Progressions

The Concept Of Arithmetic Progression
Let us look at the following example.
Example 1:

Check whether the following sequences form an A.P. or not.
i) 5J2-745, 642-645, 742 =545, 8/2-445 ...
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(m)]x1*2x353x4’4x5-"

(iv) A list of prime numbers greater than 2
(v) A list of the squares of natural numbers

Solution:

. . . 500 = [ _ 6.5 b _5.5 _ 4.5
()The given sequence |55"‘ TS, 682 =645, 7V2 =515, 842445 .

(632 - 635 )~ (53275

Difference between the second and the first term -

V2445

V2-5V5)~(6v2-645)

=7
Difference between the third and the second term [

J2+45

= (842 -45)~(7V2 - 5V5)

Difference between the fourth and the third term

V2445



Since the difference between any two consecutive terms is a constant, the sequence is
an arithmetic progression.

1 5 4 11
(iiyThe given sequenceis3 6 3 6
5011
Difference between the second and the firstterm © 3 2
_ 4 5 _ 1
Difference between the third and the secondterm 3 © 2
_ 11 4 _
Difference between the fourth and the thirdterm 6 3 2

Since the difference between any two consecutive terms is a constant, the sequence is
an arithmetic progression.
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(ili)The given sequence is 1¥2 2x3" 3x4  4x5
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This sequence can be rewritten as

1 |

|
Difference between the second and the firstterm © 2 3

1
Difference between the third and the secondterm 12 6 12

1 i 1

Difference between the fourth and the third term 20 12 30

Since the difference between the consecutive terms is not a constant, the sequence
is not an arithmetic progression.

(iv)The list of the prime numbers greater than 2 is: 3, 5, 7, 11 ...
Difference between the second and the firstterm=5-3=2

Difference between the third and the secondterm=7-5=2



Difference between the fourth and the thirdterm=11-7=4

Since the difference between the consecutive terms is not a constant, the sequence
is not an arithmetic progression.

(v)The list of the squares of natural numbers is: 12, 22, 32,42 ... =1,4,9, 16 ...
Difference between the second and the firstterm =4 -1=3
Difference between the third and the secondterm=9-4=5
Difference between the fourth and the thirdterm =16 -9 =7

Since the difference between the consecutive terms is not a constant, the sequence
is not an arithmetic progression.

The Terminologies Related To Arithmetic Progressions

An arithmetic progression (A.P.) is a sequence in which the difference between
any two consecutive terms is constant.

Let us solve some more examples to understand this concept better.

Example 1:

[ i 2 1.y
Find the common difference of the A.p.2* V2 24242, 24342, 2442 ..
state whether it is finite or infinite and write down its first term.

* Also,

Solution:

2442, 242402, 2432, 21442

The given A.P. is

—
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al = 2+'\|'2
=
ap= 2+ 232

2+342
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~Common difference of the A.P. =4 =2

=2+42

First term of the A.P. =
The given A.P. is infinite because its last term cannot be calculated.
Example 2:

State whether the following statements are true or false.

(= (= [ _dle ) .
(i) The sequence =~ V6,-26, -5 -36,- 25 - 416 **forms an A.P. with the first

term as ‘”"5‘\’{5 and the common difference as ”E‘\“E.
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(i) The common difference of the A.P. 3
(iii) The n'" term of an A.P. is given by 3n — 4. Its common difference is 4.

Solution:

= & _~fe _[J=_ Caff
(i)Thegivensequenceis*':"*vfh 26, —J5-3v6, —24/5-44/6 ...

= —E‘JE - {\'I'g— \."IE) = —\-"E - \."IE

Difference between the first and the second term

=—5-3J6- (—2 \n"'a] = -J5-6

Difference between the second and the third term

=25 46 -[-5-3J6)=-5-6
Difference between the third and the fourth term v ¥ t— A A } v

Since the difference between the consecutive terms of the sequence is constant, the

given sequence is an A.P. with the first term as V5-6 and the common difference as

56

Thus, the statement is false.
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Common difference of the A.P. =
Thus, the statement is true.
(i)t is given that the nth term of the A.P. is given by 3n — 4.
Thus, firstterm of the AP.=a=3%x1-4=3-4=-1

Second termofthe AP.=a2=3%x2-4=6-4=2

Third term of the AP.=a3=3%x3-4=9-4=5

Fourth term ofthe AP.=a21=3%x4-4=12-4=8

Thus, common difference of the AP.=8-5=5-2=2-(-1)=3
Thus, the statement is false.

nth Term Of An Arithmetic Progression

We know what an arithmetic progression (A.P.) is. Also, we have learnt that there is a
common difference between any two consecutive terms of an A.P..

Now, can we find the required term of a given A.P. with this information?
Let us consider the A.P. 3, 7, 11, 15,...
Here, first term (a) = 3 and common difference (d) = 4

Now, if we want to find the 5™ term of this A.P., then we will simply add the common
difference to 4" term. Thus, 5™ term of this A.P. will be 15 + 4 = 19.

What would we do if we are asked to find the 20" term or 100" term or n'" term?
Obviously, the process of adding common difference will be very time consuming.

For such problems, we must have a short cut or a formula to find the general term of an
A.P.

Let us derive the same.



Considerthe A.P.a,a+d,a+2d,a+ 3d, ...

For this A.P., we have

air=a
a—ai=d
az—azx=d

dn-1—an-2= d
dn —an-1= d
Adding all these equations, we get

ai+ (a2—ai) + (as—az) +...+ (@n-1 —an-2) +(@n —an-1)=a+{d+d+..+d(n-1
times)}

= (a1—ai1) +(az—az) + (@as—asz) +...+ (@h-1—an-1) +an=a+ (n-1)d
=an=a+(n-1)d

Hence, the general term or n" term i.e., a, of an A.P. whose first term is a and common
difference is d can be found by the following formula:

an=a+(n-1)d

Sometimes, we need to find three, four or five consecutive terms of an A.P. then itis
convenient to take them as follows:

Three consecutive terms can be takenasa—-d,a,a+d

Four consecutive terms can be taken as a—3d, a—d, a + d, a + 3d. Here, common
difference is 2d.

Five consecutive terms can be takenasa—-2d,a—-d,a,a+d,a+ 2d

Result:



-T
. d = g

In an A.P., common difference, r—4 , where Tp and Tq are p" and g term

respectively.

. d=1In12
In particular, n-1 .

Proof:
Tp=a+(p-1)d, Tq=a+(q-1)d

=>Tp-Tq=a+(p-1)d-{a+(q-1)d}=(p—-0q)d

r—

In particular, take T1= a.

i — Ty
n-1

Then,
Now, let us solve some examples to understand the concept better.
Example 1:
Find the 20" term of the following arithmetic progression.
0.4,15,26,3.7,48 ...
Solution:
Here,a=04andd=15-04=1.1
Thus, the 20" term is given by,
ao=a+((20-1)d

=04+ (20-1)1.1

=04+19x1.1

=0.4+20.9

=213

Thus, the 20" term of the given A.P. is 21.3.



Example 2:

If the 7t term of an A.P. is — 21 and 15" term is — 53, then find the first term and
common difference.

Solution:

Let the first term and common difference of the A.P. be a and d respectively.
It is given that az = -21 and ais = -53

Using the formula for nt" term, we obtain

ar=a+(7-1)d

—-21l=a+6d...(1)

and,ais=a+(15-1)d

—-53=a+14d ... (2)

Subtracting equation (1) from (2), we obtain

-32=8d

Substituting the value of d in equation (1), we obtain

-21=a+6(-4)
-2l1=a-24
>a=3

Thus, the first term is 3 and the common difference is —4.
Example 3:

Is 102 a term of the A.P., 5,11, 17,23 ...7?

Solution:

Let 102 be the n'" term of the given sequence.



~ an =102

Using the formula for n term, we obtain
a=at+(n-1)d

~102=a+(n-1)d

For the given AP.,a=5andd=11-5=6
~102=5+(n-1)6

102-5=(n—-1)6

97=(n-1)6

However, n should be a positive integer. Therefore, 102 is not a term of the given A.P.
Example 4:

Find the number of three-digit numbers that are divisible by 5.

Solution:

The first three-digit number which is divisible by 5 is 100, second is 105, third is 110,
and so on. The last three-digit number which is divisible by 5 is 995.

Thus, we obtain the following A.P.
100, 105 ... 995
Here, we have to find the number of terms, n.

~Last term of A.P. =995



The number of terms in the A.P. is n, so the last term is the n' term.
a+(n—1)d=995

Here,a=100and d =5

100 + (n —1)5 =995

(n—-1)5=995-100

5n-5=23895

5n=895+5

5n =900

900
5

n

n =180
Thus, there are 180 three-digit numbers, which are divisible by 5.
Example 5:

The fare of a bus is Rs 10 for the first kilometre and Rs 5 for each additional
kilometre. Find the fair after 12 kilometres.

Solution:

The fare after each kilometre forms an A.P. as follows.
Fare after one kilometre = Rs 10

Fare after two kilometres =10 + 5 =Rs 15

Fare after three kilometres = 15 + 5 = Rs 20

Now the arithmetic progression is 10, 15, 20 ...

Here, first term, a = 10 and common difference, d =5

Now the fare after 12 kilometres is the 12" term of the A.P.



~ar=a+((12-1)d

ai2=10+11 x5

=10+ 55

=65

Thus, the fare after 12 kilometres is Rs 65.
Example 6:

Mohit borrowed a sum of money at a simple interest rate of 2% per annum. He
has to pay an amount of Rs 1120 after 6 years. How much money did he borrow?

Solution:

Let the amount of money Mohit borrowed be Rs x. We know that the amount
after T years is

P=R=xT
100

_!J

Where, P and R denotes the principal and rate respectively

The amount after every year forms an A.P.

xx2x1
= _1 -

Amount after first year 100
s 2x

©100

_ *xxlxj

Amount after second year 100
— s 4x

©100

Thus, the A.P. is as follows.

2y 4x

x4 X
100D 100D



2x 2x

X = S
Here, the firsttermis 190 and common difference is 100 .

Now, it is given that the amount after 6 years is Rs 1120 i.e., 6" term of the A.P. is
1120.

Now using the formula, an = a + (n — 1)d, we obtain

2 5
1120 = x +—— +(6-1)—=

100 - 100

o y)
1120 = x+—— 4 5x =%

100~ 100

iy I
1120 = x4 2> 10%

100 100

100x 4+ 2x +10x

1120 =

100
1120 x 100 = 112x
x = 1000
Thus, Mohit borrowed Rs 1000.
Example 7:

Find four consecutive terms of an A.P. such that the difference of the middle
terms is 8 and the product of the extreme terms is 217.

Solution:

Let four consecutive terms of required A.P. be a—-3d,a—-d,a+d, a+ 3d.
According to the question, we have

atd-(a-d)=8

>a+d-a+d=8

=2d=8

=>d=4



Also,

(a—3d)(a + 3d) = 217

= a2 — (3d)2 = 217

= a’?-9d? =217

= a2 —9(42) = 217

= a’ - 144 = 217

= a’=361

=>a=119

When d = 4 and a = 19, then four consecutive terms are:
19 — 3(4), (19 — 4), (19 + 4), 19 + 3(4)

ie., 7,15, 23,31

When d = 4 and a = -19, then four consecutive terms are:
-19 - 3(4), (<19 - 4), (-19 + 4), =19 + 3(4)

ie., =31, -23, -15, -7

Example 8:

Find five consecutive terms of an A.P. such that the product of the extreme terms
is =63 and product of second and fourth terms is —-15.

Solution:

Let five consecutive terms of required A.P.be a—2d,a—-d,a,a+d,a+ 2d.
According to the question, we have

(a—2d)(a + 2d) =-63

= a?—(2d)?> =-63

> a2—4d2=-63 ..(1)



Also,

(a-d)(a+d)=-15

>a?-d?=-15 ...(2)

On subtracting (1) from (2), we get

3d%2 =48

= d?=16

=>d=14

On substituting d? = 16 in (2), we get

a?—16=-15

=a’=1

>a=4+1

Whena=1andd =4, AP.wilbe-7, -3,1,5,9
Whena=1andd=-4, AP.willbe9, 5,1,-3,-7
Whena=-1andd =4, AP.willbe-9, -5,-1,3,7
Whena=-1andd=-4, AP.willbe7, 3,-1,-5,-9
Example 9:

If the 25" and 35'™" terms of an arithmetic progression are 121 and 171
respectively, then find the common difference of the A.P.

Answer:

Tos=121, Tes =171

dsz_Tq

It is known that common difference, P=9q

Example 10:



d Txo —Z;:o
In an A.P, show that 100

Answer:
Tog=a+ [’100—1} d=a+99%

Tyo =a+(200—1)d =a+1994
=a+99d +100d
=T, +100d

d = Taoo —Tioo
Therefore, 100

Sum of n Terms of an Arithmetic Progression

We know what an arithmetic progression (A.P.) is. Sometimes, we may come across
the situations when we have to find the sum of all terms involved in a series and if the
series is an AP, then there is a formula which can make the process very simple.

Let us consider a similar situation.

Harry saved Rs 2000 from his salary in the first month. He increases his savings by Rs
50 every month.

Can we calculate his total savings for the first four months?
Let us try to find it.

To find the total savings for the first 4 months, we have to take the sum of the savings
for the first four months.

It is given that, savings of Harry for the first month = Rs 2000
Every month, he increases his savings by Rs 50.

Thus, savings for second month = Rs (2000 + 50) = Rs 2050
Similarly, savings for the third month = Rs (2050 + 50) = Rs 2100
nd, savings for the fourth month = Rs (2100 + 50) = Rs 2150

Thus, the total savings of Harry for the first four months = Rs (2000 + 2050 + 2100 +
2150)



= Rs 8300
Now, can we calculate the total savings of Harry for 2 years?

Yes, we can find it as above but it is a very lengthy as well as time consuming process
as we have to find the savings for 24 months.

We can also find the total savings of Harry for first two years using a formula. Now, let
us see how we can find it.

The savings of Harry for each month forms an A.P., which is as follows.

2000, 2050, 2100, 2150 ....

The sum of savings of Harry = Rs (2000 + 2050 + 2100 + 2150 ....)

Here, we can observe that the total savings of Harry for the first month is the first term
of the A.P., i.e. Rs 2000. The total savings for the first two months is the sum of first two
terms of the A.P., i.e. Rs (2000 + 2050). In the same way, the total savings of Harry for
first 2 years, i.e. 24 months, is the sum of first 24 terms of the A.P. We can find it by

using the formula for finding the sum of n terms of an A.P.

Now, let us find the sum of first 24 terms of the above discussed A.P. which is as
follows:

2000, 2050, 2100, 2150 ....
Here, first term, a = 2000
Common difference, d = 2050 — 2000 = 50

The sum of first 24 terms of the A.P. is

24 - -
S = [ 22000+ (24-1)50]

=12(4000+23%50)
=12(4000+1150)
12x5150
61800

Therefore, the total savings of Harry for the first two years is Rs 61800.

This formula is used when we are given the first term and the common difference of the
arithmetic progression.



We can also find the sum of n terms of an A.P., if we know the first and the last term.

The sum of n terms of an A.P. whose first term is a and last term is | is given by

the formula:
S.=2{a+1}

For example, consider an A.P. whose first term is 2 and 30" term is 263. Then, what will
be the sum of 30 terms?

Here,a=2,1=263 and n =30

n

= —[u | e’]
Therefore, sum of 30 terms 2

=002+ 263]

=15 x 265
= 3975
Thus, the sum of 30 terms is 3975.

n(n+1)
2

Result: The sum of the first n natural numbers is given by
Proof:

This can be proved by two methods.

15t method (Using concept of A.P.):

The first n natural numbers can be listed as 1, 2, 3, ..., n.
Here,a=1,d=1.

n(n+1)
9

-

oS

n

=§[2a+;:-n—1)d]=’57[2x1+(n—1j11]=

-

2"d method (Without using concept of A.P.):



Sh=1+2+3+..+n .. (1)
Sh=n+(n-1)+n-2)+...+3+2+1 ... (2)
Adding (1) and (2):

2Sh=(n+1)+(n+1)+...... +(n+1)

Here, there are n terms in the RHS.

n(n+1)
5, =000

. »

2
Now, let us discuss some more examples based on sum of n terms of an A.P.
Example 1:

Find the sum of first 25 terms of the following A.P.

2,7,12 ...

Solution:

Here,a=2andd=7-2=5.

Sum of the first 25 terms is given by

]

5
S,

15775

—E—S_Exl——{"i—l}ﬁ]
== 2

[2a+(25-1)d |

E[4+24;-::1]

25

i

25
= ?[124]

=25x%x62
= 1550

Thus, the sum of first 25 terms of the given A.P. is 1550.



Example 2:

Find the sum of first 8 terms of the A.P whosen term is given by 6n - 5.
Solution:

The n'" term is given by

an=6n-95

On replacing n by 1, 2, 3 ... respectively, we get the first, second, third ... terms of the
A.P.

~a1r=6(1)-5=1
a2=6(2)-5=7
az=6(3)-5=13 ... and so on.
The A.P. so obtained is as follows.
1,7,13 ...

Here, the first term,a =1

and the common differenced=a-a1=7-1=6

S = " [Ea t(n-1)d
Using the formula, 2 , the sum of first 8 terms is given by

3

S, :§[2x1+(3—|)ﬁ]
4[2+7x6]
=4[2+42]
=4[44]
=176

Thus, the sum of first 8 terms is 176.

Example 3:



How many terms of the A.P. -28, -24, -20 ... should be taken so that the sum will
be zero?

Solution:
Let the sum of n terms be zero.
Here,a=-28andd=-24-(-28)=4

Sum of n terms of an A.P. is given by
S = - [Ea +(n I]a’]
-2

But, it is given that the sum of n terms of the given A.P. is zero.
5. =0

Ff y
= 2a+(n-1)d |=0

F

.
SL2x(-28)+(n-1)x 4]=0

~56+4n-4=0
dn-060=10
4n =60
60
n=
n=15

Thus, the sum of 15 terms of the A.P is zero.

Example 4:

Sapna’s father planted 4 trees in his garden, when he was 22 years old. After that,
every year he planted one more tree than the number of trees he planted in the
previous year. How many trees will be there in his garden when he will become 40
years old?

Solution:

We can write the given information in the form of an A.P. as follows



Number of trees he planted in the first year = 4

Number of trees he planted in the secondyear=4+1=5

Number of trees he planted in the third year=5+1=6

And so on.

Now, the A.P.is4,5,6 ...

He planted trees from the age of 22 years to 40 years, i.e. for 19 years.
Thus, we have to find the sum of 19 terms of this A.P.
Here,a=4,d=1

And, n =19

Using the formula, §, = ': 2a+(n Hd],the sum of 19 terms of this A.P. is given by

Sie=5[2x4+ (19 — 1)1]
9
= 5 x [8 + 18]
=1 x 26 =19 x 13
= 247

Thus, there will be 247 trees in his garden when he will become 40 years old.

Example 5:

i o
The ¥ term of an A.P.is g and the 9 term of the A.P. is p. What is the sum of
(p + q) terms of the A.P.?

Solution:

Let the first term and the common difference of the A.P. be a and d respectively.

1h
It is given that the ¥ termis q.



Similarly, the g term is p, therefore we obtain

a+t(gq-1)d=p...(2

On subtracting equation (1) from (2), we obtain
p-q=(@-1)d-(p-1)d
p-q=dg-1-p+1]

d=L"1

qg-p
o =—1

By putting the value of d in equation (1), we obtain
g=a+(P-1)(-1)

g=a+1-p

a=p+q-1

But we know that the sum of n terms of an A.P. is
5 =" [Ea +(n I]a’]
b2

Thus, the sum of (p + q) terms is

S,., %Lz{pw-m(pm—]}[—u)'

5 %[2;}—2{;—2—;1—{;—]]

h‘mr = {p;ff] [;;+q—1]

p+a)p+g-1)

Pt -

(p+a)(p+q-1)

Thus, the sum of (p + q) terms is 2

Example 6:



Find the nt" term of the A.P., the sum of whose n terms is n? + 2n.

Solution:

Let Snh be the sum of n terms.

It is given that the sum of n terms of the A.P. is n? + 2n.
n=n%+2n...(1)

On replacing n by (n — 1) in the equation, we obtain

S, =(n-1Y +2(n-1)

Let an be the n'" term of the A.P.
Therefore, we can write

Sn=Sn-1+an

Thus, an= Sn — Sn-1
=n?+2n-[(n=1)?+2(n-1)]
=n?+2n-[n?+1-2n+2n-2]
=n?2+2n-n?+1

=2n+1

Thus, the n" term of the A.P is (2n + 1).

Example 7:
Find the sum of first 1000 natural numbers.

Solution:

n(n+1)
Lt

The sum of first n natural number is given by 2

". Sioon = w = 500 x 1001 = 500500



Hence, the sum of first 1000 natural numbers is 500500.

Example 8:
If sum of the first n natural numbers is 5050, find the value of n.

Solution:
_n(n+l1)
The sum of first n natural number is given by ’ 2
Now,
nx(n+1)
5050 = ——

3
n’ +n—2x5050=0

n* —100n+101n—2x5050=0
(n—100)(»+101)

n=100

Hence, n = 100

Properties of Arithmetic Progressions and the Concept of Arithmetic Mean
Arithmetic progression is a sequence of numbers such that the difference between the
consecutive terms is a constant. It exhibits some properties which are used in solving
various problems.

Properties of an Arithmetic Progression

If a constant is added to each term of an A.P., the resulting sequence will also be an
A.P.

If a constant is subtracted from each term of an A.P., the resulting sequence will also be
an A.P.

If a constant is multiplied to each term of an A.P., the resulting sequence will also be an
A.P.

If each term of an A.P. is divided by a non-zero constant, the resulting sequence is also
an A.P.

Arithmetic Mean
If we are given two numbers a and b, then we can insert a number A between these two

numbers so that the sequence a, A, b becomes an A.P. Such a number i.e., A is called
an arithmetic mean (A.M.) of the numbers a and b.



a+h

-

If A is the A.M. of the numbers a and b, then A is givenby A= <

18 +1¢
> 17

For example, the A.M. of the two numbers 18 and 16 is 2

For any two given numbers a and b, we can insert as many numbers between them as
we want such that the resulting sequence becomes an A.P.

Solved Examples
Example 1:
Between —-12 and 40, p numbers have been inserted in such a way that the resulting
igqéjence is an A.P. Find the value of p if the ratio of the 4™ and the (p — 3)" number is
Solution:
Let A1, A2, ... Ap be p numbers such that =12, A1, A2, ... Ap, 40 is an A.P.

Here,a=-12,b=40,n=p + 2

£ 40=-12+(p+2-1)(d)

>52=(p+1)d

—=d = 52 (1)
p+l

Ai=a+d

A2=a+2d

As=a+3d...

~As=a+4d

Ap—3:a+(p_3)d

According to the given information,



a+dd |
a+(p-3)d 6

1244 ‘“‘2]‘ ]
= “P,— q; T = [From (1)]
—12+(p-3)| —
L }lk p+1 |
12(p+1)+4(52
_ (p+1)+4(52) 1

12(p+1)+52(p-3) 6
12p—-12+208 1
12p-12+52p-156 6
. —12p+196 _ 1
0p-168 6
= 6(-12p+196)=40p—168
= —72p+1176=40p—-168
= 40p—-168+72p-1176=10
= 112p=1344
1344
112
= p=12

—

Thus, the value of p is 12.
Example 2:

Between 10 and 30, m numbers are inserted such that the resulting sequence is an A.P.
If the sum of all the terms of the A.P. is 140, then find the value of m.

Solution:

It is given that between 10 and 30, m numbers are inserted such that the resulting
sequence is an A.P.

It is also given that the sum of all the terms in the A.P. is 140.

We know that the sum of n terms of an A.P. is given by

M
S, ::[a | F]
= , where a is the first term and | is the last term

Here, a =10, 1=30



Therefore,

H
14{::;[|[1+3{J]

M
140 ==(40
— > [ ]

= 140 =20n

—=n="7
Thus, the total number of terms in the A.P. is 7.

Thus, the value of mis 7 -2 =5.

Geometric Progressions

A sequence a1, az, ..., an, ... is called a geometric progression (G.P.), if each term is

il.’.|I

=y

non-zero and (constant), for k = 1.
4 4 4 4
For example, 7 21 63 189 jsin G.P.

A G.P. is written in its standard form as a, ar, ar?, ar®, ar® ...
Here, a is called the first term of the G.P.

Here, r is called the common ratio of the G.P.

There are two types of geometric progressions: finite and infinite.

A finite geometric progression has finite number of terms. In general, a finite G.P.
with n terms can be written as a, ar, ar?, ar®, ar* ...arm™".

An infinite geometric progression has infinite number of terms. In general, an infinite
G.P. can be written as a, ar, ar?, ar®, ar* ... arn...

There are two types of geometric series: finite and infinite.
The seriesa + ar + ar? + ar® + ar* +... + ar' is a finite geometric series.

The seriesa +ar+ar?+ar® + ar* +... + am™' + ... is an infinite geometric series.



The last term of a G.P. is denoted by | and the sum of n terms of a G.P. is denoted by
Sn. For example, in the G.P. 8, —-16, 32, —64, the last term is given by | = -64.

Note: n'" term, a, is also denoted by Tn.

3,
H._]E__]H,ET,?,ﬁ

Example: In the G.P. 2 4
Firstterm,a=8

12 3
Common ratio, r = 8 2

243

Lastterm, 1= 4

-
"T'J

Bl 2
S, =5, =8+12+18+27+4 5

n

Note:

Since the division by zero is undefined, neither any term nor the common ratio of a G.
P. can be 0.

If the common ratio (r) is positive, then all the terms of the G. P. will be of same sign.
Thus, all the terms of the G. P.will be either negative or positive.

If the common ratio (r) is negative, then any two consecutive terms of the G. P. will be of
different sign. Thus, the G. P. will be having negative and positive terms alternatively.

Solved Examples
Example 1:
Which of the following sequences is not a geometric progression?
. 11,2.2,0.44,0.088, 0.0176 ...

. 17,17.5, 18, 185, 19

Lad

81 243 24:

g1 2 48



1(‘:,411,l,l___i...
416 64

Solution:

. The series 11, 2.2, 0.44, 0.088, 0.0176 ... is a G.P. since

22 044 0.088 00176

i = = =02
122 044 0.088

. The series 17, 17.5, 18, 18.5, 19 is not a G.P. since

17.5 13 18.5 19
17 + 17.5 + 18 + 18.5
81 243 243

. Theseries81, 2 4 ® jisnotaG.P. since

243
81 4 _
2 1 g1
81 2 and 2

11 1

. The series 16,4, 1, 4 16 64 is a2 G.P. since

4 _1_ 4 _16_64_1
6 4 1 1 1 4

4 16
Example 2:

Write the first term, last term and the common ratio of the following geometric
progressions:

3.6:6.72.1444/6.1728

9 18 36 72

57257125625

Solution:



. Inthe G.P.

3.646.72.1446.1728

Firstterm,a=3
Last term, | = 1728

“—‘“’E:QJE

Common Ratio, r= 3

9 18 36 72
. Inthe G.P., 5 2571257625
g
First term, a = 2
2
Last term, | = 625
18
215_]3}{5_2
9 25 9 5

Common Ratio, r= 3

n™ Term and Sum of n-Terms of a Geometric Progression

The n" term of a geometric progression (G.P.), a, ar, ar?, ar3, ... is given by an = ar"1,

9 27 8l
For example, the 20t term of a geometric progression 3, 2 4 8 is given by
ooy 201 - 1.||:J f_'gl.}lh'l
. 3 . 3 E
iy, =13)x =3 = I
W =04 5) =0) [EJ Bl

Note: 1. To obtain the succeeding term of a given term Tn, multiply it by r.
Trta=Thxr

2. To obtain the preceding term of the given term Tn, divide it by r.

T,
Tﬂ—] = —

T *

If ais the first term and r is the common ratio of a G.P., then the sum of first n terms of
the G.P. is given by

» S,=naifr=1

a(l—r") a(r"—1) .
s Spn=—F— or ——-ifr #1



Sum of infinite terms of a G.P.: = Ak

Derivation:

a(1-")

n

I-» whenr<1.
Since M approaches to 0 as n approaches <, we have

_a(l1-0) a

o
1—» 1-»

Note: Son +Sn=r"+1

»

a(1-r™) a(1-r") 1-,2 (1-r")(1+") :
— \ \ 4 — \ S\ - J = 1+r,.
1—-

n n- i =

Derivation: ~ 1-» 1-» 1-»

n

Sometimes, we need to find three or four consecutive terms of an G.P. then it is
convenient to take them as follows:

Three consecutive terms can be taken as ar, a, arar, a, ar. Here, common ratio is r.

Four consecutive terms can be taken as ar3, ar, ar, ar3ar3, ar, ar, ar3. Here, common
ratio is r2r2.

Solved Examples
Example 1
A scientist kept a solution on fire. The original temperature of the solution was 24°C. He
noticed that the temperature of the solution increased by 20% of the original
temperature every hour. Find the temperature of the solution after the 5" hour.
Solution:

It is given that the original temperature of the solution was 24°C.

It is also given that the temperature of the solution increased by 20% of the original
temperature every hour. Hence, the temperature after the 15t hour will be



4 10
hﬂx14+24=24 %
L /

T

Temperature after 2" hour:

120
100

1M
T, =24 HJ
. 100

Temperature after 3" hour:

i 2-'\,-' i
T=24[IEU|(] ( IEU|
100 /5 100 /4 100 )

And so on...

Hence, the temperature of the solution noted after every hour will form a geometric
progression with

First term, a = 24

(1207

Common ratio, r = 190/ =12
We know that the n" term of a G.P. is given by a, = ar™".

Also, the temperature of the solution after the 5™ hour will be the 6" term of the G.P.,
which is given by

as = 24 x (1.2)°> = 59.72 (approx.)

Thus, the temperature of the solution after the 5% hour will be 59.72°C approximately.
Example 2

Find the sum of the sequence 0.4,0.44,0.444....... up to n terms.

Solution:

The given sequence is not a G.P. However, we can relate it to a G.P. by writing the
terms as

Sh=04+044+0.444 + ... tonterms



=4[0.1+0.11+0.111+...n terms]

- g[ﬂm 0.99+0.999+...n terms)|

:%F(I =0.0)+ [ 1=(0.1)" [+ 1=(0.1)" [+ ..m lerms}

- :{{I +1+1..0m Ie-rms;}—[ﬂ.H[ﬂ.]}" +{D.I]= +o L&rms]}

=— n-0.1=

[—0.1

Example 3

12 24 48 96
6, — -

Find the number of terms of the G.P. 5 25 125" 625 that are required for giving
2706

the sumas 025 |

Solution:

Let n be the required number of terms.
It is given that

First term, a = -6

2
Common ratio, r=

a(l—r")

We know that the sum of n terms of a G.P. is given by Sp = 1=r  Therefore,



[ ’—7‘“] 2706 71 3157
= |—| X X = —

625 5 6 3125
(=2) . 3157 -32
— T| =]- =
. 3125 3125
I_.- _2 -\._Irl I_.- _2 -,II:'-
>(2) <[5
LR W
=25

Thus, the required number of terms of the G.P. is 5.
Example 4

In a G.P., the ratio of the 11" term and the 14™ term is given by 27:125. Find the
125

18t term of the G.P. if the 5" term of the G.P. isH :

Solution:

Let the first term and the common ratio of the G.P. be a and r respectively.
We know that the n" term of a G.P. is given by a, = ar"™'. Therefore,

a1 = arto

ais = art3

It is given that the ratio of the 11" term to the 14" term is 27:125. Hence,



===
i \

1 3
:}—zj
) 3

2
===
3

125

© 8]
625 _ 125
g1 81

[5]* 125
= |l — | =—

Thus, the 18" term of the G.P. is given by

~ 1*~|r5]” (9"

A3 ()

= ar

Example 5:

. . ! 312
If Sn denotes the sum of n terms of a geometric series such that 9y 32
of the common ratio.

Solution:

, find the value



Sys _33
S. 32
r3+1=-?£ Eli:r”+l
32 |S,
7 5
r5+1=;9. +1
\2}
1
r=—
2

Thus, the value of the common ratio is 1/2.

Example 6:
s
S, == S

For a G.P. with the first term as 2, if 2,thenfind e
Solution:
5m=L

1-»
5 2
2 1-r
2_1—r
52
i=1——r
5
r=l—i=l

5 5

f ,/ \_l':‘\,‘ ;

o 2‘1—'1” 25124\'

a{l=r*) L5 i\125) 194\ .5 &
b= = AR < =12! | G
T ey I 1 \125)" 2 25

5 5

Example 7: The sum of three consecutive terms of a geometric progression is 21/2 and
their product is 27. Find the terms.



Solution: Let the three consecutive terms of G.P. be %, a, ar. Then,
~t+atar= 4

:-a[%—l—lﬂ—r):T

=:-u(l+"—+""2) —2 )

P 2
Also,
%xaxa?“:f?'
= a =27
=a=23

Substituting the value of a in (i),

1+r+r2 \ _ 21

a (f) =73
I+r42y 21

=3 ( ) =73

1+r4r?
T =

=24+2r4+2r2="7r
=272 —5r+2=0
=2r—4r—r+2=0
=2r(r—2)—1(r—2)=0
= (r—2)(2r—1)=0

= r=2 or r=%

=

kol =3

So, the terms are %, 3, 6 or 6, 3, %

Geometric Mean and Its Relation with Arithmetic Mean

Like arithmetic mean, geometric mean (G. M.) is also a number which lies between two
different numbers.

Arithmetic mean is the number which gives the common difference with the numbers on
its left and right.

For example, if a, b, c is a sequence of numbers such that b is the arithmetic mean
of a and c then we have b—a=c-h.



Similarly, geometric mean is the number which gives the common ratio with the
numbers on its left and right.

For example, if a, b, c is a sequence of numbers such that b is the geometric mean
of a and c, then we have

'”‘ oo
M'-'F‘Iﬁ

b* =ac

#bz@

Hence the geometric mean (G.M.) of two numbers a and b is '/E and it is denoted
by G.

For example, the G.M. of the two numbers 36 and 25 is V36x25 = 30,
Note:

G comes out be a real number if and only if both a and b have the same sign.

For any two numbers a and b, there exist two values of G such that @ and _@.

GM(G) = £ yaa = £a and AM(4) =42 —4

If a =bthen 2

If we are given two numbers a and b, then we can insert a number G between these two
numbers so that the sequence a, G, b becomes a G.P. Here, G is the geometric mean
(G.M.) of the numbers a and b.

For any two positive numbers, we can insert as many numbers between them as we
want so that the resulting sequence becomes a G.P.

Now, let us understand this concept with the help of geometry.

Consider a line segment MP = a units and PN = b units as shown in the following figure.



-
M P N
= - e >

Thus, MN = MP + PN = (a + b) units

It can be seen that that a semicircle is drawn with diameter MN and OP is perpendicular
to MN such that point O lies on the circle. On joining O to M and N, we get two right-
angled triangles such as AMPO and ANPO.

Since AMON is inscribed in a semicircle, it is also a right-angled triangle such that
2MON = 90°.

In the given figure, we have
£MON = 90°

= £MOP + ZNOP =90° ...(1)

Also,

2PON + £PNO + £OPN = 180° (By angle sum property in AOPN)
=/PON + £PNO + 90°= 180°

=/PON + £PNO =90° ...(2)

From (1) and (2), we get

£MOP = 2PNO ...(3)

Now, in AMPO and AOPN,

£2MOP = 2PNO
and, zOPM = 2OPN.

Thus, by AA similarity, these triangles are similar.



Using property of similar triangles, we get

MP _ OP
OF ~ PN

= OP? = MP = PN

Thus, OP is the geometric mean of MP and PN.

Hence, it can be concluded that the length of perpendicular drawn from any point
on the circumference to the diameter is the geometric mean of the lengths of the
two segments obtained on diameter.

Relation between A.M. and G.M.

If A and G are the respective arithmetic mean and geometric mean of the

numbers a and b, then we will always have the following relation between A and G:
. aias (Ja-B)

e ."J_wl;?:ahh: ah:{ 5

»

0
2

A2G,sinceA-G= <
Solved Examples
Example 1:

-
FE

wd | 2

Insert five numbers between 2 and 2187 so that the resulting sequence is a G.P.

Solution:

2 2
=
i ]

and 2187 sychthat 3,

e | D

Let G1, G2, G3, G4 and Gs be the five numbers between

-
F

G1, Gz, Gs, Gs, Gs, 2187 isa G.P.
We know that the n" term of a G.P. is given by
an = arm!

Therefore,



2
27

]

;)
J--

[
(
[

2
——X

Gz=ar?

1 2
3 8l

2
——x

3

Gs=ard

2
243

.



Gs=ard= -~ 3) 8l
2 [ 1y p)
__:,( —— __je—

G4:ar4_ 3 3; 243
2 (1Y 2
=)

Gs=ars= -~ * 7/ '

Thus, we can obtain two G.P.s by inserting five numbers between the given
2 -2

numbers 3 and 2187 . The two G.P.s are

2 2 2 2 2 2 =2 22 22 2 2 2
3707 277 81 2437 72972187 gng 3797 27817 243772972187
Example 2:

The ratio of two numbers is 4:1. If the arithmetic mean of the two numbers is 5 more
than their geometric mean, then find the two numbers.

Solution:

It is given that the ratio of the two numbers is 4:1. Hence, let the two numbers be
4x and Xx.

The arithmetic mean, A, is given by

The geometric mean, G, is given by

Jaxxx =4x* = 2x

It is given that the arithmetic mean of the two numbers is 5 more than their geometric
mean. Therefore,



X 2x+5
-

= Sx=4x+10
= x=10

Thus, the two numbers are 10 and 4 x 10 = 40.



