Chapter 5. Continuity and Differentiability

Continuity

4 Marks Questions

1. Find the value of k,_so that the function f
defined below, is continuous at x =0, where
1-cos4x) .
F(x) = [——sz ), if x;tOl
k , Fx=0 " Allindia 2014C

Given function is

1— cos 4x :
f(x)z{(T), le?’-'O-

k, if x=0
Also, given f(x) is continuous at x = 0.
(LHL),_o = RHL),_, = f(0) ‘ ()
Now, LHL= lim f(x)
x— 0
. 1— cos4x
= |lim —
x— 07 8x
. 1= cos(— 4h)
= lim
h— 0 8h2
[putx =0 — h=-h, when x — 0, h— 0](1)
. 1—cos4h
= {im ——
h— 0 8h2
—I 2 sin® 2h
T h>0  8h2

.. 5 2
. lim SN 2h= s (sth) =1 )

h—>0 4k% h—»o\ 2h
Atx=0,f0) =k
Now, from Eq. (i), we have
LHL = {{Q) .
= 11=k=2k=1 (1

Hence, for k=1 the given function f(x) is
continuous at x =0. (1)
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S il when x< 0
X
2. 1ff(x) =4 a, whenx =0
. . , whenx>0
V16 +Vx — 4
and f is continuous at x =0, then find the
value of a. Delhi 2013C
Given,
1= cos 4x ;
———— when x< 0
x2
f(x) =4 a, when x=0

VX | when x>0

(W16 +x) - 4 '

Since, f(x) is continuous at x = 0.
lim f(x)= lim f(x)=f(0)

x—=0" x> 0"
. 1= cos4x
= lim ———
=0 X

=£(0) (1)

= |lim

Jx
=0 (V16 + vx) — 4



. 1-cos4(0-h
= [im

h— 0 © ~ hy?
= lim i = £(0)
h*°h6+¢0+ — 4
1- cos4h
= lim ———
h—0 h?
= lim \/E '16+\/ﬁ+4 =a (1)

50 fl6rvh—4 16+ 4h+4
=>|im25m 2h _ lim \/_(\f16+x/_+4)

50 hE o0 (16+h) —16
[+1- cos20=2sin’0 and (a + b) (a — b)

— az . b2]
. 2
=2 lim (Sm?'h] X 4
h—0 2h
; Vh(y16 + vh + 4)
= |lim = (1)
h—0 \[f_]

ST sinh
'h—>0 h -

= 2xMix4=416+J0 +4=2a
=5 8=4+4=a
. a=8 (1)
5 Find the value of k, for which
[ J1+kx—1—kx

_ X
)= 2x+1

g1 *
is continuous at x=0. All India 2013

Jif—1<x<0

if0<x<1



[J1+kx—\/1—kx

,if =1 x<0

- Given, f(x) = 2x ;
afi L f0<x<1
X—=1
is continuous at x = 0. :
Now, f(0)=2.0+1=i=—1 (1
0-1 -1
LHL= lim f(O-h)
h— 0
Tt J1-kh — 1+ kh
h— 0 —h
J1 kh — \[1+ kh x (\1- kh + 1+ kh)
h—>0 —h(\h kh+.\h+kh) (1)

i (=kh -+ kh)
= h0h (y1—kh + \[1+ kh)
[-(a+ b)(a—b)=a’-b%
= lim —2kh
h—0 —h(/1—kh + \/1+ kh)
2k 2k _ 2k _

I =
TS0 ickh+itkh 1+1 2

f(x)is continuous at x = 0.
; fO=LHL = 1=k
= k=-1 1)

(1)

4. Find the value of k, so that the function f
defined by

[k cos x

f(") = T — 2X

3 i =

A iF x#
is continuous at

Nia NS

HOTS; Delhi 2012C; Foreign 2011

() Afunction f(x)is said to be continuous at point |
| * x=gq,ifLHLat(x=a)=RHL at(x=a) =f(a). So, l
to find the value of k, we equate any one of LHL |

or RHL to f(a) and simplify it.




[k cosx . T

, if x#—

Given function is f(x) = { ® — 2X 2
3, If X = E

)

Also, given that function is continuous at
X=7/2.

.'.AtX:E,LHLzRHsz(E) )
2 9
Now, LHL= lim f()= lim KCOSX
T T T—2X
x—>-—2— X=—
A
kcosfg— 3o gt
| HL = [im \2__J _ [jm KN
h— 0 ‘m )\ h-=0m—m+2h
n-2|—-h
Lz

[putx=—g~—h, when x — ;, then hm—>0]'
k sinh

[ cos (E - 9) = sin 9}
2
m
-0 2h
i

= |
h
k sinh k [ . sinh }
=—|lim — =— |+ lim —— =1
Y h-=8 hH 2 h—-0 A

= LHL =k/2 (1)
Also, from the given function, we get
(-
2 (1/2)

Now, from Eq. (i), we have
LHL=f(-’5) > Kk_3
2 2

Hence, k=6 (1)



9. Find the value of a for which the function fis

[a sinE(x+1), x<0
defined as f(x) =

tanx—gsmx x>0
X ,
is continuous at x = 0. Delhi 2011
Given function is
[a sinE (x+1), x<0
f(x) = 2
tan x — sin x s
x3 r
Also, given that f(x) is continuous at x = 0.
LHL = RHL =f(0) ) (1)
Now, LHL= lim asinZX(x+1)
x=—= 0"

LHL = lim a sinE(—h +1)
h 2

-0

[putx=0—-h=-Ah]

. In(=h+1)
asin|—
= [im 2 -xn{_h+1)
h—0 Ekh +1) 2
2
*» multiplying numerator and denominator by |
n(-h+1)
2 y
iy SR ENHY) [ lim 20X _4
h—0 2 x=»0 X ]
- LHL:%TE [puth = 0] (1)
Now, RHL= [im 2NX—8hX
x— 0t : X3
Put x=0+ h=h, we get
sinh .
—sinh

RHL = lim tanh — smh= e cos h
h—0 h h—0 K3

cin h . cinh A~k i k1 e b




DIV IE = eI AJIDI SHILHI\ — LUdI

= |im

= = [im >
h—0 h COSh h—0 h COSh
. sinh ,. 1-cosh .. 1
= lim ——- lim . lim
h-0 h h->0 h?  h->0cosh
— 13 i 3—(:05h)<1
h—0 h2
{ lim Sl—nf-?-=1and lim LN =]=1
h-0 h h—0cosh cosO 1
I 1-cosh
= lim
h—=0 h2
2 sin? h 2
= lim [ 1- cos x = 2 sin® —]
h—0 h2 2
. 2 h
2 X sin? h sin’ 7
= i 2 — |lim Zx lim
_fll-reno (hZ ] haD 4 h=30 R
__x4 g A
4 4
[- multiplying numerator and
denominator by 4]
sin-’l :
=lxlim 2 .—-l>(1><1
2 h->0 h 7
2
[ lim 5‘“"=1] (1)
x—0 X
1
= RHL=—
2
Now, from Eq. (i), we have LHL = RHL
gl => .a:n:=1:»a=l (1)

2 2 T



6. If the function f(x) given by
3ax+b, if x>1
fix) = 11, ffx=1
Sax - 2b, ifx<1
is continuous at x = 1, then find the values of a
and b. Delhi 2011; All india 2010
The given function is
3ax+ b, if x>1
f(x) = 11, if x=1
5ax—2b, if x<1

Given that f(x) is continuous at x =1

LHL = RHL = f(x) sodld
Now, LHL= lim f(x) |
x— 1"
= lim (5bax-2b) (1)
x—=>1

LHL = lim [5a(1—h) —2b]
h—0

[putx=1-h, whenx— 1 h— 0]
= lim (5a- 5ah-2b)

h—0
=h LHL=5a-2b [puth=0](1)
Now, RHL= lim (3ax+ b)

x—1F

RHL = F!im0 3a(1+h + b]

[put x=14+h, whenx— 1, h— 0]
= lim (3a+3ah+ b)

h—-0
= RHL=3a+b [puth=0]
Also, given that  f(1) =11 (1

Now, from Eq. (i), we have
RHL = f(1)



= 3a+b=11 . (i)
and LHL = f(1)
= 5a—-2b=11 ...(in)
On multiplying Eq. (ii) by 5 and Eq. (iii) by
3 and then subtracting, we get

15a+5b =55

15a—6b =33

o v

11b=22
=2 bh=2
On putting the value of b in Eq. (ii), we get
33+2=11= 3a=9=a=3
Hence, a=3andb=2. (1)
¥. Find the values of a and b such that the
following function f(x) is a continuous function.
5; x€2
flx) =3ax+b, 2<x<10

21,  x210 Delhi 2011




Q) The given functlon is continuous that means f (x)
is continuous in its domain [2,10], so we taheg
x = 2and x = 10 to check continuity and then find|
aand b.

The given function is

5 x5 2
flx)=<ax+b, 2<x<10
21, x=210

Also, given that f(x) is continuous at x =2 and
atx=10.

By definition,
LHL = RHL = f(2) coill)
and LHL =RHL = f(10) i) (1)

Now; first we calculate LHL and RHL at x = 2.
LHL= lim f(x) = lim 5

: x—= 2" Xx— 2"
=% LHL=5
and RHL= lim f(x)= lim (ax+ b)
Y il x— 2%

RHL=lim a@+h+b =lim (2a+ah+b)
h—=0 h—0

[putx=2 +h, whenx— 2,h— 0]

=2a+b [put h =0]
From Eq. (i), we have
LHL = RHL

= 2a+b=5 ... (1)

Now, we find LHL and RHL at x =10.
LHL= lim f(x)= lim (ax+ b)

x— 10" x=10"



LHL = fl}imo[a(l(} —hy+ b]

[put x =10 — h, when x— 10, h— 0]
=lim (10a - ah+ b)

h—0
= LHL=10a+b [put h=0]
and RHL = 1im+ f()= Iim+ 2E21
Now, from E:?ii), we H‘:Kéo
LHL = RHL
= 10a+ b =21 LL(1v) (1)

On subtracting Eq. (iv) from Eq. (iii), we get
-8a=-16 =>a=2
On putting a =2 in Eq. (iv), we get
20+ b =21
= b=1
Hence,a=2and b =1 (1)

. Find the relationship between a and b, so
that the function f defined by

ax+1, if x<3
fx) = .
bx+3, if x>3

is continuous at x = 3. All india 2011



ax+1ifx<3
bx +3,if x>3

Also, given that f(x) is continuous at point x = 3.
LHL = RHL ={(3) L) (1)
Now, IHL = lim f(x) = lim (ax+1)

x—3 x—3"

LHL = lim [aB—-h) +1]
h-0

. The given function is f(x) = {

[putx =3 —h, when x— 3,h— 0]

= f!imo(3a —ah+1)
= _ LHL=3a+1 [puth=0] (1)
RHL = lim f(x)= lim (bx + 3)
g3 x—=37

RHL = rl‘imo [b(3+h+3]

[put x =3+ h, whenx— 3,h— 0]

= lim (3b+ bh+3)
h—0

= RHL=3b+3 [puth=0] (1)
From Eq. (i), we have
LHL=RHL = 3a+1=3b+3

= 3a - 3b =2, which is the required relation
between a and b. (1)

9. Find the value of k, so that the function f
kx+1,iffx<n

defined by f(x) =
et y 1t {cosx,ifx>n:

is continuous at x = . Foreign 2011
kx+1 if x<m

The given function is f(x) = { _
cosx, if x>m

Also, given that f(x) is continuous at x = .
LHL = RHL = f(=x) A1) (1)



Now, LHL= lim f(x) = lim (kx+1)

X—n X—T
LHL = lim [k (x—h) +1]
h—=0

[put x =1 — h, when x> =, h— 0]

= lim (kmx—kh+1)
' h—=0
=k®+1 [puth=0] (1)
and RHL= lim f(x)= lim cosx
x=>rt x—>mt
RHL = lim cos(w + h)
h—=0
[put x = & + h, when x = m, h— 0]
=COST [put h=0] (1)
= -1 _ [ cosm=-1]
Now, from Eq. (i), we have
LHL = RHL
= kr +1=-1
=4 kg =-2
k=2 ()
T

10. For what values of A, is the function

2 :
) = A (x4 —2x), |-f x<0
Lx+1,if x>0

is continuous at x =07 Foreign 2011



The given function is

2 - <
m={x (x 2x),ffxﬁ0
4x+1 ,if x>0

Also, given that f(x) is continuous at x =0.

LHL = RHL = f(0) ()
Now, LHL= ling fo)= lim A (x2—=2x (1)
x—= 0" x— 0
LHL = lim A (h* + 2h)
: h—0
[put x=0—-h=-h, whenx— 0, h— 0]
= A (0) [puth=0] (1)
=10
and RHL= lim f(x) = Iin; (4x+1)
x— 0% x— 0"

RHL = lim (4h+1)
h—=0

[put x=0 +h=h, when x—= 0, h— 0]
=3 RHL=1 [puth=0](1)
Thus, LHL=#RHL

~ Butitis given that LHL=RHL [from Eq. (i)]
Therefore, we get a contradiction.

Hence, there doesn’t exist any real value of A
for which f(x) is continuous at x =0. (1)

11. Discuss the continuity of the function f(x) at
x =1/2 ,when f(x) is defined as follows:
A2+ x DEx<l)2
=4 1, x=1/2
3f2+x, 1ld<xsl Delhi 2011C

<> Here, we find LHL, RHL and f (E} If

e ans

2
LHL =RHL = f(%), then we say that f(x) is

. 1
continuous at x = 2 otherwise f(x) is

discontinuous at x = E

S



: .
l+m O£x<l
2
f=4{ 1, By
2
E+m J—<xs1
2 2

We have to chec_k continuity of f(x) at x = 21 :

(1

Now, LHL= lim f(x)= lim (2l+x)
17 1

X— - Xy
2
LHL = fim (l+l—h)
h—-0\(2 2
1 1
[putx:——h,whenxe—,hAO]
2 2
= lim (1-h)
h— 0
=1 ' [put h=0] (1)

[putx=2l+h, when x — 2l,h—>0]

=lim @+h =2 [puth=0]()

Now, we know that a function f(x) is said to be

continuous at point x = a, if
LHL = RHL = f(a).

Here, LHL# RHL at x=1/2 .



Hence, t(x) is discontinuous at x = — . (1)
_ 2

12. Find the value of g, if the function f(x) defined

by
2r—1, %<2
f(x): i ¥=2
x+1, x>2

is continuous at x =2
All India 2011C; Delhi 2009C

2x-1 x<2
Given, f(x) = a8, X=d
X+1 x>2

is continuous at point x = 2,

By definition of continuity of a function at a
point, we have

LHL =RHL =1(2) ssll) A1)
Now, LHL= [im f(x) = lim 2x=1)
x— 2" X—= 27

= LHL=lim [2(2-h) -1]
h—=0

[putx =2 —h, when x— 2, h— 0]
-—-h!im (4-2h-1) = lim 3-2h
— 0 h—= 0

=4 [puth=0] (1%)
Also, from the given function, we have
f2Q)=a (1/2)

On putting the values of f(2) and LHL in Eq. (i)
we get ’

As=ig -
- g (1
13. Find the values of @ and b such that the
function defined as follows is continuous.
X+2, x<2
f) =3ax+b, 2<x<5
3x-2, X25 = pelhi2010,2010C



X+ 2, xs 2
. Given function is f(x) ={ax+b, 2<x<5

3x -2, x25
Also, given that f(x) is continuous at x = 2 and
X=5
. By definition of continuity, we get

LHL=RHL = f(2) pusli}
and LHL = RHL = f(5) okl
First, we find LHL and RHL at x = 2. (1)

LHL= lim f(x) = lim (x+2)

x— 2 x— 27

= LHL=Ilim@2-h+2)
h— 0

[put x =2 — h, when x — 2, h— 0]

= lim (4-h)
h—=0
= LHL=4 [put h=0]
Now, RHL= lim f(x) = lim (ax+ b)
x=» 2" x=y 2"

= RHL= Aimn[a(Z +h) + b]

[put x=2 +h, when x— 2, h— 0]
o hlimG(Za + ah+ b)

= RHIL.=2a+bh [put h=0]



From Eq. (i), we have

LHL =RHL
; 2a+b=4 Wiy (1)
Now, we find LHL and RHL at x = 5.

LHL = lim f(x) = lim (ax+ b)

x— 5 x—= 5
= LHL = liim0 [a(5 — h) + b]
[putx=5—h, when x— 5,h— 0]
= lim (5a — ah + b)
h—0
= IHL=5a+b [put h=0]
and RHL= lim f(x)= lim 3x-2)
x— 5t sy BF :

= [im [3(G+h -2]
h-0

[put x=5 +h, when x— 5, h— 0]

=l!i_r9n0(15+3h—2)
= RHL=13 [puth =0]
.. From Eq. (ii), we have
LHL =RHL
== 5a+b=13 ...(iv) (1)

On subtracting Eq. (iv) from Eq. (iii), we get
-3a=-9 = a=3

Put a =3 in Eq. (iv), we get

| 15+b=13 = b=-2 _

Hence, a=3 and b=-2 (1)

14. For what value of k, is the function defined by

k(x? +2),if x<0
3x+1, ifx>0

Also, write whether the function is
continuous at x = 1. Delhi 2010, 2010C

, continuous at x =07

fx) ={



The given function is ‘
2 .
53 ={k x?+2), if x<0

3x+1 if x>0
Also, given that f(x) is continuous at x = 0.
; LHL = RHL = f(0) ..(i) (1/2)
Now, LHL= lim f(x¥= lim k(x*+2)
x— 0 x— 0
= LHL = lim k(% +2)
h— 0
[putx=0 ~h=-h, when x— 0,h— 0]
= lim (kh* + 2Kk)
h—0
= LHL = 2k [put h=0] (1/2)
and RHL= lim f(x)= lim 3x+1)
x— 0 x— ot
= RHL = lim Gh+1)
h— 0 ;

[put x=0+h=h, when x— 0,h— 0]
= RHL =1 [put h=0] (1/2)



Now, from Eq. (i), we have
LHL=RHL = 2k=1

1
k=— 1/2
= : (1/2)

Now, we check the continuity of the given
function f(x) atx =1
LHL = lim f() = lim Gx+1)

x—1 il

— LHL = lim [3(1=h) +1]
h—0

[put x=1—h, whenx— 1 h— 0]

= lim 3-3h+1)
h—0
=4 [puth =0](1/2)
RHL = lim f(x)= lim Gx+1)
x— 1 x—=1F

= RHL = j'!imo[?.ﬂ +h) +1]
[put x=1+h, whenx— 1, h— 0]
= lim [3+3h+1]
h—0
=4 [puth = 0] (1/2)
and f(1) = 4 from given function.

-+ Atx=1 LHL = RHL = f(1)
Hence, f(x)is continuous at x=1 (1)

15. Find all points of discontinuity of f, where fis

defined as follows:
Ix|+3, x<-3
fl) =4 —-2x, -3<x<3

6x+2, x=3 Delhi 2010



Flrstly, verify continuity of the given function at |
* x=-3and x=3. Then, point at which the given |
function is discontinuous will be the point of
discontinuity. 5

| 5
|
1
|
l
i

|x|+3, x<-3
The given functionis f(x) =4 —-2x, —-3<x<3
6x+2, x23

First, we verify continuity at x = — 3 and then at
X =3.

Continuity at x=-3

LHL= lim f(x= lim (|x]|+3)

x—=(=3) x—=(=3)

—LHL= lim (|]-3-h|+3)
h—>0

[put x=-3-h,

when x— -3, h— 0]
=|-3|+3 [put h=0]
=3+3 [ |-x]=x VxeR]
e (1/2)

RHL= Ilim f(x)= Ilim (-2x

x—(=3)" x— (-3)F



= RHL= ’L!imo [-2 (=3 +h)]

[put x=-3+h, when x— -3, h— 0]

— f!imo 6 —2h)
— RHL=6 [put h=0] (1/2)
Also, f(-3)=valueof f(x) atx=-3
=|-3|+3

=3+3=6[]-x|=xV xeR|(1/2)
LHL =RHL = f(-3)

f(x) is continuous at x = —3.50, x = — 3 is the
point of continuity. (1/2)

Continuity at x = 3
LHL = lim f(x) = lim -2x

Xx—3 x—=3

— LHL= lim =23 -Ah)
h—-0

[putx =3+ h whenx— 3, h— 0]
= lim (-6 + 2h)
h— 0

= LHL=-6 [puth = 0] (1/2)
and RHL= Ilim fxX= lim (6x+2)
x— 37t xug 3T

- RHL = lim [63 +h) +2]

I[pUtX=3—h, whenx— 3, h— 0]

= |lim (18 +6h+2)
h—=0

=y RHL=20 [puth = 0] (1/2)
LHL # RHL

As f (x) is a polynomial function in a given

interval, so it is continuous in a given interval

but f(x) is not continuous at x=3. So, x =3 is

the point of discontinuity of f(x). (1)



16. Show that the function f(x) defined by

[ sin x
Tl pcnsx ; X>U

X
f(x) = 2 , x=0

41 - 1_X}-, x<0
X

is continuous at x =0. All India 2009C

To show that the given function is continuous
at x =0, we show that

(LHL), - , = (RHL), _ o = f(0) i) (1)

Now, given function is
[

sin x _
+cosx, x>0
x v ’ .
f(x) = < 2, - x=0
41— J1—x)

, x<0

X

[HL= T Tl T oM

x— 0" x— 07 X




h— 0

= L HL = lim 4l - 0“1_;0_h)]

[putx= 0 —h, when x— 0,h— 0]

: 4[1—,/1+h]

= lim
h— 0

= lim 4[I—ﬁ/1+ ] 1+ 1+ h
h-> 0 1+ +h

. 4M)—uh+)1
= 1im
h=0  —h[l+ 1+ h]

[s(@a—b)(a+b)=a’-b?

e T 4[1- 1+ h)]
Ao 0 ~h[t+ {1+ h]
= lim ¥4 = lim ————
h—->0-h[1+,ﬂ+ ] h—>0 1+ J1+h
4
e [puth=0
1+\/_ 2 P ]
= LHL=2 (1)
Now, RHL = lim f(x)= lim (ﬁ‘-’fmosx)
x— 07 x— o X
= RHL = lim (ﬂ-i-coshj
h—- 0 h

[putx=0+h=h, when x—>0,h—> 0]

sinh
_fLOT+g|_r)nOcosh [put h=0]

=1+ cos0° [ lim ﬂn--f—]=1]
h—= 0 h

=1+1 [ cosO =1]

= 2 (1)

Also, given thatatx=0,f(x)=2 = f(0)=
Since, (LHL, _ = (RHL),_,=f(0) =
Hence, f(x) is continuous at x = 0. (1)



17. For what value of k, is the following function
continuous at x =27

el , el

3x-1, x>2 Delhi 2008
Do same as Que 12, [Ans. k = 5]

15. If f(x) defined by the following, is continuous
at x =0, then find the values of g,b and c.

sm(a+1)x+smx, i ol
X
fx)=4 - c , Ifx=0
\/;-bxz—\/; '
! 37 . x>0

HOTS; All India 2008
Given funqtion is

sinfa+1)x+sinx .
; , ifx<0
f(x) =< e ,ifx=0
X+ bx? —Jx !
P , ifx>0
Also, given that f(x) is continuous at x = 0.
(LHD), _, = (RHL),_, = f(0) ...(i)
Now, LHL= lim f(x
x— 0

sinfa+ 1) x+sinx

= |i

x— 0 X |
CLHL = fim Sinl=@+D A+ sin(h
h->0 _h

[put x=0—-h=~-h, when x— 0,h— 0]
e sinfa+1)h-sinh
h—=0 "
[ sin(—6) = — sin 9]
— lim sin(a+1) h+sinh
h— 0 h

2 sin[@*VR+A] o [@+Dh=h]

“



= |i L = d L < |
-hino h

[ sinC +sinD =2 sin(C h - COS (< ; D)]

. ra+nh+h] Wa+nh—h]
2 sin| S erem o | €OS| e e

2

r—

X h

(a+1)h+h
X

2
(a+1)h+h]

2

2

o Pa+ﬂh*4f

[multiplying and dividing by

i 2 hla+1+1]
= Hm »
h— 0 h 7

sinl(a +h + h]

. T 2 -
170 @rhsh
3 2 ]
2(@a+2) Fa+nh—h]
OS5 |—————————
2 | 2
=(a+2) cos0° [put h = 0]
=(a+2)x1 [ cos0° =1]
=a+2 o (1%2)
£ — \/;
RHL = lim fo)= li VX
x——langJ' o x-)n{;L bx3 /2

= |lim
h—0

[ 2 _
=5 RHL = lim Ll vh
h— 0 bh3f2
[putx=0+h=h, when x— 0, h— 0]

Jh(+bh) —+h

lim
h— 0 bh3?

—
—



i Jh [J1+ bh -1] o 2 o R
h-0  bvh-h

o “Ei \/1+bh -1
h— 0 bh

. Ji1+bh=1 J1+bh +1
= lim Wl

h—0 bh 1+ bh +1
[multiplying and dividing by /1+ bh +1]

~ i (J1+ bh)* - (1)*
h—>flblf1[J1+t)J‘7-i-1]

[.(a+b)(a—b)=a’-b?
1+ bh-1

. iy
h— 0 bh [,/1 + bh +1]

= lim
jt?I-ﬂ‘ﬂ'bh[t' h+1]

V1
1

= lim
h=0 1+ bh +1
1 1 '
= RHL=——=— uth=0
1+1 2 Ip ]
Now, from Eq. (i), we have
LHL =RHL
1

>
9

(1%2)

=% a+2=

2 = a=-——
2 2

Also, given that f(0) =

Again from Eq. (i), we have
RHL = f(0)

= c=1/2

= 4=

Hence, we geta = — % = % and b may take
any real value. (1)

NOTE Here, we cannot find any real and unique

cebeie L ik at mmmmn b mns bbb mmns vaal vialiia T A



vaiue Or D UldL [iedns U Hidy tdKe diy 1edl vaiug, I1.c.

beR.

5x — 4, when 0<x<1
4x3 —3x, when 1<x<2

19. Show that f(x) = {

is continuous at x = 1. Delhi 2008C

Given function is
5x—~4, when 0<x<1
f(x) = 5
4x” — 3x, when 1< x< 2

To show that f(x) is continuous at x = 1, we need
to prove

LHL,_,=RHL, _, = f(1) () (1)
Now, LHL= lim f(x)=lim (5x— 4)
x—1 -1

= LHL = lim [5(1-h) - 4]
h—=0

[putx=1—h,whenx— 1, h— 0]
= lim (5—5h—4):gim0 (1-5h)

h->0
LHL =1 [puth=0] (1)
RHL = lim f(x) = lim (4x° —3x)
x—s1F TN

= RHL:’!imO [40+hH° -301+h)]

[putx=1+h, whenx— 1, h— 0]

=41y -3 {) [puth=0]

= RHL=4-3=1 (1
Also, from given function,
f() =Value of f(x) at x =1

=> f1)=5(1) -4
[put x =Tin f(x) =5x — 4]

=5-4=1
Here, (LHL),_,=(RHL),_,=f(1) (1)

Hence, f(1) is continuous at x = 1.



20. If the following function f(x) is continuous at
x =0, then find the value of k.

1 — cos 2x %0
f(x) — 2x2 k . .
k, x=0 All India 2008C

Do same as Que 1. [Ans.k =1]



Differntiability
1 Mark Questions

1. Write the derivative of sinx with'respect to
Delhi 2014C

COSX.
Letu = sinx
On differentiating u w.r.t. x, we get
d_u = COS X (i)
dx
and V = COS X
On differentiating v w.r.t. x, we get
By = —sinx (ii)
-
Now: du _ du o dx
dv dx dv
= — S X1from Egs. (i) and (ii)]
sin x '
=> d_u = — cotx (N
dv

2. Ifcosy = xcos (@ + y), wherecosa #+ 1,
cos?(a + y)

prove that ) -
dx sing

Foreign 2014



Given, cosy = x cos(a +y)
COSy
cos(a +vy)

= X =

On differentiating both sides w.r.t. v, we get
cos(a+y) d— (cosy) — cosy d [cos(a + y)}
dx dy dy
dy cos’(a +y)
[by using quotient rule]

dx _ cos(a +y) (= siny) ~ cosyl-sin(a +y)]
dy cos’(a +y)
_ Cosy sin(a +y) — cos(a +y) siny

cos?(a + y)
_sin@ty-—y)
cos*(a + y)
[ sinA cosB — cosAsinB = sin(A — B)]
dx  sina
dy cos’(a+y)
2
5 dyzcos.(a—l—y} 1)
dx sina

Hence proved.

. fy =sin {x/1—x —ﬁw/l— x?}and

0< x< 1, then find i
dx

All India 2014C; Delhi 2010

{\) Firstly, convert the gwen expressmn in
; |

sin~![x V1- ¥ - l—x ] form and then pmcE

x=sin ¢and y = sin®. Now, simplify the resulting:
_expression and differentlate it.

Given, y = sin”' [x 1—x-«.rx\f1—x 1

Above equation can be rewritten as

y=sin"! [x /1= (vX)2 — Vx 1= x21



[+ x= (X7
Now, put vx = sin® and x = sin ¢, so that

8 =sin"" Vx and ¢ =sin' x, we get

y =sin"" [sin® 1—-sin’ O -
— sin @ /1-sin” ¢]

= y = sin”" [sin ¢ cos O — sin O cos ¢]
| [ \/:sinz X = COS X]
= y = sin™" sin (¢ — 6)
[ sin ¢ cosO® — sin8 cos ¢ = sin (¢ — 0)]
=  y=0-0 [ sin”' sin® = ]
= y=sin"' x — sin"Wx

[ ¢=sin""xand 6 =sin”" Vx]
On differentiating both sides w.r.t. x, we get
dy _ . . L X B (Wx)

= i e s =
dx \h _x2 J1-x 24x
d 1
— (WX =—
[ dx : 2 x:|
dy 1 1
Hence, —-=——nu_ - (1)
dx \'[1“— %% 2 alpex®
Alternate Method

l \) USE the formula,

' sin"tx—sin”! y=sin" [x\‘/'l ¥ —_y\,'l x?]

and then differentiate with respect to x to get
the required value.

y=sin~ [x.,ﬁ1~x- JX




=2 y=sin [xvl—(\/_\ \/_\/1——
 sin 1{x\/1— _y1-x? b =sin'x—sin'y]
Here, x:xandyzxf;
y=5in“1x—5in“1\&

On differentiating both sides w.r.t. x, we get

g}_/:i(qm x)—--qw(SII’l 1\()(
dx dx dx
= 9'__ = _—_1—-—- = 1 = —(')I_' (‘\’f;)
dx 1— 2 \"11 _ (\/;)2 dx
. dy _ 1 1
ax VF'_;;Z_ J‘I_:; 2\;'!;
. _ 11 (1)

4. Ife* +e¥ =e**/, prove that%’i+e""‘ =0,
X
Foregin 2014

Given, e +e" = """ ()
On dividing Eq. (i) by e*7”, we get
eV +e %=1 (i)

On differentiating both sides of Eq. (i) w.r.t.

oY (ﬂ]m**(-n:o
dx
dy =2 (y - x)
Rl — = e
= dx eV
= dy | =m0 (1)
dx

dx
x = ae® (sin® — cosB) and y = ae® (sin® + cos6).
All India 2014

5. Find the value of a9 at@ = -E-, if



Given, x = ae’ (sin® — cosb)

On differentiating w.r.t. 6, we get

ax _ a— [e® sin® — e’ cosh]
do

=3 gg (e? sind) — gé (e6 cos@)]

- al e® j—e (sin®) + sin® E;‘CLB (e%

MoF diﬂ (cosB) — cosH i (ee)]

L

de

% cos0]

cos9]

= afe® cos8 + e® sin® — e (— sin) — e
_ ale® cos® + e° sin@ + e® sin® — e

dx

= — =al2e° sin@] = 2ae” sin® .. (30)
do

Also, y = ae® (sin® + cos6)

On differentiating w.r.t. 0, we get

gl - al:_d_ (e? sin®) + ﬂ (e" COSG}]
9 do J



= a[ee d%(sine) - sinﬁgé(ee) + 8" %(cosﬁ)

+ cos6 _[j_ (eej]
de

= a[e® cosO + e 5in@ — €% sind + e® cos9]

= a2 e® cos]

— E'Z:Meﬁ cos9 (1)
0
Ko dy _ dy y do _2ae” cos®
dx do8 dx 2ae®sin®
[from Egs. (i) and (ii)]
= cot0
At Bzic—,,d—'v=cot—
4" dx
Hence, g‘_y =1 [ cot L I](1)
dx 4

6. Ifx=a (cost + log tan-;-), y =asint, then

2

evaluate d—g At
dx 3 Delhi 2014C



- {
Given, x = a (cost + log tan 2—)

and y = a sint. ..(0)

t
Now, %=4a (cost + log tan 5)

On differentiating both sides w.r.t. {, we get

dx d d t
=~ = a|— (cost) + -— log tan -
dt dt dt 2
=al-sint + —— j—(tan%)
tan — t “
i(u v)“ugz+v(—jﬁ]
X dx dx
i
=al-sint + ——-se ;_.t_g_(_t_)
tan - 2 dit\2
L 2 i
1 »t 1
=a4a -'Slnt“l‘—“wt—xsec EXE
tan -
i 2 i
=al|-sint + — —-1——><l
- sint/2 St 2
costf’Z 2 1
=al|—sint+ 1

2 sin . Cos =
2

- _

N . 1 . .
=al|-sint + ——-] [ sin20 = 2 sinB cos0]
i Sint

{1~ sin’t _, dx cos® t }
al] B =ad]— .. (i)
| sint dt sint

[ 1— sin’ @ = cos” 6]




and y = a sint
On differentiating both sides w.r.t. t, we get

d—y=acost (D
dt

dy
dy d_t _acost

dx dx 5 cos t
dt sint
[from Egs. (ii) and (iii)]

a cost "
= 5 X sint = tant
acost

Now,

On differentiating both sides of above
equation w.r.t.x, we get

:l (dyJ d — (tant)

dx \ dx dx
d dt d d dt
= — (tant e — fit
g [ g e dx}
2 ;
s g—y:secztx i
dx? a cos>t

d% sint sec’t
ﬁ —

dx? a
Now, on putting t —g we get
. Tt 4 T ‘\/5 4
SiN-—X sec” ~ — - X (2)
dy|  _773 3_ 2
dX2 . d d
3
o7 [3— X 16
= .
dx? a
2
Hence, d g = 873 (1)



. 1fX"y" =(x+y)" ", prove that oy _¥
dx x

Foreign 2014

Given, x"y"=(x+y)"*"

On taking log both sides, we get
log(x™y") = log(x + y)" * "
= log(x™) + logly") = (m + n) log(x + )

= mlogx+nlogy=m+n)log(x+y)
On differentiating w.r.t. x, we get

m+£dy=m+n(1+_c_fx)

x y dx X+y dx
m  (m+ )=(m+n_2]ﬂ
X X+y x+y y)dx
my+ny—nx—ny]dy _mx+my ~mx—nx
[ y(X+y) dx xx+y)

i dy [my—nx]zmy—nx
dx y %

dy _y

dx x

8. If x=acos® +bsinBand y =asin® — b cosH,

2
showthatyzu—xd—y+y=0.

dx? dx Foreign 2014

Hence,

(1)



Given,x =a cos8 + b sin® D)

and y=asinb— b cos6 sealll}
On differentiating Eq. (i) w.r.t. 6, we get

g—{z—asfn9+bc059

dé
On differentiating Eq. (ii) w.r.t. 8, we get
gx:acos@-i-b sin®
de _
Now, oy . O ng)_
dx do dx
A dy  acos6+ bsin®
dx —asinB+b cosO
Iy dy x |wx=acos®+bsin,
dx -y |y=asin0—-b cosb
dy dy 5 s
— G T —+x=0
4 dx 4 dx i

On differentiating Eq. (iii) w.r.t. x, we get
2
y ﬂ + (QJ +1=0

dx* \dx
2
= dy+dy .. +1=0 _dlf-zz_}i
dx?  dxly dx vy
d? d
20y y
bl ETS... PRV 1
m . dx? xdx+y D

Hence proved.

J1-x* |
9. Differentiate tan™ [ )w.r.t.

X

cosH(2x -./1 — x?), when x # 0. Delhi 2014

1—x§
.Letu=tan”1[ : }

-1
Put X=Ccos = 0=cos X

[ = eoo]

Fat

Then, wu=tan



] Cosu J

| Vsin?6 -1[5in81‘
= tan = fan
cos9 cos0

L

= tan ' [tan8] =0

- Uu=cos X [ x = cos8]
On differentiating w.r.t. x, we get
du _ 1

H; o V1 X2
Again, letv = cos™ 2x y1- x°)
Put x=Cos0 = 0=cos ' x
Then, v =cos '[2 cos8 /1 cos” 6]

= cos™ ' [2 cos8 sinB]

+ cos20 +sin‘0 =1
sin® = V11— cos* 9

= cos~ ' [sin26]
= cos™' cos(lt— -2 8) L
2 2
=5 V= x - 2 cos~ X
2
On differentiating w.r.t. x, we get
dv 2
dx J1-x?
du du _ dx
Now, = e
dv  dx dv
_ 1 V=X _ 1
1-x2 2 =
10. If y = x*, then prove that
d? _1 (d_y)z 4 i)
dx? y\dx) «x Delhi 2014



Given, y =x"

On taking log both sides, we get
logy = log x*

=4 logy = x log x

On differentiating w.r.t. x, we get

1dy d d
L =x—Il + 1 —.
=i M A
= lﬁ:xxlﬂogx
y dx X
= le’z:(‘lﬂogx}
y dx
gi:y(lﬂogx) ]
dx
Again, differentiating w.r.t. x, we get
d?y d dy
~ L=y —(1+] + 1+ =
dx? dx( b LR dx
d?y 1 dy
= E('E=yx;+“+l0g)()d—
d% vy dy .
— E{;2—:;+(1+Iog:'<)a (1))

Now, we have to prove that
2 3 2
gy, = (E’X] A

dx?  y \dx) x
3 2
LS = gy 1 (d_y) 4
dx? y\dx X
¥

=—+(1+Iog::c)id—y—l[yﬂ-Hogx)]2 _Y
X dx vy - X

[from Egs. (i) and (ii)]

=Y 0+ log x) y (1+ log x)
X

| [y2(1 +log x)%] - Y [frorh Eqg. ()]
y ; X

= y(1+ logx? — y(1+ logx)*=0 = RHS
g

Hence proved. (1)



11. Differentiate tan™ £ w.rt.
1 - x?

sin"t (2x +/1 - x*). Delhi 2014

Letu = tan™ 2
11— x?

Put x=sin®=>0=sin""x, then

u=tan™’ _ e }

_\H ~sin’®

tan” Fsine] .+ 5in%0 + cos’ B =1
= U =tan
| €00 || = cosh = (1—sin’0)

. y=tan'(an®) = u=0 = u=sin""X



On differentiating w.r.t. x, we get
du 1
dx . 1-x?

Again, letv = sin™' (2x /1= x?)

Put x=sin®=6=sin""x then

v=sin"" (2 sin® A1—= sin’ 0)

= v=sin" (2 sinB cos6)

= v=sin"'(sin20) = v=20
= v=2sin"'x.

On differentiating w.r.t. x, we get

dv. = 2 -
dx 11 “_‘xz
du du dx
Now, =— X
dv dx dv
du 1 1- x°
= s ¢
dv ) XZ 2
du 1
ol 1)
dv 2
1[1 i el
12. Differentiate tan‘l{ S ] w.rt.
sin™* 2 ,when x #0.
1+x Delhi 2014



f 2
Let u =tan™’ e =
X
Put x = cot® =0 = cot™’ x, then
- 1+ cot?0 -1
cotB
— tan"" Vcosec?9 — 1
cot 6
— tap~" cosec9 —1 - tan”’ 1—-5|ne
o cotf sin©
sin’ 29 + cos® g — 2 sin S cos g
= tan™"
" 8,0
COs“ — —sin” —
[ sin® x + cos? x =1]
( 9 . 9)2
COS — — sin -
= tan™' : Z

(’ o . 9)( 0 e)
Cos — + sin — [f cos — — sin —
2 2 2 2

=

[« a®-=b%=(a+b)(a-b)]



1 . . %
COS — — Sin — 1—tan -
= tan™" é é = tan™' g
COS — + Sin -- 1+ tan -

i 2 2 ] : 2]

[~ dividing numerator and denominator by

cos 06/2]
=tan”' [tan (n — EH
4 2

T 8 m cot'x
— U=l B
4 2 4 2
On differentiating w.r.t. x, we get
du 1

dx 2(1+ x?)

. g o 2
Again, let v =sin" x2
1+ x

Put  x=tan®=0=tan"'x, then we get

eoar| £ T8
V =SsIn F— 3
1+ tan“ 0

= v=sin"[sin20] = v=20 =v=2tan"'x

On differentiating w.r.t. x, we get

dv* 2 i)
dx 1+ x?
2
K, du_duxdx_ 1 ><l{1+><)

dv dx dv 20+x3) 2
[from Egs. (i) and (ii)]
du 1
= = (1)
dv 4
13. Ify =Pe™ +Qe™, then show that

2
4Y @ +b)-d—y+aby=0.
dx2 dx

All India 2014, 2009C



Given, y = Peax e erx (|)

On differentiating w.r.t. x, we get

dy d d b
!’ - P SR ax ST X
dx dx(e )+de(e )
- . Qb e ..(ii)
dx
Again, differentiating w.r.t. x, we get
d?y d d
Y _pa (e Liry bx
e adx(e ) + de(e )
=Pa(a e™ + bQ (b ™
= a%P e™ + b’Q ™ ...(iii)

2

d“y dy
Now,LHS = — - b)—= +ab
i dx* e )dx+a 4

On putting values from Eqs. (i), (ii) and (iii),
we get

LHS = a’P e™ + b’Q ™

—(a+ b)(@P e™ + bQ e+ ab (P e® + Q e

= a?P e + b2Q e — a%P e* — ab Q ™
—abPe®-b2Q e +abPe®™ +abQ e

=0 = RHS (1)
Hence proved.

14. 1f x = cost 3 — 2 cos*t) and d
| y

y =sint (3 — 2sin”t), then find the value of =

=12
inink: All India 2014



Given, x=cost (3 —2 cos’t)
= x=3cost—2 cos’t

On differentiating w.r.t. t, we get

9 _ S -2 st t-sintl
dt

— 9(35:-—3sint+6cosztsint a1l
dt

Also, y=sint(3 -2 sin’t)
=3 y=3sint —2sin’t

On differentiating w.r.t. t, we get

g/-=3costu2><3><5in21: cost
dt
— %=3cost—6sin2tcost (i)
— 1 2
. gngzxﬂ= 3 cost 6c05t251n t
dx dt dx -—=3sint+6cos“tsint
[from Egs. (i) and (ii)]
_ cost—2costsin’t
—sint +2 cos’t sint
At =
4
i cos ™ —2 cos " sin?
{_V} _ 4 4 4
dx |, _

. IE y M . X
— sin — + 2 cOos“ — sin —
4 4 4

ST 3k
1 1871y 1.t
555

X

g d
15. If(x—y)e*™¥ =a. Prove thatyé+x=2y.

Delhi 2014C



X
Given, (x—-y-e* ¥ =a

On taking log both sides, we get

X

log|(x—y)-e* ¥ |[=loga

=3 log(x —y) + loge™™” =loga
[ log(mn) =logm + logn]

: X
= logix-y)+——Ilog,e=loga

X
=% log(x —y) + ——=loga

[ log, =1]
On differentiating w.r.t. x, we get

% [logix —y)] + g“ ( > ] -9 (log a)

xx—y) dx
d
X—}/&(x_ )
(x—y)-q(x)—xd-(X—y)
+ dx dx )
2
] (x=y)
& Fui U%(v}-ﬂv:x-(u}
'Ei(?)z V2
- 1 .(1_y,)+(><~y)*x(12—y):0
Xy (x—v)
where, y’" =dy/dx
= xX=y(1-y)+x—-y—-x(1-y")=0
=3 yy' + x=2y=0
= ygx+x=2y (1)
dx

Hence proved.



16. If x = alcost + t sint) and y = a (sint — tcost),

d’y
lue of —=att =
then find the valu i £ Delhi 2014C

Given, x = a(cost + t sint)
On differentiating both sides w.r.t. t, we get

X ; .

9’_ = a(—sint +1-sint + t cost)
dt
dx

= e ateost
dt

and y = a (sint —t cost)

On differentiating both sides w.r.t. t, we get
dy

- = a(cost — cost -1+t sint) = at sint ...(i)

dy dy dt  atsint
dx dt dx at cost
Again differentiating both sides w.r.t. x, we

Now, = tant

get
d {dy} d dt
tant ) —
dx(dx) e
2
5 d—gzseczt- i sec’t _ sec’t
dx gx gtoost at
dt
Att = —
(%)
[(dYy g _ 2’4
dX2 . T 2R
X :
82

R — (1)



X—a

N ol R rove that
17. Ify =tan (x)+ og x\+a' p
dy _ 203
dx x*-a" All India 2014C

Given, y =tan™ (E) + log L

X X+a
;
gfa) oty
=tan" | — |+ log

\ X / X+ a

-1 F 1 -

= y=tan" [~ |+ —[log(x — a) — log (x + a)]

\ X / 2

m
[ log — =logm - log n]
n

On differentiating w.r.t. x, we get

dy 1 (—— a) 1] 1 1
dx a’ \x? 2|x-a x+a

H';E
[ 4 (tan™' x) = ] andi(logx)=l]
dx 1+ x2 dx X
_ -a a
_x2+a2+x2-—az
_-xa+a +xfa+a
x* = g*

[.-(a+b)(a—-b)=a’~b?

=% = (1)

Hence proved.

18. If x=a sin2t (1 + cos2t) and
y = b cos2t (1 — cos2t), then show that at

. dr)_E.
T 4'\dx) a All India 2014

(iven v — a cin 2 (1 L ~ac 74
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- X = asin2t (2 cos’t)
[+ cos20 =2 cos’0 — 1]
=3 x=2asin2t cos®t

On differentiating x w.r.t. t, we get

% =13 [sin 2t % (cos®t) + cos’t g; (sin ZE)]

=2a/(sin 2t {2 cost (- sint)}
+ 2 cos’t (cos 2t)]
=2a[- sin® 2t + 2 cos’t cos 21]
[+ 2 sinB cosB = sin20]
Also, y=b cos2t (1- cos 2t)
= b cos 2t (2 sin?t)
[ c0s20 =1~ 2 sin? @]
=2b cos 2t sin’t

On differentiating y w.r.t. t, we get

i}i =2h [cos 2t i (sint) + sin’t i (cos 20]
dt dt dt

=2b[cos2t (2 sint cos!)
+sin”t (= sin 2t) - 2]
=2b [cos 2t sin 2t — 2 sin®t sin 2¢]
dy _dy ot
"dx dt dx
ﬂ _2b[cos2tsin2t -2 sin’t sin 2t]
dx  2a[2 cos’t cos 2t — sin? 21]

Now

[ :
()(3)-+(3) ()

(Y (1) ()]




7" W2) ) )

r Sin — = cosE = -1—-1
| 4 2]
_E[0x1—1x1]
T a [1x0-1]
1)\
=£).(—1 | S|n£=1,cos—=01
d —T,a [ 2 J
. @] _b "
._dx t= 12 a
4
Hence proved.

19. If(tantx) +y©* = i, then find dy/dx.
All India 2014C

1 cot x

Letu=(tan” ' x)¥ and v=y

Then, given equation becomesu +v =1

On differentiating both sides w.r.t. x, we get
oL + 2148 0 1)
dx  dx
Now, u = (tan”' x)¥
On taking log both sides, we get

logu =y log(tan™" x)

On differentiating both sides w.r.t. x, we get

L A = ay log(tan™" X) + : 4 -
u dx dx tan™ x (1+ x°)
e B2 (tan”' )"
dx
dy 1 y .
— log(tan™" x) + (i)
[dx . tan~' x (1+ xz)]
Also, v =y“*
On taking log both sides, we get
logv = cotxlogy
On differentialting w.r.t. x, we get
1dv 5 cotx dy

= — rncec vinov +



LWL W L W ) AN I 4 .

vdx y dx
= % s [Pcosec2 xlogy + E%t-}-(%]...[iii)

On putting values from Egs. (ii) and (iii) in
Eg. (i), we get

.
(tan™' %)Y Q log (tan” ' x) + : L -

dx tan” x (1+ x) |

oy [— cosec’x logy + cotx dv| =0
y dx|

d)/ -1 Y s} cotx—1

= T [(tan™' x)” log (tan™ " x) + cotxy ]

X

- |: Y__(tan™'x)Y " = y*"*cosec’x log y]

- |:1_3i.._.2_ (tan”' x)¥ ~ ' = y*'*. cosec’x log y}
+ X

[(tan™" x)¥ log (tan™ ' x) + cotx y<'* |

- [13’2 (tan™' %)Y "' = yt* cosec’x log y]
+ X

[tan~" )Y log (tan™" X) + cotx y*'*~ 1]
| (M

4 marks Questions
20. If x=2cos8—cos20 and y = 2sin® —sinZb,

then prove that %}i = tan(i.i

X 2 ) Delhi 2013C



To prove, ﬂ = tan (-39)
d 2

X

Given, X=2cos®—cos20

and y=2sinB-sin20

On differentiating both sides w.r.t. 6, we get

gi =—-2sinB+2sin20
do

and &=2c059—2c0529 (1)
do -

dy _ dy / do _ 2(cos8 - cos 2 6)
dx dx/d6 2(—sinB+sin26)

) ?Sm(e(}ze) it (29 e)] .
2Lcos[ ;-] sin( - ]J

l—': cosC —cosD =2sin (C+D)s:n(D C]

and sinC—-sinD =2 cos(

)

sm(%) sin(ﬁ)
_ 2 <X 5 30 _
= (39) . (6) _tan( , ] =RHS (1)
cos| ~ |sin| -
2 < Hence proved.

21. Ify = (sinx)" +sin"2+/x, then find %ii

Delhi 2013C, 2009; All India 2009C

Given, Ly =(sinx)* +sin"'Vx (i)

Let u = (sinx)” (i)

Then, Eq. (i) becomes, y = u + sin”' v/x ...(iii)
On taking log both sides of Eq. (ii), we get

logu = xlog sinx (1)




On differéntiating bqth sides w.r.t. x, we get

ld_""_:xi(lo sinx) +lo sinx-i(x)
udx dx° 5

[by product rule]

= d_u = u{x X ;i(sinx) + log sin xﬂ)}(ﬂ
dx sin x dx

u sl X .
= — =(sinx)" | —— X cosx + logsinx
dx sinx

[from Eq. (ii)]

= 3—u=(sinx)”[x cotx + log sin x] :{IV)
’ X

On differentiating both sides of Eq.(iii) w.r.t.

X, we get

gy _du. 1 8.5 (1)

dx  dx \h_ (\x)? dx

= L (sin X)*[x cot x + log sin x]
dx
# L X 1 [from Eq. (iv)] (1)
VI—x 24 —
X
" =l ,then prove that
22. Ify xog(a+bx) p

2 2
x3 ..[_i_y = (X—'—-— — Y) '
dx? dx Delhi 2013C



2 N\ 2
To prove, X —d—fy = (x E{)_’ -~ y)
dx? dx

Given, ¥ X Iog( x ]
a + bx

On differentiating both sides w.r.t. x, we get

dy d X X d
— = Xx—-log +log — (X
dx  dx a + bx a + bx ) dx
[by product rule]
—|alam) ()
= X | e | e | o—— + I()g S 1
X |dx\a+bx a + bx
d 1
e = | — &
[ dx W x]

a + bx
= (a + bx) 2+ o) -—zx(b)} 5 Iog( e )
(a + bx) a + bx

[by quotient rule]

=(a+b : +Io( . )
(a x)[(a+bx)2] g_a+bx

dy X ;
= == + lo ONE
dx  a+ bx g(a+bx) Ak
dy ax X
Now, x — —y = l — |-
s “ax a+bx+xgg(a+bx) Y
ax X X
= + x log | - - xlog
a + bx a + bx a + bx
dy ax | "
Y e s (i) (1
:>de ¥ a + bx i 5

From Eq. (i), we have

dy a X
= + log | -
dx a+ bx a + bx

On differentiating both sides w.r.t. x, we get




dzy: -a_
dx?  (a+ bx)?

1 (a+bx)-1—x-b~>

+(_x ]{ (a+ bx)*

a + bx

- ab a+bx{a+bx-bx*
= + .

(a + bx)? X (a + bx)? g
—-ab a + bx a
B e - X
(a + bx)? X (a + bx)?
- ab 4 a 1
(a+bx)* xla+ bx
3 dz}/ _ abx3 axz
= X —5=- =
dx (a+bx)* (a+bx
[multiplying both sides by x°]
2
ax
=—"" { bx+(a+ bx
(a + bx)? { ;
ax
- (a+ bx)—2
2, 2 2
- X3dz= ax =(quy)
dx a + bx dx

[from Eq. (ii)] (1)
Hence proved.

23. Differentiate the following function with
respect to x.
(logx)* +x9* Delhi 2013

Lety =(log x)* + x 08X

On differentiating both sides w.r.t. x, we get
d)’ d |
i NI X + og
o {(log x)* + x'°&}

- % (log x)* + % (x'°8%)



=(log x)* cd [{xlog(log x)}]
dx

i i (log xlog x)
dx

[.. d = i(ylogu)] 2)

" dx dx

=(log x)*{x(—1) 1 +log(log X)}
log x ) x

+ x‘ogx[Z(log X) l:l

X
g log(log x) = o X 1
dx logx X

i-d (log xlog x)= = {(log x)%} = 2(log x) l:l
dx dx X

=(log x)"{% +log(log x)}

0g X
: 2(@}x'°gx )
X

24. If y=log[x+4/x’ +a?], then show that
2
2, 2d%y dy_
—Z +x—=0.
g )dxz dx Delhi 2013



Given, yzlog[x+ er_2+az]

On differentiating both sides w.r.t. x, we get

dY 1 d[ . »
e X+alx"+a
dx x+J ¥ ]
[ i(Ic::agx)xm—t,&c)](ﬂ
dx X dx

24x% + a?
_ 1 ><+\;><2+a2
x+4/x*+a’ | x*+a’
dy 1 VXS +at +x
= o T2 2| .2
OX xofx?4a? | 4xP+a
=» Y (Jx2+a?)=1
dx (1)

Again on differentiating both sides w.r.t. to x,
we get

X" et 7 8 (dx) —= mm(\/—

dx dx dx
=5 _*j}z/“( X +at)+—— =0 (1)
X 2Jx2+a‘£
d dv dujl
By (YO O Il L
dx dx dx
: 2
= (x2+a2)+i-§+xg-x=0 (1)
X ax

Hence proved.



25. Show that the function f(x)=|x~—3|,xe R,is

continuous but not differentiable at x=3.
__Delhi 2013

i€ ) FTI’S'C[)', to check the d|fferentlabll|ty of the§
function f(x) at x=3. Find LHD and RHD, if
LHD #RHD, then function is not differentiable
and then we check continuity of the function at.
x*Bby showmgLHL RHL = f( ) '

Given |x 3|

First, we check the differentiability of the given
function f(x) at x = 3.

LHD =f’(37) = lim f 3—h)—f(3)
h— 0 wai
[ Lf'(a) = lim fla- f’_)___]
h— 0 J
_ B-h-3-B-3
= lim
h— 0 -h
— Bl h
| I LA . |
_fl!—-?o —h figno h 1 [ 14 = X1

RHD:fmﬁﬁ=§@}f3f@*f@

I fla+h-fa)
|_' f'(a) = lim
h———>0 h
_|3+h-3]|-|3-3]
= lim L
h— 0 h
h
= lim ~— = lim —~—1 [ =X = x]1(1)

h-0 h h—»0h

Since, LHD#RHD atx=3
So, f is not differentiable.



Now, we check the continuity of the given
function f(x) at x=3

LHL = lim [x—3

x— 3

| :}!2110]3-—h—3| [put x =3 - h
- limj-H=0 »

RHL = lim [x-3|

PR

=limB3+h-3) = lim/h[=0 [putx=x+H]

and f(3) =3 -3|=0
Thus, LHL=RHL=f(3)
Hence, f is continuous at x = 3. (1)

26. If x=a sint and y=a(cost+logtan (t/2), then
2

- ’
L Dethi 2013



; { .
Given, y= a(cost +log tan 5] and x = a sint

On differentiating both sides w.r.t. t, we get

d_y =2 I (cost) + 2 (Iog tan E]
dt  dt dt 2

=5 gx:a —sint+—1——xg—(tan£]

dt (t ] dt
tan| —
i 7

= —=a|-sint + | xsecz(—t—)xl (1)
dt (t) 2 2
tan| —

=4a

=da

=g

—

—

=

F -

P

1

—sint +

. t
2 sin— . CO% -~
2 2

=

; 1 . . : t
-sint+—— " SsInt=2 sin—.Ccos—
sint 2 2

1-sin? t:l cos’ t
a

sint sint

[ sint+cos’t=1=>1-sin?t = cos> t] (1)



and % = g;(a sint)=a cost (1/2)
[_aﬂ%ft]
dy dy/dt sint
Now, = = —
dx dx/dt a cost s
d¥ d[dy] d
—=—1L1="(cott 1
dx? dx I:dx} dx G e
d dt 2. [ dt
= — (cott) X | — | =(— —
g (cott) x (dx) (— cosec t)(de
=—-(cosec2t).
a cost
2
__ cosec 1
a cost

27. Differentiate the following with respect to x
X+1 qx
sin‘l[2 '33‘].
1 +(36) | HoTs; All India 2013




' () Flrstly, put6" equal to tanG sothat it  becornes- to
| some standard trigonometric function. Then,
s simplify the expression and then differentiate by

i chain rule.

| 1+(36)°

af B
L1+(6%)"
= sin”" 2 :l &)
1+(6%)°

Puttan® =6 = 0 = tan (6

2-tan® ]

Let  y=sin""

Then, y=sin™"
4 (1+ tan’0

= sin ' (sin260) |+ sin 20 = _2@?_ 1)
1+tan“ 0
— 28
= y=2tan"' (6%

On differentiating both sides w.r.t. x, we get

2 2 i(ﬁx) '.'—q’—tan'1 NV ;

dx 1+ (6%° dx dx 5
(1)

et < = 56"-log6
dx 1+(6%
X+1 ax
=12 llogé (1)
1+(36)" |
28. If x=acos0and y=asin>0, then find the
d?y _T
Ve g All India 2013

. . 3
Given, x=acos’@andy=asin’ 0

On differentiating both sides w.r.t. 8, we get



e 3acos’ 0 a (cos )
do

=32 cos’ 0 (—sind)
= —332c0s°8-sinB (1)

and gX =3asin’0 jj_ (sinB)
de do

=3asin’0-(cosB) =3asin’0-cosd

o dy _(dy/d®
dx \dx/db
. 2
_ 3asin ?-cos@ — —tan®
—3acos”0-sinf (1

Again, on differentiating both sides w.r.t. x, we
get

d_x = — i(tane) de
dx? o) dx
= — sec’0- @
dx
=—sec’0- ;1
3acos“0-sinb
2
N d“y _ 1 )
dx* 3acos’©-sin®
At
2
o=F [9Y ’ 1
6 dX2 T T )
[9=g) 3a(cos-~) (sm—)
6
_ 1
o 4
3a(ﬁ] (1)
¢, 2
1 32




NN

29. If xsin(a + y) +sin acosfa + y) = 0, then prove

dy sin’(@+y)

W i All India 2013
. 2
T Do, dy _ sin .(a +V)
dx sin a
Given, xsin(a+y)+ sinacos(a+y) =0
-1 +
Lk g | smla cos(a +Yy) 1
sin(a+y)

On differentiating both sides w.r.t. y, we get
5 R

sin(a +y) a {sinacos(a +y)}
dy

—sina cos(a + ) B {sin(a + y)}
ax _ - dy
dy - sin’(a + )
[using quotient rule]
[sin(a+y)-sinasin(a+y) |
+sina cos(a + y) cos(a +y) (1)

sin?(a+y)

i

L.

e S0 {sin® (a+y) + cos’ (a+y)}

sin” (a+y)

=—"2 1 [+sin®8+cos?8 =T](1)
sin“(a+y)

.
" dy _sin“(a+y)

: Hence proved. (1)
dx sina

logx
30. IfxY =e* 77, then prove that W E

dx  (1+logx)®
dy _' log x

dx  {log(xe)}*
All India 2013, 2011, 2010



»() Flrstly, take log on both sides and convert it :nto%
§ *  y=f(x) form. Then, differentiate both sides by
| quotient rule to get required result.

e e e o e s

e s o £ g e e . e e e B

To prove, iy = g ;
dx (1+log x)
Given ¥ =g v

On taking log both sides, we get

ylog. x={(x—-y)log. e (1)
=  ylog . x=Xx-y [ log, e =1]
= y(+logx) =x
= S (1)

1+ log x

On differentiating both sides w.r.t. x, we get

dy (1+ logx) 3 (x) — xi (1+ log x)

e X dx
dx (1+|{:&gx)2
k uo‘v vdu-
d dx__ dx
5 1
dx( ) u? w

1
1+ logx — x-—
- X

"~ (+logx)?




_T+logx -1

(1+ log x)?
_ __logx > Hence proved. (1)
(1+ log x)
Also, it can be written as
dy - logx > [~1log. e =1]
dx (log, e+ logx)
- dy _ log x 2
dx {log(ex)}
2
31. If y*=e’~*, then prove that ﬂzw.
dx logy

All India 2013



dy (1+logy)?
dx log y
Given that y* =" *

To prove,

On taking log both sides, we get
logy* = loge'? ™
=5 xlogy =(y—-xloge
= xlogy =y—x [ loge=1]...()) (1)
On differentiating both sides w.r.t. x, we get

d d d d
(1 logy — (X) = — () — —
X dx(ogy}+ ogydx (x) ™ (y) ™ (x)
1 dy dy
Y logy 1=
= X 0 +logy g
(7]
= (1+logy)=—ZL{1-=
dx\ vy
i dy _y(+logy) (i) (1)
dx (y —x)

On putting the value of x from Eq. (i) in Eq.
(1), we get

dy= y(1+ logy) _ y 1+ logy)? 1)
dx yﬁ(._._)’i___) (y +ylogy —y)
1+ logy
_y(1+logy)?
~ ylogy
- dy=(1+!0gy)2 1)
dx logy

Hence proved.

32. If(cosx)’ =(cosy)*, then find g—}i
X

HOTS; Delhi 2012



) Flrstly, take Iog on both sides then dlfferentlate
both sides by product ruIe

e — |

Gwen (cosx)” = (cosy)*

On taking log both sides, we get
log (cosx)¥ = log (cosy)*

= ylog (cosx) = xlog(cosy)
[ log x" =nlog x] (1)
On differentiating both sides w.r.t. x, we get

y - — log (cos x) + log cos x - E_ (y)
dx

= X g; log (cos y) + log (cos y) % (x)

8 — (uv) = ug—‘i + vd—u:I (1)
dx dx dx
= y- j_j_ (cosx) + log(cos x)ﬂ
cos x dx dx
=X- —(cosy) + log cosy - 1
cosy dx
1 : dy
= y.——(—sinx) + log(cosx) - —=
COS X dx
1 . dy
=X ——(=siny)-— + log(cosy)-1 (1)
cosy dx
= -y tanx + log(cosx)& = —xtanyg}:
d dx
+log(cosy)

= [xtany + log (cos x)] gX- = log(cosy) + y tan x
X

dy log(cosy) + y tanx
dx xtany + log(cosx)

(1)

33. Ifsiny = xsin(a +y), then prove that
dy _sin*la+y)
dx sina HOTS; Delhi 2012



| ) In the given expression, we collect all the terms%
. * of yon RHS and a term x on LHS and then
| differentiate with respect to y on both sides to-
get required result.

Given, siny = xsin(a +v)
siny
— X e —
sin(a +y)
On differentiating both sides w.r.t. y,
we get

sin{a +v) -q-—(sin ) — sin d sin(a+ )
i y'dy ¥ y'dy y

dy sin‘(a+y)
[by using quotient rule] (1%)
_sin(@a+y) cosy—siny cos(a+y)

sin® (a + Y)
_sinfa+y-y)
© sinfa+y)
[ sin A cosB — cosAsinB = sin(A — B)]

(1%)

dx sina
= =—
dy sin‘(a+y)
.=
Hence, gy = .(a Y (1)
dx sina
Hence proved.

NOTE As theresultisin y form, so we consider here
x as a dependent variable.

34. Ifx=va" tandy =va "t then show

g O =¥
dx  x All India 2012
- L =1
Given, x=v¥a"™ ' andy=va™ *
dy
Toshow, —Y=Y
g X

_——
Nl s v — (310 I\VZ



vvvvv 7 A — \a i

On differentiating both sides w.r.t. t, we get

g2 T« d
_(asm 1/2 asm LY
dt 2 T m( )
[ i(x”)=nx”'1]
dx
:l(aSin t)—]fz aSII’] 1tlogai(5ln 1t)
2 t
d X X
v—(@)=a"log a
[ x| . ]
1. sn-t -1 1
\,zh(aSIn t)—1/2a t|Og&'
2 V1-t2
1 in~ 1 t,1/2 1
= (g™ 0¥ {ag 4.
2 Al <
d 1 Jasn ' -loga
= — =2 i) (1%)
dt 1-t?

And y = (a cos™! t)1/2

On d:fferentlatlng both sides w. rt t, we get
dy 1( cos E) -1/2 d (&

dt 2 dt
[ il X nx””]
dx

cos t)

" _21 (&COS_‘ t)—~1.f2acos"] t log a % (COS_1 t)
1 cos ! r) (_ 1}
2

12
log a -
V1=t
1 cos™ ¢t
- —+/a log a
5 g

o B (i) (%)
dt 1-t?

= —(a




On dividing Eq. (ii) by Eq. (i), we get

(dy) v1-t?
dy _\dt) _
o (g);\ 1 Vasn e log a
\dt ) L -
vi-t?
COs 1f
a y

sin~ 't X

(1)
[+ given Va®s 't = y and Yain 't = x]

Hence proved.

wf1+x2—1jlw
X

35. Differentiate ta n‘l[ rtx.

HOTS; All India 2012



(;) Firstly, put ¥ tan Band convert yin terrns of 9
- then putﬂ - tan” xand dlfferentlatew rtx. '

-1 V1+X2 -1
Let y = tan

X

Put x =tan® = 0 = tan™' x, we get

g g J1+tan?0 -1 (1)
tan0

o [sece =]

tan®

[+ 1+ tan? 0 = sec? @]

-

.
_1| cos©
sin©

Ccos 0

= tan

L. =

[ secO = L and tan9 = sme]
cos 9

cos 9
4l1= cose}

= fan

sin@
|_ 5
2 sin® B

=tan™"

2 sin—e cosg
2

['.'1— cosx = 2 sin’ e and sinx =2 sinicosf(—
2 2 2

= tan™" (tan g} = g [ tan™" (tan 0) = ¢

tan” ! x

5 [+ 0=tan"' ] (1%)

=5 Y=

On differentiating both sides w.r.t. x, we get
dy 1 1 d 1
— == (tan™' x
dx 2 1+x2[ dx = 1+x2]
dy 1
dx 201+ x?

Hence,

(1%)



36. If y =(tan"1x)?, then show that

2
(2 +122 Y p2x2 + )Y =2
dx ax Delhi 2012
Given, y = (tan™' x)?

On diffei'entiating both sides w.r.t. x, we get

9'£=Ztan"x. 1 {'.'itan"x= 1 ]

dx 1+ x2 dx 14 32
dy 2tan'x
=> —
dx T X*
= (1+x2)9'-—’f=2tan"x (1%)
dx

Again, differentiating both sides w.r.t. x, we
get

d (dy), dy d
1+ x° 1
Iy dx(dx] dx dx(+X)

= i(2 tan”' x) (1)

dx
= (1+x2)9'% 22: 2:'(—14_2}(2
[ g;(tan" %= 1 :XZ}
=  (1+x)? gi/-+2xdy(1+x2)=2
dx? dx
= (1+x2)2‘;T2’2’+2x(1+x2)%=2 (1%)

Hence proved.

2

37. Ify=xm-05x 1 X 1 then fing &
x“+1 dx

Dethi 2012C



2
sinx—cosx , X -1

Given, y=X F—g
X +1
Let = xsinx— COSX
2
x° =1
and V= —
x“+1

Consider TE=F e

On taking log both sides, we get
logu =(sinx—cosx) - log x
On differentiating both sides w.r.t. x, we get
1du

— ———

) 1 ]
={sinx — cosx) - — +log x - (cos x + sin x)
u dx X

g_l{:xsinx—cosx
dx

[sinx-— COS X

+log x - (cos x + sin x)]
X

(17%)

2 _
Now, (:a:;ms,iderwxmx2 1=T— 22
X“+1 X“+1

On differentiating both sides w.r.t. x, we get

2 d d 2
dV—O—(X ) @2)=2 0+

dx (x? +1)?
dv _{0 ~2 -2x] 4x

b = 1)
dx o +12 1 G &) s

=

dx dx dx
_ xsinxcosxl:sinx—- COS X
X

+ log x(cosx + sinx) + 24X =1 (1)
(x“+1)



38. If x=a(cost+tsint) and y=a (sin t—t cos t), then
2 2

find d_y and g g

dx? dt Delhi 2012C

Given, x = a(cost +t sint)

On differentiating both sides w.r.t. t, we get
| d—:=a(%5int+1-sint+tc05t) (1)

= at cost
Also given, y=a(sint—t cost)

On differentiating both sides w.r.t. t, we get

%: a(cost — cost -1+t sint) = at sint ...(i) (1)

dy
Now, gi: dt _ oL Sio = tant
dx dx  atcost
dt

Again, differentiating both sides w.r.t. x, we
get

2
E_"_X g (dy) a — (ta nt}(—ji—sec t ]
dx® dxldx) dt dx dx / dt
_ sec t secjt (1)
atcost at
Also,
d’ d ;
F=Ft(at sint)
= a(sint +t cost) (1)

39. Find ‘;—V, when y=x®* + 2x° -
X

x2+x+2

All India 2012C

) -3
Given, y=x“""+—
X“+x+2
2x% -3
Let U= CO'xandv—T-——-—
X +x+2

P aeonSallmarin o CORX



LUIniue u = x
On taking log both sides, we get
logu = cot xlog x
On differentiating both sides w.r.t. x, we get

1 du 1 2

— —=cotx-—- cosec’x - log x

u dx X
du [cotx 9 ]
—=Uu — cosec’x - log x
dx X

cot x
:xc"“‘( — cosec’x- log x) (1%)
X

2% B

Now, considerv=—
X“+X+2

On differentiating both sides w.r.t. x, we get
(X2 + X+ 2)(4x) — 2x* = 3)(2x +1)

dv
dx O 4+ x4 2)
4 +4x7 +8x— 4 ~2x* +6x+3
(x2 +x+2)°
2x% +14x+3
=— 5 (1%)
(X“+x+2)
Now, dy _ du 5 dv
dx dx dx
= x X (Cm X _ cosec? - log x)
X

2
+2x2 +14x+23 )
(X“+x+2)

40. Ifx=cost+|ogtan% and y=sint, then find the

2 2
values of-——{ and g——g— at t=£.
dt ax 4 All India 2012C



: t
Given, x=cost +log tan(zJ

On differentiating both sides w.r.t. t, we get




- sint +

1
2 sin(t)co{t)
2 2
1  —sin*t+1 cos*t

=—sint+-—= _ =— (1)
sint sint sint

[ 2 sin E cos 9 = sin 9j|
2 2

Also given, y = sint
On differentiating both sides w.r.t. t, we get

gy- = cost

dt

Again, differentiating both sides w.r.t. t, we
get

2
d_;/:_ sint (1)
dt
dy
dy _ gt _ cost _ sint
Now, = = tant
dx dx cos’t  cost
dt sint
On differentiating both sides w.r.t. x, we get
i_z_}ziz sec’t - @ = seczt-SI—r]l,t:sec" t sint
dx dx cos“t
2
T y . T 1
Att=—, —=-sin—=——= (M
4" di? 4 2
Atlt-E imsec4— Sin—
4" dx? 4 4
1 4
=W2)* ====242 (1)
J2 V2 -
41, Ifx\J1+y+yy1+x=0,(x= y) then prove
that Lo L
dx (1 + x)?

HOTS; Foreign 2012; Delhi 2011C



| {) Firstly, solve the given equation and convert |t
| * into y=f(x) form. Then, differentiate to get the
| required result. :

To prove, Efx = - L

dx 1+ x)°

Given equation is x \/1+y +y {1+ x =0,

where x#y, we first convert the given
equation into y = f(x) form.

So, XAT+y ==y J1+x

On squaring both sides, we get
X2 (1+)/)=y2 1+ x)

U

x* 4+ xly =y* +y’x

U

X2 —y? = y2x — x%



= X-yYX+y)=—-xyx-—y)
[ a®~b?=(a-b)a+b)]
X-yY)x+y)+xy{x—y)=0
x=y)(x+y+xy)=0
Eitherx—y=0o0rx+y+xy=0
Now, x—y=0 = x=¥y
But it is given that x # v.
So, we get a contradiction.

—
-

=y x —y =0 is rejected. §))
y+xy+x=0 =2 y(l+x)=-x
- Y= A0 (1)
1+X

On differentiating both sides w.r.t. x, we get

dy T+ x) X j (=Xx) = (—x) X --d- 1+ x)

_ X dx
- (1)
dx (1+ x)?
[ du dv |
y _O'_(g)z "
" dx \v V2
_ dy_0+% (=1) + x(1) )
dx (14 x)°
L dy _ el
dx (14 %2
dy -1
— = - (1)
dx (14 x)?

Hence proved

42. If x = tan G log y], then show that

2z
(1+x2)5’_§+(2x--a)511=0.
dx ax All India 2011



Given, x = tan [1 log y)
a

=4 tan”' x = i; log y
a

[-tan®=a=6=tan"' 4]
i

= atan x=logy
On differentiating both sides w.r.t. x, we get
1+x° y dx
d 1
vo—(fan X)) = ——
[ dx 1+ x?
2, dy
=¥ 1+ x°) —=ay (1)
dx

Again, on differentiating both sides w.r.t. x,
we get

(1+x2)-i(%)+£j-x—~q4(1+x2):d(ay)

“dx \dx dx dx dx
.d dv du
o i e o B o U
[ dx(u V) udx+vdx}()
2 :
= (1+x2)g——"/-+9'—-(2x‘)_~=a.g..)f
dx?  dx dx
2
= (1+X2)d—z+2xd—ymad—y=0
dx* . dx dx
d’y dy
= 14320 —L 0% ~a) =L =0 1
( X}dx2 (2% a)dx (1)
| 2
43. Differentiate x* ¥ + X * 1\t &

X =1 Delhi 2011



x° +1

letu=x"""*andy=’ ,then y=u+u.
x? =1
Now, find & and d_u Then, put these values |n
dx dx
Y _du, dv
dx dx dx
2
1
Let y=x""%+ XT——
x° -1
x> +1
Again let u=x""""andv=—
X*
Then, y=u+v
On differentiating both sides w.r.t. x, we get
dy du dv .
L=y i) (1)
dx dx dx
NOW, u= XX COS X

On taking log both sides, we get

log u = log x* “**
= logu=(xcosx) -logx [logm"=nlog m]
On differentiating both sides w.r.t. x, we get

J—E&:(;-:cosx)xi(lo X)
u dx ax 8
+ log x x — (x cos x)
dx

[by product rule]
1du 1 ,
= —— =XC0sX X —+ log x - [-x sin x + cOs X]
u dx X

v —(XCcosX)=XX—COSX+ COSX— X
dx dx dx

=X(=sinx)+ cosx-1
= — X SINX + COS X




1 du

= — — = C0s X — x log x sin x + log x cos x
u dx
du :
= — =u [cosx-xlog x sin x + log x cos x]
dx -
du ' ,
= — =x"“""[cos x — x log x sin x
dx
+logxcosX] [ u=x"“" (1)
2
e
and Vi
=1

On differentiating w.r.t. x, we get

dv _{x2—1) xi(x%n—(x2+1}xjx(x2—1)
dx =1}
[by quotient rule]
dv (x> =1)2x— (x> +1)-2x

e —
dx - =1V
2% —2x—-2x - 2x
(x* = 1)°
. dv _ —4x
dx  (x* -1)?
On putting values of %Li and —31 in Eq. (i),
we ggt * X
Y o yxcosx [cos x — x log x sin x
dx 4x
+ log x €os ¥] = —z—— (1%)
(" —1)
44. If x=0a (6 —sin6), y =a (1 + cos 6), then find
d’y

dx?’ Delhi 2011



| f”) Here, we use g'hain rule, i.e. if y=f,(®) and
; in 9
=it B,thenizi--——to et required value.
2 ©) dx df dx BRLE -

Given, x=a©®—sinB) andy = a (1+ cos )
On differentiating both sides w.r.t. 6, we get

(‘g:aﬂ—cose) [‘.'%sinE):cosB]

and gz:—a sin@ |- icos@:- sin 0 {(1)
do do

(dy)
dy _ .d6
dx (dx)
\d0
_—asin® _ -sin®

- a[1—cosB)—1—cosB




-2 sin-e'—cos?
= %= 2 2 =—(:ot9 (1)
® 2 sin® — £
2

=

s ein@ =2 singcosg
2 2

and 1~ cos6 =2 sinz—g—

L

Again differentiating w.r.t. x, we get
2
.d_y = .q ..d_.y] — _g_. (_ﬁ cot 9)

dxzw_d; dx ) dx 2

@ {-]] do
= | =0l — 1 X —
dﬁ\ dx

d d dol

—[f(O] =— f(0) x —

[ g 0= o @ x|

- —1— cosec? 9 5 1 (1)

2 a(l— cos0)

Lj_ cot 8 = — cosec’ 9
de

1

1 2 0
= — cosec” — X

<4 2 sin2 &
2

['.'1— cos® =2 sin’ —g ]

) A a (1)
44

45. Prove that
2

di{% Vol —x? + Ez—sin‘:l (i)J =4ja? - x*.
X

“ Foreign 2011



X |2 2 a

2
To prove di {X vV % X2 + Ei_ g,in“I (x]jl

2
LHS=§[X\/TX2+8 sin™! "]

X |2 2 a
x _d [ 2 2 2

=B e @™ X o] G —K
|:2 dx ¥ \/

- 1 U s



- T T A
Zda* — x* 2 2a g% = i
2

% o o2 42

= % + 4}
2 Jd® = x® 2 ZJaz—xz
—x? +(a* - x) + a’

2 q/a2 — %

2.&1‘2—2><2 2(a2—x2)
2\/a —x2 2113 - X"

— x°
=5 oz — @ Poxi=dat - x
(a X )

= RHS - Hence proved. (1)

46. Ify =log[x + /x* + 1], then prove that

2
e |l d’y + X b =0.
dx? dx Foreign 2011
Do same as Que 24.

[Hint put a =1in Que. 24]

47. Iflog(y1+x* —x) =y 41+ x?, then show

that(1+x2}-g—}i+xy+1=0.
X

All India 2011C

To prove, (1+x )@+xy+1-0

Given, Iog(«./1+x —X) =y 1+ x? ()

On differentiating both sides w.r.t. x, we get

! i[1/1+x2 - x]
1,/1+x2 _ x dx
dy

—y—\/H-x +\/1+x2 =

[by chain rule]

(1)



25 et L 94y
V14 %2 = x| 241+ x? X

A S f-j_(l+x)+ 1+ x° dy
2 1+ x% O dx

1 2X
sy —1
1}1+x —x[2 1+ x? ]

2.1+ % X

—
\/‘I+x2—x \[1-1-)(2
I S P
14 %2 dx
xy+(1+x2)d
N J_ Viext
= —1—xy+(1+x)i—
dx
= (1+x2)%x+xy+1=0 (1%)
X

Hence proved.
48. Ifx=a (@ +sin®)and y =a (1 — cos 8), then

d’y
find —=-
dx? All india 2011C



Given,

x=a@®+sinB) and y=a(1- cos6) (1)

On differentiating both sides w.r.t. x, we get
fi'{___ a(l+ cos9) |- 9'— sin@ = cos O
do do

and EfX:asin@ '.'icosﬁz—sinﬂ]
do de

dy _ dy/d6 __ a sin®
dx dx/d0 a(1+ cos6)

. 0 0
2 &in — CO5 —
2 2

2 cos? 9
2

: . X X
sin X =2 sin — COs —
2 2

X
and 1+ cos x=2 cosz—z—
1 ]

=5 ay = tan g (1)

dx



Again, differentiating w.r.t. x, we get

2
g_Z = _('i (ﬂ) - _(i (tan 9) (1/2)
dx? dx\dx) dx 2

do\ " 2/ dx 2 do\2) dx
=lsec29 ] (1)
2 2 a(l+cos9)
, 0 1
= — sac” — X 5
a x 2 cos® -
2
[1+c05x=2c052§]
=isec‘Lg (1%2)
4a 2

49. If y =a sin x + b cos x, then prove that

d w2
y2+[—y) =a2+ b2 |
dx All India 2011C; HOTS



{) Farstiy, we dlfferentlate the glven expressxon wuthg@
respect to x and get first derivative of y. Now, put:
the value of y and first derivative of y in LHS of
given expression and then solve it and get|
required RHS.

2
To prove, y*+ (ﬂ) = a% +b? woill)
dx
Given,y = a sin x + b cos x (i)

On differentiating both sides of Eq. (ii) w.r.t. x,

we get
ﬁ=acosx-—b'sinx (1)
dx

Now, we take LHS of Eq. (i), we get

2
LHS =y° + (gz)
X

On putting the value of y and dy/dx, we get
LHS = (a sin x + b cos x)* + (a cos x — b sin x)*

= a% sin? x + b? cos? x + 2ab sin x cos x
+a° cos® x+ b sin’ x
— 2ab sin x cos x (1%%)

[ (et bY* =a* + b* £ 2ab]
= a* sin? x + b? cos® x + a? cos® x + b? sin? x
= a% (sin® x + cos? x) + b? (sin® x + cos® X)

=a’+ b? [+ sin? x + cos® x =1]
= RHS Hence proved. (112)

90. Ifx=a (cos®+06sinb)

d2
andy = a(sin 8 — 0 cos 6), then find E—g
X

All India 2011C, 2008

Do same as Que 38 [Ans. 7 SEC; 9]
a



51. Ifx=a(0—-sin6)and y =a (1 + cos 8), then

find Y ato=".
dx 3 Delhi 2011C
Given, x=a(@-sin6)
and y=a 1+ cos6)
On differentiating both sides w.r.t. 9 we get
dx dy

—=a(l—-cosB) and —-~=-—asinB (1)
de

do
dy _ dy/dB —asin® )
dx dx/do a(1— cos9)
. 6 0
—2a sin — cos —
- W 2
B 6
dx ax?2sin? -
2 g
) X X
w SINnX=2Z 8in ,2, COSE
(1)
and 1— cosx =2 sin® >
dy i?)~ _
= —=-cot—
dx 2

On putting 6 = g, we get

[%L: —cot el

[ cot g — \E] (1)

Hence, -O—IZ ato = i s
dx 3

52. If y = (sin x — cos x)snx—cos0 Ty E,

then find d_y ;
dx All India 2010C



t () Ftrst[y, take Iog on both sides ‘and thené

differentiate to get the value of jy
x

' ; n 3n
Given, y = (sin x — cos x)*" ¥~ <% Z < x < 3

On taking log both sides, we get
log y = log (sin x — cos x)" X~ <X
= logy =(sin x — cos x) - log (sin x — cos x)
[ logm" =nlogm] (1)
On differentiating both sides w.r.t. x, we get

1.5y = (sinx - cosx)xilog(smx COS X)
y dx dx

. d .
+ log (sin x — cos x) d—(sm X — COS X)
X

[by product rule]



dy _ 1

=  ——==(sinx—cosX)-
y dx (sin x — €os x)
4 (sin x — cos X) + log (sin x — Cos X)
dx
(cosx+sinx) (1)
— li}i:(sinx—cosx) - 1
y dx (sin x — COS X)

(cos x + sin x) + log (sin x — cos X)

- (cos x + sin x)

= 19—;:((:05x+sinx)+(c05x+sinx)

y dx
-[log (sin x — cos x)]

= l-g—}i:(coswasinx)
y dx
[1+ log (sin x — cos x)] (1)
dy .
= —~ =y (cos x + sin x)
dx
[1+ log (sin x — cos x)]
i’f - (sin X — COS x)(sinx- cos X}
dx
{cos x + sin X) [1+ log (sin x — cos x)]

| (1
53. Ify =cos™ 2x=341-¥ ,then find .
V13 dx

All India 2010C




L’Q In the given expression, put x = sin@and simplify '
. * the resulting expression, then differentiate it. |

2x — 31— x*
Given, y = cos™' [—f - Xj|

Vi3

Put x=sin®,then®=sin"'x

forw/az—xz,we putx=asin® )
. for {/1- x*, we put x = sin @

2 sinB —341-sin° O

J13

]2 sin9~3cosﬁ]
RGE

[¥ \/1 —sin* 0 = \/cos2 06 = cos 9]

= y=cos [—-2——— it cose]
13 J13

y= cos™

= y = COS




= cos o and -—?’—~= sinot (1%)

Now, let —2—
T J13
[ sino.+ cos’a. = (—3—)2 + [i)z
J13 J13

9 4 13
-4+ — = —=
13 13 13
y = cos” [sin® cos o — cos B sinal]
= y=cos  sin(@-o)

[+ sin® coso. — cos O sina = sin 6 — o]

=4 y = cos ' €os [-;E -6 - Ot)]

: n
- sinx =cos|— - X
[2 ]

here, x=0 - o

— y=——-0+0 [ cos (cos6) =6

=5 y= —sin' x+o [ 0 =sin""x

Njla o s

On differentiating both sides w.r.t. x, we get
Y 1 + 0

— ——

dx NS
ke i(sin_1 X} = L
- dx V1= %2

dy _ -1
dx  f1-x?

(1%2)

54. Ify = (cot™ x)?, then show that

2
(% + 1) tj—~~2)-/~+2x(x2+ 1)d_y=2,
dx dx Delhi 2010C



2

. To show, (x* +1)2‘-j—?’+2x(x2 +1)9'i=2
dx? dx
Given,y = (cot™" x)?

On differentiating both sides w.r.t. x, we get

dy 1, d =1
L =2.cot”'x-—(cot” " Xx)
dx dx
= i31:2(:0t‘1><>< e >
dx 1+ X
~1
'.'icot"jx: >
dx 14X
5, dy -1 -
= 1+ x°)—=—=-2cot "X (1%)
dx

Again, differentiating both sides w.r.t. x, we
get

(1+x2)xi(gx)+ﬂxi(l+x2)

dx \dx) dx dx

=i(_2 cot™' x)

dx
o B i g2 4 O
" dx dx dx

2

— (]+x2).g_y+@.2x_—_ﬂ(_",—1_) (1%)
dx?  dx 1+ x?

d . .1. -~
t'. = t —
[ dx gk 1+ x?‘]

On multiplying both sides by (1+ x%), we get

2

(1+x2)23—’21+2x(1+x2)i’=2 (1)
X

Hence proved.



55. Ify = cosec ! x,x> 1, then show that

Mx—l) Y 1 @x? ¥ o0
dx All India 2010

2

To show, x(x* —1) g—y St —T) g}i =
dx? dx

Given, y = cosec” ' x; x> 1
On differentiating both sides w. r t. x, we get

dy _ -
- XF = X 4/ X*

Again, differentiating both sides w.r.t. x , we
get

T () 8

dx dx dx dx

d dv
£l 1
[ dx(u = dx+ dx:l()

= XX’ -1 ﬂ+g~}i{><><—(-—j— |

= xyx% -1 dy dy{ : j(x ~1)
X
+Jﬁ—1x%=0

=5 X 1/ X° _1dy dy{ gk +1/x -—1}“0
dx? dx |2 x? -1




2

=>x\/x - dzy dy{ X +~‘(x2—1}=0
dx?

1/21
2

2
= x~,/x2 -1 sz + 2 \j dy

(1)

On multiplying both sides by /x* — 1, we get
2
x (x* —1)g—x+x2ﬁ+(x2 —l)ﬁ=0

dx? dx dx
2
= x(xz—l)g—y+{x2+x2—1)93=0
dx? dx
2
= x(xz—l}.—q—y+(2x2—-1)(—jz=0 (1)
dx2 dx

Hence proved.

P
56. If y =cos™ [3x+451 a ],then ﬁnt:i%’1
| X

All India 2010




3x + 4 1—x2jl

Given,y = cos™! {

5
Put x = sin® = 0 = sin"' x, we get (1
¥ 3gne+4,h—sm29]
y = COS
| 5
4 [3sin8+4 cose] |
= y = COS
[ 5
[ Af1- sin’ @ = 1/(:052 0 = cos 6]
= y = cos” E sin@ + g cosf:):l (1)

Now, let coso. = 1:— and sino = _g.

o -

LIRS
.+ sin® oL + cos? oL = [—] s [?)
5 5
9 16 25
] 25 25 25 |
Then, we get
y = cos™ [sin® sina. + cos 6 cos o]

= y =cos”' cos (@ — o)

[+ cos® coso + sin® sino = cos @ — o]
= y=0-a
= y=sin""x—a [ 8=sin""x (1)

On differentiating both sides w.r.t. x, we get

d
Ve 1 0] Qin'g=—t
dx  J1-x? dx 1-x°




5%. Show that the function defined as follows, is
continuous at x =1, x = 2 but not
differentiable at x =2

3x-2, O<x<1

f)=42x*—x, 1l<x<2
S5x—4, X>2  pelhi2010

Q? Flrstly, we will check the contmu&ty of the gwen
function at x=1,2 and then to check the]
differentiability of the function f(x) at these:
points, find LHD and RHD. If LHD # RHD, then
functlon is not d[fferentlabie i

3x — 2 0<x<1
The given function is f(x) ={2x* — x, 1< x< 2
5x—4, x>2

First, we show the continuity of above function
atx=1and at x=2.

Continuity at x =1
LHL = lim f(x) = lim (3x-2)

x=1 x—= 1

[put x=1-h, when x—=1 h— 0]

=% LHL=}EimO [3(1-=h) - 2]
= lim 3-3h-2) =
h— 0
RHL = lim f(x) = lim @2x%-x)
I 5T

[putx=1+h, when x— 1 h— 0]
— RHin!imD 20+ h)? -1+ h)]

= ]im [20+ h? + 2h) — (1+ h)]

= lim [2+42h*+ 4h-1-H
h— 0

= lim h*+3h+1) = RHL=1
h—=0



Also, from the given function, at x =1
f=31-2=3-2=1
Since, LHL = RHL = £(1)
Hence, f(x)is continuous atx =1. (1)
Continuity at x =2
LHL= lim f(x) = lim (2x%-x)

X3 2" X— 27

[putx=2-h whenx— 2, h— 0]
= LHL = hIim0 20 - -0 =}
= lim [2(4 + h* — 4h) - (2 — )]

h—0
=Aim0(8+2h2~8h—2 +h)
= LHL=8-2=6 [put h = 0]
and RHL= lim f(x)= lim (Gx—4)
x— 2% 3 2*

[putx=2 +h, when x = 2, h— 0]

= RHsz!imD[S (2 + h) - 4]
= lim (10+5h-4) = lim (5h+6)

h— 0 h—0
= RHL=6
Also, from the given function, at x = 2.

f2)=2(2)?% -2
[for f(2), put x=2 in f(x) = 2x* — x]

=8-2=6
Since, LHL = RHL =f(2)
So, f(x) is continuous at x = 2. (1)

Hence,f(x) is continuous at all indicated
points.

Now, we verify differentiability of the given
function at x =1and x = 2.

Differentiability at x =1

LHD = lim f0-h—f)
h=0 ~h
i BO-R-21-[3-2]
h—0 -h

M-3R - ~3h



- x- s A % S
= |lim = |lim ——

h—- 0 ~f h<+0 —h
= LHD =3
REG = Jim (U210
h— 0 h
2
_ i A+ =1+Rh]-[2-1]
h— 0 h
i Z42R° & dh—1—H] 1
—h—)(] h
[ (a+ b)? = a” + b? + 2ab]
2
s i, RN e WiR S
h—=0 h h—>0
= RHD=3 [put h=0]
Since, LHD = RHD

So, f(x)is differentiable atx =1 (1)



Differentiability at x =2

LHD = fim f2-M-1d
h— 0 ~h
2
. LHD=< lim B2@-h"-@2-hl-[8-2]
h—-0 —h
= |lim
h—0 __h
. h@2h-7)
= lim A
h—=0 -
= LHD=7
RHD = lim f2+h—fQ2)
h—= 0
_ iy B2+h-4-18-2]
h— 0 h
li 6 + 5h) — (6)
= lim
B30 h
. 5h
= lim =—
h—>0 h

=5 RHD =5
Since, LHD # RHD
So, f(x) is not differentiable at x = 2. (1)

Hence, f(x) is continuous at x =Tand x = 2 but
not differentiable at x=2.

58. Ify = o™ ¥ -1< x<1,then show that

1 Loty = 0,
( _)wz ax 7 All India 2010



d’ _dy

To show, (1-x?) —%~L—a%y=0
( dx? dx ¢
Given, y:e“c’s*l",-m X< 1
On differentiating both sides w.r.t. x, we get
dy acos ' x d -1
—=e -—(a cos ' x)
dx dx
[by chain rule]
dy acos X —d
=> —=e X
dx Jl==xF
d X X -1 -1
—e'=e",—(cos 'X)=
dx X 1 — x2
s 1—X2 %K:_aeacos‘x
X
— ‘I.....xz %:—ay (i)

a cos‘1 X

[+ & =y, given] (1)



Again, differentiating both sides of Eq. (i)
w.r.t. x, we get

=7 x 2 (2)+ 8.2 (i

dx \ dx dx dx

= L (—ay) [.- by productrule]
dx

2
= 1}1—x2-dy+dy- L g—-ﬁ—x)
dx? :

Jidy X dyﬁ .dy (1%)

On multiplying both sides by /1- x?, we get

(l—x)i—z—xg}i——a\/ (i)

X
But from Eq. (i), we have

oY oy A G2

dx dx . [1- x2

On putting the value of gx from Eq. (iii) in
X

Eq. (ii), we get

d’y _dy 2., —ay
(1—x?) - =—aql1-x" X

d dy

1— x2 2

= (1-x9) 2 xdx awy
2

(1—x2)g-%{—x%—azy'=0 (1)
X

Hence proved.

59. Fnd dy if cos x)* + (sin x)/*.
! dx V= ( ) ( ) Delhi 2010



QP Letu =(cosx)* andv=(sin x)"*. Now, take log on «
. " both sides of u and é} and tf&en differentiate with?
respect to xto get = and 2 Further, put these

1

| 3}( r X &

: : u , dv

E values in equation Y 2

| . S

Given, y = (cos x)* + (sinx)"*

let u=(cosx*andv = (sinx"

Then, given equation becomes,

y=u+V
s dy:du+dv (D)
dx dx dx
Now, u = (cos x)*

On taking log both sides, we get
log u = log (cos x)*

= log u = x log (cos x)
[ logm" =nlogm]

On differentiating both sides w.r.t. x, we get

53—";=x-%log(cosx)+|0g(c05x)-a(x)
[“ E~(logu)—lgﬂ]
| " dx u dx
1 du 1 .
) s . 2 (— sinx) + log cos x - 1
u dx COS X
1 du
— — — = — x tan x + log (cos x)
u dx
du
= — =u[-xtan x + log cos x]
dx
du | %
= — =(cosx)
dx
[-x tan x + log cos x] (i) (1)

Alen v = f{cin v\m‘



I\.IJU’ E \JIII/\I

On taking log both sides, we get |
log v = log (sin x)"”
= |0gv=~1 log sin x
X
[ logm" =nlogm]
Again, differentiating both sides w.r.t. x,

we get
lﬁ—l i(Iogsmx)+It:3rgsmx-g—(l]
v.dx x d dx \ x
1 dv 1 1 . ( 1)
. it e R Wi VSRR BIPEN | 2
v dx x sinx X

i(l)=_i
" odx \x X2

d 1 dv
d —{(I = ——
an dx(ogv) v dx_
1 g}i cotx log (sin x)
v dx X x°
g dv:v[cotx_log(sin x)J
dx X x*
= i‘“i:(sin x)”"[co{x . o (SiHX}] (i)
dx X x?
(1%)

On puﬁing the value of %ﬂ from Eq. (ii) and
X

that ofg—\i from Eq. (iii) in Eq. (i), we get
X

dy
X

= (cos x)* [-x tan x + log cos x]

+ (sin ' [cot x _log (sin x)] %)

X x2



60. Ify =e” sin x, then prove that

2
_n ML 4T
dx?  dx All India 2010C
{> Firstly, we find & and d—f and then put their,
! ‘ dx dx
| values along with value of y in LHS of proven:
| Gxpressien,
Given, y=e"sinx (D)
On differentiating both sides w.r.t. x, we get
i e* - —q-(sinx) + sin x-—d—(e")
dx dx dx
[ by using product rule]
dy _ : x
= —— =@ :CosX+sinx-e
dx (1)
= ﬂ:e" (cos x + sin x) ..(it)
dx

Again, differentiating both sides w.r.t. x, we
get

2
%=e"-di(cosx+sinx)
X X

+ (COs x + sin x) - di (e¥)

X
[by using product rule]

= — 2 =" (-—sin x+ cos X

+ (cos x + sin x) - e*

= e* [~ sin X + cos x + cos X + sin X]

= ——3=2cosxe" L) (1)
dx :



Now, we have to show that

dy _dy .
—d =3 =4 Ty
a2 Tk |
2 s
On putting the values of @'y from Eq. (iii), dy
dx? dx

from Eq. (ii) and that of y from Eq. (i) on LHS,
we get '

[EE=2 Y 35 4y (1)
d

=2e* cos x — 2e* (cos x + sin x) + 2e* sin x
=2¢eX cosx—2e" cosx—2e*sinx+2e” sinx

=0=RHS (1)
Hence proved.

61. Ify = (x* + (sin x)*, then find (;—};
All india 2010C



Given, y = (X" +(sin x)
Let u = (x)*and v = {sin x)*

Given equation becomes,y =u + Vv
On differentiating w.r.t. x, we get

dy:du+dv )
e vk
Now, if = (1)

On taking log both sides, we get
log u =log x* = logu = xlog x
[ logm" =nlog m]

On differentiating both sides w.r.t. x, we get

ld—""—zfc——(-:—i---(lt_‘:g\d-+-[oa:«:——-(*<)
u dx dx { i
1 du 1
— —=x-—+logx-1
u dx X
1 du
= —-—=1+logx
u dx
= gﬁ:uﬂﬂogx)
dx
gir | =l
= — =x"(+logx [ u=x7]...[(i (1)
adx
‘Alse, v={inx"

On taking log both sides, we get
log v = log (sin x)"

= logv=xlog(sinx) ['- logm" =n log m]



On differentiating both sides w.r.t. X, we get

L x--g- log (sin x) + log (sin xi-i(x]
v dx dx ‘ - dx
1dv 1 d, . :

=5 = X+ — - —(sin x) + log sin x
v dx sinx  dx
1 dv 1

=5 = X-——— - COS X + log sin x
v dx sin X

[ d (logv) = 1dv:|

dx v dx
1 dv
= = ¥ OOt X + IOg Sin X
. v odx
dv :
= — =v(xcotx+logsinx
dx
= dv = (sin x)* (x cot x + log sin x) ...(ii1) (1)
X

On putting the values of %u from Eq. (ii) and
X

i“i from Eq. (iii) in Eq. (i), we get

dx
dgz =x" (1+log x)

+ (sin x)* (x cot x + log sin x) (1)

62. If y =3 cos (log x) + 4 sin (log x), then show

p
thatx2~q%+x9‘1+y=0

dx dx " Delhi 2009, 2009C



2
To show, x* 9'——2"/— + X 9’}:

+y=0
dx ax ¥
Given, y = 3 cos (log x) + 4 sin (log x)

On differentiating both sides w.r.t. x, we get

% — 3 sin(log x) ggﬂog X)

+ 4 cos (log x) g (log x)
dx

{:_fx =3 sin(log X) . 4 cos (1og X)

= it o e R A k. Wi, i
dx X X
dy .
— o =~ 3 sin(log x) + 4 cos (log x)
X

Again, differentiating both sides w.r.t. x , we

get |
¥ d[d}:]+_d_}_/. g,_(x)
dx dx dx

= :ﬁ [-3 sin(log x) + 4 cos (log x)] (1%2)
x 1



d’ dy d
= X—+—-1=-3 —
S cos (log x) 3 (log x)

— 4sin (log x) g (log x)
dx

2
— x,g_}’+gg.1=—3cosﬂogx)
dX2 dx X

_4sin(log x)

(1%)
" |

:,x,dz)’+dy _ — [3 cos (log x) + 4 sin (log x)]

dx?  dx X
2
5 20X,
dx? dx
= —[ 3 cos (log x) + 4 sin (log x)]
2
= 20 Z’+xdy:—y
dx dx
[ 3 cos (log x) + 4 sin (log x) =y, given]
Hence, x E;{j}-{—kxv(-j-}f-ﬂ./ 0 | (1)
dx? dx

Hence proved.

63. Ifv =(x)°"* + (log x)*, then find —
y () ( 9 ) ax Delhi 2009

Do same as Que 61.

d
Ans. E}% x*"[sinx + xlog x cos x]

+ (log ) * '[1+ log x — log(log x)

64. Ifx=a [cosBHog tan g) and y =asin®,

2
then find the value ofd_g ate = =
dx
Delhi 2009C



Do same as Que 6.

—

2
Ans. (_d_y] gé

dx? a

b

Tl:

4

65. Ify =(log x)* + (x)*, then find Fy—
Delhi 2009C

Do same as Que 61.
Ans. (log x) 1+ log x - log (log x)] ]

+ x cos* '[cos x — xlog x sinX]

66. |fy =e* (sin x + cos x), then show that

2
Y _2¥ L ay-o.
a?  dx All India 2009
Given, y = e” (sin x + cos X) ()
d?y dy .
To show, —£ -2 == +2y =0 sl
i I s (i)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

% = ¥ -%(sinx + COSX)
+ (sin x + cos X) L (%)
dx

= e* (cos x — sin x) + (sin x + cos x) - e*



= e" [cos x — sin x + sin x + cos X]
= e" (2 cos x)
dy
dx
Again differentiating both sides of Eq. (iii)
w.r.t. x, we get
2
%z 2e”) - :Tx (cos x)} + Cos X - % (2e%)
=2e* (- sinx) + cos x - 2e*

=2e" cos x — 2e* sin x ..(iv) (1%)

2
Now, we put the values of dy and iy from
dx? dx

Egs. (iv) and (iii) along with value of y in LHS of
Eq. (1), we get
2
pis=2% 5%, g
dx’ dx

=(2e* cos x — 2e* sin x)

=5 =2e" cos x i) (1%)

~2(2e* cos x) + 2€” (sin x + cos X)
=2e”" cos x —2e* sinx

— 4e”* cos x + 2e” sin x + 2e* cos x
=4e* cosx—4e" cosx=0=RHS (1)

Hence proved.

|
67. Ify=—5m—i,then show that
y1-x
1=
2
(l—xz)u-—3xd—y—y=0.

dx? dx | All India 2009



Given,y =

sin”! x

V11— X

On differentiating both sides w.r.t. x, we get

dy _ 1:;5ng (sin™ x) —(sin~" x) x :x ] =
dx ( |'»l _ x2)2
«,/1 ~x? ><—1-~ ~ B %
1/1— X?
1 d.
et fi300)
| 2V1-x% X : 1)

il !




x sin~! x

PR L
B \J1- x?
(1-x?)
. 1
dy _1+xy LS x i,
dx 1-x* 1—-x*
= (1—x2)ﬂ=1+xy. (1)
dx

Again differentiating above equatuon both sides
w.r.t. x, we get

(1—)(2) d (dy) dy_d_(»l_xz)tad;(-l_{_xy}

dx \dx) dx dx
(1
= “*"}15 ‘;i’(z —x%+y-1
= “_“sz 2x%—x3—;’ y=0
- (1—x2)3%—3x%—y=0 (1

Hence proved.

68. Differentiate the following function w.r.t. x.
tanx

()% + (sin x Delhi 2009

Do same as Que 61.
l:Ans. X [cos x — xlog sinx] ]

tan X

+ (sin X" [1 + sec” xlog sin ]

69. Differentiate the following function w.r.t. x.
smx A (Sln X cos x De{hi ng

Do same as Que 61.
[Ans, x*"™ [sinx + xlog x cos x] :\

+ sin x“°**[cos x cot x — sin xlog(sin x)]



70. Ify = x®°"* +(sin x)*, then find gi
X
All India 2008C

Do same as Que 61.

cotx-Treotx — xlog xcosecx] ]

Ans. x

+ (sin x)"[x cot x + log x sin x]

71. Ifxy + y* =tan x + y, then find‘;—i.
All India 2008C

l

> Flrst!y, dlfferentiate the gwen expressmn wnth
* respect to xand then collect all the first derwatwe 1

~of yonone side to get the requured result |

Given equation is xy + y:i=tanx+y

On differentiating both sides w.r.t. x, we get

-d— (xy) + i()/2) = i (tan x +y) (1/2)
dx dx

dx
d d dy dy
= |x-—W+y — X |+2y =L =sec? x + —
[ dxy) de ] 3'/dx dx
(1%2)
dy dy dy
= X-—+Vy-1+2 soct x + = (1
d ¥ T e G
dy
— (x+2y —1) — =sec’ x—y
dx
"
d)/-___sec X—Yy )
dx x+2y-1
sy X +1 . dy
72. Ify =(log x) + 7y ,then find e
Delhi 2008C

Do same as Que 37.

[Ans. (IongmS"[—E?ix— — sinxlog(log x)

xlog x
_JX_]
(x? =17



[ _ .2
73. Ify =sin™ [5}”1131 X jl,then ﬁnd%}i.
| X

HOTS; All India 2008

Do same as Que 56. [Ans. i ]
o= ¥°
J1 +sinx + /1 —sin x]

J1+sinx —y/1-sinx

O<x< E, then find QY_
2 ax HOTS; Delhi 2008

74. ify = cot™ [



{ ? F1rstly, convert the given function into s1mplest
form by using :

1+ sinx=cos —+s;ir1:a —+ Zsin—cos—
' 2 2 2

2
= (cos s + sin i)
2 2

- X L2 X R X
and 1~~s,|n;<a—-ccns2 2isin? 2-2sinZcos=
2 2 2 2

and then dlfferentlate

T —— 1] 1+ sinx + 41— sin x )
& \/1+5|nx—\[—smx

Now, on putting

5 X ] X ., X X
1+ sinx = cos? = + sin? = + 2 sin = cos —
2 2 2 2

. X .aX
and 1-—5|nx=c0525+5|n25

-2 s:n—cos~2—1n Eq. (i), we get (1)

ZX
CcOS 5+sm +25|n COoS

&os2 X +sin? X +2 sin
| 2 2

X X .
% \/cosz "+ sin? . 2 sin

y=c0t

®)
O
w

b
M:-ch

")
@]
uw
N x [N x M x i X
o]

X
\/cosz . +5in* — —2 sin
2 Z

F\/( X )2 /
COS — + Sin - + COS —

2 2 \

2
X X X ;

COS  + Sin — COS -- — SIn -
\[ 2 2) \/\ 2 ¥ & |
(1

[ a’+b?+2ab=(a+b)? ]

COS

N x i) x

i

J

>
|
o,
o= |
N | x
-
(5]

o
-

=y =cot” Z

~
>
o
b




and a2+ b2 -2ab=(a-b)*"

X . X
and here, a = cos it b = sin :

F( X . x) ( X . XJ-I
cos -+ sin - |+ | cos = — sin
-1 2 2 2 2
=>y.=xot
¥ . X X . X
COSs + sin - | —|] COS — — SIN —
[cos 5+ sin ) =(os3 - 3).
2 COS =
= y = cot™ K (1
v A
2 sin —
! 2 |
1 X . cos0
- y = cot ' cot — v cotf=—
2 sin®
X -1
= y = v [ cot™ cotB=6]
On differentiating both sides w.r.t. x, we get
d 1
. S (1)
dx 2

NOTE (i) When0O<x < %, then we consider

\/coszi +sin? X — 2sin> cos X
2 2 2 2

( X . x)z
=.|| cos = —sin=
\/ 3 2

(i) When 325 < x <, then we consider

. X
\}cosz-}i +sin? X —2inX cos X
2 2 2 2

( X XT
=_[l sin= —cos =
\[ 2 2




dy
dx

Given,y = 1/x2 +1-log

It can be written as

y=x*+1-log

y=+x*+1-log

75. Ify%1/x2+1—log [1+ /1 +i2} then find
X X -

Delhi 2008

(-3
e
} (1/2)

¥ ]

X2

1

X

\

(1}x2+1+1

X

\

On differentiating both sides w.r.t. x, we get

dy d( 3 ) d VX2 4141
e SN (Y 11— —I
dx dx i dx og[ X
1 d 2 d X2+1+1
e P T g A
2 x2+‘|dx dx X

_ 2x o 1
20x2+1  [Yx® +1+1
X
2
xi[ X +1+‘1] (1)
dx X

X X
—1/x2+1_ I #1#T

x-g--(\fxz +1+1}m(1}x2+1+1)—d—(x)
X

dx
X
- Xz -
du dv
; i (E) o OIX dx
dx \ v Vs




L PN IO
Fulx® 41

X2

X X
w\/x2+1 \/x2+1+1
o

e 5T
2 1 '
X%+ 2

X

X




X X
s —
2

X241 YxT+1+1
-GN 414)
x2 (fx% +1)
1l 12 i g
DE+1 x24T+ X2+

(1%2)
B SRR = -
U2+ X1+ (X +0)

1 " il (12x2+1+1)}

I

X
X+t xd 4+1+9

I i 1)
x2+1\ X
IS dy 1 ‘(x2+1)
dx NJxFp1 ¥
dy_ﬁx2+1 A
:

%6. Differentiate the following function w.r.t. x.

R
JEdx tyfl=% Delhi 2008

Hence,




e e -

g;) Reduce the gwen functlon into simplest form
| by putting x = cos @ and by using the half angle
formulae

1+ c059=2c092% and 1—cosB=25in2~g

Then, find its denva’rwe W|th respect to x.

A AR i v e e A i e+ e e e o s

Given function is

i

On putting x = cos 6
— 0=cos 'x, we get

_ tan”! ../1+ cos9 — /1— cosB i)
A1+ cos0 + /1—cosB

We know that,

1+ cos 0 =2 cos’ 9

and 1-cos® =2 sinzg

On putting the above values in Eq , we get

2 cos’ 2 sin?
8 \J \/
‘/2 cos’ — J2 sin? —
! 2 2 |

«Ecos-g—«ﬁsine—

\Ecos?+ 2 sin—
2 P

- -

(

y =tan"

= y=tan"

B . O
CoSs — — sin —
= y=tan é ‘3 (1
COoS — 4+ Sin —
S




On dividing numerator and denominator by

6
CoS 5 we get

1-— tan 9

y = tan™' —————g
1+ tan —

2

(s 0
tan — — tan —
= y=tan" 2

i
1+ tan — tan -
4

1=t.anE
4

0
and tang=1xtang=tan£tan—

- =

-1 ('E 9)
= Y= tan tan z = E

tan A —tan B — tan (A — B)
1+ tan AtanB

[.-tan” "tanx = X]

o y = cos'x [ 08=cos x] (1)

On differentiating both sides w.r.t. x, we get

E](—Z*—*O—lx = [':—(—]’—(cos"x): — }

dx 2 11— x2 dx 1— x2

Hence, E"X =
dx

1
21.H—x2
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