27. Straight Line in Space

Exercise 27A

1. Question

. . oy

A line passes through the point (3, 4, 5) and is parallel to the vector (ji + jj — 3];{)_ Find the
equations of the line in the vector as well as Cartesian forms. |

Answer

Given: line passes through point (3, 4, 5) and is parallel to 27 + 2j — 3k

To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form: = 3 + b

pies S e R S A
by bz ba

Cartesian form:

where 3 = XI’H_ FJ‘" zlﬁ is a point on the line and E = bl’H_ ]:.2]‘4_ bgﬁ is a vector parallel to the
line.

Explanation:

Here, 3 = 31 + 4j + 5kand b = 21 + 2j — 3k
Therefore,

Vector form:

= 3i+4j+ 5k + A(21 + 2j - 3k)

Cartesian form:

X—3 y—4 z-5
2 2 -3

2. Question

A line passes through the point (2, 1, -3) and is parallel to the vector (1 — jj + 31{)_ Find the
equations of the line in vector and Cartesian forms.
Answer

Given: line passes through (2, 1, -3) and is parallel to | — 2] + 3k



To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form:  — 3 + 2b

X—X - Z—Z
Cartesian form: 2 _¥¥: 2% _ 3
I:IJ. hz I:'E-

where 3 = x, i+ vy,j+ Zlﬁ is a point on the line and b = b, i+ b,j+ bgﬁ is a vector parallel to the
line.

Explanation:

Here, 3 = 21+ j— 3kand p =1 — 2j + 3k
Therefore,

Vector form:

t=21+7—3k+A(1— 2+ 3k)
Cartesian form:

x—2 y—1 z+3
1 -2 3

3. Question

[

Find the vector equation of the line passing through the point with position vector (ji +1— Sk) and

parallel to the vector (1 + 3j —k)_ Deduce the Cartesian equations of the line.

Answer
Given: line passes through 2j 4 j — 5k and is parallel to § + 3j — k

To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is
Vector form: ¢ — 3 + b

pies S e R S A
by bz ba

Cartesian form:

where 3 = x,i+y,j+ ZIE is a point on the line and j — b,i+b,j+ bgﬁ is a vector parallel to the
line.

Explanation:
Here, 3 = 21+ j— 5kand b =1+ 3j—k

Therefore,



Vector form:
t=21+]j—5k+A(I+3j—k)
Cartesian form:

x—2 y—1 z+5
1 3 -1

4. Question

A line is drawn in the direction of (1 —|—j — Zk) and it passes through a point with position vector

(Zi — J — 41{)_ Find the equations of the line in the vector as well as Cartesian forms.

Answer
Given: line passes through 27 —j — 4k and is drawn in the direction of § + j— 2k
To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form: § — 3 + b

X—X - Z—Z
Cartesian form: 2 _¥¥: 2% _ 3
I:IJ. I:'Z I:'E-

where 3 = x, i+ vy,j+ Zlﬁ is a point on the line and b = b, i+ b,j+ bgﬁ is a vector parallel to the
line.

Explanation:

Since line is drawn in the direction of (7} 4 j — 2k), it is parallel to (1 + j — 2k)

Here, 3 = 21 —j— 4kand b =+ — 2k
Therefore,

Vector form:
f=21—f—4k+A(I+]-2Kk)
Cartesian form:

xX—2 y+1 z+4
11 =2

5. Question

The Cartesian equations of a line are = = . Find the vector equation of the line.

Answer



Given: Cartesian equation of line

¥X—3 y+2 z-—-6
2 -5 4
To find: equation of line in vector form

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

Cartesian form: —* = = =A
— - - F - . —* ~ - o
where 3 = x,1+y,j+z,kisapointonthelineand = b i+ b,j+ b,k is @ vector parallel to the
line.
Explanation:

From the Cartesian equation of the line, we can find 3 and

-

Here, 3 = 31 — 2)+ 6k and b = 1 — 5j + 4k
Therefore,

Vector form:

= 31— 2j + 6k + A(21 — 5] + 4k)

6. Question

The Cartesian equations of a line are 3x + 1 = 6y - 2 = 1 - z. Find the fixed point through which it
passes, its direction ratios and also its vector equation.

Answer
Given: Cartesian equation of lineare3x + 1 =6y-2=1-2
To find: fixed point through which the line passes through, its direction ratios and the vector equation.

Formula Used: Equation of a line is

Vector form:  — 3 + 2b

XXy _¥7Vy _Z7Z A
by bo by

Cartesian form:
where 3§ = x,i+y,j+ ZIE is a point on the line and | — b,i+b,j+ baﬁ is a vector parallel to the
line and also its direction ratio.

Explanation:

The Cartesian form of the line can be rewritten as:



1 1
Xt3 V-3 z-1

— —l,,.L 1,\ ™ — -~
Therefore, a=?1+§]+ kand p = 2’1‘+j‘—61{

and direction ratios of the line are (2, 1, -6) and vector form is:

L

So, the line passes through (_?lé, 1

==+ A.+1
r=—i+—
3 3

7. Question

j+k+A(21+7—6k)

Find the Cartesian equations of the line which passes through the point (1, 3, -2) and is parallel to the
x+1 y-4 z+43
3 5 —6

line given by . Also, find the vector form of the equations so obtained.

Answer

Given: line passes through (1, 3, -2) and is parallel to the line

¥x+1 y—4 z+3
3 5 —6
To find: equation of line in vector and Cartesian form

Formula Used: Equation of a line is

Vector form: 3 — 3 + 2b

X _ ¥V, ZTE1 A

Cartesian form:
I:'J. I:'Z I:'E-

where 3 = x,i+vy,j+ Zlﬁ is a point on the line and | — b,i+b,j+ baﬁ is a vector parallel to the
line.
Explanation:

Since the line (say L1) is parallel to another line (say L), L1 has the same direction ratios as that of
L2

Here, 3 = 1+ 3] — 2k

Since the equation of L is

xX+1 y—4 z+3
3 5 -6

b = 3i + 5] — 6k



Therefore,

Vector form of the line is:

t= 1+3j— 2k+A(31+ 5] — 6k)
Cartesian form of the line is:

x—1 y—-3 z+2
3 5 -6

8. Question

Find the equations of the line passing through the point (1, -2, 3) and parallel to the line
X-6 y-2 z+7

-4 5

. Also find the vector form of this equation so obtained.

fad

Answer
Given: line passes through (1, -2, 3) and is parallel to the line
X—6 y—2 z+7

3 —4 5

To find: equation of line in vector and Cartesian form

Formula Used: Equation of a line is

Vector form:  — 3 + 2b

XXy _¥7Vy _Z7Z A

Cartesian form:
I:'J. I:'Z I:'E

where 3 = x,i+y,j+ ZIE is a point on the line and | — b,i+b,j+ baﬁ is a vector parallel to the
line.
Explanation:

Since the line (say L1) is parallel to another line (say Ly), L1 has the same direction ratios as that of
L2

Here, 3 = 1— 2+ 3k
Since the equation of L; is

X—6 y—2 z+7
3 -4 5

b = 3i — 4§ + 5k
Therefore,

Vector form of the line is:

t=1—2j+3k+A(31— 4§+ 5k)



Cartesian form of the line is:
¥x—1 y+2 z-—-3
3 -4 5

9. Question

Find the Cartesian and vector equations of a line which passes through the point (1, 2, 3) and is
-X—-2 y+3 2z-6

1 7 3

parallel to the line

Answer

Given: line passes through (1, 2, 3) and is parallel to the line

-X—2 y+3 22—6
1 7 3

To find: equation of line in Vector and Cartesian form

Formula Used: Equation of a line is
Vector form: ¢ — 3 + b

pies S e R S A
by bz ba

Cartesian form:
where 3 = x, i+ y,j+ ZIE is a point on the line and i — b,i+b,j+ baﬁ is a vector parallel to the
line.

Explanation:

Since the line (say L1) is parallel to another line (say Ly), L1 has the same direction ratios as that of
L2

Here, 3 =i+ 2j + 3k
Equation of L, can be rewritten as:

xX+2 y+3 z-—-3

-1 7 3
2
X+2 y+3 z-—-3
b = =
-2 14 3

b =—21+ 14 + 3k

Therefore,

Vector form of the line is:
I=1+2]+3k+A(-21+14j+3k)

Cartesian form of the line is:



¥x—1 y—2 z-—-3

-2 14 3

10. Question

Find the equations of the line passing through the point (-1, 3, -2) and perpendicular to each of the
X zZ X+2 -1 z+1

Iines_:E:—and :}r = .
1 2 3 -3 2 5

Answer

Given: line passes through (-1, 3, -2) and is perpendicular to each of the lines 1; = % = g and

x42 _y-1_ z+

-3 2 3

To find: equation of line in Vector and Cartesian form

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

Cartesian form: —= — = =A

where 3 — X, i+y,j+ zlﬁ is a point on the line and E =b,i+b,j+ bgﬁ is a vector parallel to the
line.

If 2 lines of direction ratios aj:az:a3 and by:by:b3 are perpendicular, then a;bi+asbs+azbz =0
Explanation:

Here, 3 = —1 + 3§ — 2k

Let the direction ratios of the line be by:by:b3

Direction ratios of the other two linesare1:2:3and-3:2:5

Since the other two line are perpendicular to the given line, we have

bi + 2by + 3b3 =0

-3bq + 2by + 5b3 =0

Solving,

by —b, bs
|2 31 |1 31 |1 2
2 5 -3 5 -3 2

by by by
;\._———_

4 —14 8

b, b, b,
= — = — = —



b = 2i — 7j + 4k

Therefore,

Vector form of the line is:

t= —i+3j—2k+ (21— 7] + 4k)
Cartesian form of the line is:

xX+1 y—-3 z+2
2 -7 4

11. Question

Find the Cartesian and vector equations of the line passing through the point (1, 2, -4) and

_  x-8 y+19 z-10 x-15 y+29 z-5
perpendicular to each of the lines = = and = = .

8 -16 7 3 8 -3

Answer

x—8 y+19 =2-10

Given: line passes through (1, 2, -4) and is perpendicular to each of the lines '? = m and

3 8 -3

x—15 y+29 Z—5

To find: equation of line in Vector and Cartesian form

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

Cartesian form: — = = =

where 3 — X, i+y, i+ zlﬁ is a point on the line and E =b,i+b,j+ bgﬁ is a vector parallel to the
line.

If 2 lines of direction ratios aj:az:a3 and by:by:b3 are perpendicular, then a;bi+asbs+azbz =0
Explanation:

Here, 3 =1+ 2] — 4k

Let the direction ratios of the line be by:by:b3

Direction ratios of other two linesare 8 : -16 : 7and 3 : 8 : -5

Since the other two line are perpendicular to the given line, we have

8by - 16by + 7b3 =0

3by + 8by - 5b3 =0

Solving,



by —b, b,
|—15 7 =|3 71 |8 —16|
g8 -5l I3 —5 3 8
_ by by by
24 61 112

b =241+ 61+ 112k

Therefore,

Vector form of the line is:

F=1+2]— 4k+A(241 + 617+ 112k)
Cartesian form of the line is:

x—1 y—2 z+4
24 61 112
12. Question

_ Xx—4 y+3 z+1 x —1
Prove that the lines ==

= and =

1 4 7 2

find the point of their intersection.

Answer

Given: The equations of the two lines are

x-4 y+3 z+l1 x—-1 v+1 z+10
1 4 7

-2
I
fad
(wa]

To Prove: The two lines intersect and to find their point of intersection.

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

X—X - Z—Z
Cartesian form: 1 ¥V _EE_j)
b, bz [

intersect each other and

where 3 = X, i+y, i+ ZIE is a point on the line and by : by : b3 is the direction ratios of the line.

Proof:
Let
x—4 y+3 z+1 2
T 4 7 1
¥x—1 y+1 z+10 A
2 -3 g 7




So a point on the first lineis (A1 + 4, 4A1 - 3, 7M1 - 1)

A point on the second line is (2A> + 1, -3A> - 1, 8A» - 10)
If they intersect they should have a common point.
M+4=20+1=2A -2 =-3..(1)

4N -3 =-3A3 -1 =4\ + 3\ = 2 ... (2)

Solving (1) and (2),

11\, = 14
14
)'-.Lz - E

3

Therefore, ), = —
11

Substituting for the z coordinate, we get

Ay - 1=""and 8, - 10 = —

11
So, the lines do not intersect.
13. Question
. X- y—2 z-3 x—4 vyv-1 , _
Show that the lines == = and == — 7 intersect each other. Also, find
2 3 4 5 2

the point of their intersection.
Answer

Given: The equations of the two lines are

x—-1 yv-2 z-3 Xx—4 vyv-1
= = = and ==
2 3 4 5 2

=Z

To Prove: The two lines intersect and to find their point of intersection.

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

X—X - Z—Z
Cartesian form: 1 ¥ V2 _ZE_ 3
b, by by

where 3 — X, i+y,j+ ZIE is a point on the line and by : by : b3 is the direction ratios of the line.

Proof:

Let

x—1 y—-2 z-3
2 3 4




x—4 y-—1

5 2
So a point on the first line is (2A1 + 1, 3A1 + 2, 421 + 3)

A point on the second line is (5A> + 4, 2A> + 1, Ay)
If they intersect they should have a common point.
2\{ + 1 =5A +4=>2A1 - 50 =3 ... (1)

B\ +2=2M + 123\ -2Ay = -1 ... (2)

Solving (1) and (2),

-11A =11

Ay = -1

Therefore, A1 = -1

Substituting for the z coordinate, we get

4\ + 3 =-1land Ay = -1

So, the lines intersect and their point of intersection is (-1, -1, -1)

14. Question

o xXx-1 vy+1 x+1 y-2 ,
Show that the lines == — 7 and == _7 = 2 do not intersect each other.

-2

Answer

Given: The equations of the two lines are

Xx—1 v+l1 x+]1] v-2

= :zand = _}_"::

3 5 1

-

To Prove: the lines do not intersect each other.

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

Nx
Cartesian form: = = =A
where 3 = X, i+y, i+ ZIE is a point on the line and by : by : b3 is the direction ratios of the line.

Proof:

Let




5 1
So a point on the first line is (2A1 + 1, 3A1 - 1, A1)
A point on the second lineis (5A> -1, Ay + 1, 2)
If they intersect they should have a common point.
2\{ + 1 =5A-1=22A1 -5 A =-2 .. (1)
BMi-1=M+1230-A=2..(2)

Solving (1) and (2),

-13A, = -10
10
‘;."2 —_— E
Therefore, }!Ll _ 33
65

Substituting for the z coordinate, we get

65
So, the lines do not intersect.
15. Question

Find the coordinates of the foot of the perpendicular drawn from the point (1, 2, 3) to the line

XxX—-6 y-7 z-7
== = _ Also, find the length of the perpendicular from the given point to the line.
3 2 —2

Answer

X—-6 yv-7 z-7

Given: Equation of line is
J’ 3 3

To find: coordinates of foot of the perpendicular from (1, 2, 3) to the line. And find the length of the
perpendicular.

Formula Used:

1. Equation of a line is

- x 'r
Cartesian form: = = =A

where 3 — X, i+y, i+ zlﬁ is a point on the line and by : by : b3 is the direction ratios of the line.

2. Distance between two points (x1, Y1, z1) and (X2, y2, z2) is

*-J'll(xl —X)2+ (¥ — ¥ )2 + (2, — 2,)?



Explanation:

Let

xX—6 y—7 z-—-7
3 2 2

So the foot of the perpendicularis (3A + 6, 2\ + 7, -2\ + 7)

=A

Direction ratio of the lineis 3 : 2 : -2
Direction ratio of the perpendicular is
>BA+6-1):(2A+7-2):(-2A+ 7 - 3)
=2 (BA+5): (2N +5): (-2A + 4)

Since this is perpendicular to the line,
B3BA+5)+2(2A+5)-2(-2A+4) =0
=>9A+154+4N+10+41A-8=0

= 17\ = -17

>A=-1

So the foot of the perpendicular is (3, 5, 9)

Distance — *'.M?’_ 1)2+(5—2)2+ (9 —3)2
=\V4+9+36

= 7 units

Therefore, the foot of the perpendicular is (3, 5, 9) and length of perpendicular is 7 units.

16. Question

Find the length and the foot of the perpendicular drawn from the point (2, -1, 5) to the line
x—-11 v+2 z+8

10 4 11

Answer

x-11 y+2 z+8

Given: Equation of line is =

10 4 11

To find: coordinates of foot of the perpendicular from (2, -1, 5) to the line. And find the length of the
perpendicular.

Formula Used:

1. Equation of a line is

Cartesian form: —= = = =A



where 3 = ity j+ ZIE is a point on the line and by : by : b3 is the direction ratios of the line.

2. Distance between two points (x4, Y1, z1) and (X3, y2, z2) is

‘\.n'lll(xl — X )2+ (yy — ¥ )2+ (2, — 2,)?
Explanation:
Let
x—11 y+2 z+8
10 -4 11
So the foot of the perpendicular is (10A + 11, -4A - 2, -11A - 8)

Direction ratio of the lineis 10 : -4 : -11
Direction ratio of the perpendicular is

= (10N +11-2): (-4A-2+ 1) : (-11A -8 - 5)
= (10A+9) : (4N -1) : (-11A - 13)

Since this is perpendicular to the line,

10(10A + 9) - 4(-4A - 1) - 11(-11A-13) =0

= 100A +90 + 16A +4 + 121A+ 143 =0

= 237N = -237

>A=-1

So the foot of the perpendicular is (1, 2, 3)

Distance — vf(l —2)24+ (24 1)2+ (3 -5)2
—Vit9+4
= V14 units

Therefore, the foot of the perpendicularis (1, 2, 3) and length of perpendicular is V14 units.

17. Question

Find the vector and Cartesian equations of the line passing through the points A(3, 4, -6) and B(5, -2,
7).

Answer

Given: line passes through the points (3, 4, -6) and (5, -2, 7)

To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b



Cartesian form: —= = = =A

where 3 = x,i+vy,j+ Zlﬁ is a point on the line and | — b,i+b,j+ baﬁ with by : by : b3 being the
direction ratios of the line.

Explanation:

Here, 3 = 31 + 4j — 6k

The direction ratios of the lineare (3-5): (4 + 2) : (-6 - 7)
=-2:6:-13

>2:-6:13

So, b = 21— 6§+ 13k

Therefore,

Vector form:

= 31+ 4§ — 6k + A(21 — 6] + 13k)

Cartesian form:

¥X—3 y—4 z+6
2 -6 13
18. Question

Find the vector and Cartesian equations of the line passing through the points A(2, -3, 0) and B(-2, 4,
3).

Answer
Given: line passes through the points (2, -3, 0) and (-2, 4, 3)
To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form: 3 — 3 + 2b

X _ ¥V, ZTE1 A

Cartesian form:
I:'J. I:'Z I:'E-

where 3 = x,i+vy,j+ Zlﬁ is a point on the line and | — b,i+b,j+ baﬁ with by : by : b3 being the
direction ratios of the line.

Explanation:

Here, 3 = 21 — 3j

The direction ratios of the lineare (2 + 2) : (-3-4) : (0 - 3)

=>4:-7:-3



=>-4:7:3
So, b = —4i + 7j + 3k
Therefore,

Vector form:
= 21— 3]+ A(—41 + 7] + 3k)

Cartesian form:

Xx—2 y+3 =z
-4 7 3
19. Question

Find the vector and Cartesian equations of the line joining the points whose position vectors are

(i-2j+k) ana (i+3)-2k).

Answer

Given: line passes through the points whose position vectors are (1 —2] —|—1{) and (1 +3]— 21{)_

To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is
—
Vector form: T=3a+2ib

XXy _¥7Vy _Z7Z A
by bo by

Cartesian form:
where 3 — X i+y,j+ ZIE is a point on the line and E =b,i+b,j+ baﬁ with by : by : b3 being the
direction ratios of the line.

Explanation:

Here, 3 =1— 2§+ k

The direction ratios of the lineare (1 -1) : (-2-3): (1 + 2)

=20:-5:3

=20:5:-3

So, b = —5j + 3k

Therefore,

Vector form:

F=1-2j+k+A(5] — 3k)



Cartesian form:
¥x—1 y+2 z-1
o 5 -3
20. Question

Find the vector equation of a line passing through the point A(3, -2, 1) and parallel to the line joining
the points B(-2, 4, 2) and C(2, 3, 3). Also, find the Cartesian equations of the line.

Answer

Given: line passes through the point (3, -2, 1) and is parallel to the line joining points B(-2, 4, 2) and
C(2, 3, 3).

To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form: # — 3 + 2b

XXy _¥7¥y _ Z7Z A

Cartesian form:
b, bz bg

where 3 = x,i+y,j+ ZIE is a point on the line and | — b,i+b,j+ b3E with by : by : b3 being the
direction ratios of the line.
Explanation:
Here, 3 = 3i — 2j + k
The direction ratios of the lineare (-2-2): (4-3):(2-3)
=>-4:1:-1
=4:-1:1
So,b=4i—j+k
Therefore,
Vector form:
r=31—2{+k+A4i—j+k)
Cartesian form:
x—3 y+2 z-1
4 -1 1
21. Question

Find the vector equation of a line passing through the point having the position vector (1 4+ jj — 31{)

and parallel to the line joining the points with position vectors (1 —1 —|—51{) and (]i +3]— 41{)_



Also, find the Cartesian equivalents of this equation.
Answer

Given: line passes through the point with position vector j + 2j — 3]; and parallel to the line joining
the points with position vectors § —§ + 5k and 2i + 3j — 4k.

To find: equation of line in vector and Cartesian forms

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

pies S e R S A

Cartesian form:
b, bs by

where 3 = x,i+y,j+ ZIE is a point on the line and j — b,i+b,j+ baﬁ with by : by @ b3 being the
direction ratios of the line.

Explanation:

Here, 3 = 1+ 2j— 3k

The direction ratios of the lineare (1 -2): (-1-3): (5 + 4)
>-1:-4:9

=>1:4:-9

So, b =1+ 4j — 9k

Therefore,

Vector form:

F=1+2]—3k+A(1+4)— 9k)

Cartesian form:

x—1 y—2 z+3
1 4 -9
22. Question

Find the coordinates of the foot of the perpendicular drawn from the point A(1, 2, 1) to the line
joining the points B(1, 4, 6) and C(5, 4, 4).

Answer

Given: perpendicular drawn from point A (1, 2, 1) to line joining points B (1, 4, 6) and C (5, 4, 4)

To find: foot of perpendicular

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b



Cartesian form: ——= = = =A

where 3 — X 0+y,j+ Zlﬁ is a point on the line and E =b,i+b,j+ baﬁ with by : by : b3 being the

direction ratios of the line.

If 2 lines of direction ratios aj:az:a3 and by:by:b3 are perpendicular, then aibi+asby+azbz = 0

Explanation:

B (1, 4, 6) is a point on the line.

Therefore, 3 =1 + 4j + 6k

Also direction ratios of the lineare (1 -5):(4-4) : (6 - 4)

=2-4:0:2

=2-2:0:1

So, equation of the line in Cartesian form is

¥x—1 y—4 zZ-6
-2 0 1

Any point on the line will be of the form (-2A + 1, 4, A + 6)

=A

So the foot of the perpendicular is of the form (-2A + 1, 4, A + 6)

The direction ratios of the perpendicular is

((2A+1-1):(4-2): (A+6-1)

= (-2\) :2: (A+5)

From the direction ratio of the line and the direction ratio of its perpendicular, we have
-2(-2\) + 0+ A+5=0

>4\ +A=-5

>A=-1

So, the foot of the perpendicular is (3, 4, 5)

23. Question

Find the coordinates of the foot of the perpendicular drawn from the point A(1, 8, 4) to the line
joining the points B(0, -1, 3) and C(2, -3, -1).

Answer
Given: perpendicular drawn from point A (1, 8, 4) to line joining points B (0, -1, 3) and C (2, -3, -1)

To find: foot of perpendicular

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b



Cartesian form: ——= = = =A

where 3 = x,i+vy,j+ Zlﬁ is a point on the line and | — b,i+b,j+ baﬁ with by : by : b3 being the
direction ratios of the line.

If 2 lines of direction ratios aj:az:a3 and by:by:b3 are perpendicular, then aibi+asby+azbz = 0
Explanation:

B (0, -1, 3) is a point on the line.

Therefore, 3 = —j + 3k

Also direction ratios of the lineare (0-2): (-1 +3): (3 + 1)

=>-2:2:4

=>-1:1:2

So, equation of the line in Cartesian form is

X yv+1 z-3
-1 1 2
Any point on the line will be of the form (-A, A - 1, 2A + 3)

So the foot of the perpendicular is of the form (-A, A - 1, 2A + 3)

The direction ratios of the perpendicular is

(-A-1):(A-1-8):(2AN+3-4)

S (A-1):(A-9): (2N -1)

From the direction ratio of the line and the direction ratio of its perpendicular, we have
-1-A-1)4+A-942(20-1)=0

>A+1+A-9+4A-2=0

= 6A =10

So, the foot of the perpendicular is (_?J

19
3

Wl | ka

24. Question

X+3 3
Find the image of the point (0, 2, 3) in the line — =

Answer



X2 :
Given: Equation of line is i =

To find: image of point (0, 2, 3)

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

pies S e R S A
by bz ba

Cartesian form:
where 3 = x, i+ y,j+ ZIE is a point on the line and j — b,i+b,j+ baﬁ with by : by @ b3 being the
direction ratios of the line.

If 2 lines of direction ratios aj:az:a3 and by:by:b3 are perpendicular, then a;bi+asby+azbz =0
Mid-point of line segment joining (X1, Y1, Z1) and (X2, y2, z2) is

(X1+Xz VitV z1"’32)
2 ! 2 ' 2

Explanation:
Let
X+3 y—-1 z+4
5 2 3
So the foot of the perpendicularis (5A -= 3, 2A + 1, 3A - 4)

The direction ratios of the perpendicular is
(5A-3-0):(2AN+1-2): (3A-4-23)
>BA-3):(2A-1): (BA-7)

Direction ratio of the lineis5: 2 : 3



o023

@

_T:r—i—?) y—1 x4
1 5 2 3
|
[
|
|
®(a By

From the direction ratio of the line and the direction ratio of its perpendicular, we have
5(56AM-3)+2(2A-1)+3(3A\-7)=0

=>25A-15+4A-2+9A-21=0

= 38\ = 38

>A=1

So, the foot of the perpendicularis (2, 3, -1)

The foot of the perpendicular is the mid-point of the line joining (0, 2, 3) and (q, B, Y)

So, we have

a+0 5 4
= — =

) (5

B+2 3 4
—_— b =

> B

+3
1IIIT=—:|_;"]-"= -5

So, the image is (4, 4, -5)

25. Question

x—-1 vy
Find the image of the point (5, 9, 3) in the line — =

Answer



X -.
Given: Equation of line is e =

To find: image of point (5, 9, 3)

Formula Used: Equation of a line is

Vector form: ¢ — 3 + b

pies S e R S A
by bz ba

Cartesian form:
where 3 = x,i+y,j+ ZIE is a point on the line and j — b,i+b,j+ bgﬁ with by : by : b3 being the
direction ratios of the line.

If 2 lines of direction ratios aj:az:a3 and by:by:b3 are perpendicular, then a;bi+asbo+azbz =0
Mid-point of line segment joining (X1, Y1, Z1) and (X2, y2, z2) is

(X1+Xz VitV z1"’32)
2 ! 2 ' 2

Explanation:

Let

x—1 y—2 z-3
2 3 4

So the foot of the perpendicularis (2A + 1, 3A + 2, 4\ + 3)

=A

The direction ratios of the perpendicular is
A+ 1-5):(3A+2-9): 4N+ 3-3)
=>(2A-4): (BA-7) : (4N)

Direction ratio of the lineis2 : 3 : 4

5,9, 3)
-]
& 2

T;;.——!_y—z_z—‘;’
r 2 3 4
|

I

|

1

®{a B v



From the direction ratio of the line and the direction ratio of its perpendicular, we have
22N -4)+3(BA-7) +4(4N) =0

=>4\ -8+ 9N -21+16A =0

= 29\ = 29

>A=1

So, the foot of the perpendicularis (3, 5, 7)

The foot of the perpendicular is the mid-point of the line joining (5, 9, 3) and (q, B, Y)

So, we have

a+ 5 3 .
= —1 =
) (B
F+9 . .
_— — —
> p
+3
E—i——'==?':$ Y= 11

So, theimage is (1, 1, 11)
26. Question
Find the image of the point (2, -1, 5) in the line

r=(11i—2j-8k)+2(10i - 4j-11k)

Answer
Given: Point (2, -1, 5)
Equation of line = (111 — 27 —8k) + A (101 — 4§ — 11k)

. . x—11 x+2 x+8
The equation of line can be re-arrangedas — =— =—=7rT
10 -4 11

The general point on this line is

(10r + 11, -4r- 2, -11r - 8)

Let N be the foot of the perpendicular drawn from the point P(2, 1, -5) on the given line.
Then, this point is N(10r + 11, -4r - 2, -11r — 8) for some fixed value of r.

D.r's of PN are (10r + 9, -4r - 3, -11r - 3)

D.r.s of the given line is 10, -4, -11.

Since, PN is perpendicular to the given line, we have,

10(10r + 9) - 4(-4r - 3) - 11(-11r-3) =0



100r + 90 + 16r + 12 + 121r+ 33 =0

237r = 135

133
237

r =

Then, the image of the point is

a— 11 0 p+2 11,f+3
-1 7 79

Therefore, the image is (0, 5, 1).

1

Exercise 27B

1. Question

Show that the points A(2, 1, 3), B(5, 0, 5) and C(-4, 3, -1) are collinear.
Answer

Given -

A= (2,1,3)

B = (5,0,5)

C=(-4,3,-1)

To prove - A, B and C are collinear

Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by
((5-2),(0-1),(5-3))

=(3,-1,-2)

Similarly, the direction ratios of the line BC can be given by
((-4-5),(3-0),(-1-5))

=(-9,3,-6)

Tip - If it is shown that direction ratios of AB=A times that of BC , where A is any arbitrary constant,
then the condition is sufficient to conclude that points A, B and C will be collinear.

So, d.r. of AB
=(3,-1,-2)
=(-1/3)X(-9,3,-6)
=(-1/3)Xd.r. of BC

Hence, A, B and C are collinear



2. Question

Show that the points A(2, 3, -4), B(1, -2, 3) and C(3, 8, -11) are collinear.
Answer

Given -

A= (2,3,-4)

B =(1,-2,3)

C = (3,8,-11)

To prove — A, B and C are collinear

Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by
((1-2),(-2-3),(3+4))

=(-1,-5,7)

Similarly, the direction ratios of the line BC can be given by
((3-1),(8+2),(-11-3))

=(2,10,-14)

Tip - If it is shown that direction ratios of AB=A times that of BC , where A is any arbitrary constant,
then the condition is sufficient to conclude that points A, B and C will be collinear.

So, d.r. of AB

=(-1,-5,7)

=(-1/2)X(2,10,-14)

=(-1/2)Xd.r. of BC

Hence, A, B and C are collinear
3. Question

Find the value of A for which the points A(2, 5, 1), B(1, 2, -1) and C(3, A, 3) are collinear.
Answer

Given -

A=(2,51)

B =(1,2,-1)

C=(3,A3)

To find — The value of A so that A, B and C are collinear



Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by
((1-2),(2-5),(-1-1))

=(-1,-3,-2)

Similarly, the direction ratios of the line BC can be given by
((3-1),(A-2),(3+1))

=(2,\-2,4)

Tip - If it is shown that direction ratios of AB=a times that of BC , where A is any arbitrary constant,
then the condition is sufficient to conclude that points A, B and C will be collinear.

So, d.r. of AB
=(-1,-3,-2)
=(-1/2)X(2,A-2,4)
=(-1/2)Xd.r. of BC

Since, A, B and C are collinear,

1
= A—2=6
= A =28

4. Question

Find the values of A and u so that the points A(3, 2, -4), B(9, 8, -10) and C(A, p -6) are collinear.
Answer

Given -

A = (3,2,-4)

B =(9,8,-10)

C = (A\H,-6)

To find - The value of A and p so that A, B and C are collinear

Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by
((9-3),(8-2),(-10+4))
=(6,6,-6)



Similarly, the direction ratios of the line BC can be given by
((A-9),(p-8),(-6+10))
=()\-9I|"‘|-8I4)

Tip - If it is shown that direction ratios of AB=a times that of BC , where A is any arbitrary constant,
then the condition is sufficient to conclude that points A, B and C will be collinear.

So, d.r. of AB
=(6,6,-6)
=(-6/4)X(-4,-4,4)
=(-3/2)Xd.r. of BC

Since, A, B and C are collinear,

3
--—5[1—9)=6
>A—9=—4
= A=5
And,
.-.—g(u—ﬂ)zﬁ
= u—8=—4
= A=4

5. Question

Find the values of A and p so that the points A(-1, 4, -2), B(A, p 1) and C(0, 2, -1) are collinear.
Answer

Given -

A=(-1,4,-2)

B=(\u1)

C =(0,2,-1)

To find — The value of A and p so that A, B and C are collinear

Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by

((A+1),(u-4),(1+2))

=()\+1I|J_4I3)



Similarly, the direction ratios of the line BC can be given by
((0-A),(2-p),(-1-1))
=(-)\12-|JI-2)

Tip - If it is shown that direction ratios of AB=a times that of BC , where A is any arbitrary constant,
then the condition is sufficient to conclude that points A, B and C will be collinear.

So, d.r. of AB

=(A+1,u-4,3)

Say, a be an arbitrary constant such that d.r. of AB = a X d.r. of BC
So, 3 =aX (-2)

i.e.a=-3/2

Since, A, B and C are collinear,

a—gﬁdj=l+1
= 3A=2A+2

= A=2

And,

3
m——(2—W=p—4
2( W =u

= —6+30=2u1—8
> pu=-—-2
6. Question

(—Qi -|—j — 41{) respectively. show that the points A, B and C are collinear.

Answer

C=—9i+j— 4k
It can thus be written as:

A = (-4,2,-3)



B = (1131'2)
C=(-91,-4)
To prove — A, B and C are collinear

Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by
((144),(3-2),(-2+3))

=(5,1,1)

Similarly, the direction ratios of the line BC can be given by
((-9-1),(1-3),(-4+2))

=(-10,-2,-2)

Tip - If it is shown that direction ratios of AB=A times that of BC , where A is any arbitrary constant,
then the condition is sufficient to conclude that points A, B and C will be collinear.

So, d.r. of AB
=(5,1,1)
=(-1/2)X(-10,-2,-2)
=(-1/2)Xd.r. of BC

Hence, A, B and C are collinear

Exercise 27C

1. Question

Find the angle between each of the following pairs of lines:

.

r=(31+]-2k)+%(i—j-2Kk)and r=(2i-j—5k)+u(31-5]-4k)
Answer

Given - I, = (3i+§— 2k) + A(i—j—2k)

&L, = (21 —j— 5k) + u(31 — 5] — 4k)

To find — Angle between the two pair of lines

Direction ratios of Ly = (1,-1,-2)

Direction ratios of Ly, = (3,-5,-4)



Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

I I I
angle between these pair of lines is given by cgg—1 axa +bxb texe

—
| 2z 2 1
qaz+|:|2+c2><\,'a’ +b' " +c’

The angle between the lines

R (1 X3+ (—1) % (=5) +(—2) x (—4))
V12 + 12 + 224/32 + 52 + 42

2. Question

Find the angle between each of the following pairs of lines:

r=(31-4j+2k)+21(1+3k) and 1 =51+p(-1+]j+k)

Answer

Given - ] — (31— 4j + 2k) + A(i + 3k)

&L, = (50) + p(-i+j+ k)

To find — Angle between the two pair of lines

Direction ratios of L; = (1,0,3)

Direction ratios of L, = (-1,1,1)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa' +bxb’+cxc’
—

I 2 z 2
w‘32+bz+cz><\||3’ +b' "+’

angle between these pair of lines is given by ¢gg—1

The angle between the lines

1x(—-1)+0x1+3x1
= cos™ !
V12402 + 32412 +12 4+ 12

4 (—1 + 3)
= COS

V10y

Wl



2
= cos™? (—)
v/ 30

cos 1 @
15

3. Question

Find the angle between each of the following pairs of lines:

;o . ¢ e

r=(i-2j)+x(21-2j+k)and r =3k +p(i+2j-2k)

Answer

Given - [ = (i—2f) +A(2i — 2]+ k)

&L, = (3k) + p(i + 2§ — 2k)

To find - Angle between the two pair of lines

Direction ratios of L1 = (2,-2,1)

Direction ratios of Ly, = (1,2,-2)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

r r r
angle between these pair of lines is given by rpg—2 axa +bxb texe

—
Va*+b2+c? :>c\,'a’z+lzu’z+|::’z
The angle between the lines

ﬂ(2x1+ﬂ}2)x2+1x(—3)
Cos
V22 + 22 + 12412 4 22 4 22

_1(2—4—2)
= CO3 B —

3X3

4
—_ _1 I
cos ( 9)

4. Question

Find the angle between each of the following pairs of lines:

x-1 yvy-4 z-5 X+3 y—-2 z+5
= = — and = = -
1 1 2 3 3 4
Answer
Given—]_,_; _ ¥1_y+4_ z-5
1 1 2



& E_’ _ X3 _y—2  zho

To find - Angle between the two pair of lines

Direction ratios of L1 = (1,1,2)

Direction ratios of L, = (3,5,4)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

axa +bxb +exc’

angle between these pair of lines is given by ¢gg—2

—
e 9 = 2z 4 2z
\f-az+h2+c2>(\,'a’ +b' " +c’

The angle between the lines

_1( 1X3+1x5+2x4 )
co
V124 12 4+ 224/324 52 4 42

_1(3+5+8)
= COos I ——
M@X\-’E

_ -1 83
= cos 15

5. Question

Find the angle between each of the following pairs of lines:

x-4 y+1 z-6 X-3 2y+3 z-3
= = — and o il —
ul ul 5 1 -2 1
Answer
Given-]_,_;:ﬂ:}'—ﬂzz;ﬁ
4 3 a3

QT x-5 _ y+°/5  z-3
L, ==Y 238
1 1 1

To find - Angle between the two pair of lines

Direction ratios of L; = (4,3,5)

Direction ratios of L, = (1,-1,1)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

r r I
angle between these pair of lines is given by cgg=2 axa +bxb texc

—
e 9 = 2z 2 2
\,-a2+b2+::2><\,'a’ +b" " +c’

The angle between the lines



_1( 4x1+3x(-1)+5x1 )
V42 +32+ 5212+ 12 4 12
_ 1(-‘-} 3+5)
5

cos (5 75)
5\.@
_ -1 2Ve
= coS 1

6. Question

Find the angle between each of the following pairs of lines:

3—-Xx v+5 1-z X l-yv z+2

= = — and —_ = T =
-2 1 3 3 -2 —1
Answer
leen—]_,l=—3=3"—+:‘=z;1

2 1 -3

&]::f:}'__lzﬂ

3 2 -1

To find — Angle between the two pair of lines

Direction ratios of L1 = (2,1,-3)

Direction ratios of Ly = (3,2,-1)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa' +bxb'+exd’
——

M e 27 = 2 2 2
w"az+b2+c2><\|'a’ +b' " +c!

angle between these pair of lines is given by ¢ps—1

The angle between the lines

_1(2><3+1><2+(—3) X (—1))
= COo
V22 +12 + 32432422 4 12

d(6+2+3)
= COS —_—
w"ﬁ * \-"ﬁ

_1(11)
=cos | —
14

7. Question

Find the angle between each of the following pairs of lines:



Answer

- _> -r
leen—L:L = —=% = —
1

— -
2 4

(AT ]

To find — Angle between the two pair of lines

Direction ratios of L1 = (1,0,-1)

Direction ratios of Ly, = (3,4,5)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa' +bxb’+cxc’
——

e 12 = z z 2
\,-az+b2+c2><u'a’ +b' "+’

angle between these pair of lines is given by ¢gs—1

The angle between the lines

_1( 1x3+0x4+(—-1)x5 )
= C0

V12402 + 124/32 + 42 4+ 52

_1( 3—5 )
= COS — =
5\-@)(\-"5

1
— -1
= cos (5)

8. Question

Find the angle between each of the following pairs of lines:

5—-x vyv+3 x-1 1-y z-5
= _z:‘jand = — =
3 —2 1 3 2
Answer
—3 -2 4]
&E:E:E:E
1 -3 2

To find — Angle between the two pair of lines
Direction ratios of L1 = (-3,-2,0)

Direction ratios of L, = (1,-3,2)



Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

I I I
angle between these pair of lines is given by cpg—1 axa +bxb texe

——
Va®+b2+c? :><\1,'51L’Z+I:|’z+::’z
The angle between the lines

. ((—3) X1+ (=2) x (=3)+0x 2)
= CO05
V32 + 22 + 02412 + 32 + 22

_1( —-3+6 )
= cos

m"ﬁx \.-"ﬁ

( )

9. Question

XxX—-3 vyv+1 z-2 X+2 v—4 z+5
Show that the lines == = and == = are perpendicular to each
2 -3 4 2 4 2
other.
Answer
Given—]_,_; _ ¥3_yH_z-2
2 -3 4

& L—> X+2  y—4  EZ+3

2 2 a2
To prove — The lines are perpendicular to each other
Direction ratios of L1 = (2,-3,4)
Direction ratios of Ly = (2,4,2)
Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa' +bxb’+cxc’

angle between these pair of lines is given by ¢gs—1

—_—
VaZ+b2+c? :><\J'a’2+|:|’z+:::’2
The angle between the lines

_1( 2x2+(-3)x4+4x%x2 )
= C0
V22432 + 42422 + 42 4 22

_1(4— 12+3)
= COs B

\.@K \-"ﬂ
= cos~1(0)



Hence, the lines are perpendicular to each other.

10. Question
x-1 y-2 z-3 x-1 v-1 6-z
If the lines = = and == = are perpendicular to each other
—3 27 2 34 1 3

then find the value of A.
Answer

- — x—1 y-2 Z—3
Given - - T - _sL=_z=

L,y -3 2 2

T x—1 y—1 Z—6
& = L ==

L, 3A 1 -5

To find — The value of A

Direction ratios of L1 = (-3,2A,2)

Direction ratios of Ly = (3A,1,-5)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa’ +hxb +exe’

angle between these pair of lines is given by ¢pgs—1

—_—
JaZ+b2+4c? ><\J'a’z+l:|’z+::’2
Since the lines are perpendicular to each other,

The angle between the lines

_1( (—3) Xx3A+2Ax 1+ 2 x (=5) ) s
=+ CO - —
J32+ (22 +22,/(3h)2+12+52) 2

—9A + 2A—10 T
= cn:}s‘l( ) =—
V13 + 4224972 + 26 2
—7A—10 T
= cn:}s‘l( ) = —
V13 + 4224972+ 26/ 2

( —7A—10 ) T 0
= = C0S— =

V13 + 4224922 + 26 2

= —7A—10=10

2 10

= A=——
7

11. Question

Show that the linesx = -y =2zand x+ 2 =2y -1 = -2z + 1 are perpendicular to each other.



X Y z 2 ¥- / —
HINT: The given linesare —_=_~-_ —_ and X< i 2 z—1
- _M '

Answer

. ,
Given - L, = E_¥ _
2 2

To prove — The lines are perpendicular to each other

Direction ratios of L1 = (2,-2,1)

Direction ratios of Ly, = (2,1,-2)

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa' +bxb'+exd’

angle between these pair of lines is given by ¢ps—1

T 1= = 2 2 2
~,..'32+|:|2+::2><,\||a" +b' "+’

The angle between the lines

_1(2><2+(—2)>< 1+1x (—2))
= COs
V22 422 + 124124+ 12 4 22

4(4_2_2)
=c05s | ————
w@)( \-’ﬂ
= cos~1(0)

11
S 2

Hence, the lines are perpendicular to each other.

12. Question

Find the angle between two lines whose direction ratios are
i.2,1,2and 4,8, 1

ii. 5,-12,13and -3, 4, 5

iii. 1, 1, 2 and (\E—l).(— 3 —1}.4

iv.a,b,cand (b-c), (c-a), (a-b)

Answer

(i): Given - Direction ratios of L1 = (2,1,2) & Direction ratios of L, = (4,8,1)

To find - Angle between the two pair of lines



Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

I I I
angle between these pair of lines is given by cpg—1 axa +bxb texe

Vat+bZ+c? x \,'

a +I:|’ +::
The angle between the lines

-1

2X4+1x8+2x1
(f22+ 12 4+ 22 f4?+8?+12)
1(8+8+2)

3x9
oz

7

-1

2
— e
cos (3)

(ii): Given - Direction ratios of L1 = (5,-12,13) & Direction ratios of L, = (-3,4,5)
To find - Angle between the two pair of lines

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

axa' +bxb'+cxc’

angle between these pair of lines is given by cpg—1

Mo - o 2 2
1,,33+I:|2+::2><\,' b e

The angle between the lines

_1 (5 X (—3) + (—12) X 4 + 13 X 5)
= CO05
VB2 + 122 + 132432+ 42 + 52

_1( 15—4a+55)
= CO0Ss
1342 x 52
-3
130
_ -1
cos~*(g3)

(iii) Given - Direction ratios of L; = (1,1,2) & Direction ratios of L, = (V3-1,-V3-1,4)
To find - Angle between the two pair of lines

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c") be that of the second, then the

I I I
angle between these pair of lines is given by cpg—1 axa +bxb texe

T m am = z 2
1,,33+I:|2+::2><\,' EF Y

The angle between the lines



. Ix(V3-1)+1x(—/3-1)+2x4

= COS

VIZF 12+ 22\/(\5— 1)° +(=V3-1)" + 42

_l(w@—l—y@—l-l-ﬂ)
Cas
VO

[6+/24
1
= cc}s‘l(—)
2

(iv) Given - Direction ratios of L; = (a,b,c) & Direction ratios of L, = ((b-c),(c-a),(a-b))
To find — Angle between the two pair of lines
Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

axa’ +bxb +exe’

angle between these pair of lines is given by ¢pg~1

| 2 4 2
gaz+l:|2+c2><u'a’ +b’ 4+’

The angle between the lines

cus‘l( ax(b—c)+bx(c—a)+cx(a—h) )
VaZ+bZ +c2/(b—c)2+ (c—a)2+ (a—b)>2

0
= cus‘l( )
VaZ+b2 +c2/(b—c)2+ (c—a)2 + (a—b)>2

= cos~1(0)

SN

13. Question

If A(1, 2, 3), B(4, 5, 7), C(-4, 3, -6) and D(2, 9, 2) are four given points then find the angle between
the lines AB and CD.

Answer
Given -

A= (1,2,3)
B = (4,5,7)
C = (-4,3,-6)

D = (2,9,2)



Formula to be used - If P = (a,b,c) and Q = (a’,b’,c’),then the direction ratios of the line PQ is given
by ((a"-a),(b’-b),(c’-c))

The direction ratios of the line AB can be given by
((4-1),(5-2),(7-3))

=(3,3,4)

Similarly, the direction ratios of the line CD can be given by
((2+4),(9-3),(2+6))

=(6,6,8)

To find - Angle between the two pair of lines AB and CD

Tip - If (a,b,c) be the direction ratios of the first line and (a’,b’,c’) be that of the second, then the

axa’ +bxb +exe’

angle between these pair of lines is given by ¢pg~1

ya?+b?+c? X‘JI b e’
The angle between the lines

-1

3X6+3x6+4x8 )
V32 + 32 +424/62 + 62 + 82

o<
1(18+—184—32)
(

V34 x 2434
_ -1
- cos 2><34)
=cos 11
=10

Exercise 27D

1. Question

Find the shortest distance between the given lines.

...... 1—(L+”+4J”1—J+k)

Answer

Given equations :

r=(0+7)+A21-7+k)



t=(21+7—k)+ (31— 5]+ 2k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

e

i+
b=b,i+b,j+bsk

then,
i § k
axb=[a; a, a;
b, by by

2. Dot Product :

If 3 & b are two vectors

-~

a=a,i+aj+azk
b =b,i+b,j+bsk

then,

a.b=(a;xb,)+(a, xb,)+ (azx bs)

3. Shortest distance between two lines :

The shortest distance between the skew lines T = a, + ;!Lb_l and
T = a, + Ab, is given by,

(b_1><b__2)-r::31__2_ 3_1)
|b1><b2|

d:

Answer :

For given lines,

r=(+§)+A2i-]+k)
t=(21+7—k)+ (31— 5]+ 2k)
Here,

_|_

—7

a_1=

o
(=]
Il
]
—
| -
—
_|_
e



3, =2i+j-k
_|_

b, = 3i — 5] + 2k
Therefore,
T ik
by xb,=|2 -1 1
3 -5 2

=i(-2+5)—j(4—3) +k(-10+3)
~b,xb,=31—j— 7k

= |by xby| =32+ (-1)2 + (—7)2
—Vo9T1+49

=59

L-a,=02-1i+(1-1Dj+(-1-0)k
~3,—a,=1+0j—k

Now,

(by xb,).(3; —a) = (3i—j~7k).(i+ 0j — k)
=@BxD+((=Dx0)+((=7)x (1)

=3+0+7

=10

Therefore, the shortest distance between the given lines is

(b_lxb__z).(:;l__z— 3_1)
|b1><b2|

10
rd=|=

2. Question

Find the shortest distance between the given lines.

.~

L4f+4j+ﬁy+lﬁ+j—k}
-

Answer

I

n

1-8)-3k)+p(21+3)+3Kk)

’,J..I

I



Given equations :

e

t=(—41+4+k) +Ai+]-k)
t = (—31— 8 —3k) + (21 + 3 + 3k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

-~

a=a,i+a,j+azk

i+
b =b,i+b,j+byk

then,
i 5k
ﬁXbZHI 32 ag
by by b,

2. Dot Product:

If 3 & b are two vectors

-

a=a,l+a,j+azk
b =b,i+b,j+byk
then,

3. Shortest distance between two lines :

The shortest distance between the skew lines 7 = a, + }Lb_l and

T=a.4+ }Lb_z is given by,

(by xb,).(a3; — &)

d= =/ -
|b1><b2|

Answer :

For given lines,
t=(—41+4+k) +Ai+]-k)
t = (—31— 8] —3k) + p(2i + 3j + 3k)

Here,



L =—4+45+k
L =1+]—k
a, = —3i—8j— 3k

b, = 2i + 3j + 3k

Therefore,

R U B

b, xb,=|1 1 -1
2 3 3

=i(3+3)—-j(3+2)+k(3-2)

~by xb, =61 —5]+k

-~ [by xb,| =62+ (—5)2 + 12

v36+25+1

=62

3, -a4,=(-3+4)i+(-8-4)j+(-3-1Dk

@ - =1- 12— 4k

Now,

(by xb,).(3; —a;) = (61— 5+ K) . (1 — 12j — 4K)
=(6x 1)+ ((—=5) x (—12)) + (1 x (—4))
=6+60-4

= 62

Therefore, the shortest distance between the given lines is

(b_1><b__2)(a__2_ 51_1)
by xb,|

q | 62
T ez
d = /62 units

3. Question

Find the shortest distance between the given lines.



r=(1+2]+3k)+2(1-3)+2k).
f:(4i+5j+6ﬁ}+p(lf+33+ﬁ}
Answer

Given equations :

t=(1+2f+3k)+A(1- 3]+ 2k)
= (41 + 5] + 6k) + p(21 + 3 + k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

e

i+
b=b,i+b,j+bsk

then,
i § k
axb=(a; a, a
b, by by

2. Dot Product :

If 3 & b are two vectors

-~

a=a,i+aj+azk
b =b,i+b,j+bsk

then,

a.b=(a;xb,)+(a, xb,)+ (azx bs)

3. Shortest distance between two lines :

The shortest distance between the skew lines T = a, + ;!Lb_l and
T = a, + Ab, is given by,

(b_1><b__2)-r::31__2_ 3_1)
|b1><b2|

d:

Answer :



For given lines,
t=(1+2j+3k)+A(1— 3]+ 2k)

t = (41 + 5] + 6k) + p(21 + 3§ + k)

Here,
1, =1+ 2]+ 3k
b, =1—3j+ 2k

b, =2i+3j+k

Therefore,

R P R B

by Xb,=11 -3 2
2 3 1

—i(—-3—-6)—j(1—4) +k(3+6)

»b; x b, = —91+ 3j + 9k

- [by xb,| = /(—9)2 + 32 + 92

=+81+9+81

=171

3, —a,=(4—1i+(5-2)j+(6—-3)k

~ a4, —a, =31+ 3]+ 3k

Now,

(by xb,).(a3; —a;) = (—91+ 3 + 9k) . (31 + 37 + 3k)
=((—9)x3)+(3x3)+(9x3)

=-27+4+9+ 27

=9

Therefore, the shortest distance between the given lines is

(by xb,).(a3; — &)
b, x b,

9

V171

a-]




9
4=
cd=—

N
od= 3V19
19

4. Question

Find the shortest distance between the given lines.
r= (1+”J+k)+¢(1—1+1{)

—_ v . s

r=(2i-j- 1::]+.u('2in+_“i+21;:).

Answer

Given equations :

r=(1+21+k)+Ai-j+k)
t=(21—7—k)+p(21+]+2k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors
a=a,i+a,j+ak

b =b,i+b,j+bsk

then
i 5k
ﬁxb=al az ag
b; by b

2. Dot Product :

If 3 & b are two vectors



ab=(a; xb,)+(a, xb,)+ (agxby)
3. Shortest distance between two lines :
The shortest distance between the skew lines T

a, + ;!Lb is given by,

_|(®Byxb,) (& — &)
|b1><b2|

Answer :

For given lines,
r=(1+2{+k)+A(i—-§+k)
r=(21—7—k)+ n(2i+7+2k)

Here,
a=1+2j+k

b, =i—-j+k
=2i—j-k

cH

b, =2i+j+ 2k

Therefore,

]t ik

b; xb -1 1
2 1 2

=i(-2-1)—-j(2-2) +k(1+2)

~b; xb, = -3+ 0j + 3k

- [by xb,| = /(—3)2 + 02 + 32

v9+0+9

=18

3V2

L—a,=02-1Di+(-1-2)j+ (-1 -1k

~3, —a; =1—3j— 2k

Now,

1, + b, and



(by xb,). (37 — &) = (—31+0j + 3k) . (1 — 3] — 2k)
=((—3)x 1) +(0x (=3))+ (3% (—2))
=-3+0-6

=-9

Therefore, the shortest distance between the given lines is

(by xb,).(a; — a@)

|by x b, |

==Lqﬁ
3
ad=—
V2

342

P
2

5. Question

Find the shortest distance between the given lines.

r=(i+2)-4k)+2(21+3)+6k).

Lid

r=(31+3j-5k)+p(-2i+3)+8k).

Answer

Given equations :

t=(1+2]— 4k) + A(21+ 3] + 6k)
= (31 +3j — 5k) + p(—2i + 3§ + 8k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors



i 5k
ﬁ X b = al 32 ag
by by b

2. Dot Product :

If 3 & b are two vectors

a=a,ita,j+ask
E = blT—i_ b2T+ bgk
then,

ab=(a; xb;)+(a, xb,)+ (agxb;)
3. Shortest distance between two lines :

The shortest distance between the skew lines 7 = a, + }Lb_l and

+ }Lb_z is given by,

2
(b_l;"':b__z)-(a__z_ 3_1)
|b1><b2|

F=

Answer :

For given lines,
t=(i+2j— 4k) + A(2i+ 3] + 6k)

= (31 + 3] — 5k) + p(—2i + 3§ + 8k)

b, = —2i +3j + 8k
Therefore,

k
6
8

g
2 3
-2 3
=1(24 —18) —j(16 + 12) + k(6 — 6)

= b, x b, = 61— 28j + 0k



- [by xb,| = /62 + (—28)2 + 02

=36+ 784 +9

=820

L, —a,=(3—1i+(3—2)j+(-5+ 4k

3, —a,=21+j-k

Now,

(by xb,) . (37 — &) = (61— 28j + 0k) . (21 +] - k)

=(6x2)+((—28)x1)+(0x(-1))

=12-28+0

=-16

Therefore, the shortest distance between the given lines is

(byxb,) (% — &)
by x b, |

=

v820

~d=

16

d= units
v 820

6. Question

Find the shortest distance between the given lines.

I

(61+3k)+2(21-j+4k).

r=(-9i+j-10k)+p(41+j+6k).

Answer

Given equations :

t = (61 +3k) +A(21 — ]+ 4k)
t=(—91+7—10k) + p(4i+7 + 6k)
To Find : d

Formula :

1. Cross Product:



If 3 & b are two vectors

then,
_ i ] k
ﬁXb= al ag ag
by by by

2. Dot Product :

If 3 & b are two vectors

3. Shortest distance between two lines :

The shortest distance between the skew lines 7 = a, + ;!Lbl and

T = 3, + Ab, is given by,

2
(b_1><b__2)(a__2_ 51_1)
by xb,|

Answer :

For given lines,
r = (61+3k) +A(21—j+ 4k)

F=(—91+7—10k) + p(4i+j + 6k)

Therefore,



i j k
2 —1 4
4 1 6

=i(—6—4)—j(12—16) +k(2+4)

~b, xb, = —10i+ 4] + 6k

- [by xb,| =/(-10)2 + 42 + 62

=+/100 + 16 + 36

=152

L —a,=(-9-6)i+(1-0)j+ (6— 3)k

23, —a; = —151+j+3k

Now,

(by xb,).(@ — &) = (—101+ 4§ + 6k) .(— 151 +§ + 3k)

=((—10)x (—15))+ (4 x 1)+ (6x 3)

=150 + 4 + 18

=172

Therefore, the shortest distance between the given lines is

(by xb,) (3 — &)
by x|

172
V152

~d=|

172
2\-’%

L 86
RVET:

86 ]
d = — units

V38

7. Question

Find the shortest distance between the given lines.

m~

r=(3-t)i+(4+2t)]+(t-2)k.



(1+s)1+( )]+( -2)k.

Given equations :

F=(3-10i+ (4+20j+(t—2)k
T=(1+s)i+(3s—7)j+ (2s—2)k
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

then,
_ 1] k
ﬁXbZ al az 3'3
by by b,

2. Dot Product:

If 3 & b are two vectors

a=aita ]+agf{
b =b,i+b,j+byk
then,

ab=(a; xb;)+(a, xby)+ (agxby)

3. Shortest distance between two lines :

The shortest distance between the skew lines

r=a, + lb is given by,

_|(®Byxb,) (& — &)
|b1><b2|

Answer :

Given lines,

F=(3-0i+ (4+20j+ (t—2)k

7, +Ab; and



F=(1+5s)i+(3s—7)j+ (2s—2)k

Above equations can be written as
= (31+4)—2k)+t(-1+2j+k)
t=(1—7j— 2k) +s(i+ 3]+ 2k)

Here,

Therefore,

|t 7k

by Xb,=|-1 2 1
1 3 2

=1(4-3)—j(-2—-1) +k(-3-2)

= by xb, =1+ 3j— 5k

o [by xb,| = /12 + 32 + (—5)2

Vv1i+9+25

=35

L —a,=(1-3)i+(—7-4)j+(—2+2)k

na; —d; =—21—11j + 0k

Now,

(by xb,).(a; —a;) = (i+ 37— 5k).(—2i — 11j + 0k)
= (1 x(=2))+(3x (=11)) + ((=5) x 0)
=-2-33+0

=-35

Therefore, the shortest distance between the given lines is

(b_l;"':b__z)-(a__z_ 3_1)
|b1><b2|




d |—35
R NETS
~d=+35

d = V35 units
8. Question

Find the shortest distance between the given lines.

r=(A-1)i+(r+1)j—(A+1)k.
r=(1-p)i+(2u-1)j+(n+2)k.
Answer

Given equations :

F=A-Di+A+1j— A+ DK
F=(1-pi+2u-10Dj+ (p+ 2)k
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

-

a=a,l+a,j+azk

i+
b =b,i+b,j+ b,k

then,
i)k
ﬁx.b=al 32 ag
by by by

2. Dot Product:

If 3 & b are two vectors

b —b,i+b,j+b,k
then,



3. Shortest distance between two lines :

The shortest distance between the skew lines 7 = a, + ;!Lb_l and

a, + Ab, is given by,

(b_1><b__2)-r::31__2_ 3_1)
|b1><b2|

r

d:

Answer :

Given lines,
r=(A-Di+A+Dj— A+ Dk
F=(1-wi+@2u-10Dj+ (n+2)k
Above equations can be written as
r=(-1+j-k)+Ai+j—k)

t=(1—j+2k)+s(-i+2]+k)

Here,

L, =—-1+j—k
b, =1+j—k
A, =1—j+2k

=

[ ==
I
=

=i(1+2)-j(1-D+k(2+1)

~by xb, = 31— 0j + 3k

by xbz| = V32 +02 + 32

=v9+0+9

)

W

b3]

L—a,=(1+1i+ (-1 -1j+ (2+ 1k



(by xb,).(a3; —a;) = (31— 0§+ 3k) . (21 — 2] + 3k)
=(3x2)+(0x(-2))+(3x3)

6+0+9
=15
Therefore, the shortest distance between the given lines is

(EXE)-@_ 3_1)
|b1><b2|

; |15
o I3y2

9. Question

m~

Compute the shortest distance between the lines T = ( 1— J) + }-_( 21 —]-,{) and

n

I = ( 21— J} +1 (1 —j — 1{) Determine whether these lines intersect or not.

Answer

Given equations :

r=(1—-§)+A2i-k)
F=Qi-D+u(i-7—k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

a=a,i+a,j+ask



b =b,i+b,j+bsk

then,
i 5k
ﬁxb=al az ag
b, b, b,

2. Dot Product :

If 3 & b are two vectors

3. Shortest distance between two lines :

The shortest distance between the skew lines 17 = a, + }Lb_l and
T = a, + Ab, is given by,

(by xb,).(a; — &)

d= =7 -
|b1><b2|

Answer :

For given lines,

r=({-)+A21-k)

Here,

n=1-]

b, =2i—k

3= 2]

b,=i—j—k

Therefore,

_ |17 K

b;xb,=12 0 -1
1 -1 -1

=1(0-1)—j(-2+1) +k(-2-0)



~b; xb, =—-1+j-2k

= [by xb,| = /(—1)2+ 12 + (—2)2

vi+1+4

L—a,=02-1Di+(-1+1j+(0-0)k

. a4, —a, =1+ 0j+ 0k

Now,

(by xb,). (& — &) = (-1 +7—2k).(i+ 0j + 0k)

=((-1)x1)+(1x0)+((—-2)x0)

=-14+40+0

=-1

Therefore, the shortest distance between the given lines is

(by xb,) (3 — &)
by x b, |

d = — units

Asd #0
Hence, the given lines do not intersect.

10. Question
Show that the lines T = (31 —15j+ 9Kk )+ (2i—7j+5k). and 1 =(-i+j+9k)+p
(Zi +]- 31{.) do not intersect.

Answer

Given equations :




= (31 — 15] + 9k) + A(21 — 7j + 5k)
= (—1+7+9k) +p(2i+7—3k)

To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

a=a,l+a ]+agf{

then
i 5k
ﬁXbZHI 32 ag
b, b, b,

2. Dot Product:

If 3 & b are two vectors

a=aita J+agf{

b =b,i+b,j+bsk

then,

a.b=(a; xby)+(a, xby)+ (agxby)

3. Shortest distance between two lines :

The shortest distance between the skew lines 7 = a

T=a,+ lb is given by,

(b xb ) (a; — ay)
|b1><b2|

Answer :

For given lines,
T = (31 — 15] + 9k) + A(21 — 7j + 5k)
t=(—1+j+9k)+p(2i+j—3k)

Here,

+ Ab, and



Therefore,

|t 7k

by Xb,=|2 -7 5§
2 1 =3

—i(21-5) —j(—6 — 10) + k(2 + 14)

= by, xb, = 171 + 16j + 16k

= [by xb,| =4/172 + 162 + 172

=1/289 + 256 + 289
/834

L —a,=(—1-3)i+(1+15)j+ (9—9)k

~ 3, —a; = —41i+ 16] + 0k

Now,

(by xb,).(35 — &) = (171 + 16§ + 16k) . (—41 + 16]+ 0k)
= (17 x (—4)) +(16x 16) + (16 x 0)

=-68+256+0

= 188

Therefore, the shortest distance between the given lines is

(b, xb;).(x; - &)
|b1><b2|

Hence, the given lines do not intersect.

11. Question



Show that the lines T = (21 —31;) + A (1 +2] +31::) and T = (21 +6j +31::) + 10
(21 -|-3ji-|—4£;)intersect.

Also, find their point of intersection.
Answer

Given equations :

r= (21 —3k) +A(i+ 2j+ 3k)

t = (21 + 6] + 3k) + p(21 + 37 + 4k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

b=b,i+b,j+bsk

then,
_ i j k
ﬁXb= al ag ag
by by by

2. Dot Product :

If 3 & b are two vectors

then,
3. Shortest distance between two lines :

The shortest distance between the skew lines T 1, + lb and
=a, + }Lbz is given by,

(by xb,).(a3; — &)

d=
by xb,|




Answer :

For given lines,
t= (21 —3k)+ A1+ 2j+ 3k)

t = (21 + 6§ + 3k) + p(21 + 3§ + 4k)

Here,
5, = 21— 3k
b, =1+2j+ 3k

T, =21+ 6§+ 3k

b, = 2i + 3j + 4k

Therefore,

R P B

by Xb,=1|1 2 3
2 3 4

=1(12-9) —j(4—6) + k(3 —4)

~b; xb, =31 +2] -k

- [by xbo| = 32 +22 + (-1)2

=vV9+4+1

=14

3, —a,=(2-2)i+(6-0)j+(3+3)k

-~ a4, —a, = 0i+ 6] + 6k

Now,

(by xb,).(a; —a;) = (31 + 2§ — k). (01 + 6] + 6k)
=(B3x0)+(2x6)+((—1)x6)

=0+12-6

=6

Therefore, the shortest distance between the given lines is

(by xb,).(a3; — &)
b, x b,




d= |E|
~d= iunits
V14
Asd # 0

Hence, the given lines do not intersect.

12. Question

-

Show that the lines T = (1 +2j+31;:)+i-_ {21 +3:i+41;:} and T = (41 +J) 1 ("_11 +Zj+1::)
intersect. ’ f ? ’
Also, find their point of intersection.

Answer

Given equations :

t = (1+2j+3k) + A(21+ 37 + 4k)
t=(4i+7) +n(si+2]+k)

To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

-

a=a,l+a,j+azk

_|_
b =b,i+b,j+ b,k

then,

2. Dot Product:

If 3 & b are two vectors

b =b,i+b,j+b,k

then,

E.E = (alx bl)—i_ (az 4 bz)‘l’ (3.3 e bg]



3. Shortest distance between two lines :

The shortest distance between the skew lines T
=a, + lbz is given by,

(b Xb ) (a; —ay)

d=
|b1><b2|

Answer :

For given lines,
= (1+ 2§+ 3k) + A(21 + 37 + 4k)

t=(4i+7) +p(51+2]+k)

Therefore

]tk

b;xb,=|2 3 4
5 2 1

=1(3 -8) —j(2—20) + k(4 — 15)

=b, xb, = —5i+ 18] — 11k

- b x by | = /(=57 + 187 + (-11)2

=25+ 324+ 121

=470

L, —a,=(4— i+ (1-2)j+(0-3)k
23, —a, =31—j— 3k

Now,

(by xb,).(@ — &) = (—5i+ 18] — 11k) . (31 -
= ((=5) x3) + (18 x (=1)) + ((=11) x (=3))

-H"Lb and

j—3k)



-15-18 + 33

=0

Therefore, the shortest distance between the given lines is

(by xb,).(a; — a@)

by x b, |
0
...d=|
v470
~ d = 0 units
Asd =0

Hence, the given lines not intersect each other.

Now, to find point of intersection, let us convert given vector equations into Cartesian equations.

For that substituting 7 = xi + Vi + 7k in given equations,

~L1: xi+yj+zk= (1+2f+3k) + A(2i+ 3] + 4k)

2 L2: xi+yj+zk= (4i+7) + p(5i+ 2] + k)

L1:(x—1Di+ (y—2)j+ (z— 3)k = 2A1 + 34 + 4k

L2 (x— i+ (y— Dj+ (z— 00k =5pi + 2pf + pk

x—1 y—2 z-—3
2 3 4

x—4 y—1 z-—-0
5 2 1

General point on L1 is

=A

= L1

=u

X1 = 2A+1,y1 = 3A+2, z1 = 4A+3
let, P(x1, Y1, z1) be point of intersection of two given lines.

Therefore, point P satisfies equation of line L2.

A+1-4 30+2-1 4 +3-0
T s T 2 T 1
2A—3 3A+1
“Ts5 T2
=>4\ -6 =15A+ 5

= 11A = -11

>A=-1



Therefore, x1 = 2(-1)+1, y1 = 3(-1)+2, z1 = 4(-1)+3
>x1=-1,y1=-1,z;3=-1

Hence point of intersection of given lines is (-1, -1, -1).
13. Question

Find the shortest distance between the lines L; and L, whose vector equations are

r=(i+2j-4k)+2(2i+3]+6k)and T =(3i+3j-5k)+u(2i+3j+6k).

HINT: The given lines are parallel.
Answer

Given equations :

t=(1+2]— 4k) + A(2i+ 3] + 6k)
= (31+ 3] — 5k) + p(2i+ 37 + 6k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

a=a,i+a ]+agf{

b =b,i+b,j+byk

then,
i 5k
ﬁXbZHI az 3'3
by by b,

2. Dot Product:

If 3 & b are two vectors

a=aita ]+agf{

b =b,i+b,j+bsk

then,

ab=(a; xb;)+(a, xby)+ (agxby)

3. Shortest distance between two parallel lines :

The shortest distance between the parallel lines 7 = a, + b and



T = a5 + Abis given by,

2
(@ &) x bl
|b]

d:

Answer :

For given lines,
t=(1+2]— 4k) + A(21+ 3] + 6k)

t = (31+ 3] — 5k) + p(2i+ 37 + 6k)

3, = 3i+3j—5k
b, = 2i + 3j + 6k

As b, = b, = b (say) , given lines are parallel to each other.

Therefore,

b = 2i+ 3j+ 6k

- [b| =22 + 32 + 62
=V4+9+36

=49

3, —a;=(3—Di+(3-2)+(-5+ 4k

3, —a,=21+j-k

R U
(@;—a)xb=[2 1 -1
2 3 6

=1i(6+3) —j(12+2) + k(6 — 2)

~(3; —a;) x b= 91— 14j + 4k

@ - &) xb| =92+ (-14)% + 42

=481+ 196 + 16



=293

Therefore, the shortest distance between the given lines is

4 |[E-a)xb|
|b]
4293
|7
V293
d= units
7
14. Question

Find the distance between the parallel lines L1 and L, whose vector equations are

f:('f+2j+31;)+}-_{'i—j+1;:f). and f:('ﬂ—j—f(f)+p(i“—ji+1;:).

Answer

Given equations :

t=(1+2]+3k)+A(i-7+k)
r=(2i—7—k)+u(i-7+k)
To Find : d

Formula :

1. Cross Product :

If 3 & b are two vectors

-

a=a,l+a,j+azk

_|_
b =b,i+b,j+ b,k

then,

2. Dot Product:

If 3 & b are two vectors

=b,i+b,j+bsk

=



then,

ab=(a; xb,)+(a, xb,)+ (agxby)

3. Shortest distance between two parallel lines :

The shortest distance between the parallel lines T = a, + b and

T = a, + Abis given by,

(&7 — &) x bl
Ib|

d:

Answer :

For given lines,
t=(1+2]+3k)+A(i-§+k)
r=(21—j-k)+n(i-j+k)

~ b =12+ (-2 + 12
=VI+1+1

L—a,=02-1Di+(-1-2)j+(-1-3)k

23 —a =13 4k

ik
(B —a)xb=11 -3 -4
1 -1 1

=i(-3-49)—-j(1+4) +k(-1+3)

~(3; —a;) xb=—7i— 5] + 2k

~ (@ —a) xb| = /(-7)2 + (=5)2 + 22
=49 + 25 + 4

=78



Therefore, the shortest distance between the given lines is

(27 —a) x b
d= -
|b]
V78
ad=—
V3
~d=+26

d = /26 units
15. Question

Find the vector equation of a line passing through the point (2, 3, 2) and parallel to the line

I = ( 21 +3j}—|— :f'-._(jin — 3] +61:;)_ Also, find the distance between these lines.
HINT: The given line is

LT =(-21+3])+2(2i-3j+6k),

The required line is

L,:r=(2i+3)+2k)+p(2i-3j+6k).

Now, find the distance between the parallel lines Ly and L,.
Answer

Given : point A = (2, 3, 2)

Equation of line : ¥ = (—21 + 3§) + A(21 — 3§ + 6k)

To Find : i) equation of line

ii) distance d

Formulae :

1. Equation of line :

Equation of line passing through point A (aj, a, a3) and parallel to vector j = xj + yi+ 7k is given
by

FT=a+ib
2. Cross Product :

If 3 & b are two vectors



then,
i 5k
ﬁXbZ al 32 ag
by by b,

3. Dot Product :

If 3 & b are two vectors

-

a=a,l+a,j+azk
b =b,i+b,j+byk
then,

4. Shortest distance between two parallel lines :

The shortest distance between the parallel lines T = a, + b and
T=a,+ Abis given by,

(2 —3) x b|
o]

d=

Answer :

As the required line is parallel to the line

T = (—21+ 3f) + A(21 — 3] + 6k)

Therefore, the vector parallel to the required line is

b =2i— 3j+ 6k

Given point A = (2, 3, 2)

~a=21+3j+2k

Therefore, equation of line passing through A and parallel to b is
r=a+ub

» T = (21+ 3]+ 2k) + (21 — 3j + 6k)

Now, to calculate distance between above line and given line,

t = (21 + 3§+ 2k) + p(21— 37 + 6k)



T = (—21+3f) + A(21 — 3] + 6k)

Here,
1, =21+ 37+ 2k
a, = —21 + 3j

- [b| =22+ (—3)2 + 62
=V4+9+36

— V39

7

L—a,=(—2-2)i+3B-3)j+(0—- 2k

o~

nd; —a; =—4+0j—2k

I I S .
(@;—a;)xb=|-4 o0 -2
2 -3 6

=1(0—-6) —j(—24 +4) +k(12-0)

~(3;—a;) xb=—61+20j+ 12k

- [(@; — &) x b| = /(—6)2 + 202 + 122

— /36 + 400 + 144

= v 580

Therefore, the shortest distance between the given lines is

4 |[E-a)xb|

d= units

16. Question



Write the vector equation of each of the following lines and hence determine the distance between
them :

x—-1 yv-2 z+4 X—-3 yv-3 z+5
2 3 6 4 6 12

HINT: The given lines are

Ly:r=(-2i+3j)+2(2i-3j+6k)

L,:r=(3i+3j-5k)+2u(2i+3j+6k)

Now, find the distance between the parallel lines L1 and L,.
Answer
Given : Cartesian equations of lines

x—1 y—2 z+4

L1:
2 3 6
19 Xx—3 y—3 zZ+5
4 6 12

To Find : i) vector equations of given lines

ii) distance d

Formulae :

1. Equation of line :

Equation of line passing through point A (a1, az, a3) and having direction ratios (b1, by, b3) is
r=a+Aib

Where, 3 = 3,1+ a,j + a5k

And b = b,i+b,j+ bk

2. Cross Product :

If 3 & b are two vectors



3. Dot Product :

If 3 & b are two vectors

a.b=(a; xby)+(a, xb,)+ (az x bs)

4. Shortest distance between two parallel lines :

The shortest distance between the parallel lines T = a, + b and

T = a, + Abis given by,

(& —3) x b|
Ib|

d =

Answer :
Given Cartesian equations of lines

Xx—1 y—2 z+4
2 3 6
Line L1 is passing through point (1, 2, -4) and has direction ratios (2, 3, 6)

L1:

Therefore, vector equation of line L1 is
t=(1+2j— 4k) + A(2i+ 3] + 6k)
And

¥x—3 y—3 z+5
4 6 12
Line L2 is passing through point (3, 3, -5) and has direction ratios (4, 6, 12)

L2 :

Therefore, vector equation of line L2 is

= (31 + 3§ — 5k) + p(41 + 6§ + 12k)

-~ T = (31+ 3j— 5k) + 2p(21 + 3] + 6k)
Now, to calculate distance between the lines,
t=(1+2]— 4k) + A(2i + 3§ + 6k)

= (31 + 3§ — 5k) + 2p(21 + 3§ + 6k)

Here,



a =1+2j— 4k
b, = 2i + 3j + 6k
a, = 3i+3j — 5k

b, = 2i + 3j + 6k
As b_l = b_z =h (say) . given lines are parallel to each other.

Therefore,

b = 2i+ 3j + 6k

- [b| =22 + 32 + 62
=4 +9+36

V49

=7

3, —a,=(3-1i+(3-2)j+(-5+ 4k

3, —a;,=21+j—k

ik
(@;—a)xb=|2 1 -1
2 3 6

=1i(6 +3) —j(12+2) + k(6 — 2)

~(3;—a) xb=9i—14j + 4k

~ (@ —a) x bl =92+ (—14)2 + 42

=+/81+ 196 + 16
=293

Therefore, the shortest distance between the given lines is

|(a; —a;) x b
d= —
|b]
V293
7
V293
d= units




17. Question

Write the vector equation of the following lines and hence find the shortest distance between them :

x-1 y-2 z-3 andx—i_}-‘—S_z—S

-

L
e
Ll
e
h

Answer
Given : Cartesian equations of lines
x—1 y—2 z-3
2 3 4
x—2 y—3 z-—5
3 4 5

To Find : i) vector equations of given lines

L1:

L2 :

ii) distance d

Formulae :

1. Equation of line :

Equation of line passing through point A (a1, az, a3) and having direction ratios (b1, by, b3) is
F=a+b

Where, 3 = 3,1+ a,j + a5k

And b = b,i+b,j+bsk

2. Cross Product :

If 3 & b are two vectors

then,
_ i j k
EXb:al ag :’:13
b; by b,

3. Dot Product :

If 3 & b are two vectors



then,
ab=(a; xb,)+(a, xb,)+ (agxby)
4. Shortest distance between two lines :

The shortest distance between the skew lines T = a, + lb_l and

T—=a.+ ;!Lb_z is given by,

2
(b_1><b__2)-r::31__2_ 51_1)
|b1><b2|

Answer :
Given Cartesian equations of lines
x—1 y—2 z-3
2 3 4
Line L1 is passing through point (1, 2, 3) and has direction ratios (2, 3, 4)

L1:

Therefore, vector equation of line L1 is
t=(1+2]+ 3k) + A(21+ 37 + 4k)
And

X—2 y—3 zZ-5
3 4 5
Line L2 is passing through point (2, 3, 5) and has direction ratios (3, 4, 5)

L2 :

Therefore, vector equation of line L2 is

= (31 + 37 + 5k) + p(31 + 4§ + 5k)
Now, to calculate distance between the lines,
t= (1+2j+ 3k) + A(21+ 37 + 4k)

= (31 + 3§ + 5k) + u(31 + 4§ + 5k)

b, = 2i + 3] + 4k

T, = 31+ 3j + 5k
b, = 3i + 4] + 5k

Therefore,



i j k
2 3 4
3 45

=1(15-16) —j(10— 12) + k(8 — 9)

bIXb_2=

~byxb, =-1+2] -k

= by xby| = (=12 + 22 + (-1)?
=y1+4+1

a4, —a,=(3-1i+(3-2)j+(5-3)k

A —a; =21+j+2k

Now,

(by xb,).(@ — &) = (-1 +2]—k). (20 +] +2k)
=((—1)x2)+(2x1)+((-1)x2)

=-2+2-2

=-2

Therefore, the shortest distance between the given lines is

(by xb,).(a; —ay)

b, x b,
a- |7
= JE
q 2
T 32
2
.'.d:w?
v3
q 2
3
d 2 1t
= 3 Unics

18. Question



Find the shortest distance between the lines given below:

y Xx—-1 v+1 z+1
= = = and = =
-1 1 —2 2 2 —2

Answer
Given : Cartesian equations of lines

x—1 y+2 z-—3

L1 —3 1 )
19 x—1 y+1 z+1
2 2 =2

To Find : distance d
Formulae :
1. Equation of line :

Equation of line passing through point A (a1, a, a3) and having direction ratios (b1, by, b3) is
rT=a+ib

Where, 3 = 3,1+ a,j + a5k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

-~

ﬁ = 31T+ azj‘-l_ agk
+

b =b,i+b,j+bsk

then,
i 5k
ﬁxb=al az ag
by by b;

3. Dot Product :

If 3 & b are two vectors



4. Shortest distance between two lines :
The shortest distance between the skew lines 7 = a, + ;!Lb_l and
a, + Ab, is given by,

(b_1><b__2)-r::31__2_ 3_1)
|b1><b2|

r

d:

Answer :
Given Cartesian equations of lines
x—1 y+2 z-—-3
-1 1 2
Line L1 is passing through point (1, -2, 3) and has direction ratios (-1, 1, -2)

L1:

Therefore, vector equation of line L1 is
t=(1—2j+3k)+A(-1+7— 2k)
And

x—1 y+1 z+1
2 2 =2
Line L2 is passing through point (1, -1, -1) and has direction ratios (2, 2, -2)

L2 :

Therefore, vector equation of line L2 is
r=(i—7—k)+p(2i+2j — 2k)

Now, to calculate distance between the lines,
t=(1—2j+3k) +A(-1+7 - 2k)

t=(1—7—k)+p(2i+2j-2k)

Here,

a=1-2j+3k

b, =-i+j—2k

Z=1-j-k

b, = 2i + 2j — 2k

Therefore,

I I S N

by xby=|-1 1 -2
2 2 -2




=i(—2+4)—j(2+4) +k(-2-2)

b, x b, = 2i — 6 — 4k

«|by xby| =22+ (=6)2 + (492
=4+ 36+ 16

=56

-, =(1- i+ (-1+2)j+ (-1 -3)k

~3, —a; = 0i+j— 4k

Now,

(by xb;).(3; — ;) = (21 — 6] — 4k) . (01 +j — 4k)
=(2x0)+ ((=6)x 1) + ((=4) x (=4))

=0-6+16

=10

Therefore, the shortest distance between the given lines is

(b_1><b__2)(a__2_ 51_1)
by xb,|

; |1n
- {56

10

V56

10

d = — units
V56

19. Question

Find the shortest distance between the lines given below:

x-12 y-1 z-5 and x—-23 y-10 z-25

-9 4 2 -6 —4 3

HINT: Change the given equations in vector form.

Answer
Given : Cartesian equations of lines

1}{—12 v—1 z-5
-9 4 2




x—23 y—10 z-23
-6 -4 3
To Find : distance d

L2 :

Formulae :
1. Equation of line :

Equation of line passing through point A (a1, a, a3) and having direction ratios (b1, by, b3) is
rT=a+ib

Where, 3 = 3,1+ a,j + a5k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

-~

ﬁ = 31T+ azj‘-l_ agk
+

b =b,i+b,j+bsk

then,
i 5k
ﬁxb=al az ag
by by b;

3. Dot Product :

If 3 & b are two vectors

a.b=(a; xby)+(a, xb,)+ (az x bs)

4. Shortest distance between two lines :

The shortest distance between the skew lines T = a, + }Lb_l and
T = a, + Ab, is given by,

(b_lxb__z)-(‘i_z_ 3_1)
|b1><b2|

d =

Answer :



Given Cartesian equations of lines

1 x—12 y—-1 z-5
-9 4 2
Line L1 is passing through point (12, 1, 5) and has direction ratios (-9, 4, 2)

Therefore, vector equation of line L1 is
t= (121 +7+ 5k) + A(—91 + 4§ + 2k)
And

XxX—23 y—10 z-—-23
-6 -4 3
Line L2 is passing through point (23, 10, 23) and has direction ratios (-6, -4, 3)

L2 :

Therefore, vector equation of line L2 is

= (231 + 10j + 23k) + p(—61 — 4j + 3k)
Now, to calculate distance between the lines,
t= (121 +7+ 5k) + A(—91 + 4 + 2k)

= (231 + 10 + 23k) + p(—61 — 4] + 3k)
Here,

1, = 121+ ]+ 5k

.= —9i + 4j + 2k

3, = 231+ 10j + 23k

b, = —61 —4j + 3k

Therefore,

R [ R B

by Xb,=|-9 4 2
-6 —4 3

=1(12 +8) —j(—27 + 12) + k(36 + 24)

= by x b, = 20i + 15] + 60k

- [b; x b, | = /202 + 152 + 602

=400 + 225 + 3600
= 4225



= 65
3, —a; = (23-12)i+ (10— 1)j+ (23 - 5)k
~ 3, —ag =111+ 9]+ 18k
Now,
(b, xb,).(3; —a;) = (201 + 15] + 60k) . (111 + 9] + 18k)
= (20 x 11) + (15 % 9) + (60 x 18)
=220 + 135 + 1080
= 1435
Therefore, the shortest distance between the given lines is
(by xb,) (3 — &)
by xb,|
1435
65
287

T 13
287

d = — units
13

a-]

Exercise 27E

1. Question

Find the length and the equations of the line of shortest distance between the lines given by:

X_SZF_SZZ—S and X_._%:}"_;' :Z_ﬁl

3 —1 —3 2 4

Answer
Given : Cartesian equations of lines

X—3 y—8 z-—3

Ll =3 1 1

X+3 y+7 -6
A
Formulae :

1. Condition for perpendicularity :



If line L1 has direction ratios (a1, a, az) and that of line L2 are (b1, by, b3) then lines L1 and L2 will
be perpendicular to each other if

2. Distance formula :

Distance between two points A=(ay, a», az) and B=(bq, by, b3) is given by,

d = xflll(al_ bl)z + [:ag - bz)z + (3.3 - bg]z
3. Equation of line :
Equation of line passing through points A=(x1, y1, z1) and B=(x3, Y2, z2) is given by,

X—% Y=V Z2-I
X1 X% Vi— ¥V Zy— 4

Answer :

Given equations of lines

Xx—3 y—8 z-—3

L1: = 1 1
5 X+3 y+7 z-—6
-3 2 4

Direction ratios of L1 and L2 are (3, -1, 1) and (-3, 2, 4) respectively.

Let, general point on line L1 is P=(x1, Y1, Z1)
X1 = 3s+3,y1 =-5+8, 21 = s+3
and let, general point on line L2 is Q=(X3, Y2, Z2)

Xp0=-3t-3,y,=2t-7,2,=4t+6

= PQ= (3, — X )i+ (y, —y)j+ (2, — ZI)E
=(-3t—-3-35—-3)i+(2t—7+s5—8)j+ (4t+ 6 —s—3)k
~PQ=(-3t—3s—6)i+(2t+s—15)j+ (4t —s +3)k

Direction ratios ofﬁ are ((-3t - 3s-6), (2t + s - 15), (4t - s + 3))

PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,
3(-3t-3s-6) - 1(2t + s - 15) + 1(4t-s + 3) = 0 and
-3(-3t-3s-6)+2(2t+s-15)+4(4t-s+3)=0

= -9t-95-18-2t-s+ 15+ 4t-s+ 3 =0 and



9t +9s+ 18 +4t+2s-30+ 16t-4s+12=0
= -7t -11s = 0 and

29t +7s =0

Solving above two equations, we get,
t=0ands=0

therefore,

P=(3,8,3)and Q = (-3, -7, 6)

Now, distance between points P and Q is

d=,/(3+3)2+(8+7)2+(3—6)2

=,/(6)2+ (15)2 + (—3)

=36+ 225+9

=270

=330
Therefore, the shortest distance between two given lines is

d = 3+/30 units
Now, equation of line passing through points P and Q is,

X—X% V=V 21
X3 =Xy Vi—V2 Z1—Z
xX—3 y—8 z-3
“3+3° 8+7 3-6
Xx—3 y—8 z-—3
"6 15 -3
X—3 y—8 z-—3
"2 T 5 o1

Therefore, equation of line of shortest distance between two given lines is

x—3 y—8 z-—3
2 5 -1
2. Question

Find the length and the equations of the line of shortest distance between the lines given by:

XxX—-3 v—4 z+2 x—1 v+7 z+2
= = — and = = =

-1 2 1 1 3 2




Answer
Given : Cartesian equations of lines

X—3 y—4 z+2

S 2 1

x—1 y+7 z+2
Loi =373
Formulae :

1. Condition for perpendicularity :

If line L1 has direction ratios (ai, a, az) and that of line L2 are (b4, by, b3) then lines L1 and L2 will
be perpendicular to each other if

(a; xb;)+(a;xb,)+(agxby)=0
2. Distance formula :

Distance between two points A=(ay, ap, az) and B=(bq, by, b3) is given by,

d= "\"Ill(al_ b;)2+ (a; —by)2 + (a3 — by)?
3. Equation of line :
Equation of line passing through points A=(x1, Y1, z1) and B=(xy, y2, z2) is given by,

X—X% V=V Z-1

2% VY 4,74

Answer :

Given equations of lines

X—3 y—4 z+2

L1:
—1 2 1
19 x—1 y+7 z+2
1 3 2

Direction ratios of L1 and L2 are (-1, 2, 1) and (1, 3, 2) respectively.
Let, general point on line L1 is P=(x1, Y1, Z1)

X1 =-5+3,y1 =2s+4 , 21 =5s-2

and let, general point on line L2 is Q=(x>, Y2, Z2)

Xo=t+1,y,=3t-7,2z,=2t-2

~PQ = (%, —x 1+ (y2 —y)i+ (2, — ZI)E
—(t+1+s5s-3)i+(3t—7-25s—4)j+(2t—2—-s+2)k



~PQ = (t+s—2)i+ (3t— 2s— 11)j+ (2t — s)k
Direction ratios ofm are ((t+s-2), (3t-2s-11), (2t - s))
PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,
-1(t+s-2)+2(3t-2s-11) + 1(2t-s) = 0 and
1(t+s-2)+3(3Bt-2s-11) +2(2t-s)=0
>-t-s+2+6t-4s-22+2t-s=0and
t+s-2+9t-65-33+4t-25=0

= 7t - 6s = 20 and

14t - 7s = 35

Solving above two equations, we get,

t=2ands=-1

therefore,

P=(4,2,-3)and Q = (3, -1, 2)

Now, distance between points P and Q is

d=(4—3)2+ (2+ 1)2+ (-3 - 2)2

= (D2 +(3)2+ (-5)?

=v1+9+25

=35

Therefore, the shortest distance between two given lines is

d = /35 units
Now, equation of line passing through points P and Q is,

XX YW _ TTh
X% VMYV L17%
x—4 y-2 Z+3
“4-3 2+1 -3-2
x—4 y—2 z+3
“T1 T3 T s
XxX—4 y—2 z+3
"1 =3 s




Therefore, equation of line of shortest distance between two given lines is
x—4 y—2 z+3
-1 -3 5

3. Question

Find the length and the equations of the line of shortest distance between the lines given by:

x+1 yv-1 z-9 XxX—3 vyv+15 z-9
= = and = = = .

2 1 -3 2 —7 5

Answer
Given : Cartesian equations of lines

x+1 y—1 z-—9

L= 1 -3
LE:X—3:y+15:z—9

2 —7 5
Formulae :

1. Condition for perpendicularity :

If line L1 has direction ratios (a1, a, az) and that of line L2 are (b1, by, b3) then lines L1 and L2 will
be perpendicular to each other if

2. Distance formula :

Distance between two points A=(ay, a», az) and B=(bq, by, b3) is given by,

d = xflll(al_ bl)z + [:ag - bz)z + (3.3 - bg]z
3. Equation of line :
Equation of line passing through points A=(x1, y1, z1) and B=(xy, Y2, z2) is given by,

X—% Y=V Z2-I
X1 X% Vi— ¥V Zy— 4

Answer :

Given equations of lines
x+1 y—1 z-—9
2 1 -3
¥x—3 y+15 z-9
2 -7 5
Direction ratios of L1 and L2 are (2, 1, -3) and (2, -7, 5) respectively.

L1:

L2 :




Let, general point on line L1 is P=(x1, Y1, Z1)
Xy =2s-1,y1 =s+1,z1 =-35+9
and let, general point on line L2 is Q=(X3, Y2, Z2)

Xp =2t+3,y, =-7t-15,2z, =5t + 9

= PQ = (X, —x )i+ (y, —y)j + (2, — ZI)E

=(5t+9—2s+ 1)i+ (—7t—15—s— 1)j+ (5t+ 9+ 35— 9)k
= PQ = (5t—2s+ 10)i+ (=7t —s — 16)j + (5t + 3s)k

Direction ratios ofP_Q are ((5t - 2s + 10), (-7t - s - 16), (5t + 3s))
PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,

2(5t-2s+ 10) + 1(-7t - s - 16) - 3(5t + 3s) = 0 and

2(5t-2s + 10) - 7(-7t - s - 16) + 5(5t + 3s) = 0

= 10t-4s+ 20-7t-s-16 - 15t - 9s = 0 and

10t - 4s + 20 + 49t + 7s + 112 + 25t + 155 =0

= -12t - 14s = -4 and

84t + 18s = -132

Solving above two equations, we get,

t=-2ands =2

therefore,

P=(3,3,3)and Q = (-1, -1, -1)

Now, distance between points P and Q is

d=(B+1)2+ (3+1)2+(3+1)2

=V (92 +(4)2+ (97

=416+ 16 + 16

— V3B

=443
Therefore, the shortest distance between two given lines is

d = 43 units



Now, equation of line passing through points P and Q is,

X—X% V=V Z-1
X=X, Vi~ Y2 Z1—Z
X—3 y—3 z-3
"3+¥1 3+1 3+1
XxX—3 y—3 z-—3

T2 Tz a

~“X—3=y—3=2—-3

SX=y=L

Therefore, equation of line of shortest distance between two given lines is

X=y=2

4. Question

Find the length and the equations of the line of shortest distance between the lines given by:

nd — = =
3 —1 1 -3 2 4

X-6_y-7 z-4 X _y+9 z-2

Answer
Given : Cartesian equations of lines

X—6 y—7 z—4

L1:
3 —1 1
X y+9 z-2
LZ2: —= =
-3 2 4
Formulae :

1. Condition for perpendicularity :

If line L1 has direction ratios (a1, a, az) and that of line L2 are (b1, by, b3) then lines L1 and L2 will
be perpendicular to each other if

[Hl x b1)+ (ag x bg) + [aa 4 bg) = D
2. Distance formula :

Distance between two points A=(ay, ap, az) and B=(bq, by, b3) is given by,

d = -\,'Ill(al_ bl)z + (az - bz)g + (aa - bg)z
3. Equation of line :

Equation of line passing through points A=(x4, Y1, z1) and B=(xy, y2, z2) is given by,



X—X% V=V Z-1

2% VY 4,74

Answer :

Given equations of lines

X—6 y—7 z—4
3 -1 1
X +9 z-—-2
L2 : — = Y =
—3 2 4
Direction ratios of L1 and L2 are (3, -1, 1) and (-3, 2, 4) respectively.

L1:

Let, general point on line L1 is P=(x1, Y1, Z1)
X1 =3s+6 ,y1 =-s+7,2z1 = s+4
and let, general point on line L2 is Q=(x>, Y2, Z2)

Xp=-3t,y,=2t-9,z, =4t + 2

~PQ= (%, —x )i+ (y, —y)i+ (22 — ZI)E
=(—3t—3s—6)i+(2t—9+s—7)j+ (4t+2—s— 4k
~PQ=(-3t—3s—6)i+(2t+s5—16)] + (4t —s — 2k
Direction ratios ofm are ((-3t-3s-6), (2t + s -16), (4t -s - 2))
PQ will be the shortest distance if it perpendicular to both the given lines
Therefore, by the condition of perpendicularity,
3(-3t-3s-6)-1(2t +s-16) + 1(4t-s-2) = 0 and
-3(-3t-3s-6)+2(2t+s-16) +4(4t-s-2)=0
=-9t-95-18-2t-s+16+4t-s-2=0and

9t +9s+ 18 + 4t + 2s-32+ 16t-4s5s-8=0

= -7t -11s = 4 and

29t + 7s = -22

Solving above two equations, we get,

t=1lands=-1

therefore,

P=(3,8,3)and Q = (-3, -7, 6)

Now, distance between points P and Q is



d=,/(3+3)2+(8+7)2+(3—6)2

=,/(6)2+ (15)2 + (—3)

=36+ 225+9

=270

=330
Therefore, the shortest distance between two given lines is
d = 330 units

Now, equation of line passing through points P and Q is,

X% _Y7™h _ 274
¥p—X Vi—7Y¥2 Z9— %
xX—3 y—8 z-3

“3+3 8+7 3-6

Xx—3 y—8 z-—3
"6 15 -3
X—3 y—8 z-—3
T2 T s T

Therefore, equation of line of shortest distance between two given lines is

x—3 y—8 z-—3
2 5 0 -1

5. Question

X yvy—-2 z+3 XxX—2 v—-6 z-3
Show that the lines — == = and = = intersect and find their point

1 2 3 2 3 4

of intersection.

Answer

Given : Cartesian equations of lines
X y—2 z+3

1 2 3

x—2 y—6 z-—3

L2 : = =
2 3 4

To Find : distance d

L1:

Formulae :

1. Equation of line :



Equation of line passing through point A (a1, az, az) and having direction ratios (b1, by, b3) is
Fr=a+ib

Where, 3 = a,1+ a,j + a,k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

then,
R S
ﬁXb=al ag ag
b; b, b,

3. Dot Product :

If 3 & b are two vectors

then,
4. Shortest distance between two lines :

The shortest distance between the skew lines 7 = a, + ;!Lb_l and

T = 3, + Ab, is given by,

(by xb,).(a3; — &)

d= 2/
by xb,|

Answer :

Given Cartesian equations of lines

1 X y—2 z+3
"1 2 3

Line L1 is passing through point (0, 2, -3) and has direction ratios (1, 2, 3)

Therefore, vector equation of line L1 is



t = (01 +2j — 3k) + A(i+ 2] + 3k)
And

X—2 y—6 z-—3
2 3 4
Line L2 is passing through point (2, 6, 3) and has direction ratios (2, 3, 4)

L2 :

Therefore, vector equation of line L2 is
t = (21+ 6] + 3k) + (21 + 37 + 4k)
Now, to calculate distance between the lines,
t = (0 + 2§ — 3k) + A(i+ 2j + 3k)

t = (21 + 6] + 3k) + p(21 + 37 + 4k)

b, = 2i + 3j + 4k

Therefore,

_ i ] ok

by xb,=11 2 3
2 3 4

=i(8—9)—j(4—6) +k(3—4)

~byxb,=-1+2{—k

-« [By xb,| = T DZF 27 (D)2
=Vi+4a+1

=6

A, —a=(2-0i+(6—2)j+(3+3)k

~ 3, —a&, =21+ 4]+ 6k

Now,

(by xby). (37 — &) = (-1+2] — k) .(21 + 4] + 6k)
=((-1)x2)+(2x4)+((-1)x6)



Therefore, the shortest distance between the given lines is

(by xb,).(a; — a@)

by x|
-
Vi
=~ d = 0 units
Asd =0

Hence, given lines intersect each other.

Now, general point on L1 is

X1 =A,y1 =2 A2 ,2z1 = 3A-3

let, P(x1, Y1, z1) be point of intersection of two given lines.

Therefore, point P satisfies equation of line L2.
A—2 2A+2—-6 3A-3-3

“T2 T 3 T 4

A—2 2h—4

R

>3\A-6=4A-8

>A=2

Therefore, x1 = 2, y1 = 2(2)+2, z1 = 3(2)-3
2>X1=2,y1=6,2z1=3

Hence point of intersection of given lines is (2, 6, 3).

6. Question

Show that the lines X g — and = —

Answer
Given : Cartesian equations of lines

x—1 y+1 z-—-1

L1: = 2 5

do not intersect each other.



x—2 y—1 z+1
2 3 =2
To Find : distance d

L2 :

Formulae :
1. Equation of line :

Equation of line passing through point A (a1, a, a3) and having direction ratios (b1, by, b3) is
rT=a+ib

Where, 3 = a,1+ a,j + a5k

And b = b,i+b,j+ b,k

2. Cross Product :

If 3 & b are two vectors

-~

ﬁ = 31T+ azj‘-l_ agk
+

b =b,i+b,j+bsk

then,
i 5k
ﬁxb=al az ag
by by b;

3. Dot Product :

If 3 & b are two vectors

a.b=(a; xby)+(a, xb,)+ (az x bs)

4. Shortest distance between two lines :

The shortest distance between the skew lines 17 = a, + }Lb_l and
T = a, + Ab, is given by,

(b_lxb__z)-(‘i_z_ 3_1)
|b1><b2|

d =

Answer :



Given Cartesian equations of lines

x—1 y+1 z-1
3 2 5
Line L1 is passing through point (1, -1, 1) and has direction ratios (3, 2, 5)

L1:

Therefore, vector equation of line L1 is
t=(1—j+k)+A(31+ 2§ + 5k)
And

19 XxX—2 y—1 z+1
2 3 0 =2

Line L2 is passing through point (2, 1, -1) and has direction ratios (2, 3, -2)

Therefore, vector equation of line L2 is
r=(21+7—k)+ n(2i+ 3§ — 2k)

Now, to calculate distance between the lines,
t=(1—7+k)+A(31+ 2f + 5k)

t=(21+7—k)+ p(2i+ 3] - 2k)

Therefore,

1]k

b;Xxb,=13 2 5
2 3 -2

=i(—4—-15)—j(—6—10) + k(9—4)

= by xb, = —19i+ 16j + 5k

- [by xb,| =/(-19)2 + 162 + 52

=361+ 256 + 25
=642



L—a,=(2-Di+(1+1j+(-1- Dk

A3 —a=1+2j— 2k

Now,

(b, xb,).(35 —a;) = (—191+ 16 + 5k) . (T + 2] — 2k)
=((—19)x 1) +(16x 2) + (5 x(-2))
=-19+32-10

=3

Therefore, the shortest distance between the given lines is

(by xb,).(a3; — &)

by xb,|
3
1=l
V642
d 5 it
~d= units
v 642
Asd +#0

Hence, given lines do not intersect each other.

Exercise 27F

1. Question

If a line has direction ratios 2, -1, -2 then what are its direction cosines?
Answer

Given : A line has direction ratios 2, -1, -2

To find : Direction cosines of the line

Formula used : If (I,m,n) are the direction ratios of a given line then direction cosines are given by
1 m n

V12 + m2+n? "J12+m2en?’ 12 + m2+nl
Herel=2, m=-1,n=-2
Direction cosines of the line with direction ratios 2, -1, -2 is

2 -1 -2
V2T (124 (=202 22+ (—1)2+ (-2)2 ) 22 + (-1)3+ (-2)2

B 2 -1 —2
Vi+1+4 VE+1+4 JI+1+4

-1 -2

'V

2
ﬁl



Direction cosines of the line with direction ratios 2, -1, -2 is § , - , 2

2. Question

. N . oA —-x v 1-z

Find the direction cosines of the line i.: - =__
2 6 3

Answer

. o 4-x v 1-z
Given : A line = =___

2 6 3
To find : Direction cosines of the line
. . . x—a_y-h_z—c¢ . . . . 1
Formula used : If a line is given by = = then direction cosines are given by —————
1 m n V12 + mZ+ n?
m In
"2+ m2en?’ 12 + m2+nl
R -0 -1
The line is = =Y =z
-2 6 -3

Herel=-2, m=6,n=-3

. . . . x—4 -0 -1,
Direction cosines of the line = =Y =Z is

-2 6 -3
-2 6 -3

V=2)2 +(6)%+ (=302 " J(=2)% + (6)2+ (-3)2 ' /(-2)? + (6)%+ (-3)?

-2 & -3 -2 & -3

VI+36+9 JA+36+9 JVA+36+9 29 a5’ ag

-2 6 -3
= —_— = —
77 7
. . . . x—4 -0 -1. -2 6 -3
Direction cosines of the line = =Y =z is—,-,—
-2 6 -3 7 7 7
3. Question
. . 3-x y+2 z+2 o : :
If the equations of a line are == = . find the direction cosines of a line parallel to
—3 —2 6

the given line.

Answer

3—x 7
Given : A line = —




Formula used : If a line is given by x; a_y-b_z-¢ then direction cosines are given by

'=
m n V12 + m%+ n?

m n

I f I f
VI +mZ+n? /12 + mZ+n?

. ., x—3 + 2 z+2
The line is =Y =
3 -2 6

Parallel lines have same direction ratios and direction cosines

Here|l=3, m=-2,n=6

. . . . x—3 +2 z+2 .
Direction cosines of the line =7 = is
3 -2 [

3 -2 2]
JEP (=224 (6)2 ' (3P + (—2)2+ (6)2 | (3)% + (-2)%+ (6)2

3 -2 & 3 -2 &

VO+4+36 VI+a2+36 VO+a2+36 39 39 /a0

=3 26
7' 77
Direction cosines of the line parallel to the line a . =Y +22 = z: is
2268
7' 77
4. Question
. . . . X—=2 y+3 z+: .
Write the equations of a line parallel to the line == = and passing through the
-3 2 6
point (1, -2, 3).
Answer
X—-2 v+3 z+5
Given : A line = =
-3 2 6
. . . . X—=2 y+3 z+5 .
To find : equations of a line parallel to the line = = and passing through the
-3 2 6
point (1, -2, 3).
Formula used : If a line is given by x; a_y-b_z-¢ then equation of parallel
m n

line passing through the point (p,q,r) is given by x_lp =¥Y-9_z77

m n

Herel=-3, m=2,n=6andp=1,q=-2,r=3

X —2 Z+35
The line parallel to the line == = and passing through the point (1,-2,3)

is given by



-3 2 &
X—2 v+3 z+°
The line parallel to the line == = and passing through the point
-3 2 6
1,-2,3) is given b .\:—1: ¥y+2 _ Z—3
(1,-2,3) is given by == = ¥-= = 2

5. Question

Find the Cartesian equations of the line which passes through the point (-2, 4, -5) and which is
X+3 4-y z+8
3 5 6

parallel to the line

Answer

X+
Given : A line — i

XxX+3 4-y z+8

3 5 6
and passing through the point (-2, 4, -5).
Formula used : If a line is given by x; ¥ P _Z7Cthen equation of parallel
m n
line passing through the point (p,q,r) is given by KIP =¥-a_z77
m n
The given line is x+d_y-4_z+8
3 -5 6
Herel=3, m=-5,n=6andp=-2,q=4,r=-5
X+3 4-y z+8§
The line parallel to the line = g _and passing through the point
3 5 6
(-2,4,-5) is given by
x—(-2) _y-4_z+5
3 -5 6
x+2 _y-—4 Z+5
3 -5 &
. _ X+3 4-yv z+ _ .
The line parallel to the line = T = . and passing through the point
3 5 6




6. Question

. . . . . X-5 y+4 6-z
Write the vector equation of a line whose Cartesian equations are == = ,

3 7 2

Answer

_ 5 v L _
Given:AIineX = 4:6 z

3 7 2

X—5 v+4 6-z2
To find : vector equation of a line == = ,
3 7 2
Formula used : If a line is given by x; a_y-b_z7c_ ) then vector equation of the line is given by
m n

=

7 =al+bj+c+A(f+mj+ng)
Herea=5,b=-4,c=6andl =3, m=7,n=-2
Substituting the above values,we get

7=50-4]+ 6 +\(3+7]-2f)

X —2 il
The vector equation of a line = = _is given by
3 7 2

7 =5{-4]+ 6 +\(3+7]-2f)
7. Question

3—-x vyv+4 2z-6
The Cartesian equations of a line are ==

5 7 4

. Write the vector equation of the

line.

Answer

Given : A line _ = —

57 1
3—-x v+4 2z-6
To find : vector equation of a line = = ,
57 -
Formula used : If a line is given by x; a_y-b_z-c_ A then vector equation of the line is given by
m n

—

F=al+bj+ck+A(f+mj+ng)

. . . o x—23 +4 z—3
The given line is =Y =
-5 7 2

Herea=3,b=-4,c=3andl=-5, m=7,n=2



Substituting the above values,we get

7 =37-4]+ 3 + A(-51+ 7] + 2f)

. o x—3 +4 -3
The vector equation of a line is given by = — = Y = z 5
=

F=37-4]+ 3 + (-5 + 7] + 2f)
8. Question

Write the vector equation of a line passing through the point (1, -1, 2) and parallel to the line whose
x-3 y-1 z+1

1 2 2

equations are

Answer

h i
Given : A line = —

To find : vector equation of a line passing through the point (1, -1, 2) and parallel

Xx—-3 v-1 z+1
to the line whose equations are = =

1 ] e |
Formula used : If a line is parallel to x;a —y-b_z-c and passing through the point (p,q,r) then
m n
vector equation of the line is given by ¥ = pi + qj + rj + A (If + mj + nj)
The given line gx-2_y-1_z+*1
1 2 -2

Herep=1,q=-1,c=2andl=1, m=2,n=2

Substituting the above values,we get
F=17-17 + 2 + A (17 + 2] + 2F)

The vector equation of a line passing through the point (1, -1, 2) and

: . x-3 y-1 z+1
parallel to the line whose equations are = = .is given by
1 2 —2

F=1-7+2F+ A +2]+2p)

9. Question

If P(1, 5, 4) and Q(4, 1, -2) be two given points, find the direction ratios of PQ.
Answer

Given : P(1, 5, 4) and Q(4, 1, -2) be two given points

To find : direction ratios of PQ



Formula used : if P(x1, Y1, Z1) and Q(X>, Y2, z2) be two given points then direction
ratios of PQ is given by xo— X1, Y2 — VY1, Z2— Z4

Xx1=1,y1=5,z1=4andxpy =4,y,=1,2p =-2

Direction ratios of PQ is given by xo— X1, Y2 — Y1, Z2— Z1

Direction ratios of PQ is givenby 4 —1,1—-5, -2 — 4

Direction ratios of PQ is given by 3,— 4, —6

Direction ratios of PQ is given by 3,— 4, —6

10. Question

4—-x y+3 z+2

The equations of a line are == = _ Find the direction cosines of a line parallel to
2 2 1
this line.
Answer
1—-x v+3 z+2
Given : A line = =

)
2
[a—

. . . X—a —-b Z—cC . . . .
Formula used : If a line is given by =7 = then direction cosines are given by ————
1 m n VvI2 +m2+ n?
m n

I [ I [
VIE+mE*T+n® 12+ m*+nd

-4 y+3_ z+12
-2 2 1

The line is X

Parallel lines have same direction ratios and direction cosines

Herel=-2, m=2,n=1

-4 y+3 _z+2.

. . . . X
Direction cosines of the line is
-2 2 1

—2 2 1
=202 +(2)2+ (102 (22 + 22+ (02 (-2) + (2)%+ (12

-2 2 1 -2 2

Vi+a+1 Va+ra+1 Jrra+1 49

| =

—= !
"Iu g "Iu

il

-2 2 1
=_=,2, 2
3 '2'3

S

. . . . . x—4 +3 z+ 2,
Direction cosines of the line parallel to the line =7 = i
-2 2 1

-2

4

—
3 3

1
3



11. Question

x / h Z
The Cartesian equations of a line are == = _ Find its vector equation.

Answer

Given : A line X = —

K by
To find : vector equation of a line == =
2 3 1

Formula used : If a line is given by x; 2= = 27 = \ then vector equation of the line is given by
m n

7 =al+bj+c+A(f+mj+ng)

-1_w¥+2_2-5
2 3 -1

The given line is X

Herea=1,b=-2,c=5andl=2, m=3,n=-1
Substituting the above values,we get
F=17-2f + 55 + A (20 + 37 - 1])

_1 1;'.'_: 5

X 2—7
The vector equation of a line = = _is given by
2 3 1

F=17-2] + 55 + A (20 + 37 - 1))
12. Question

Find the vector equation of a line passing through the point (1, 2, 3) and parallel to the vector

(31+2j-2k).

Answer

Given : A vector (Ei +2j—2k).

To find : vector equation of a line passing through the point (1, 2, 3) and parallel

to the vector (3i +2j—21{).

Formula used : If a line is parallel to the vector (I7 + mj’ + nE)

and passing through the point (p,q,r) then vector equation of the line is given by

F=pi+af+rk+ AT+ mj+ng)



Herep=1,qg=2,c=3andl=3, m=2,n=-2
Substituting the above values,we get
F=10+2] + 3+ A (3T +2]-2p)

The vector equation of a line passing through the point (1, 2, 3) and

parallel to the vector (3i +2j—2k)_isf? =7+ 2] + 3% + A (37 + 2] - 2)

13. Question

The vector equation of a line is = (21 +j — 41{) + }-.,(i —j —121) Find its Cartesian equation.
Answer

Given : The vector equation of a line is 1_ = (21 +j — 41{) + }‘-b(i —j —121)

To find : Cartesian equation of the line

Formula used : If the vector equation of the line is given by
F=pl+aqj+ rp + A (7 + mj + nk) then its Cartesian equation is given by

X-p_y-q_z-1

1 m n
The vector equation of a line is r= (ji -|_j — 41{) + }.h(j _j _k)_

Herep=2,g=1,r=-4andl=1m=-1,n=-1
Cartesian equation is given by

x—2 _y—-1_z-(—4)

14. Question

Find the Cartesian equation of a line which passes through the point (-2, 4, -5) and which is parallel
+3 y—s +

to the line X == 422 8
3 3 6

-

Answer

b G il / -
Given : A line = —




b e i
To find : cartesian equations of a line parallel to the line == =

and passing through the point (-2, 4, -5).

Formula used : If a line is given by x; ¥ P _Z7Cthen equation of parallel
m n

line passing through the point (p,q,r) is given by x_l = =

. . . x+3 -4 z+ 8
The given line is Yy = o
3

3 5]

Here|=3, m=5,n=6andp=-2,q9q=4,r=-5

X+3 v—-4 z+
The line parallel to the line = = _and passing through the point
3 5 6
(-2,4,-5) is given by
x—(—2) _y-4 _ z —(—5)
3 5 6
x+2 _y-—4 Z+5
3 5 6
. o X+3 v—-4 z+ _ .
The line parallel to the line == = . and passing through the point
3 5 6

(-2,4,-5) is given by X*2 =¥ -4 _Z+3
3 B &

15. Question

Find the Cartesian equation of a line which passes through the point having position vector

(ji —j—|—41{) and is in the direction of the vector (1 -|-2j —1{)_

Answer

Given : A line which passes through the point having position vector (ji — J + 41()

and is in the direction of the vector (i + Zj —k)_

To find : cartesian equations of a line

Formula used : If a line which passes through the point having position vector

pi +aj + r and is in the direction of the vector If + mj + n}; then its Cartesian

equation is given by



A line which passes through the point having position vector (Zi — J + 41{)

and is in the direction of the vector (1 + Zj —k)_

Herel=1, m=2,n=-landp=2,q=-1,r=4

x—2 _y-A-1)_=z-4
1 2 -1

x—2 y+1 =z-4
1 2 -1

The Cartesian equation of a line which passes through the point having
position vector (ji — J + 41{) and is in the direction of the vector (1 + jj —k)_ is

x—2 y+1 z-4
1 2 -1

16. Question

.

Find the angle between the lines 1_ — (21 — Sj -|—l;;) + }-,(.3{ + Zj —|—61;;) and
r=(7i-6k)+pn(1+2j+2k).

Answer

n m

Given : the lines T =(21—-5j+K|+A(31+2j+6k)and 1 =(71-6k)+n(1+2j+2k).
To find : angle between the lines
Formula used : If the lines are a7 + bj + cf + A(pf + qj + rg) and di + ej + ff; +

AT + mj’ + nE) then the angle between the lines '8’ is given by

1 pl+gm+1rn

8 = cos™

y-"p2+ g2+ 3y P+ mT+n?

” ” ”

the lines f:(ji—5j+k)+}-_('3{+2j+61;;) and f:('?i—61;:f)+p(i“+2ji+21;:).

Herep=3,q=2,r=6andl=1, m=2,n=2

_ 3(1)+ 2(2)+ 6(2) _ 3+4+12
8 = cos 1= - = cos~1- :
W 3%+ 224 62,124 224 22 VI 4 +36V1+ 4 +4
_q3+4 +12 _ 19 _119
6 = cos™! = 1 — =cps™1=

V49,9 7 %3 21



_,19
8 =cos 1=
21

The angle between the lines 1 :(Zi —51 —|—];{) + P-_(Ei + Zj + 61{) and
r=(71-6k)+p(1+2j+2k). is cos3
17. Question
X + v—1 z+3 Xx+1 v—-4 z-5
Find the angle between the lines = = and = =
3 4 1
Answer
+3 y-— +3 +1 y— -3
Given:thelinesx == 1:Z and X 1: 4:Z
3 3 4 1 1 2
To find : angle between the lines
X — -b - - _ -
Formula used : If the lines are — = ¥ 2 = 2" Cgpg ¢ _y-d _z—¢
P q r 1 m n
then the angle between the lines ‘0’ is given by
§ = cog~l—__pLram+rn
Jer+t gt i B+ mP+nt
X+3 v-1 z+3 x+1 yv—-4 z-5
The lines are = = and = = ,
3 5 4 1 2
Herep=3,q9q=5,r=4andl=1, m=1,n=2
6 = cos—1— 31+ 5{1.]+ 4(2) = cos—1 . _3+5+.8
V3T+ 5T+ 4717+ 174 22 VI+25+16W1+1+4
_13+5+8 _1 16 .
8=cos 1222 = 1 — = cos™1—
W 506 1043 543
843
= cog 12X
15
X+ y—-1 z+3 XxX+1 v—-4 z-5
The angle between the lines = and == ,
3 3 4 1 1 2
is cos™122
15
18. Question
X—5 v+2 z X vV z
Show that the lines == —_ and — = — = _ are at right angles.
7 -5 1 2 3

Answer




. Xx—a -b - X — _ _
Formula used : If the lines are . =¥ =2 fandi=t=Y d_z-¢

then the angle between the lines '8’ is given by

_ pl +gm+rn
6 = cos - .-
Jer+t gt i B+ mi+nt
. X—-5 v+2 z X
The lines == —_ and — = — =

¥
7 -5 1 1 2

Herep=7,q=-5,r=1andl=1, m=2,n=3

6 = cos—1— ?{1“{_53{2.“1{3] _ 1 7—10+3
JTEH (=52 + 112+ 22 + 32 VEI + 25 + 11+ 4+ 9
6 = cos™l—— = cos~10 = 90°
W 7o 1
B = 90°
X—-5 yv+2 z X VvV zZ
The Lines == —_ and — = — = _ are at right angles.
7 -5 1 1 2 3

19. Question

The direction ratios of a line are 2, 6, -9. What are its direction cosines?
Answer

Given : A line has direction ratios 2, 6 , -9

To find : Direction cosines of the line

Formula used : If (I,m,n) are the direction ratios of a given line then direction cosines are given by
1 m n

JI2 + m2Z+n? "J12+m2en?’ 12 + m2+n
Herel=2, m=6,n=-9
Direction cosines of the line with direction ratios 2, 6, -9 is

2 6 -9
J2Z2+62+(=9)2 ' 22+ 62+ (-9)2 ' \[22 + 62+ (-9)2

2 & -9 2 & -3

VE+36+81 JVi+36+81 Va+36+8L 121 121 J1z1




. . . . . . . . .2 6 -9
Direction cosines of the line with direction ratios 2, 6, -9 is —, —, —
11 11 11

20. Question

A line makes angles 90°, 135° and 45° with the positive directions of x-axis, y-axis and z-axis
respectively. what are the direction cosines of the line?

Answer

Given : A line makes angles 90°, 135° and 45° with the positive directions of x-axis, y-axis and z-axis
respectively.

To find : Direction cosines of the line

Formula used : If a line makes angles a®, B° and y° with the positive directions of x-axis, y-axis and
z-axis respectively. then direction cosines are given by cosa , cos(180°— f) . cos(180° — ¥)

a =90° B =135%and y = 45°

Direction cosines of the line is

cos90° , cos(180° — 135°), cos(180° — 45°)
c0s90°, cos45°, cos(135°)

. . ) L 1 1
Direction cosines of the lineis 0, — , —
V242

21. Question
What are the direction cosines of the y-axis?
Answer

To find : Direction cosines of the y- axis

Formula used : If a line makes angles a®, B° and y° with the positive directions of x-axis, y-axis and
z-axis respectively. then direction cosines are given by rasea , cos B/ cosy

y-axis makes 90 © with the x and z axes
a=90°B=0%andy=90°

Direction cosines of the line is

cos90°, cos0”, cos90°

0,1,0

Direction cosines of the lineis 0, 1, 0

22. Question



¢ - - ”

What are the direction cosines of the vector {Zi +j — Zk}‘?

Answer

-2k)?

LS

Given : A vector (ji +

To find : Direction cosines of the vector

1

Formula used : If a vector is I7 + mj’ + nE then direction cosines are given by —————,
VI2 + mZ+n?

m n

JI2+mZ+n?’ /12 + mZ+n
Herel=2, m=1,n=-2
Direction cosines of the line with direction ratios 2, 1, -2 is

2 1 —2
V2P (=202 1 22+ (1% + (-2)7 7 2B + (1)%+ (-2)F

2 1 —2

Vit1+4 VE+1+4 JEI+1+4

—2

2 1

=

J
1 -2
-, =
3 3

14

w | ra

— : 2 1
Direction cosines of the vector is 3’3’3

23. Question

What is the angle between the vector I = ( 41 +8j —|—k) and the x-axis?

Answer

Given : the vector 1_ — (41 -I—Sj —I—k}

To find : angle between the vector and the x-axis

Formula used : If the vector I] + mj’ + nE and x-axis then the angle between the
lines ‘6’ is given by

1

0 = cos— —_—
VIE+mE+nt

Herel=4, m=8,n=1

_ 4
6 = Cos L -1

- - 0§ T——————
a2+ 8t+ 17 vie+6d +1

4 4 4
6 =cos '— = cos 15



_q1 4
8 = cos 1=
9

The angle between the vector and the x-axis is ms‘lg

Objective Questions

1. Question

The direction ratios of two lines are 3, 2, -6 and 1, 2, 2, respectively. The acute angle between these
lines is

(5
A. COs —_—
18
a3
B. cOs —_—
-
a5
C. cos —
21
(8
D. cos —
21
Answer

Direction ratio are given implies that we can write the parallel vector towards that line, lets consider
the first parallel vector to be [F] = 31 + 2j — 6k and second parallel vector be |E| —i+2j+2k

ib

For the angle, we can use the formula cosa = B
ajl =

For that, we need to find the magnitude of these vectors

3] = /32 + 22 + (—6)2
=7

Ib| = 1 +22 +22

-3
(31 + 2] — 6k). (i+ 2+ 2k)
cosda =
7 %3
3+4—12
cosidl =——

21



5
= -1
= COS5 ( 21)

The negative sign does not affect anything in cosine as cosine is positive in the fourth quadrant.

_ -1(5)
o = COSs 71

2. Question

The direction ratios of two lines are a, b, c and (b - ¢), (c — a), (a - b) respectively. The angle
between these lines is

| A

(=

NS

(%]
=

4
Answer

Direction ratio are given implies that we can write the parallel vector towards that line, lets consider
the first parallel vector to be |§| =ai+bj+ .;f{ and second parallel vector be

Ib| = (b—0)i+(c—a)j+ (a—b)k

ab
|§|>':|I:||

For the angle, we can use the formula cosa =

For that, we need to find the magnitude of these vectors

|3] = a2 + b2 + ()2

= JaZ+b2 +c2

Ib| = /(b—0Z+ (c—a)2 + (a—Db)?

= J2(a2+ b2+ c2—ab— bc—ca)

(ai+ bj +ck).((b— )i+ (c—a)j+ (a— b)k)
J2(@2 +b? +c2 —ab —bc — ca) x VaZ+bZ + 2

Cosd =




ab—ac+bc—ba+ca—cb
J2(a2+b2 +c2 —ab —bc — ca) x VaZ+bZ + 2

CoOsSl =

0
J2(@2+b2+c2—ab—bc—ca)x vaZ+bZ + c2

Cosd =

a = cos~1(0)
oa=—
2

3. Question

X —
The angle between the lines = = and = = is

A

| A

o | A

D. cos

00 | W
B

Answer

Direction ratio are given implies that we can write the parallel vector towards those line, lets consider
first parallel vector to be |3| = 21 + 7j — 3k and second parallel vector be |E| = -1+27+4k

b
For the angle we can use the formula cosa = ﬁ
alx

For that we need to find magnitude of these vectors

|3] = /32 + 22 + (7)2
= 62

b| = 1 +22 +42

= 21



(21 + 77— 3k). (-1 + 27 + 4k)

cosa = NN
—2+14—-12
cosa = NN
0
cosa = NN
a=cos™ 10

Negative sign does not affect anything in cosine as cosine is positive in fourth quadrant
a=—
2

4. Question

X / Z
If the lines = = and = = are perpendicular to each other

-] | M

10

-10

T

Answer

If the lines are perpendicular to each other then the angle between these lines will be

1-[ - -
> me the cosine will be 0

i= —31+2K+2k

3] = /32 + (2k)2 + 22

J13 + 4Kk?

b = 3ki+]j— 5k



Ib| = /(BK)Z+ 1 + 52

JoKk? + 26

3ki+j— 5k ).(—31 + 2kj + 2k
CDS(E)_( 4] ). (=31 + 2K )

2 V13 + 4k2 x \/9k2 + 26
0 —9k + 2k — 10
V13 + 4k2 x \/9kZ + 26
o 10
7
5. Question

A line passes through the points A(2, -1, 4) and B(1, 2, -2). The equations of the line AB are

x-2 y+1 z-4

A. —
-1 2 —6

ax—izy—lzz—4
—1 2 6

c,X_:=F_1=E_4
1 2 6

D. none of these
Answer

To write the equation of a line we need a parallel vector and a fixed point through which the line is
passing

Parallel vector=((2 — 1)i+ (—1 — 2)j+ (4 + 2)k)
—i—3j+6k
Or = —(1—3j + 6k)

Fixed point is 2 -] +4k”

Equation

x—2 y—(-1) z—14
1 -3 6
x—2 y+1 z-—-4

1 -3 6

Or



x—2 y+1 z-—-4
-1 3 -6

6. Question

y -5 y-2 -3
The angle between the lines E = = E and X = = z is
2 2 1 4 1 3
(3
A. COS —
4
a5
B. cos —
6
(2
C.cos | —
3
p. *
3
Answer

Direction cosine of the lines are given 2i +2j +k~ and 4i +j +8k”
a=2i +2j +k

3 =22+22+1
3| =3

b=4i +] + 8k

Ib| = V42 + 1 + 82

=9
ib

cosda = = —

al x |b|

(21 + 2]+ k). (41 +7 +8k)
cosa =

I X9

8+8+2
Cosd = 27

2
Cosd = 3



7. Question

o

The angle between the lines 1 = (3i +] —Zk) +}‘-_{i —]- Zk) and

(83
A. COS !
15
L[ 642
B. COS
5
[543
C. cos o i
8
542
D. cos_l
6
Answer

leti=1—j—2kandp =3i—5j—4akand [§] = VI+ 1 +22 =6

—3

Ib| = /32 + 52 + 42 = 52

ib
CoOStt = /=
|a] x |b|
(31— 5] — 4k). (i—7—2k)
cCosd =
5\.,"5}(\,"%
3+5+8
Cosil = ————
5\..@
Eu@
COosSQl = ———
15

8. Question

A line is perpendicular to two lines having direction ratios 1, -2, -2 and 0, 2, 1. The direction cosines
of the line are



21 —

.2 171
33 3
i 2

c 212
3 3 3

D. none of these
Answer

If a line is perpendicular to two given lines we can find out the parallel vector by cross product of the
given two vectors.

—2j-2k

ol
I
—3

ol
I

2j + k
axb=(i—2j—2k)x (2j+k)
=2i—j+2k

So the direction cosines are

1
V22 + 1 + 22

=
I

1

3

s

I

Direction cosine

2 12
3° 3’3
9. Question

.

A line passes through the point A(5, -2, 4) and it is parallel to the vector (2i — —|—3k)_ The vector

equation of the line is

.

(21-j+3k)+2(51-2j+4k)

AT

.

r=(51-2j+4k)+2(2i-j+3Kk)

w

D. none of these

Answer



Fixed point is 5] — 2j + 4k and parallel vector is 2 — i+ 3k
Equation 5f — 2j + 4k + a (21— j+ 3k)
10. Question

. . . x—-1 y+2 z-5 o
The Cartesian equations of a line are == = . Its vector equation is

2 3 —1

AT =(-1+2j-5k)+2(21+3]-k)

B. T

(21+3)-Kk)+2(1-2)+5k)
c. 1 =(1-2j+5k)+ 1 (21+3]- 4k)
D. none of these

Answer

o~

Dixed point (1,-2,5) and the parallel vector is 27 + 3]‘ —k
Equation (i -2j +5k” )+a (21 + 3] — k)

11. Question

X T
A line passes through the pointA(-2, 4, -5) and is parallel to the line == = . The

vector equation of the line is

e

AT =(-31+4]-8K)+2(-21+4)-5k)
B.1 = (—2i+ 4] — 5k) + A(31+ 5] + 6k)
C. 1=(31+5]+6k)+2(-21+4)-5k)

D. none of these

Answer

Fixed point is —2i + 4] — 5k and the parallel vector is 37 + 5 + 6k
Equation is r = (—21 + 4] — 5k) + A(31+ 5]+ 6k)

12. Question

The coordinates of the point where the line through the points A(5, 1, 6) and B(3, 4, 1) crosses the
yz-plane is



A. (0, 17, -13)

~17 13

B. | (. 1'_1;
2 2
7 —13

c 01_ 12
=

-

D. none of these
Answer

We first need to find the equation of a line passing through the two given points

taking fixed point as 5] + ]+ 6k

and the parallel vector will be (5 — 3)i+ (1 —4)j+ (6 — 1)E =2i—-3j+ 5k
equation of the line in cartesian form
¥x—5 y—-1 z-6

2 -3 5

Assume above equation to be equal to k, a constant

¥X—5 y—-1 z-6
2 -3 5

And y-z plane have x-coordinate as zero we may get

0—-5 y—1 z-—-6
2 -3 5

Now we can find y and z

yv—1 5
3 2
15
Yoty
17
Yy=%
Z— 6 5
5 2
25
Z—6=——



The coordinate where the line meets y-z plane is (D,g, —? )

13. Question

The vector equation of the x-axis is given by

Ar=i
B ]_:j—k
C. 1‘:::‘.‘1'

D. none of these

Answer

Vector equation need a fixed point and a parallel vector

For x-axis fixed point can be anything ranging from negative to positive including origin
And parallel vector is i

Equation would be A 1

14. Question

X —2 3
The Cartesian equations of a lines are == = . What is its vector equation?

(21+3)-2k)+2(21-j+3k)

AT

-

('li—'+

k)+2(21+3)-

Y]

I

w

(]
R

C. T

(21+3)-2k)

D. none of these

Answer

Fixed point is 2§ — j + 3k and the vector is 21 + 3j — 2k
Equation (21 — j+ 3k) + A(21 + 3] — 2k )

15. Question

The angle between two lines having direction ratios 1, 1, 2 and (-\E — 1)_ (—-\E — 1)_4 is



| A

tJ 'Im =

| A

N =

Answer

letd =i+j+ 2kandb = (w@— 1)T+ (—\.ﬁ— 1)T+4k

3] = V6 |b| = J(-ﬂ} —2v3) +(4+2v3) + 16 = 2V6
(1+7+ 2k). ((\.-"E— 1)i+(—/3-1)j+ 411)
Cosd =

‘\.-'IE * ZNJ'E

V3i—-1—y3—-1+8

Cosd =

12
1
Cosd = E
a = 60°
16. Question
The straight line X —2 = Y —3 = z+1 is

3 1 0
A. parallel to the x-axis
B. parallel to the y-axis
C. parallel to the z-axis
D. perpendicular to the z-axis
Answer
It is perpendicular to z-axis because cos90° is 0 which implies that it makes 90° with z-axis

17. Question



If a line makes angles a, B and y with the x-axis, y-axis and z-axis respectively then (sin? a + sin? B
+sin2y) =7

Al

B. 3

Y
b |

Answer
sin® a + sin®B + siny =1 —cos?a+ 1 —cosf + 1 — cos?y
=3 — (cos®a + cos?P + cos?y)

(cos?a + cos? B+ .:0521;) is the square of the direction ratios of all three axes which is always
equalto 1

=3-—-1
=2
18. Question

If (a1, b1, ¢1) and (ay, by, ¢2) be the direction ratios of two parallel lines then

A.a; =ap bg=by c1 =0

C.aj +by +cy =a; +Db; +¢;3
D. ajax + biby + cic =0
Answer

We know that if there is two parallel lines then their direction ratios must have a relation

a; by ¢
a, b, ¢
19. Question

If the points A(-1, 3, 2), B(-4, 2, -2) and C(5, 5, A) are collinear then the value of A is
A.5

B.7



C.8
D. 10
Answer

Determinant of these point should be zero

-1 3 2
-4 2 —2|=0
5 5 A

—1(2A+ 10) — 3(—4A + 10) + 2(—20 — 10) =0
10A—10—30—60 =0

A=10



