


2.2 Calculus

CONCEPT OF LIMITS

Suppose f(x) i_s areal-valued function and ¢ is a real number. The

‘expression lim f(x) = L means that f(x) can be as close to L as
x—¢ .

desired by making x sufficiently close to c. In-such a case, we say
that the limit of f, as x approaches c, is L. Note that this statement

is true even if f(c) # L. Indeed, the function f(x)need notevenbe - ‘

defined at c. Two examples help illustrate this.

p o
Consider f (x) =
. 16 x% +1

defined at 2, and it equals its limiting value 0.4. -

As x approaches 2, f (x) approaches 0.4 and hence we have
lim f(x) =0.4.In the case where f(c) = lim f(x), f is said to be
o - x—c

continuous at x = c. But it is not always the case.

,ifx#2

qcz +1
0 if x=2

“Consider g(x) =

This limit of g(x) as x approaches 2 is 0.4 (just as inf (x)), but

ll_)né 8(x) # g (2): g is not continuous at x = 2. Or, consider the case
X
where f(x) is und¢ﬁned atx=c. -

-1
f&= 7=

in this case as x approaches 1, f(x) is undefined

(0/0) at x = 1 but the limit equals 2.

Thus, f(x) can be made arbitrarily close to the limit of 2 just by
making x sufficiently close to 1.

Formal Definition of Limit-

- Karl Weierstrass formally defined limit as follows:
Let f be a function defined on an open interval containing ¢
(except possibly at ¢) and let L be a real number (Fig. 2.1).

¥y A

.the neighbourhood of 'a

" #asxtendsto'a

lim f(x) =L means that for each real £> 0 there exists a real
xX—=C

&> 0 such that forall x with 0 < [x— | < §, we have | f(x) - L| <& or,
symbolically,

Ve >0,36>0, Vx O<px—c<d = If ®)-Li<e)

Compared to the informal discussion above, the fact that £ can

‘be any arbitrarily small positive number corresponds to being

able to bring f(x) as close to L as desired. The 6 marks some
“sufficiently close” distance for values of x from ¢ such that /' (x)
stays within a distance less than £ from the limit L. ¢

- The formal (g, §) definition of limit is called the delta epsilon.
Caution: It should be noted that this definition provides a way to
recognize a limit without providing a way to calculate it. One often

" needs to find limit using informal methods especially when f (x) is

discontinuous at ¢, for example, when f is a ratio with a
denorminator that becomes 0 at ¢. One can check that the result
actually meets the Weierstrass definition in such cases.

Neighbourhood (NBD) of a Point

Let 'a’ be a real number and let & be a positive real number. Then
the set of all real numbers lying between a — §and a™+ 6 is called
'of radius ‘4 and is denoted by N (a).

Thus,N5(a)=(a—5_, a+8)={xe R|la-6<x<a+8}

- The set(a— §, a) is called the left NBD of 'a' and the set (@, a + )

is known as the right NBD of 'a’
Left- and Right-Hand Limits

Let f(x) be a function with domain D and let 'a' be a point such
that every NBD of 'a’ contains infinitely many points of D. A real
number £ is called left limit of f(x) at x = a iff for every £> 0 there .
existsa 6> 0suchthatea - 6<x<a=|f(x)-£| <&

-

In such a case, we write lim f(x)=2.
x—=a

Thus, hm_ S (x)=4,iff(x) tends to £ as x tends to 'a’ from the

left-hand side.
Similarly, a real number £’ is a right limit of f (x) atx=a lﬂ' for_
every £> 0, there exists §> 0 such thata <x<a-+ o= |f (x)- Z |

<eandwewrite Lim f(x)=¢". 7
x—>a’ -
In other words, £’ is a right limit of f (x) at x = @ iff /(x) tends to
' from the right-hand side.
Existence of Limit

It follows from the discussions made in the prévious two sections

that lim f(x) exists if hm f (x) and hm ! f(x) exists and both are

x—a
equal.
Thus, im f(x) exists <. lim f(x)= lim f(x).
x—a” . - x—a~ x—a*

Lo - . -1 "
For the functions such as f(x) = cos™ x, 1m;{\ cos  x doesnot
-

-exist as function is not defined towards right-hand side. However,

. -1 . .
lim cos™ x exists, and is equal to 0.
x=1"



Indeterminate Forms

If hm f x)= hm g(x) 0,then lim ——= J&) takes the form — 5 wh1ch

x—a g(x
seems to be undeﬁned or meaningless. In fact, in many cases this
_limit exists and has a finite value. The determination of limit in
such a case is traditionally referred to as the evaluation of the

indeterminate form %, though literally speaking nothing is

. . . . 0 .
indeterminate involved here. Sometimes 6 is referred to as

undetermined form or illusory form.

Consider lim f(x) . Let it take 9 form.
x—a g(x) 0

Difference between Limit of Function at x = @ and f(a)

Limits 2.3

f ()

Thus, lim Z-=> can take any real value or simply hm &)
x—a g(x) a g(x)

cannot be determined by preliminary methods.
Thus, this form is called indeterminate form.
Other Indeterminate Forms
s ) -2
(D- w, Yooy O
y 0 0
i) 0Xoo ==
(i) =m0
@iy y=0"= logy = log(0%) = 0 x log(0) = 0 x e
(iv) y=o0" = logy=log(es") = 0 xlog(ec) =0
V) y=17"=logy=log(1") = oo X log(1)=eo%x0

(vi) oo, — oo, is also an indeterminate form as the oo; and 00,
does not necessarily approach to the same mﬁmty

\

chlin £(x) and f(a) bvo't‘lil'exiiis'tdandt -

arcequal

hm f (x) and f (a) both exist but

are unequal

Thus, for limit to exist at x = a, it is not necessary that function is defined at that point.
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1661 PR Evaluate the left- and right-hand limits of the

|x=4]
function f(x) =4 x—4"’ atx=4.
0, x=4

Sol. L.H.L. of f(x)atx=4

= lim f(x)

x4~
— 1' —

m f 41

|4-h—4] . |-h|

= im-——-= hm_
k=0 4—-h—-4  h0 =h

— lim 2= lim —1=—1
h=0 —h . B0

‘RHL. of f(x)atx= 4
= lugf(x) '
lim f(4+h)

_ |4 +h—-4]|
-0 4+h—-4
|7 ]

—hm———lim-h--lim =1
-0 h B0 R 4y

R el (PR Evaluate the left- and the nght—hand limits of the

1+x%,if0< x<1

- function defined by f (x) =
' ' - 2—x, if x >1
atx=1. Also, show that 11m f () does not exist.
Sol. LH.L. off(x)atx 1
= }ﬂf@? lim £(1— k)
= 1. _ 2 = 1. —_ 2 =
lim (1+(1-AY) = im (2-2h+4%)=2
- RHL.off(x)atx=1
= lir = li
- lim f()= lim 71+ )
=i - =l —h)=
= lim (R = lim 0 -R)= 1
Clearly, lim f(x)# lim f(x)
. x-17 x>t
So, lim £ (x) does not exist.
x—-1": -
— ' cosx,if x>0 __ .
Example 2.3 IRUCHIEIRS . . Find the value of
L , x+k,if x<0 :
I constant &, given that li_I>I(1) f () exists.
- Sol. lim f(x)exists
] x—0
= lm f(x)= lim f(x)
x—0~ x—0*
= limx+ k= lim cosx
x—=0 Cx=0

=0+k=cos0
=k=1 '

1. Iff()=1{ x

not exist.

does not exist.

e =1
2. Show that lim ——
x=0 g’ +1

3.. Evaluate 11mM (
x—07x— 5|x I

x, x<0
4. Iff(x)={1, x=0,thenfind HE(I) S(x) ifexists..
x2 , x>0

. Consider the following graph of the function y = f(x).
Which of the following is/are correct?

LO y

.0 1 2 3 4
a. lim f(x) does not exist
Cx—l .
b. lim f(x) does not exist
x—2 - :

c. lim f(x) =3 d. lim f(x) exists
x-3 x—1.99 )

ALGEBRA OF LIMITS

Let lim £(x)= ¢ and im g (x)=m. If £ and m exist, then
’ x—a x—-a .

1 lm (f+g) ()= lim /()% lim g @)= txm
2. lim (fg) ()= lim £(x) im g ()= ¢m
' lim f(x)

im| £ ~xoa” T
> m(g) ()= img(x) m’

| 4. lim £ f(x)=k. lim f(x), where k is constant
x—a x—a

provided m =0

5. lim |f(x)]= =14

lim f(x)

m g(x)

6. hm ( f(x))g(x)— hm f (x)“"‘ = '"'

7. lim fog(x)= f(_lim g(x)) — (m), only if fis continuous at
x—a x->a

gkx)=
In particular,

a Jim log f()=log (lim /()| =log ¢
xf—>a ] x—a



. fim
b lime/® = e‘—"'fw =é
x—a )
. : . 1
8. If lim f(x)=+ oo or—oo, then lim ——=0.
¥ x—a f(x)

9. Iff (x)<g () for every x in the NBD of a, then
lim f(x)< lim g(x).
x—a x—a

1. If lim f(x)g(x) exists, then we can have the following cases:
x—C

_liin f(x)g(x) gxists. v_

b lim f(x) exists and lim g(x) does not exist.
x—c . o xe : S

exists= 1. Also lim f(x)=0exists but lim g (x)does
x=—0 x—0 s
notexist. ’
" ¢. Both limf(x) and lim g(x) do not exist.
X—>C xX—-C

: . 1if x <0
Let fbe defined as f(x) = 1_ F27 Let
- : 2ifx>0
[2if x <0 .
gx)y=1.. . Then, fix) g (x) =2, and so
Lo llﬁx>0 ,

" ) B .
lim J() xg(x) exists, while llg(l) fe)and ll_g% g(x)
do not exist-. _ '

2. If lim [ f(x)+g(x)] exists then we can have the following
X

cases:
a. If lim f(x) exists, then lim g(x) must exist.
x—= . x—C
Proof: Thisistrueasg=(f +g)—-f- -
Therefore, by the limit theorem, lim g (x)= lim (f
. c X x—C
() +g(¥))— lim f(x) which exists. '
) x—0 .
b. Both lim f(x)and lim g(x) do not exist.
x—1 x—¢ :
- Consider lim[x] and lim{x}, where [-] and {-}
x—1 x—1

represent greatest integer and fractional part func-
tions, respectively. Here both the limits do not-exist

a. Both lim f(x) and lim g(x) exist. Obviously, then '
x> x-¢ .

Consider f(x)=x; g(x)= ——1— ,now lim f(x)- g(x)
‘ sin x x—0 .

Limits\g.a/
Sol. Asx— 0" =f(x)—>f(07)=2"
= lim g(/@)=g2)=-3
Alsoasx— 0" =f(x) > f(0")= 1*
= lim, g(/()=g(1)=-3

Hence, ﬁ_I}(I) g(f (%)) exists and is equal to — 3
X . .
lim g (f())=— '
= xl_-%g f (x)) 3

Sandwich Theorem for Evaluating Limits

; ; y= o)
! y=g
; '; "y =)
X x—a x-lﬁ
Fig. 2.2

I () <g0)<h(x) ¥ xe (o B~ {ayand
lim f(x) =L= )1‘1_12 h(x) then }clg‘lz g(x)=L,whereae (& f)

In the sandwich theorem, we assume that f(x) < g(x) < h(x) for
all x near a, “except possibly at a”. This means that it is not
required that when x = a, We have the inequality for the
functions. That i, it is not required that f (a) < h(a). The reason
is that we are dealing with limits as x approaches a. So, we
have x that is moving closer and closer to a. As long as f(x) £
g(x) < h(x) is true for all these x, we can be sure the limit, i.e., the
point where the function values. are heading must behave as
the sandwich theorem indicates. In particular, unless we are
given extra information about the functions and their values at
a, the sandwich theorem does not allow us to make
conclusions about functions values at a. So, none of the
following claims can be guaranteed by the assumptions in the

sandwich theorem: - ,
1. f(a)= g(a)="h(a) [Well, not even (@) < gla)<h(a)]

2. gla)= Im f(x)= lim j(x)=L

/ but lim([x]+ {x}) = imx =1 exists. 3. lim g(x)=g(a) ' B
. x=1 x—) x—a ! - -

Example24 [JRSi6ks L0 g \/ e . x+7sinx -

' - : 2—x, x<0 [Be 0 PR Evaluate ll_l)rolo iy Using sandwich -

LO _ x+3, x<l1 _ theorem. N D "’

. 0
]2 C
gl)=qx =2x-2, 1£x<2 Sol. We know that—1<sinx<1 for all x. i J
x—5, x=2 :

find LH.L. and RH.L. of g(f(x)) atx = 0 and
- ; 1. .
hence find xlf,r(‘) gf (x).

=>-7<Tsinx<7

- = x-T<x+Tsinx<x+7
Dividing throughout by —2x + 13,'we get
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x—=7 >x+7sinx > x+7
-2x+13  2x+13  —2x+13
[Why did we switch the inequality signs?]

1-2L
x=7 1-0 1
N lm = 1i X = =—=
oW 3 RT3 50 2
24—
X
L7
ond tim T g T 140 1
n . - = = —-——
soe 213 xhe 13 240 2
X

IDeluIPAY  If[.] denotes the greatest integer function, then
' [x]+[2x]+-+-+[nx]

find the value of lim 3

n—yco . n

Sol. nx—1<[nx]<nx.Puttingrn=1,2,3,. ,nandaddmgthem
xZn —n<E[nx] <xZn

En Z[nx]

= _- x. = ' 1
R TR n2 ®
Now, lim {x%—l} =x.lim &2— lim —l- =%
T myeo n n n—see p® n—oeep 2
- - Zn . Xn x
lim{x.—=x lim—=—
n—yoo n n—ee p 2
Inx] x
 Asthe two limits are equal by equatlon (1), hm > E .
n
PR gl Suppose that f is a function that 262 <f (%) S x(x®
. + 1) for all x that are near to 1 but not equal to 1.
(/D (/\ Show that this fact contains enough information

for us to find lig} S(x). Also find this limit.
~ Sol. We see that l_in} 2x* =2(1)%=2

-1
and lim x(x*+1) =1 (12+1)=2

This is enough for us to find 11m f ).

: Indeed it follows from the Sandw1ch Theorem that
dim f(x) =2.
x—1 .

. 1 1
IBEN I PXM Evaluate lim + 5+t e 5
"—>°°1+n 2+n n+n

Sol. R' = 1 3 + 2 3 +e-t n 3
1+n 2+n n+n
NOW, Pn< ! 5 + 2 3 ot n 3
1+n 1+n 1+n

='1 ! ~(1+2+3+-+n)
+n

for all x that are large.

_ n(n+l)
2(1+n%)
1 2 - 3 T .n
Also, P, > + + ot
50 n+n* n+n®  n+n’ i n.+7l2
_ n(n+1) .
-2(n+n2)
Thus, __n(n+l) < "<____n(n+12)
2(,,_,_,,2) 2(1+n%)
= Hmlﬂl)_ < lim P, < hml(ﬁ-l-—l)—
e n—>°°2(1+n )

) ’ 1
(1) (1+1)
— lim "/ < lim P, < lim ——%
+1

n—oo 1 n—eo n n—yoe 1 ‘
21 —=+1 2 5
n . ’ n )

Evaluate the following limits using sandwich theorem

: x
1. lim u where [.] represents greatest integer function.
x—00 X

2. lim' 1%

X=~yo0 X

USE OF EXPANSIONS IN EVALUATING LIMITS

~ Some Important Expansions

Sometimes, following expansions are useful in evaluating limits.
Students are advised to learn these expansions.

2 3 4 5

X X . x X :
1. log(Q+x)=x— "— +—=-—+—-- (—-1<x<1
Vog( x) > 3 s ( )
2 3 4 5
x x x X
~2. 1 1l-x)=—-x— " - " -, (-1<x<1)
) og( ) * 2 3 4 5 ( .
2 3 x4
3. €—1+x+;+?+—47'-“
2 3 4
4. e_le_x_}-___x_.*__x.-_....
2! 34



2

5. &= 1+x(1og,_,a)+ (loge a) +-
6 singmy. Bat X
', Smx=x-— 3| 5 7'
7 c 1 x2_+x4 XG
N 0! =] = — _—— ...
5x 21 41 6

3
x 2
8 tanx = x+—3—+—x5+

15
E‘(ample29 Evaluate lim M.
x—0 x3 .
so. pSRIx (8 fom
x=-0 x ' 0
A
EREI
= lim v
x—0 . _x3 :

5sinx—=7sin2x+3sin3x

\ample2 10 Evaluate hm 7
x“sinx

Sol. ‘lim

x>0

551nx—7sm2x+3sin3x

x?sinx

Limits 2.7

x  x* .1 x X2
1+4l-——+——-| +— —_——
L 2 3 2! 2_ 3

functions.

1. lim

'sinx+loé(l—x)

2. lim >
x>0 X
. .
. e —-1—-x
3. lim >
x>0 . x

+
3r. 3! 3!

_ -5+56-81
3!

=_5

(1 +x)1/xfe+%ex

IDET] YR Evaluate lim )

x—0 x
1 [ @ X )
o 2 x
x 2 3

1 a1+
Sol. (1+x)”"—ex w0 _

EVALUATION OF ALGEBRAIC LIMITS

Dlrect Subst1tut10n Method
Consider the following hmlts (1) 11m f(x) (11) hm \Pi ; .

@(a)

Iff (a) and ¥ (@) exist and are fixed real numbers and

W(a)#0 then we say that 121‘11 fG&)=f (d)and

O (x) -

i 20)_ 0@
x—a W (x)

¥(a)

In other words, if the direct substitution of the point to which
the variable tends to, we obtain a fixed real number, then the
number obtained is the limit of the function. In fact; if the point to
which the variable tends to is a point in the domain of the
function, then the value of the function at that point is its limit.

Following examples will illustrate the above method:

1. 1i3 (G2 +4x+5)=3(1)> +4(1)+5=12
x— ) .

: 0
2. lim =——===0 . .
! 5 - )

Evaluate the following limits using the expansion formula of
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" Sol. We have lim(

+xl 1 1
\/ IBCHIIPREY Evaluate lim x” +xlog, x~log,x -

A

Factorization Méthod

Consider hm f(x)
x—a g(x)

If by substituting x = a, J() reduces to the form %, then

gx) o
(x — @) is a factor of both £ (x) and g(x). So, we first factorize f (x)
and g(x) and then cancel out the common factor to evaluate the
limit. '
2 _5x+6

: .X '
IRV PRV Evaluate lim ————
- . ox=2 x‘ -4

Sol.

2 .
: x“—5x+6
"When x = 2, the expression T4—

. . 0 . ’ .
indeterminate form - 0 . Here, (x—2) is a common factor in

numerator and denominator. Factorizing the numerator
and denommator we have

_5x+6 - . (@=2) (:-3)

lim = 3 =l
-4 x-2(x+2) (x=2)

x->2

— lim x3 2—3__1
x—>2x+2 2+2 4

B¢l PABRE Evaluate hm( 2 5 +——1—)

-\ 1—x x—1

+L) (00— oo form)

2

-\ 1~x x—1

- ﬁm( 2,2'_ L)
x>\ 1—x 1-x

When x = 1, the expression

- ——1— assumes the
I-x

1-x*

form oo — o0, 30 we need some simplification to express it in

. theformg'.
] o
Then,
: B 2-(1+ -
PN (O U N ) O o, O O
x—1 1—x2 1—x x-l 1—-x2 x-—)l]—xz, x-il+x 2

x-1 (x —1)

Sol. lim

+x1 1
x* +xlog, x—log, x— I(Ofrm)

-oxol =1 0
* — lim (x—l)(loge)f+x+l) (9 f,orm) R
b (D=1 0
. log, x+x+1
=1 (x+])

assumes the

_log 1+1+1 0+2 ~1
1+ 2
—sin 2x
Emmplez 15 Evaluate hm _
z 1+ cos 4x
Sol. lim l—_sm__2i ' (9 form)
sEl+cosdx  \0 ‘
4
. [ 2 T
- lim (sinx <2:osx) (9 form)
—%  2cos”2x 0
+
. 2
- lim (sinx - cosx) (9 form)
x_,_ 2(cos? x—sin’x)*> \0

. 1 l

lim a2

T 2cosx+sinx)” 4
e

Rationalizatioh Method

This is particularly used when either the numerator or the
denominator or both involved expressions consist of squares
roots and on substituting the value of x the rational expression -

takes th'e form % —

Following examples 1llustrate the procedure.

Batuate tim Y2532 VZ” =2
\/2+x -2

X

Sol. When x = 0, the expression takes the form

0 _ . ..
6 Ratlonallzlng the numerator, we have -

Jz—a-f

x—)O
.y («/m —\/5)(\/2+x'+«/§)
Tt x(J2rx )
: tim 2+x-2
J‘—’Ox(x/2+x+x,/_-)
| L i
x50 2+x+J— a2

Ja+2x —\/3;

INCLHN I PAWR Evaluate lim ————F+ .
fim

. a+2x - \/3r ( 0)
lim form —
X Ja+x- 2\/— - 0 -




Limits\}g/

- | | 0 1024
lim( a+2x —«/ﬁ)( a+2x + 3x) _ Evaluate ll_)n;f—s—”—
_x-*a(\/3a+x—2«/;) (,/3a +_x+2«/;) ‘ ¥ 10 _ 510
) - x =
10 'o 10 — A
(yBa+x +.24%) (f_ 0) Sol. 1m 5—130224 i 5= = lim =2
- orm — =2 x7 - x22 x7 — =2 x° -
( a+2x.+ \/—3;) 0 .
N ‘ x=2
' B : o 10 _ 510 , '
~ lim (a+2x-3x) (\j3a tx +2‘/;) fim > —i 1032101
- g x2 — _ }
w0 (3a +3-4x) (Ja+2x +45) =PI s =64
; _ ‘ limx -2 S5x27
=2 x—2 :

i Ja+x+2Vx _ v : (x+2)5/3—(a+é)5’3 ,
x—a 3(./(1 +2x + \/3_)6) . Evaluate lim - -

x—a X—a

Pavara 1 aa_ 2 o (x+2)? —(a+2)”?
o m
(\/a+2a + \/3a) 3 2\/3a 3\/3; x—a » x—a-

(x+2)" - (a+2)"”

= lim

Evaluation of Algebraic Limit Usmg Some xsa  (x+2)—(a+2)
Standard Limits g , _ . .ysn _ps | - .
Recall the binomial expansion for any rational power = 111)1}7 ———y — ,wherex+2=yanda+2=>5.
n - n(n=1) , n(n-—l)(n—2) 3 '
(1+x)" =l+nx + YR 3 x... Sl (a+2)?3
’ . : 3. 3_ .3 .
where |x|<1 = o

When x is infinitely small (approaching to zero) such that we Example 2.20 RSy lim > —2" = go and n € N,xthen.ﬁnd the’

can ignore higher powers of x, then we have (1 +x)'=1+nx 2 x—
(approximately). ‘ ‘ _ value of ».
FoHowing theorem- w111 be used to evaluate some algebraic L
limits: : _ » Sol. We have lim =80
) . . . : Sox>2 x—-2
n . : n-1_
Theorem Ifne Q,then fim 2% = ng"_l - .' = ’:é,, 1_ 22( 951

x—a x a
- =>n=5

. n__n . - ) .'
Proof: We have lim 2 —2 . m Evaluate lim \/7"'*‘7) 3\/7 x—3)
xoa x—a \/L _ -2 3(x+6)— 2J(3x 5)

n n : ‘

- lim 222 o . 7 -3J2x-3) (0
xll)I}} x—a Sol We have L = lim \/(x )~ \/( *—3) (— form)
%32 2/(x+6) -23/3x-5) \0
= lini (‘””h)n‘a" ' — Let x— 2 = ¢ such that when x —2,t—>0.
k>0 ath—a ' _ 1 ) _
- t+9)2 —3(2 +1)2 0
Y Then L= ( ) ( )1 (— form)
a’{|1+—1 -1 : e 1 0
a (t+8)3 ~2(3t+1)3
= lim
h—0 h -~
u 1
145 —@r+1)2
{1+_n—}—1 ‘ 3 — 1 —(2t+)) _
=a"lim~—22 —  [whenx—0,(1+x)" = 1+nx] = - lim — - (6 form
h—0 “h : i 3 1
(1+§) —(@Bt+1)y
— an _:nan‘—l
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1t 11
3. 5975 sl s
o 1721 ;s
2 150 LS 1
83 '3 24

Evaluation of Algebraic Limits at Infinity

We know that lim ~ =0and lim —!2- =0.
p

x4+ X X—>teo
' 2
' . +bx+
| el CPNIM Evaluate lim y——c— .
- : L oxoedy tex+ f

_ . .
Sol. Here the expression assumes the form — . We notice that

oo

the highest power of x in both the numerator and
denominator is 2. So we divide each term in both the
numerator and denominator by x.

b ¢ .
Calebxre . T2 a+0+40 _a
s lim———— = lim e f = p) =E
amedy” +ex+ f xf»od+__+_2 +0+0
- . X X - :
. 2 _1_.Jr2_
Example 2.23 B3ZINEICET 3% —1-N2x 1.
, X0 4x+3
Sol. Dividing each term in the numerator and denominator by
- x,weget ’ S
S B o2l
. lim ‘
‘ x—300 . 4x+3 :
N TV X VL G e
e 443/x 4

\/‘O Example 2.24 JOZIIES hj)n“\/; (\/ x+c—x )
Sol. Thegiven expfessidn is in the form co— oo, Sowe first write

i)

it in the rational form =—— .
- 8(x)

We have lim Jx (\/;?c _ J;)
X—>c0

(e (frre ).
= Ny

lim'f[;(x-'-c_X) - elx (form Z)

———"=lim
L Frp Y SR N O

It

lim ——e— [Dividing N” and D" by x ]
X—ro0 e
1+—+F
X

e ¢
2

V1+0 +1

- L Pl WP
| 91 PWAE Evaluate lim .
"_’.°°_4\/;c4 +1- 5\/;1 +1

" Sol. We have lim Vx? +1- V' +1
- ’_’”4\/x4_+_— SVxt +1

1 L1
1+— - " 1+—
e 7x2 .x3 _1_1_0
= 1 1 1 1-0 :
T4 1+—4—5 —+'—5
X X x

| 3e 3 PWIR Evaluate lim (\/253;2 —3x + Sx)-
X—y—oo '
Sol.

We have Iim (\/25x2 -3x +5x) (o0 —oo form)

x——o0
lim_(\[25y2 +3y—5y) , wherey=—x
yes . '

' . 25y* +3y—25y*

Im ——=

y== 2592 43y +5y

- fme—
' y—’”\[25y2+3y +5y
_‘.

255

Evaluate the following limits:.

L) x -1

xl 2x2»-i-x‘—3j

1

100
Y x* 100

2. lim%-
x—1 x—1

3. lim [ a’x® +ax+1 - a2x2‘+11|
X—>oo

' lirﬁ J3x—a—-x+a

4.
x—=a - X —4a
s g (12-22+32-42+5+-n terms)
. m - :
b .
1 1
6. Imj————"".
h%[hm 2h}




EVALUATION OF TRIGONOMETRIC LIMITS

(1) limﬂn—(2 =1 (where @is in radians)
-0 @ :

Proof: Consider a circle of radius . Let O
be the centre of the circle such
that ZAOB = 6, where 0 is
measured in radians and its value
is very small. Suppose .the
tangent at 4 meets OB produced
at P.From Fig. 2.3, wehave

Fig. 2.3
Area of A OAB < Area of sector OAB < Area of A QAP

== 0Ax0Bsm9<—(0A) 9< OA x AP

=>l}2sin0<~r20<—;3tan0
2 2 2 :

. . [InAOAP, AP= 04 tan 6]
=>sinf<O<tan § ‘

0 1 :
=l<— < — [

; +> @ is small .".sin 6> 0]
sin@  cos@ '

sin 6 _
=1> >cosf -

sin 0

=1> llmﬁ > lim cos @ or, hm cos @<lim

<1
-0 680 -0
1<11mM<1
-0
. sin8 -
= lim—— =1 (by sandwich theorem)
.60 @ .
tan@
- 0 _
(i) L ==
We have
limtan‘9=1imsu'10 1 = lim mB im 1 |
60 8 850 O cos@ 60 @ 6-0cosf
=(D))=1
in (6
iy 1m0
65a O-a
in (60— i h—a).
‘We have limsm( a) =hmsm(a+ a)
90oa O-—a h—0 (a+h—a)
= lim sin & =]
0 h
tan (60—
@iv) lim an(0-a) 1.
‘ —a O-a

—cos 2
1]yl Evaluate lim I——COZS—X.
x—0

Limits 2.11

~1

sin” x
I =1
(V) xl—I>nO X
-1
tan  x -
li =1
. (Vi) x-LnO X .

l

IR Pyl Evaluate the following limits

sin3x b. lim sin ax lim sin(log x) .

a. lim . - . -
=0 X x>0 sinbx -1 logx
Sol.
. sin3x
a. We have lim
-0 X

sin 3x

= lim(3 s 3xj =3lim 22X = 30) =3
x>0 3x x>0 3x

[ i S0 3x _ 1}
-0 3x

b. We have
(sin ax)
ax
lim S22 _ iy & _al)_a
xo0sin bx x—0 (sin bx) b(l) b
bx :
¢. GivenL= limﬂ(ﬂ
x>} log x

Letlog x = ¢ then

sint? . : . et

=L= lim— =1
: S0 f

o 4 2
| 510yl Evaluate lim — sin ! ( x2 ) .
: =0 X 1+x

) =2tan‘1x, for-1<x<1

Sol. We know that sin™! ( 2x

1+x?

= lim =2

.1 ._1( 2x ) . 2tan'x
= lim —sin

x—=0 X x—0 X

1+ x2

X

1-cos2 0
Sol. We have lim—L(;S—)—c (— form)
x>0 X 0

t —
Example 230 BRG] fan x —sinx,

X
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Sol. We have lim ﬂx_—ss_mx_ (9 form)
x—0 X 0

= lim —
x—0 X" cosx

. |sinx(l-cosx)| . [sinxl-cosx 1
= lim —_—s (= lim 3
x—0 x’ cosx Sx=0| x x cosx

(sin x —sinxéosx]

)
. 2sin” =
sinx ) 1
= ¢lim lim 5 lim
x=0 x x—0 x x-0CO0S X
x4 _

: . X ‘
_sinx) 1) ||
= <lim——};—<lim lim ——

x>0 x |2 |x-0 X x-0 COS X
2
1,5, 1 1
=lx =) xX-=—
2() 1 2
.1+
1B EHNEPRIM Evaluate lim ws—zz.
v x—)g (n—2x)
Sol. We have, lim Mz—; (9 form)
x——)g (71'—2)’,') 0
1+COS2(£+h)
. - i 2
- =lm —————=
h—0 T
l:n—2(—+h)]
2
1+cos(7 +2h)
=0 4k _
1—cos2h
im————
=0 4R ,
2sin?h 2, smnkY 1
=1 = lim — | ==
"0 442 4650 B 2

[EETRA Evaluate lim 277 tan(i)
™ X0 : 2*

\/O
Sol. We have lim 2° tan (i)

X300 2

) (00

=lim — — form
X—ye0 2 (i) 0 .
2.X'
=2 limtan—y=-a— where yi i) ]
2 yo0 y 2 2*

2

10 ¢TI CWMRN Evaluate lim X —x—2

=2 J_c2 —2x—sin(x—2) )

2 .
Sol. lim — ad —x'-2 (9 form) _
x=2 x° —2x—sin(x-2) \0
(x—=2)(x+1)
" 252 x(x—2)—sin(x—2)
x+1)
o -
=2+l |
2-1

: - . ax+l =@
|G Y REN Evaluate lim x| tan (AL
X300 x+4 4

o +1
Sol. We have him x(tan”l—x——— n)

x—300 x+4 Z

. = lim x(tan_l XL ot .1) ’
x—y00 x+4

x+1 _

1
: -1 x+4 -3
= lim xtan x+1 | =lim xtan
X—yoo 1+2— X—yoo 2x+5
x+4

= lim 3

“of 3
fan
2x+5 ( —3x )

2x+5

tan ™! 3 '
. 2x+5) | .. —3x
=lim | ————=|lim|

2x+5

X—)o0 =3 X—oo

- 3\ 3
=1x lim | —= |= 1><_(_) __3
) 2
x v
. .. sinB .
| B elTdpREY Using (1911%—6—— = 1, prove that the area of circle
—
of radius R is 7R%.

Fig. 2.4



Consider the regular polygon of » sides inscribed in a
circle of radius R (Fig. 2.4).
Area of polygon = n X (area of AOA4,)

=nX %‘OA, 04, sin(£4,04,)

=£R sm(27r)
2 - n:

NO\;V circleis a regular polygon of infinite sides,

Then the area of c1rcle = lim — 3 R2 sm(zn)
n

- n—yeo
)
. sin
=R lim ——~
n—e 2T

n

Evaluate the following limits

1.

 Lim

Cxoml4

. sin x°
lim-

x—0 X

1—cos mx

im
x—0 1 —cosnx

«/5 cos x—1

cotx —1

. cot 2x—cosec 2x L ,
im—— !
x—0 X

. tan2x—-x
hm——.—
x—0 3x — sinx

(s} (s

Hm '
=0 3h (Jicosh —sin h)‘ ’

eelzJe(3) Lo

y2 +sinx
lim ————,
X—*O x“+smy
o

x=y

where (x, y) - (0, 0) along the curve

Limits 2.13

EVALUATION OF EXPONENTIAL AND
LOGARITHMIC LIMITS

In order to evaluate these types of limits, we use the following

standard results:

. -1
1. lim 2 =log,a
x50 X

'a"
Proof: lim
x—0

X

24 2
(l+x(loga)+x (loga) +_._J*1
1 2!
= lim
x—0 ’ x
2
= lim .lo_gg + x_(lgg_a)_ ERP
x—=0 1! 2! .
“=log.a
. ef -1 o _
2. lim = 1 (replace a by e in the above proof)
. x-0 X
3. lim 208D
x—0 X
Proof:
2 . 3
. x —_— ——— e
lim log(1 +x) 2 3
x—0 X x—0 X

. 2
= lim{1-2+X1— | =1
x—0 2 3
fRet i (P Q Evalvate lim —— 2 -1
X .
’ =0 J1+x -1

X X _ 0
Sol. We have lim 2l (— form)
- -0 Jl+x —1 0

g (Jirx)
S et (Ji+x+1)

x

= tim 2L lim (Vi+x+1)

x>0 x x-0

=(log2)2=log4

x—l
-1
Example 2.37 BREUEC 11 .
-1 sinzx
. x-1 -
-1 0
Sol. We have lim a. (— form)
x-l sinfrx 0
21 41

= - = ]1m -
n0sinm(1+h) . h—0—sin 7k
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-1, (d"-1) mh 1 ' - log(1+ﬁ)
=—lim|——|— =——loga ) a 1
T h0\ h |sinwh =& ) =;l,m(l)__h—_=;
. -l
N —a
WYY Evaluate lim o>+ ’ : )
xample 2. valuate R log(5+x)—log(5—x
e 2 xtanx - Bralust ling B+ )08 573).
O X _AX _gx 19 : x—> x
v Sol. We have lirr(l)E)—%il (% form) log (5+) — log (5 - %) 0
x> ' . o x)—log(5—x
FE Sol. We have lim & - g (— forr_n)
5 0F 25541 N X 0
= lim ‘
x—0 x tanx ’ . x . 4
. 28 - 511-2
NG Yoo N . '°g{5 s s)} l°g{ ( s)}
x>0 xtan x V ) B xl—l:)r(]i - X '
g STl 2 1 | _ . ) B
=0 X x tanx » . log 5 + log 1+§ - log5+log 1—;
X x _ =]im T —
= lim 22 fim 22 fim x=0 x
x-0 x x50 x x-0tanx .
~(og5)(og) (N=(log5) (og2) 1og(1+15‘-) . mg(l-is‘-)
32x_23x = lim
ExampleZ k) Evaluate lim x=0 x .
x=0 X . ' ’ :
2o . lo 1+f) lo (1—5)
Sol. We have lim—2 (% form) —lim L g( 5 + lim g 5).1 =l+_1_=_2_
= 85 x5 0 —x/5 (5) 5 5 5

321_1 23x_1 . :
=lim § —— |=| =7 | TEPACYTR | ot P, = a’ ~ 1,V n=2,3 - andlet P,

P
. (371 . [2¥% -1 =g* - 1whereac R then evaluate lim —
= 11rr(1) 5 2| -lim 3 3 _ : C o0 X
RO\ X 0L X * Sol. Clearly,if P,—0=>P,;; —0
' 9 ; - P —0
=21log3-3log2=log9-log8=log (—) : Now, asx—>0=F1 0= Py, Py, By, - By
N . : 8) - P, P, Pn 1 R
—2 : _ ==>11m——hmP P
EVampleZ "B Evaluate lim ———— x0 x50 *
x-32 og (x 1) - P Pk—l _1
x—2 0 ‘ Now, llm———hm———P =lna
Sol. lim ———— (— fonn) : 0By =20 k-1
x-2log,(x—1) 0 = Required limit=(In a)"
. x—2
=lim ————————
2 log, (1+(x~2)
= }llm(l) oo (117 (Substituting x — 2 = h) Evaluate the following limits: *
~0 log, (1+5) _ 1. lim {x(@*-1)}, ax1
=log,a . o . , x—3ea
N ’ - R 1 1 ‘ : x2x —X
IR ER I CPXIM Evaluate lim ©opx— 084 2. lim
x—a x—a -0 1-cos x
Sol. Letx—a=h,thenifx >a,h—0 sin(e* 2 -1)
\ 3. Im——————
= lim logx—loga (9 form) , -2 log(x-1)
x—a x—a 0 N x2
_ 4. tim 2
= lim 19g(a+l;) loga . - 2
r50
~ ' L efte =2
5. hm -
x—0 x




m log(x—a)
x—a Jog(e” —e”)
tanx _  sinx
7. imE——2 a>0
x>0 tanx—sinx
(1-3° -4 +127)
(2cosx+7)y-3

_(729) - (243)° (81) +9% +3° -1 Lo

x—)O x

LIMITS OF THE FORM lim (f(x))g( )

x—a
Form: 0°, oo°

Let L= lim (/@)
= ioge = loge[hm (f@) ) ]

 tim(log, (/)]

= lim g(x)log, [/ ()]
x—=a . .
lim g(x) log, f(x)
$ L = eX—NI
Example 2.44 }gﬂ 2 equals to
a.0 b. 1 c.e d. co.
Sol. lim x"*
x—30
log lim P
—_— e X=poo
lim log x¥*
—_— e.X—)‘”
lim 28 X
=g x
(. Ox increases faster than logex when x — o)
=e
=1
Form: 1~

1 x
1. lim(1+x); =eor ]im[1+_1_) =e
x—0 X0 X

1
Proof: lim (1 + x);
x—0

1
=lim{l+—x+ + x
x—0 X . 21 3!
= 1i'm[1+1+1(1_x) ,10-2)0-21) +]
x50 2! 3t

Sol. Lim(1+x

Limits 2.15

(1+1+ LML )
21 3t )
2. L= llmf(x)g(x) if hmf(x) =1 and hmg(x) =00

Then L= hm f (x)g(’)

}(—)_—l(f(X)—l)Xg(x)

tim (1+(f(x) - 1))

x=>a

L\
J(x ¢

x—a

lim| (1+(f(x)~1))

lim( f (2)-1)xg ()

RCN I PLl Evaluate h_gxo(l + x)°°s°° x
X

)COSCC X

x—-0

X
1 si
= lim [(1 +3)z ls "
x—0

_.1' ——

1 f-o0sinx
[hm (1+x)x =¢!
x—0 ) |

E\ample2 iJ| Evaluate lim (cos x) o

. otx
Sel. }clino (qos x)*

) cosx—1
. . __1_ tanx
= lim| (1+(cosx—1)Jeosx—1 | .
x—0}
. Ccosx—1
lim———

» R 1 x—0 tanx
= [lim (1+(cosx—1))cosx-1
x>0 :

. _cosx—1
lim———cosx
= ex—vo -sinx

cosx-1 . .
cosxsinx

Y
=g~ sin"x
cosx—1

lim- 3 cosxsinx
x-301—cos” x

=
. sinxcosx
llm—]——— 0

— ex—)O +COSX ) =g = 1

. ] ( sin_x )
R LYl Evaluate im (Elﬂf) L
S x—0 X
sinx 1
Sol. Since hm——-—l and Hm = lim .
50 X x—0 X — smx x 0( X _1)
sin x
R S
. _ _ 1-1
. _sinx . (sinx sinx
- lim(sinx (x—sinx) _ el!glo(—x—-l)((x_sim).)
x=0\ X
lim sinx _i
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el PRl Evaluate lim [ﬁ——-—~—
. x—0 3

Sol.

b e

2/x
] ; (a, b, c>0).

x—0

lim a"+b‘+c"__1 2

x50 3 ‘x
hm a* +b* +c* -3

* 310 X

Zlim a’—1+b"—1+c’—l
30 x x x

2(. a*-1 . b*-1 . "I
=4lim +lim +im
_ e3 =0 x x=0 x 10 Xx

x X, X 2/x
We have lim (%)

=e

=e

eln(abc)2/3

— e(2/3) {lna+Inb+Inc} = e(2/3) In (abc) — (abc)2/3

xample pR:11 The population of a country increases by 2%

Y0

Sol.

every year. If it increases £ times in.a century,
then prove that [k] =7, where [ - ] represents the
greatest integer function.
If the initial number of inhabitant of a'given country is 4,
then after a year the total population will amount to 4

[1+ ——1—) A.
- 50

: 2
After two years, the population will amount to (1 + 516) A.

LA,
100

100
After 100 years, it will reach the total of (1 + 751—()-) A,ie.,
1) 2 '
it will have increased [(1 +%J ] times.

n
Taking into account that lim (1+ ) = e, we can
n—yee n

50
approximately consider that (1 + 5—0) =e.

Hence after 100 years the population of the country will
have increased ¢* = 7.39 times.
Hence [k]=[7.39]=7. .

1.

Evaluate the following limits

c+dx
) where a, b, c, and d are positive.

4. lim (2x°
x—7/2

) secz[ i3 ]

>
5. lim{sinz( i )} T
x—0 2—-px o

—9x+8) )

L'HOPITAL'S RULE FOR EVALUATING LIMITS

Rule . If lim fL—

x—a g

i L)

N form, then,
x) 0 o

A

x) takes 9 or

x—m g(X)
where /7 (x) =

Example 2.50

df )

x—a g’(x)

and g/(x) = dg(x)

Let f (x) be‘ a twice-differentiable function»
and f”’(0) =2, then evaluate

2f (x)- 3f (ZX) +f(4x)

x—>0 x

-0
Sol. The given limit has o form.,

Using L” Hopital’s rule, we have

21 (x)=6f'(2x)+4f'(4x)

oo

Limit = lim
x—0 2x
2 F7(x)-12 f "(2x)+16f "(4x)
x—-)O 2 . -
' ’ (using L”Hopital’s rule)
~ 6 f”(O) =.6 )

Example 2.51

2.

If the graph of the function y = f(x) has a unique
tangent at the point (a,.0) through which the

- graph passes, then evaluate

log, {1+6/(x)}

lim )

x—a

Sol. From the question, f(2)=0and f(x) is differentiable atx=a.

"~ limit= lim

1
1+61(x)
3'(x)

x6.17(x) .
= Tv6r@)

x—a

Example2.52 ZEIS ’li_% logmzx(tan2 2x).
X

W

Sol L= lim

x—0

loa(tan 2x)
Iog(tan x)

(o)

Using L’ Hopital’s rule,

We have L =

2 tan 2xsec’ 2x) X2

( 1

. tan” 2x

lim 1

*=0 5 ,2tanx-sec2x
tan” x




TS RPE O

. -l _ .
1311 | [ Fvaluate lim sm_x-tan X .
. 3 x—0 3 N

) sin2xcos2x . \sin2xcos2x
=lim = lim
x>0 ( 1 ) © x—0 ( 1 )
sinxcosx ’ sin2x
=lim 1 =1
x—0 oS 2x

Y k] Evaluate lim x™(logx)",m,ne N.
g : x—0*
(logx)”

- ( form)
x (=]

Sol. hm X" (logx)'= 11m

= lim — (using L’ Hopital’s rule)
20+ —mx ™
n-1
-0+ ™™ oo

n(n—1)(logx)"2 ! _
li)I(I)l+ ( )2 — - (using L’ Hopital’s rule)
x -m) x ,

n-2 .
"= lim _"(_"_l_)z(loix)_ (_ fom)
x>0+ —m oo
= lim = 0 (differentiating N" and D" n times)

1

X

sin™ x— tan™ x
P

i a+32) -2

x0 3.2 \J1— %% (1+x%)

Sol. lim
x—0

(using L’ Hopital’s rule)

 lim (1+x%)? (lx) 1
| H03x2fx (1+x2) (1+x 2y 4 y1-x2
(Ratlonahzmg)
- lim x* +3x x 1
x_’0-3x2\/1—x2(1+x2) (1+x2)+\/1—x2
x*+3

= lim =1/2

x>0 3\/1 x% (1+x%) (l+x )+\/1 x*

Example 2.55 Rigo AR the roots of equatlonx + nax
—b=0, show that

L1 (04— ) (0 — ) - (04— 0,)) = n(oy™ + a).

Sol. Since oy, 0, -, O, are the roots of €quation x" +nax-b=0,
we have x” + nax b= (x — o )(x — 0) - (x—0t,)

" 4 nax—b
%f“;‘l—=(x——az)(x—a3)---<x—a,,>
o fim 2 (- e)x—0)--- (- z,)]

X0 X— al x—0

Limits 2.7

o o 4na
= lim

= (o~ )y —03)-+- (0 = Oty
X0
(using L’ Hopital’s rule on L.H.S.)

= (0 — )@~ 0) (0 — ) =noy"™ +na

Evaluate the following limits using L’Hopital’s Rule '

1. lim X : .
x—0*
2. lim tanxlogsinx
x—r/2
3. lim log cos x
T X0 3
: x
4. lim 1. ;; -
=0 (1+x) " -1
5. Lim (2—tanx) /00"
x-orld
a’ —x* ‘
6. If lim —=-1 and g > 0, then find the value of a.

x—a xx.—a

FINDING UNKNOWNS WHEN L;IMlT‘IS GIVEN

Example 2.56 [RigARi w be finite, then find
N . x—0 X .

the value of a and L.

sin2x +asinx

Sol. L= lim 3

x—0 X

2sinxcosx +asinx
3

= lim
x—0 X
~1’ smx(Zcosx+a)
x50 X x2
2cosx+a

x—0 x2
Now D' tends to 0 when x — 0, then N” also must tends to

zero for which lln(l) (2cosx+ a) =0=a=-2.
X

2cosx—2 25in2—{
Now, L= lim =—~>—* = 2lim— 2 — .
x—0 X x>0 x
2x + '
Example 2.57 IR AR b is finite, find aand b
" x>0 : x
using expansion formula.
2x+
Sol. lim cos4x+a::os x+b — finite
x—0 X

Using expansion formula for cos 4x and cos 2x, we get

[l_@c)_+(4x) J”(l_(zx) L0 )er
2 2 a4

= lim = finite

x—0 x4
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'(1+a+b)+(—8—2a)x2+(§+%a)x4+---

= lim 7

x—0 . x
= l+a+b=0,and Y

—8-2a=0 B!
Solving equations(1) and (2) for a and b, we get
a=-4and b=3
Also, L= 552+--2-a = H=8.

3 3 3

IR PEL] Find the values of @ and b in order that

Lim x(1 +a cosx) —bsinx

3 .=1 [using " Hopital ’s
- =x—0 x
rule].
1 +acosx)-bsi
Sol. limy X Fac0sH)Tbeinx _, (9 fonn)
x—0 x 0
11+ +x(—asinx) —b '
= lim (1 +acosx) +x( 2asmx) cosx _,
i x—0 3x

[using L’ Hopital’s rule]

Here numerator — 1 +a— b and denominator — 0 and limit )

is a finite number 1
L 1+a-b=0, - @
[If 1+ a—b#0, then limit will not be finite.}

. l+acosx —ax sin x —bcosx 0 -
= lim- : > =1| — form
x—0 3x v
. 0 —asin x—asinx—ax cosx+bsin x 0
= lim =1 | —form
x—0 ‘ 6x 0
. —a@cosx —acosx—acosx+ax sinx +b cosx
= Jlim =1
x=0 ) 6 N
—3a +b
a -1
= —3a+b=6 ' @

Solving equations (1) and (2), we geta = —g ,b= —% .
: L

Sol. b. lim [———”S‘“): i

. ,
1. If hm ae b , then find the values of a and b.
x—0 x
X +1 )
2. If lim { —(ax +b)} .= 0, then find the values of a
i x—es | X +1 :
and b. '

3. I lim (1+ax+ bx?)?/* = &, then find the values of a and b.
Xx—> . -

MISCELLANEOUS SOLVED PROBLEMS

1. lim (4" +5")"" isequalto
n—oo

a 4 b5 '
c e : d None of these

Sol. b.Givenlimit= lim (4" +5")""
n—oo

2. ki is equal to
x~0 \I X — COSX
a0 b 1
c. -1 : d None of these °

=1im~ﬁ=1
x>0 -

X—yo0 X —COS X

[ both lim 2= and lim 2> are equal to 0]
x—yoo X

. x—)°_° X
P oininl )
3. fim 250D oo p<t,isequalto
“ e p4l
a. 0 b. o )
ce 1 ‘ d. None of these
sin®(n!)

Sol. a. lim————l—
" plop [1+—)
' n

_ some number between 0 and 1 -0

o]

cos[x], x=0
4 Let/&)= |x|+a, x<O0

lin})f (x) exists, where [x] denotes the greatest integer
x—

then the value of a, so tl_lat '

function < x is equal to

‘a. 0 b. -1
c. 2 d1
Sol. d.Since lim f(x) exists
x—0
= lm f(x)= lim f(x)
x—0" - ox—0"

Ii 0-h) =l 0+h
= hl_tg)f ( _) hg;f (0+h)
—  lim|0—A| +a= limcos[0+h]

h—0 h—0
= ~a=cos0=1
. a= 1

x3

2 :
5 If3- )lc—z—Sf(x)S3+?for all x # 0, then the value of

lim f(x) is equal to
x—0 .

a. 173 - b3
c. 3 , d. -1/3
Sol. b..According to the question

2 3
X . a. X .
1 —— < < —
l‘f?»(3 12)’;1:1_I>Itl)f(x)_‘ ,13_13)(% 9)
= (3-0)< lim f(x) <(3+0)

y

Hence lirr(x) £ (%) =3 (from sandwitch-theorem). '
X )



I
i Lo

Limits \z)s/

" ’ o . lsinx
lim [251—;}, where [.] denotes the greatest integer Sol. b. Since |—|<1
n—»co =1
function, is equal to = SIBX i to 1 forms the values that are less than
a. 1 _ b. 0 ' x
¢. Non-existent d. None of these one as x — 0.

1(1-(1)")_'1 | e hm[sn;x-J:O

3 n 1 2 2 1 n .
p Y—=———%=1-{ |, whi 2-4/3 —sinx
Sol‘ b Zl o ] ( 2) whlch.tends tolas /1 0. The value of lun 3 cos x 2smx is
= -2 ‘ Y ~us  (6x—7) ‘
n — oo (but in fact always remains liess than 1). Thus 0 a 1/12 : b 124
. S - e 136 ‘ - d 148
lim [Z—lr-:\ =0." ' . Sol. c. We have
andad ) Lo .
4 K
7. lim [sinx+cosx], where [] denotes the greatest 9— J§ cos x—Sinx 2—J§cos(—6—+h)—sm (€+h)
x->5w/4 _ lim =lim - -
integer function, is equal to o xoE (6x -z _ h=0 \:6(%+ h)—n]z
a. -2 b1 _ ‘
c -3 _ d. None of these ‘ 2-3 (cos %cosh—-sin%sin h) —(sin%cosh + cos %sin h)
| = fm— 36K -
Sol. a.sinx+cosx= «/_Z_Sin(ﬁ.ﬁ) ' :
4

Z—Ecosh+£s_inh—lcosh——?isinh
2 2 2

Forx——> £4—+0 \/Esm(x+ ] —J_+0 - },11,% ' 3642
. : » , 2sin 2| =
and for x — S—I——O : _ ‘2(1—cosh) ——1—1im sin (2)
B0 36h° 18 k=0 n?

\/Esin(x+£)’—>— 240 _ - (n 2
4 | 1 12

=1y 1 1y <L 1
“This given limit will be cqual to 2. - =5 lim (,,) 2550 %3736
. . E
< /8 111’1(1) %Ecgsi]]- , where [.] denotes the greatest integer j
: x> cosx : : .
’ ’ 2 - Jl+
\/O function, is equal to : 11. The value of lim [—'—Tﬁ is
v\"\} a. 1 b. 0 ' -0 sin” x
¢. Does not exist d. None of these - 1
’ i) 3E s
Sol. b.LHL.= hm £(0) = lim sinfcosh] _ sin(0) _ 0 | V2
h—>01+[cosh] 1+0 c 1 d —=
(- h>0=> cosh <1) w2 ' a2
- 2 —Jl+co'sx
RHL.= hm f(x) = lim sin[cosh] _ sin(0) =0 Sol. ¢. We have lim \/_ ~
o h—901+[cosh] 1+0 =0 sm- X
i . 2—(l+cosx)
sinfcos x] .= lim X
5 xf(l)1+[cos X . X0 sin2 x V2 + (fl+cosx
9. lim sinx here [.] denotes the greatest integer = lim 1-cosx x i ———————
. lim|——|, where [] den =
O =0l x | S & 8 -0 (1 +cosx)(1 — cosx) 02 + J1+cosx
function, is equal to ' ,
al - ‘b0 1 1

: : = lim X =
¢ Does not exist ~ d None of these ) x—0 (l +cosx) 2\/5 4ﬁ ’
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12.

Sol.

4+ 3a,
3+2a

n

Ifa;=landa,,,=

then the value of a is

a V2

c 2

b. - V2
d. None of these
4+43a,

a. Wehavea,, = —
3+2aq,

. . 443
lim a,,, =lim @n :
n—>o0 ‘n—eo 3+2a_n

443
3+ 2a

a

" (@#—- 2 because each a,>0) -

13.

"~ Sol.

Also

Evaluate Jj 23X (do not use either L’Hopital’s
o x—0 _x3 N
rule or series expansion for sin x), hence evaluate

sinx —x— xcosx+x> cotx

lim S

x>0 X

. x-sinx
L= lim
x—0 X

VReplac.‘e xby3x
3x — sin3x .
m _— -
=0 (3 x)3

3x— (3sin x—4sin® x)

x50 (%)’
3x—3sinx 4sin® x
im— m
=0 (3x)° =0 (3x)°
1., x-sinx 4 .. (sinx ¥
—lim +—lim| ——
‘9 x>0 x3 27 x>0\ x
lL + i
9 27
8,_.4
9 27
L = l
6
. sinx—x—xcosx+x” cotx
lim
x>0 ’ x5
lim (sinx—x)+x csot x(x —sinx)
x=0 X

lim (sinx— x)(: —xcotx)
x>0 X

,n>1 andif lim g,=n,
n—oo -

= 2a% =4=qa= 2 (where IEa,,=a)
- n

Lo

X0

X1

X2

X3

. Sinx—x tanx-—x X
lim 37— X X
x—0 X x -

tan x-

—X=Xl= 1_—; (Using expansions of sin x and tan x)

. Evaluate lim cos (71,-Jn2 +n) , when 7 is an integer.
n—eo

. L= lim cos (n\,nz +n)

n->co
. ) ¢
lim * cos (nn -7 \/n2’+n)
n—eo .
lim * cos (71: (n —Jn? +n))
n—co

( .
lim cos i
+ lim —_—
ne \ 7 +\/n2 +n
] nw
+ lim cos
Cp—yee 1]
n+n 1fl +—
n
R T
+ lim cos | ———=—
n--o0 . 1
1+ ,fl +—
\ n
. -
+cos ——0
2 .

Let the variable x, be determined by the following law of
formation:

—Ja
—Jarda

—Jardatda

=arva+ara

~ Then, find the value of Hm x, .
n—eo

Sol.

2 _ L .
We have x; =a+Xx, o

[?=ga+L(asatinfinity L= limx, » limx, ;)
] n—eo n—yeo



16.

Sol.

|

Limits\}ﬂ(

[’-L-a=0 5
Hence P= —
N (R , 7 )
2 : \{1/7 If [x] denotes the greatest integer < X, then eyaluate
\ 1
 lim {2 x]+[22 ]+ [32 x] e+ [P X))
1+,/ 1+4a " 3 .
L= ——(2—-)- (as according to the question a > 0 T
- | - Sol 1imif[12x1+[22x]+[32x]+---+[n2x]}
1-y(+4 et
hence __(I__a_) <0). n— p
2
- .
a3 _q 2 2 2
-8 Y[r’x) > rix—{r'x)
Evaluate lim ———, where ] represents the product = =
B n_)mgr:f_*_g v P! p = h$<_i3_— =1£ r=1 3
of function. o " n
o . |
Let P= lim Hf’3"8)
e\ +8 Jcn(n+1)(2n+1) o
_ B : - . 6 2, {r’x}
nofo. 2, A5 : . = lim —Z
lim H(r 2) r2+2r+4 : o R a7
nee \F+2 )\ r° —2r+4

lim I‘[

n—oo
r=3

hm{ ________ .
(56789 (n=1) (n) (n+l) (n+2)

r+2) .5

12345 (n=5)(n—4) (n—-3) (n—2)

(r'—’-'Z) 11[ r2+2r+4
2 =2r+4

o 230 (P ()

}x

(ni +2n‘+4)

1x2x3x4

X

(2 +3)(n® +2n+4)

7 noeo

— hm

2|

lim { ,
| nee (n—Dn(n+1)(n+2)

Tx12 -

(n? +3)(n? +2n+ 4)}

(n-Hn(n+)(n-2)

3 2 4
I+ | 1+—+—
G

=[5

2 1+0)1+0+0) 2

7 (A=0)1(1+0)1+0) 7

)

7 1219 .(n2—6n+12) ((12—4n+7) (n2—2n+4)

}

HOD _,_x
6 3

18. Find the integral value of n for which the
i N x‘3
cos? x—=cosx—e* cosx+e* ——

Lim — n is a finite non-zero.
x>0 . . X _

x3 x4 xs xs
e bt 4
2 2 12 24

Sol. Given that 1im
. - x—0

2 4 -6 2 4 .
(1-_1_ # ..._1)[(1_x_+1___...}
2! 41 6! 2t 4!
2 B 3
—tl+x+=—=+=—- -7
' -2t 3! 2
= lim
x—0 xn
2 i 2 X 2x x*
_Z 4z 2 x—x =
2! 4l 6! 3t 5! 2
= lim —

3 x4 xs e ’ 3
eyl e
2 2 12 24 _ 2

n

=non-zeroifn=4

x—0 X
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Subjective Type

EXERCISES

1+ 3,/ta.n x’

Evaluate lim

g

. Evaluate lim

1
al/" +al* 4.4l

n.
1-cos(1—cosx)

Jﬂ

X0

x—)37r/4 l p— 2 COSZ X : .
. . . \~T6. Evaluate l’_‘;% 4
Evaluate fim S~ 0 5i0) . | 11
- Evaluate xl_r,% _ (tan'l ] 2 17. Evaluate lim (—; - ) .
L ) (sm x)) x>0\ x sin :
N '_excosx 18. Evaluate }1_1)1; xg/—_
. Evaluate lim ————. X
1 #>0 (x +sinx) ¥x
' f x+ 00O
\/ - | . x+ %/;
4. If 1M —————— =1 then find the values of x. : ; inx
<\ oot (si -l x)_ +1 values ot x. T i S0%~ (sinx)’
A \JLH' Evaluate ,_,7/51 sinx + log, sin x * .
) . S5x+2cosx cos? @ —cos? (- cos? (- cos? {2))BD)
5. Find M ~————— y4 i li
% . ind e 35414 using sandwich theorem. 20. Evaluate ali% N (” 0+ 4)~2]
. _ in| 7 -+—>-—"—1-
1[.,\ .9 9
6. Iff(n+1)= —{f n)+——r,ne Nandf(n)>0foralln
2 () f(n))" ﬁ‘f Evaluate the value of
& N, then find lim f(r). lim_tan’ x(y2sin® x+3sin x +4 - \fsin® x+ 6sin x+2).
o xeyeo X% .
T .
: 2 2 2 2 2. Evaluate limsec— log x.
7. Evaluate lim % 1-cosZ — cosZ + cos Z—cos =} . % - 2t
. x—0 x 2 4 2 4 ) e_(1+x)1/x
8. Evaluate 23. Evaluate 11_1)1(1) —
\" - ' 2
o 1 i N t:ﬁm Ewmmmjggn‘"{@+fboﬁa-5@+24)m@+2*“»ﬂ
lim n? (l—cos—) (l—cos—) (l—cos—)---oo > '
e n nJ. n 25. Letflx) = lim {hm cos®” (n!nx)} , where x € R, then
* . m—>o { n—eo
' - . ¥ ' _ | L, if x is rational
\{\ 9. Evaluate lim {cos(z) cos(z) cos(%)---cos(ix—)} . prove that f(x) = 0, if x is irrational”
n—3c0 : n . ‘ A i
' ' \_~36. At the endpoint and the midpoint of a circular arc 48

\}(f If x, and x, are the real and distinct roots of ax®+ bx + ¢ =0,
7 L', , :

(1 +sin (ax2 +bx+c));‘_“l;l— =),

)|

without using L Hopital’s rule

then prove that lim

x—x

11. Evalvate lim x|:tan'] (—J—C—
X—co

+1 ‘ -1 p
—tan -
x+2

x+2

x

. —-1-x
lim — =
x>0 X
and expansion of the series.

sin{x} .

if exists, where {x} is the fractional

Evaluate

Evaluate li
Vauaexg} {x}

part of x.

. .2 .2 20
Evaluate lm(l) {ll/sm x+21/sm Xy +nl/sm x}smzx.
T x—

13.

L
Lo

.

AU

Objective Type

Each question has four choices a, b, ¢, and d, out of which only
one is correct.

tangent lines are drawn, and the point 4 and B are joined
with a chord. Prove that the ratio of the areas of the
triangles thus formed tends to 4 as the arc AB decreases
infinitely. :

T, is an isosceles triangle in circle C. Let T, be another
isosceles triangle inscribed in C whose base is one of
the equal sides of T, and which overlaps the interior of
T,. Similarly, create isosceles triangle T; from 75, Ty, and

. T, and so on. Prove that the triangle T, approaches an

equilateral triangle as #n — oo.

If f{x) = 0 be a quadratic equation such that f (- 7) = f(7)
32 lim L)
= i then .7, sin(sin x)

=0andf[%)

is equal to



3.

N

_ | sin(sgn(x) : :
am —m— , where [-] deeotes the ggeatest integeir‘j

Lo

A\

Lo

2.

a0 b 7
c.2r d None of these
Iff(x)= 0S¥ 3 ,then
(1-sinx)
a lim f(x)=-e b lim f(x)=c°
X-’% x——)—z—
¢ lim f(x)=o0 ".d None of these
P2 -
# tan— ‘
lim X__ isequalto

2 Jox? + 7 +1

1
N
1

¢ =

NG

b ——
242

d Does not exist

function, is equal to
a0
¢ -1
2+2x +sin2x

hl
d. Does not exist

7 lim - —— is equal to
x> (2x + sin Zx) & a
a0 hl
c -1 d Does not exists

6.

Let lim —— [x] =l and hm[ ] = m, where 1 denotes»

x50 x x—0 x

- greatest integer, then

7.

8.

9.

el

a, | exists but m does riot b m exists but I does not
¢. both/and m exist d neither I nor m exists
. xsin(x—[x
i XS0 G2

x>l

- , where [-] denotes the greatest integer
x— . -

function, is equal to_- .
‘a0 bh -1
¢. Non-existent d None of these

COSEeC X
. [(1+tan x . ;
lim (———)\ is equal to
x—0{ 1+sinx
a e b l
e
d None of these

. -sin®x—sin®x+1 '
lim is equal to

x—e0 cos4x—coszx+l
a0 hl
3 2

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Limiti/zé

3 2 .

lim | ——— - isequalto - ..
X300 3x2—4 3x+2 : 7'

a. Does not exist b. 113

¢. 0 d. 29 _

2 -3 2(2x+1)
_— Z —andhx) =" 5>

/) =~ 86 = g adhe) =~ 7
then h_Ig[f (x)+g(x)+h(x)] is

a -2 b -1

c. —-2 do

7 .

m x(e* -1 !
20 1-c0S * is equal to

a 0 b o

c.—2 d?2

2n +1)?

m n(2n 3 ) . is equal to

n—e(n +2) (n” +3n-1)
B N , - b. 2 -
c. 4 . d. o
-,
+ .
The value of lim I——C%S—l is
=7 - sin“ x

a. 173 b. 2/3

c. —1/4 d. 372
lim n? (xl/" —-X”(."H)),x >0, 1is equal to
n—oo \

a. 0 b. & : - el

¢ log, x d. None of these S

,/1+ 2+x—«/—

The value of lnn

1.
0 L o1 ,
8J§ a3 -‘

c. 0 o d None of the'se
40 5 ’
-1
lim (2x +1) (4J:5 ) is equal to
x—ye 2x +3)7 .
ale b. 24
¢ 32 d. 8-
,hm [\/x+ x+«/— —«/_] is equal to
x—300
1
a. 0 b —
2
c log2 d ¢
10 10 10
lim (x+D)" +(x+ 2) (—;—10 +(x +100) is equal to
x—0 041 '
a. 0 . b1
c. 10 . - d. 100
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20.

\V3

alculus

pd smbx

lim
0 sin(x?)

,wherea,b,ce R~ {0} exists and has non-

" zero value, then

21.

22.

~aatc=b h bt+c=a
c.atb=c d None of these
. . (7 .
,_1_,“,}1/ ) [xtan x - (-—2-) secx] is equal to"\'
al h -1
c. 0 d None of these
3 N :
I um["z“ —(ax+b)) =2, then
xoel X7 +1
aa=1,b=1 ba=1,b=2
a=1,b=-2 d None of these

23

7!_,! :

The value of 11m(2 x) 2 s

ae” hels
c. e”’r d e
' sinx” '
24. lim— , (m<n)isequalto
-0 (sinx)” .
al h 0
c.n/m d. None of these
. t
\/ 25. lim- (oot x—cot’ x+1) | is equal to
a0 (tan* x— tan? x +1)
al b 0 .
c 2 d None of these-
. .26 lirﬁ (l—-ic—]x is e ﬁalto< |
> T ele Ttx 1
a £ hO
£ .
c. el¢ -d Does not exist
A i |
7. lim——— is equal to
VO x—-18in2xwx
a. __1._ b ;1
2n /1
) :
c. — d None of these
T )
: 2
28. Tim L cos™ (1 xz] is equalto
x->0x Al+x »
al hO
c. 2 d None of these

29,

32

L‘ 33.

] 12&2x‘-3)+2/(2x—3)+---+a@c—3)

. lim

' 2x+l .
. x?4+2x—1 Y1
lim} ———— is equal to
x—=eo| 2x° ~3x~2
a0 b oo »
¢ 12 d None of these

2x +33x +44x +-+nx

is equal to

b oo
d. None of these

al

c. V2
(x+y) sec(x+y) — X sec x:
0 . y

a secx(xtanx+1)
¢ xsecx+tanx
. L
) xY .
cos— | 1is
m—eo m

The value of lim
b e

d None of these

is equal to

' b. xtanx + sec x
d None of these

al
c. e’

1/(~x)
lim[coseé 7r2x] * (where [.] represents the greatest

x—1

integer function) is equal to

-

a0 b1
AC d Does not exist
2 n(n-1)
34. lim (22——2:1} is equal to
n—e\ g~ —n —1
ae b ¢’
c. e dl
D 35. Iff(x)= 11m n(x'" -1, then forx>0, y>0f(xy)1sequal
. n—oo
- a f@f0) b f)+f()
¢ fX)-) d None of these
o~ 36. If lim @ exists, then’<
x->a\ g(x)

a. both’ Him f(x) and lim g(x) must exist
x—a x—a
h lim f(x) need not exist but im g(x) exists
x—a - x—a
c. neither lim f(x) nor lim g(x) may exist
x—a x—a

d. lim f(x) exists but lim g(x) need not exist
x—a x—a _

n.3" 1
37. If lim n = —, then the range of x
e p(x —2)" +n3"" 3" 3 :
is (where n € N) v
a. [2,5) b (1,5)
c. (-1,5) d (—eo,9)



x 3-x _
A. The value of 1im2—+—2———6— is
\/'\ x—2 ,2_" _2l—x
a 16 b 8
c 4 d 2
N n Y 1 ’
-39, lim||——| +sin= is e
39 Jm (n +1) _n} (when a e Q) is equal to
‘a e“ bh -«
c. e @ o d elt”
\/ In (x2 + e ) ) )
40. f(x)= . Then lim f(x)is equal to
L\ ln(x ji-ez" noe ‘ ,
al b. 12
c. 2 d. None of these
1+sinxm [ 3
. _ 1+x .
41. lim is equal to
x—1 1 +cos x :
a0 hl
c 2

20
.- lim 20052" (x—10) is equal to

LO n—eo 7

a0 b1

c. 19 d 20

1 1
‘ o 2T -GT)F ;
\/43. The value of ;}I—En “—————"— (wherene N)is

A
N 2

a log n(g) b0

¢c. nlog (%) d. Not defined

\)A/Iff (1,2) - R satisfies the inequality

- cos(2x—4)-33 21428 :
Lg — ( ) <flx)<—22 |4x—8] , V xe (1,2), then
: 2 x-2
lim f(x)is
x—2"
a 16
b. Cannot be determined from the given information
c. —16
d Does not exist

45. Letf(x)= lim L > . Then the set of values
3 " ,
—tan" 2x| +5
NEAN/4 -
of x for which f(x) =01s
a |2x>3 '
c. 2423

b [2x]<+3
d 2x <3

'\/46.

Limits /225/

: 2 : .
lim {(l +x)* } (where {-} denotes the fractional part of x) is
x=01] - .

equal to
a. &-7 h &£-8
c. -6 d. None of these

.2
47. 11m——s—uix—2)—— is equal to

x-01In(cos(2x” —x)) . .
a2 b -2 |
¢l d -1

U 48. lim

[T 49.

. 1 - . . . .
im ————— (where {x} denotes the fractional part
Ly e

of x) is equal to

a. Does not exist bl
c. oo al
: 2
- [x"si 2y x#0
If f(x)= {x sinl/x3,X#9 1) then -
0, x=0

a. lim f(x) existsforn>1
x—0 )
li i <
b.. lim S(x) exists forn<0
c. linaf (x) does not exist for any value of n
- x—

d H-To f(x) cannot be determined

50. The value of liﬁl( P . I ]; D, g, € N equals
i 1-xP 1-x7
a.__p+q - n P4 c_-___p_? a |2
2 2 2 q
1—cos(x+1)

i St rx? Hx+l) @ 1
51., e T2 1 is equal to:

a 1 b (2/3)?

- (32)y” d e'?

52

x3—4xJ_l_{x+\/§;_ J2_ ]1 is.
X -8 x-2  Jx—2

. Thevaleof lim [(
i x—2

a 12

h 2 \
c.l d None of these
‘ el/x2 _1 ) -
im —————— 18 equal to
. x=ee 2fan” (x°)—T

a'l b -1
e 1 a-1

2 2
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1+sin x—cosx+log(l—x)

54. The value of l‘_f(l, 2 is
a 1 . h_L
2 : 2
c. 0 d None of these
\/é: lim Es_(tan_x“)_% is equal to
x—0 X
Ly a 1/6 b -1/3
e 2 d1 )
56. Ifx,=3andx,,; = ,/2+x,, ,n=1,then lim x,is
a-1 n2
¢ 5 a3
(Pt
57. lim( 2 ] is equal to
x—>‘0 n
a. (n!)” b (n)'*
¢ n! d In(nl)
o — g
\AS. The value of the limit hm———— ,a>1is
\/\ x—0 ‘/— +a1/\/—
a 4 h 2
o -1 ao
59.

62.

63.

64.

. If {im

"Among (i)’ hm sec 1( ) and
sinx

¢ Y=o
(i) lim sec™ LSI—DE)
X—yo0 X .
a. (i) exists, (ii) does not exist
b. (i) does not exist, (ii) exists .
¢. both (i) and (ii) exist
* d. neither () nor (if) exists

—sinx"

x-0 x—sin” x

h1l
a2 _q

d3

hm —Th o
If, 9 el/]x+2]

i +32] ,thena 1s

sin 2 sin Z siﬁ l

Jim ((x +5) tan"' (x +5)— (x + ) tan ' (x +1)) is equal to
X—oo o ’

a -h 2x
c. 2 d. None of these
(= x)(1=x2)--1-x>") neN
Hl{(l -x*)--(1-x"}
2nPn ) h ZnCn
c. (2n) d. None of these

100x 99sinx
v The value of ,15153) ([smx] [ x D i

(where [.] represents the greatest integral function) is

is non-zero finite, then n must be equal

6.

70. If jim iﬂix_ is non-zero finite, then » is equal to
x—> 0 x" —sin" x :
a1l h 2
¢ 3 d None of these
. (4x+x?)
71. lim ———~ isequal to
: x=e  x(ln x) _
a2 h ¢
c e? d None of these

m Um __ n. \n
' \ﬂZ/r lim (2" +x) (2" +x) is equal to

b. 198
c. 0 d. None of these

o4

X-—CO0S (sin'1 x) .
is

The value of [im
1L 1—tan (sin'1 x)

V2
1 1 :
a 1 n_ Ll e 2 d_y
J2 2 '
T Jx
. The value of xl_r)lll (cos"i x)z 1s - (
a4 " hir c.2 d 14

. lm[m(y 4y+11)§35:| (where [.] denotes the

greatest integer function) is
a5 »
c. 7

h 6 ,
d. Does not exist

sin(xcosx) jq equal to
xoni2cos(xsinx)
a0 b p/2° c.p . d2p .
. If lim (x_3’sin' 3x + ax % + b) exists and is equal to 0, then
0
 a b a=3andb=972

a a=-3and b=9/2
c.a=-3andb=-9/2 d a=3andb=-92

x—0 X
‘ ,
11 B 1 + 1
m2"  n2" ' m2™  n2"
1 1
RS T B
m2mt p2"! m2™ n2
73. lim [(1 - e‘)"_‘ﬂ] is (where [-] represents the greatest
x>0 |x|
integer function')
a —1 h 1l
c. 0 d. does not exist
74, Let sy =4°1" %70 and
- Let fG 2-x, x<0
x+3, x<1
g() =1{x*—2x-2, 1<x<2,then lim g (f{(x))1s
x—0 :
x5, x22

3 = N

-




a2 b 1 ,
c. -3 d does not exists

™t - (n+1)x" +1

, where n =100 is equal to

75. lim
x-1 (e" - e) sin 7Tx
a 5050 b 1_(_)2 . _5050 d _4950
e _ e . ;e - Te
. . i 1/n 2/n- (n-in7] -
_76. The value of lim l+e +e +....+e ] is
nseln nooon ‘n
a1 hO. c.e—1 de+l
77. The value of lim 2n n+1 % n(—l)
o nﬁw_2n2—1 27‘1 1 1 2n n +1
al - h-1
c. 0 . d none of these
o : 2 i o2
8. limlog(l+x+x)+log(1 x+x7) _
x0 secx—cosx
: a—1 b.1
79 The value of 11m\/a —-x cot—,’
x—a at+x -
a 2a h _2a ¢ — a-=
T T /1 T
' . cot™ (x"" log, x) R
80. lim ——— 2 (@ > 1)isequalto
3% sec”! (a" log, a) o
a.2 hi ¢ log 2 d.0

Multiple Correct

Answers Type

Each question has four choices a, b, ¢, and d, out of which one or
more answers are correct. '

’ 0<x<] L p
1. Letf()= ¥< I Hmf(x) exists, thenais
ax, 1Zx<2
al b. -1 ¢.2 a-2
2. Iff(0) =

than or equal to x, then

a. f(1+0)=—1,f(1-0)=0 b. f(1+0)=0=7(1-0)

c¢. lim f(x) exists d Elﬂf () does not exist
x=1

n—yeo +n

3. If lim (an - 11+7n ] = b , where a is finite number, then
aa=1 b a=0 c. b=1 d bh=-1

\/4 Ifm, neN lim mx"‘,is‘(

. x>0 (sm X) ’ .
b 0,ifn>m
d n/m,ifn<m

\ a. l,xfn—
¢. oo, ifn<m

jx — 1] — [x], where [x] is the greatest integer less

'Limiw
. Which of the following is true ( {.} denotes the fractional
\/\ part of the function)?

hmloﬁ—{m» b lim 2t e
x—e {x} x—2" x2— x-2
Io
¢. lim —z—x———=—oo d lim—ﬁ"—s—=
x> x* —x-2 x> {x} -

\/(if liml(2 —x+a[x—1]+b[1+x]) exists, then g and b can
X

[__ take the values (where {-] denotes the greatest integer

~ function)
a a=1/3,b=1 ha=1,b=-1
c.a=9,b=-9 ‘d a=2,b=2/3

|2sinx—-1| then

7. L= lim
x—>a 2sinx—1

L ({ a. limit does not exist when a = 7/6
b L=-1whena=nx
c¢. L=1whena=m?2
dL=1 when a=0

\-/8/}()‘) = lim ——— » the m}

L) af(l”*?if(lf 0 RAIHDH D)=
e TN H(1)==1 A fA)+f1)=0

. =3n+ (D"
9, lim /- D is equal to
n—e 4p —(-1)" .
_ 3 e . :
a —Z b Oifnis even

€ —% ifnis odd d. None of these
10. Givena real-valued function fsuch that

' tan” {x}

_ * _—[X] ) o
f=4 1 for x=0, where [x] is the integral

for x>0

{x}cot{x} forx<O

|-

. part and {x} is the fractional part of x, then
a lim f(x)=1 b lim f(x)=cotl
x—0* x—0"

e coct (1 ) =1 @ w1 19)=5

x> +ax+a+1

11. Iff(x)= , then which of the following can

L; be correct
a. limflx)exists=>a=-2
x—1

X +x-2

h lim flx)exists=>a=13
x——2

c. lim j(x)=4/3
d llm fx)=-1/3

Xx——2
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12.

A\

13.

14.

Reasoning Type

32)1010 (s e isequal to .
a -1 h O (| d oo
x* —9x+20 _ i
Let f(x)= e (where [x] is the greatest integer

not greater than x), then
a lim f(x)=0
x—5
b lim f(x)=1
x—5*
. i i
¢ xl—>ms fx) does not exist
d None of these

Given lim f ( )

=2, where [ -] denotes greatest integer
- x=0 x

function, then
a lim[/(9)]=
b. lim [ f®]=1

c. hmlif (& )] does not exists

x—0
d lim[f ) ]exists
x—0 X

Each question has four choices a, b, ¢, and d, out of which only
" one is correct. Each question. contains STATEMENT 1 and
STATEMENT 2.
_a. if both the statements are TRUE and STATEMENT 2'is
_ the correct explanation of STATEMENT 1.

b.

S .

if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.

if STATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
if STATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

Statement 1: lihm smx] =0

x—0 X .
Statement 2: For x € (-8, 8), where 8 is positive and 8 — 0,
tan x> x.

Statement 1: lim , where f (x) = ax*+bx+c, is

X =

sin(/(x))
x—o

. - . e
finite and non-zero, then lim —
x-a ™

e
sin(/f (x))

xX—x

— 1 .
does not exist.

lim can take finite vélue only

x—=a

Statement 2:

when it takes % form.
Statement 1: hm0 sin~ {x} does not exist (where {}

denotes fractional part functlon)
Statement 2: {x} is discontinuous at x = 0.

10.

11.

1.

Ly

. Statement 1: If a and b are positive and [x] denotes the

= lim fj(x)+ lim f(x)+--+ lim f, (x), wherene N.
x—=>a - x—=>a x—=a .

"x|b| b
greatest integer < x, then lim — [—] =—.
-0t alx] a

Statement 2: lim — ik — 0, where {x} denotes fractional
X X _
part of x.
o (2 22 3 x2
Statementl: lim | — + — + = et =
X —> o0 x3 x3 x_} [
2 2 "
= lim L+ 1231,2 4ot lim X =0
. X—)oo x3 x x X oo x3

Statement 2: lim (f; (x)+/5(x)+ -+ £, (x))

N1-cos2x

does not exist.

Statement 1: lim
x—0 X
1-cos2x . B
Statement 2: f(x) = - isnot defined atx=0.
Stafement 1: lim lim {sm "(nlnx)} =0,m,n € N,when
m=>co n—)°°

x is rational.
Statement 2: when 7 — oo and x is rational, n! x is integer.
Statement 1: :

' x, if x is rational : '
Iff(x)= T , then lim f(x
/@ {l—x, if x is irrational x——>1/2f(-)
does not exist.
Statement 2 : x — 1/2 can be rational or i_rration_al value.
(x=D(x-2) |
Statement 1: If f(x) = m , then

lim sin™ f(x) exists, but limcos™ f(x) does not
X—y—o0 X—ro0
exist. ) _
Statement 2: sin”~ x and cos™ 'x are defined forx e [—1,1].
. e'l/ x
Statement 1: lim[x]}| ———
x>0 e *

greatest integer function) does not exist.

el/ x _ 1
Statement 2: lih | ———— | does not exist.
e

x>0 1/x+1

Statement 1: If lim ( x) does not exist, then
x—0

lim f(x) does not exist.
x—0 ‘

exists and has value 1.

. Ssinx
Statement 2: hm
x>0 Xx

Statement 1: If <g,> be a sequence such that 2, = 1'and

a,.; = sin a,, then lima, =0.
n—yoeo

— e Fw -

— 1} (where [.] represents the
+1 |

o




4
* Limitw(

8. Equation ax* + bx+c=0has
a. real and equal roots
b complex roots 7
¢. unequal positive real roots
d unequal roots

Statement 2: Since x>sinx V x> 0.

* 13. Statement 1: limlog, (ﬂ) =0.
x—0 x

Statement 2: l‘_{f}z flgx) =1 (chif}, g(x)). 9. The solution set of |[x + c| — 2a| <4b is
: a [-2,2] h [0,2] c.[-1,11  d[-21]
| Linked Comprehensio For Problems 10-12 ‘
Type ' Leta,>a,>a;...a,>1;
N L Lg\ DP1>Py>Ps--- >P,>O;suchthatp +pytpyt. .. TPy

Based upon each paragraph, three multiple choice questions T =1, :

have to be answered. Each question has four choices a,b,cand d, Also F(x)=(pyaf +pyaz +... + D4 )”" _

out of which only one is correct.
For Problems 1-3

10. lim F(x)equals
x—0"

A . -1 Sy , a.pllna1+pzlnaz+...+p"1na’l
, Letflx)= sin_ (1—{x) X C0S .(1 {x}),where {x} denotes » 7 » _
J20 <~ {31 s b af +al* +-+ab
the fractional part of x c. alp. -aft - aP
= l‘ 1 ’ -
L R= lim f(x) is equal to i |
d ).arp,
2 P A S S il
2 2V2 V2 fm 7 (x) oqual
2. L= li)r(r)l_ f(x)is equal to 1L a0 ) equals
P T T N ~alng . he” ca da,
a - b —= . = d ]
: 2 22 V2 2 12. lim f{x)equals
3. Which of the following is true? ' = '
a. cos L <cos R b tan (2L)>tan 2R k alna T het ¢ a da
\___  ¢sinL>sinR d None of these _

Matrix-Match Type

or Problems 4 -6

| A= ﬂ’ i=1,2,...,nandifa, <a,<a;<-<a,- Each question contains statements given .in two columns which
|x—a;| : _ have to be matched. Statements a, b, ¢, d in column Lhave to be
\/1-_ If 1 <m<n,me N, then the value of matched with statements p, q, 1, s in column IL If the correct
" -p, 2-5,b-1, C- d-s, then the correctly bubbled
\/\ L= lLim (44,4, is » matchare?p,a s, b-1, ¢-p, c-q and d-s, then _ y
x—a,” 4 x 4 matrix should be as follows:
a. always 1 b always—1 q r s

. . p
e -1y aEym | + OO
7 If1<m<n,me N, then the value of ‘
msnme en the value o b @@

Ly R= lim (44, 4) is
: x—a,’

~ a always b always—1 ‘ ¢ K @ @
e (1) d () 0] ]0)
%Ifa,,ﬁal,me N, then 1 . .

Ly B (44 4,)

___ a. Isalways equalto—1. b Isalways equalto+ 1.
c. Does not exist. d Isequaltolor—1.

For Problems 7—9

sinx+ae* +be”" +cln(l+x)
=0

§L' IfL= lim : R
0 x b IfL= lim -
7. The value of L is oo X0l
a 12 . b.—-173

c. —1/6 » d3
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\y alcuiu

2x-3)x -1

,then20L= - |r. 1

e . If L=+lim >
= 2x" +x-3
d.1rL= tim 28X D] rerenc N, @ |s-1
x> [x] : -
denotes greatest integer less than or equal .
tox), then—2L= .
\ ColumnI ColumnII
’ (I} denotes the greatest integer function) '
a. lim [1005—“5] [ tanxD p.198
x>0 ‘ X -
|b. tim [100—_1‘—] [wota“—xD @19
x—0 sin x ) B .
n sin”! x "lx | .
‘c. limj| 100 100 r.200
x>0 X
: tan™! x EEE
d. lim 100 +| 100 - 8,201
‘I x-0 x R
U
\/‘\ ColumnI Columnll
f:;i.‘If hm( (> =x= D —ax—b) =0’whefe 'p';y'='_3_ =

'_'. a>0, then there exists at least one a-.
i and b for whlch pomt (a 2b) hes on the

- line.

G+ ) e
b. If lim’ ——3——1? *2 then .
,'“_c"x—>°°1+(1 b')e »

there exists at least one a and b for whlch S
point (a, b*) lies on the line. .

e If lim (ot =52 +1) —ax2 b) 0, | r. 15x-2y-11=0

then there ex1sts at least one a ‘and b for
which point (a, — 4b) lies on the line.

7+a7

d. If lim =7, where a <0, then s.y =2

x——-a X+a

: there exists at least one a for which
- .point (-a, 2) lies on the line.

Integer Type Solutions on page 2.51

Qj The reciprocal of the value of
1
(- o))

\%‘ | t/x
. ln(lmlil+ S )] ] A\
x—0 -
' 2 +5 .
6. lim f(x), where = 3 < fx) < x +5x X TOX s
x—>e0
x-1, x=1 x+1, 0
7. Iff(x)= ’ ,g(x)= and h(x)
176 {25:2—2 x<1 S {—x_2+1 x<0
=|x|, then find im f(g(h(x)))
\)L/ If lim f(x) exists and is finite and nonzero and if
X—yoo *
lim f (x)+3f (x)-1 =3, then the value of lim fx)is
Xx—yoo f ( ) x—yo0
e~ 2/2 —COoSX ] )
9. IfL =lim —3—_—-— then the value of 1/(3L) is
-0  x smnx
(10-x)"-2
10. IfL= th—Jc-l— , then the value of | 1/(4L)| is
x—=2 . X — .
log, (1 .
11. The value of lim —Oé‘ijﬁ is
X0 e x '
\/ ' 55 e o
1fL = lim (2- 32233420 3D then me\@ze/
" ofLtis
13. 1f lim & sin{x —1) +bcos(x— l) +4 __o, then|a+b|is
Rl x* 1
—ax+a-1
14. Let lim = = f(a). Then the value of f(4) is
x1 (x—l)

; 2 2x
2. Iff(x)={x +2 xzzandg(x)='{3 L ! then the

l-x x<2

P4

value of liil)@l Flg(x) is

c

3. If lim(l +ax+ bx* )"_'l =¢* then the value of bc is

b
el 3,—‘—" . |
4. The value of hm[ (n+1 (n-1) }15 ‘ .

1/x
. If llm[l +x+ S ):‘ ='¢3, then the value of

x—0

/ ; (cos x—1) (cosx - e") _
~.”15. The integer n, for which lin(l) - isa
\,\ x—>

finite non-zero number, is




\é i 11_) ,/cos 2x-3/cos 3x- ﬂcos 4x --- ffcosnx ‘has the

value equal to 10, then the vaiue of n equals

. 3¢ +ax+a+1
\/l(j( V= —————— 2X TRTET and lim . fx) exists, then the value

x+x 2 x—>-2

Lo of (a—4)is

\,1'8/If L= lim (x x* log, (l += D , then the value of 8L is

X—>o0
\/19. LetS,=1+2+3+--+nand
= S, S, 8
\ P,=—2 3 S S ,wherene N(n=2).

S, 18-18,-18,-1
Then hm P,=
v n—oo
Wo. Let f”(x) be continuous at x = 0.
- 2 3 2x) + bf (8x
- S~ af( %) f( )ex1sts andf(0)¢0

If

x—)O

sin? x
£7(0) #0, then the value of 3a/b is

- Subjective
1. Evaluate lim

xva f3a+x - Patx —24x

2sin x —sin2x

2. F(x)is the integral of n x#0, find
X
lim /() [where =42 4,
(UT-JEE, 1979)
' Lo 3. Bvaluate lim (a h) sin (“h+h) —a’ siNd oy SRR, 1980)
2* -1
4. Use the formula hm —x—-—lnato find I T 1+ )1/2 1
(UT-JEE, 1982)
5. Find im {tan (/4 +x)} Ux (ITT-JEE, 1993)
Objective
Fill iri the blanks ‘
%f. lim (1 —x) tan == = (UT-JEE, 1984)
/ x—1 2 .
5 Iff(x) _ {smx x;tmr nel nd
2, otherwise
x? +1, x#0,2
g(x)=14, x=0 then lii%g{f(x)} is=
5 x= 2
' (0(T-JEE, 1986)
_ x* sin(l) + 52
3. fim | ———%

Jim. (1+Ix|3) - — (IXT-JEE, 1987)

Navam (a ¢o) (IIT-JEE 1978)

Liw
” ABC is an isosceles triangle inscribed in a circle of radius
\/\ 7. If AB = AC and h is the altitude from 4 to BC, then the

triangle ABC has perimeter P = 2 (,lzhr — W% +2hr )

and aread= and = and also
lim 'AT (ITT-JEE, 1989)
h—-0 P -
+6 x+4
5. hm(x ) = - . (IT-JEE, 1990)
x—ooel X +1 »
1es2)” '
6. lim|——s| = (UT-JEE, 1996)
x-0{1+3x '
In(1+2h) - 2In (1+h _
7. lim (1L+2%) S (L+h)_ .(IT-JEE, 1997)
h—0 h )
- True or false .
\ A I lm [fg)g)] exists, then both lim /() and

VO , llif;g(x) exist. (IFT-JEE, 1981)

Multiple choice questtons with one correct answer

1. Iff(x) = __._S-I—Ilzi- R then llm f(x) 1S
' x+cos”x
a0 b oo
c.l1 d None of these
’ ([IT-JEE 1979)
. G(x)-G() .
2. T G(x)=—+/25 - , then lim _(—ZCT(’
L | b L
a. > | 3

d. None of these
(IIT-JEE, 1983)

n .
— e is ‘equal to
-n" l—nz} o

a0 : b. 1
A 2 ,
c.. -;— d. None of these
| (IIT-JEE, 1984)
(S0 o fx1 0
4. Iff(x) = § [x] , where [x] denotes the
0, for [x]=0
greatest integer less than or equal to x, then lir% f(x)is
. X
a ] b. 0
c. —1 ' d. None of these
(IIT-JEE, 1985)
1’l(l —cos 2x)
5, The value of lim —2—————— 18
x—0 x
al b -1

c. 0 d None of these
’ ' (UT-JEE, 1991)
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((a —n) nx —tan x) sin nx

6. 1 1-cos 2 (x~1) 11. If lim =0, where n is non-
* xlg} x—1 x—0 x2 ’
a. exists and it equals V2 zero real number, then a is
h exists and it equals — V2 a 0' b2 +1
c. does not exist because x — 1 - 0 ‘ n
d does not exist because the left-hand limit is not equal 1 '
to the right-hand limit " (UT-JEE, 1998) ¢ n d n+—  (UT-JEE,2003)
7. tim * tan _2x =2x t_;n’ X i equal to ' \/{ The value of )l(l_r)r(l) (sin )" + Q0 + x)s"”‘) =0 where
*0 (1 - cos 2x) ' A x>0is .
a2 h -2 _ a 0 b -1 X
c. 12 d -12  (UT-JEE,1999) el d?2 (IIT-JEE, 2006)
x . 2\ql/x s 2
- . =2b 0,b>0smf e (-,
8. Forxe R, lim (x 3) is equal to 13. If 11_1)1(1)[1 txlnd+d )]- s (
. x|\ X + 2 7], then the value of 6is
ae b ¢! : . P T T
c e’ dé (IT-JEE, 2000) a iz b i-i c ig d iE
o 1 sin (7: cos? x) ) _ ' ‘ . (IT-JEE, 2011)
' 11—% x? Is equal to Multiple choice questions with one or more than one correct
a -7 bh 7 answers ‘
¢ w2 d1 (IIT-JEE, 2001) o 2
: (cosx—l)(césx—e") . a_,'az'_xz——él— £Lis fi t th
\A]. The integer n for which lim - = isa 1. Letl= }C‘_If(‘, * »a>0.If L is finite, then
x—0 x — =
A\ finite non-zero numberis aa= 2 h a=1
al b 2 | | er=L d L=-- (IT-JEE,2009)
c.3 d 4 (IIT-JEE, 2002) 64 32

Subjectie Typ

1+ (tan 5 (1-(tan 2" +

ANSWERS AND SOLUTIONS

A h g
-l &0t
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25. We know that 0 < cos? (n! px) < 1.

Hence, hm cos?™ (n7x) =0 or 1 according to

0 < cos? (n!7Dc)<lorc0s (n!71:x)=1

integer, if x € irrational.
1, if x is rational
0, if x is irrational

Hence, f(x) = {

26. A, = Area of AABC = R%siné (secO—cos0)
A =R’ tan@ (1 - cos*6)

R? (1-cos6)’ - _
_ ArcaofACDE= *G=0s0) _ i [CM Rsec R}

cos?6-tan@- DM =CM cos0 .

Also, since n — oo, then n ! 7= integerifx € Qand n!w#-

A tan 0 (1 ~cos? 9) cos® @tan 6
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0
27. Let Obe the base angle of T}, then base angle of T, is (% - 5)

Base angle of T is E_l(f‘__‘_jo_) .
2.2

" Fig. 2.6
Proceeding in the same way, base anglé of T is
_ 1yl :
zz.x_ ¢ 1)19 | )
2 4.8 2" : '

where @is the base angle of 7).
Taking limit # — e in equatlon (1) we have
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60°asn—ee =T,is equllateral tnangle asn —> oo,

Ob]ectwe Type

1.c. Givenf(x)=x"-rx
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= lim h-2x . o
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t—0
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~_ lim 22 cost (sin L1 =0
2 (%2

1
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lim —%— = lim ——%—
xee \/8x2 +7x+1 —x ’8+ +_

2 tan>
3.a.

1
tan— 1
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X X X
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x>0+ sgn(x)

= lim S‘—nl]

=0t 1
— lim sin(sgn x) |

x—-0"|  sgn(x)
= lim sm(—l):|

=0 -1
= lim[sinl]

x—0"
Hence, the given limit is 0.

_ 3,+ 24 sin 2x
5.d. The given limitis lim ~2———&
_ prares (2 _sin Zx) Gsin
x
0+2+0

(2 +0)x(a value between 1 and e)
. i e

[ lim sin x € (-1, 1)]
Xx—yoo
Hence limit does not exist

2 0if 0 <x<1
A,
x? —if —1<x<0
X

=> [ does not exist

[x? _[0if0<x<1

2 0if -1<x<0

= m exists and is equal to 0]
x o :

7 e, limXSnG-lxD
x>l x—1

(1—h)sin(1—h=[1-A})
(1-h)-1

" NowLH.L.= lim
B>

(1 h)sin(1-h) _
h—)O -h

9.b. lim

11.

12.d. lim —1 = lim

13.

Limv?/

(1+h)sm (+h- [l+h])
1+h)-1
Hence, the limit does not exist.

. The given limitis lim [(1 + tanx)******/(1 + sin x)°%%°¥]
X

_ (+hsink

B h—>_0 h
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= lim [(1 + tan )} x/ {1/(1 +sinx)" )]
x—

sin4,x—
4x—-coszx+l

sin® x+1 )
x—e COS
(1—cos x) —(l cos x)+l

= lim r .
x—ye0 ©COS  X—COS 2 x+1 :

cos? x— cos? x+1

= lim ry 5
x> cos” x—cos” x+1

=1
x3 : x2
hm
(3_}; -4 3x+2}
P Bx+2)-x*(3x* - 4)
(3x% —4)(3x+2)

X—yo0

) _ 2x% +4x?
lim 3 >
x9e 9x° +6x° —12x~8

242
= 1 x
AR 612 8
x x2 X3
= 2/9

2 —dx+17—4x-2
2 +x—12

c¢. We have f{x) + g(X) +h(x) =

2 —8x+15 _ (x-3)x-9)
x-12  (x=3)(x+4)

hm[ fx)+g(x)+h(x)]= 11

x(ex—l) ,

(x=3)(x-5) _ 2
B(x=3)(x+4) 7T

2x(e* -1)

x—0 X
4sin? =
2

T .
— 2 lim (x/2) e -1 -
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2
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¢. hm
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2.38 Calculus -

_ (@0
~ (1+0)(1+0+0)

1+ cos® x

14.d. We have lim ——
x~7  sin” x

(1 +cos x) (1 —~C0S x +cos® x)
= lim
x>z (l-cosx)(l+cosx)

. 1-cosx+cos?x 1+1+1 3
= lim = ==
X% I—cosx =~ " 1+1 2

1 11 1
limn? | x/" — x| = lim n?-xn# | xn n4l <1
n—eo n-—eo -

~
L N
= lim x™ | x"D _q |4 T

\
n—yco
. N

ENS

15.c.

N 1
_1_ n(n+l)._1 2

=l' YH'I.. . n . =1.1 .1=l .
o TS
: n(n+1)
. \/1+\/2+x—\/§
16. a. llm—'—z——'—'
x—

x—2

= lim et ¥2¥X =3 ptionalizing)

=2 (Vo +3)(x-2)

Lo A24x-2
lim
2 (V2 +B) (x-2)

| (x-2)
=1 :
=2 (i V2 e +3) (VZHx+2) (x-2)

(Rationalizing)

SN N
2B 4 8B

. x+D* @x =1’
17.c. lim & 22D
Coxoe (2x +3)

40 s
. x x
= lim '
fononl 45
: (2 +§) '
x

(Dividing n;imeratdr and'déno_minator- by x*%)

) /"_
!

18.b.

19.4d.

20. c.

21.b.

22.c.

23.¢c.

T

=2°=32
ﬁni[\/x+\/x+\/;'—\/;:|
X—>o0 )
= lim XANXANX X - (Rationalizing)
= St xtx +x (

lim _ =3
x—-)oc\/1+\/x-l+xt-3/2 +1

() +(x+2) 0+ +(x+100)°
lim 20 11010

¢ 10 - 10 10
x'° [(Hl) +(1+3) + ----+(1+£9) }
X X - X ’

| —

= lim :
X—yo0 10 ]010
X 1+T
X
=100
a :.b
. X Sm Xx
lim —
x50 smxc

. b c
Co. sinx x - ) b
= limx*| —=| | = x*¢ = lim x**°
x—0 X sin x° x50

This limit will have non-zero value ifa+ b= c.

. ' n
lim |xtan x-—|—|secx
xo7n/2 [ (2) ]

. 2xsinx—nm o - (0 )
= lim —————— _ — form
x>n/2 2c0sX . ) 0

[2sin x + 2x coé x]

x—>xr/2

—2sin x

(Applying L'"Hopital’s rule)
=-1

3
]im(x2+l—(ax+b')J=2
x-rel x° +1

x3(l—a)—bx2.—ax+(l—b)=2

= lim .
Xx—yo0 x° +1

= l—-a=0and-b=2

=a=1b=-2

nx

. tan
Hm(2—x) 2
x-1 )




25. a.

26.4d.

27.Db.

28.d.

29.c.

x

tan
= lim{l+(1-x)} 2
x-1

lim(1-x)tan =
—_ ex—bl 2

1im(1-x)cot(f—"—")
- ex—)l 2 2
‘ (I—X5

v x—)lm(E_E)
—e 2 2

x
=(1-x)
2 hin—2
7 31 m(g (l—x))
=ée
- eZ/IL'

=limx"™" =0 [+ m<n]

x* (cot4 x—cot? x+ D
(tan4 x—tan® x+1)

x4(11—t'an2x+tan4x) oyt .
=3 1. .2 =—7, x#0
tan” x(tan” x—tan” x+1) tan”x
4, .4 ) 4
. x (cot” x—cot“ x+1 . X
= lim ( ). = lim =1

x>0 (tan* x—tan® x+1) =0 tan* x
. . x
I3 x g B oo '
lim (l__x_) = lim l__l_l__ =(_1__1]
x\ e lfx ele 1y e
P
= (some negative value)™ which is not defined as base is
—ve. '
. 1-x*
lim—
x18In 277X
m 2r(1-x)(1+x)
x-1 27 5in(27 — 270x)
_ o (@2r-27x) 1+x _ -1

x-tsinr—2rx) 2 -«

|
We know that cos™! l_xi - 2tan” x, x20
- l+x : _2ta.n_1x’— xSO

2° =
lim 'lcos_1 (Lx—]= lim 2tan x =2, and

=0t X 14+ xz x—0* X

30.c.

31.a.

: 2+1/x
f 2 1 \2-1/x
1+5-—
_ ki X X
=i, 3_2
\ X x
=112

Limitls\,/229/

Since the highest degree of x is 1/2, divide numerator and

denominator by Jx , then we have limit

lim{x{sec(x+y)—sec‘x}

y—0 y

_ 'x{cosx—cos(x+y)}]
lim|—
y=-0| y | cos(x+y) cosx

x 2sin (x + Z) sin (—X)
2 2

+ sec{x+ y)}

lim
y-0|  ycos (x+y)cosx

L

xsin (x + X) sin (Z)
2 2)

lim X

- y-0| cos (x+y)cosx

L

= x tanx sec x + secx
= secx(xtanx+1)

32.a.

33.b.

34.b.

. m
. x
lim | cos—
‘m—yee m e

Tx X
cosec7 —>lwhenx—1 = cosecT

s mit=1
n—-1
. [nz — n+l)"( )
Iim 5
noel n—n-1;

;lim (n (n —-.1) +1]n(n_l)

n-—e n(n—l) -1

+secx

+secx

2
Eor«fZ_.

t

+ lim sec (x +y)
y—0
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35.b.

=

36.c.

37.a.

. 38.b.

\%lculus

o) = lim n(x"'" -1)

xl/n __1

lim
nse 1/n

m

m—>0 m
Inx .
So)=In(y)=Inx+Iny=1x)+1(»)

I£f(x) = sin (l) and g(x) = l ,then both lim f(x) and

11m g(x) do not exist, but lim——= f (x)
x-0 g(x

. -1
lim = (where 1 replaced by m)
n

= () exists.

tim —— %" ==
ne p(x =2)" +n- 3"+1 3 3

lim ———————— (Dividing N" and D" by n x 3")
n—eo (x -2 1

: +3-—
3". n

For lim to be equal to 1/3

n—eo

»

1 _ n
lim ——0 (which is true) and hm (5—3—2-) -0

n—ee n

2<x<5
2" 2°+2>7 -6
x——)2 [2—x 21—x
x2_ 3x 4 A3
=1im(2) 6XxX2"+2

x—>2 \/5;_2

i @9 =207 +2)
= (7 -2 )

e A — 2" +2)
x—2 (2" - 4) :

[Multiplying N” and D" by 2]

. hm(z"—z)(«/z—" +2)= (22—2)(2+2) 8

39.c.

e

1= form

fim n[[L)a +sin L —1] Jim nsinL + lim n[(L)a —1}
n—yes n+l n e n noe n+l} .
: i a ’ 1 - o
Consider, lim 7 -1}|=lim n|| — -1
[ n=deo n+l1 n—yoo, 1+]/n

1
Putn=—

-y

(Using binomial)
L=e®
2
x x
+_
(xz +e") . Ine [l e")
40.b. L= lim YR =lim : n
—)00 X
== In[x* +%) 1ne2’(1+%) (
s
z J
x+ln( —J .
e . .
—) x ’ ’
2x+ln( e?
1 x
1+—In —
11m—1——4-—
x—yo0 x
. 24—Injl+=5=
x [ er
% x?
Note that as — — 0and as > —0
S 2 L X0 @ .
' (Using L’Hopital’s rule)
HenceL=l
2
( 3x )
1 +sinm 3
1+x
41.a, lim ——+=
x-l1 1+cosmx .
3 3nx
1—-cos| —— 2
L. A2 1+x
lim- .
x> 1—cos(m — 7x)
(3 3
2 sin® 7 7rx2
4 2(l+x.)
lim -
x—1 2 Z(E_E)
2 2
37::_ 3mx 2
4. 201+ x
lim ( )
x—1 E _ E
2 2
1_x Y 2
2 2 -
tim 9| 21 t* | _jim | X
-1 ~x =1 2(1+22) ) =0



Lx=rmrel

42.b. - lim cos”x= <.
© e O, xztrmrel
Here, forx=10, lim cos™(x-10)=1
n--eo -
and in all other cases it is zero.
lim Y cos™ (x-10)=1
n—eo x=1
7|2\
I 1 (3)- (—)e -1
@y -G7)" $
43.b. L= lim ———"—— = lim ————~
X x . X0 x"
X" . n! . .
Now, lim — = lim —=0 (differentiating numerator

x—e @* x> @

and denominator n times for L’Hopital’s rule)

Y
N
Wik
N——

Nkl
|
—

lim
X—oo x

&
Hence L= lim (3)
X~
=1><10g(2/3)x0=0 ,
~cos(2x-4)-33 x*|4x-8|
: 3 <f(x)< —

44. c.

i &8 (2x—4)-33
x—2"

= < lim f(x)< lim

x—2 2" x—2
x?(8—4x) '

= -16< li < i
= -16< lim f(x)< lLm Ty

x-2 x—32"

= -16< lim f(x)<-16

x—27

= lim f(x) =- 16 (by sandwich theorem)
x—27

45.a. Given g(x)= lim 1 =0

n—oo 2n
' (itan“zx) +5
4
; N
= (—tan'l 2x) — oo
T

3 :
= (—tan",2x) >1
T

_ e
= |tan™ 2x|>=
3

. T . T

= tan! 2x < —E or tan™' 2x > 5

= 2x< 3 or2x> B =|2x]> B
46.a. (1 +0%=1+x*-[(1 +x™]

Now, lim(l+x)** = e
x>0

= lim{1+x)**}=&* -[’}=€"-T
x—0 i

x2|4x—8‘| '

. Limit\s/d

_ 2
47.b. hm-.——sm(iz)—-
x-0 In (cos(2x” —x))
- lim sin(x?) :
x> —_
log(1—2sin2(2x "D
-2
- 4 —_
x? log 1-2sin’ 2x" —x : ‘
2 .2 2x° —x
2 —2sin ——2-
—2sin2[2"""]
s 3 2
= lim- x
x>0 2 2x° -x
sin )
2 [Zx —x)
5 :
2xt—x 2
2 .
2x2 . 2 - -
= lim—— 5 = lim— 5=
x—0 (2x —_x) x50 (2x—1)
' 1 1
48.a. LHL.= lim ———— = lim —————=
x—)—l_',“ X I—{—x} x—-1" ,[—x—(x+2)
1
= lim ————= =o0 :
21"y —2x -2
RHL= lim

1 N 1
—_— = lm ———
o1t | x|={—x} -1 ,[—x—(x;i-l)
= lim ————l =1 ‘

x—-T —2x-1 '

Hence, the limit does not exist.
49.a. Forn>1,
Iina x" sin(1/ x*) = 0 ( any value between—1to 1) =0
X )
Forn<0,

Hn(l)'x" sin(1/x%) = = X (any value between — 1 to 1)= e
x> . .

5)

0
pgx”™ — pgx?”!

P g +(ptg)x

- pa(p—Dx"~ — pa(g —1x""* |
~ -2
1 —p(p—-D)xP 2 —g(g—DxT 2 +(p+q)(p+q —Dx""

—a+ax? — pxd
50.c. LimP_9479% P~
. x—)ll_xP_xq+xP+q

= lim—
x—1 —px

0y ., .
o (6) (L’ Hopital Rule)

(L’ Hopital rule)
- P~4
2
1-cos(x+1)
4, .2 i)
+x°+x+1) =D
5L.b. lim |
o= x"—x+1
j IoosCH ) L sinxer) 1
Xt xtl o ) 2\ 200 2\2
=| lim ———— o= = ==
- 1 - —1 2 . 3
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|
lim -4y
X2 x3 -8

52.a.

_[ Vxx+v2)
Wx-V2)Wx+v2) Jx-2

i_. x2.+2x+4_(\/)_c—\/§J_l

= {1m
x-2 x(x + 2)

NS>

P r2x+4 | 12 01
= lim| ————— -1 |=—-1==
Cx-2| x(x+2) 8 2

1/x?
. e’ -1
5_3.d- hmT
. xoe2tan” (x°)-7x
tl
. e -1

= hmT
=0 2cot” t°—1
v -
. e -1
Hm ‘
10" =2 tan £*
. 2

1 e -1 1

lim ==
0" 2 2 tan ¢ 2

54.b. lim 1+sinx—cos x +log(l—x)

55.b. cos (tanx)—cosx= 23in[x+t2anx) sin(x_

-

. (x+tanx) . {x—tanx

cos(tan x) —cos x ZSm( sm( 2
= lim =lim :

x—0 x4 x—0

. (x+tanx) . (x—tanx)

2 sin sin 2 2
- (2)(2)x—tanx,
= lim

x50 x4(x+tanxj(x‘—tanx) 4
2 2 :
1 2_ .. 2
— _me tan” x
2 x50 x4
3 2
-l xr—+ =5+
1. 1
= —lim
21—)0 x4

$ 40 U

57.b.

58.c.

59. a.i.

60.b.

t=2+t

( lim x,,,=lim x, =¢
X—yoo X—yoo

£-t-2=0
(t-2(+1)=0
t=2 (o x,>0V not>0)

x—0 n

" 0(1‘—1 27 n’—l}l
lim| e A
_ n n n Jx

X

e

. %1’—1 21 n'—l}
med = e 2
ex—mn x x x

) 1/x
. [1"+2" +---+n")
lim| ———m™

1[logl+log2+---+logn]
=er - :
Lo 1 1
" = o8 = (pryn

Jx al/J;

lim g -9 a>1
H
x—0 a\/; +all~/;
Put x=7£
. d'—d"

lim
04" +a
Ve _q

1/t

.a
lim = =
=0g 41 g+l 0+1

. -1 X
lim sec™ [ ——
X—yo0 sm x
sec -
sin oo

sec”! = :
(any value between —1 to 1)

(o) = &
sec” (4o0) 5

] _1 sinx _1 sineo
limsec” | —— | =sec | ——
X—0oo X . [

-1 (any value between —1 to 1)
“sec :

[ =]

sec™! 0 = not defined
Hence (i) exists but (ii) does not exist.

. nl .
For n =0, we have lim =ginl —1
-0 x—1
. x—sinx
Forn=1, lim —=1
x=0 x—-SImx

) sim® x
2 2.2 - 2
. x"—sin“x .
Forn=2, lim - = lim _xz
x30 x—gin“x x»»01 sm"x
x X

" - This does not exist.

For n=3 also given limit does not exist.
Hencen=0or1.



.63.b.

a2 1 a—e Vet

6l.c. lim ———— = lim —F——=5— =—a

=2 2_el/|x+2| x—-2" 2e—l/|x+2| _1

4 — — —
lim sin xs 16 = lim sin ————: ( 2)5
x—-2" x> +32 x—-2" x —(52) .

-(=2) )

62.b. Given limitis | lim M (x+1)[tan (x+5)—(x+1)]+
tan”'(x + 5)
4
1+(x+1)(x+5)
4

2
= lim | (x +1)tan™ A HOXF+6_y 4 4t (x+5)

X=p0 ( 4 - ) x2+6x+6
x* +6x+6

= 0+4xZ=2n
2

fim [(xv+ I)tan™!

X—eo

+4fan"(x+5)]

o a@ax)ax%
{1 x)(1—-x")--(A=-x"))

ElEHE)
=”‘((;:J;J(a:x:)--’-,(z:":ﬁ'.

_1x2x3--(2n) _ @n)! _s
(1x2x3--m)2  nln!

-3

64.b; We know that hm S—————)l and Lim ————>1
-0 sinx

So, lim [100——] [99 E‘—’f]
sinx x—0. X

= 100 +98=198 7
65.a. Letsin™! x= 6. Then, x=sin 6.

Now, x — —l—=>sin6 —>—1—=>8—>£

V2 V2 4

. X—cos (sin'1 x)
lin} —
= l—tan(sm x)
lim sin8 —cosO

4

- tim (sin® — cosB) cos8
0 (cosB smB)

66.d. We have im ————

x-1 -1
(COS X)

e )
x=l (cos‘l x)2 (i+ \/;)

= lim =

x=1 (cos'1 x) 2 (1 +~/; ) ‘

= lim ___l:ggs_()__ 1, where x = cos@

9-’0_92 (1+ ,/cos 9)

[+x—>1 = cosf—> 1= 6-0]

. l-cos® 1
= lim 5
60 @ (l+ cose)

2sin 1
= lim 22 ( )
60 4 _9__ 14++/cosO

4
2 ,
N kA 1,2 1 1
= __.1i . ==(1) ———=—
29—I>I(l)L Q (1+ COSG) 2 ) (].+1 ) 4
. 2 J . '

~ 67.b. min(?—4y+11)=min{(y=2)*+7}=7

L= 1im|:min(y2 -4y+11)5‘1‘—x-]_
x>0 _ ~ X

. [7 sin x]
_lim
x—0 : _x

[a value slightly lesser than 7] (jsin x| < x|, whenx = 0)

= L= hm[ﬁ‘—“f] =6

It

x>0 x
@uL=mn_%Eﬁﬂ_
: . x->ri2 . T .

SIn (—2—— xsmx)

n .
) — - xsmx)
. . sin (xcosx) XCOSX 2 :
= lim . p
= (xcosx . (m . . '
e ¢ ) ~sin (5 - xsm‘x) (5 - xsmx)

. _XCOosSX
I1x1- im ——mmmm<
x-o>ml2 (T .
5'— xsmx

S~

i



\}Aalculus

. L= lim

. lim

Put x=7/2+h
(g +h) cos (; +»h)
Then, L= hm
h—>0 7Z T . (3
(—+h)sm(—+h)
2' 2 2
- (§+h]sinh
lim

"“’°§(1—cos'h)—hcosh

() '

2 b B

o 0= cos i) ~ . (Divide N" and Dby h)
2 h

N
—I=+011
(2+ ) oz

0-1 2

sin3x  a
lim 3 +—2-
x-0 x x

+b

sin3x+ax +bx>

lim 3

x—0 x

sin3x

3 +a+bx?

lim 3x
-0 2

X
For existence, (3 +a)=0
=>q=-3"

sin3x—3x+bx

x—0 x3

L rb=003x=1)

. sinz—
27 lim—;
-0 ¢

—31+b'=0
6

o
.
N o

“x"sin” x

x-0 x" —sin” x

71.d.

72.¢.

73.a

T4.¢

- g 0-e)5]

11-0+---)?
1 C
(2—0+0)[5—(_)+---) .
3 .
. l+x+x* . PHt+l
lim . = lim 3
x> x(lnx t—0* .
. C0)
: t t
. el
1—0" t(lnt)
m 1/m n 1/n
-2 +
lim 2" +x) ( x)
x—0 X o
_ 1 (2m + x)l/m lim (2n + x)l/n - 2
x—0 - X x—0 X .

. a-2 . b-2
= lim —lim
a2 g™ 7™M b2 p" " »
[Putting 2™ +x=gq and2"+x -b"]

1 1

= mzm—l - n2n—l

tml0-e]

= lim (0‘)ﬂ] =[07]=-1.

x—0"

=07 |x]

= lim (0*)5“”‘] [0°]=—
x>0 —X :

Hence lim[(l~e")3inx] =—-1
- x-0

x|
Asx—=0 = f)-A07)=2"
li)rg_ () =g(2")=-3



e

Limits 2.45 ~

Alsoasx—0" = S0H=1" -
L /6 =/ s b-ﬁm1og(1+x+x2)+1og(1—x+x2)
= e g(f(x)) =g(1)=-3 ‘ . o0 SecX—CoSXx '
Hence ;lclino g(f(x)) exists and is equal to —3 . log'[(l +x2)2 - x2]

= PL’},gU(X))=—3 ’ x—)‘_‘ (l—cbszx)/cosx
o log(1 + x* +x*)
" (x-D—-("-1) _ = o rtnx

75.¢ I=lim -
=1 (" —e)sinmx 2 2
tx=1-+hso that 1,h—>0 T (- (5.5 Vst N JO T G S
putx = so thal a;x—) ,h— : N S 0 x2(1+x2) _ sinx tanx 2

x - X

et h~n(1+h)"—((1+h)"—1) _ :
' k=0 e(e" —)sinzwh _ = 1.-(35 lim lo_g(l-_l—_x_) = 1)
' x—0 X

n-h(1+"C, h+"Cy B2 +"Cy I ++-)

I=-1i , -
P , et -1 ' 79.c limya® - x> cot = |22
nme(h™) T x—a 2 Va+x

_ _ 2
—(+"C "R+ 4" C B +=]) = lim :
x-a _
- (sinzh Y : tan = |2 ad
h 2\a+x
2 _n 2 2, r jla—x
_n- C [Zn —n(n—l)]_ n°+n n(n+1) z ,
- 2= |- 2|z = ‘ . 2Va+
me 27e 2(we) 2(me) D= _27;11_13 ___ni_f_(,th):ff
' 5050 | B
ifn=100 = 1=—( ) . 2Ya+x
e - _ :
. . -ls..—a
: ‘ 1 & o2 e(n—l)/n . 80.b lim ____——-——c")-t (" log, x) (a >1)
76. ¢ '}g{}o[-n”f pul i ‘ x> sec” (a* log, a)
: , , 1flog, xY - ’
Un | (U2 oo lmyn-1T] cot l(——“—)
- lim 1+ +(E") +-+(e") o x" log, *
n—yeo n = lim ———————=< as P -0
’ J‘_mscec“l( a* ] X\ X :
1.[(61/” )n _ 1] ) 1 ) . loga P
= lim—————3=(e~1) lim ——— "
ne ple —1) nel e ~1 and ( : )—)oo (using L"Hopital rule)
o ‘ Un log, x ' )
= (e-1)x1=(e-1). ' : w2 _
' R 7))

Multiple Correct P
Answers Type
1. b,c.

— n :
77.¢ lim _2_ -lcos(lﬂln‘ L ey 1

1 - )'
n—>w-2__2 n 2-1/n (1_2) (H"IT) n
n n . n

(1) e lim S+ k) =lima(l+h)=a
1, 144 1 o R H. limit=lim f (1+ /) ima )=a
_ n ()] :
= lim —|. 1cos — 771 1 J ) Y 2
T 2—— 2-— (—-2) (1+—2) LH.iimit= lim f (1 + A) =lima 1+—(1+h)}=1+—
n n n n h—0 o | oa a

L ) 9
llrnl f(x) exists = R.H. limit=L.H. limt=a= 1+ -
x—=1" : » ) .

=a=2,-1"



% Calculus

2.

a,d.

S+ 0= tim {4 k=1 [+ A} = lim {1} -1

fQ-0)= lim{—h—1|-[1- 4]} = lim {# - 0} =0

. ac.

an(1 +n)—(1 +n2)
Limit= lim
n—seo 1+n o

(a-1)r* +an—-1

= hm -
n—yea n+l
=coifa—1#0
' -1
Ifa-1 =0, limit= lim 22—~ —,—p
n-seo n+1 ‘
s a=b=1
a,b,c .
sinx" ,
. n "

L= lim 2% =1in(1)x——=1ix%x"""
x990 (sinx)® 0 (sinx)™ x—>
(sinx) (sinx) o

xm
- Ifn=m,then"

L = (a very small value near to zero)™**" zem0 _ |
Ifn>m, then

L = (a very'small value near to zero)p"s““’e integer —
Ifn <m, then :

L = (a very small value near to zero)“e’°"““’e integer =co

5. a,b,c.
lim log, x positive inﬁnity o
x| x} a value between 0 and 1
lim ———— = [ijm — % _
2 % = x =2 xo2t (x-2)(x+1)
.i 2+h
= lim ————<=co
h—0 h(3 +h)
. x _ ) x
s P2-x-2 hl—lglr (x=2)(x+1)
Tl Il RN & o
i>0 (B-h)(=h) k=0 (3+h)(k)
6. b,c.

Since the greatest mteoer function is discontinuous
(sensitive) at integral values of x, then for a given limit to
exist both left-- and right-hand limit must be equal.

LHL. = lim 2-x+afx- 1]+b[1+x])

x=1"
=2-1+a(-1)+b()=1-a+b
RHL= lim 2-x+a[x—1]+b[1+x])
x—I* :

=2-1+a(0)+5(2)=1+2h
On comparing we have ~a=5 :

.a,bc

|2sin x -
_ lm ———
L=,. 2sinx—1

10.

© 3+2a+1=0 = a

1-2sinx

Fora=m6,LHL.= lm

- 2sinx—1-"1
.
3

RHL= lim 2S0*=1_
z* 2sinx —1
%
Hence the limit does not exist.

ﬁﬁﬂ? = -1 (as in neighbourhood of

7, sinx is less than %3).
i

Fora=gx, lim
x—x 28in x

2%~ 21 (as in neighbourhood of

/2, sin x approaches to 1).

Fora=x lim — -
x=>r/2 2sin x ~1

. b,c,d.
= lim -
so=lin
x,x2<1
0,x2>l : )
1/2,x=1 _
-1/2,x=-1

=f(1")=f(-1)=0
f)=1, f(-1)=-1

S)=12
. a,c.
D"
3+——
lim __n = _73
moe 4 ED (@S
n
a,b,c,d.
' _ . tan®{x}
We have ;rlg.n f(x = kli)II()l+ (72———[—)‘]2'5
5 .
=li%l+tan2x=1 . 4))
Py x
(v x—>05[x]=0={x}=x)
Also hm f(x)= hm J{x} cot {x} = Jcotil @

,(-.- x—>0 [x]—-—l:>{x} x+1=>{JC}"’1)

Also, cot™ ( lim f (x)) =cot™! (cotl) ="1.

11.2,b,c,d

3 +ax+a+l
J@O)=————

(x+2)(x-1 _
asx->1,D" 0, henceasx — 1,N'—0

=-2=(A)
asx—>-2,D" — 0, hence asx —» -2, N’-—)O

v 12-2a+a+1=0 = a—13=>(B)



3x? -2x-1 Gx+D(x-1) i

Now hmf(x) x_)l (x+2)(x 1) =l (x+2)(x-1) 3

3x +13x+14
% (x+2)(x-1)

im (3x+7)(x+2) =__
T2 (x+2)(x-1) 3

- now

12.b,c .
- Casel x# mn:(m isan mteger)

i 1

hm———2——=—=0
x=]+nsin“nx

Casell x= mr(mis an mteger)

. 1 1

onoeltpsin‘nx 1
13.a,b,c

=1

- lim ¥ —9x+20_l (x=5)(x— 4) Z lim (x 5)=0
-5 X— [x] x5 x—4 x5

- 2
unx 9x+ 0_l (x=5)(x-4) _ hm(x 4=1"
x5t x—[x] ¥5 x5 x5

Hence limit does not exist.

A

14.a,c . . -
" Since x* > 0 and limit equals 2, f(x) must be a positive

quantity. Also since hm S )—2 The denominator —

zero and limit is ﬁmte therefore f (x) must be approaching
to zero or hm[_f(x)] 0 ‘

Hence J151_{)1‘10[ f(x)}=0

lim [i@} [ f(x)} =0and lim [f(")]
-0 X x—-)O" x>0 X

hm[ 1),

x—0~ X

. Hence hm[f( )] does not exiét.
x-0 x

Reasoning Type

1. b Forxe (—8 o), sinx<x= hms—l— 1

x>0 X
smx
im—— =0
x>0 X

~ Also, x € (~ 8, 8), tan x > x, but from this hbthing can be’

said about the relation between sin x and x.
Hence, both the statements are true but statement 2 is not
the correct explanation of statement 1.

lim ilm denommator tends to 0; hence the
xoa X—0

numerator must ‘also tena to 0 for limit to be finite. Then, a
is aroot of the equationax2 +bx+ec=00rf(0)=0.
~ Also, consider f (o) >0 andf(c)— 0

2.a. For

3.b.

4.a.

S5.d.

6.b.

b~
I

LimitE/Z.ﬂ/

v 1=
. e = . 1l-e :
= fim ——— = hm ——5 =1

7 Y]
x50 g /& +1 x—)af' 1+e 7

AL
and ]_im_——w(x) =—1
x>0 o . 7
Thus, both the statements are true and statement 2 is the
correct explanation of statement 1.

Limit of function y = f (x) exists atx = a, though it
is discontinuous at x = a. Consider the function f(x)
x> -4 ) .
= > Here, f (x) is not defined at x = 2, but limit of

x— v _

functions exists, as lim f(x)= lim =4.
- 2+ x—27

x—
= lim k3 [ﬁ] .
x20" atx

] l
" "
LE LE
B =
TN R %
8|S

VR RS
Q% |
—_—— A
" | o
e —
N

I
|
|
|

[N S

._—__--—1 M '(wherey=-lzandb>0)=
- x

a ay-oe.
.t

Also, if <0, L— ——
a

ay—>—°° y a
2 22 3 2
lim et
x-)*(x3 JERANE i
x(x+1)(2x+1) _l_
X.—>°° 6x> 3
L= tim T2 — iy ‘ﬁs“‘x'

x—=0 x x>0

—LHL.=-+2 andRHL.= f |

Hence, the limit of the function does not exist.

Also, statement.2 is true, but it is not the correct
explanation of statement 1. As for limit to exist, it is not
necessary that function is defined at that point.

. Whenn - andxis rational or x = P , where p and g are
' q. ‘

integers and g # 0.

nlx= nlXx LANY integer as n! has factor g when 7.— c.

- Also, when nixis 1nteger sin (n! wx) =0 = given limit is

ZETO.
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8.d. Obviously, statement 2 is true, as on the number line

9.a.

10. b.

- 1l.a.

immediate neighbourhood of 1/2 is either rational or
irrational, but this does not stop f (x) to have limitat x = 1/2.

Asf(1/2)¥l/2 Q2= 11m x=1/2 (if1/2* is rational)
—1/2*

or lim (1-x)=1-1/ 2 =12(if1/2" is m'atlonal)

x—1/2*
Hence, lim f(x)=1/2.
x—-/2*

With similar argument, we can prove that
lim f(x)=1/2.Hence, limit of function exists at x = 1/2

x—=1/27

i F D =2)
xoe0 (x=3)(x—4)
x2=3x+2
= lim —>———=
e x2 —Tx +12
1- 3 + —2—2—
= lim —2—%_ — 1 (from right-hand side of 1)
oy 1,12 , . .
x X2

. -1 . . : 1 .
Hence lim cos™ f(x) does not exist as cos ' x is defined
X—yoo .

forxe[-1,1].

3.2
) 1——*+—2"

Also, lim XX 5 (from left-hand side of 1)
. -t T 12
l-—+—
X X

Hence lim cos™ f(x) exists.
: X—)o0 .

1/x
lim [x] (B——IJ = lim [A]
+1

x—0"

l_e—llh B
[a—-e-m =0x1=0

Wx ’ —1/h '

e’" -1 e -1
1 = lim[-A) —— | =-1X%(-]D)=1
im [x][ +1] Jim[ ](e_l,,,HJ -1

S0

-1
Thus, given limit does not exists. Also lim (e—H—J
L ox=0| " 1

does not exist, but this cannot be taken as only reason for
21/ x_1
&1l

If lim f(x) exists, then lim ( fx +31_n_)£) always
x>0 x>0 X

non-existence of lim [x]
x—0

. . sinx
existsas lim
x-=0- x -

exists finitely.

Hence lim f (x) miust not exist.
x>0

12.a. hm a,, = lim sinag, = lim q,

n—seo. n—3o0

= lim (g, —sina, ) 0 which is p0531ble only when
n—joo

iima, =0.

n—oo

13. ¢. Obviously statement 1 is true, but statement 2 is not

always true. -

Consider, f (x) = [x] and g (x) = sin x (where [-] represents
greatest integer function).

. Here lim [sin x]=-1

T

Linked Comprehension @8
Type :

x-n"

and lim [sin x]=0
XK )

lim [sm x] does not exist.
X

For Problems 1-3

1.3,
Sol.

o lim f(x)=
_x—)0+ )

2.b, 3.4.

sin”! (1= {x}) cos ' (1= {x})
NIETE)

lim £(0+)

We havef(x) =

sin~! (1= {0+h}) cos™ (1= {0+ 7})
20+ 1—{0+h})

sin'(1—A)cos " (1-h)

h—0

= lim
o J2h(1-h)

_ sin'(1-h), cos'(1-h)

= lim lim .

0 (1—h) -0 2R
In second limit put 1 — & = cos@
sin”'(1-£) cos™ (cos 0)

lim

(1-h) 60 ﬂl cos6)
sin”' (1-h) lim 6

0 (1—h) 6-02sin(8/2)
=sin™ 1x1=m/2
and lim f(x)=lim f(0—h)

x—0" h—0

h—0

sin”} (1—{0—A}) cos ™ (1-{0— %))
- N2{0-R}) (_1—{0—h}).

sin (1+h—1) cos™ A +h-1)
,/2(—;1 +1) Q+h-D

1h cos ' h

h—>0 /2(1 ) -

h—0

m
h—0

71:/2 /4

N7

= lim
h—0 h

For Problems 4-6
4.¢c, 5.4, 6.d.

SoL

WehaveA —ﬂi—=—l,i=
—(x—a;)

A< < <, <a,

Let x be in the left neighbourhood of a,,,-

Thenx—g;<0fori=m,m+1,..,

2,--,m—1. Therefore,

1,2,.:,nand

nandx—a;>0fori=

| ( 6 >0)

1,



Ai=££"—=-—l fori=m,m+1,...,n and
~(x—a;) '

A= "% =1 fori=1,2,..,m-1 -
x—g .

Similarly, if x is in the right nelghbourhood of a,, then
x—a;<0fori=m+1,..,nandx—a; >Qfori=1,2,.

Ai-_-___;__.=-—1forz—m+1 ..n and
—(x—a;)
4= o) fori=1,2,.m
x—a
Now, lim (4 4, 4,) =(-1)""" and
x—a, .

lim (A Ay dy) = ()

x-a,
Hence, lim (4, 4,---4,) does not exist.
x—a, - |
For Problems 7-9
7.b, 8.d, 9.c.

Sol. _
. sinx+ae* +be +cln(1+x)
L= h - 3
x>0 ] ) X
( 'x3J ( x| x3)
x—=—|+all+—+—+—
3! ’ o2t 3!
= lim 3
x—0 X

(a+b)+(1+a—b+c)x+( +_11_5) 2

. 2 2 2
= lim— - 3
x—=0 - X
1,a b clp
31 31 31 3
i
a b ¢
=a+b=0,1+a-b+c=0, —+——==
2 2
and L= — 1 +2 b+£
3| 31 31 3 , :
Solvmg the first three equations, we getc=0,a=-1/2,b=
12
Then, L=-1/3

Equatxonax2+bx+c 0 reducestox’ —x=0=>x=0,
1]jx+ | - 2a| <4b reduces to| x| + 1| <2.

= -2<]|x|+1<2

= 0<fx|<l

= xe[-1,1]

11.¢

Li'miti/

" For Problems 10-12

10.¢ lim F(x)= lim (paf + pyd +++ pay)’* (17 form)
x—0* x—0"

lim [Pl G +p,a; ot pyay 1)
230 x
= e -

hm(mi‘ Ina, + paj Ing, +--+p,a; Ina,)
= g

- e(p{lha'.+lenaz+~--+p.lna,.)

. (lnal” +Inas? +--~+]na,""')‘ . .

(lna, a’".)

D, Pz ) - R
=a; *ay" 43 a,

. : ’ 1x
lim F(x)=L = lim (plaf_ + p,a; 4t pna,’f)
X300 . X0 . y

(o< form).
(piaf + paa3 +- + Puty )
. InL= lim :
X—y00 X .
Using L’Hospital’s rule
L= lim P4 Ing) + pra; Ina, +---+p,,a" Ina, M
X A} + pyaz +o0F Paltn

12.d

lnL lim

. InL

=

1.
a

D1v1d1ng by af and taking limit, we get

X . X
lim (ﬁ) ,[ﬁ) , etc. all vanishes as x —> oo
a .

2

hencelnL=Ina,
L=al )
Let 1i111' F(x) =L

‘ pa; Ina + p,a; Inay +-- +p,,a Ina,

x— Py + Pad3 F et Pady

. MU
a
Dividing by (a,)* and taking lLim (_a_,_) ,(—1} , etc.
. X—r—2 a"

a,

vanishes.
_ P, Ing,

Pn
L=a,

‘Matrix-Match Type

a-s;bore—-p;d—a.
Letx+1=h

,3/7— -2
Then, Hm (7-x)

? xs—1 (x + 1)

3
g @R 2
h—0 h



2.5(

Calculus

3
We have lim fan x —tan x
x>m/4 cos (x + 7 /4)

. tanx(tan x — 1) (ta.nx+1)
lim
x—-n/4 coS (x + 7[/4)

tan x (s.in x—cosx) (tanx+1)

lim
xom/4 cos xcos(x+7/4)

" tm tan x(cosx—sinx) (tan x-|;1)
/4 cosx cos (x+ 7 /4)

‘ 1 1
tanx(—’ COS X — ——= sinx) (tan x+1)
=- 2 lim 2 2 ‘

~and [nmloo-,x—] =100

x—7/2 COS X COS (x+7r./ 4) -
¢ _
i an x (t§nx+1)
x—nl4 COSX
=2 x2x J_—
) Wx -1

x—>1 2x2 +x-3

i @2 =D G-
=1 (2x+3)(x-1)

@x-3)(Jx-1)
1 (2% +3)(x - D(Yx + 1)
(2x - 3)
ol (2x+3)(J§ +1)
- 2-3
@+3)1+1)
=-1/10

im logx" —[x]

S

w

2. a-—)q;b—)r;c——)q;d—)_p.

We know that lim > = (but a value which is smaller
x>0 x

than1) -

= [hmwoi‘ﬂ] =99

x-0 x

x—0 sin x

. ..l e
(Also lin}) S * (but a value which is more than.1)
x>0 N

g
= [limlOOsm x]=1oo

[ x—0 X

and[limlOO ,’fl ]=99
»0  sin - x

lim tanx _ 1 (but a value which is bigger than 1)
=0 X
= [lim 100——”“"] =100
x—0 x

: -1
and [limIOOtan "] -99.

x—0 X

Hence

x>0 X X

a lim 1ooﬂ} [1009—"—]}199

o } ,
b lim 100—.x—}+[100ta“"D=200

x50\  sinx x

[ -1 -1_7 '
¢ tim| 10052 x] [motan x )=199
x—0 L X x

. 210
4 lim{|100—>5; ]+[100ta“ x]=198

x50l sinT x x

.a>qbop,g r;cons;dons.
a. Here,a>0,if 2 <0, then limit=oo

- i ((xz—x+1)-ax—b)'(,/x2—x+ 1) +ax + b)

T xoe (\/(xz—x+l) + ax + b)

(P —x+1)— (& + b)
= lim
e \/(xz—x+l)+ax+b

Q- az)- ¥ —(1+2ab)x+(1- bz\)

= - lim .
x> VOGP —x+D) +ax+b

=0

=0 -




Limits \3,54/

- _p? . n-1 n+l
(1 a?yx - 1+ 205 + £ = im []== 115
= lm S . % n=2 n=2
X0 . 1 1 b S . .
l-—+—+a+= , , (1 23 n—l)(3 45 n+l)
X x x = lim| = ——-—— | =
: : . - ne\2 3 4 n \234 n
This is possible only when1-a*=0and 1+2ab=0 :
soa=*1 ' : = 1im_1_.f_+_l=_
= a—l (... a>0) ’ (1) ‘ n—>>n 2 2
= b=-12 o ’ 2.(6) 11mf(g(x)) =fle1)=f(@N=2"+2=6
"= (a,2b)= (1—1) ' 2
b Divide numerator and denominator by ¢'*, then and hmf (g(x)) =fg( )=/ (3 1)=A2")=2"*+2= 6
. 1 .
-= o : : 1 =6
 Q+dd)e 48 v - © Hence limf(g(x)) =6
lim —————=2 . .
3o L 5 c
x —_— . . —_— .
e *+(1-b%) | . 3.(3) 11m(1+a.x+bx) -1 =¢
0+8 _
= 0415 . ' ellm(l+ax+bx e 7
C - = e~ =
= 1-b'=4 : '
R . c(ax+bxz)
o BP=3=b=23" o I pa= pE} \
Then,a€ R .

— lim c(ax+bx) _3
x-1 x-1

© = (g b)=(a,-3)

c hm( (x4__x2+1) __.axz_b):O ' S ¢‘.. .
Xx—00

cla+R)+bA+R)) _ 3

- . =

Putx#l ) . hm( (-lj—lz+l)—£2——b) -0 . h—)? 1+h-1

' t , =0\ Y\¢" ¢ t 2

_ , lm(ca‘+b)+(ac+2b)h+bh ~3
\/’2—4_ 2 : - B0 h '

= him (- +e)-a-bl =0 NOR = ca+b=0andac+2b=3

0 3 - = b=3andac=-3 | |
Since R.H.S. 1sﬁmte numeratormustbeequaltoOatt——>0 Also the form must be 17 forwh1cha+b 0 = a=-3

~1-a=0. - andc=1

\/(1—t2+t4)—1-bt2 _0“’ : 4.(0) [\/(n+l —,3/(n 1) ]

From equation (1), lim
rom equation (1), lim

.42 .
t ’ 1 2/3 1 2/3
: : 2/3
: . = 1+=] -{1-—
(1—t2+t‘*)‘42—(1)”2}= b e {( n) ( n)

. _lim(—1+t2)(
t—0

2 4
1 o _eoon||,21,3\2 J 1
= (_—1)(5) =b = a=1,b=—7 = (a,—4b)=(1,2) | ,}l_r)g" S YR
T (Y ’ . . ’
4 lim 2 mCD 9 7f=7=d5=1> a=-1 ( 2 Z_l)
, . 21 33 )1
— 1._._._+7 2...

=1,mn2/3[i 1,81 ] _




%Iculus

) L/x
5.2) lin(l)[1+x+zﬂ} =¢

x
Jld»n—f-(il]x
= llme =e3
x—0
e
= lime - =e3
x—0
= lim f(z) 2
x=0 x
1/x FAC f (x)
=~ md
Now hm[ pAC )] —e"’°[ ]" =g ¥ =g
x>0
6. lim =2 < fim f(x)< lim 232
X—yoo X X~yoo X—oo X
, 2——3 2,+i2
= lim X < lim f(x) < lim =1
X—reo X—yoo - X—>oo

= lim f(x)=2
T.0) lim fgh) =/E0")=11"=0
Tim flg(h9) =/(E(0") =A1")=0

Hence lim Aalh(x))=0

. 31(x)-1
8.(1) 1 w201
‘ x’_?i[f AT J
 3lm f(x)-1
= | lm fye2== o3

T (mre)f

= +3y‘-2-1]=3
y

=>y 3)/2+3y 1=0
= (-1’=0
= y=1

_x%/2
9.(4) lim< T

=0  x’sinx
2 2,702 2 4
(I_M+MJ_(I_L+_X_)
1! 21 21 4!
= lim

x—0 . Rl 3
E (x,_x_)
- 31

(1 0- x)l/ 3

- 10.(3 11
@) lim 2
3 _ ]
_,1,,_,5(_8"_2_2 (Putx=2+7)
_ 13-
2(1—%) -2
= lim ————
h—0 h
113
’(1—%), -1
=2lim—-—"F——
h—0 h
l—lﬁ—-l 1
=2lim—38 - i
_ B0 h 12
I oo
11.(0) LetL= lim log.(loge D) _(= gy
X0 e‘\/; oo
q
. xlog, x
= lim
x—-)ooe;/; 1

12 (6) It is obvious 7 is even, then

I
n +])

(21+3+5+ “+n/2terms 32+4+6+- -+n/2 terms)®

n—)oe

1
’ 7’ a(n+2) \(P+D)
lim{24.-3 ¢4 )

‘n—oo

n? n(n+2)
24(nz+l) . 34(n2+l)

lim
n—yeo




13.(8) Since RHS is finite quantity
s Atx — 1, Numerator must be = 0

s 0+b+4=0
. b=—4 )
Then limasm(x-—l) —24'cos(x—1)+4 -2
x>l (="-1

a sinh+4(1—cosh) _

Putx=1+#A, Then lim
. h—0

_ h(2+h)
sinh 1-cosh
. a h +4 P )
= lim - =-2
h—0 2+h
N a()+0 -
2
= ga=—4
= |la+b|=8

14.(6) Putx=1+h
(+h)" —a(l+h) +a-1

Then fla) = Illin%
-

h2
(1+ah_+a—(‘1—'—2h2+---)'—a—ah+ae1
- lim 2 _
h—0 ' h
_ala-1
f(a)— 5
fa) =6

15.(3) L= lim (cosx—1)(cosx—e*)
o x—0 x"

- —fim (1-cos x)(1+cosx)(cosx—e*)
x>0 (1+cosx)x"

(sinx)2 [1 —cosx e —1]
) x x X 1
= lim

x—=0 X3 1+cosx

If L is finite non-iero, thenn=3(asforn=1,2,L=0and
forn=4,L=c) ' '

D H_(cos Y

16.(6) L= lim =—lim —"=2 (Using L’ Hospital’s rule)
. x—0 x—0

2x

n
lety= H(cos )
r=2

n N
= lny= Z(lln(cos rx)J
r=2\T

1d <
= ———l=—2tan(nc)
ydx r=2

= -Dy=y Y. tan(%)
r=2

TRV TS A

Ligits/ad’ﬂ

= D [T(cos )" ==y Y tan ()

r=2 r=2

nP+n-42=0
(n+7)(n-6)=0
n=6

A +ax+a+l

OSOT a

as‘x-—>—2,D’—>Q,henceasx-—>—2,N’——>0
. 12-2a+a+1=0 = a=13

18.(4) Letx=1)y

= lim (x—xz log, (1+1D
XYoo X

o - ! 1+
i Lie(__y_)]

y—0 ¥y yz

y—log, (1+ y)}

y-0 y2

: "'11“ ".73.'--,___»
Izt |

=1irt%. =12
y .
-1
19.0) 5,= 2D o Sn_1=(1+_212<1,)
S, _nntl) 2 ,
-1 n+2(n-1)

S, —1 2

nY 3
= P,=|-
B
= lm p, =3
n—yeo



\Z.%Iculus

20 (7) We have,

_ i @) =3af (22) + b 8%)

0 sin® x

L

For the limit to exist, we have 2f(0)—3af(0) +bf(0) =0

= 3a-b=2[" f(0)#0, given] )
o L= i 27 ) — 6a f'(2%) +8b f'(8x)
x—0 2x

For the limit to exist, we have 2f*(0)— 6af’(0) +8bf" (0)=0
= 3a—4b=1[" f'(0)#0, given] ’ )
Solving equations (1) and (2), we have a=7/9 and b=1/3.

Archives

Subjective .
1. Problems solved in the ‘Limit by ra_ti'ohalization method’.
2. f(x) = J'251nx—351n2x d . x#0
x
=)= 251nx—3s1n-2x 20
x

2sinx—sin2x

L
= lim f'(x) = lim
x—)Of( ) x—=0 x3

- Lim 2sin x(1 - cos x)(1 +cos x)

x=0 x (1+cosx)
. sin’ x - 1. 31

= lim2 X X =2x(l)y x==1
x—0 X 1+cosx 2

i (@)’ sin(a+h)—a sina

3.
-0 h

- Lim az[sin(a +h)—sina]+2ahsin(a +h) + n? sin(a+h)
h—0 ‘ ’ h

a® 2'cos(a'+ﬁ)sinﬁ
2 2

2X—
2

= lim

+ lim 2gsin (@ + k)
h—0 h—0

+ lim p+ sin{a+h)
h—0

=a2cosa-i;2asina

- x _ X _1-
4 lim 27 -1 — lim 2* -1 >(x./1+x+1‘ _
=0 \1+x -1 90 14+x~-1 Jl+x+1

i @ DT+

x—0 1+x-1
. Lo 25-1. !
= lim lim(v1+x +1)
x=0 x x-0

=In2(1+1)=2mI2

lim [(l + tal\lx)mm]

x—0

lim l:(l —~tan x)_”mx] ’

x—0

tan x

= — =g

Objective

Fill in the blanks

1.

. r
lim (1-x) tan >

lim g{f(9} =g(0) =2 (i) =)= O +1=1

Hence, 'li_r)r(l) g{f(x} =1.

1
X _ 1+0 _
1 0-1

X—y—o0




Limni/z({

4. Tn AABC, AB=AC, AD 1 BC (D is amidpoint of BC)
Let r=radius of circumcircle
- 04=0B=0C=r . hm(1+5x)

Now, BD= BO? - 0D* = ,/ . = )

—V

w

In (1 +2k) —2In(1 + h)
k0 e

il h

\ AR g LT 2Rt
= J2rh - I TS e
-+ BC=2J2rh -1 _ a

B ]
. - . 1+ —mm
- area of AABC= % x BC x AD =h\2rh -1 : | 1+2n+h ] -1

= lim In > X 5
B0 —h 1+2h+h

Also, fim 4 _ hy2rh ~h | 1+2h+h

3 - _\3
P 8(\arh i+ 7

| -1 y tog (1 + %)
- = 1x }‘lﬂ(l) m [Using lim'-—(ﬁ(’x——). = 1]
. h3'/2.,/2r—h . - =0
= Qh3/2 (\/2’_—_}1 + \/2_r)3 _ =-1 ,
‘ True or false
~ R \2r —h - 1. False - |
” 50 / x-a x—a L
- [ 2r —h +‘/—:| ‘ ' Consider f{x) = lx_al,g(x)= P althen h_rfz(f(x)
= J_J; I e ' 3 «/22—r JE- = 1218r \ x g(x)) exists, but lim f(x)and ll_rg g(x) do not exist.
8(v2r +2r XEX2rX~N2r - ' '
( ) p ) ‘ .. Statement is false
_ o 6 Y+ . ' Multlple chotce questions with one correct answer
x+4 1+—
_ lim x+6 _ lim x
x x+1 X300 1+l
L =
x 4
(1 + —6-) 1+ _6.
= lim ~—>2| —Z | | Using lim
+ -; . x ~ : » ‘ '
6 4 ’
1 .
-<(i) - - B 5P
:1/ 2 ' *! x-1 «/_+\,25 —x?
(14557 * » :
= ' Jim i
X ? X —
] . . x> —1[J_4+«/25 x]
. 2 1/x
lim(1 + 55°) 21

e :
tim 1 +322) o 224 26



\}SG/ Calculus

: ’ . . sin(x—1) |
3. b.lim 1 5 + 2 > et hd 7 - Again,RHL.= hrqﬁl—(l—'
o m>ee | 1=p 1-n 1-712 ) x—) X—
' . . [sinh|
= limy2——
= fim .IL';'”’ _ ‘ ' - h-—>0\/— h
" 1-n /'= J—smh NB
n—(nfﬂ LH L.#RHL. Therefore hm f (x) doesnot exlst
= lim - .
"1—>n°1° 1—n? . ‘ . xtan2x —2xtan x
- - 7.c. lim — . S
x=0 4sin” x : :
1+~ . ,
= lim —2—=-1/2 ' = lim —= ”mf = 2tanx
- 2[1 _1} _ . _ ‘ -0 4sin” x [ 1 tan® x
_ nt . T ' = tim xtan® x
4.d. The given function is B 0 25in? x (1 — tan? x) '
sin[x] . ‘ " - v= 1o x 1 1
S®=14 [x] l/f,' (== OUIL =) S : - 2x-0sinx cos®x 1-tan® x
0 if xel0,1) | . =lx1xle=l. i
_ 2 P 1-0 2 .
hm f (x)—hm sin[~h] o : : x ) }—3 :
M= = - | (x-3) _pm[ =5k
. _ 8.c. lim w2 =e -
in(x ) x—00 \ X . .
= msm( l)=sin1 : ' . '
ey i [ 2]
. L o= s
lim f(x)=1im0=0 . € -
x—0* — .
B : . 2 : 2
. . - sin (7 cos” x sin (X — 7T cos” x
lim f(x)# lim f(x) a : 9.b. lim ( : )= lim ( )
J.r—->0 -0t : . o x—0 xz x-0 x2
lim f(x) does not exist. | . fsin (7—6) =sin €]
l(1 ~cos 2x) , o - sin (ﬂ sin’ x) (n sin’ x) _
5d. im Y2 ° » = lim el SV el SR
—r) x ' x>0 g sin“x x
,/l .2 sin? x |sin xl ' 10.c. L= lim (cosx—l)(:osx—e )
= lim 12 = lim : - a0 x
x0. X =0 x » B (1 cosx)(l+cosx)(cosx )
' sin (0 — & —si o .
~LHL.= lim sin (0 1) —lim [ ZSBAl_ L sinh 5 - (+cosx)x"
=0 0- h =0 —h -0 —h . :
1sin (0+ h) A 7 (smx) 1-cosx ¢ -1
RHL.= lim —— | i 02 . U VT 1
0. 04k b0 B - : - h_r)r(x) e 1+cosx
AsLHL. L. . .. ist. x
s L.H.L. #R.H.L., therefore, the given limit does not§x1st L is finite non-zero, then n = 3 (as forn—l 2, L=0and
6:d. LHL = fim Y1=60s2G=D] - ] for n=4, L = o)
o = x-l ' [(a—n)nx—tanx]sinnx

11.d. Given lim =0, where a is

non-zero number -

a -1 ’ in nx tanx) "
st
: 1' —_ _ =O
.= J— > im Isinx-D} : - = num H(”_ n)n : }]
S £ | : : - = Inf(a-mn-1]=0
: 1
- S lim lsm( h)] ,—h smh 3 _ a=tin

B0 ~h —0 —h ) _ n



12 c. lim [(sm x)”.x +.(1/ x)s_‘”]

-0 |

. '1/ 1 sin x

= lim (sinx)"~ + lim | =
x—0 x>0\ x
- 1
xh_r:losmxlog (;]

=0+e ]

-1 h; -l/x

x—0 cosecx x=)(0 —cosecxcotx . .
=e =e [Using L'Hopital’s rule]

lim Ei";,banx
=g * ==1

13.d. 0+8) = 2pin2 @

= sin’@=
2b

2
o sin?@=1as 2 >
2%

" 9=xnr/2
Multiple choice questions with one or more than one correct
answers '

: 2
x
a-— \/az -x2 =
4

1.a,c. L= lim 7 v
x—0 x ’ L

. 1
I e A

N

#0442 (a + \/;12——_):?)

Numerator — 0 if a=2 and then L=glz.

-




