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CHAPTER

11

| LW JEE Advanced/ IIT-JEE

Limits, Continuity and
Differentiability

Fill in the Blank x+4
A ° - an<s 9. Lt (“6) e (1990 - 2 Marks)
x>0\ x+1
(x=1)2sin _| x| if x#1 10. Let fix) = x | x |. The set of points where f{x) is twice
1. Letfix)= (x=1) differentiableis ..................... (1992 - 2 Marks)
-, if x=1

be a real-valued function. Then the set of points where f{x)
is not differentiableis....................... (1981 - 2 Marks)

(¥} +x2-16x+20)

11.

T
Let f(x)=[x] sin ([x +1]] , where [e] denotes the greatest

integer function. The domain of fis... and the points of
discontinuity of fin the domain are..... (1996 - 2 Marks)

oy ,  df x#2 ,
2 Letfy=y (2 o (s
k, if x=2 2. M L1+3x2J =.. (1996 - 1 Mark)
If fix) is continuous for all x, thenk=.......... (1981 - 2 Marks)
. . . 3 Lo 2. 2 . 13. Let fix) be a continuous function defined for 1 < x < 3.
3. A discontinuous function y <flx) satisfying x” +y~ =4 is If fix) takes rational values for all x and f(2) = 10, then
given by flx)=.....cccooevenenene. (1982 - 2 Marks) ALS5) = (1997 - 2 Marks)
4 lim(-») tan% = (1984-2Marks)y B ERICCYGEES
X
5. Iff(x)=sinx, X ¢'n7r., n= O, il, i2, i3, .............. 1. If Lt [f(x)g(x)] exists then both Lt f(x) and
=2, otherwise x—a x—a
andg(x)= x> +1,x#0,2 Lt g(x) exist. (1981 - 2 Marks)
=4,x=0
T2, (el MCQs with One Correct Answer
then I Q[ (1986 - 2 Marks)
o (1) L Iff)= % then lim f(x)is (1979)
X sin(—) +x x+cos” x X
6. im | ——% = 1987 - 2 Marks
xgr?oo a+1xP) ( ) @0 o
© 1 (d) none of these
' o f(x)-3 2. For a real number y, let [y] denotes the greatest integer less
7. If(9)=9, /'(9)=4,then Lim \/_— equals............ tan(xx — 7])
*9 -3 than or equal toy : Then the function f(x)= 1t—21t
(1988 - 2 Marks) 1+[x]
8. ABCisanisosceles triangle inscribed in a circle of radius 7. is (1981 - 2 Marks)

If AB = AC and 4 is the altitude from 4 to BC then the
triangle ABC has perimeter P=2 (\ 2hr — h? )++/2hr) and

(1989 - 2 Marks)

(a) discontinuous at some x

(b) continuous at all x, but the derivative /' (x) does not
exist for some x

(©) f'(x)exists for all x, but the second derivative f” (x)
does not exist for some x

(d) f'(x)exists forallx



10.

([
There exist a function f'(x), satisfying f(0) =1, f'(0) =-1,
f(x)>0forallx, and (1982 - 2 Marks) @)

(@ f"x)>O0forallx (b) —-1<f"(x)<O0forallx
©0 -2<f"(x)<-1forall (d) f"(x)<-2forallx
If G(x)=-V25- x> then lim Gx)-60) has the value

x—1 x-1

(1983 - 1 Mark)
1 1
24 ® 3
© -4

If fla)=2, f'(a)=1, g(a)=-1, g'(a)=2, then the
gx)f(@)-g@)f(x) i

xX—a

@

(d) none of these

value of lim (1983 - 1 Mark)

x—a

1
® <

(d) none of these
In(1+ ax) — In(1- bx)
X

@@ -5
© 5

The function f(x)= is not defined

at x =0. The value which should be assigned to fat x=0 so
that it is continuous at x =0, is (1983 - 1 Mark)
@ a-b (b) a+b

(©) Ina-Inbd (d) none of these

lim {L+L+ +L}' 1
now|1-p2 1-n2 = 1-p2] 1SCqua to

(1984 - 2 Marks)

@@ 0 (b) —%
© 3 (d) none of these
If f(x)= Si[“[]x], [x]#0 (1985 - 2 Marks)
X
=0, [x]=0

Where [x] denotes the greatest integer less than or equal
to x. then lim f(x) equals —

x—0
@ 1 (b) 0

© -1 (d) none of these
Letf: R — Rbeadifferentiable function and f(1)=4. Then

f(x)
the value of 1im j ——dt is
x>l X~ 1

@ 8/ b 470 © 2710 @ fO
Let [.] denote the greatest integer function and

f(x) =[tan? x], then: (1993 - 1 Mark)

(1990 - 2 Marks)

11.

12.

13.

14.

16.

17.

18.

19.

20.

21.

Topic-wise Solved Papers - MATHEMATICS
im | £ (x) does not exist
(b) f(x)is continuous atx=0
(¢) f(x)isnot differentiableatx=0
@ fO=1

The function f{x) = [x] cos (

2x2— 1) n , [.] denotes the greatest

integer function, is discontinuous at (1995S)

(@ Allx (b) All integer points
(¢) Nox (d) xwhichisnotan integer
2n
lim l z

(1997 - 2 Marks)

’
——=——==e¢quals

W e

@ 1+45 ©) -1+45© -1+v2 @ 1+42

The function f{x) = [x]> — [x?] (where [y] is the greatest integer

less than or equal toy), is discontinuous at (1999 - 2 Marks)

(a) all integers

(b) allintegersexcept 0 and 1

(c) all integers except 0
(d) allintegers except 1

The function f (x) = (x* —1) | x2 =3x+2|+cos(|x|) is
NOT differentiable at (1999 - 2 Marks)

(@ -1 ® 0 (© 1 @ 2
xtan 2x-2x tan x (1999 - 2 Marks)
=0 (1 - cos2x)?
@ 2 ®) =2 © 12 @ -172
For x R, xll_lggo(i;;) = (20008)
@ e (b) e © e? @ &
. 2
lim S(TCOS"X) ¢ 2 als (2001S)
x—0 x2
(@ -« ®b) = () m2 @ 1

The left-hand derivative of f{x) = [x] sin(n x) atx =k, k an
integer, is (2001S)
@ Dik-Dn b DFlk-1m

© (1fkn @ 1 kn

Letf: R — Rbea function defined by f(x) = max {x,x?}. The
set of all points where £ (x) is NOT differentiable is(2001S)
@ {-L1} ® {10} (© {01} (@101}
Which of the following functions is differentiable at x = 0?
(@) cos(lx])+ x| (®) cos(x)—Ixl  (2001S)
() sin (lx[)+ x| (d) sin(x])— x|

The domain of the derivative of the function

tan'x  if |x|<1
= i 20028,
/&) %(lxl—l) if|x|>1lS (20025)
(@ R-{0} (b R-{1}

© R-{-1;
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Limits, Continuity and Differentiability

22.

23.

24.

26.

27.

28.

29.

30.

31.

(cosx—1)(cosx—e*) .

The integer n for which lim is a finite
x—0 x"

non-zero number is (2002S)

@@ 1 b 2 () 3 d 4

Let f:R— Rbe such that f(1)=3 and (1) =6. Then

( fa+x\"*

x_)OL 0 J equals (2002S)
@ 1 (b) e'? © & @ &
If lim (@ =nynx— Ztan x)sin nx = 0, where n is nonzeroreal
x—0 X
number, then a is equal to (2003S)
n+l 1
@ o b) — © n @ n+-

L S@he2+ )= f2)

[ Ty
(a) does not exist (b) isequal to—3/2

(c) isequalto3/2 (d) isequalto3 (2003S)
If (x) is differentiable and strictly increasing function, then

.giventhat /" (2)=6andf'(1)=4

f6H-f () .
the value of )}1_% 10)- f(O) (2004S)
@ 1 (b) 0 (¢ -1 @ 2
The function given by y=||x| — 1] is differentiable for all real
numbers except the points (2005S)
(@ {0,1,-1} (b) +1 (c) 1 (@ -1

If £ (x) is continuous and differentiable function and
f(1/n)=0 vy n>1land n €1, then (2005S)
(@) fx)=0,xe(0,1]

(b) f10)=0,1'(0)=0

(©) f10)=0=,"(0), x €(0,1]

(d) f(0)=0andf"'(0) need not to be zero

1/x

The value of lim ((Sil‘l )V ¥ 4 (14 x)50% ) , where x>0 is
x>0
(2006 - 3M, -1)
@@ 0 (b) -1 © 1 d 2

Let f (x) be differentiable on the interval (0, ) such that
2fx)-x21(1)

f()=1,and lim =1 for each x> 0. Then
t—x

t—x
fx)is (2007 - 3 marks)
1 2x -1 4 -1 2 1
(@) 3_x+T (b) 3—+—() o +x2 (d) .
seczx
[ roa
lim —2 >— equals (2007 - 3 marks)
xoZ 2 T
ST
@ §f 2 ® Ef 2 (© Ef [l) d 4/
T 4 o \2

32.

33.

34.

36.

o M-67

(x-=1)"

Let g(x)=————
logcos™ (x—1)

; 0<x<2,m and n are integers,

m#0, n>0,and let p be the left hand derivative of |x — 1|

atx=1.If lim g(x)=p, then (2008)
x>t

@ n=1,m=1 ® n=1,m=-1

) n=2,m=2 d n>2,m=n

. 2 1/x .2
If lim [1+x tn(+b )] = 2bsin0,b> 0 and 0 e(—m, 7],
x—0

then the value of 0 is (2011)
n n n n
= = +— =
@ *; Ot © g @ *
x?+x+1
If lim | =———""—gx—b |=4, then (2012)
x>0  x+1
@ a=1,b=4 (b) a=1,b=-4
() a=2,b=-3 d) a=2,b=3
2
0
Let f(x)= COS ,xRthen fis  (2012)
0, x=0

(a) differentiable both at x=0and atx=2

(b) differentiable at x = 0 but not differentiable at x =2
(c) not differentiable at x = 0 but differentiable at x =2
(d) differentiable neither at x=0nor atx=2

Let a(a) and B(a) be the roots of the equation

(A+a-1)x*+(Vi+a-1)x+($1+a-1)=0 where

a>-1.Then lim Ot(a)and hm B(a) are (2012)
a—0" -0t
(a) —gandl b) —% and—1
7 9
¢) ——and2 d) —Zand3
© 2 (d) Zan

1 » 3 MCQs with One or More than One Correct

If x+| y|= 2y, then y as a function of x is (1984 - 3 Marks)
(@) defined for all real x

(b) continuous atx=0
(c) differentiable for all x

dy 1
(d) such that i 3 forx<0
If f(x)=x(x —x+1), then— (1985 - 2 Marks)
(@ f(x)is continuous but not differentiable at x=10
(b) f(x)isdifferentiable atx=0
(¢) f(x)isnotdifferentiable atx =0
(d) none of these



The function f(x)=1+|sin x| is
(a) continuous nowhere

(b) continuous everywhere

(c) differentiable nowhere

(d) not differentiable at x =0
(e) notdifferentiable at infinite number of points.

Let [x] denote the greatest integer less than or equal to x. If
fix)=[xsin nx],thenfx)is (1986 - 2 Marks)
(a) continuousatx =10 (b) continuousin(—1,0)
(c) differentiableatx=1 (d) differentiablein(—1,1)
(¢) none of these

(1986 - 2 Marks)

The set of all points where the function f{x) = s
(+]x1)

differentiable, is (1987 - 2 Marks)
@ (—o0,x) (b) [0,0)
©) (=0,0)(0,) (@ (0,0)
(e) None

|x-3], x21
The function f{x)={ x2 3x 13 is

——+—, x<I1

4 2 4

(1988 - 2 Marks)
(b) differentiable atx=1
(d) differentiable at x=3.

(a) continousatx=1
(¢c) continousatx =13

Iff(x)= %x— 1, then on the interval [0, 7] (1989 - 2 Marks)

(a) tan [f{x)] and 1/f(x) are both continuous
(b) tan [f{x)] and 1/f{x) are both discontinuous

() tan[fix)]and f~!(x)are both continuous
(d) tan [f{x)] is continuous but 1/f{x) is not.

1/%(l—cost)

X

The value of lim (1991 - 2 Marks)
x—0

@ 1 (b)) -1
© 0 (d) none of these
The following functions are continuous on (0, ).
(1991 - 2 Marks)
(a tanx

T o1
tsin-dt
(b) ’(‘;Slnt

1, 0<x$3277E
(©)
.2 3n
2sin—x, —<x<T
9 4
xsinx, 0<x$%
@
T . s
—sin(t+x), —<x<T
2 2

10.

11.

12.

13.

14.

16.

17.

Topic-wise Solved Papers - MATHEMATICS

, x<0
) 0 then for all x (1994)

X, x2

0
Let f(x)= {

(a) f"isdifferentiable
(c) f'is continuous

(b) fis differentiable
(d) fis continuous

1
xsin—, x#0

Let g(x)=xf{x), where f(x)= X Atx=0
0, x=0

(a) g is differentiable but g' is not continuous

(b) gis differentiable while fis not

(c) both fand g are differentiable

(d) gisdifferentiable and g' is continuous

The function f{x) = max {(1 —x), (1 +x),2}, x €(—o0, ) is

(1995)

(1994)

(a) continuous at all points

(b) differentiable at all points

(c) differentiable at all points except atx=1andx=—1

(d) continuous at all points except at x =1 and x = —1,
where it is discontinuous

Let A(x) =min {x, x*}, for every real number of x, Then

(1998 - 2 Marks)

(@) his continuous for all x

(b) hisdifferentiable for all x

(¢ hx)=1,forallx>1

(d) A isnot differentiable at two values of x.

lim J1—cos2(x—1)

1 (1998 - 2 Marks)

x—1
(@) existsand it equals /2

(b) exists and it equals —,/2

(c) does not exist because x -1 — 0

(d) does not exist because the left hand limit is not equal
to the right hand limit.

If fix)=min {1,x2, x?}, then

(@ f{x)iscontinuous Vx € R

(b) flx)is continuous and differentiable everywhere.

(¢) flx)isnot differentiable at two points

(d) flx)isnot differentiable at one point

(2006 - 5M, -1)

2
a-a*-x* - %
Let L= lim 1 4,a>0.
x—0 X
If L is finite, then (2009)
1 1
@ a=2  © a=1 © L=g @L=3;

Let f: R—Rbea function such that f(x +y)= f(x)+ f(»),
Vv x,y € R.If f(x) is differentiable at x =0, then (2011)

(@) f(x)isdifferentiable onlyin a finite interval containing
Zero

(b) f(x)iscontinuous ¥ x € R

(¢©) f'(x)is constant ¥ x € R
(d) f(x)isdifferentiable except at finitely many points.
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Limits, Continuity and Differentiability

/4 /4
-X-—=, X<——
2 2
/4
18. Iff(x)=y-c0sx , —E<xs0,then (2011)
x-1 0<x<1
Lnx ) x>1

. . ¥
(a) f(x)iscontinuous at x = 5

(b) f(x)isnot differentiable atx=0
(¢) f(x)isdifferentiable atx=1

(d) f(x)is differentiable at x = —%

19. For every integer n, let a, and b, be real numbers. Let
function f: IR — IR be given by (2012)

a, +sinmx, for xe[2n,2n+1]

f(x)={

b, +cosmx, for xe(2n-1,2n)

for all integers n. If f is continuous, then which of the
following hold(s) for all n ?

@ a,,-b6,,=0 ®) a,-b,=1
© a,-b,,=1 d a,;—-b,=-1
20. Fora e R (theset ofall real numbers), a=—1,
(JEE Adv. 2013)

- (1+2%+. +n?) 1

n— (n+1)*'[(na+1)+(na+2)+..+(na+n)] 60
Thena=
@ 5 b 7 (©) __;5 @ __;7

21. Let f: [a, b] —> [1,00) be a continuous function and let
g: R — Rbe defined as (JEE Adv. 2014)

0, if x<a,

X

jf(t)dt, if a < x < b; then
a

b

[f(@)ae, if x>b.

a

(a) g(x) is continuous but not differentiable at a
(b) g(x)isdifferentiable on R
(c) g(x) is continuous but not differentiable at b

(d) g(x)is continuous and differentiable at either (a) or (b)
but not both

2. f(x)istheintegral of

22. For every pair of continuous functions £, g : [0, 1] — R such

that max {f(x) X e[O,l]} = max {g(x) X e[O,l]} , the
correct statement(s) is (are): (JEE Adv. 2014)
@ () +3f(c)=(g(c))* +3g(c) for somec ¢ [0, 1]
b)  (f(0))* +£(c)=(g(c))* +3g(c) for somec ¢ [0, 1]
© () +3f(c)=(g(c))* +g(c) for somec e [0, 1]
@ (f(c))*=(g(c))? for somec € [0, 1]

23. Letg: R — Rbea differentiable function with g(0)=0,

Z 0
g'(0)=0andg'(1)#0. Let f(x)= mg(x), x#

0, x=0

and h(x) = e for all x e R . Let (foh)(x) denote f{A(x)) and
(hof)(x) denote A(f(x)). Then which ofthe following is (are) true?

(JEE Adv. 2015)
(a) fisdifferentiable atx=0
(b) his differentiable atx =0
(c) fohisdifferentiable atx=0
(d) hofis differentiable at x =0
24. Leta,b e Randf: R— R be defined by
f(x)=a cos (jx>*—x|) + b [x| sin (|x* +x]).
Then fis
(a) differentiable at x=0 if a=0 and b=1
(b) differentiable at x=1 ifa=1 and b=0
(¢) NOT differentiable at x=0 if a=1 b=0
(d) NOT differentiable at x=1 ifa=1 and b=1

(JEE Adv. 2016)

1
25. Letf: [—%,2]—) Rand g: [—5,2}—>R be functions

defined by f(x) = [x>-3] and g(x) = [x|f(x) + |4x—7 | f(X), where
[y] denotes the greatest integer less than or equal to y for
y e R. Then (JEE Adv. 2016)

1
(a) f isdiscontinuous exactly at three points in [—5, 2]

1
(b) f is discontinuous exactly at four points in [‘5, 2]

(c) g is NOT differentiable exactly at four points in
7]
2

1
(d) gisNOT differentiable exactly at five points in (— 3’ 2]

E Subjective Problems

. Na+2x —\/3_x
1. Evaluate lim

——— (a#0
xsaBa+x-2x (@=0)

(1978)

2sinx —sin2x

3

,x#20,find lim f(x)
X x—0

(1979)



10.

11.

12.

13.

(a+ h)2 sin(a + h) ~a’sina
h

Let f(x +y)=f(x) +f(y) for all x and y. If the function f{x)
is continuous at x = 0, then show that f(x) is continuous at
allx. (1981 - 2 Marks)

Evaluate: lim (1980)
h—0

X

im* L -ma to find

x>0 X

Use the formula

2% -1
lim —— -
Pt (1+x)1/2 ) (1982 - 2 Marks)
1+x,0<x<2

(1983 - 2 Marks)
3—-x,2<x<3

Let f(x) ={

Determine the form of g(x) =f1 f{x) and hence find the points
of discontinuity of g, if any

x2

Let f(x)=1 2
2x2—3x+§,1SxS2

,0<x<1
(1983 - 2 Marks)

Discuss the continuity of f, f"and f" on [ 0, 2].
Let f(x)= x>—x%+x+1 and

g(x)=max{f(t);0<t<x}, 0<x<1 (1985 -5 Marks)
= 3 —-X 0 S X S 2

Discuss the continuity and differentiability of the function

g(x) in the interval (0, 2).

Let f(x) be defined in the interval [-2, 2] such that

-1,-2<x<0
x-10<x<2

f(X)={

and g(x)=/f(|x|)+|/(x)|

Test the differentiability of g(x) in (- 2, 2).(1986 - 5 Marks)

Let f (x) be a continuous and g (x) be a discontinuous

function. prove that f(x) + g (x) is a discontinuous function.
(1987 - 2 Marks)

Let f(x) be a function satisfying the condition f(— x)=f(x)

for all real x. If /"' (0) exists, find its value.(7987 - 2 Marks)
Find the values of a and b so that the function

X+a~2sinx, 0<x<nm/4
fx)=1{2xcotx +b n/4<x<m/2
a cos 2x—b sin x . n/2<x<m

is continuous for 0 < x < . (1989 - 2 Marks)
Draw a graph of the function y=[x]+|1-x|, -1<x<3.

Determine the points, if any, where this function is not
differentiable. (1989 - 4 Marks)

14.

16.

17.

18.

19.

20.

21.

22.

Topic-wise Solved Papers - MATHEMATICS

1—cc;s4x’ £ <0
X
Let f(x) =44, x=0 (1990 - 4 Marks)
L, x>0
V16+/x -4

Determine the value of a, if possible, so that the function is
continuous at x =0

A function f: R — R satisfies the equation f(x +y)=f(x) f(»)
forall x,yin Randf(x) = O for anyxin R. Let the function be
differentiable at x =0 and f” (0) =2. Show that f”(x) =2 f(x) for
all x in R. Hence, determine f(x). (1990 - 4 Marks)

Find ™ (tan(n/4+ x)}!/* (1993 - 2 Marks)

{1+ | sin x [}#/ksin~] %< x<0
Let f(x)=]| b ; x=0
ptan2x/tan3x © 0< x<%

(1994 - 4 Marks)
Determine a and b such that f{x) is continuous at x =0

Letj(x;y)=f(x);f(y) for all real x and y. If £'(0)

exists and equals— 1 andf(0) =1, find f(2). (1995 - 5 Marks)
Determine the values of x for which the following function
fails to be continuous or differentiable: (1997 - 5 Marks)

1-x, x<1
fx)=10-x)(2-x), 1<x<2 Justify your answer.
3—x, x>2

Let f(x), x > 0, be a non—negative continuous function, and

let F(x)= I f (@) dt,x=0.Iffor some c> 0, f(x) < cF(x) for all
0

x >0, then show that f{x) =0 for allx > 0. (2001 - 5 Marks)
Let o € R. Prove that a function f/: R — R is differentiable at
o if and only if there is a function g : R — R which is
continuous at o and satisfies f{x) — flor) = g(x) (x — o) for all

xeR (2001 - 5 Marks)
Let foy=1*t% 1 x<0 4 (20025 Marks)
et f(x)= an - 5 Marks
|x-1] if x20,
x+1 if x<0
gx)= ) . where a and b are
(x=-D)"+b if x>0,

non-negative real numbers. Determine the composite function
g of If (g of) (x) is continuous for all real x, determine the
values of @ and b. Further, for these values of a and b, isg o
f differentiable at x = 0? Justify your answer.

GP_3480



Limits, Continuity and Differentiability ®

23. Ifafunction f:[-2a, 2a]— R is an odd function such that 1 o ) ) )
25. If|c| £ = and f{x) is a differentiable function atx =0 given

fix)=f2a—x) for x €[a, 2a] and the left hand derivative at 2
x =a is 0 then find the left hand derivative at x =—a.
(2003 - 2 Marks) bsin~! (_C; x) , _% <x<0
24.  f'(0)= lim nf(l) and f(0) = 0. Using this find 1
nowo = \n by f(x)= > R x=0
/2
lim ((n+1)zcos_1 (l)—n) cos_ll <I el O<x<l
n—w T n nl 2 x ’ 2

(2004 - 2 Marks) Find the value of ‘a’ and prove that 64 b*> =4 — c2

(2004 - 4 Marks)
26. If f(x—y)=f(x)-g(»)—f(»)-g(x) and

g(x—y)=g(x)-g(») - f(x)- f(y) forall x, y eR.
Ifright hand derivative at x =0 exists for f{x). Find derivative
of g(x)atx=0 (2005 - 4 Marks)

| 38 Integer Value Cerrect Type

DIRECTIONS (Q. 1 and 2) : Each question contains statements given in two columns, which have to P qr s t
be matched. The statements in Column-I are labelled A, B, C and D, while the statements in Column-
11 are labelled p, q, v, s and t. Any given statement in Column-I can have correct matching with ONE Al@Q0O00
OR MORE statement(s) in Column-11. The appropriate bubbles corresponding to the answers to these B @@0@ @
C
D

questions have to be darkened as illustrated in the following example : (1] 1GOOI
If the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the correct darkening of ®©OQOO®
bubbles will look like the given.

1. In this questions there are entries in columns I and I1. Each entry in column I is related to exactly one entry in column II. Write

the correct letter from column II against the entry number in column I in your answer book.

Column 1
(A) sin(z[x])
B) sin( 7 (x{x])

Column I1

(p) differentiable everywhere
(q) nowhere differentiable

(1992 - 2 Marks)

(r) notdifferentiable at 1 and — 1
2. In the following [x] denotes the greatest integer less than or equal to x.
Match the functions in Column I with the properties in Column II and indicate your answer by darkening the appropriate
bubbles in the 4 x 4 matrix given in the ORS. (2007 - 6 marks)
Column1 Column I1
(A) x|x| (p) continuousin (-1, 1)
B) x| (q) differentiablein (-1, 1)
© x+]x] (r) strictlyincreasingin (-1, 1)
D) |x-1]+|x+1] (s) not differentiable at least at one point in (-1, 1)

DIRECTIONS (Q. 3) : Following question has matching lists. The codes for the list have choices (a), (b), (c) and (d) out of which ONLY
ONE is correct.

3. Let fi:R—>R, f5:[0,0)>R, fy:R—>R and f; :R—[0,0)be defined by fl(x)={

sinx if x<0,

Hx)=x% f3(x)={x if x>0; and f4(x)={

£ (i ()
fH(A(x)-1if x=0.

|x| if x<O,

e* if x>0

if x<0,

(JEE Adv. 2014)



f(x)=|x|+1and g(x)=x2+1. Define h: R — R by

® Topic-wise Solved Papers - MATHEMATICS
List-I List-IT
P. f,is 1.  Onto but not one-one
Q fiis 2. Neither continuous nor one-one
R fyof|is 3. Differentiable but not one-one
S. fyis 4. Continuous and one-one
P QR S P QR S
@ 3 1 42 ®b) 1 3 42
© 3 1 2 4 @ 1 3 2 4
@l Integer Value Correct Type , max {f(x),g(x)} if x<0,
X)=
Letf:[1,00) — [2,o0)beadifferentiable function such that min {f(x),g(x)} if x>0.
X . . . . . .
The number of points at which A(x) is not differentiable is
1)=2.1f 6[ f(r)dt = —x>forall x>1,then th
S 6{ f()dt =3xf(x)—x forall x en the (JEE Adv. 2014)
value of f(2) is (2011) 4. Let m and n be two positive integers greater than 1. If
The largest value of non-negative integer a for which
(ecos(a") _e\
I=x lim L J = (Ej then the value of z is
—ax+sin(x—1)+a)|1-Jx a0 o™ S\2
tim |G al e Lo Gep 2014 4
x—>1| x+sin(x—1)-1 4
(JEE Adv. 2015)
Let f:R— Rand g:R— Rbe respectively given by . xZsin(Bx)
5. Leta, P € R be such that lim ————= = 1. Then

x—0 0X —sin X

6 (o+B) equals. (JEE Adv. 2016)

il Section-B

Jl-cos 2x

lim ~————
T o S [2002]
@ 1 (b) -1
(¢) zero (d) does not exist
(xz +5x+ 3\)‘
Lim| ———
x—>°°L x2+x+3 [2002]
@ & (b)e? ©é @ 1
- ()= im Y @-2f ().
Letf(x)=4and /' (x)=4. Then ,%lf)lz 2 is
given by [2002]
(@ 2 (b) -2 (c) -4 @ 3
lim 17 +2P +3P + _ +n? is 2002
n—0 nP*1 l |
1 1 i1 1
® o7 O, ©,7550 55

n

lim logx——[x],n e N, ([x] denotes greatest integer less
x—0 X

than or equal to x) 12002]
(@) has value -1 (b) has value 0

(c) hasvalue 1l (d) does not exist

- 1 — : \/f(x) -1 .

IfAH=1,'(1) 2,thenxl£1)11 —\/;_1 is 12002]
@ 2 (b) 4 ©1 d 12
fisdefinedin [-5, 5] as 12002]

Slx)=xifx is rational
=—x ifx is irrational. Then
(a) flx)iscontinuous at every x, except x =0
(b) flx)is discontinuous at every x, exceptx =0
(¢) flx)is continuous everywhere
(d) flx) is discontinuous everywhere

fix) and g(x) are two differentiable functions on [0, 2] such
that f"(x)-g"(x)=0, f'(1)=2¢g'(1) =4/2)=3g(2)=9
then flx)—g(x)atx=3/21s 12002]
@@ o (b)2

(c) 10 d 5
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9.

10.

11.

12.

13.

14.

16.

If f(x+y)=f(x).f(¥)Vx.y and f(5)=2, f'(0)=3,then

£5)is [2002]
@@ 0 ()1 (©) 6 @ 2
4 a4 4 3, 23 3
lim 1+2 +35 +..n ~ lim 1+2 +35 +..n [2003]
n—o n n—»e n
1 sl @ L
@ 3 ® 3, (¢) Zero @ 3
If lim 108G N 10830 _ 4 e value of k is [2003]
x>0 X
R
@ ~3 (b) © 3 @ 3
2
X
[ sec? rdt
The value of lim 41— s [2003]
x—>0 XxSinx
(@0 (b3 (c) 2 @1

Let f(a)=g(a) =k and their nth derivatives

f"(a),g" (a) existand are not equal for some n. Further if

f(@)g(x) - f(a)-g@fN)+f(@ _,

lim
x—a g(x)— f(x)
then the value of kis [2003]
(@) 0 (b) 4 ()2 1
| {1 - tan(;ﬂ[l —sinx]
lim is [2003]
x-’% {1 + tan (;ﬂ[n — 2x]3
b L 1
(@) ®) ¢ )0 @ 33
1,10
If f(x)=1xe U ")  x#0 thenf(x) is [2003]
0 ,x=0

(a) discontinuous every where

(b) continuous as well as differentialble for all x

(c) continuous for all x but not differentiable at x=0
(d) neither differentiable nor continuous atx =0

im \2¥
If im {y,@, b )" _2 then the valuesofaand b, are
x—)ooL X xZJ ’
[2004]
(@ a=landb=2 (b) a=1beR
(© aeRb=2 (d) aeRbecR

17.

18.

19.

20.

21.

22.

23.

24.

o M-73
1-tanx T 4
= x#*— 0,—1|. i i
Let f(x) arn 2% G[ , 2] Iff(x) is continuous
i i
in [0, 5],then f (Z) is [2004]
1
(@ -1 () > © -3 @ 1
. 1 >l 2 L, 4 5
Lim | —sec” —+—sec” —........... +—sec”1
n—)00|in2 n2 n2 n2 n :|
equals [2005]
(@) lsecl b) 1 cosec 1
2 2
1
(C) tan 1 (d) 5 tan 1

Let o and P be the distinct roots of ax? +bx+c =0 then

1- cos(ax2 +bx+c)

lim is equal to [2005]
x—a (x—a)

a2
(@ 7(oc—ﬁ)z ()0

2

=4 )2 1 _p2
© > (a—PB) (@) 2(0t B)
Suppose f(x) is differentiable at x = 1 and
lim lf(1+h)=5,then f'() equals [2005]
h—0h

@@ 3 (b) 4 ()5 @ 6

Let f be differentiable for all x. If f(1)=—2 and f'(x) > 2 for
x € [1, 6], then [2005]
@ f(6)=28(b)f(6)<8 (0)f(6)<5 (@) f(6)=5
Iffis a real valued differentiable function satisfying

/) =f0)| < (x=»)*, %,y € Randf(0)=0, then /(1)
equals [2005]
@ -1 ()0 (c) 2

Let f: R — R bea function defined by

@1

Sf(x)=min {x+1,|x|+ 1} , Then which ofthe following is true ?

(@ f(x)isdifferentiable everywhere [2007]

(b) f(x)isnot differentiableatx=0

(©) f(x)> 1forall xR
(d) f(x)isnot differentiable atx =1

The function f:R/{0} > R given by 12007]

i —

X e2x _1

can be made continuous at x = 0 by defining f(0) as

@ 0 ()1 © 2 d -1



26.

27.

28.

29.

30.

e Topic-wise Solved Papers - MATHEMATICS
1 31. Consider the function, f(x)=|x — 2|+ |x—5|,x€R.
(x—1)sin—ifx =1 Statement-1:/'(4)=0
Let f(x)= x—1 ) [2008] Statement-2 : fis continuous in [2,5], differentiable in (2,5)
0 ifx=1 and f(2)=1(5). [2012]
Then which one of the following is true? (a) Statement-1 15 false, Statement-% Istrue. .
. . . _ _ (b) Statement-1 is true, statement-2 is true; statement-2 is
(@) fisneither differentiable at x=0 nor atx=1 .
- . _ _ a correct explanation for Statement-1.
®) f ?S deferent%able atx=0 andatx=1 (c) Statement-1 is true, statement-2 is true; statement-2 is
(c) fis differentiable at x =0 but notatx=1 not a correct explanation for Statement-1.
(d) fisdifferentiable atx =1 but notatx=0 (d) Statement-1 is true, statement-2 is false.
Let f: R —> R be a positive increasing function with _ (I-cos2x)(3+cosx) .
13%) 1% 32. )1‘1_1)1}] < tandx isequalto  [JEEM2013]
lim =———==1.Then lim ~——=*= [2010]
x—o f(x) x>0 f(X) 1 1
@ -7 ©®F O @ 2
2 3
@ 3 ®) 5 ©3 1 ' ( X )
sin{mcos” x
33. i i 1 to: JEEM 2014
o [Jimcos2G-2)) v R ! I
i (2011 ]
@ -n Ok © 5 @1
(@) equals /2 (b) equals — /2 2
. (I-cos2x)(3+
1 , 34, lim{ZC0S20CHCOS) o alto:  JEEM2015|
(c) equals E (d) does not exist x>0 xtan4x1
The values of p and g for which the function [2011] @ 2 ®) 2 () 4 @3
35. Ifthe function.
sin(pthxtsinx kvx+1, 0<x<3
x ) ] ) (x)= is differentiable, then the value
fx=1q ,x=0 is continuous forall x in R, are mx+2, 3<x<5
/x+xz_\/; ofk+mis: [JEE M 2015]
FEES 10 16
@ 5 O+ @2 @ 5
5 1 3 1 36. Forx e R, f(x)=|log2 —sinx| and g(x) = f(f(x)), then :
@ pP=5.9=75 ® p=-5.9=7 [JEE M 2016]
(@ g'(0)=—cos(log2)
_1 3 13 (b) gisdifferentiable at x =0 and g'(0) =—sin(log2)
© p= 29173 O 29773 (c) gisnot differentiable atx =0
(d) 2'(0)=cos(log2)
Let f: R —» [0,0) be such that lim f{x) exists and .
x5 —
. ((n+1)(n+2)..3n |n
2 37. lim |[—~—————| isequalto: [JEEM2016]
lim (f (x)) -9 lim N0 n"
s —7——=—=0.Then 1 f{x)equals:
|x - 5| 9
a) 5 3log3-2
@ 0 (®) 1 © 2 @ 3 @ 2 (b) 3log
Iff: R —> R is a function defined by f (x) = [x] 18 27
2x-1 © @ @ 2
cos ( 2 )n, where [x] denotes the greatest integer .
function, then fis . [2012]  38. Let p= lim (1 +tan” Vx )K then log p is equal to :
. x—0
(@ cci)ntlnu'ous for every real x. [JEE M 2016]
(b) discontinuous only at x =0 ]
(c) discontinuous only at non-zero integral values of x. (a) 5 b) 2
(d) continuous only at x =0. © 2 @ 1
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GP_3480

A1 {0 2. k=7 3. f()=v4-x*,-2<x<0=—4-x*, 0<x<2

4 2 5 1 6 1 7. 4 8 2 L 9 S
- . . = . 2 2rh—h*, Togr . e

10. R-{0} 11. (oo, —1)U[0, ), I- {0} where /is the set of ingeger except n=—1
12. ¢ 13. 10

B 1. F

C 1 (o 2. @@ 3. (a 4. () 5 (o) 6. (b 7. (b
8 (@@ 9. (a 10. (b) 11. (o) 12. (b) 13. @@ 14. (@)
15. (¢) 16. (¢) 17. (b) 18. (@) 19. (d) 20. (d) 21. (d)
22. (¢ 23. (¢ 24. (d) 25. (d) 26. (¢ 27. (a) 28. (b)
29. (¢ 30. (@ 31. (a@ 32. (¢ 33. @) 34. (b) 35. (b)
36. (b)

D 1. (ab,d) 2. (b) 3. (b,d,e) 4. (ab,d) 5. (a) 6. (a,b,c)
7. (b 8 @@ 9. (b,¢) 10. (b,c,d) 11. (a,b) 12. (a,c¢)
13. (a,c,d) 14. (d) 15. (a,d) 16. (a,c) 17. (b,¢c) 18. (a,b,c,d)
19. (b,d) 20. (b,d) 21. (a,¢) 22. (a,d) 23. (a,d) 24. (a,b)
25. (b,¢)

E 1 % 2. 1 3. d’cosa+2asina 5. 22

= Py

12.

16.
19.

22.

24.

2+x, 0<x<1

8(x)=42-x,1<x<2 discontinuityatx =1,2 7.
4—x,2<x<3

cont. on (0, 2) and differentiable on (0, 2) — {1} 9.

-

T
a=— -—
6’ 12

13. x=0,1,2,3 14.

2
e? 17. a=—, p_ 23 18. f(2)=-1

3

fand f” are continuous and f” is discontinuous on [0, 2]

not differentiable at x =1

a=8

fis continuous and differentiable at all points except atx = 2.

x+a+l1. if x<-a

(x+a—I)2+b ifa<x<0

15, f(x)=€*

g(f(x) = T £ 0<r<l ,a=1,b=0, gofis differentiable at x = 0
x-22+b  ifx>1
n—2
e 25. 1 26. 0
T
(A)-p’ 03)'1' 2' (A)-p,q,r;(B)-p’S;(c)-r,S;(D)-p’q

6 2, 2 3. 3 4.

2

5. 7

11. £'(0)=0

23. 0

3. @@
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Section-B : JEE Main/ AIEEE

1. (@ 2. (a) 3. (o) 4. (a) 5. () 6. (@ 7. (b)
8. () 9. (0 10. (a) 11. (@) 12. (d) 13. (b) 14. (d)
15. (o) 16. (b) 17. (o) 18. (d) 19. (a) 20. () 21. (a)
22. (b) 23. (@ 24. (b) 25. () 26. (d) 27. () 28. (b)
29. @d 30. (@ 31. (¢) 32. (d) 33. (b 34. (a) 35. (¢
36. (d) 37. (d) 38. (a)
| LT JEE Advanced/ IIT-JEE
A. Fill in the Blanks 5.  Given that,

f(x)=sinx,x#mn=0,+1,£2,... =2, otherwise
And g(x) =x*+1,x 20,2

-1, x=1 =4, x=0=5, x=2
We know that | x | is not differentiable at x =0

1) sin——
1. Given f(x)= (x-1 Smx—l [x|,x#1

Then lim g[ f(x)] = lim g(sinx) = lim (sin2 x+1)=1
x—0 x—0 x—0

1 . . .
(x- 1)2 sin 1 | x| is not differentiable at x = 0.
*- x* sin(—)+x2
Atall other values ofx, fx) is differentiable. lim |— %/
The req. set of points is {0} . 6. x> 1+ x P)
2. Itwill be continuous at x =2 if
3 2
- 1
lim f(x)=f(2) = lim X X -16x420 Let L= lim [xsm(—] —}
X2 x—2 (x-2)% x> 14 | xP x) x
- kzhmw = lim (x+5) =7 2 . N1
) (X 2) x—> = lim Y T — |:x sin (_) + _i| (1)
s k=1 x>-o | x|, 1 x/ X
3. f(x)=va-x?,2<x<0 =—4-x2,0<x<2 3 Xl ;
By choosing any arcs of circle x2 — y2 = 4, we can define a = lim 2= 1= lim 2—=_1
discontinuous function, one of which is x>0 | x |3 X0 — 33
422, _2<x<0 7. Giventhatf(9)=9,f'(9)=4
)= : Then,
V4-x0sxs2 i @3 () -)WT) +3)
4. KEYCONCEPT -9 Jx-3 19  ([x-3)(x+3)
(L' Hospital rule) J— 3
x—a g(x) x—a g'(x) - f(x) + x—)9 - +
. f(x)— f ® _.
if@ is of the form %orgoro X 00, = il_r,ng % — I=f19)=4
8. InAABC,AB=AC
lim (1 - x) tan =~ [form 0 x o] AD 1 BC (D is mid pt of BC)
xol 2 Let r=radius of circumcircle
- lim _-x Formg . OA=0B=0C=r
x—1cot(nx/2)
4 Now BD =VBO? ~0D? =\Jr? — (h-r)?
= lim—— [Applying L' Hospital's rule]
N Feosect (] o

BC = 2N2rh - h?

1[‘

EBD_7202
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0

m
D Cc

B

Area of AABC = %x BCx AD = h2rh — h?

2
Also llmi— lim hN2rh—h

B0 PP k0 g(\oph— 2 +\2rk)

i h3/2 /2,,
h0 8132 (J2r —h) +2r)’

_ lim N2r—h
h—>0 8(2r —h+/2r)>

N
8(\2r ++2ry  882r 2r 128r

5x+4
Ea N T

x+4
9. lim (ﬂj — lim [1+i} 3
x—o0o\ x+1 X—0 x+1

1\*
[Using Iim (l + —) =e]
X—>0 X

4 5 lim (l+4/x)
. x+
lim 5(—) =g xoe X/ _ g

10. We have,

2
- 0
f@=xlxl= 0
x2,x20
—2x,x<0
2x,x>0
" _ _2’x<0
4 (x)_{Z,xZO

Clearly f™ (x) exists at every pt. except atx =0
Thus f(x) is twice differentiable on R — {0}.

11. Thus function is not defined for those values of x for which
[x+ 1]1=0. In other words it means that
0<x+1<lor—-1<x<0
Hence the function is defined outside the region given
by (1).

Required domain is ]—o0,—1[\[0,0]
Now, consider integral values of x say x = n

f'(X)={

RHL.= lim [n+ 4] sin ———— = nsin—-
A TSI T (n+1)

LHL.= lim[n—h]sin =(m-nt
h—0 n

_
[n+1-h]

12.

13.

Clearly RHL # LHL. Hence the given function is not

continuous for integral values of n (n # 0,—1).
At x=0,f(0)=0,

limf(0+h) = hm[h]sm [h 1 =0

The function is not defined for x < 0. Hence we cannot find
lim £ (0 — A). Thus f (x) is continuous at x = 0. Hence the
points of discontinuity are given by /— {0} where /is set of
integers n except n =—1

KEY CONCEPT

lim g(x)1og / (x)
hm[ F()]EX) =ex

2
2 1 1+5x
1/x lim — lo
[l+5x2J x—0 x2 g l+3)«72
m| ——— e

2 2
lim 5.log(l+25x ) 3.log(l+;*>x )
x—0) 5x 3x

I B

Since f(x) is given continuous on the closed bounded interval
[1, 3], f(x) is bounded and assumes all the values lying in
the interval [m, M] where

m=min f(x) and M =max f(x)

1<x<3 = f(H)<f(x)<3)

If m2 M, then f(x) must assume all the irrational values

lying in the [m, M]. But since f(x) takes only rational values,
we must have m = M i.e., f(x) must be a constant function.
Asf(2)=10, we get

fG)=10 Vx €[1,3] = £(1.5)=10
B. True/False
| |

Consider f(x) = ,8(x )—

| x— |
then llm( f(x)g(x)) exists but neither lim f(x) nor

X—>a

lim g(x) exists.
X—a

C. MCQs with ONE Correct Answer

© = [
X+COS™ X

TR N e
1+
X
@ =)
1+[x]?

By def. [x — ] is an integer whatever be the value of x.
And so n[x — 7] is an integral multiple of .
Consequentlytan (n [x—n])=0, V x.

And since 1+ [x]? # 0 for any x, we conclude that

J®)=0.
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Thus f'(x) is constant function and so, it is continuous And lim f(x)= hm 0=0
and differentiable any no. of times, that is f"(x), f"'(x), x—>0"
S"(x),... all exist for every x, their value being 0 at every Vo lm f(x)# 11m f(x) assin1=0
pt. x. Hence out of all the alternatives only (d) is correct. x—0" x—0"
3. (@ f(x)=eXisonesuch function. hn}) f(x) does not exist.
x—
Here /' (0) =Lf0)=-L/()>0,Vx. 9. (a) Wehavef: R — R, adifferentiable function and
ST)>0Vx f(1)=4
. o ~ /72 s 2 ( ) NOTE THIS STEP .
x—)l lim_[f()th_l {t }
- lim \/_—\/25 x? x/_4+\/25 x? x>104 x=1 w1 x-1],
= 2
ot x-l V24 +425- %2 = fim S 716 S®)—4 11m( F(x)+4)
21 x—l x—1 x—>l Xx—
= lim =f'(D).¢F1)+4)=81"(1) [Usmgf(l) 4]
x> (x—1)[V24 +425 - x2] 10. () Wehavef(x) =[tanx]
— lim x+1 2 1 tan x is an increasing function for —% <x< %

x—)l[\/_+\/25 —x ] 2@ 2\/6

T
s © 2().f (@)~ 2(@) £ (x) tan ( 4) < tanx <tan ( ) NOTE THIS STEP
. (¢ lm

= —l<tanx<l = O0<tan?x<1

x—a xX—a

= [tan?x]=0
= 1. 8la+h) f(a)—gla) f(a+h) -
e 7 [Forx=a-+h] Hence, lim /(x) = lim(tan’ x] =0
= im g(a+h)f(a)—g(a)f(a);g(a)f(a)—g(a)f(a+h) Also f(ojgzo i

f(x) is continuous atx =0
_ lim f(a)[w]_ lim g(a)[%)‘f@] 11. (c) When x is not an integer, both the functions [x] and

2x -1 .
— f(a) gv (a)_g (a) ' (a) =2x2 _(_ l) x1=5 COS( > ]TC are continuous.

6. (b Forf(x)tobe continuous atx=0 “. f(x)is continuous on all non integral points.
f(0)= lim f(x) For x=nel
x—0 25 —1
i N+ @)= In(1—bx) lim f(x)= lim [x] cos( al ]n
= xl_I)I}) x x—on~ x—n~ 2
2n-1
[UsinglimM=l} —(n—l)cos( P )n—O
x>0 X
sath lim f(x)= lim [x]cos(zx_l)n
- 1 2 n x—>n+ x—)n+ 2
7. () lim 5+ 7+t 3 -1
n>o\1-p“ 1-n l-n =ncos( 2 )1t=0
= Lim 1+2+3+...+n _ lim Zn i n(n+1)
n—>e0 1-n? n>ol-p? e 2(l—n2) Also f(n)=n cos (Zn;I)n =0
= i 1+1/n -_1/2 .. fis continuous at all integral pts as well.
n— 2{i _ 1} Thus, f'is continuous everywhere.
2n
o Ln . .1 r
8. () The given function can be restated as 12. () Wehave= nll_I;I:o;Z B
sin[x] . =N+
——, ifx e(—,0)U[l,x] 1 2
f)=19 [x] = lim _Z;
0 , ifxe[0,1) n> N 1+ (r/ n) 2
sin[—A] 2 a
lim f(x)—l = * x| lim ( ) x)dx
xo0 0[] N — %er {f()
I sin (—1) sinl

STy [ ] -
0

EBD_7202
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13. @ Wehavef(x)=[x]*—[x?]
Atx=0,

LHL.= lim f(~h) = lim[-h]* ~[(~h)*]
h—0 h—0
= lim f(-1)” ~[#*]= lim 1-0 =1
h—0 h—0
RHL.= lim f(h)= lim[A]* —[A?]
h—0 h—0
= lim0-0=0

h—0
LHL.#RHL.

f(x) is not continuous at x = 0.
Atx=1

LHL = lim f(1—h) = lim[1- 2] —=[(1- #)?]
h—0 h—0

=1lim0-0=0
h—0

RHL.= lim f(1+ k)= lim[1+h]? —[(1+h)*]
h—0 h—0

= liml-1=0
h—0
f(1)=[11?-[17]=1-1=0
. LHL.=RHL.=f(1)
f(x) is continuous at x = 1.
Clearly at other integral pts f (x) is not continuous.

ifx<0
ifx>0
Also, | x2-3x+2|=|(x-1)(x-2)|
(1-x)2-x) if x<1
—J(x=1)(2-x) if 1<x<2
(x=1)(x-2) if x>2

As cos (—0) =cos® = cos | x|=cos x

14. @ Wehave|x|={;x

Given function can be written as
(x? =) (x=1)(x—2)+cosx if x<1
f(x)= —(x2 “D(x-D(x-2)+cosxif 1<x<2
(2 =1)(x=1)(x—2)+cosx if x>2

This function is differentiable at all points except
possiblyatx =1andx=2.

Lf'(1)= {%[(xz -DEx-D(x-2)+ cosx]}

x=1
=—sinl
Rf'(1)= {i[—(x2 “D(x-1)(x-2) +cosx]}
dx x=1
=—sinl
Lf' (1)=Rf' (1)

fis differentiableatx=1.

Lf'(2)= {%[—(x2 —1)(x—1)(x—2)+cos x]}

x=2
=—3—-sin2
Rf'(2)= {di((x2 -D(x-D(x-2)+ cosx)}
* x=2
=3-sin2

L' (2)#Rf'(2)
f1is not differentiable at x =2.

xtan2x—2xtan x

15. (¢) lim 3
x>0 (1-cos2x)
8x>  64x° X2
x4 2x+——+ Fo = 2X X+ —+—+...
) 3 15 3 15
= lim 5
x—0 4sin” x
8 2 .
e 373 + terms containing higher
. positive powers of x
= lim T
x>0 4sin” x
L
4 2
16. (c) For x eR,
5x
X —(x+2) | x+2
lim ("_3] = lim [1—i} :
x—o\X+2 X—>00 x+2
. 5
e 2
=€ +; =e—5
: 2 2
17. ® lm sin (T cos” x) _ i 5P (m—msin” x)
x—0 x2 x—0 x2

[sin(rt —0) = sin 0]

. .2 .2
sm(mwsm- x msm- x
(nsin>x) (rsin’x) _

= lim
x>0 qsin? x x2
18. (@) At LHD= lim J®) = Jtk=h) (k= integer)
atx=k h—>0 h
- lim [k]sinkm—[k—h]sin(k—h)T
h—0 h
. —(k=Dsin(k—h
= lim (k=1)sin( L [*sinkm=0]
h—0 h
- lim —(k—1)sin(km — hm)
h—0 h
[sin (kn—6) = (-1 'sin0 ]
(k=)= sinhn
=1 =n(k-1)(1)F
Jm = xn =n(k-1)(1)
19. @ f(x) = max. {x,x°}
X ; x<-1
: x3; -1<x<0
B X ; 0<x<l1
x3; x2>1
KEY CONCEPT

A continuous function f(x) is not differentiable atx=a
if graphically it takes a sharp turn atx=a.
Graph of f(x) = max {x, x3} is as shown with solid lines.
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Limits, Continuity and Differentiability o M-s-173
427 22. (c¢) Given that,
31 . (cosx—1)(cosx—e*
lim ( )( ) = finite non zero number
2+ x—0 x"
(1,1 _ x
543 2 S s - lim (1-cosx) (,1, +cosx)(e* —cosx)
< [0 RS S - x—0 x"(1+cosx)

oy Fod
s da (sin2 x) (ex—cosx\( 1 )

vy

1+cosx
3+
4+ _ fimR e esx L
From graph off(x) atx=—1, 0, 1, we have sharp turns. x—0 X2 2
f(x)isnot differentiableatx=-1,0, 1. 1 & —sinx
20. () Let us test each of four options. = lim [using L' Jospital's rule]

2 x50 (x—2)x" 3
For this limit to be finite, n—3=0 =>n=3
) 23. (c¢) Given thatf; R — R such that
re= T s (=3 andf"(1)=6

cosx—x, x<0
@ f)=coslxl+[x|= S22 T30

—sinx+1, x>0

1/
Atx=0,LD=—1,RD=1 Then fim | LA+D ]
Not differentiable -0 Q)
.1
(b) f(x)=cos|x|-|x|= {zg:;t L ox<o _ Jim ~Hlog (1+2)-log 1)
Not differentiable at x=0 1
. 0 FoesTAGe)
. _ [-sinx—x, x< lim L
© SE)=sin [x[+]x|= { sinx-x, x>0 = ox0 ! [Using L' Hospital rule]
Not differentiable at x =0 AL
e _J-sinx+x, x<0 =e/ (D =83 -2
@ f&) =sin|x|-[x]= { sinx—x, x>0 24. (d) We are given that
()= {—222);+}, J;ig lim [(a—n)nx—tanx]sinnx=0
T - x—0 x2
Atx ;O’ dLlfz“ =0, Rllz 1= 0 0 where n is non zero real number
1s differentiable at x = 0. .
21. () The given function is = lin}) p S0 H(a —n)n— taan =0
x>0  nx x
tan~lx  if|x|<1 |
f)= %(|x|—l) if |x>1 = lnl(a-mn-1]=0= a="+n
1 . . 2)—
5(—x— ) if x<-1 25. () LetL= lim SCh+ 22+ W)=/ [gform}
1 h=>0 f(h—h"+1)- f(1) 0

= fe=qtanx if-l<x<] Applying L Hospital's rule, we get

L-t) ifx>1
x> Lo i [ G2+ 2420)

~1=0-1

ClearlyLHL. at(x=—1)= }}in(l)f(—l -h)=0 h—0  f'(h—h? +1).(1-2h)
9
RHL.at (v=—1)= lim f(-1+}) - [D2_6x2_,
h—0 M1 4x1
— 1 -1 -
"yt Che=3nl 2%. © Letl= lim/E)/® [ [ (@)> O’f'?eing}
LHL.#RHL.atx=-1 : 10 f(x)—£(0) strictly increasing
S (x) is discontinuous at x = — 1 Using L.H. Rule, we get
Also we can prove in the same way, that f (x) is ) ' s
discontinuous at x = 1 L= lim S'(x7).2x—f'(x) - lim S'(x7)2x
f' (x) can not be found for x == 1 or domain of x50 f'(x) -0 f'(x)

S'®=R-{-1,1} =-1
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27. (a)

28. ()

29. (¢)

30. ()

@
Graph ofy=||x|—1]is as follows : 31. (@
YA
\/&1)/
L0 9 o
The graph has sharp turnings at x=—1, 0 and 1; and
hence not differentiable atx=-1,0, 1.
Given that f (x) is a continuous and differentiable
1
function and f(;) =0,x=nnel
+\ 1
ro9=7(1)-
0,
SinceRH.L.=0,
f(0)=0 for f(x) to be continuous.
. f(h)—f(0) S(h)
(0)= lim————==lim——==0
Alsof'(0) h—0  h-=0 h—0 h
=0 [Using f(0)=0and f(07)=0]
Hence f(0)=0,/'(0)=0
lim [(sin x)1% + (1/x)sinx]
x—0
sinx 32. (¢)
= lim(sinx)"/* + lim (—]
x—0 x>0\ X
1
lim sin xlog|
=0+ ex—>0 ( )
[~-]sinx|<1whenx—0]
—logx lim -1/x
= gx—0cosecx _ ex_>o—cosecxcotx
[Using L' Hospital rule]
lim sinx _tan x
= ex—)O X — eo =1
Given that f(x) is differentiable on (0, «) with
2 p0n 2
f(1)=1and 1im’f("t)—"f(’)=1 for each x>0
X
N M — 1 [Using L' Hospital rule]
t—)x
2 prpn_ , 2 1
= 2 )-x*f'x)=1= f'(x)- ;f(JC)=——2
X
[Linear differential equation]
Integrating factor
NOTE THIS STEP 3. @
2
I—;dx _ e—210gx _ elogl/x2 _ Lz

X

Solution is f(x) % Lz = J.[—L) X idx
x

2) 2
S _1

x
1
—==——04C = f(x)=Cx%+ —

x2 3)«:3 3x
Alsof(1)=1
= 1=C+x = C=2B - f()= x4
T3 =23 =gy

Topic-wise Solved Papers - MATHEMATICS
KEY CONCEPT

ch { f ® dt] SR (x)~ f(g(x)).8'(x)

f(2)x2><2><1 f(2)

J‘SCC2 X f(t)dt
b T [Qﬁm}
0
On applying L' Hospital's rule, we get

5
d | psec”x
. Uz f(t)dt}

dl 2)
dexz_Tlt_d

f (sec2 x).2 sec? xtan x
2x

L= lim
T
x>

L= lim

T
Xx——
4

As per question,
p = left hand derivative of [x—1|atx=1 = p=-1

Also lim g(x)=p

x—l+
-1
Where g (x) = % 0<x<2,
logcos™(x—1)

m, nare integers,m =0,n>0
s we get,

. x-1)" n

tim OV gy P

x—1* logcos™ (x—1) h—01logcos™ h

n

Iim ————=-1 ! \
= 10 m(log cos h) [Using L' Hospital's rule]
. nh"cosh ) )
= lim ——————=-1 [Using L' Hospital's rule]

h—0 m(—sinh)

_ nh"2cosh
= lim o
h—0 m( sin )
h
1

lim[l+x£n(l+b2)]; =2bsin20
X—>

=1=>n=2andm=2

hmo L inf1extn(1+5%)]

= ex0x =2bsin?0
2
:i_)mo Cn[l+x( n(l-;-b )| xfn(l+b2 )
=e x{n(1+5%) =2bsin%0

= n(1+b%) =2bsin?0

1
2bsin?20 =2sin?0 =b+ 5

1
We know that 2 sin?0 <2 and b + Eszorb>0

=>1+p2=
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Limits, Continuity and Differentiability o M-s-175
1 2-h)-f(2
5 2sin20=bh+ — =2>=5sin20=1 Alsof'(Z_)=limf(—)f()
b h—0 —h
As 0 e(-mn], - 0=+ — (2-h)? cos(i) -0
2 . 2—h
2 1 - ;lll—rf(l) ~h
34. (®) Given: lim [ﬂ —ax —b] -4
X—0 x+1 —(2—h)2 COS(—)
~ lim x2+x+1—ax2—ax—bx—b=4 = }1113(‘) i
X—>0 x+1 ) -
(1-a)x® +(1-a—b) x+(1-b) (2-h) Sin(f_z_h)
= lim =4 = lim
xX—>o0 x+1 h—0 h
For this limit tobe finite 1-4=0 =a=1 ) —th
then given limit reduces to (2- h)2 S| 5 (2—h) _nh
(1 _ b) = lim X X
_b+— h—0 h _TCh 2(2—h) = -7
. —bx+(1-b) . x
lim ———=4 = lim ———2* =4 2(2-h)
X—>0 X+ X—»0 1+-—
x As f'(2%)# f'(27) = f is not differentiable at
= —-b=4 or b=-4 x=2.
Hence a=1, b=—4. 36. (b) The given equation is
0+h)-f(0
35. (b)) Wehave f'(0+)=;llinr}J f(T)f() (FAra-1)¥* +WT+a-Dx+(§1+a-1) =0
- Leta + 1=y, then equation reduces to
h2 COSE (yl/3_1)x2+(yl/2_1)x+(yl/6_1)=0
- lim - hl _ lim I ‘cos % Dividing both sides by y — 1, we get
_ h—0 ' h—)O_ (y1/3_1\ ) (y1/2_1\ (y1/6_1\_
= 0 x some finite value =0 L Jx +L Jx+k J—O
y-1 y-1 y-1
0—h 0 h? |cos l‘ Taking limitas ¥ —1 i.e. 4— 0 on both sides we get
Also, f'(07)=lim M = lim —h 1, 1 1
’ h—0 ~h h>0 J¥ AyxrL=0= 22 +3x+1=0
= lim —hlcosZ| =0 x some finite value = 0 1 .
h—0 h = x=-1, B (roots of the equation)

1 + —_ Al - 1 M M e
f'(0")=f'(0") = fis differentiable atx =0 Thus lim o(a)=-1, lim B(a)=—%

Now f‘(2+)=lim —f(2+h)_f(2) e 0
h—0 h D. MCQs with ONE or MORE THAN ONE Correct
(2+h)2 cos ﬁ —4|cos g‘ 1.  (a,b,d)Giventhatx+|y|=2y
=lim Ify<0thenx—y=2y
h—0 h = y=x/3=>x<0
(2+h)2 (cos b ) Ify=0thenx=0.Ify>0thenx+y=2y
= lim 2+h = y=x=>x>0
h—0 h
_) 2 Thus we can define f(x) =y = §/3 ’ ;:8
. @2+n)°  (n = >
=’£1_I)T(I)T sin| 2o Continuity at x=0
LL=1l 0—h)=lim(-A/3)=0
i ¢ +h)? ( mh J pr fO=h)= fim(=h/3)
h>0 2(2+h) RL= lim f(0+h)=lim h=0
h—0 h—0
, sin| ™ f@=0
i (24H) 2(2+h) mh As LL=RL=£(0)
B S - X 2(2+h) T . f(x)is continuous at x =0
(2 2 J Differentiability atx=0
(2+h) Lf'=1/3 ;Rf'=1
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As Lf'#Rf' = f(x)isnot differentiable at x =0

Butforx<0, d—yzl
dx

3
Wehavef(x)=x(\/;—x/x+1)
Let us check differentiability of f(x) at x =0

uw)hmm MV——MOh+]O
llm[«/_—«/—h+ ]_0 Jl=-—
(0+hHJO+ -J0+h+ 11-0

= hmx/_—\/h+ =-1
h—0

Since Lf'(0)=Rf"(0)
fis differentiable at x=0.

Rf'(0)=

3. (b,d,e) The graph of f(x)=1+|sinx |is as shown in the fig.

Ya
Y VY OV VN
X' ¥
‘—375 21 =« 0 T 2n 37
Y’\/

From graph it is clear that function is continuous every
where but not differentiable at integral multiples of
(- at these points curve has sharp turnings)

4. (a,b,d)Wehave,for —1<x<1 = 0Zxsinnx<1/2

Sx)=[xsinnx]=0
Also x sin w x becomes negative and numerically less
than 1 when x is slightly greater than 1 and so by
definition of [x],

f(x)=[xsinnx]=—1when 1<x<1+h
Thus f (x) is constant and equal to 0 in the closed
interval [- 1, 1] and so f (x) is continuous and
differentiable in the open interval (- 1, 1).
Atx =1, f(x) s clearly discontinuous, since
f(1-0)=0andf(1+0)=-1 andf(x) is non-differentiable
atx=1.
The given function is,

et i
1+x’

1(1-x)-(-Dx 1
a-x?  (-x?

11+x)-1(x) 1

A-x?  (1+x?’

Forx<0, f'(x)=

Forx>0, f'(x)=
Forx=0,

wov= 1im LO=mM—-FO) _ ..
0= i (LA

Topic-wise Solved Papers - MATHEMATICS

h
f(0 W=fO) _ o 1+h_

h—0 h

=1

Rf'(0)=

Lf (0) Rf '(0)
= fisdifferentiableatx=0
Hence fis differentiable in (- oo, o).

|x-3] L x>1

6. (abe) f(x) = x2 3x 13

8. @

Z,X<

Rf'(1)=-1.Thus Lf'(1)=Rf"(1)
fis differentiable at x = 1 and hence continuous at
x=1
Again, Lf'(3)=-1andRf'(3)=1
= Lf'G)#R"(3)
= fis notdifferentiable atx =3
Let us now check the continuity at x =3

LHL.= li 3—-h)=lim[3-3-h)]=0
hfhf( ) hgg[ (3-h)]
RHL. = lim f(3+h)= lim[3+h-3]=0
h—0 h—0
f3)=0

f1s continuous at x =3

We have, f(x) = f_ 1

m@][——q——LOSx<2

tan [f(x)]=tan(-1),0 < x<2=0,2 <x <7
.. The function tan [f(x)] is discontinuous at x = 2.

Also the function I = ! = 2 1S

S(x) * x=2
2

discontinuous at x = 2.
Thus both the given functions tan [f (x)] as well as

1
E are discontinuous on the interval [0, ].

Alsofl(x)=y
= x=f()= %—1 Sy=2(x+1)

f~1(x)=2 (x+ 1) is continuous on [0, 7]

1/%(l—cost)

lim
x—0 X
1. .
1,5‘231n2 X) Isin x|
=lim+———=1lim—
x—0 X x>0 X
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9.

o M-S-177

LHL = |sm(0 | ~ lim | —sin# |
h—)O 0-h h—0 —h
~ fim SBB_ )
h—0 —h
RHL = |sm(0+h)| _ lim smh=l
h—>0 0+h =0 h
AsLHL.#RHL.
. The given limit does not exist.
(b,c) On (0, )

(@ tanx=f(x)
We know that tan x is discontinuous at x = /2
X
®) f()= J' . tsinG) dt
NOTE THISSTEP
= f'(x)=xsin (l) which exists on (0, 7)
x

.. f(x), being differentiable, is continuous on (0, 7).
1 ,0<x<3n/4
© f)= 2s1n? ,3n/d<x<m

Clearly f (x) is continuous on (0, T) except

3n
possibly at x = rE where,

LHL.= llmf(%t—h) =liml=1

x—0
RHL.= lim f[—+h) = lim 231n2(3—n+ h)
h—0 -0 9\ 4
T

= lim 2sin[3+%) —osin =2t
h—0 6 9 6 2

Also f (3%) =

AsLHL.=RHL.=f (3%)

=1

.. f(x) is continuous on (0, )
xsinx ,0<x<m/2

d f»=

T . i
—sin(n+x) , —<xX<T
2 2

Here f (x) will be continuous on (0, w) if it is
continuous at x = 1t/2.
Atx=m/2,

n
LHL. h—>0f 2
= lim (E—h) sin(ﬁ—h) ~TinE_T
h—0\2 2 2 2 2
RHL.= limf(£+ )— llm—sm(n+ +h)
h—>0" \2 h—>
T . ( n] -T.m 7
=—sin|t+—=|=—sin—=-——
2 2 2 2 2

AsLHL.#RHL.
f(x) 1s not continuous on (0, 7).

10.

11.

12.

EBD_7202

0, x<0
x2 , x>0

(bed) f(0)= {

a0, x<0
@)= {Zx,x >0
which exists V x except possibly at x =0.
Atx=0, Lf'=0=Rf" = fis differentiable.
S ()

v
{

From graph of /' (x), it is clear that ' (x) is continuous
but not differentiable at x = 0.

1

2. (1
(a,b) Wehave g (x)= {x sm(x) X7
0 =

0
0
Ifx#0,g"(x)=x2 cos(l/x)( ] 2xsm—

BTG

which exists for Vx = 0.

Ifx=0,
. g(x)—g(0)
"0)= lim &—~—=-—~=
g0 =0 x—0
2 .
. 1/x)—
= lim xsind/x)=0 = lim xsin(l) =0
x>0 x—0 x>0 X
1 1
= g'(x)= —cos(;) + 2xsm;,x #0
0, x=0
Atx=0, cos [l) is not continuous, therefore g’(x) is
x
not continuous at x = 0.
Atx=0
0- (—x)sin(—l) 1
Lf' = lim X =—sin (—)
x—0 X X

which does not exist.
fisnot differentiable at x =0.
(a,¢) y

From graph it is clear that f (x) is continuous
every where and also differentiable everywhere except
at x=1and-1.
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M-S-178 ¢
13. (a,c,d)From the figure it is clear that
X, if x<0
h(x)= x2, if 0<x<1
X, if x>1
2
MO
.'. y X
PR
00,00 X

From the graph it is clear that / is continuous for all
x € R, h'(x)=1for allx>1 and 4 is not differentiable

atx=0and 1.
. 1—-cos[2(x—1)]
14. LHL. = l
@ ~—1
\/2sm (x })] \/sm (x 1)
= 1 =2 1
=\/5 lim |sm(x—1)| — /2 lim |s1n( h)|
xom x—1 >0  —h
smh
=+/2 lim 2
\/_h—>0 —h -2
Again,
RHL = lim JJ1—cos(x-1 \/—lsm(x D]
’ PN x—1 x—)l+ xX=

Putx=1+hh>0forx—> 1", h—>0.
N (LI L LU,
h—0 h -0 h
LHL.#RHL. Therefore lim1 f(x) doesnot exist.
X—>

15. (a, d) From graph, f(x) is continuous everywhere but not
differentiable at x = 1.

"
X'e e > X
o
y=rw Y
2
a—Va?-x* -
16. (a,c) Giventhat L = lim 4 ,a>0
x—0 x4

and L 1s finite.

¥ X
22 2 _
Now L = lim 3 (Using L’Hospital’s rule)
x—0 4x
11
2 2 2
= lim X
x—0 2
L is finite, limiting value of numerator should be
zero which is so when 1 =0
7z
le.a=2 (-r a>0)
Applying L ‘Hospital’s rule again, we get
- x
2 2\3/2
L= lim (@”-x7) = lim I
x—0 8x 10 §(q? —x?)*/?
1 1 . —5
8xa3 8x8 (usinga=2)
1
64

17. (b, 0) - fx+»)=fx)+f() ¥xy eR
*. Puttingx=y =0, we get

f(0)=0

Alsof"(x) = f (x+ h) f(x)
= f'(0)=k (say)

=>fx)=kx+c

Butf(0)=0=¢=0

S ) =kx

Which is continuous and differentiable ¥ x € R .

.. band c are the correct options.
18. (a,b,c,d)

n
Atx= )
LHL= lim_ —-x—-— =0
x>t
2
RHL= lim —cosx =0and f| _* |=0
nt 2
X

-.LHL=RHL= f(_—;)

. . 1
= f(x) is continuous atx = ——

2
Alsoatx =0
Lf'(0)=sin0=0;Rf"(0)=1-0=1
- Lf(0)=Rf'(0)
= fis not differentiable atx =0
Atx=1

Lf'(1)=R'f(1) = fis differentiable at x= 1.

-3 . .
Atx= - f(x) =—cos x which is differentiable.

.. All four options are correct.
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19. (b,d)
a, +sinmx, xe[2n,2n+1]
We have fix) = {bn +cosnx, xe€(2n-1,2n)
As f'is continuous for all n
- Atx=2n, LHL=RHL=/(2n)
= b, +cos2nn=a, +sin 2nn=q, + sin 2nn
=>b,*1=a,=>a,-b,=1
.. bis correct.
Alsoatx=2n+1,LHL=RHL=f(2n+1)
= lima,+sint(2n+1-h)
h—0

= ;lli_r)%b,ﬁl +cosn2n+1-h)=a,+sin(2n+1)n

=>a,=b,,,-1=a,=>a,-b,, ,=-1
.. cisincorrect
:>an_1—bn=—l
.. dis correct.
20. (b,d)
. 12 +2% +———+n? 1
lim ] =—
n—oo (n+1)* ' [(na+1)+(na+2)+---+(na+n)] 60

e G A )

= lim =—
n—o (n+])a_l n2a+ n(n+1) 60
2
18y
a1 HZ(HJ 1
= lim T =
n—o0 (n +1)2 a+1(1+1) 60
2 n
SRS
1 n“<=\n 1
= lim i rI =%
129 14— a+—(l+—j 0
n n
1 1
Ixadx |:Xa+1] .
0 | 0 __
= = 1)~ 60
atl 60 (a+1)(a+2)
1 1
- — =

(a+ l)(a + %) 60
17

=2a%+3a-119=0 :>a=7or-7

21. (a,c) g(x) may be discontinuous at x = a or x = b.
Let us check the continuity of g(x) atx =aand x=5

lim g(x)=0

x—a

lim g(x)= lim [f(t)dt=[f(t)dr=0

g(a)= ] £(1)dt =0

g(x) is continuous at x = a
x b
Also lim g(x)= lim If(t)dt = If(t)dt
x—b~ x—b~ a a

b

b
HI?* g(x)= If(t)dt = g(b)= If(t)dt
g(x)is continlfous atx=>

Hence g(x) is continuous Vx ¢ R

0, x<a
Nowg'(x) =1/ (x), a<x<b
0, x>b

g'(a_) =0 and g'(a+) = f(a)
g(b7)=/(b) and g'(6")=0
Asf(a), f(b) €[L,) .. f@), f(b) %0
Hence g’(a“) # g'(a+) and g’(b_) # g’(b+)
.. gisnot differentiable at a and b.
22. (a,d)Letfand g be maximum at ¢, and c, respectively,
¢1, ¢, €(0,1)
Then, f(c,)= g(c,)
Let h(x)=f(x)—g(x)
Then, h(c,)=f(c;)—g(c;)>0
and h(c,) =f(c,)—g(cy) <0

- h(x) = 0 has atleast one root in (¢, ¢,)

Ce(c,cy)ie for f(c)=g(c)
which shows that (a) and (d) are correct.

X

23, (a,d)fx)= leg(x)’ﬁo
0 ,x=0
-g(x) , x<0
-+ 0 , x=0
glx) , x
-g'(x) , x<0
rw=) 0 0
g'(x) , x>0

Lf'(0)=-g'0)=0
Rf'(0)=g(0)=0
fis differentiable at x=0

—X

e , x<0
h(x)zebd:{ex , x20
—-e* , x<0
h'(x)={ s eag S HO=-LRIO=1

h1s not differentiable atx =0

foh(x) = flh(x)) = g(e™) as e*> 0

) M-S-179
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ge™) if x<0
g) if x=0
gle®) if x>0
-g'e e , x<0
S '[hx)]= 0 , x=0
g'e)er , x>0

24,

25.

Lf ' (n(0)=-g' (1), Rf ' (n(0))=g" (1)
g'(M)=0, .. Lf' (h(0)) = Rf" (h(0))
foh is not differentiable at x =0.
{elf(x)l
hoflix)= )

x#0
, x=0
h(f(0))—h(f(0-k))
k
1= |g(h)
m
T k>0 |g(=k)| k

Lh'(f0))= hm

k—0 k

' . g=k) . glk)
= = b O=0:l =l
1x0 0( g'(0) klm X klm p

e h(f(0+k))-h(f(0)
REAO)= lim p

' elg(k)l ) Ig(k)I
= lim =

=0 k k-0 lg(6)|

hofis differentiable at x=0.
(a, b) f(x) =a cos’([x’ —x|) + b x| sin ()’ +x])

(@) Ifa=0,b=1
= f(x)=[x/sin[x*+x]
=xsin (x*+x),x eR
.. fis differentiable every where.

(®),(c) Ifa=1,b=0=>fx) =cos’(jx3—x])

= cos’(X° —X)

which is differentiable every where.

Ig(k)l

)

(d) whena=1,b=1, f{x) =cos(x? —x) + X sin (x> +x)

which is differentiable at x =1
*. Only a and b are the correct options.

(b,¢) f(x)=[x2-3]is discontinuous at all integral points in

£

Which happens whenx=1, /2, /3,2

;

1
Here fis not differentiableatx =1, \/2 /3 € (—5, 2)

N | =

.. fis discontinuous exactly at four points in {—

Also g(x)= (|x| +|4x - 7|)f(x)

. . 7
and [x| + [4x —7|is not differentiable at 0 and —

4
Butf(x)=0, ¥ xe[ /3,2

. . 7
g(x) becomes differentiable at x = 1

Hence g(x) is non-differentiable at four pointsi.e., 0,1,4/2,/3

Topic-wise Solved Papers - MATHEMATICS
E. SUBJECTIVE PROBLEMS

lim va+2x - \/3_x
x—)am 2\/_
(m VBx)(Na +2x +B3x) (Ba+x + 24x)
x—>a(\/3a+x 2Wx)(VBa+x+2dx) (a+2x +3x)
o (e 2x- 3x)(\3a + x +24x)
x—>a(3a+x 4x)(Na+2x +3x)

(a—x)(BBa+x+2/x)
Has(a x)(Na+2x ++/3x)

(m +2/x)  Bata+2Va
xo>a 3(«/a+ 2x+Bx) 3(a+2a+Ba)
_ Na _ 2
3x2\3a 33
0
NOTE : The given limit is of the form 0 Hence limit of

the function can also be find out by using L' Hospital's
Rule.

f)= J‘Zsmx szxdx,x;tO
)= 231nx—3$1n2x’ 20
X
lim £'(x) = lim 231nx—3$1n2x
x—0 x—0 X
_ lim 2s1nx(13—cosx)(1+c0sx)
x—0 x’(1+cosx)
23
- lim 2 S X 1

x>0 x° l+cosx
3 1

=2x(1)’ x—=1
%3

lim @ h)?sin(a+h)—a’ sina
h—0 h
~ lim a?[sin(a +h)—sina]+2ahsin(a+h)+ h*sin (a +h)
h—0 h

a2 [2cos(a + ﬁ) sin ﬁ}
. 2 2
= lim

h—0 ax

+2asin (a+h)

+hsin(a+h)
=a2cosa+2asina
As f(x) is continuous at x = 0, we have
LHL=RHL=£(0)
= lim f(0-h)= lim f(0+h)= f(0)
h—0 h—0

= £+ lim f(=h)=f(0)+ lim f(h) = 1(0)

[Using the given property f(x+ y) = f(x)+ f(¥)]
= }}iH})f(—h) = ’}irr:)f(h) =0 (1)
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Limits, Continuity and Differentiability

Now let x = a be any arbitrary point thenat x =a,
LHL= }}i_%f(a—h) = }}i_ff})[f(a)+f(—h)]
[Using, f(x+y) = f(x)+ f(¥)]
=f(a)+ g(l) f(=h)=f(a) [usingeq"(1)]
Similarly RHL. = hlgn Sfla+h)= f(a)
Thus, we get
lim f(a—h)=lim f(a+h)= f(a)
h—0 h—0

= fiscontinuous at x =a. But a is any arbitrary point
f is continuous V x € R.

.21 271 Al+x+1
lim = lim X
201+ x-1 x0I+x-1 l+x+1

- tim Q@ -D1+x+1)

x—0 I1+x-1

-1

lim Jim (V14 x +1)

x—>0 X x>0
=In2.(1+1)=21n2.
Graph of f(f(x)) is

YA

1+ \
i t > X

Clearly form graph f(f(x)) is discontinuous at x = 1
and 2.

2
3
Wehave f(x)= %,0Sx<l =232 -3x + 5 1<x<2

Here f(x) is continuous everywhere except possibly at
x=1

= Atx=1,Lf’=%xl=l;Rf’=4X1—3=l

= fisdifferentiable and hence continuous at x = 1
f(x) is continuous on [0, 2]
f'x)=x,0<x<1
=4x-3,1<x<2
Atx=1,

lim f'(x)=lim f'(0-h)= lim(1-h) =1
x—1" h—0 h—0

lim f'(x)= lim f'(0+A) = lim 4(1+h)-3=1
xl)nlgf(x) hl_)n})f( ) hl_)n})( )

f'()=4-3=1
f'1is continuous at x = 1

f'is continuous on [0, 2]
o 2 ,0<x<1
F"®=14 1<x<2

Clearly " (x) is discontinuous at x =1,
f"(x) is discontinuous on [0, 2].

Givenf(x)=x3—-x2+x+1
f'x)=3x*-2x+1=3 (xz —§x+l)

3
( 1]2 11
x—=| —=+=
3) 93

i 2
=3 (x—l) +Z >0VxeR
3 9

Il
)

Hence f'(x) is an increasing function of x for all real
values of x.

Now max [f(?) : 0 < ¢ < x] means the greatest value of
f(®)in0 <t < x which is obtained at ¢ =x, since /() is
increasing for all t.

max. [f(£):0<t< x]=x—x2+x+1
Hence the function g is defined as follows :
g@)=x3-x>+x+1 when 0<x<1

=3-x when 1< x <2
Now it is sufficient to discuss the continuity and
differentiability of g (x) at x = 1. Since for all other
values of x, g (x) is clearly continuous and

differentiable, being a polynomial function of x.
We have, g(1)=2

g(1-0)= ’}irr:) [(A=rP - -h2+Q-h)+1]=2

g(1+0)= lim [3-(1+m)=2

Hence g (x) is continuous at x = 1

Now,
Lg'(l) = lim LUZA A=A + (= h)+1)-2
h—0 —h
_ i 1734 3K P 142k —h? 4 1-h+1-2
h—0 —h

2 3
_ lim 2221 lim[2-2h+ %] =2

h—>0 —h h—0

h—0 h—0 h
Since Lg'(l) # Rg'(1), the function g (x) is not
differentiable atx =1
Hence g (x) is continuous on (0, 2). It is also
differentiable on (0, 2) exceptatx=1.
Wehavef(x)=-1, 2<x<0
=x-1,0<x<2

and g (x)=f(|x|+|f(x)]
Hence g(x) involves | x |and |x—1| or |— 1| =1
Therefore we should divide the given interval (-2, 2)
into the following intervals.
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1) L L
[-2,2]=[-2,0) [0,1) [1,2]
x=-ve +ve +ve
[x|=-x x X
fx)=-1 x—1 x—1
f(x)h=-1 =x-1 =x-1
fe)=1-11  |x-1| [x—1]
=1 =—(x-1) =x-1

10.

11.

12.

.. Using above we get

8(x) =f1x|+|f()]
=—1+1=0in/
=x-1-(x-1)=0inl,
=x-1+x-1=2(x-1)in/

Hence g (x) is defined as follows :

0, -2<x<l1
gx)=
2(x-1), 1<x<2

Lg'(1)=0;Rg'(1)=2 (not equal )

Hence g(x) is not differentiable atx=1.

Let 4 (x)=f(x)+ g(x)be continuous.

Then, g (x)=h (x)—f(x)

Now, % (x) and f (x) both are continuous functions.

h (x) — f (x) must also be continuous. But it is a
contradiction as given that g (x) is discontinuous.
Therefore our assumption that f(x) + g (x) a continous
function is wrong and hence f (x) + g (x) is
discontinuous.

Given that f(x) is a function satisfying

S(=x)=f(x),VxeR ()
Also f" (0) exists

= (0= (0)=Lf"(0)
Now, Rf* (0)=/"(0)

o i LSO

=/'0)
h—0 h
Again Lf* (0)=/"(0) -(2)
h—=0 —h
h—=0 -h
= imI®=SO_ -0
h—0 h

[Usingeq. (1)]
From equations (2) and (3), we get

= f'(0)=0
Given that,
x+a\2sinx ,OSx<%
f(x)=<2xcotx+b ,EstE
4 2
. o
acos2x—bsinx ,5<x$n

1s continuous for 0 < x < .

. T T
f(x) must be continuous at x = Zandx =5

13.

Topic-wise Solved Papers - MATHEMATICS

lim _f()= f[}]

x> =
4

= 1imf(£—h] _2m ot Eah
h—0" \4 4 4

= i (E— ] 2si [E—h)=E b
hl_I)l}) 2 h +a\/_s1n 2 2+
+b

s
= Z4a=
4

= a-b=

(1)

&3 la

Also, lim | fx)= f(g)

x| —
2

= limf(£+h)=2.£c0t£+b
h—>0" \2 2 2

= lim acos2(£+h) —bsin(z+ h) =b
h—0 2 2

= acosn—bsin%=b = —a-b=b

= a+2b=0 Q)
Solving (1) and (2), we get a=%andb=%.
We have, [+]+| 1-x|, ~1 < x<3
NOTE THIS STEP
-1+1-x ,-1<x<0
O0+1-x ,0<x<1
or y=q1-1+x ,1<x<2
2-1+x ,2<x<3
3-1+x ,x=3
-x , -1<x<0
I-x, 0<Zx«<l
oo y=4x , 1<x<2
I+x, 2<x<3
2+x, x=3

From graph we can say that given functions is not
differentiableatx=0, 1,2, 3.

A

5T ®
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Limits, Continuity and Differentiability
14.

15.

We are given that,

1-cosdx

3 ,x<0
f(x)=1a ,x=0
—x’x>0
J16++/x -4
Here L.HL at (x=0)
. 1-cos4(0-n) 1-cos4h
= lim 3 = lim 3
h—>0  (0-h) -0
— lim 2sin? 2h. 4-38
h—>0 442
RH.Lat(x=0)
 lim 0+h ~lim Vh(16+h+4)
W0 164J0+h -4 h>0 16+h—16
—}}lm 16+h +4=+16+4=8

For continuity of function f(x), we must have
LHL.=RHL=£(0)

= f(0)=8= a=8
We are given

S&+»)=f®) f), V x,y €R

f(x) #0, for any x
fis differentiableat x=0, f'(0)=2

To prove that f'(x) =2f(x), V x € R and to find f (x).

We have forx=y=0
F(0+0)=£(0)£(0)

= fO=[OF = f(0)=1

Againf (0) # 2

SO+ hm)—£(0)

= lim =2>= Im
h—0 h h—0 h
- i JOU®-1_,
h—0 h

> md®l,

[Using f(0)=1]
h—0 h

Now, f'(x)=

f(X)f(h) S - Jim 7(x )(f(h) 1)

itss h) Sf(x)
—)O

h—>0
1
= /@ lim [f O]
=f ). 2 [Usingeq. (1)]
=2f(x)
Also, f ) =2
S(x)

Integrating on both sides with respect to x, we get

log|f(x)| =2x+C
At x=0, logf(0)=C = C=logl1=0
log|f(x)|=2x = f(x)=€*

SO S()-f0) _

2

16.

17.

18.

1

1 . . \x
- lim log{tan —+x }
lim {tan (%) + x}x = g0 (4 )

x—0
) lim log f(x)
[Using lim f(x)= ex~0 ]
x—a
log tan(E+x)
lim S [0 i|
— x>0 x —form
0
sec? (E+x)
. 4
lim
x=0 tan kil +x
4 . .
=e [Using L' Hospital's rule]
2
=el =¢?
_a
: [sinx] —T
(1+|sinx|) ?<x<0
Given that, f(x)=1b .x=0
tan 2x
etan3x 0< x<%

1s continuous at x =0
lim f(0—-A)= f(0)= lim f(0+hA)
h—0 h—0

We have,

a

m 7(0—h) = Lm 1+ | sin(—p) [1s0CA)
lim /()= lim[1+sin(-)|]

a

= lim [1 +sin k] sinh

lim —log(l+s1n h)
eh—)O =g

and f(0)=b
Sooet=b e
tan2h
Also lim f(0+ k) = lim etan3h
h—0 h—0

lim @02k, 3h 2
_eh>0 2h tan3h 3 3
2
Soe3=b -(2)
From (1) and (2)
2 2
el —b=e3 = a=§andb=e3
f(x;y) i (x);f ») )
Putting y=0and f(0)=11in (1), we get
7(2)=trren
2/ 2
x
flx)=2 f(z) -1 -2

NOW, f'(x)=hl_’fof(x+hh)_f(X)

L ] M-S-183
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19.

20.

1| f(2x)+ f(2h)

'y l{(Zf(x)—l)+(2f(h)—1)

Ch50h 2

el
by (2)
1
= hffoZ[f (m-1]

_ g, SO
_hl—IfO h S O=-1

Hence f'(x) =— 1, integrating, we get

f(x)=—x+c. Putting x=0, we get

f(O)=c=1by(1) Lf)=1-x
fQ)=1-2=-1

By the given definition it is clear that the function fis
continuous and differentiable at all points except
possibleat x=1and x =2.

Continuityat x =1

LHL.= lim[1-(1-4)]=lim A=0
h—0 h—0
RHL.= }}m}) [1-A+m][2-(1+h)]
= lim {~h(1-h)} =0
h—0

Also, f(1)=0
LHL.=RHL.=f(1)=0

Therefore, fis continuous at x = 1

Now, differentiabilityatx=1

Lf (1) = 2%%{“”}1 >0

= limw= lim (L) =-1

h—0 —h h—>0

and £f(1)= lim w

_ i 2 0=R} 2= (=)0

h—0 h
= lim 228 lim(h—1)= -1
h—0 h—0

Since L (1)=Rf" (1)
Hence, fis differentiable at x =1
Continuous atx =2

LHL.=lim[1-2-A)][2-(2-h)]
h—0
lim {(-1+A)}{h} =0
h—0
andRHL.= lim[3-Q2+A)]=lim(1-h)=1
h—0 h—0
Since L.H.L. # R.H.L., therefore fis not continuous at
x =2. As such fcannot be differentiable at x =2. Hence
f1s continuous and differentiable at all points except at
x=2.
P
Given that, F(x) = jo f@)dt

NOTE THISSTEP

F'(x)=f(x).1-/(0).0
[Using Leibnitz theorem]

21.

O

Topic-wise Solved Papers - MATHEMATICS
= F')=f(x) ..(1), Vx=0

0
Also F(0) = jo f(t)dt=0

But given that f(x) <cF(x), Vx>0
We get f(0)<cF(0)=0
f(0)<0 wd2)

But ATQ f(x) is non- negative continuous function on
[0, 0)

f(x)=0
f(0)=0 NE)
From (2)and (3) f(0)=0
Again f(x) < cF(x)V x>0, we get
f(x)-cF(x)<0
= F'(x)-cF(x)<0,Vx>0 [Usingequation (1)]

e F'(x)—ce  “F(x)<0
[Multiplying both sides by e* (I.F.) and keeping in

mind that =% > 0,V x]

= %[e_ch(x)] <0

= g(x)=e “ F(x)1is a decreasing function on [0, o).
Thatis g(x) < g(0) forall x>0
But g (0)=F(0)=0
g(x)<0,vVx2>0
= e“F(x)<0,Vx=0
= F(x)<0,vx2>0
f(X)LcF(x)<0,Vx20
[. ¢>0andusing f(x)<cF(x)]
= f(x)<0,Vvx=>0
But given f(x) >0
= f(x)=0,Vx=0.
g is continuous at o and
Sx) - fla)=g(x)(x-a),VxeR
= Since g is continuous at x = o

and g(x)= —f(x; : g((x)

We should have, lim g(x)= g(a)
= Ji‘%% =8(@) = fi(a)=g(®)

= f'(o)exists and is equal to g (o).
f(x)1s differentiable atx =«

S@)-f(@) _

lim S (o)
X—>0 X—Q
exists and 1s finite.
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22.

- glfx)]=

Let us define,
[
gx)=¢ x-a
f(o), x=aq

Then, f(x)—f()=(x-a)g(x), V x= .
Now for continuity of g (x) atx =

lim g(x)= limM= S(a)=g(a)
xX—a xX—a xX—a
g is continuous at x = d.
Given that
£ 0 x+a, if x<0
+
f(x)= e l e 1-x, if 0<x<l1
[x—1] , if x>0 .
x-1, if x21
(x+1) , if x<0
and g)={ "
(x-1D)"+b, if x>0
where q,6 >0
Then (gof) (x) =g/ (x)]
NOTE THISSTEP
f)+1 , if f(x)<0
U@ -12+b, i f(x)20
(Using definition of g(x)
Now, f(x)<Owhenx+a<0ie x<-a
f(x)=0whenx=—aorx=1
f(x)>0when—a<x<lorx>1
f(x)+1, if x<-a

[f(x)—17 +b, if x=-aorx=1
g/ (X)) =/ () -1 +b, if —a<x<0
[f(x) -1 +b, if 0<x<l
[f(x) -1 +b, if x>1

[Keeping in mind that x =0 and 1 are also the breaking
points because of definition of f(x)]

x+a+l, if x<-a
(x+a-1%+b, if —a<x<0
(+x)-1)2+b, if 0<x<I
(x-1-1)+b, if x>1

Substituting the value of f (x) under different
conditions).

x+a+l, if x<-a
_J(x+a-12+b, if —a<x<0=F(x)say)
BUMN=12 4 if 0<x<1
(x-22+b, ifx>1

Now given that gof (x) = F(x) is continuous for all real

numbers, therefore it will be continuous at —a
= LHS=RHL=f(-a)

23.

24.

lim F(—a—h)= lim F(—a+h) = f(-a)
h—0 h—0

Iim F(—a—h)=lim(—a—h+a+1)=1
Now, , 0 ( ) h—)O( )

lim F(—a+h)= lim(—a+h+a—l)2 +b=1+b
h—0 h—0

F(a)=1+b
Thus we shouldhave 1=1+b = b=0.
Again for continuityatx =0

LHL=f£(0)

— lim f(0-h)= f(0)
h—0

= lim f(-h+a-1)>+b=b= (a-1)>=0= a=1
h—0

For a=1 and b=0, gofbecomes

x+2, x< -1

gof(m=1
(x-22 x>1

-1<x<1

Now to check differentiability of gof (x) at x =0
We see, gof (x) = x2 = F(x)
= F'(x)=2xwhichexists clearlyat x=0.
gofis differentiable at x =0
Giventhatf: [-2a,2a] > R
fis an odd function.
Lf'atx=ais0.

- mf@=h-f@_,
h—0 —h

imf@-h-f@_,
h—0 h
To find Lf" at x =— a which is given by

im JCa=M=S(a) _ | ~fa+h)+[()
h—0 —h h—0 —h

[ fEx)==f()]
_ i L@t D=1 (@

h—0 h
Again for x € [a, 24]
Sx)=fQ2a-x)
fla+th)=fQa-a-h)=f(a—h)

Substiting this values in last expression we get

j—

)

Lfv(_a) = lim f(a _h)_f(a)
h—0 h
=0 [Using equation (1)]
Hence Lf' (—a)=0
To find,

lim [(n +1) Ecos'l (l] - n]
n—>0 T n

= lim n[(l+ljgcos_l(l] —1} = lim nf(l)
n—>wo n/ m n n— n

) M-s-185
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25.

26.

Topic-wise Solved Papers - MATHEMATICS

where f(x)= [(1+x) cos ' x— 1} such that

£(0) =[(1+0);cos_l 0—1} 2T 120

2r
n 2
b ro

Using given relation as lim nf (
n—>0 n

then given limit becomes

- o)=L 2 ol x
—f(O)—dx[(1+x)ncos x 1}
2{ 4 1-x ]
==|cos™ x—
n 1-x2

Given that, f(x) is differentiable at x=0.
Hence, f(x) will also be continuous atx =0

x=0

x=0

ah
= lim f(0+h)= £(0) = fim €211
h—0 h—0 2
ah
= llme2_1x£=l:>a=l
>0 ah 2 2
2

Also differentiability of /(x) at x = 0, gives
Lf' (0)=Rf"(0)
o i JO-R=SO) O+~ 1)

h—0 —h h—0 h
ah
bsm_lﬁ%)—% o2 1L
= 1 = 2
h—0 —h h—0
ah
2 _p— 0
=lim 2 2=k [form —
>0 242 0
b
e
. 2 ’ . .
lim [Using L Hospital's rule]
h—0 -1
ah
- h
2 4_ =
w2
o0 4R k0 8( ﬁ) [Putting a = 1]
2
2 _
:l = 4p= l_c_ = 16b2 =4—C
2 8 4
-5
4
= 64b*=4-c*  Hence proved.
Given that,
Sx=»)=f(x).g0)-f).gx) A1)

g(x-y)=gx).g0)*+f()f ) (1)

In eqn. (i), putting x =y, we get

FO)=/x)g®)-fx)gx) = f(0)=0
Putting y=0, in eqn. (1), we get

F&)=f(x)g0)-f(0)g(x)
= f®)=/x)g(0) [usingf(0)=0]
= g0)=1
Putting x =y in eqn. (ii), we get

g80)=g(x)g (¥ t/(x)f(x)
= 1=[g@P+[0P [using g (0)=1]
= [g@WP=1-[f®P (i)
Clearly g (x) will be differentiable only if f (x) is
differentiable.

First we will check the differentiability of f(x)
Given that Rf" (0) exists
e tim LO+D=1(©

h—0 h

exists

ie., lim f(0)g(=h)—- f(=h)g(0)
h—0 h

exists

ie., ,Em}) =/ Ez ") exists (usingf(0)=0and g(0)=1)

Which can be written as,
i LO=LER o)
h—0 —h
= Lf'(0)=Rf(0)
fisdifferentiable, atx=0
Differentiating equation (iii), we get

28().8' () =2/ (x) /' (x)

Forx=0
= £(0).8'(0)=-/(0)/"(0)
= g'0)=0 [Using f(0)=0and g (0)=1]

F. Match the Following

(A)sin(n[x])=0,V x eR

.. Differentiable everywhere.

S (A)—>(P)

(B)sin (m (x— [x])) =/ (x)

We know that
=x,1f0<x<1

x—[x=x-Lifl<x<2

=x-2,if2<x<3

o

It’s graph is, as shown in figure which is discontinuous at
V x €z. Clearly x — [x] and hence sin (7 (x — [x])) is not

differentiable V x €z
B)or

—x? if x<0

x2 if x>0

(A) y=x|x|={
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Graph is as follows : Also it is strictly increasing in (- 1, 1) (#)

Y

A —2x, x<-1

D y=lx-1|+|x+1|=:2, -1<x<«<1
2x, x>1
-1
X = 1 X Graph of function is as follows :
Y
A

v \_2_/
From graph y=x|x|is continuousin (-1, 1) (p) I
differentiablein (— 1, 1) (9
Strictly increasing in (-1, 1). (r) X'« t o) t > X

-1 ! 1
N=x ifx<0 T
y=Alx|=
® {JE ifx>0 T2
2= _ - x <0 v

>y X, x =

{where y can take only + ve values} ) ) ) .
From graph, y=f{(x) is continuous (p) and differentiable

2 —
andy*=x, x=0 (q) in (- 1, 1) but not strictly increasing in (- 1, 1).

Graph is as follows :
Y x2, x<0
f .@ PO fi(x)=1"
e -1, x>0
X'« > X
-1 0 1
M

From graph y = /| x|is continuous in (- 1, 1) (p)
not differentiable at x =0 (s)
(©) NOTETHISSTEP

x-1, -1<x<0 Range off, = [0,)
y=x+[x]=1x, 0<x<l ~ fy 1s onto
X+l 1<x<?2 From graph f, is not one one.
- - sinx, x<0
) 3): 1(x)= ’
Graph of y=x + [x] is as follows : 00): £3(x) {x, x20
Y

A

e VL /\\/

From graph fis differentiable but not one one.

v
Y/

x? , x<0
From graph, y=x+[x] is neither continuous, nor RQ): /01 (x)= & x>0
differentiable at x=0 and hence in (-1, 1). (s) T
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From graph f,0f] is neither continuous nor one one.

S@): f,(x)= X% xe [0,0)

It 1s continuous and one one.

I. Integer Value Correct Type
1. (6)

6 j'lx F)dt =35 (x) %>
Differentiating, we get 61(x) =3 f(x) + 3xf"(x) — 3x2

S-S0 =

IF.=

8| =

1
. Solution is f(x). o Il.dx =x+c
S fx)=xt+cx
Butf(1)=2=>c=1..f(x)=x*+x
Hencef(2)=4+2=6
Note : Putting x = 1 in given integral equation, we get

f(H= % while given f(1)=2.

Data given in the question is inconsistent.
1-x

s o i —ax+sin(x—1)+a|1—Vx 1
. im =—
@ x>1| x+sin(x—1)-1 4
. |a(l—x)+sin(x-1) I+
= lim -
x>l | (x—1)+sin(x—1)
_ +sin(x—l) b
fim{—x=1_ (—a+1]2=l
= xsl l+sm(x—l) =1 2
x—1
=>a=0o0r2

.. Largest value of a is 2.

3.

5.

©)

@

™

Topic-wise Solved Papers - MATHEMATICS

x+1, x>0
f(x)=|x|+1={_x+1’ x<0
gx)=x2+1
y=g)
y =/

From graph there are 3 points at which A(x) is not
differentiable.

COS (ln

. e -e -e
lim ———=—
o—0 a” 2
n —
e[ecosa 1_ li| "
. cosa —1 -—e
= lm X =
a—0 cosa” -1 o 2
2
n
.2 q" [Q_]
-2sin” — 2
. 2 —e
= elim X =—

2 m 2
a—0 a—n o
2
—e _ —€
—€ 0L2n m_ —¢

2 2

2n—m =1

= or a

m
= 2n-m=0=> P 2

2 .
lim X sm.Bx -1
x—0 0X — Sin X
3
~ fim—2P
x—0 OX — sin X
3
. x’B
= lim =1
x—0 ( x3 x5 x7 \
X —| X——+——"—+...0
L 3t 517 J
3
lim xB 1
x—0 x3 x5
(a-Dx+—-"—+...0
3t 5!

For above to be possible, .we should have

1
a—1=0andl3=§
el
=a=1landp 5

- 6(a+B)= 6(1+%) =7
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I Section-B

1.

@

@

©

@

@

@

o)

J1-(1-2sin’x)

J1—cos 2x
~——— = 1lim

Iim

V2x 2x ’
. \/2 sin? x .| sin x|
lim Y—= lim ——
x—0 2x x>0 x

The limit of above does not exist as
LHS=-1%#RHL=1

2 x x
lim (x2+5x+3j — lim [1_'_ 24)C+1 ]
x>0\ x“+x+2 X—>®© x“+x+2
(4x+1)x
x2+x+2 x2 +x+2
. 4x+1 4x+1
_lim || 1+ -
x> X +x+2

 dxtex
lim = 1,
= @2ox 42 s lim (14 Ax)x =e
X—>0

4+l
li X
xlr’nwl+—+l
=€ x x2 = e4
Apply L HRule
We have’ lim M (9)
X2 x=2 0
=lim f(2)-2f'(x)=f(2)-21"(2)
x—2
=4-2x4=-4.
1P 4+2P + . +nP

We have lim ;
n— © np +1

1

1 +1
0 p+ 0 p+

Since lin}) [x] does not exist, hence the required limit
X—>

n
. r
lim Z
n—>0 r=1 np -n

does not exist.

fG) - (2) form using L’ Hospital’s rule
x—)l \/_ 1 0
JS'(x)
.2 f (x) _ S 2
= lim = =_=
-1 1/24x Jro 1
Let a is a rational number other than 0, in

[-5,5], then
f(@=aand lim f(x)=-a

[As in the immediate neighbourhood of a rational
number, we find irrational numbers]

JEE Main/ GIEEE

10.

11.

12.

13.

@

©

@

@

@

o)

.. f(x) 1s not continuous at any rational number
If ais irrational number, then

f(@)=—aand )}i_r)rzf(x)= a

.. f(x) 1s not continuous at any irrational number clearly
1irr})f(x) =f(0)=0
.. f(x) iscontinuous at x =0
f"0)- g" (=0
Integrating, 1’ (x)— g’ (x)=c;
= f)g (D)=c=>4-2=c= c=2.
SR8 X)=2
Integrating, f(x) - g (x) =2x +¢,
= fRQ)-g)=d4+c; > 9-3=4d+c;
= =2 L f(x)-gx)=2x+2
Atx=3/2,f(x)—g(x)=3+2=5.
SEtN=f&)x f)

Differentiate with respect to x, treating y as constant

[T &xty)= 1 Xf0)

Putting x =0 and y =x, we get f'(x)=1"(0) f(x) ;
= f'(5)=3f(5)=3x2=6.

The given expression can be written as

n 4 3
= lim 1 > ( ) — lim l lim l(i)
n—o N r=1\n n—o N n—»o n \Rn

1 1 s )
=£ dx— lim —xjx dx = {5] —-0=-

n—wo N 0 o 5
lim log(3-+x) ~ log(3— x) = K (byL'Hospital rule)
x—0 X
.
lim3tx 3=x_g . 2_g
x>0 1
2
X
4 [ sec? wdt s 2
lim dx _ fim 567X 2x
x—0 (x Sln x) x—0SIn x + X COS X
(by L’ Hospital rule)
lim 2sec? x? 2x1
x—0 (sinx j 1+1
+
X
i £ (@' (X) =@ '(x) _
x>a g(x)-f'(x)

(By L’ Hospital rule)

gk () _

s k=4
g'x)-f'(x)

X—a

L ] M-S-189

EBD_7202



M-S-190 o
tan (% - 5) (1-sinx)
14. @ Ilim 3
N (m—2x)
2

15.

16.

17.

©

o)

©

Letx=§+y;y—)0

tan(—%) .(1-cosy)

- tanl 2sin® 2
2

y_’ (=2y) R A
8
y
tan =
—llmi 2 siny/2 _L
y—032 (_) y/2 32
2
(1 1)
W)
f(0)=0; f(x)=xe
- h
RHL. lim(0+h)e ?'# = lim——=0
Jim (0+ h)e 70 g2
)
LHL. lim(0-h)e hh—o

therefore, f (x) is continuous.

(1 l) y

=0

11
(0-h)e (_“) —0

h

=1

RHD= [im e
h—0
LHD.= lim
h—0

—h

therefore, L.H.D. - RH.D.
f(x) is not differentiable at x =0.

1

We know that lim (1+x)x =e

. lim
X—>0

lim 2
= ex—)OO

f(x)=

X—>0

2x
[1+ﬁ+i] =&

X x2

(
b
= lim (1 +£+ %]L%‘fx—zJ

X—>0

1-tan
dx—T

A(Z) S, re =

x—>

IS continuous in [O,

P
4

,h>0=1lim
h—0

b
[a+;]=e2 — 28— g2 >a=1landbeRr

7]

T <o)

l+tanh

" l—tanh

4h

18.

19.

20.

21.

22.

o)

Topic-wise Solved Papers - MATHEMATICS
~ lim -2 tanh -2 1
h>0l—tanh 4k 4 2

1 1 2 4
—-sec’ —+—=sec? —+isec2 2

2 2 2 2 2 2
lim | # n° n n° n n
n—o 1
+....+—sec”1
.. r 9 r? . 1r o r?
= lim —5sec” — = lim —.—sec =
n—>op n n—»>on n n
= Given limit is equal to value of integral
1
_[ xsec? x2dx
0

1 1
1 1
or —Iszec x2dx =—J‘sec2 tdt  [put x2 =t]
20 20

= %(tant)}) = %tanl.

- 1-cosa(x—a)(x—
Givenlimit= lim ——25¢(x=0)x—P)
X—>o (x—a)

(x—a)(x-B)
- i 2sin ( 2 )
x—>a (x—a)z
X—0)(xX—
sin (( )2( rs))
a*(x—a)* (x—B)>
4
LA x-ay(x-p)
4

2
lim 5 X
x—>o (x q)

_a (a B)
2
70 - tim f(l+hz—f(l);
As function is differentiable so it is continuous as it

f+h)
h

=5and hencef(1)=0

Hence f'(1) = hli_l)n()@ =5

Asf()=-2& f'(x) >2 Vv xe [1,6]
Applying Lagrange’s mean value theorem
M = f(0) 22 = f(6) > 10+/(1)
= f(6)210-2= f(6)=8.

is oi lim
is given that P

o) = tim LI
£ = nm‘M < lim |
h—0 h h—0| h

= |[f®)[<0 = fi(x)=0
=  f(x)=constant
Asf(0)=0 = f(1)=0
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Limits, Continuity and Differentiability

23. @ f@=min{x+1,|x|+1}= f(x)=x+1~x €R

Y
y=-x+1 y=xl
/(0, 1)
10 X
=

Hence, f(x) is differentiable everywhere for allx € R.

24.

T xo0 X

) 1
Given, f(x)= - &

2X 1y
= lim (7 -D-2x 3 D-2x [9 form}
=0 x(e™* -1) 0

.. using, L'Hospital rule

4¢%*

f(0) = lim

1-02(xe?* 2+ e2* 1)+ ¥ .2

4e™ [9 fonn}
+2% 2% 0

42x

= lim
x50 4xe?*

4.¢°

= lim = -
400+¢€%)

x50 4(xe> + %) -

1
25. () Wehave f(x)={*~ I)S‘“(x ]’f”l

0 Jifx=1
Rf'(1) = lim fa+h)-f@)
h—0 h
1
hsin—-0 1
= lim —DB _im sin— =a finite number
h—0 h—0

Let this finite number be /

- f-h)-fQ)

Lf'()=1
) -

h—0

h—0 —h

(1

—hsin| —
. -h .. (1
= lim — %= lim sin| —
h—0 -h

1
hl—l}}) sin b (afinite number)

Thus Rf'(1) # Lf'(1)

26.

27.

28.

29.

@

@

o)

@

.. f1s not differentiable at x = 1

1 x—1

Also, -
x- x-1

f'(0)=sin

cos( ! J:l
2 _
x—1 <0

=-sin 1 +cos 1 .. fisdifferentiable atx =0
f(x) is a positive increasing function.

5 0< f(x)< f(2x) < f(3x)

A E]
=0<1<"26) = 1)

_ lim 1< lim L&Y
xo0  xow f(X)
By Sandwich Theorem.

O
x>0 f(x)

< lim £6%
o f(x)

1-cos{2(x—2)}
x-2 B

V2 sin(x-2)|
m
x=2

x—2 x—2

V2sin(x-2)

i -2
LHL= lim ==~ V2

x—2"

RHL. = lim M \/_
x—2" (x— 2)

Thus LHL. # RHL.

Hence, lim 1-cos{2(x~2)} does not exist.
x—2 xX— 2

sin{(p +1)(—h)} —sin(-h)

LHL=lim f(x)=lim
x—0" h—0

—h
. —sin(p+l)h sin(-h)
= lim =p+1+1=p+2
h—0 —h P P
RHL = lim f(x)= lim Y.1A =1
x—G* =0 h

= lim— =

1
h—0 (\/1+h +1) 2

3 1
0: =——’ = —
and f(0)=g=p > 4=5

jim ) 9 (=) -9 _

x|

x5

fim ()2 =91 =0 = lim f(x) =3
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30. (a)

RHL= lim [x]COS(
x-n"

31. (¢)

32. @

Let f(x)=[x]005(2x2_1)

Doubtful points arex=n,n € /
. 2x-1
LHL= lim [x]cos T
xon- 2
=(n —l)cos(znz_ 1)1: =0
(" [x] is the greatest integer function)
2x— 1) ( 2n-1 )
T =1Cos n=0
2 2

Now, value of the function atx=nisf(n)=0
Since, LHL=RH.L.=f{n)

f(x) =[x] cos (Zx—lj is continuous for every
real x.
x-2 , x-220
= —2:
fx)=lx-2 {2—x , x-2<0
B x-2 , x22
T l2-x , x<2
x-5 , x25
Similarly,f(x)=|x‘5|={5_x %<5

f(x)=]x=2|+|x-5|={x-2+5-x=3,2<x <5}

Thus  f(x)=3,2<x<5
S'®)=0,2<x<5
f'(4)=0 .. statement 1 istrue.
\
\
2 5 =~

w f(2)=0+2-5|=3andf(5)=|5-2|+0=3

" statement-2 is also true and a correct explanation
for statement 1.
Multiply and divide by x in the given expression, we
get
. (I-cos2x) 3+cosx) x

lim >
x—0 x 1

tan4x

2sin? x 3+cosx  x

= lim >
x>0 x 1 tan4x
sin? x
= 21lim -lim3+cosx - lim

2

x—0

=0 x—0 tan4x

33.

35.

36.

o)

@

©

@
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=24 im 294

1_,
4 x—>0tan4x 4

. . sin(m cos? X)
Consider llm —————
x—0 X

m sin [n(l —sin? x):|

=1 3

x>0 X

L (Tt—TtSin2 X) ) .
= lim sin-———— [+ sin (r—0)=sin 0]

x>0 x

(rsin? X) N nsin? x

nsin? x x?

. 2
= limlxn(w] =7

x—0 P

= lim sin
x—0

Multiply and divide by x in the given expression, we
get
. (I-cos2x) 3+cosx) x

lim 3
x—0 X 1

tan4x

2sin? x 3+cosx  x

= lim
x>0 2 1 tan 4x

sin®x . .
3 -lim3+cosx - lim

x—0 x—0 tan4x

= 2lim
x—0 X

DL L L
4 x>0 tan4x 4

Since g (x) is differentiable, it will be continuous at x=3
. lim g(x)= lim g(x)
txo3 x—-3*

2k=3m+2 (1)
Also g(x) is differentiable at x =0

. lim g'(x)= lim g'(x)
T x—>3 x—3*

K
=m

23+1
k=4m .2
Solving (1) and (2), we get

2 8
m= 3 k= 5
S ktm=2

g(x)=1(f(x))
In the neighbourhood of x =0,
f(x) = |log2—sin x| = (log 2 — sin X)
o g(x)=|log2—sin|log2—sin X ||
= (log 2 —sin(log 2 —sin x))
. g(x) is differentiable
and g'(x) =—cos(log 2 —sin x) (— cos X)
= g'(0)=cos (log 2)
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37. y= lim

n—oo

Iny= lim lln(1+lJ(l+zJ....(l+2—nJ
n—Hoonl n n n
Iny= lim l[ln(l+£)+ln(l+zj+..‘.+ln(l+2—”)]
n—oo n n n n

2n
= lim lzm(nij
n

n—oo N ,_|

1
@ ((n+l)(n+2)...3an

rl2n

= [ In(l+x)dx

Letl +x=t=>dx=dt
whenx=0, t=1
x=2, t=3

1ny=jl3lnt dt=[tlne—cF = ln(3
e
.
2

38. (@ Inp= lim Lln(l+tan2\/;)
x—0t 2X

lim 1 In (sec Jx )
x—0t X
Applying L hospital's rule :

- 1im sec/x tan vx
x—0* secv/x -24/x

_ i fanx
x—0* 2\/;

N

27

€

2

J
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