Continuity and

Differentiability

Let f(x)= x[%} , for —10 <x < 10, where [7] denotes the

greatest integer function. Then the number of points of
discontinuity of f'is equal to

[NA Sep. 05,2020 ()]
If a function f'(x) defined by

ae* +be ¥, -1<x<1

2
= <x< .
J() X , 1=x<3 be continuous for some
ax? +2cx , 3<x<4

a, b, ceR and f'(0)+ f'(2) = e, then thevalue of a is :
[Sep. 02,2020 (D]

1 e
@ 2 ® 33
e o
© 2 3er13 @ 2513

. 4
Let [#] denote the greatest integer < ¢ and ?B})x[;} =A.

Then the function, f{x) = [x*] sin(rx) is discontinuous, when
xisequal to: [Jan. 9,2020 (I1)]

(@ JA+1 ®) JA+5
(© JAa+21 d JA

If the function f defined on (—%,éj by

1 1
—log, (+_3x} whenx # 0
X 2x

is continuous, then &
, whenx =

Sy =
k

is equal to - [NA Jan. 7, 2020 (II)]

Tm
If the function f defined on [— —j by

6’3
x/Ecosx—l E
cotx—1 ~ 4
x)=
ftx) k, X=E
4

is continuous, then k is equal to: [April 09,2019 (T)]

1
1 —_
@ 2 (b) 3 © 1 @ 5

. X
If f(x)=[x] —[Z},X €R, where [x] denotes the greatest

integer function, then: [April 09,2019 (ID)]

(a) fis continuous atx=4.

(b) 1M Ax)existsbut 1M fx) does not exist.

X4+ x—4—

(c) Both xlim fixyand M 74y exist but are not equal.

—4— X4+

(d) lim Ax) exists but lim fx) does not exist.

x—>4— X4+

If the function

_Jalm—x[+1,x<5
JO=\p|x-n|+3,x>5
is continuous at x = 5, then the value of @ — b is:
[April 09,2019 (IT)]

2
(d S .

22 2
@ T+5 ®) m+5 © n-5

Letf:[-1, 3] > Rbe defined as
x| +[x], —1<x<1

fx)= x+‘x, 1<x<2
x+[x], 2<x<3,

where [7] denotes the greatest integer less than or equal
[April 08,2019 (I)]
(b) only two points

to ¢. Then, fis discontinuous at :
(a) only one point

(c) only three points (d) four or more points
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9. Letf: R— Rbea function defined as 14. Let k be a non—zero real number.
5 i <1 [Online April 11, 2015]
, i x<
1) a+bx, if l<x<3 -
X)= -
b+Sx, if 3<x<5 Gl L x#0
. . (x
30, if x=>5 If fix) = sin (;j log (1 + —j
Then, fis: [Jan 09,2019 (D] 12 , x=0
(a) continuousifa=5andb=35
(b) continuousifa=—5andb=10
(c¢) continousifa=0andb=>5 is a continuous function then the value of k is:
(d) not continuous for any values of a and b (@) 4 () 1 (© 3 d 2
10. Ifthe function fdefined as 1. Ifthe function
f(x):l_ﬂ N2 +cosx —1 i
x -1 f(x): (Tc—x)z ’
x # 0, is continuous at x =0, k X=T
then the ordered pair (£, /(0)) is equal to?
[Online April 16, 2018] is continuous at x = «, then k equals:
[Online April 19, 2014]
1
a) (3,1 b) (3,2 ¢ |=,2 d (2,1 1 1
@ GD O G2 ()&j()() wo ®i 02 @i
o= 16. If f(x) i i f (2j -2 h
1. Let/(x)= (x—l)z_", x>Laz2 6. I (x) is continuous and 279> then
k, x=2 . 1—cos3x
lim f| ———1 i5 equal to:
The value of k for which f'is continuous at x =2 is x>0 X
[Online April 15,2018] [Online April 9,2014]
@ e? (e © e (d 1 2 2 0 d 8
12. The value of k for which the function @ 2 ® 9 © @ 9
17. Consider the function :
4 22:1 n f(x)=[x]+|1-x]|, —1<x <3 where [x] is the greatest
f(x) = Ej 0 <x<s ) i integer function.
kil x= 1S continuous at x = 508 Statement 1 : fis not continuous atx =0, 1, 2 and 3.
5 ’ 2
-x, —-1<x<0
[Online April 9,2017] 1-x, 0<x<l
Statement 2 : f(x)=
17 2 3 2 I+x, 1<x<2
@3 O3 ©5 @5 2o 22x23
13. Leta,b €R,(a # 0) . ifthe function fdefined as [Online April 25, 2013]
(a) Statement 1 is true ; Statement 2 is false,
ﬁ 0<x<l (b) Statement 1 is true; Statement 2 is true; Statement 2 is
a T not correct explanation for Statement 1.
a 1<x <2 (c) Statement 1 is true; Statement 2 is true; Statement It is
fix)= ) T a correct explanation for Statement 1.
2b” —4b V2<x<mw (d) Statement 1 is false; Statement 2 is true.
x3 | 18. Let f be a composite function of x defined by

is continuous in the interval [0,%0) , then an ordered pair
(a,b)is: [Online April 10, 2016]

@ (—2,1-3) b) (V2,-1++3)
© (2,1-43) @ (—~/2,1++/3)

Sy =) = ——
u-+u— x—1
Then the number of points x where f'is discontinuous is :
[Online April 23,2013]
(@ 4 (b) 3 © 2 d 1

EBD 83



Continuity and Differentiability

19.

20.

21.

22.

23.

m-311

Letf(x)=—1+|x-2],and g (x)=1—|x]|; then the set of
all points where fog is discontinuous is :

[Online April 22,2013]
(@ {0,2} (b) {0,1,2}
(© {0} (d) an empty set

If f: R —> R is a function defined by f (x) = [x]

[2x -
cos

function, then fis .
(a) continuous for every real x.

1 .
)n, where [x] denotes the greatest integer

[2012]

(b) discontinuous only at x =0

(c¢) discontinuous only at non-zero integral values of x.
(d) continuous only at x = 0.

Let f: [1, 3] > R be a function satisfying

ﬁﬁf(x)ﬁxm—x , for all x#2 and f (2) = 1,
X

where R is the set of all real numbers and [x] denotes the
largest integer less than or equal to x.

Statement 1: lim f(x) exists. [Online May 19,2012]
x—2"

Statement 2: fis continuous at x =2.

(a) Statement 1 is true, Statement 2 is true, Statement 2 is
acorrect explanation for Statement 1.

(b) Statement 1 is false, Statement 2 is true.

(c) Statement 1 is true, Statement 2 is true, Statement 2 is
nota correct explanation for Statement 1.

(d) Statement 1 istrue, Statement 2 is false.

Statement 1: A function /> R — R is continuous at x, ifand

onlyif lim f(x)existsand lim f(x) = f(xo}

X—>X(

X=X
Statement 2: A function f/: R — R is discontinuous at x; if
andonlyif, lim f(x) existsand lim f(x)# f(x;).
x—>x0 X—)XO
[Online May 12, 2012]
(a) Statement 1 is true, Statement 2 is true, Statement 2 is
not a correct explanation of Statement 1.
(b) Statement 1 is false, Statement 2 is true.
(c) Statement 1 is true, Statement 2 is true, Statement 2 is
a correct explanation of Statement 1.
(d) Statement 1 istrue, Statement 2 is false.

Define f'(x) as the product of two real functions
[2011RS]

1
fl(X)ZX,XER,andfz(x): sm;, if x#0
0, ifx=0
as follows :
f(x):{ﬁ(x)'f2(x)a ?’x:O

ifx=0

24,

25.

26.

27.

Statement - 1 : f(x) is continuous on R.

Statement -2 : f| (x) and f, (x) are continuous on R.
(a) Statement -1 is true, Statement-2 is true; Statement-2
is a correct explanation for Statement-1.

(b) Statement-1 is true, Statement-2 is true; Statement-2 is
NOT a correct explanation for Statement-1

(c) Statement-1 istrue, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true

The values of p and ¢ for which the function [2011]

in(p+1)x+si
sin(p+1)x smx’x<0
x

f(x)=1¢q ,x=0 is continuous for all x in R,
Vx+x2 -Jx
—5 , x>0
X
are
. A D |
(a) p_27q_2 () pP= 27q_2
1,3 oyl 3
(C) p_zsq_z () p_zsq_ 9
The function f: R/{0} > R given by [2007]
1 2
S@ =1
can be made continuous at x = 0 by defining 1(0) as
(@ 0 (b) 1
(c) 2 (d -1

1-tanx b T
= X#—,x€el0,—]|.
Let f) ="/ x# % [ 2}

T n
If f(x) is continuous in [0: E},then f(z) is  [2004]

1
@ -1 ®

1
© -5 @1

fis defined in [-5, 5] as

f(x)=xifxisrational

[2002]

=—xifxisirrational. Then
(a) f(x)is continuous at every x, except x =0
(b) f(x)is discontinuous at every x, except x =0
(¢) f(x)is continuous everywhere

(d) f(x) is discontinuous everywhere
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( TOPI (:a Differentiability \a 34. Letfand g be differentiable functions on R such that fog
S is the identity function. If for some a,b € R, g’ (a)=5and
28. Letf: R — R be a function defined byf(x) =max {x, xz}. Let g (a) — b, then f/ (b) is equal to: [Jan. 9’ 2020 (II)]
S denote the set of all points in R, where f is not . 5
differentiable. Then: [Sep. 06,2020 (IT)] (@) 3 ®) 1 (© 5 (d) 3
@ {0.13 (b) {0} . .
(©  (an empty set) @ {1 35. Let S be the set ofall functions f: [0,1] — R, which are
29. Ifthe function f(x) k(x- rc)2 =1L X< twice difs continuous on [0, 1] and differentiable on (0,1). Then for
) ky cos x, x> . . .
ferentiable, then the ordered pair (k,, k,) is equal to: every fin §, there exists a ¢ € (0,1), depending on f; such
[Sep. 05,2020 (1] that: [Jan. 8, 2020 (ID)]
( 1 1) o @ [f-/OI<d=0o)f ()
e 1,
® 3 ® .o SO-1@ _,
®) — = =0
1
© [5’—@ @ @D © L@+ MI<+0lf )
30. Letf beatwice differentiable function on (1, 6). Iff(2) =8, @ f©-/MI<lf )
7'(2)=5,/'(x) >1 and f"(x)>4, forall xe(l, 6), then: 36. Let the function, f: [-7, 0] — R be continuous on [ -7, 0]
[Sep. 04, 2020 (D] and differentiable on (—7, 0). IfA—7)=—3 andf ' (x) d” 2, for
@ fO+/1G)=26 0 fG)+/1(5)=28 all xe (=7, 0), then for all such functions £, f"(—1)+ {0) lies
© SO+/'G)=20 () f5)=10 in the interval: [Jan. 7,2020 (I)]
31. Suppose a differentiable function f'(x) satisfies the identity
2 (@) (=<,20] (b) [3,11]
f(x+y)=f(x)+ f(y)+xy° +x°y, forallreal xand y. If
im 2=~ =1, then f'(3) i 1
)1(13(1) X L, then f(3) is equal to 37. Let S be the set of points where the function,
[NA Sep. 04,2020 ()]
fix)=12—|x-3||, xe R, is not differentiable.
T -1
—ttanT oy x|l Then ¥ fif(x))isequal to [NA Jan.7,2020 (I)]
32. The function f(x)= xes
—(x[-D ,|x[>1 sin( i
p+Dx+sinx
is: 2 [Sep. 04,2020 (11)] — < 0
(a) g)nt;n;loil}s on R — {1} and differentiable on 38, Iff(x)= q x=0
— 1,10 :
(b) both continuous and differentiable on R— {1}. —M, $>0
(c) continuous on R— {-1} and differentiable on X
R-{-1, 1} is continuous at x =0, then the ordered pair (p, q) is equal to:
(d) both continuous and differentiable on R — {—1}. [April 10, 2019 (I)]
sin(a+2)x+sinx 31 _13
———— ; x<0 (@) [ L) ® |33
33. If f(x)= 2b1/3 , ; x=0 ( 3 1) 5 (5 1)
— C 50 5 A
(x+3x2/3 X S x>0 () 2’92 () 2’2
X 39. Letflx)=log (sinx), (0<x<m)and g(x)=sin"' (™), (x>0).

is continuous at x = 0, then a + 2b is equal to:
[Jan. 9,2020 (D]

(@ 1 (b) -1 © 0 d -2

If o is a positive real number such that a = (fog)' (o) and
b=(fog) (o), then: [April 10,2019 (ID]
(@) ac?+bo+a=0 (b) ao?—ba—a=1

(¢) ac’>—~bo—a=0 (d) ao?+ba—a=-2a?
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Let f: R — R be differentiable at c € R and f (c) = 0. If
g(x) = [f(x)|,thenatx=c,gis:  [April 10,2019 (I)]
(a) not differentiable iff'(c)=0

(b) differentiable iff"(c) #0

(c) differentiableif f'(c)=0 48.

(d) not differentiable
Let fix)=15—|x—10[; x € R. Then the set ofall values of x,
at which the function, g(x) = f (f(x)) is not

differentiable, is: [April 09,2019 (I)]

@ {5,10,15 b) (10,15}

© {5,10,15,20} @ {10}

I£/(1)=1,f(1)=3, then the derivative of 49.
FEFON+ () atx=11s: [April 08,2019 (II)]

@ 3 (b 12 © 15 @ 9

Let f be a differentiable function such that f{1) = 2 and 50

S (x)=fx) forallxe R.Ifh (x)=f(f(x)), then 4’ (1) is equal

to: [Jan. 12,2019 (IT)]
(@ 2¢2  (b) 4e (©) 2e (d) 4e?
f( ) -1, -2<x<0 q
X)= an
Let - 21, 0<x<2 Sl

g(@)=Jfx)| + f(Ix]). Then, in the interval (-2, 2), gis :
[Jan. 11,2019 (I)]
(a) differentiable at all points
(b) not continuous
(c) not differentiable at two points
(d) not differentiable at one point

d
If xlog, (log, x)—x2 +? =4(y>0),then d_i atx=eis

equal to: [Jan. 11,2019 ()]

(1+2e) (2e-1) 52.

® Wa+e? ®) W4+ é?
(1+2e) e

O Jre @ Yo

Let K be the set of all real values of x where the function

f(x)=sin|x|—|x|+2 (x—m) cos|x|is not differentiable.

Then the set K is equal to : [Jan. 11,2019 (I)]
(@) ¢ (an empty set) (b) {m} 53
(© {0} (d) {0, )

) max {| x|, x*} |x|<2
Let/0=1 g 2|y, 2<|x|<4

Let S be the set of points in the interval (—4, 4) at which f°
is not differentiable. Then S: [Jan 10,2019 (D]

(a) is an empty set

(b) equals {-2,-1,0,1,2}

(c) equals {-2,—1,1,2}

(d) equals {-2,2}

Letf: (= 1, 1) > R be a function defined by f'(x) = max

{ —|x],—1-x* } If K be the set of all points at which f°

is not differentiable, then K has exactly:

[Jan. 10,2019 (ID)]
(a) five elements (b) one element
(c) threeelements (d) two elements

Let S = {teR:f(x)=x—n|@E¥-Dsin|x| is not

differentiable at t}. Then the set S is equal to : [2018]
@@ {0} (b) {m}
(c) {0,m} (d) ¢ (an empty set)

Let S={(\, ) € Rx R:f(f)=(Me"— ). sin 2t]), € R, is
a differentiable function}. Then S is a subest of?

[Online April 15,2018]
(@) Rx[0,00) (b) (=0,0)xR
(©) [0,0)xR (d) R x(—0,0)
If the function
-X, x<l1

fix) = a+cosfl(x+b), l<x<2 18 differentiable at
x =1, then % isequal to: [Online April 9, 2016]

n+2 n—2
@ — ®)

-n—2
(c) (d) -1 —cos1(2)

Ifthe function.

kvx+1, 0<x<3
g(x)=

mx+2, 3<x<5 is differentiable, then the

value ofk + mis: [2015]
10
@ (®) 4
16
© 2 @ %

Let f: R — R be a function such that | /(x)|< x2, for all

x €R . Then, atx =0, fis: [Online April 19, 2014]
(a) continuous but not differentiable.

(b) continuous as well as differentiable.

(c) neither continuous nor differentiable.

(d) differentiable but not continuous.
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54. Let f, g R - R be two functions defined by ¢, 1et f:R—> R bea function defined by
xsin (lj x#0 f(@)=min {x+1,|x|+1} ,Then which ofthe following is true?
flx)= * ,and g(x) = x f{x) (a) f(x)is differentiable everywhere 2007]
0, X = (b) f(x)isnot differentiableatx =0
StatementI: f is a continuous function at x = 0. (©) f(x) > 1forall xeR
Statement II: g is a differentiable function at x = 0. (d) f(x)isnot differentiableatx =1
[Online April 12,2014]
(a) Both statement I and II are false. 61. Theset of points where ./ (x) = ﬁ is differentiable is
(b) Both statement I and II are true.
(c) Statement I is true, statement II is false. [2006]
(d) Statement I is false, statement II is true. @ (—0,0)u(0,0) (b) (—oo,—1) U (-1,0)
55. Consider the function, f(x)=|x-2| "+|x-5],x € R.
Statement-1:/'(4)=0 © .(_OO’ ) ) @ .(O’ ) ) o
Statement-2 : fis continuous in [2,5], differentiable in (2,5) 62. If fis a real valued differentiable function satisfying
and f(2)=/(5). [2012] |f()—f(0)| £ (x—y)*,x,y € Randf(0)=0, then /(1)
(a) Statement-1 is false, Statement-2 is true. equals [2005]
(b) Statement-1 is true, statement-2 is true; statement-2 is @ -1 () 0
acorrect explanation for Statement-1. © 2 @ 1
(c) Statement-1 is true, stgtement-Z is true; statement-2 is 63. Suppose f (x) is differentiable at x = 1 and
not a correct explanation for Statement-1.
(d) Statement-1 is true, statement-2 is false. lim 1 f(+h)=5,then £'(1) equals [2005]
56. If flx) = a |sinx| + bell + c|x|?, where a, b, ¢ R, is h—>0h
differentiable at x =0, then [Online May 26, 2012] @ 3 (b) 4 ) 5 @ 6
(@) a=0,bandc areany real numbers
(b) ¢=0,a=0, bisanyreal number (1)
(¢) b=0,c=0, aisanyreal number 64. If f(x)=1xe Ux\ x) ,x#0 thenf(x) is
(d) a=0,b=0, cisanyreal number 0 ,x=0
57. Ifx+|y|=2y,theny asa function of x, at x=0is
[Online May 7, 2012] (a) discontinuous every where [2003]
(a) differentiable but not continuous (b) continuous as well as differentiable for all x
(b) continuous but not differentiable (c) continuous for all x but not differentiable at x =0
(c) continuous as well as differentiable (d) neither differentiable nor continuous atx =0
(d) neither continuous nor differentiable B T e L L LR T e R R R
58. [Iffunction f(x) is differentiable at x =, 4 C!'ai“ Ru.le _Of Differen.tifltion, .
/ Differentiation of Explicit & Implicit
lim 2 f( a) i f( x) : Funct‘ions, Parar'netric & Composife
then V" ————=is: [2011RS] | TOPIC Functions, Logarithmic & Exponential
X—a Functions, Inverse Functions,
@ -d f'( a) ® af( a)—a2 1'(a) ;)lilf;::‘ietlllgzgion by Trigonometric
© 2af(a)-d’f'(a) (&) 2af(a)+df ()
. . -1 1+ x2 -1 .
(x—1)sin Lif x=1 65. The derivative of tan [T] with respect to
59. Letf(x)= x—1 [2008]

0 ifx=1

Then which one of the following is true?

(a) fisneither differentiable at x =0 norat x =1
(b) fis differentiableat x=0 and at x=1

(c) fis differentiable atx=0but notatx=1
(d) fis differentiable at x =1 but notatx=0

1-2x2

tan_l [Zx\) 1- x2

] at x = % is:  [Sep. 05,2020 (ID)]

2+/3 3 243 3
@ % (b) % © Tf (@ %
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If(a+\/§bcosx)(a—\/5bcosy) =a* —b*, wherea>b>0,

then & ot (E, E] is: [Sep. 04, 2020 ()]

2a+b
2a-b

(d)

a+b
® ais © uop

6
Ify:chos’l Ecosloc—ﬂsinloc , then & atx=01s
= 5 5 X

. [NA Sep. 02,2020 (IT)]
Ifx =2sin0 — sin20 and y = 2co0s0 — c0s26, O € [0, 27, then

2

d’y .
—5 atO=mis: [Jan. 9,2020 (I1)]
dx
3,3 E N |
@5 O®-5 ©F @3
tan o +cota 1 3n
If y(a)z\/Z[ 3 j‘*‘ 5 ,UE(—,WJ, then
l1+tan” o sin” o 4
UL Jan.7,2020 (I
T 6 is: [Jan. 7, D]
4 b i -4 d —l
@ ® 5 © @ -

Let y = y(x) be a function of x satisfying

Wl-x* = k- )C\/l—y2 where k is a constant and

l ——l Thenﬂatx:l is equal to:
y 2 = 4 dx 2’ q .

[Jan.7,2020 (ID)]

5 5 2 5
@ —% ®) —% © 5 @ %
dy dzy
If &+ xy = e, the ordered pair E’W atx=0is
equal to : [April 12,2019 (I)]
1 1 11
@ (o7 ® (o7
11 11
© o7 @ (o

sinx —cosx

. X
- J , with respectto —,
sinx+cosx 2

L .
The derivative of tan (

T
where [x € [O’EJJ is:

[April 12, 2019 (IT)]

73.

74.

75.

76.

77.

78.

79.

2 1
@l ®3 ©5 @2

. 2
1 VBcosx +sinx T dy
If2y=|cot | ———=—— ||, xe| 05| then

cosx—+/3sinx 2 dx

is equal to : [April 08,2019 ()]

T T T T
(a) P (b) x-— s (o) 3 (d) 2x-— 3

Let S be the set of all points in (— 7, 7 ) at which the function
f(x) = min {sinx, cosx} is not differentiable. Then S is a
subset of which of the following? [Jan. 12,2019 (D)]

o 503

r rzrr 3 mmim
© 1252 DTy

2d
Forx > 1, if (2x)? = 4¢>*2  then (1+1og, 2x) d—i is

equal to: [Jan. 12,2019 (I)]
xlog, 2x—log, 2

(@) x— (b) log,2x
xlog, 2x +log, 2

(©) - (d) xlog,2x

Let f: R— Rbe a function such that
Fx)=x+x(1)+x"(2)+f""(3), xeR. Then f(2) equals:

[Jan 10,2019 (D)]
(@ -4 (b) 30 (c) -2 @ 8
d2y
If x =3 tan t and y = 3 sec t, then the value of d_2 at
X
T .
t= s [Jan. 09,2019 (II)]

1 1 3 1
@ W2 (b) 672 © 2 (d) 3

Ifx = V2 " and y= Vs (|t] = 1), then ? is
X

equal to. [Online April 16,2018]
X X
@2 - ©- @@=
x X y
cosx x 1
Iff(x)=|2sinx x> 2x|,then Jim L)
x>0 X
tanx x 1
[Online April 15,2018]

(a) Existsand isequal to—2
(b) Does not exist

(c) Existandisequalto0
(d) Existsandisequalto2
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dx

1 X 3 | (a) X2 (b) y2 (C) x2 +y (d) x2 +y
If f(x)= sin” ,then f’| —— | equals. Y 2
S () T f( 2] q e 2 e 2
e [\(;’h"e 1}‘” IS, 20181 g Letfon= X #0,-2.Then j [/~ (x)] (wherever
a) /3 log, /3 —+/3log, V3 ?+2x
@ B ®) Be itis deﬁned) isequalto: [Online April 9, 2013]
(© —+3log,3 (d) V3log,3 -1 3
@ . b) ——
d> (1-x) (1-x)
If x2 + y2 + sin y = 4, then the value of 2y at the point 1 3
. : . © 2 d 2
(-2,0) is [Online April 15, 2018] (1-x) (1-x)
(@ -34 (b) -32 (c) -2 d) 4
2x+3
. ( 6xdx \ 89. Iff'(x)=sin(logx)and y = f (3x; ) then == dy equals
If for x 6(0, —] , the derivative of tan~ dx
4 1-9x° [Online May 12, 2012]
2x+3
\/;.g(x) , then g(x) equals : [2017] (a) sin|log )
X
3 b 9 12
@ 190 ® o3 ® G o
3xvx 3x 2 [ (2x+3n
d ——sin| log
© o0 @ 12053 © (322402 3-2x
Forx e R, f{x)=|log2 —sinx| and g(x) = f(f(x)), then : 12 2x+3
[2016] (d) ————cos {bg [3 — Zx] }
(@) £(0)=-cos(log?) (3-24) o o
(b) gis differentiable at x = 0 and g'(0) = — sin(log2) 90. Letf: (-1, 1) > Rbeadifferentiable function with f(0) =—
(c) gisnot differentiable at x =0 Landf"(0) = 1. Let g(x) = [f (2 (x) +2)*. Then g'(0) =
(d) g'(0)=cos(log2) [2010]
| (@ 4 (b) 0 (© 2 (d) 4
If f(x)=x2 —x+5, x>=, and g(x)is its inverse function, 91. Lety bean implicit function of x defined by
2 —2x* cot y — 1=0. Then y'(1) equals [2009]
then g'(7) equals: [Online April 12,2014] (@ 1 (b) log2 (©) —log2 (d) -1
1 1 1 m _n m+n dy .
- — - _— 92. Ifx"y"=(x+y) ,then = is [2006]
@-3 O35 ©35 @5 e
Y x+
d Ea y had
Ify = sec(tan"'x), then d_z atx=1lisequalto: [2013] @ X ®) Xy © x @
- tooo d
1 ! 93. Ifx=e"""""" x>0, then d_y is [2004]
@ 75 O3 (© 1 @ V2 .
V2 2 ex 1 1—x
oo | | @— O ©— @
If the curves < T =1 and )? = 16x intersect at right 94, Let f(x) be a polynomial function of second degree.
o
angles, then a value of L is : [Online April 23, 2013] ff(1)=A-Dand a,b,c areinA.P, then f*(a), /'(b), f(c)
arein [2003]
(@ 2 (b) 4 (©) 1 (d) 3 (a) Arithmetic -Geometric Progression
3 2 4 (b) AP
(©) G.P
Fora>0, te( j let x=Va"™ K and y=Va cos ’ (d) HP.
95. If f(x+y)=f(x).f(y)Vx.yandf(5)=2,
2
Then, 1+[QJ equals : [Online April 22,2013] £10)=3, then /' (5)is [2002]

@ 0 (b) 1 (© 6 d 2
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Differentiation of Infinite Series,
Successive Differentiation, nth
Derivative of Some Standard

Functions, Leibnitz’s Theorem,
Rolle’s Theorem, Lagrange’s Mean
Value Theorem
96. For all twice differentiable functios f : R—R, with

97.

98.

99.

100.

101.

A0)=AD=,(0)=0 [Sep. 06, 2020 (I1)]
(@) f"(x)#0atevery point x e (0,1)

(b) f"(x)=0, for some x € (0,1)

© f"0)=0

(d) f"(x)=0, at every point x € (0,1)

Tom
If »* +log,(cos’ x) =y, x € (—— —]’ then :

272

[Sep. 03,2020 ()]
@ »"(0)=0 ®) [y'(O)]+]y"(0) =1
© 1y"(O)=2 @ [y'O)+]y"O0)=3

If ¢ is a point at which Rolle’s theorem holds for the

2
X" +a

function, f(x)= loge[
Tx

] in the interval [3, 4], where

o € R, then f”(c) is equal to: [Jan. 8,2020 (I)]
1 1 1 3
@5 O3 © 5 © §

1
Let x* + y*=da*, (a, k> 0) and %+(XJS =0, then kis:
x \x

[Jan.7,2020 (D]

3 4 LN |
@5 ®5 ©F @7

The value of ¢ in the Lagrange’s mean value theorem for
the function f{x)=x’—4x>+8x+ 11, whenx € [0,1] is:

[Jan.7,2020 (ID)]

@ =2 ‘f ®) 4‘3ﬁ
2 _
© 3 @ =2

1 1

1 2
If 2x=y3+y 5 =and (x> - 1) d_y+;\‘x@+ky -0,
di? dx

then ) +k isequal to:
(@) —-23 (b) —24

[Online April 9,2017]

© 26 () -26

102.

103.

104.

105.

106.

107.

108.

Let fbe a polynomial function such that f (3x) =" (x), f"
(x), for all x € R. Then : [Online April 9,2017]
(@) f(b)+f'(b)=28

(b) f"(b)—f"(b)=0

(¢ f"(b)—f'(b)=4

@) f(b)—f'(b)+f"(b)=10

15 15
If y = [X+\/X2—li| +[x—\/x2—l} > then

2
(x? —1)% + xzx—y is equal to [Online April 8,2017]
X

(@ 12y  (b) 2242 (c) 2252 (d) 225y
If Rolle’s theorem holds for the function £ (x) 2x3 + bx?

1
+cx,x € [-1, 1], at the point x = 5 then 2b + ¢ equals:

[Online April 10, 2015]
(@ -3 (b) -1 (© 2 @1
If fand g are differentiable functions in [0, 1] satisfying
f(0)=2=g(1),2(0)=0 and f(1) =6, then for some ¢ €]0,1[
[2014]
@ f(0)=¢g'(0) (b) f'(c)=2¢g'(c)
© 2/'(0=g'(0) (d) 2/"(0)=3g'(c)
Let f{x) =x[x], g(x) = sin x and h(x) = (gof) (x). Then
[Online April 11,2014]
(a) h(x)isnot differentiable at x =0.
(b) h(x)is differentiable at x =0, but h'(x) is not continuous
atx=0
(¢) h'(x)is continuous at x =0 but it is not differentiable at
x=0
(d) h'(x)is differentiable at x =0
Letfori=1,2, 3, p;(x) be a polynomial of degree 2 in x, p;(x)
and p"{(x) be the first and second order derivatives of p;(x)
respectively. Let,

and B(x) = [A(x)]T A(x). Then determinant of B(x):
[Online April 11,2014]

(a) isa polynomial of degree 6 in x.

(b) isa polynomial of degree 3 in x.

(c) isapolynomial of degree 2 in x.

(d) does not depend on x.

If the Rolle’s theorem holds for the function

f(x) = 2x3 + ax? + bx in the interval [ 1, 1] for the point

1
c= 5 then the value of 2a + bis: [Online April 9,2014]

@ 1 () -1 © 2 @) -2
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109. If f(x)=sin (sinx)and f"(x)+tanx f"(x) + g(x)=0,then 114. Let f'be differentiable for allx. If/(1)=-2 and
gx)is: . -[Onhne April 23,2013] £'(x) = 2 forx e [1, 6], then [2005]
(@) cos®x cos (sin x) (b) sinx cos (cos x)
(c) sin®x sin (cos x) (d) cos? x sin (sin x) (@) f(6) 2 8(b) f(6)<8 (c) f(6)<5 (d) f(6)=5
110. Consider a quadratic equation ax? + bx + ¢ = 0, where 115. Ifthe equation a,x” + an,lxn_l - +ax =0
3 2
2a+3b+6c=0and let g(x) L N ] a; # 0,n = 2, hasa positive rootx = o, then the equation
3 2
[Online May 19, 2012] nanxnil +(m-1) anqxn_z T + a; =0 hasapositive
Statement 1: The quadratic equation has at least one root root, which is [2005]
in the interval (0, 1). (a) greater than o
Statement 2: The Rolle’s theorem is applicable to function (b) smaller than o
g(x) on the interval [0, 1]. (c) greater than or equal to o
(a) Statement 1 is false, Statement 2 is true. (d) equalto o
(b) Statement 1 is true, Statement 2 is false. 116. If 24+3b+6¢ = 0, then at least one root of the equation
(c) Statement 1 is true, Statement 2 is true, Statement 2 is 5
not a correct explanation for Statement 1. ax” +bx +c = 0 lies in the interval [2004]
(d) Statement 1 is true, Statement 2 is true, , Statement 2 is @ (1,3) () (1,2 © 2,3) (d) (0,1)
acorrect explanation for Statement 1. 107. If f(x)=x" , then the valuc of [2003]
d’x
111. dy_2 equals : [2011] f(l)—f'(l) +f"(1) —fm(l)+ D" s
‘ 1 2! T n!
2\ a7 a2y \(dv )
I T PR
X
dx o o 118. Let f(a)=g(a)=k and their nth derivatives
2 -3 2\l
© ~ Q (d_yj ) dy f"(a),g" (a) exist and are not equal for some 7. Further
dx* )\ dx dx* if
12, LetfG)=x|x|andg () =sin. . i @2~ f@)=g@f )+ /@ _,
Statement-1 : gof'is differentiable at x = 0 and its derivative 111 =
. . . x—a g(x)—f(x)
is continuous at that point. )
Statement-2 : gofis twice differentiable at x=0. [2009] then the value of ks [2003]
(a) Statement-1 is true, Statement-2 is true; Statement-2 is @0 b4 (2 @1
not a correct explanation for Statement-1. g d
(b) Statement-1 is true, Statement-2 is false. 119. Ify=(x+ 1+ x% )" then (1 +x?) —g} + xd—y is [2002]
(c) Statement-1 is false, Statement-2 is true. dx x
(d) Statement-1 is true, Statement-2 is true; Statement-2 is (@) n’ (b) —n’y (©) -y (d) 2x%
a correct explanation for Statement-1. 120. If2a+3b+6¢=0,(a, b, c € R) then the quadratic equation
113. A value of ¢ for which conclusion of Mean Value Theorem ax?+ bx +c=0has [2002]

holds for the function f(x) = log, x on the interval [1, 3] is
[2007]

1
(@) logse (b) log3 (©) 2logse (d) 510g3e

(a) atleastonerootin [0, 1]
(b) atleast onerootin [2, 3]
(c) atleastonerootin [4,5]
(d) None of these
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Hints & Solutions

1. (8 Weknow [x] discontinuous for x € Z
. . (1. (14+3x
4. (5 lim f(x)=lim|—In
X . . x . x—=0 x—0lx \1-2x
f(x)=x 5 may be discontinuous where 5 is an
) ) (111(1 +3x) In(1- 2x)]
integer. = lim -
. . L x—0 X X
So, points of discontinuity are,
X=42,+4,46,+8 and 0 :hm(31n(1+3x)_21n(1—2x)j
butatx =0 x—0 3x -2x
i 0= (0 & =3+2=5
v J(x)=0=70)= g S f(x) will be continuous
So, f(x) will be discontinuous at x =+2, +4, +6 and +8. S k= f(0)= lim0 f(x)=5
2. () Since, function f(x) is continuousatx=1, 3 =
. 5. () Since, f(x) is continuous, then
S fM=san) L
lim f(x) b
=ae+be =¢ (1) x%% =f I
3)= (3"
OERIED et
=9 =9+6c=c=3a (1) m}[m—
x>
From (i) and (ii), 4
b=ae(3-e) (1) Now by L- hospital’s rule
ae* —be™ —l<x<l \/E(L]
S@=| 2 1<x<3 i M28inx V2 L
T 2 2 2
2ax+2¢  3<x<4 x_>Zcosec X (v2)
S(O)y=a=b, ['(2)=4c i ([ ] {xD 3_023
im | [x|]-|=]||=3-0=
Given, /'(0)+ f'(2) = e 6. @ LHL 7L 4
a-b+4c=e (V) . X
From egs. (i), (ii), (iii) and (iv), RHL. lim, [x]-| 7 |=4-1=3
a-3ae+ae’* +12a=e 4
4)=14|-| - |=4-1=3
= 13a—-3ae+ae’ =e f( ) [ ] [4}
e - LHL=f(4)=RHL
—a= e? —3e+13 . f(x)is continuous at x =4
lim b|(x-n)+3=(5-n)b+3
3. @ lim x[ﬂ 4 = lim xF—{EH 4 7. @ RHL 75 ((v==)
x>0 | X x—=0 | X X

f(5)=LHL lim a|(rt—x)|+l=a(5—n)+1
. 4 T xo5T
= 11m4—x{—}:A:> 4-0=A

x>0 X - function is continuous at x =5

As, f(x)=[x*]sin(mx) will be discontinuous at non-integers . LHL=RHL

And, when x=+A+1 = x=4/5, G-mb+3=(G-ma+tl

which is not an integer. b 2
=2=(a—b)(5-m) = a-b=—"—
Hence, /* (x) is discontinuous when x is equal to v A4 +1 ( ) ) 5-m
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8.

10.

(¢) Given function is,

|x|+x], -1<x<l1
x+|x|, 1<x<2
x+[x], 2<x<3

Jx)=

—-x—-1, -1<x<0

X, 0<x<l1
=<2x, 1<x<?2

x+2, 2<x<3

6, x=3

=/D=0,/(-11)=0;
f(0)=-1,£(0)=0,£(0")=0;
SM)=L1)=2,/(1)=2;
J@2)=412)=4./(2)=4

f(3)=5./3)=6

f(x)is discontinuous at x = {0, 1, 3}

Hence, f'(x) is discontinuous at only three points.
(d) Let f{x) is continuous at x = 1, then

A)=AD=AT)

= S5=a+b (1)
Let f{x) is continuous at x = 3, then
fB3)=A3)=A3")

= a+3b=b+15 ..(2)

Let f{x) is continuous at x = 5, then

S5)=A5)=A5)

= b+25=30

= b=30-25=5

From(1),a=0

But a =0, b =5 do not satisfy equation (2)

Hence, f(x) is not continuous for any values of a and b
(@) Ifthe function is continuous at x = 0, then

lim0 f(x) will existand f(0)= lim0 f(x)

Now, lim f(x) = lim (l— k=1 }
x—0 x—>0\ x

e -1

. (e —1-kx+x

= lim | —————
=0\ (x) (e 1) J

(14—2 + (2x) (2x) J —kx+x
2! 3!

o (x)[[H—Z +(2x) +(2x) + J—l]
o 3 T

2

G-k)x PR

= lim 2t 3
x=0 [ 4x°  8x° J
22X+ ——+—+...

21 31

11.

12.

13.

For the limit to exist, power of x in the numerator should be
greater than or equal to the power of x in the denominator.
Therefore, coefficient of x in numerator is equal to zero
= 3-k=0

= k=3

So the limit reduces to

8x
(x )(2' 3l +]

lim
x>0
(x )[2+4x+8x+ J
2! 3!
4 Bx
7' '+..-
=lim—2- 3L )

x>0 4x  8x*
2+—+—+
21 3!
Hence, f(0)=1
(¢) Since f(x) is continuous at x = 2.

- lim f(0)=/(2)

1

= lim(x-1)>* =k (1" form)
x—>2
nel=k
where /= lim (x—1-1) x Ui 222
x—>2

2—-x x-22-Xx

= k=¢
© e f(¥)=1(7/2)

= k+2/5:1:>k:1—§ = kz%

2x2 262 —4b

(©) } i }
Continuityat x =1

2
o —a =a=+2

Continuityatx= 2 a= 2

26 -4b
a= 2\/5
Puta= .2

2=p*-2b =b*-2b-2=0

_2EVA+42 413

2

So, (@, b)= (y2,1-3)
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14.

15.

16.

m-321

(¢) Since f(x) is a continuous function therefore limit of

f(x)atx — 0 =value of f(x) at 0.

- lim £(x) = lim (Callnd)

x—0
sm( )log(l-ﬂ— )
k 4
X 1 2
X
X

on applying limit we get
4k=12=k=3

N2+cosx —1
@ Sincef(x)= ~— " is
(mr—x)

Continuous at x = 1
LHL=RHL=f(n)
Let(mn —x)=06,0 > 0whenx > 1

lim N2 —cosO -1

00 62
— lim (2—cos9)—1>< 1
60 92 V2 —cosO+1
= lim 1-cosb l (- cos 0=1)

6—0 92 )

1 2sin?0/2 2 . sin?0/2
— —lim 2> = _ 2 ]im —/———~
2 00 02 2 650 9?2 4
e
_ 1 ( fim 22X 1)
4 x—0 X
. f(gj 2
() Given that > 9

1—cos3x .( 2 )

. I-cosdx| . 0 X
;lcl—ril)f( X2 ) xlg(l)kl—cos_“axj
> (9 24)

=, = —11m
-0 2sin237x 2 x>0

92
47~

N‘x \O\-h
N——

17.

18.

19.

4 (1 )

lim| ———
Ox2x-0[ . 2 3x
sin- —
(31] 2
2

lim1
=< {limw—l}

. 2 3x =0 X
sin” —

|
O | o

lim
v—)O(}x)

2

_ 2| 2
T 971l 9

@ Letf(x)=[x]+|1-x]|, —1<x<3
where [x] = greatest integer function.
fis not continuous atx=0, 1, 2,3

But in statement-2 f(x) is continuous atx = 3.
Hence, statement-1 is true and 2 is false.

b wx)= Ll , which is discontinous at x = 1
x—

1
SO T ey -y

which is discontinous atu =-2, 1
1

whenu=-2,then — =-2 = x:l
x—1

1
whenu=1,then —=1 = x=2
X—
Hence given composite function is discontinous at three

. 1
points, x=1, 5 and 2.

@) fog=f(gx)=f(1—|x])
=—1+[1-|x|-2|

=—1+4|-|x| 1| =-1+] x| +]]
Let fog=y
sy=—l+|x|+]
—l+x+1, x>0
=r= {—1—x+1, x<0

x, x=0

= y:{—x, x<0

LHL at (x=0)= lim (—x) =0
x—0

RHL at (x=0)= lim (x)=0
x—0

When x=0, theny=0
Hence, LHL at (x=0)=RHL at (x=0)
=value of y at (x =0)
Hence y is continuous at x = 0.
Clearly at all other point y continuous. Therefore, the set
of all points where fog is discontinuous is an empty set.
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—1) 24. () LH.L-=lim f(x)

(atx=0) x—0"

20. @ Let f(x)=[x ]Cos(zx

We know that [x] is discontinuous at all integral points sin{(p +1)(—h)} —sinh

and cos x is continuous at xe R. - /%1_12) —h “prltl=pt2
So, checkatx=n,n el .
2r—1 RH.L= lim f(x)
LHL= lim [x]cos( 5 )n (atx=0) x>0
x—on-
- | (211_1) o \/x+x —\/— Vx+x? +x 11
=(n-1)cos = h»o 32 \/x+x x T 111 2
(" [x] is the greatest integer function) f(0)=2
2% -1 Given that f(x) is continuous at x =0
RHL= lim [x ]cos( j
xon’ o — Lpt2=q==
:ncos( j =0 31
Now, value of the function at x = n is =P=T4Ty
Sm)=0 : :
Since, LHL=RH.L.=/(n) 25. () Given, f(x)=—— ) is continuous at x =0

s f(x)=[x] cos (Zx —

1). .
is continuous for every real x.

llml— 2
= /o= e 1

x
i — < f(x)<6—x
21. (@ Consider [x] I (@ -1 -2x [0 }
= lim —————. | — form
. 5 0 x> -1 L0
= xl_l)nzl o1 2 .. Applying, L'Hospital rule

Differentiate two times, we get

= lim J6-x =2 4’ -
e

= f(O) = lim 2x 2x 2x
lim f(x)=2 [By Sandwich theorem] ¥202(xe™ 2+ e D) e 2
x—>2" 2x 0
= lim 4 l:— f0m1:|
Now lim ——=1 lim J6-x=2 10 4xe?% +2¢2 422 L0
r—2t [x] 7 xo2t 2x
, : . Chim— 4
Hence by Sandwich theorem xlingl f(x) does not exists. —04(xe> +¢¥) 4 0+¢%) =
Therefore f'is not continuous at x = 2. Thus statement-1 1—tanx n
is true but statement-2 is not true 26. (¢) Given that f(x)= 2 is continuous in | 05 E}
22. () Statement-1istrue. n e
It is the definition of continuity. f(—j = lim f(x)= lim+ f(x)
Statement - 2 is false. 4 NN NN
) xsin(l/x),x#0 - 4
23. (¢) Giventhat f(x)= lim f(x)= lim f(—+ h]
0 , X = 0 T h—0 4
x>
Atx=0 4
T 1+tanh
LHL= lim {—hsin(—lj} 1‘“““(4”’] = e
h—0" h —hm—h>0:1im¢
=0 x a finite quantity between — 1 h=0 [ + h] h—0 4h
= 4
and 1=0 -2 tanh 2 1 . tan®
1 S wenn a4 2 |CimTg !
RHL= lim hsin —=0 h=>01~tan >0
h—0" h 27. () Letais arational number other than 0, in [-5, 5],
Also, f(0)=0 thenf(a)=aand lim f(x)=—a
Thus LHL=RHL= f(0) x—a
A (x) is continuous on R. o x—>a and x — a" is tends to irrational number

bUt /() is not continuous at x = 0 .. f(x) is discontinuous at any rational number
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If a is irrational number, then and also f"(x)> 4
f(@=-aand lim f(x)=a vey_ p
roa :>—f ©) f(2)24:> f'G) =12+ 1'(2)
.. f(x) is not continuous at any irrational number. For x =0, 5-2
lirr%)f(x):f(O):O = 1'5)=17
. f(x) is continuous at x =0 Hence, f(5)+/'(5) 228
31. (10.00)
28. (@) . 2, 2
) s JEx+y)=f)+ /() +x”" +x7y
y=x p= y=x Differentiate w.r.t. x :
[x+y)=F(0)+0+y* +2x
(©, (1,0) Puty=—x
L0 =f@+x* =20 ()
11%&:1:f(0) =0
x—> X
/(%)= max.{x, x* )
g * {x g } S f0)=1 .(i1)

2 From equations (i) and (ii),

x“, x<0
= f)=1x 0<x<l f0)=E+)= f3)=10.
x2, x>1 —x—1

s x<-1
.. f(x) is not differentiable atx =0, 1

T -1
29. (a) f(x)isdifferentiable then, f(x) is also continuous. 32. @ fn= Z"' tan “x, —lsx<l

E x1_1>r1111+ f(x)= xl_lgf S(x)=f(m) %(x—l), 1

=>-1=-K, =K, =1 ¥

2K (x—m) 1 x<m
-K,sinx x>m

A CY) ={

Then, lim f(x)= lim f(x)=0
xont -

XOT

2K, ; XS®m

-Kycosx ; x>m

f"(x)z{ (=1,0) (0,0)| (1,0)

Then, lim f(x)= lim /(x)

X7 XD

1
=2K, =K, =K, ==

2 M
So, (K|, K,) = (l, 1) It is clear from above graph that,
2 f(x) is discontinuous at x = 1.

30. () Letf betwice differentiable function i.e. continuous on R — {1}

()21 f(x) is non-differentiable at x=—1, 1
i.e. differentiableon R — {—1, 1}.

) -/
- f( )3f( )21 3. (© LHL- limosin(a+2)x+sinx
x—> X
= f(5) 23+ f(2) i [ S0+ 2)x o4 fim SO _
= f(5)23+8= f(5) 211 i rwesea (SRt S AS
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1= £ le FO=h)= 1; Sin(p +1)(—h) +sin(—h)
L (0 ) hao —h
RUL < lim| LE3R3 =11 | . .
0 h B _ Lim{—sm(p+l)h+smh}
h—0 —h h
Function is continuo .
unction f{x) is inuous ) msm(p+1)h (p+1)+le <in
limf f(x)= lim+ f(x) = £(0) hs0 h(p+1) 7
=(ptDhH+1=p+2 -2
at3=1= a=-2
. 2
wo A0 = [ 0+ 1y=

34.

35.

36.

37.

38.

Hence, a +2b=0
(@ It is given that functions f'and g are differentiable
and fog is identity function.

(fog)x)=x = f(glx)=x
Differentiating both sides, we get
S'(gx))-g'x)=1
Now, put x = g, then
S/'(ga)-g'(a)=1
S'()-5=1

1
1= <

(Bonus) For a constant function f{x), option (1), (3) and
(4) doesn’t hold and by LMVT theorem, option (2) is
incorrect.

@ From,LMVT forx e [-7,—1]

SED-CED o, o JEDH3 —f-1)<9
-1+7 6
From, LMVT for x € [-7,0]

SO
o+7

f(0)+3
7

<2 = f0)<11

f(0)+A-1)<20
(¢) - fix)isnon differentiable atx=1,3,5
[+ |x—3]is not differentiable at x = 3]
2 f(fx) = AAD) + AA3) +AA5)
=1+1+1=3

sin(p +1)x +sinx <0

X

(© f®= q

VX2+X—\/;
3
x2

Therefore, f(0)=£(0)=£(0") ..(1)

x = 01is continuous at x=0

x>0

39.

40.

1

2 [h+1-1]
Lim

_ h—>0 1
B h{ h2

- NhH1-1 Nh+l+l o k1]
= Lim X — Lim
K0  h Vh+1+1  h>0h(h+1+1)
1 11

= Lim———= —
h—>0h+1+1 1+1 2 ~3)

Now, from equation (1),

1
JO)=fO) =/ ) =p+2=9=7

1 -3 31
=g¢=75andp=— .9 = [“ Ej
®) f(x)=In(sinx), g(x)=sin"(e*)
= f(g(x))=1In (sin (sin'e™¥)) =—x
=f(gx)=-a
But given that (fog) (o) =b
v —a=bandf(g(a))=a,ie,a=-1
Laot—boa—a=-o*+ot-(-1)
=ac’—ba—a=1.
© oo lim ED=EC)

g (o) lim L=

X—>C X—c

Since, f(c)=0

Then, g'(c)= lim =—— /@]

x—=>c X—¢C
vACs ),1ff()>0

s L

—f()

and g'(c)= iim S iff(x)< 0
=g'()=f()=-f" (C)
=21c)=0=/"c)=0

Hence, g (x) is differentiable if f '(c) =0
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41.

42.

43.

44.

@) Since, f{x)=15—|(10—x)|

g =1f(f(x))=15—|10—[15—|10—x]]|
=15—|10—x|-5|

. Then, the points where function g(x) is Non-
differentiable are

10—-x=0and|10-x|=5
=x=10andx-10=+5
=>x=10andx=15,5
@ Letg(x)=/(/(/())+ (fx))*
Differentiating both sides w.r.t. x, we get
g =" SNS ) fC)+2f(x)f(x)
g M=y UM M+2,M)f (M)
=/ LMD +2/() (1)
=3x3x3+2x1x3=27+6=33
(®) Since, f(x) =f{x)

/')
Then, ) =
= ]}((j:)) =dx= J;,((;C)) dx = ldx
= h|fx)=x+c
fx)==e"c (1)
Since, the given condition
fiHh=2
Fromeq" (1) f{x) = e**¢= e‘e*
Then, Al)=e° ¢
= 2=¢"e
2
= —=e
e

Then, from eq” (1)
2,
fo="=

2
= fw=1¢

Now A(x) = f{f(x))
= KE=/(fx) )

-1, -2<x<0
)=
@ A -1, 0<x<2
-1, —2<x|<0
Then, f{|x)=
A Ix? -1, 0<|x|<2

= flx)=x*-1,-2<x<L2

45.

46.

M-325
® 1+x> -1, —2<x<
= gx)=
(P =D+[x* =1, 0<x<2
xz, —2<x<0
= 0, 0<x<l
2x*-1), 1<x<2

g0)=0,g(07=0,g(1)=0,g(1)=4

= g(x)is non-differentiable at x = 1

= g(x)is not differentiable at one point.
() Consider the equation,

xlog, (log,x)—x*+)*=4

Differentiate both sides w.r.t. x,

—2x+2yﬂ =0

x-log, x dx

e

log, (log, x)+x-

1 dy
log (log, x)+ —2x+2y— _
og,(log, x) e x XA =0 (D)

e

Whenx=e,y= /4.2 Putthesevaluesin (1),

dy
4o’ = =
¢ dx 0

0+1—2e+2

dy 2e-1

dx ~ 2\are’

@ f(x)=sin |x|—|x|+2(x—m) cos |x|

There are two cases,

Case (1),x>0
f(x)=sinx—x+2(x—m)cosx
f'(x)=cosx—1+2(1-0)cosx—2sin (x—T)
f'(x)=3cosx—2(x—m)sinx—1

Then, function f{x) is differentiable for all x>0
Case (2)x<0
fix)=—sinx+x+2(x—m)cosx
f'(x)=—cosx+1-2(x—m)sinx+2cosx
f'(x)=cosx+1-2(x—m)sinx

Then, function f{(x) is differentiable for all x <0
Now check forx=0
f0HYRHD.=3-1=2
f(0)LHD.=1+1=2

LHD.=RHD.

Then, function f{x) is differentiable for x = 0. So it is
differentiable everywhere

Hence, k= ¢
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47.

48.

49.

. max{|x|,x*}  |x[<2
b) Given =1 ¢ o1y 2<x|<4
N
8-2 L= 8-2
y=8-2 L y=8-2
\\ ’
N P >X
-4 2 -1 1 2 4

-+ fix) is not differentiable at —2,—1, 0, 1 and 2.
L 8={2,-1,0,1,2}
(¢) Consider the function

f(x)=max{—|x|,—\/1—x2}
Now, the graph of the function

y

From the graph, it is clear that f{x) is not differentiable at x
1 1

IR

Th = {—L 0 L}
en, K= \/5 U, ﬁ
Hence, K has exactly three elements.
@ f(x)=|x—mn|@E-1)sin|x|
Check differentiability of f(x) at x =mand x =0
atx=m:

o |m+h-m |- 1)sin|m+h|-0

RHD.=1li
h—0 h
LH.D= lim [m—h-m|E™"-Dsin|n-h|-0 _ 0
h—0 —h
-» RHD=LHD

Therefore, function is differentiable atx =7
atx=0:

RLD, = lim Ih—7|(e"—1)sin|h|-0
o0 h

0

50.

s1.

|~h—mt|(™"~1)sin|~h|-0

LHD.= lim 0
h—0 -h

.. RHD=LHD

Therefore, function is differentiable.

atx=0.

Since, the function f(x) is differentiable at all the points
including wand 0.

i.e., f{x) is every where differentiable .

Therefore, there is no element in the set S.

= S = ¢ (an empty set)

@ S={(\p) eRxR:f(t)=(Me"—p)sin 2It]), € R
SO = (Meltl= ) sin (2It])

(Lle —wsin2s, >0
(M]e™ —p) (~sin2¢), £<0

, (x]e')sin 2t + (A e —p) (2cos 2f), t>0
S [h|e " sin 2t + (A e — ) (—2cos 2t), £ <0
As, f(¢) is differentiable
~.LHD=RHDat¢=0
= |A|.sin2 (0) + (Ae®— )2 cos (0)

=|Ale™. sin 2 (0)—2 cos (0) (|Ale 0—p)
= 0+(A-w2=0-2(A-p)
= 4(M-w=0
= M=u
So,S=(A, W={L eR&pne[0,0)}
Therefore set S is subset of R x [0, o)

-X x<l1
@ fe)= {a+cos_1(x+b) 1<x<2

f(x) is continuous

= lim f()= lim a+cos™ (x +b)=f(x)

xol” xol"
= —l=a+cos'(1+b)
cos'(1+b)=—1-a ... (a)
f(x)is differentiate
= LHD=RHD
-1
= —l=—
J1-(1+b)?
= 1-(1+bP=1=b=—1 .. )
From (a) = cos (0)=—1—a
g "
~lea= 2
_ _ —n-2
a=— 75 = a= 5 (C)
a m+2
b 2
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52.

53.

54.

(¢) Since g (x) is differentiable, it will be continuous at x =3

*olim g(x) = lim g(x)
x—3" x—3"
2k=3m+2 (1)
Also g(x) is differentiable at x =0

© lim g'(x)= lim g'(x)
x—3" x—3"

k p—
23+1
k=4m (2
Solving (1) and (2), we get
28
=5 575
k+m=2

® Let|/(x)|<x’ VxeR
Now, at x =0, | /(0)| <0

=f(0)=0

oS- f) L f(h)
SO T T T
Now, ‘% <t ([ f@)]<xh)

= —\h|s%sm|

— lim M—) 0
h—0

(using sandwich Theorem)
. from (1) and (2), we get f'(0) = 0,
i.e. — f (x) is differentiable, at x = 0
Since, differentiability = Continutity

L)) £ x2, for all x e Ris continuous as well as

differentiable at x = 0.

(1
® ()= xsm(;j, x#0
0, x=0

and g(x) = x f (x)
For f'(x)

LHL = lim {—hsin(—l)}
h—0" h

= 0 x a finite quantity between —1 and 1 = 0

. 1
RHL = lim Asin— =g
0"
Also, £(0)=0

Thus LHL = RHL = f{0)
.. f(x) is continuous at x = 0

(1)

-2)

5S.

56.

57.

1
xzsm—,x;t 0

gx) = x
0, x=0

For g(x)

LHL= lim {—hzsin(l)}
h—0" h

= 0% x a finite quantity between —1 and 1 = 0

1
RHL = lim hzsin(—] =0
h—0" h
Also g(0) =0

. g(x) is continuous at x =0

x=2 , x
=lx=2|=
© f(x) |x | {2—x , x=2Z
B x-2 , 2
Cl2-x , x<2
Similarly,
x-5 , x25
=|x—5|=
f(x) |x | {S—x , x<5

f(x):lx—2|+|x—5|
={x-2+5-x=3,2<x<5}

Thus f(x)=3,2<x<5
f'(x)=0,2<x<5
S #H=0

Statement-1 is true

Y

Since f(x) =3, 2 <x <5 is constant function.

So, it continuous in 2, 5 and differentiable in (2, 5)
v f(2)=0+2-5|=3

and f(5)=15-2|+0 =3 statement-2 is also true.

m-327

@ Jsin x| and e™ are not differentiable at x = 0 and |x

is differentiable at x = 0.

.. for f(x) to be differentiable at x = 0, we must have

a=0, b= 0 and c is any real number.
® Given x+|y|=2y

= x+y=2yorx—y=2p

= x=yorx=3y
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58.

59.

This represent a straight line which passes through origin.
Hence, x +|y | =2y is continuous at x = 0.

Now, we check differentiability at x =0
x+t|y|=2y=>x+y=2y,y20

x—y=2y, y<0

X, <0
Thus, f(x)= V’ 120

Now, LHD.= fim 73~/ ()

h—0" —h
lim M =1
- h—0" -
+h)—
RHD= fim 2=/ (x)
0" h
x+h X
= lim 3 3 = llm l_l
h—ot h hot3 3

Since, LH.D #R.H.D. atx=0
.. given function is not differentiable at x =0
2 2
(© lim /@)= /()
X—a x—a
Applying L-Hospital rule
_ lim 2/(@-d’f'®)

xX—a 1

=2af(a)—d* [ (a)

(1),
(©) Given that, f(x) = ("’Dsm(x_lj’lf”l

0 Jifx =1
Atx=1
RHED. = lim fa+h) -~
h—0 h
hsin l -0 |
= lim = lim sin— = a finite number
h—0 h—»0 h

Let this finite number be /

R RS ()

LHD.= 1l
h—0 -h
—hsin (L)
= lim —h = lim sin L
h>0  —h h—>0  \~h

1
= —lim sin[—) =_ i -
P h (a finite number) =—/

Thus RHD # LHD
.. fis not differentiable at x = 1

60.

61.

62.

63.

Atx=0 f'(O):sin(xll)f Xlzcos(Lﬂ
- x-1) x—1 20
=-sin1+cos 1
.. fis differentiable at x =0
@ f()=min{x+1,[x[+1}
= f(x)=x+1V x€R

Y
y=—-x+1

y=x+1

(0, 1)

1,0

Since f(x)=x + 1 is polynomial function
Hence, f(x) is differentiable everywhere for all x € R.

%, x<0

© fx)= x"
—, x20
1+x

fx) = ﬁ is not define at x # 1 but here x <0 and f (x)

X
= Tox is not define at x =—1 but here x > 0. So, f'(x) is

continuous for x € R.

X

—_— 25
and f'(x)= ==

(1+x)2 '

x<0

x=>0

f'(x) exist at everywhere.

() Giventhat |[f(x)—f()|< (x—y)% x, y € R...(i) and
J(0)=0

o=
|f'(x)|: hm‘f(x_"h)_f(x)
’ h—0 h

S+ ) - f(x)
h

»*
h

< lim
h—0

= |f1(x)]<0 = f(x)=0
= f(x)=constant

As f(0)=0

= f()=0.

. 1+h)-f1
© s - fim D20,

Given that function is differentiable so it is continuous
also
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and tim LU _ 5 and hence£(1)= 0 66. (©) (a+~2bcosx)(a—2bcosy)=a’ —b?
h—0 Differentiating both sides,
Hence, (1) = hhmo@ s (—~/2bsin x)(a —2bcos y) + (a+/2bcos x)
-
N
(1) (\/Ebsmy)ayzo
64. (¢) Giventhat £(0)=0; f(x)=xe ")
dy («/Eb sin x)(a —\2bcos )
~2/h == .
RHL. —11m(0+h)e = hir}) 57 =0 dx (a+\/5bcosx)(«/§bs1ny)
e
(l_l] Cay _a-b _dx _a+b
LHL. = lim (0~ h)e =0 T lax [E,z)_mb:dy a=b
therefore, f(x) is continuous at x = 0. 44
1 1) 6
—[7+7 13 4 . }
h h) _ y=) kcos {—coskx——smkx
Now, RH.D= fim 01~ 7 =0 _,, 6. 6N kz:l 5 3
h—0 h
(1 1) Let a=2 dsi a=2
(0 he 0 et cos 5 and sin 5
LHD.= —_—=1
haO ~h 6
therefore, L.H.D. # R.H.D. LY== Z kcos™ {cos a cos kx —sin asin kx}
f(x)is not differentiable at x =0. k=1
6
2
65. (@) Letu=tan" [MJ =Y keos™ (cos(kx +a))
X k=1
6
Put x=tan0 =0 =tan"' x =Y k(kx+a) = Z(k2x+ ak)
_1 secO-1 1 k=1 k=t
u=t a0 =tan | tan— 6
an 1
A >k = SO _ g,
0 1 1 dx 6
=—=—tan Xx
22 68. (Bonus) It is given that
Ldu 1 y 1 x =2sin0 —sin260 (1)
T 20 (1449 ¥ =2c0s0 — cos20 (i)
Differentiating (i) w.r.t. 0, we get
] 2a1=A? dx
Letv=tan | ———— —=2cos6—-2co0s26
1-2x do
Differentiating (i) w.r.t. ©; we get
Put x=sin¢=>¢=sin"' x g (i) g
2sin hcos ¢ ﬂ:—2sin6)+25in26
v=tan ! | Z3LPCOSO ) _ (tan 2¢) 49 o
cos2¢ From (ii) + (i), we get
—2¢=2sin"' x Q: sin20—sin6
J dx cos®—cos20
v 1
)
dx \J1_y2 2sin§.cos§ 30
= —2 =Ccot—
2 ...(1il)

du _du/dx _ N1-x°

v dv/dx  4(1+x%)

() B
(va[;) 10

2sin o .sin—
2 2
Again, differentiating eqn. (iii), we get

2
d’y 3. .230d0

a2 2 dx
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2 icosecz 30 Putting y =1 and x =0 in (ii),
ty- 2 2 dy _ dy _ 1
~ 2(cosB-cos26) e Lor1-0 P2
dx?  2(cos®—cos28) T - -

d’y 3 3

al(0-m 4-1-1) 8

2sina.  cosal
+

2 1

i 2cos”a
— cosa smao _
69. @) (@)= . —J. —
sec” o SINALCOSA  sin“ o

=\/200ta+cosecza =\/2c0ta+1+cot2a

3n
=|l+cotaj=—1-cota {-'“E[T,ﬂﬂ

Y _ cosec? LA N
E—cosec o = [doz a=5£_4

1 -1 -1
70. () Given, x:E,y:T = xy:g

L(=2x) [ 2
yo——=+yV1l-x
241-x2

=—{1a1-)? +My'

24112

xy o2 2, vy
= - —l_xz +YNI=x" ==1-y" + ,—l_yz

SR (N TR A N T
1-y? 1-x?
B, -1 15
- N3 __-L Vb
2 15 3 4
821 8.2
4 2
N (V4541 (1++/45)
SN PNE]
s
2
71. () Given, &' +txy=e .(1)

Putting x=01n (i), = e=e=>y=1

On differentiating (i) w. . to x

& d
o Zixiy=0 i

dx  dx

72.

73.

On differentiating (ii) w. . tox,

2 2
LI L g B P BBy iy
dx x dx X oax

Puttingy=1,x=0 dﬂ——l‘
utting y=1, x =0 an o B in (iii),

(Mj
@ f=tan' tanx+1

()

So, f(x)= ~ Zox]=x-Z
S@="|7 Z

T
Lety= =f(y)= Zy—z
af (y)
Now, differentiate w.r.t. y, =2.

dy

3 1.
—cosx+gsmx

-1 2
(none) 2y= cot 1 3
—COSX———sinx
2 2
2
s
cos(g—x)
1
t _ 7
= i
sin| ——x
6

EBD 83



Continuity and Differentiability m-331

74. () fix)=min{sinx, cosx} S"@)=6=f"03)=6
=sinx " "
, , R 7 , SO =2+ L+ (2)x+/"(3)
] ] y ] ]
; ; ' ' y=1 f(D=a=3+2a+b=a=a+b=-3 .()
...... e - PRI T A
. 3 : : . also f"(2)=b=12+2a=b=2a—b=—12 .2
L e :
AL : 2 : >, and f"(3)=c=c=6
—T ' T 7 h W T
rN\e /2 4 ' Add(1)and (2)
..... e TPRES SRRY FRP JR i - VR 3a=-15=a=-5=b=2
. . . =_1
. . . 7 = f)=x-5x"+2x+6
' ' -y:cosx = f2)=8-20+4+6=-2
dx
n m R &
f(x) is not differentiable at x = —— 12 77. ) v x=3tant= dt—3seczt
d
5= {_3_7'5 E} and y =3 sect = 71/=3 sect - tant
4’4
3t —m 3t w = ﬂ:dy—/dt d—y:@:sinl
= S C{ 4 4 4 4} ) dx dx/dt " dx sect
75. (a) Consider the equation, . Q:i(' 7 dr
- 5
(2 x)Zy = 4 er—Zy dx
Taking log on both sides _cost- 12
2y In(2x) = In4 + (2x—2y) () 3sect
Differentiating both sides w.r.t. x, dzy[att—n)l ( 1 f
| dy T’ 4) 32
2y—2+21n(2x)— 0+2-2—
2x dx 1
2—(1+ln(2) I e &2
X X
dx 1 -1 -1
78. Here, o o peoseehijggn T 0
From (1) and (2), &) Here iy — Y S
In2+
L1410 20 —b-[ﬁ] L
n 2x it ,Zsec—I, w21
x+In2
= (1+1n2x) _1+1n(2 )— ( j d
dy j); choscc*l’ 25007“
_ xIn2x)~In2 T A L e
x dt
76. (¢) Letflx)=x*+ax*+bx+c 4
ay
f'(x)=3+2ax+b=f"'(1)=3+2a+b dy _dr psecl _=y
dx dx Zcosecflt X

Fr()=6x+2a=/"(2)=12+2a ar
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79.

80.

81.

cosx x 1
@ f()=|2sinx x* 2x

tanx x 1
= cos x (x2—2x2) —x (2 sin x — 2x tan x)

+1(2x sin x—x2 tan x)

=—x2 cos x — 2x sin x + 2x2 tan x + 2x sin x — x2 tan x
=xZtanx—x2cosx =x2 (tan x —cosx)
= f'(x)=2x (tan x — cos x) + xZ (sec? x + sin x)

fim £ ) —

x—0 X

2

lim 2x (tan x — cos x) + X (5602 X +sin x)

x—0 X

_ lim
x—0

=2(0-1)+0=-2

So, lim L& =5

x—0 X

(tan x — cos x) + x (sec? x + sin x)

(@) Since f(x)= sin”! {2 x 3XJ
1+9*

Suppose 3* = tan ¢

= f(x)=sin"! ( 2tan2t j =sin~! (sin 2¢/)=2¢
1+tan“¢
=2tan"! (3x)
So, /" (x)= ———x3".log, 3
S () 16" g

1
1 2 -5
- fl(—z):ﬁx?ﬁ 2.10ge3
1+(32]

= 3><10ge\/§

@ Given, x2+)2+siny=4
After differentiating the above equation w. r. t. x we get

1
=—x+3xlog, 3
5 ge

dy dy
2x+2y—+cosy—=0 (1
Y Y M
dy
=2x+2y+cosy)—=0
dx
@_ —2x
dx 2y+cosy
At(=2,0), (d_y) :ﬂ
dx (=2,0) 2x0+cos0

(i) 51
== =—
dx (=2,0) 0+1

82.

83.

d_y) 4
:[ @) e

Again differentiating equation (1) w. r. t to x, we get

2 2 2 2
2+2(ﬂj +2yd—2y—siny(d—yj +cosyd—§} 0
dx dx dx dx

v d?
:>2+(2—siny)[—yj +(2y+cosy)—;}:0
dx dx

d’y . dy)2
= 2y+ —=-2-(2- -
(2y+cosy) 5 =-2-( smw[ﬂ
2
—2—(2—siny)[ﬂ)
_ dx

A2 2y +cosy
So, at (-2, 0),

2
4y _

d’y -2-(2-0)x4

dx2 2x0+1

2
:d_y27272x16

dx* 1
2
:>d—2y=734
dx
o 6x+/x 0 1
b LetF(x)=tan Y wherex € )
1 2.(3x3/2) 1232
=tan~ m =2tan (3x77)

As3x%% ¢ (0,%)

'.'0<x<l:>0<x3/2<l:>0<3x3/2<2
4 8 8

1 9
SOdF(X)= % 3><3><§><x1/2= 3\/;
dx 1+9x 2 1+9x
On comparing
ST 03

@ g)=f(f(x)
In the neighbourhood of x =0,
f(x) = |log2—sin x| = (log 2 —sin X)
- g(x)=|log2—sin|log2 —sin x ||
= (log 2 —sin(log 2 — sin x))
. g (x)is differentiable
and g'(x) =— cos(log 2 —sin x) (— cos x)

= g'(0)=cos (log 2)
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84. (© f()=y=x*-x+5

11
2 _x+ ———+5 =
Xoxt gy y

85. (@) Lety=sec(tan™'x) =sec [56071V1+ xzj

= Y=N1+47
dy ——l——“Zx
dx 241+ x?
At x=1,
_ 1
dx 2
X2 y2 2x 2y dy
86. B —+—=1 = —+=.—==0
o 4 o 4 dx
dy —4x
= dx oy
P¥=16x = 3y2.ﬂ:16 = Q:I—é
dx dx 3y2
Since curves intersects at right angles
. SV LI R Py
ay 3y
64x 4
= a= ==

“3x16x 3

()

(i)

s =1
Let x=Va™ '

-1
s t
2_ 4

87. @

X
2logx=sin"'z.loga

U

2 loga dt

= 2 dx

Ni-£* _dt
xloga  dx

[
Now, let y=va®* !

= 2logy=cos!tloga

=

(1)

= —_ = —

(from (1)

88. (b) Let y=

x% +2x

2+ 2x)y:x2—x
x(x+2y=x(x-1)
x[(x+2)y—(x—-1)]=0

x#0, x+2y—-(x-1)=0
xy+2y—-x+1=0
x(y-1)=-2y+1)

_ 2y+l

x= =)=
1-y

4y =
dx(f ()=

Uyl

b U -

2x+1

1-x
2(1-x) - 2x+1)(-1)
(1-x)°
_2—2x+2x+1_ 3
Ca-n? (-

2x + 3]

89. (¢) Letf'(x)=sin[logx]and y:f[3 2
-2x

ﬂ:f.,(2x+3)i[2x+3]

Now.

> dx 3-2x) dc\3-2x
_ sin{log(ii;ij}[(6_4();):2(;;)6_6)]

12 . { [2x+3ﬂ
=-————.sin log
(3-2x) 3-2x



M-334
90.

91.

92.

(@ Given that g(x)=[f 2f(x))+2T

g™ =2(f2f(x)+ 2))(%(]’(21"@) + 2))j

93.

=2f2f () +2)f'2f (%) +2).2f '(x))
= gO=2/Cf(0)+2.7'(2/(0)+2)

210 =4£(0)(f'(0)> =4(-1)(1)*=-4 o4,

@ x¥-2x"coty—1=0
= 2coty=x"—x "
Letu =x"

1
2coty=u——
= 2coty=u-——

Differentiating both sides with respect to x, we get

du
dx

Now u = x* Taking log both sides

- 2coseczy ﬂ = (1 +—
dx

= logu=xlogx 95.

1 du
- — —=1+logx
u dx

= ﬂ:xx(1+10gx)
dx

.. We get 96.

—2x

dy
—2 cosec? y 2 =+ ).x* (1+log x)

i (x" +x*")(1+ log x)

dx -2(1+ cot? ¥) -0

Put =1 in eqn. x> —2x* cot y — 1 =0, gives
1-2coty—1=0
= coty=0

.. Puttingx=1 and coty =0 in eqn. (i), we get 97.

Co (1+)a+0)
Y= !

m+n

@ X"y =(x+y)
taking log both sides
= minx+tnlny=m+n)in(x+y)
Differentiating both sides, we get

+_
x ydx x+y

m "d_y:m_”[1+d_y] 98.

dx

(m m+n) (m+n n\dy
= Lx x+yJ Lx+y v/ dx
my — nx (my nx dy
= x(x+y) Ly(x+y) dx
@ _¥
dx x

(¢) Given that x = e’ o s,
Taking log both sides.

log x =y + x differentiating both side = 1 = & +1

x dx
cdy 1 l-x

—1=—=

dx x X

® f(x):ax2 +bx+c
SM=fED

=a+b+c=a-b+corb=0

f(x)zax2 +cor f'(x)=2ax

Now f"(a); f'(b) and f'(c)
are 2a(a);2a(b);2a(c)
i.e.2d?, 2ab, 2ac.
= If g,b,c arein A.P.then f'(a); f'(b) and f'(c) are
alsoin A.P.
(© Giventhat f(x+y)=/(x)x f(y)
Differentiate with respect to x, treating y as constant
ST xty)= @)
Puttingx =0andy=x, we getf '(x)=/"(0) f(x) ;
= f"(5)=3f(5)=3x2=6.
®) Let f:R—> R, withf(0)=/(1)=0andf'(0)=0

-+ f(x)is differentiable and continuous and
SO)=f(D)=0.

Then by Rolle's theorem, f'(c)=0, ¢ €(0, 1)
Now again

v fe)=0, f'(0)=0

Then, again by Rolle's theorem,

f"(x)=0 forsome x €(0, 1)

© y*+2log,(cosx) =y (1)
=2y’ 2tanx = y' (i)
From (i), »(0)=0or 1

y'(©0)=0

Again differentiating (ii) we get,

2(y")* +2yy"-2sec’ x = p"
Putx=0,y(0)=0, 1 and y'(0)=0,

we get, [y" (0)/ =2
() Since, Rolle’s theorem is applicable

v fa)=fb)
f3)=f4) = a=12
2 p—

fo=—

x(x”+12)
As f'(c) =0 (by Rolle’s theorem)

" 1

x=4/125 - e=A12, f(0)=a
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99. © kxtlakpi 1Y g
dx

= k=1 1.2
3 3
100. (b) Since, f(x) is a polynomial function.
It is continuous and differentiable in [0, 1]
Here (0 =11,A1)=1-4+8+11=16
f'(x)=3x*-8x+8

vy JM-F(0) _16-11
S 0 1
=3¢*-8c+8

= 3c*-8c+3=0
_822J7  4£47
6 3

47
3

c(0,1)
101. (b) y1/5 + yfl/S =2x

15 1 o5\ _,
= [sy 57 jdx
= y'(yl/s—y

o Yy Zog

71/5):10)}

o Y _yVS a2y

= (2 X —IJ:IOy

= y"(Z X —1)+y’2 =10y’

22 -1
= e D+ =5 -1 ()

= |y”(x2 -D+xy'-25y= O|
A=1Lk=-25

102. b) Let f(x)=ax’ +bx* +cx+d
= f(3x)=27ax’ +9bx* +3cx+d

= f'(x)= 3ax? +2bx +¢

103.

104.

105.

= f"(x)=6ax+2b
= S(3%)=7"(x)/"(%)

f’(x) =%x2, f’(x) =9x

= f'(2)=18
and " (2)=18
= f"b)-f'(b)=0

@ y= {x-ﬂ—\/ﬁ}ls +{x—\/ﬁ}15

Differentiate w.r.t. 'x

d 14
—y=15x+\/x2—l) 14—
dx /xz—l
14( 3
+15 x—\/xz—l) Ll— il J
xz—l
dy 15
= = -y (1)
dx 2 -1
2, dy
x“-1.—=15
= dx Y

Again differentiating both sides w.r.t.

2
LN Y YY)
dx? dx

¥ -1

o APy
dx

15

\/xz—l

(®) Conduction for Rolls theorem

=15Vx2 -1.

.y=225y

SO=/ED
S 1)
and f [ZJ_O
1
c=-2and b=—
2
2b+c=-1

() Since, fand g both are continuous function on [0, 1]
and differentiable on (0, 1) then 3¢ €(0,1) such that

SO-fO)_6-2_,

f©= 1 |
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106.

107.

g)-g0) _2-0 _,
1 1

Thus, we get  f'(c) =2g'(c)

and g'(c) =

(¢) Let f(x) = x|x| = x|x|, g(x) = sin x
and £ (x) = gof (x) = g[f (x)]
sin xz, x>0
© b = {—Sinxz, x<0
2xcos x2, x>0
Now, A" (x) = {2xcosx2, x<0

Since, L.H.L and RH.L at x = 0 of A’ (x) is equal to 0
therefore 4’ (x) is continuous at x = 0
Now, suppose 4’ (x) is differentiable

., 2(cosx2 +2x% (—sin x2), x>0
SR () = ) s .
2(—cosx“ +2x“sinx”), x<0

Since, L.H.L and R.H.L at x = 0 of A" (x) are different
therefore /" (x) is not continuous.
= h"(x) is not differentiable
= our assumption is wrong
Hence /4'(x) is not differentiable at x = 0.
@ Let p,(x)= alx2 +bx +c
Py0) = @y’ + by + ¢
and p,(x) = a3x2 +byx +c
where a,, a,, as, b,, b,, by, ¢, c,, c; are real numbers.

a1x2+b1x+cl 2qix+b  24q

Ax) = a2x2 +byx+cy 2a,x+by 2a,
a3x2 +hx+cy 2a3x+by 2y

a1x2 +bx+¢ azx2 +byx+cy a3x2 +b3x+c3

B(x) =| 2a1x+b 2ayx+by 2a3x+ by
2(11 2a2 203
a1x2 +bhx+c  2ax+b  2a

108.

x a2x2+b2x+62 2ayx+by, 2a,

a3x2+b3x+c3 2a3x+ by 20

It is clear from the above multiplication, the degree of
determinant of B(x) can not be less than 4.

® f(x)=2x+ax*+ bx

let,a=-1,b=1

Given that f'(x) satisfy Rolle’s theorem in interval [-1, 1]
f(x) must satisfy two conditions.

(1) f(a) =f(b)

2)f'" (=0 (c should be between a and b)

109.

110.

 Mathematics]
flay=f)=2(1Y +a (1Y +b(1)=2+a+b
SB) =) =2 (1) + a (1) + b (-1)

=2+a-b
Sfla) =f(b)
2+ta+b=-2+a-b
2b=-4
b=-2

1
(given that ¢ = 3 )

f'(x)=6x>+2ax + b

1
atx=—,f"(1)=0

- )

N | =

1
2a+b:2X5—2:1—2:—1

@ f(x)=sin(sinx)
= f'(x)=cos (sinx).cosx
= f"(x) =—sin (sin x) . cos® x + cos (sin x). (- sin x)
=—cos®x . sin (sin x) —sin x . cos (sin x)
Now f"(x)+tanx . f'(x)+ g (x)=0
= g(x) =cos?x . sin (sin x) + sin x . cos (sin x)
—tan x . cos x . cos (sin x)

2

= g(x) =cos”x . sin (sin x).

2
@ Let gx)= ﬁ b yex
3 2
gx)=ax’+bx+c
Given: ax>+ bx+c=0and 2a +3b+6¢=0
Statement-2:

j a b 2a+3b+6¢
() g0)=0andg(l) = T+5+e="—

9
6
= g0)=g)
(i) gis continuous on [0, 1] and differentiable on (0, 1)
.. By Rolle’s theorem 3k €(0,1) such that g'(k)=0

This holds the statement 2. Also, from statement-2,we can
say ax” + bx + ¢ = 0 has at least one root in (0, 1).

Thus statement-1 and 2 both are true and statement-2 is a
correct explanation for statement-1.
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m@ﬂiiﬂiiﬁﬁi%Lﬁ
) a2 davldy) dxldy)ay dx\dyldx)dy

1
)
x

112. () Giventhatf(x)=x|x|and g (x)=sinx
So that
gofx)=g(f(x))=g(x|x|)=sinx|x|

.2 .
~ {sin(xz), if x<0 {Smx » if x<0

.2 .
sin(xz), if x>0 sinx”, if x>0

—2x cosxz, if x<0

S (gof) ()= {

2xcosx2, if x>0

Here we observe
L(gof)"(0)=0 = R(gof) (0)
= gofisdifferentiable atx=0
and (gof)' is continuous at x =0

~2 cosx? +4x? sinxz,x<0

2

2cosx? — 4x? sinxz,xz 0

Now (go.f)" (x) = {

Here
L(gof)"(0)=—2and R (gof)" (0)=2
L(gof)" (0) # R(gof)" (0)
= go f(x)is not twice differentiable at x =0.
Statement - 1 is true but statement -2 is false.
113. (¢) Using Lagrange's Mean Value Theorem
Let f(x) be a function defined on [a, b]

then, /'(c)= SO /@ (i)
b—a
celab]
Given f(x) =log x s )= %

equation (i) become

1_s@-r@
c 3-1
1 log,3-log,1 log,3
T e 2 T2
2
= 02@301210&6

114.

115.

116.

117.

@ Asf(D=-2& f'(x) >2V xe[l,6]

Applying Lagrange’s mean value theorem

OO - o 2

= f(6) 2 10+£(1)
= f(6)210-2= f(6) = 8.
0 Let/(0)=a,x" +a, x" '+ ..t qx =0
The other given equation,
na, X" +(m—1)a, ;x" 2 +..+a=0=1"(x)
Given g 0 =£(0)=0
Again f(x) hasroota,, = f(a)=0
S S0)=f(@)
. ByRolle’s theorem f'(x) = 0 has root between (0, o)
Hence f'(x) has a positive root smaller than a.

(d) Let us define a function

ax3 2

bx
=t —
f(x) 3 5 cx

Being polynomial, it is continuous and differentiable, also,
b
£(0)=0and f(1)= §+5+c

2a+3b+6¢

= /()= 5

=0 (given)

= f0)=71)
.. f(x) satisfies all conditions of Rolle’s theorem therefore
f'(x)=0hasarootin (0, 1)

i.e. ax? +bx+c=0 hasat lease one rootin (0, 1)
@ Giventhat f(x)=x" = f(1)=1

P = = ()=
£(x)=n(n=1)x"2 = (1) = n(n-1)

SO SO +(—1)"f ")
1! 2! 317 n!
n n(n=1) n(n-1)(n-2) +(_1)nn_!

=l-—+ - +...
1! 2! 3! n!

Q)

="Cy-"C+"Cy ="C3+...+(-1)""C,

=(1-1)"=0
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. f@)g'(0)-g@) /" (x)
lim =4
O e
(ByApplying L’ Hospital rule)

i KEO RS
e 0=

k=4

119. @ Giventhat y=(x+v1+x>)"  .(30)

Differentiating both sides w.r. tox

ﬂ:n(x+\/l+x2)n_l [l+l(l+x2)_1/2. 2x)
dx 2

/ 2
Q:n(x+\/1+x2)”7l Nx” +%)
dx V1+x?

_ n(\/l+x2 +x)"
\ll-Hc2

d
or Vl+x? Ey =ny [from ()]

d . .
= \1+x? y=ny (" y = d_y ) Squaring both sides,
X
we get (1+x7)y> = n’y’
Differentiating it w.r. to x,

2 2 2
A+x7)2pyy + 3" 2x =n" 2y,

= (1 +x2)y, +xy, =n?y

ax’ by’

120. @) Let/()= - +=—+ex

= f(0)=0and

) _£+é+c_2a+3b+6c 0
f()—3 I ——

Also f'(x) is continuous and differentiable in [0, 1] and [0,

1[. SobyRolle’s theorem, f” (x)=0.

2

i.e ax” + bx + ¢ = 0 has at least one root in

[0, 11.
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