Binary Operations

1 Mark Questions

1. Let *: RxR— Rgiven by (a,b) = a + 4b° be a
binary operation. Compute (-5)* (2*0).
All India 2014C

(=5)* 2 *0) = (-5)* (2 + 4(0)?)
3 [ (ab) = a + 4b?]
=(-5)*2)=-5+42)°=-5+16=11 (1)

2. Let * is a binary operation on the set of all

: ab
non-zero real numbers, given bya *b = ]

for alla,be R —{0}. Find the value of x, given

that2*(x* 5) = 10. Delhi 2014
Given,a*bz%,Va,beR—{O} usll)
Also given, 2*(x*5)=10

=5 2*(}(—;):10 [from Eq. (i)]
= 2*x=10=2%X-10=x=25 (1)

5



3. Let *is a binary operation on N given by
a*b= LCM (a,b) for alta,b e N. Find 5*7.
Delhi 2012; Foreign 2008
Given, a*b=LCM{a,b),Va beN
5*7=LCM (5, 7) =35

4, let*:Rx R— Risdefinedasa *b=2a +b.
Find (2*3) * 4. All india 2012

Given,* :RxR—- R

suchthata* b =2a +b.

On putting a =2 and b = 3, we get
2*3)=2Q2)+3=4+3=7

(2*3)*4=7*4:2(7)+4=14+4=18(1)

5. If the binary operation * on the set of integers
Z, is defined bya * b = a + 3b?, then find the

value of 8* 3. All India 2012C



Given,a*b=a+3b* Vabez

On putting a =8 and b = 3, we get

. 8*3=8+3-3°=8+27=35
6. Let*is a binary operation on set of integers |/

defined bya *b = 3a + 4b — 2, then find the
value of 4* 5. All India 2011C

Given,a*b=3a+ 4b -2

On putting a =4 and b =5, we get
4*5 =3(4) + 45) - 2
=12+20-2=30

7. Let *is a binary operation on set of integers |,
defined bya *b = 2a + b — 3. Find value of
3*4 Delhi 2011C; All India 2008

Given, a*b=2a+b -3

On putting a =3 and b = 4, we get
3*4=23)+4-3
=6+4-3=7

8. If the binary operation * on set of integers Z
is defined by a *b =a + 3b%, then find the

value of 2* 4. Delhi 2009

Do same as Que 5. [Ans. 50]

9. Let *is the binary operation on N given by
a*b=HCF(a, b) where, a, be N. Write the
value of 22* 4. All India 2009



Given, a*b= HCF of a and b, where
a and b e N.
Now, 22 * 4 =HCF of 22 and 4

=HCFof(2x11)and(2 x2)=2
2% 4 =2 (1)

10. If the binary operation *, defined on Q, is

defined asa*b =2a + b — ab, for all as beQ.
Find the value of 3* 4. Foreign 2009

Given, a*b=2a+b-ab,Va beQ.

On putting a = 3 and b = 4, we get
3*4=2.3+4-3-4
=6+4-12=-2
11. If *is a binary operation on set Q of rational

numbers defined asa*b = %. Write the

identity for ¥, if any. All India 2009C; HOTS
Given, binary operationisa* b = —@.
Let e be the identity element of * on Q.
Then, a*e=a3, VaeQ
[by definition of identity element]

12. If S is the set of all rational numbers except
1 and * be defined on Sbya*b=a+b—ab,
foralla,bes.
Prove that
(i) *is a binary operation on S.
(i) *is commutative as well as associative.
Delhi 2014C



(i) We know that, addition of two rational
numbers is a rational number. Also,
multiplication of two rational numbers is
also a rational number.

Here, a and b are rational numbers other than
1. So, a+ b — ab is also a rational number
[since difference of two rational numbers is
rational number]. So, * is a binary operation
onsetS. (1)

(i) Commutative
a*b=a+b-ab =b+a-ba
= a*b=b*a .
Hence, * is commutative. (1)
Associative (a* b)* ¢
=(a+b—-ab)*c
=a+b-ab+c-(a+b-ab)c
=a+b+c—-ab-bc-ac+abc...(i) (1)

and a*(b*c)=a*(b+c - bc)

=a+b+c—-bc—-a(b+c—bc)

=a+b+c—-ab-bc—(ac + abc) ...(ii)

From Egs. (i) and (ii), we get
(@*b*c=a*(a*c)

Hence, * Is associative. (1)

13. Consider the binary operations *: Rx R— R

and o:Rx R— Rdefinedasa*b=|a -b|
andaob=a. For alla,be R Show that *is
commutative but not associative, ‘0’ is
associative but not commutative.

All India 2012



Given *:RxR - R such that a*b=|a - b|
andaob=a,Va bekR

We have to show that, * is commutative but
not associative.

(i) Commutative
a*b=|a-b|,VabeR [given]
and b*a=|b-aVabeR
=|-(a-b)|
=|la-b| [|-x|=|x|,V xeR]
Thus, a*b=b*a,Va beR
Hence, * is commutative. (n

14. Consider the binary operation * on the set
{1,2,3, 4, 5} defined by a *b = min{a, b}.
Write operation table of operation *.

Delhi 2011
Given, binary operation is a* b =min {a, b}
defined on the set{], 2, 3, 4, 5}. (1/2)

The operation table for operation * is given as
follows:

* 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 | 1 2 3 4 4
5 1 2 3 4 5

Fr1*1=minfi 1} = 1,1* 2 = min{l, 2} =1
..5* 4=min{5,4 = 4,
5*5=min{5,5} =5] (3%)



15. A binary operation * on the set {0, 1, 2, 3, 4,

. . _|la+b, ifa+b<b
5} is defined asa*b‘{a+b—6, o LB E -

Show that zero is the identity for this
operation and each element ‘@’ of the set is
invertible with 6 — a, being the inverse of ‘a’.
All India 2011; HOTS
a+b, ifa+b<6
at+b-6,ifa+b=6

The operation table for * is as follows:

Givena*bz{

. A i i e A

0 0 1 2 3 4 5
1 ! 1 2 3 4 i 0
2 | 2 3 4 5 0 ]
3 | 3 4 5 0 1 2
4 4 5 0 1 2 3
a3 0 1 2 3 4

(2)
[0+0<6=0+0=0;0+1<6

=0+1=1,..1+4<6=1+4=5;1+52>26
=1+5-6=0;..]
From table, we note that
() a*0=0*a=a. Hence, 0 is the identity
for an operation. (1)
(i) 1*5=0,2*4=0, 3*3=0, 4*2=0,
5*1=0
Hence, inverse of 1 is 5, i.e.for element a,
6 — aisitsinverse. (n



16. If * is a binary operation on Q, defined by
a*b = 3ab/ 5. Show that * is commutative as
well as associative. Also, find its identity, if it
exists. Delhi 2010

Given, binary operation is
g™ by ?’2—2, a,beQ

(i) Commutative a* b = —339 [given]

5

and b*a=-3—tz‘3

[by using definition of *]

3zb = Bba’ V a, be Q is true

a*b=b*a,VabeQ
Therefore, * is commutative., (1)
(ii) Associative

a*(b*c)=a*

usinga*b="—
\ 5 5

(3bc”
\ 5 ) _9abc
5 25

and (a*b)*c::(%]*c

[ a*bm—:i:—q,Va,beQil

f_?:{)_g\ [ Babjl

3a

——



3ab
-
( 5 J(C) ~ 9abc

5 25
Clearly, a*(b*c)=(a*b)*c,
VabceQ
Therefore, * is associative. (2)

(iti) Existence of identity Let e be the identity
element of * on Q. Then, by definition of
identity element, we must have

a*e=e*a=a3, VvVaesQ

Let a*e=a, VaeQ
=5 gﬁg:az r'.'a*b:—3ab
5 ' 5
5
=% e=—-eQ
3

3, : .
o 5:5 the identity element of *

defined on Q. (1)

17. If A=N x N and * is a binary operation on A
defined by (a,b)*(c,d)=(a +c, b +d). Show
that * is commutative and associative. Also,
find identity element for * on A, if any.

Foreign 2010



The given binary operation is
(a, b)*(c,d)=(a+c.b+d)
defined on A = N x N, we have to show that
* Is commutative and associative.
(i) Commutative
(a, b)*(c,d)=(a+c, b+d),
V(a, b)(c,d)e NxN [given]...(i)

Also, (c,d)*(a, b)=(c +a,d + b)

V(a, b),{c,deNxN —
Since, at+c=c+a VvVaceN
and b+d=d+b,VbdeN

From Egs. (i) and (ii), we get
(a+c,b+d)=(c+a b+d),
Va,b,c,deN
= (a,b)*(,d)=(c,d)*(a,b),
Via b)(c,d)e NxN
Therefore, * is commutative., (1)
(i1) Associative (a, b) * [(c, d) * (e, )]
=(a, b)*c+ed+f)
[using given definition of *]
=(a+c+e b+d+1) ()
Also, [(a, b) * (c, d)] * (e, f)
=(a+c,b+d) *(e f)
[using definition of *]
=(@a+c+e b+d+1f) (1)



From Egs. (i) and (ii), we get

(a, b)*[(c,d)* (e, N =[(a, b)* (c,d)]* (e, f)
V(a, b),(c,d), (e fle NxN (2)
Therefore * is associative.

(iii) Now, we check the existence of identity of
the given operation *.

Let if possible (s, t) be the identity element
of the operation *. Then, by definition of
identity, we must have

(a, b)*(s,t)=(a, b),V (a, b),(s, ) e N xN
= (a+s b+t)=(a b)

[ (a, b)*(c,d)=(a+c, b+d)is given]
On equating corresponding elements, we
get

a+s=a .. ()
and b+t=>b (i)
Egs. (i) and (ii) are true, when s=0 and
t=0
i (s,0)=(0, 0)
But 0,00 N x N

= Identity of the above operation * does
not exist as there does not exist any
(s,t) € N x N such that

(@, b)*(s,t)=(a, b),V(a b)eNxN (1)

18. If*is the binary operation on N given by
a*b=1LCMofag andb.Find20 * 16.1s *
(i) commutative and (i) associative?
All India 2008C
Givena* b =LCM of aand b

LCM of 20 and 16 = 80
20%16 =80 (1)



(i) Commutative
a*b=LCMofaandb [given]
and b*a=LCMofbanda

=|LCMof(banda),V a, beQ
and a%b=b*3,v¥abecl
Therefore, * is commutative. (1'%2)
(ii) Associativea* (b*c)=a*(LCMofb
and c)
[ a* b=LCM of a and b]
= a*(b*c)=LCMof(a, bandc) ...(0)

and (a*b)*c=(LCMof aand b)*c

= (a*b)*c=LCMof(a, b andc) ...(ii)

From Eqs. (i) and (ii), we get
a*h*)=a*h*c.Vabecel

Therefore, * is associative. (1%)

19. If *is a binary operation on set Q of rational
numbers such that a*b=(2a - bh)?,a,beQ

Find3*5,5*3,1s3*5=5%3? Delhi 2008C
The given binary operation is
a*b=Qa-b?a beQ
3*5 =[2(3) - 5]°
[puta=3andb=5ina*b=_2a- bh)?
={6-5°=(1)?2=1 (1%4)
Also, 5% 3=[2(5) - 3%
[put a=5andb=3ina*bh=0Q2a—b)?]
=(10-3% =(7)*=49 (1%)
Clearly, fromabove 3*5 #5*3 (1)
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