Chapter 5

: POLAR EQUATIONS. OBLIQUE COORDINATES.

MISCELLANEOUS PROBLEMS. MISCELLANEOUS
PROBLEMS. LOCI.

88. 70 find the general equation to a straight line in
polar coordinates.

Let p be the length of the perpendicular OY from the
origin upon the straight line, and
let this perpendicular make an
angle a with the initial line.

. Y

Let P be any point on the B P
line and let its coordinates be » Y X
and 6. '

0 AT
The equation required will
then be the relation between », 0, p, and a.
From the triangle O Y P we have

p=rcos YOP =rcos (a— ) =rcos (6 — a).
The required equation is therefore
r cos (6 —a) =p.

[On transforming to Cartesian coordinates this equation becomes
the equation of Art. 53.]

. 89. To find the polar equation of the straight line
joining the points whose coordinates are (ry, 6,) and (ry, 6,).
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Let A4 and B be the two given points and P any point
on. the line joining them
whose coordinates are » and
0.

Then, since
AAOB=AAOP + A POB,

we have

brpysin AOB = § rirsin AOP + L vy sin POB,
e, rgsin (6,—0,) =y sin (6 — 6,) + rrysin (6, — 6),
sin (- 6,) sin(6—46,) sin(6,—0)

i.e. L4
i Ta 7

OBLIQUE COORDINATES,
\
90. In the previous chapter we took the axes to be
rectangular. In the great majority of cases rectangular

axes are employed, but in some cases oblique axes may be
used with advantage,

In the following articles we shall consider the proposi-
tions in which the results for oblique axes are different
from those for rectangular axes. The propositions of Arts.
50 and 62 are true for oblique, as well as rectangular,
coordinates,

91. 7o find the equation fo a straight line referred to
axes inclined at an angle w.

Let LPL' be a straight line which cuts the axis of ¥ at
a distance ¢ from the origin and is
inclined at an angle @ to the axis
of .

Let P be any point on the
straight line. Draw PNM parallel
to the axis of y to meet OX in M,
and let it meet the straight line
through €' parallel to the axis of =
in the point .

Let P be the point (a2, y), so that

CN=0OM=2, and NP=MP-00C=y-ec.
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Since ¢ CPN =t PNN' = £ PCN'=w -0, we have
y—c NP sm NCP gin 0

@ ON sinCPN  sin(w—6)
sin 6

Hence O e i S U (1).

=" (0 —0) )
This equation is of the form

Y = ML + ¢,
where
sin # gin @ tan @
T o e i e e e e e Y e a2
sin (r.r.'r —0) sinwcosf—cos wsin f sinw—coswtang’
m SN o
and therefore tan f = - —
l+mecosw

In oblique coordinates the equation
=1 +e
therefore represents a straight line which is inclined at an
angle _
m sin w

~1
tan l4+mcosw

to the axis of a.

Cor. TFrom (1), by putting in succession  equal to 90°
and 90° +w, we see that the equations to the straight lines,
passing through the origin and perpendicular to the axes of

x and y, are respectively y = — and ¥ = — @ cos w.

COS W

92. The awes being oblique, to find the equation to the
straight line, such that the perpendicular on it from the origin
s of length p and makes angles a and 3 with the axes of w
and y.

Let LM be the given straight line and OK the perpen-
dicular on it from the origin.

Let P be any point on the
straight line ; draw the ordinate
PN and draw NE perpendicular
to OK and PS perpendicular to
NE.

Let P be the point (w, ¥), so
that ON =z and NP =y,
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The lines NP and OY are parallel.
Also OK and SP are parallel, each being perpendicular
to VL.

Thus +t SPN =+ KOM = 8.
We therefore have
p=0K=0R+SP=0Ncosa+ NP cosf3=xcosa+ycosf.
Hence acosa+ycos 3—p=0,

being the relation which holds between the coordinates of
any point on the straight line, is the required equation.

93. To find the angle between the straight lines
y=max+c and y=m'z+c,
the axes being oblique.

Tf these straight lines be respectively inclined at angles
6 and @ to the axis of @, we have, by the last article,

2 e
M SN @ , m' 8in w
tanf=——r — aod tan@=e—
1+ m cos w 1 + 9 cos w
The angle required is 6 ~ §'.
tan f — tan 6’
Now tan (0 - 6') = ,
( ) l+tan . tan 6
m SN o m’ sin o
- l+meosw 1+m cosw
N M 8In w M SN w
1+

1+meosw 1+m cosae
- ] ;o . .
m sin o (1 +m' cosw) —m' sinw (1 +m cos w)
(1 + m cos w) (1 + m' cos w) + mm’ sin® w

(m—m') sin w
“14(m+ m') cos o+’
The required angle is therefore
(m—m)sine

tan-! T
1+ (m+m') cos w+ mm’

Cor. 1. The two given lines are parallel if m =m’.
Cor. 2. The two given lines are perpendicular if
14+ (m+m’) cosw+4mm’' =0,
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94. 1f the straight lines have their equations in the
form

Ax+ By+C=0 and A'm+ By+(C'=0,

then = — % and m' =-— E: :
Substituting these values in the result of the last article
the angle between the two lines is easily found to be
tan~? —!Ji{g-: iy sin e,
A4+ BB —(AB' + A'B)cos w
The given lines are therefore parallel if
A'B— AB =0,
They are perpendicular if

AA'+ BB =(AB' + 4'B) cos w.

95. Bx. The axes being inclined at an angle of 30% obtain the
equations to the straight lines which pass through the oriyin and are
inclined at 45° to the straight line x+y=1.

Let either of the required straight lines be y =ma.

The given etraight line is y= — x + 1, go that m'= - 1.

We therefore have

~ (m-m)einw

h bt st A, ¢ +45°),
1+ (m+m') cos w +mm' AR

where m'= -1 and w=30°,
Y. 2 : o ___?1':}.-1__,._-&]_
This equation gives T 1}—33 gl
Taking the upper sign we obtain m= - ;i'g .

Taking the lower sign we have m= — /3.
The required equations are therefore

y= —,/dz and y:—:%n;,
i.c. y4a/8x=0 and /3y +ax=0.

96. 7o find the length of the perpendicular from the
point (', y') upon the straight line Adx + By + C' =0, the axes
being inclined at an angle v, and the equation being written
so that C 1s a negative quantity.
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Let the given straight line meet the axes in Z and 3,

¢ ¢
g0 that OL = -7 and OM = — 7"

Let P be the given point (2, ).
Draw the perpendiculars PQ, PE,
and PS on the given line and the
two axes,

Taking O and P on opposite sides @ u R 1_‘,\.. %
of the given line, we then have

ALPM + AMOL=AOLP + A OPM,
ie. PQ.LM+0OL.OMsino=0L.PR+O0M.PS...(1)

Draw PU and PV parallel to the axes of y and «, so
that PU =4 and PV =o',

Hence PR = PU sin PUR =y sin v,

and PS8 =PVsin PVS =& sin .
Also
LM =JOL*+ OM*=20L.0M cos o
c: (O® (e - 1 1 Z2cosw

M . B — 2 g 2ERR
=N mtE g =" Bt p~ us
since ' is a negative quantity.
On substituting these values in (1), we have

1 Z2cose (7
( O)K BE AB +ABE‘1I1w

=—= .y sinw — .2 sine,

4 B

PO - Ax' +By' +C
! JIE BZ—-2AB cosw

Cor. If w=90° die if the axes be rectangular, we
have the result of Art. 75.

so that . Bin w.
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1, The axes being inclined at an angle of 60° find the inclination
to the axis of & of the straight lines whose equations are

(1) y=2z+5,
and (2) 2y={(J/3-Lx+T.

2. The axes being inclined at an angle of 120°, find the tangent
of the angle between the two straight lines

Ba+Ty=1 and 28x-T3y=101.

3. With obligue coordinates find the tangent of the angle
between the straight lines

y=ma+e¢ and my+a=d.

4, Ify=xtan l—zlf and y = tan 155 represent two straight lines

at right angles, prove that the angle between the axes is I
5. Prove that the straight lines y+x=¢ and y=x+d are at
right angles, whatever be the angle between the axes,

6. TProve that the equation to the straight line which passes
throngh the point (&, &) and is perpendicular to the axis of x is

w+ycosw=h+keos w,

7. Find the equations to the sides and diagonals of a regunlar
hexagon, two of its sides, which meet in a corner, being the axes of
coordinates,

8. TFrom each corner of a parallelogram a perpendicular is drawn
upon the diagonal which does not pass through that corner and these
are produced to form another parallelogram; shew that its diagonals
are perpendicular to the sides of the first parallelogram and that they
both have the same centre.

9, If the straight lines y=m,x+¢, and y=m,a+¢, make equal
angles with the axis of 2 and be not parallel fo one another, prove
that my +m, + 2mym, cos w=0.

10. The axes being inclined at an angle of 30°, find the equation
to the straight line which passes through the point (-2, 3) and is
perpendicular to the straight line y + 3z =86.

11, Find the length of the perpendieunlar drawn from the point
(4, - 3) upon the straight line 6x+ 8y —10=0, the angle between the
axes being 607,

12. TFind the eguation to, and the length of, the perpendieular
drawn from the point (1, 1) upon the straight line 3x 44y +5=0, the
angle between the axes being 120°,
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13, The coordinates of a point P referred to axes meeting at an
angle w are (h, k) ; prove that the length of the straight line joining
the feet of the perpendiculars from P upon the axes is

BTl w ,J.h.ﬁ—p k%4 2hk cos w,

14, From a given point (h, k) perpendiculars are drawn to the
axes, whose inelination iz w, and their feet are joined. Prove that
the length of the perpendicular drawn from (%, k) upon this line is

Rk gin? w

-J}z.ﬂ + K 2R cotw
and that its equation is ha — ky=nh*— k2.

1. (1) tan™! "? 3 (2) 15° 2, tan—! 313,%{_3 1
2
3. tan™? (;—I:Z__F 1 tan w) ;

7. y=0, y=x-a, 2=2a, y=2a, y=x+a, £=0, y=2, #=a, and
¥ =@, where a is the length of a side,

10, 4 (6-n/3)+(34/3-2)=22-0/3. 11. &

12. 10y-1lz+1=0; .8 /111

SOLUTIONS/HINTS

o o R 607
1. (1) The rll]ole = tan 1]:":*- 727(}(7);600’ [Al't}. 91]

= tan~! ﬁ./,g "

.~

.\"::—;' S |

: . sin 60°
(2) The angle = tan-! 2

1+ —9_—— . cos 60°
=tan! (2 — ,/3)=15".
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(35 + 2) sin 120°
a8 o .
1+(35—%)cos120°-25.8

_ tan-190 /3
=tan—

(m-l-l) sin @
1 m
1
| (m——)cos:»—]
m

2. The angle = tan™?

3. The angle =tan™

2
=tan™?! 7—7—z,.,—+ : . tan m) :
m* -1
11x 19+ 11= 197
4- l+(tan'2—4~+t8n-§-) 008w+tan§Z-.wn-2T=0.

[Art. 93, Cor. 2]

1+tan—l—11.tan 197 197 —11=n 1

. B A,
(PRI § I L RN U § T
24 24 E .

=-:1/7,. S =185°,

6. 1+ (l-1)eosw—1=0, whatever be the value
of w.

6. The lines =0, and y—%k=m (x—4%) are n-
dicular if 1 +m cosyw= 0. [Ari, 92, Corg 2.] ) o
< M =—sec .
Substituting, the equation becomes
x+ycosw=h+kcosa,

7. Let OABCDE be the hexagon, 04 and OF being

the axes of & and #.
The equations of 04 and OF are y =0, =0,
The intercepts cut from the axes by 48 are a, —a.
", its equation is z—y=a.
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Those cut off by £D are — a, a.
", its equation is y — 2 = a.
CD and BE are parallel to the axis of 2 and their

ordinates are 2a, a. .. their equations are y =24, y=a.
CB and 4D are parallel to the axis of » and their
abscissae are 2a, a. .’. their equations are x= 2a, 2 =a.

OC bisects the angle between the axes.
*. 1ts equation is x =».
8. Let (a, 0); (0, b) (—a, 0); (0, —b) be the coordi-
nates of the a.ngu]ar points, the dmgona.ls being the axes.

The equations of the sides of the 2nd parallelogram
will be (as in Ex. 6)

BAYBOP W= B i (1)
Lo @Y=" B, cSTieasegsis (ii)
XHYBCD==0 ..covssesissvisses (iii)
and PBBO D+ Y=—D ieeriisacasvase (iv)

(1) x b—(ii) x @ gives 2 (b — asec w) + y (bsec w —a) =0, (V)
which is some line through the intersection of (i) and (ii),
but (iii) x b — (iv) x @ gives the same line.

Hence (v) is the equation of a diagonal.

Similarly, (b +aseco)+y(bsecw+a)=0 ...... (vi),
is the other diagonal; and these diagonals both pass through
the origin. -

Also (v) is perpendicular to a side of the first parallelo-

gram, viz. a+ I 1, since

b
(b asecow b b* —absecw
14+ ) 08 1 — -

a—bsecw a —absecw

Similarly (vi) is perpendicular to ;:— %= 1.
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9. The angles they make with the axis of z are supple-
mentary,

fapet TSRO o mysine
1 +m,sinw 1+ mycos
m
1 mﬂ _O;

¢ enaMES e W e
1+mcosew 1+m,cosw
oo My 4+ my + 2mymycos o = 0,
10. Any line through (- 2, 3) is y =3 = m (x + 2).
If this is perpendicular to y + 3z = 6,

1+(m—3)cos30°—-3m=0; .. m=3—{—?—_—2.
N3 -6
Substituting, the equation becomes
y(6—./3)+2(3+/3—-2)=22-9 /3.

11. Perpendicular

6.4—-8.8-10 s -
7 -:/62.*‘*32 —_2—6—3 cos 60°° a0 [Art. 96] =g
12. Length

3+4+5 . 6 V111
= JFiP 2 3 foos120° " 120° [Art. 96] = — . —.
Any line through (1, 1)isy — 1 =m(z-1);
if this is perpendicular to 3z + 4y +5 = 0,
1+ (m—3%)cos120°—3.m=0; [Art. 92, Cor. 2]
. m=1f, and the equation becomes 10y — 11z +1=0.

13. Draw PN, PM perpendicular to the axes of
zand y. Then ON=h + kcosw, and OM =k + h cos .

Hence MN?=(h+kcos w)*+ (k+ hcosw)?
—2cosw(h+ % cosw) (k+hcos w)

= (h* + k* + 2hk cos w) sin® w.

14. See last Ex. Draw PK perpendicular to V.
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Then PK.MN—-2APMN —PM. PNsin MPN

~hsin . ksin w. sin «,

in?
PK = Mysinte , by Ex. 13.
N + B+ 2hk cos w
The equation of MN is
@ Y J; :
h+kéosw+k+kcosw"l ............. (1)
Any line through (A, &) is y = k= m (x—h). ...... (ii)

If (i) and (ii) are perpendicular, then (by Art. 92, Cor. 2)

k+h cos w m (k + h cos w)
1o (e brhomn) .
h+kcosw h+kcos w

Lome= On substitution, the required equation is
ky — & = ha = I3,
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Straight lines passing through fixed points.

9%7. If the equation to o strarght line be of the form
axc+ by +e+A(@e+by+c)=0...... (1),
where X is any arbitrary constant, il always passes through
one fized point whatever be the value of A,
For the equation (1) is satisfied by the coordinates of
the point which satisfies both of the equations

ax + by +¢=0,
and a'x+ by +c¢ =0
This point is, by Art. 77,
be! —b'e  ca'—c'a
(af}' —a'b’ ab — m‘b) ’

and these coordinates are independent of A

Ex. (Given the vertical angle of a triangle in magnitude and
position, and also the sum of the reciprocals of the sides which contain
it; shew that the base always passes through a fized point.

Take the fixed angular point az origin and the direetions of the
gides containing it as axes ; let the lengths of these sides in any such
triangle be a and b, which are not therefore given.

We have £+%:cunst.:%{sa}f},............,....,.....{1].
The equation to the base is
T Y_y
a b
. a 5 |
i.e., by (1), ey (-3)=t
1 1
f.¢. —fe—-y)+5-1=0,
Le o @=-y)+ 0

Whatever be the value of a this straight line always passes through
the point given by

x—-y=0 and %- 1=0,
i.e. throngh the fized point (%, k).

98. Prove that the coordinates of the centre of the
cirele nscribed in the triangle, whose vertices ave the points

(‘T’u '.*fl): (mm Ef:i)r and (3"3: y:i): e
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axy + by + ey g Wt by + ¢y
a+b+c a+b+e

H

where a, b, and ¢ are the lengths of the sides of the triangle.

Find also the coordinates of the centres of the escribed
cireles.

Let ABC be the triangle and let 4D and CE be the
bisectors of the angles 4 and ¢/

and let them meet in 0, Avey)
Then 0 is the required point. Y E
Since AD bisects the angle B @‘
BAC we have, by Eue. VI. 3, ey ‘
BD_DC_BD+DC_ a oL
BA  AC BA+AC b+e’ 0 X
so that
ba
DC = s

Also, since 00" bisects the angle AC D, we have
A0"  AC b b+¢
0D~ CD™ Tba a
b+e
The point £ therefore divides B( in the ratio
BA : AC, de ¢ : b
Also 0" divides 4D in the ratio b+c¢ : a.
Hence, by Art. 22, the coordinates of D are
ey + bay ity + by,
e+b e+b
Also, by the same article, the coordinates of 0" are

cf£3+bmﬂ+aml (b+c)xcy3+ﬁyﬂ+ml
c+b and + b
(b+e)+a (b+c)+a ;
. i, + by, + ey and Wt by, + Yz
a+b+e a+b+c

(b+{.‘}x
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Again, if O, be the centre of the escribed circle opposite
to the angle 4, the line C'0, bisects the exterior angle of
ACB.

Hence (Eue. VI. A) we have

A0, AC b+
5D B0 0

Therefore 0, is the point which divides 4D evternally in

the ratio b+¢ : a.

Its coordinates (Art. 22) are therefore

ey + bay cifs + by
(b+e) b (b+6) L2 gy,
c+b and ¢ + .b !
(b+c)—a (b+c)—a
i — ax, + b, + cxy and — + b, + ey,
o —a+b+e —a+b+e

Similarly, it may be shewn that the coordinates of the
centres of the escribed circles opposite to £ and € are
respectively

(azml — by + exy  ay, — by, + 3 3)
L

a—b+ec a—b+e¢
ond (fl«’i—‘ﬁr bacy — ey gt E’Zﬂ'a"'ﬂi"fs)l
a+b—c a+b—c

99. As a numerical example consider the case of the
triangle formed by the straight lines

Se+dy—-T7=0, 12x+by—17=0 and ba+12y— 34=0,

These three straight lines being BC, C4, and 4B
respectively we easily obtain, by solving, that the points
A, B, and C are

9 19\ /-52 67
(’r _?,_), (’IE" Té) and (1, 1).
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Hence
€t = (1-6—— ) (1'5-_ ) = ]62+ 162

L v R
“16 NEFSR=—,

}—f\(”? N '_T)—f\ A

and
\/ 2 b53\* 719 67 /39624-165?
¢ = ) + ===
(T I ) (’i’ 16) 11322
33 429
= 115V169 = 175 -
Hence
_Ei_ﬂx g_il:f_ﬂ s _85\{_’{_9__ 1615
R | 7112 YT 18T T 11g
boo 13 —-5_?__6_?__{5_‘ I }3 67 871
=T X T 112 T 16T 112
429 429
0% =179} and ey, = 1%
The coordinates of the centre of the incirele are therefore
170 676 420 1615 871 429
mg_ Tz 1z . 112 112 7 119
85 1% 429 8 13 129
15 112 16 7 112
. | 265
1.6. ﬁ and 335
The length of the radius of the incircle is the perpen-

265" ; ;
_1%6‘ T?TE;) upon the straight line

o+ 4y - T=0,

dicular from (—
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o b 265\
(‘3":“!.'%3) N (4" )

and therefore -

Ve
—21+1060—784 255 5L
5x112 Bx112 112

The coordinates of the centre of the escribed circle
which touches the side BC externally are

170 676 429 1615 871 429
2 T3 T3 . — i "It 112
®5 13 429 % _13_429
o T R S BT 7 T iig
. —417 . —315
= —42—- all —*1—2-

Similarly the coordinates of the centres of the other
escribed cireles can be written down.

100. Ex. Find the radius, and the coordinates of the eentre, of
the cirele circumscribing the triangle formed by the points

(0, 1), (2, 3), and (3, 5).
Let (x,, #,) be the required centre and R the radius.
Since the distance of the centre from each of the three points is the
same, we have
@ (yy — )= (2 = 2+ (1, — 3)*= (2, - B)*+ (y, - 5 =R2...(1).
From the first two we have, on reduction,
&y +i= 3.
From the first and third equations we obtain
G, + By, =33,
Solving, we have x,= —  and y, =38,
Substituting these values in (1) we get
R =4%,/10.

101. Ex. [Provethat the middle points of the diagonals of a com-
plete quadrilateral lie on the same straight line.

[Complete quadrilateral. Def. Let O4CH be any quadrilateral.
Let 4¢ and OB be produced to meet in E, and BC and 04 to meet in
F. Join 4B, OC, and EF. The resulting figure is called a complete
quadrilateral ; the lines 4B, OC, and EF are called its diagonals, and

the points E, F, and D (the intersection of 4B and OC) are called its
vertices, ]
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Take the lines OAF and OBE as the axes of @ and y.

o A |

Let 04=2a and OB=2b, go that 4 is the point (2a, 0) and B is
the point (0, 20); also let C be the point (24, 2k).

Then L, the middle point of OC, is the point (&, k), and M, the
middle point of 4B, is (a, b).
k-b

The equation to LM is therefore y-b= o (@~ a),
i.e, (h—a)y—(k=D0) x=bh—ak........css0v.s cane(1).
Again, the equation to BC is y — 20 =ﬁ-:- };E z.

= 20Ul
s

— 2hh
('k':u * ”) '

Similarly, E is the point (G, - I?“l) .

Puiting y=0, we have z= go that F' iz the point

Hence N, the middle point of EF, ig ( %’;’;, %‘T:) .
These coordinates clearly satisfy (1), i.e. N lies on the straight
line LA

1, A straight line is such that the algebraic sum of the perpen-
diculars let fall upon it from any number of fixed points iz zero;
ghew that it always passes through a fixed point.

2. Two fixed straight lines OX and OY are cut by a variable line

in the points 4 and B respectively and P and @ are the feet of the

erpendiculars drawn from 4 and B upon the lines OBY and OAX.

hew that, if 4B pass through a fixed point, then P@ will also pass
through a fixed point,
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3. If the equal sides AB and AC of an isosceles triangle be pro-
duced to E and F so that BE . CF = 4B?% shew that the line EF will
always pass through a fixed point.

4, If a straight line move go that the sum of the perpendiculars
let fall on it from the two fixed points (3, 4) and (7, 2) is equal to
three times the perpendicular on it from a third fixed point (1, 3),

prove that there is another fixed point through which this line always
passes and find its coordinates.

Find the centre and radius of the eirela which is inseribed in the
triangle formed by the straight lines whose equations are

5. Ba+dy+2=0, 3z—4y+12=0, and 4w - 3y=0,

6. 2x+4y+3=0, 42+3y+3=0, and z+1=0.

7. y=0, 12z -5y=0, and 3x+4y-T=0.

8, Prove that the coordinates of the centre of the circle inseribed
in the triangle whose angular points are (1, 2), (2, 3), and (3, 1) are
8+,/10 16 - ,/10
—6' a.nﬂ —ﬁ_ -

Find also the coordinates of the centres of the eseribed circles.

9, Find the coordinates of the centres, and the radii, of the four
circles which touch the sides of the triangle the coordinates of whose
angular points are the points (6, 0), (0, 6), and (7, 7).

10. Find the position of the centre of the circle cireumseribing
the triangle whose vertices are the points (2, 3), (3, 4), and (6, 8).
Find the area of the friangle formed by the straight lines whose
equations are
11, y==, y=2=, and y=3zr+4.
12, y+az=0, y=x+6, and y=Te+5.
13, 2y+x-5=0, y+22-7=0, and x—y+1=0,
14. 82 -4y-+4a=0, 22 - 3y +4a=0, and Sz - y + a=0, proving also

that the feet of the perpendiculars from the origin upon them ave
collinear,

15. y=azx-be, y=bx~ca, and y=cx—ab.
@ a a

16. y=mz+or, y=mgz+ -, and y=mgot o .

17. y=mzx+e;, y=mue+ ey, and the axis of y.

18, y=me+¢y, y=nizr+¢y, and y=mgr+ecg.

19. Prove that the area of the triangle formed by the three straight
lines a @+ by +e,=0, ayr 4 by +e,=0, and azv+ by +e3=0 is

ﬂ‘lg. I;"]_‘ ﬂI 2
5 @y, bgy Cg '5'{‘115*2—1‘125’1;' (b — aghy) (ﬂabl—“lbs}-
|ﬂ*31 hﬂ! Cy
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20. Prove that the area of the triangle formed by the three straight
lines

xzeosat+ysina—-p;=0, zcosB+ysing-p,=0,
and xeosy +yeiny —py= 0,
{pysin (y — ) +p,sin (@ — v) +pysin (8 — a)
sin (y — ) sin (a — ) sin (3 - a) )

21. Prove that the area of the parallelogram contained by the
lines

is

b}

4y -8z -a=0, 3y —-4r+a=0, 4y - 3z - 3a=0,
and 3y -4r+2a=0 is Fa°

29 Prove that the area of the parallelogram whose sides are the
gtraight lines

ﬂ'l'm+bly "i"":]:ﬂt ﬂ1m+bly+f31=ﬂ, ﬂﬂiv"l'bgy"l"ﬂg:n,

and Ay + by + dy =0
; (dy— ) {da—¢a)
- ayby—aghy

03 The vertices of a quadrilateral, taken in order, are the points
(0, 0), (4, 0), (6, 7), and (0, 8); find the coordinates of the point of
intersection of the two lines joining the middle points of opposite
sides.

24, The lines x+y+1=0, 2 -y +2=0, 4242y +3=0, and
42y —-4=0

are the equations to the sides of a quadrilateral taken in order; find
the equations to its three dingonals and the equation to the line on
which their middle points lie.

95. Shew that the orthocentre of the triangle formed by the three
gtraight lines

L . d e
y=mx+ "‘_“1 s W =ML HE; y And Y =Myt ;13
ig the point

1 1 1 1
%"ﬂ-,ﬂ- _+_+__+____)}!
My Wy Mg WgMgig
926. 4 and B are fwo fixed points whose coordinates are (3, 2) and
(5, 1) vespectively ; ABP ig an equilateral triangle on the side of 4B

remote from the origin., Find the coordinates of P and the ortho-
centre of the triangle ABP,
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4. (-7,3) 5. (-1 &) i
6 (=B-T5 2565 35-7y5

120 * 120 i T - 7. 151%:}; %i}
o [, 2 (1500, 1-50) (10 le)

2 ’ | "\ 6
9. {%! %}r (2, 12}: {129 2), and {"' 8, - 3}; %‘-\"rﬂ, 4&.';2: 4&1’21 and E\f!2+
10. (-183, 193). 11, 4. 12. 7. 13 %
14, 2. 15. §(8-c)(e=a)(a=b)

16, a®(my—mg) (my — ) (Mg - Ng)--2m"mamg®, "

. 1 flez—egl | (ey—e)®  (e1—0¢y)
17. 3(ey—e)*+(my—-mg). 18, E{ﬁfﬂ“_—m‘; + 5'?:;"?“1 -y
23, (5 4)
24, 10y +382:+43=0; 200+29y+5=0; y=0r+2; 522+ 80y=4T7.
26. (4+34/8, 3+4/3); (4+3a/3, 1+ 34/3).

SOLUTIONS/HINTS

1. Let xeosSa+ YSina=p ............... (i)
be the equation to the straight line, and
(%’61)9 (a'm b‘.’) (("n’ bu)

the coordinates of the fixed points.

Then 2@, .co8 a+ 3b, . sina — np = 0,
which is the condition that (i) should pass through the

fixed point

’% b,
n’ n) d

2. Take OX, OY for axes and let OAd —a, OB —b.
If the line A B goes through the fixed point (4, k),

h k

=gl lnehdsime (i)
2 . i By oo, B T 5
The equation of PQ is e T ot § (ii)

Now (i) is the condition that (ii) should pass through
the fixed point (£ cos w, % cos w).



118 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

3. Take AB, AC for axes,and let 458 = a=AC, and let
AE=h, AF=k.
Then since BE.CF=AB, .. (h—a)(k—a)=d’ 1.ec.

%+ %: 1; which is the condition that %-&- % =1 (the
equation of £F) should pass through the fixed point (a, a).
4, Let weosa+ysina—p=0.............. (i)

be the equation of the straight line. Then, by Art. 75,
3cosa+4sina—p+Tcosa+2sina—p
=3 (cos a + 3 sina —p),
i.e. —Tcosa+3sina— p=0, which is the condition that
(i) should pass through the point (— 7, 3).

5. By reference to a figure we see that two of the
internal bisectors of the angles of the A are

3x+4y+2_+3a:—4y+ 12

b 5] :

and i Lok P o 33/, [Art. 84]
5 5

e 4y =5, }

and Ta—Ty+12=0.

Whence, solving, the coordinates of the incentre are
(=12, $),and the radius = the perpendicular from this point
upon 4x - 3y =0,

AR -3(@) _ 167

5 ©140°
6. Asin Ex. 5, two internal bisectors are
2z + 4y + 3 4 +3y+3

=+ (x+1), and =—(z+ 1), [Art. 84],

35 5
e, x(2—2,/5)+4y+(3-2./5)=0, and 9z + 3y +8=0.
‘Whence, solving, the coordinates of the incentre are
~85—T7 .5 215-65
( 120 ° 120 ) :
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and radius = perpendicular from this point upon « + 1 =0,

. W5 +1=3i'_7_i5,
, 120 120
7. Asin Ex. b, two internal bisectors are
—-12:”1; oy +7, and ol i ;y it (10 y, [Art, 84]
i.e. 2+ 3y=1%, and 2z = 3y.

Whence, solving, the coordinates of the incentre are
(%> 3%) and .". radius = 14,
8. Using the formulae of Art. 98,
a=A12% 2= Ni2 b=n/20417= 4 R NIEr 2= NPH
". the coordinates of the incentre are
N5+25+3,/2 235+345+./2
NE+nB+ 2 ' NB+alB+ 2 )’
8+ /10 16— ,/10
(i)
and the coordinates of the excentres are
~5+245+3,/2 —2J5+36+,/2
— BB+ 2 " — B+ B+ 2 >’
el (61— /10 2+.~’1°) )

.0

) ) D) b

—

(ng2J5+3~/2 2~/-';—-3:/5+~/2)
N6—B4+, /2" NBE—-AB4+ 2 )’
(G—JIO 2—\/10).

(NB+2.5-3 /2 2~/5+3J5-J2)
NE+ab—-y2 ' MBrNB- g2 /)’
i (8— J10 16+ JlO)
. . ety :

9. Using the formulae of Art. 98,
a=NT+12=5 /2, b=nT"+T2=5 /2, c=A/6"+6'=6 /2.
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The coordinates of the incentre are

( 30./2+42,/2 - 30M2+42.2 ) ie(9 9)
: , e ;

V2+52+6,/2" 5J2+572+6,)2 2’ 2
and the radius (= perpendicular from incentre upon :
3 3

and the coordinates of the excentres are
—30 /2 + 42 /2 +30 A/2 + 42 /2
(_5J§+5J§+6 J2' —5J2+542+6,/2
and radius =4 /2.
30 /2 +42 /2 —-30/2+42,/2
582-B5n2+6,/2" BN2—5W2+6,/2
j and radius = 4 /2.
30 /2 — 42 ,/2 30 V242 /2
502 +502—6 42" 5NI+5A2—6,/2

and radius = perpendicular upon the line joining the second
pair of given points from (— 3, — 3) =6 /2.

),'i. . (2,12),

), ie (12, 2),

), e a8 o8,

10. Let (@, y) be the coordinates of circumcentre.

Then (z—2)*+(y=-3)*=(2—-3)* + (y—4)*= (2 —6)*+(y — 8)~

‘Whence x+y=06, 6a+8y=75.

Solving w=-133, y=191.

11. Solving, the coordinates of the angular points are

(0,0); (-2, —2); (-4, - 8)

.. By Art. 25,
A=1{0(—2+8)—2(—8-0)—-4(0+2)}=4.

12. Solving, the coordinates of the angular points are

(=3 3); (% &); @ 63)-
Call them B, C, A respectively.
Length of BC =+/(287+(23)' =12 /2.
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P
(=]

Perpendicular from 4 on BC = :\/&

1 19 19 _ 361 o5

278 " J“aw 48 "7

13. Solving, the coordinates of the angular points are
(1,2); (2 3); 35 1)

‘. by Art. 25, A=3{1(3-1)+2(1 -2)+3(2-3)}

l\)

L

. A=

— 3
=$.
14. Solving, the coordinates of the angular points are
a 18a
(0, a); (ﬁ, 13 )? (4a, 4a).
*. by Art. 25,
18(1, 18a)\)
A= Ji{ ) (4a a)+4a(a— 13
Tan

The foot of the perpendwula.r from the origin upon
wcosa+ysina=p is (pcosa, psina).
Writing the equations to the sides in this form, viz.
3¢ 4y 4a 22 3y  4a Dz AR
BB -5’ JI3 g1 i3 26T Y2 426’
the coordinates of the feet of the perpendiculars from the
origin upon the sides are seen to be

(1"a lGa,). 8a 12a>_ )
= am? 95 /2 X 13 137 ( 26° 26

And the area of the A formed by these points
a? {144 6 + 128 8 30} 0

2 1325 325 " 169 325 65 169)
Hence the feet of these perpendiculars are collinear.
15. Solving, the coordinates of the angular points are
{—e¢, —c(a+b)}, ete.
. By Art. 25, A =1{c(a+b)(a=b)+...+ ...}
=43¢ (a®—8%) =% (b— c) (c—a,) (D).
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16. Solving, the coordinates of the angular points are

@ @ a
{ ¥ e + o ) em-
mym,’ oy m,,}

. by Art. 25,
A=1a’3 i+—l)( LN
my  my/ \Mmemg  Mmgmy,

_azg{ii 1)_ 8 S
_% e (7,"12—77;3 } —méé 7)3(7}11 ""Inz)
_ @ (m —my) (my — my) (my —my)

2mmy gt )
17. The coordinates of the angular points are,

_ « (220 = Tale W0
(O) cl) ’ (Oa c) 3 (m’]__mz y Wy — iy )

¢, —¢,?

Hence by Art. 25, A =1

18. If the three As be drawn that are formed by
taking every pair of the lines with the axis of y, it will
be seen that the required A is obtained by subtracting one
of these As from the sum of the other two.

Hence (regard being had to sign) by Ex. 17,

Az;{("z—"s)’ +_(_63_—cl)’ + (1 — )
T mg—my my —my  my — m,
19. See Ex. 20. Put a,, b, ¢; for cosa, ging, —p

respectively, etc., and result follows at once. Or it may be
deduced from the previous article, but the work is much

longer.
20. Solving, the angular points are
(z’e_sin_a_—z?x. tiap &_"0%3:1’2_"0_8“)
sin(a—pf) ° sin (a— ) !
Hence by Art. 25
28~y [BERS_pysiny (p,008a—p00ny g, cOSB-v-Ps‘m“)],

sin(B-y) \ sin(y—a) " sin(a—p)
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. 2A.sin (a—pB).sin(B—y).sin(y —a)
— 3 (pysin B— pysiny) [pscos a.sin(a— B) + p,cosasin(y —a)
—p, {cos ysin (a — B) + cos Bsin (y — a)}]
=3 (pysin B —p, siny) {p; cos a . sin (a — B)
+ pocosa. sin(y —a) +p cosa.sin (B —7y)},
since 3.cosa.sin (B —y)=0,
={psin (B~ y) +p,sin(y—a)
+ pysin (a — B)}. = (ps sin B . cos a —p, sin y cos a)
== {psin (B - y) + pasin (y— a) + pssin (a— B}
L p_ SN (B=) + pysin(y=a) +pysin (a— B}
; 8 sin (y—fB).sin (a—7y) . sin (3 —a)
21. Solving (i) and (ii); (i) and (iv); (ii) and (iii),
1la 10a\ (13a 15a
) (7 1)

we obtain (@, @); Ty T

Let A be the triangle formed by these points ;
.. parallelogram = 2A =a*{— % + 32. § — 2. 3} =3a’
22, Let ax+by+e¢,=0 and ax +by +d, =0 be in-
clined at a to and intercept a length /, on the axis of a, and
take B, l, similarly for the other pair of lines.
If p, ¢ be the sides of the parallelogram, it will be seen
from a figure that
p  sina g sinf
L sn(B—a) b sim(B—a)
Avrea of parallelogram
sina . sin 8

=p.q.sin(B-a)= ni—a)" hly

_ 1 (dhi-a)(d—a)
cot a—cot B° Gy

- 1 (dl —¢) (dy,— 02) i () — ¢1) (d*.- —Cg)
___b_l R ll‘z ; a @y T a~ad,

23. The middle point of the line joining (0, 0) and
(4, 0) is (2, 0).
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The middle point of the line joining (0, 3) and (6, 7) is

(3, b), and the middle point of the line joining (2, 0) and
(3, 5) is (3, 3). :

Similarly it can be shewn that the line joining the middle
points of the other pair of sides also goes through this point.

24. By solving, the diagonals are the lines joining
(=% %) and (-5, 3); (—% §) and (=6, b);
and (-4, —4) and (0, 2).
Hence by Art. 62 the equations of the diagonals can
be written down.

Also the line on which the middle points lie is that
joining (=18 §2) and (-4, 9.
25. See page 202.

26. Draw AHl, PN, BK perpendicular to the axis of
@ and BL parallel to the axis of 2 meeting 4 # in L.

Let ABL=6. Then AB*=1°+2. .. AB=Jb.

2

75 ’
ON=0K—-NK= 0K — PBcos (6 + 60°)

g g 1 "3 N w8
PN = BK + PB.sin (6 + 60°)
i, P L. B g8 L,
_1+~/5{~/5.§+~/5. =l=g 4 .

If Z and g are the coordinates of the orthocentre, by
Ex. 2, page 13 :

Hence sin @ = -55—, cos 6 =

2 b
and 37=2+1+3+ /3, v:.e.y=g+-“—§,

since the centroid and the orthocentre coincide in an
equilateral triangle,

3:T:=3+5+4+—"£3- .8, E=4+-‘é—3,
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102. Ex. The base of a triangle is fived ; find the
locus of the vertex when one buse angle is double of the
other.

Let 4B be the fixed base of the triangle; take its
middle point ¢ as origin, the direc-
tion of OB as the axis of x and a
perpendicular line as the axis of y.

Let A0=08=a.

If P be one position of the ~A B B N X
vertex, the condition of the problem then gives
t PBA =3¢ PAB, i.e. w—¢=20, i.e. —tand="tan20..(1).

Let P be the point (4, k). "We then have

Y

*

; =tan § and = tan ¢.
h+a h—a
Substituting these values in (1), we have
k
ko ; hta  2(h+a)k
Th-a ( k )2 T (hta) =k
y T, .1
h+a

e, —(h+aY+EB=2(F—-a®), de E—3¥—2ah+a*=0,

But this is the condition that the point (4, £) should lie

on the curve y* — 322 — Qaw + a* =0,

This is therefore the equation to the required locus.

103. Ex. From a point P perpendiculars PM and
PN are drawn upon two fixed lines which are wnclined at an
angle w and meet wn o fived point O ; if P move on o fixed
straight line, find the locus of the middle point of MN.

Let the two fixed lines be taken as the axes. Let the
coordinates of P, any position of the
moving point, be (4, k).

Let the equation of the straight
line on which P lies be

Aw+ By + O =0,
80 that we have
A+ B+ C =0 ...... (1).

t\.‘ v
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Draw PL and PL parallel to the axes,
We then have

OM=0L + LM = OL + LP cos w=1 +k cos w,
and ON=O0OL +L'N=LP+ L'Pcosw=>~%+hcosw

A ig therefore the point (4 -+ k cosw, 0) and & is the point
(0, & + /i cos w).
Henee, if (', 4/') be the coordinates of the middle point
of MN, we have
9 ="t heoB o covviiiiiiiiiinnns (2),

and ng =L+ I ORI 5 iR Eed (3)

Equoations (1), (2), and (3) express analytically all the
relations which hold between a/, ¢/, A, and %

Also & and % are the quantities which by their variation
cause @ to take up different positions. If therefore between
(1), (2), and (3) we eliminate & and % we shall obtain a
relation between o' and ' which is true for al{ values of /
and %, <.e. a relation which is true whatever be the position
that 2 takes on the given straight line.

From (2) and (3) by solving, we have
2 (m — 9 cos )

sl B 2(y —w coam)

- sinfw sin?

Substituting these values in (1), we obtain

4 (' —y' cosw)+ 2B (y — &' cos w) + O sin® w = 0.

But this is the condition that the point (a, y') shall

always lie on the straight line

24 (x =y cos w)+ 28 (y — = cos o) + € sin® v = 0,
¢, on the straight line

w(d —~Beosw)+y (B —4cosw)+L0sine0 =0,
which is therefore the equation to the locus of .

104, Ex. A siraight line is drawn parallel to the
base of a given triangle and its extremitics are joined trans-
versely (o those of the base; jfind the locus of the point
of intersection of the joiming lines.
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Let the triangle be 048 and take 0 as the origin and
the directions of 04 and OB

as the axes of @ and ».
Let Od=a and OB =0,

so that e and b are given
quantities,

Let A'B" be the straight
line which is parallel to the
base 4.5, so that

Th4d

04" OB
'(_m = O_B::\' (Sﬂ'}r):r
and hence 04'=Xa and OF = \b.

For different values of A we therefore have different
positions of A4'B.
The equation to 45" is

® oy :
TR, | 1
s % AD 1 ()
and that to 4'5 is
o 2
ya g I i A (2).

Since P is the intersection of 4B and A'B its coordi-
nates satisfy both (1) and (2). Whatever equation we
derive from them must therefore denote a locus going
through P. Alsoif we derive from (1) and (2) an equation
which does not contain A, it must represent a locus which
passes through P whatever be the value of A; in other
words it must go through all the different positions of the
point 7.

Subtracting (2) from (1), we have

2 N y/1
S (-0 +3G-1)=o

. ]
B.e. g

a b
This then iy the equation to the locus of P. Hence P
always lies on the straight line

i_ifﬂ
J‘_Cﬁ |
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which is the straight line 0@ where OAQPB is a parallelo-

gram.

Aliter. By solving the equations (1) and (2) we
easily see that they meet at the point

X A z,)
(;[JT]“* W

Hence, if P be the point (&, k), we have

A A
ZF}_ a and k—m"g}.
Hence for all values of A, 4.e. for all positions of the
straight line 4'B’, we have
h_k
a b’
But this is the condition that the point (A, &), i.e. P,
should lie on the straight line
€ ¥

a b’
The straight line is therefore the requived locus.

h

105. Ex. A variable straight line is drawn through
a given point O to cut two fixed straight lines in B and 8 ;
on it is taken o point P such that
2 1 % 9
oP  OR 08’
shew that the locus of P is a third fixed straight line.

Take any two fixed straight lines, at right angles and
passing through O, as the axes and let the equation to the
two given fixed straight lines be

Az + By +C=0,
and A'w+ By+ C'=0.
Transforming to polar coordinates these equations are
1  Acosf+ Bsind 1 A'cosf+Bsind
e Eurld e 7 .
T ¢ r C
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1 1
If the angle XYOR be @ the values of — and —— are
therefore Ok 08

A cos @+ Bsin 6 A cos @+ B'sin b
B it i ek il Ty e - i
(' '
We therefore have
_2 B A cos 8+ Bsint?“ _xi’ co8 9—}_-_3’ gin @
or C o

- . B+B)qi&
___((—;‘Jrﬁ,)cos _(E’ o) siné.

The equation to the locus of P is therefore, on again
transforming to Cartesian coordinates,

1=—o(h £)-4 (34 B)

and this is a fixed straight line.

The base BC (=2a) of a triangle 4BC iz fixed; the axes being
BC and a perpendicular to it through its middle poinf, find the locus
of the vertex 4, when

1. the difference of the base angles iz given (=a).
2. the produet of the tangents of the base angles is given (=2).

3, the tangent of one base angle is m times the tangent of the
other.

4, m times the square of one side added to n times the square of
the other side is equal to a econstant quantity 2.

From a point P perpendiculars PM and PN are drawn upon two
fixed lines which are inelined at an angle «, and which are taken as
the axes of coordinates and meet in O; find the loens of P

§, if OM+ON be equal to 2, 6, if OM - ON be equal to 24,
7. if PM 4 PN be equal to 2¢. 8, if PM - PN be equal to 2¢.
g, if MN be equal to 2¢,

10. if MN pass through the fixed point (a, b).

11. if MN be parallel to the given line y=ma.
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12. Two fixed points 4 and B are taken on the axzes such that
OAd=a and OB=0b; two variable points 4’ and B’ are taken on the
game axes; find the locus of the intersection of 4B’ and A'B

(1) when OA'+0B'=04 + 0B,
RN PG -
04’ OB'~ 04 OB’
13, Through a fixed point P are drawn any two straight lines to
cut one fixed straight line OX in 4 and B and another fixed straight

line OY in € and D 3 prove that the locus of the interseetion of the
straight lines AC and BD is a straight line pasging through 0.

and (2) when

14, OX and OY are two straight lines at right angles to one
another; on OY is taken a fixed point 4 and on OX any point B;
on AB an equilateral triangle is described, its vertex C being on the
Ege of AB away from (. Shew that the locus of C is a siraight

e

15. If a straight line pass through a fixed point, find the locus of
the middle point of the portion of it which is intercepted between two
given straight lines.

16. 4 and B are two fixed points; if P4 and PB intersect g
constant distance 2¢ from a given straight line, find the locus of P.

17, Through a fixed point O are drawn two straight lines at right
angles to meet two fixed straight lines, which are also at right angles,
in the points P and Q. Shew that the locus of the foot of the
perpendicular from O on PQ is a straight line,

18. Find the loeus of a point at which two given portions of the
same straight line subtend equal angles.

19. TFind the locus of a point which moves so that the difference
of its distances from two fixed straight lines at right angles is equal
to its distance from a fixed gtraight line.

20. A straight line 4B, whose length is e, slides between two
given oblique axes which meet at O; find the locus of the orthoeentre
of the triangle O4B.

21, Having given the bases and the sum of the areas of a number
of triangles which have a commmon vertex, shew that the locus of this
vertex is a straight line.

92, Through a given point O a straight line is drawn to cut two
given etraight lines in R and §; find the locus of & point P on this
variable gtraight line, which is such that

(1) 20P=0R+ 08,
and (2) OPE=0R. 0S.
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23, Given n straight lines and a fizxed point O; through O is
drawn a siraight line meeting these lines in the points R, R, Ry,
...H,, and on it is taken a point R such that

LN . Tewen SUg I
oR~oRr, tom,"or, "V Om,’
shew that the locus of R is a gtraight line.

24, A variable straight line euts off from n given eoncurrent
straight lines intercepts the sum of the reciprocals of which is con-
gtant. Shew that it always passes through a fixed point.

25, Ifa triangle 4 BC remain always similar to a given iriangle,
and if the point 4 be fixed and the point B always move along a
given straight line, find the locus of the point C.

26. A right-angled friangle ABC, having C a right angle, is of
given magnitude, and the angular points 4 and B slide along two
given perpendicular axes; shew that the locus of € is the pair of

straight lines whose equations are y = = E—; .

07. Two given straight lines meet in O, and through a given point
P is drawn a straight line to meet them in ¢ and ER; if the
parallelogram OQSR be completed find the equation to the locus
of S.

98. Through a given point O is drawn a straight line to meet two
given parallel straight lines in P and @; through P and @ are drawn
straight lines in given directions to meet in Ii; prove thai the locus of
R is a straight line.

1. a?+2zycota—y =a® 2. yE+Aax?=Mhat

3. (m+l)ja=(m-1)e 4, (m4n)(22+y?+a®) - 2ax(m - n)=c?
5. m-:-y:ct;mﬂ;f. 6. x-y:deaaeu“;

7. x+iy=2ccozecw, 8. y—x=2¢cosec w.

9, 24 2xycosw+yi=4c*cosec? w.
10, (2?4 y*) cosw+ay (l+cosw)=x (acosw+b)+y (beosw+a).
11, z(m+cosw)+y (14 meos w)=0.
12, (i) x+y-a-0=0;
(i) y==. 19. A straight line.
20. A circle, centre O. 25. A straight line.
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27. If P be the point (&, k), the equation to the locus of S is

h &
5'}"?—;:1.
SOLUTIONS/HINTS
: y Y
1. Wehave —nu a,,+ = — tan a,
Y
l + ~—
a’—x*
whence a® + 2wy cob o — y* = &’

2 ¥ .Y __x; - ootalat=Na
8. L " . (m+l)z=(m-1)a

4. n{y+ (x+a)t+mi{y*+ (a-2x)*}=c’

i.e. (m + n) (@ + 3 + @°) — 2a (M. —n) =2
5. z+ycosw+y+acosw=2c; .. m+y=csec”%.
6. 2+ycosw—y—zcosw=2d; m—g/zdcosecgg.
7. xzsinw+ysinw=2c; .. x+y=2ccosecw.
8. ysinw—asinw=2c; .. y-wx=2ccosecaw.
9. (z+ycosow)+(y+xcosw)

—2(x+y cosw) (¥ + xcos w)cos v = 4¢*;
. 2+’ + 2wy cos w= 4¢? cosec’ o,
10. 1If («/, ') are the coordinates of P, the equation
of MN is

@ . Y 3
2 +ycosw Y +acose

This goes through (a, b) if - ... + ———=1,
2 +y cosw ¥y +acosw
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b
Hence the locus of Pis + =1,

T+ycosw Y+TCOSw
i.e. w(acosw+b)+y(a+bcosw)
= (2" + y°) cos o + 2y (1 + cos® w).
y+zoos_w__

Z+ycosw
" @ (m + cos w) + ¥ (1 + meosw) =0,

12. (1) Sincea+b=a' +¥,

o B8 = b sviiiisseeeesss (i)
Equations of 48’ and A'B are

11. Here similarly —

S
a + 5, = 1, ..................... (11)
' E g . o9
and iy LS “adwistonsimamii it (iii)
@ . :
Subtract; .. = + 5%, T U0 R (iv)

Multiplying (ii) by % and (iii) by %, and adding, we have

PaX, 2.8 3.5
b abTaad T =2t E
oty =a+b, by (iv),
(2) Subtract (ii) and (iii),

% il 1 1
“{a‘z}‘y{z—?}=“

Soox=y.
Aliter. If we eliminate ¢’ and &' by merely substituting
from (ii) and (iii) in (i) we get

@
- 1 =a + b,

1% 3.
a

ot

i.2., on reduction,
ay*+ (@ +b) wy + ba® — b (2a + b) — ay (o + 2b) + ab(a+5)=0,
6 [m+y—a-b][bx+ag/-—ab]=0.
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;% :
The second factor gives ok % = 1, 7.e. the straight line

AB itself. This part of the locus arises from the case when
A’ coincides with A, and B with 5, and then the line 4’5’
entirely coincides wich the line 4 5.

Neglecting this factor, the ordinary locus is given by
x+y=a+b.

13. Let 2P be the point (k, k), 04 = a ete.
Since 4D and B(' pass through P,
h k& h &

5 . ” o
. (;+(—1.—1, andb+c 1,

and hence h (};—% +k(§—%)=0. susassnssons (1)

The equations of 4C' and BD are
Sl Sedoy

a ¢ 5t d
0 btractio wehavea:1 l) - 1)—0
n subtraction, (5_5 .;.y((;_‘2 i i
Hence, from (i)
7a+k—0’

which is a straight line through 0.

14. I.et the coordinates of C be (z, ¥), 0B4 = 0, 04 =a.
Then acosec @ =AB=BC=CA.
It is easily seen from a figure that

% =acosecl. cos(60°—6)=g(J3+cot0),

and y=acosec0.sin(60°+0)=g(~/300t0+1).

Jo W/3.2—-y=a, which is a straight line.
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15. Let A, & be the .intercepts on the axes, and (a, b)
the fixed point.
Th (e
en =3
is the condition that the straight line passes through (a, 0).
The mid pt. of the intercept is given by 2 =4, 2y =£.

L

: . G
Hence the required locus is - + - = 1.
2z 2y

16. Take the fixed line as the axis of x, and 4B as the
axis of 4. Let them meet in O ; let O4 =a, OB =b and let
P be the point (A, k). The equation of 47 is
k—a

h

The intercept of this on OX is

o . ah bh
Hence the condition gives Sy A 2e.

Y—a= .

ah

p L So for BP.

The locus of 2 is thus, on reduction,
2¢(y —a) (y = b) + (a—b) xy =0.

17. Take for axes the lines through O parallel to the
two fived lines O'P, 0'Q.

Let O be (k, k), and zcosa +ysina=p ............ (1)
the equation of PQ.

The equation of O'P, 0'Q is (= - &) (y—k) =0,
v.e. axy—hy —kx +hk =0. ..ccooennnnen. (ii)

The equation of the lines joining the origin to the
common points of (i) and (ii) is
pray — p (hy + kx) (x cos a + y sin a)
+hk(zcosa +ysina)?=0. [Art. 122.]
Since these are at right angles,
— p cos ak — p sin ah + hk =0,
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But cosa, psina) is the point whose locus is
required. (pHence the locus is the straight line Ax + Ay = 2k,

18. Take the straight line for axis of z and any
origin, let 04 =a, OB=0, etc., and let P (z, y) be any
point on the locus.

Y Yy

A et x — a—b K/
Then tan 425 = —2=%— L s > _i) (;_)’Z)I)Tge'
M@= @)
Hence the equation of the locus is
a—>b e—d |
(x=a)(z=0)+y* (@—c)(z—d)+¢*"
19. Take the fixed lines for axes, and
zecosa+ysina —p=10
as the equation of the other fixed line.
Then X—y=aCoS a+ysina—p,
which is the equation to a straight line.

20. Let OAd=a, OB=3b.

" The equation of the line through 4 perpendicular to
B is

% COS w + Y = @ COS v,
and of the line through B perpendicular to 04 is
x+y cos w=bcos w,
Also ¢’ =a’+ b — 2ab cos .
Eliminating a, b, we have for the required locus
¢*=(x+ysecw)’ + (y +2 sec w)?
—2cos o (2 + y sec ) (y + 2 sec w),
or c? cot® w=a® + 3 + 2ay cos w.
21. Let wcosa,+ysina, =p,, ®cosa,+ysina, = s,

etc. be the equations of the bases; ¢,, e, ete, their lengths.
Then we have ‘
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3¢, (zcos a, + ysin a, — 1) = a constant,
which is the equation to a straight line.

22. Asin Art. 105, we have
1) —2= < = ;
(1 g ac050+bsin0+a'0050+b’sin0’
Loe(@z+by) + ¢ (ax + by) + 2 (aa + by) (2’2 + b'y) =0.
2) = . T | :
(2) acos@ +bsing "« cos@+ 0 sinb’
S (ax+ by) (az + by) = e

23. Let az+by+¢,=0, ax+ by +c,=0, etc. be
the equations of the » fixed lines.
Asin Art. 105, we have

n & . b a b
—=—cosf03—-sinf32; " x. 34y tin=0,
r ¢ e ¢ ¢

a straight line.

24. Let rcosf.a+rsinf.b=1 be the equation of
the variable line, and «a,, a,, a, etc. the inclinations of the
n given concurrent lines, the point of concurrence being
the origin.

Then, as in Art. 105, @. 3 cos a, + & . = sin a; = A, where
A is a constant,

But this is the condition that the given line ax + by = 1
should pass through the fixed point

Scosa, Isina
G o
25. Let (r, 6) be coordinates of (' referred to A as
origin and perpendicular from 4 to locus of B (length c) as
initial line. '
Since the triangle 4BC is always similar to a given

one, .. - —=constant = pu (say).

AC
Then c=dB.cos (0 —A)=prcos (6—4).
Hence locus of (' is a straight line.
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26. Let (&, 0), (0, %), (=, ) be the coordinates of
A, B, C respectively.

Then (=R +9?=0% .eenn....... (i)
and Y —RP e =8 ieoesismsins (ii)
Also, since Cd4, C'B are at right angles,
. x?_/};-y* + 1 =0, whence L v

@ (y—k)
(w—k)’___bz—?/"
(y—k)} o —a*’
-=£=2‘: =5S ;l/:i—--":-

- 2 a

Aliter. If the axes meet in O, then CBOA is a cyclic
quadrilateral. .. LCOA= L CBA.
b

.. locus of C is %: tan COA = tan C'BA ==
* So, if B lie on the negative axis of y the equation is
y b

x @

27. Let 0Q, OR=a, b respectively.

Then (a, &) is the point whose locus is required.
Since QR passes through a fixed point (A, &),

Also, from (i) and (ii),

b = o

5 a'i'z':l.

Hence the required locus is 3 +-=1
x Y

28. Tet O be the origin and a perpendicular to the
given parallel straight lines the axis of x, and let their
distances from O be ¢ and . Let 2 POX be 0; then P is
the point (@, @ tan 6) and @ is (b, b tan 6). The equations
to PR, QR are thus
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y —a tan § = (x — ) tan a,
and y—btan@:(m—b)t&nﬂ,}
where a and B are given.
Eliminating tan §, we have, as the required locus,
(a—b)y=a[atan 8 — b tan o] + ab (tan a — tan B).
I ——



