equation is
@+ Je) +y*—2X (z + \Je) + ¢ =0.
Change to polars; ... *+2(ve—))(rcosd+ ,/c)=0.
Inverting, .c. putting %ﬁ for », the inverse is

a*+ 2 (Ve = X) (a*r cos 6 + ne. %) =0,
which for different values of M represents a conecentric

2
system of circles whose common centre is (— ﬁ/— ; O) -
¢

7. Let P be on the circle a*+2°— 2\e+e=0, and Q
and 2 on the circle a*+ 32— 20,2 +¢=0. Let (%, %) be the
coordinates of @, so that A2+A%4c— 2050 If Ly is a
limiting point, then, since QP is a tangent at P to the
first circle,

. QP R+E-h+e M(—N)_ A=\ RP?
QLY (= JoP+ B h(A—rfe) Mg—nfo RLE’

similarly. .-, RP:-&- KL,

.. PL, bisects one or other of

the angles between Z,Q and Z,R.

8. Let a®+7°— 2z +¢®=0 be any circle of the system,
The tangent at (4, k) is :

wh+yk— \(x+h)+ =0,
This will be parallel to y = ma +d if X — & = k.
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But since (%, k) lies on the circle,
S PB4+ =20 O BR 4 B+ P =20 (b + kem).
Hence the required locus is & — 32 + 2may = ¢

9. TIf (x, ¥) be any point on the circle of similitude,
the tangents from (z, 4) to the two circles are in the same
ratio as the radii

2+ —2%k+8 -8 Kt + 8

% = . L
"+ 8 K-8 Ty

x+d=0,

k+Fk

10. Pubting Y= O,

kK + 8 + N (ki + O —8(k+ k) Kk + 8+ (5~ 8) (k"™ 8)
L= —
_ k+ K k+ ¥
’ 2 = ’ e
and kT/Z's— ;%}:{f 8;8 = the same expression, as would

appear if the denominator were rationalized.

11. Since z+yi=tan (u +vi), .". @ — yi = tan (u — v).
(2 + yi) + (a:—yiz

" tan 2w = tan [(w + vi) + (u — vi)] = i) oyl

so that P+yt+ 2rcob 2u=1 .....coouuunns (i)
(559 (5 33)

so tan 2vi=tan [(u + vi) — (v —vi)] = I i +—y—2)(x:w)

3 2y
. ..., R
. ¢tanh 2v T @y
S o+t —2ycoth20=—1. ,........... (ii)

The curve (i) for any constant value of u gives a circle
through the points (0, £1). Also (ii) is similarly another
set of coaxal circles through the imaginary points (++/= 1, 0).
Also clearly (i) and (ii) satisfy the condition of Art. 182,

12. The equation of any circle cutting the first Lwo
circles orthogonally is, by Art. 192,
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B+ Y =2y —c=0. ,irvrerrnnrenrares (i)
This cuts the third orthogonally if —2\k=a—c. [Art. 182.]
Hence (i) becomes % (#* + ¥*) + (@ — ¢) y — ck = 0.
Aliter. The radical axis of the first pair of circles is
2= 0, and that of the first and third is
(29 —2h)x—2ky +¢— a=0,
so that the radical centre is (O, c_‘)—_ku ¥

The equation to the circle required is therefore

—a\?
(z—0)*+ < - ‘i‘) k_a, = square of the tangent from the
radical centre to either circle
c—a\®
=0+ ( 5% ) +0+e,
.. (2 +9y) e+ (@a—c)y—ck=0.
13. Let (A, &) be the centre and » the radius of the
required circle.
Then a*+ =8+ =(h—c)*+ =1+ (k-D),
2 2
whence 2h=¢, 2k=56, and r'"-—-cz+%—a'~'.

The required circle is thus 2® + 4* — cx —by + a*= 0,
14. Two of the radical axes are 3z — 4y + 12= 0, and
@—2y+10=0. Whence, solving, the radical centre is (8, 9).
The length of tangent to either circle from this point
= /149, .. the required equation is (z — 8)%+ (y = 9)*= 149,
15. The radical axis of (i) and (iii) is
2(b+c)x—2by=(b+ 2c) (a+10),
and that of (ii) and (iii) is
2(a+c¢) x—2ay =(a + 2¢c) (a + b).
a+b a—0b

Whence the centre is (a.+ b, 57> and radius = e

easily. Hence the equation reauired.



