Exercise 6.R

Answer 1CC.
(@
A function fis called a one-to-one function if it never takes on the same value
twice;
That 1s when x, # x,
then 1 (x)= /(%)

[(OR)F (x)=F (%) =x=x]

A function 15 on-to-one if and only if no horizontal line inter sects its graph more
than once.

(b)
Let fbe a one-to-one function with domain 4 and range A.

Then its inverse function ' has domain B and range 4 and is defined by
f_l(y:]:x@ j[x):y foryin B
The graph of ' is obtained by reflecting the graph of f about the line y= x.

(c)
Given that £ is one-to-one f* (f_l (a)) 0

v
(57 (a)

Then (f_l)r (a) =

Answer 1E.

"’-BX-%* Horizontal Line

O X

Fig. 1



If we draw a honizontal line, we see that this horizontal hine intersects the graph at
more than one point. Here honizontal line test 1s failed. So f1s |not one to onf:l

Answer 1P.

Let the base vertices of the rectangle be A(-x,0) B(x,0).

The other two vertices of the rectangle are lies on the curve y =exp{-_r: ] this follows that the
other two vertices are C (.r, exp(—x* )) and D(—x,exp(—.r:]).

IT we sketch the rectangle then it will be as shown in the following diagram.

‘1"3

-

X
T & >
A(—=x.0 B(x.0)
From the above diagram it is obvious that the length of the rectangle is 2x and the width is

E:xp(-_r:) this implies the area of the rectangle is mep(—_tz).




Let the area of the rectangle be a function of x.
Thatis A(x)=2xexp(-x").
Find the derivative of the function A(x)=2xexp(—x*).
A(x)= Zcxp(—x’)+2xcxp(—r’ )(-2x)
=2exp(—x*)(1-2x)
Find the critical points of the function.
A(x)=0
Zexp(—f )(1—2x3} =0
1-2x* =0 Since 2exp(—x°)# 0 forall x
*1

x=—=40.71

V2

Find the double derivative of the function A(x)=2xexp(-x*).

A"(x) =(2exp(-x*) (1 -2:’])'
= Zcxp{-f)(—dx)+ 2(1 —Zf)exp{-xl){—lr)
= —Sxexp{—f]+(—4x+8.r')exp[—f]
=—4xexp(-x")(3-2x)

Next find the sign of the double derivative at the critical points.
A°(071) =-4(0.71)exp(-0.71°)(3-2(0.71)") s -3.14 <0
This implies the function has maximum value at , — (by the second derivative test)
This follows that the area of the rectangle is maximum when y— m
A(-0.71)= —4(—0.?1)exp(0.? I’](3 —2[—1].'.-'1)3 ) =936>0
This implies the function has minimum value at : (by the second derivative test)
This follows that the area of the rectangle is minimum when - m_
Consider the equation y :exp{—xz) and find fts points of inflection.
Firstly find its double derivative.
y=exp(—x)
=)= —2.1'6)&])(—1":}
=y"'==2 exp[-xz)—lx(-erxp(-_r’ )}
= -Zexp(—.t! ) +4x° exp{—x:)
= (—2 +4f)exp(—r3)

Solve the equation " =0 for x to obiain the points of inflection.
¥ =0
1::;;:;{—::2 ){—2+4x’} =0
—2+4x* =0 Since 2 cxp(—.xl} #0 forall x

*1
x=—=%0.71

V2

Hence the points of inflection are x=0.71 and x=-0.71 which are same as maxima and
minima of the area function A(x)=2xexp(-x’).

This shows that the rectangle has maximum or minimum area at the points of
inflections of the curve y:exp(-x’).



Answer 1TFQ.

Given that f is one-to-one with domain IR, then f7'{ £(6))=6
Since every element has unique image and no two elements have the same image.

|f“ (7(6))=6 istruel

Answer 2CC.

@
Given functionis f (x) =g

The domain of natural exponential function f (x)=¢"1s R
The range of natural exponential funcﬁonf(x) =" is (0,00)

®)
Given function 1s f(x) =lnx

The domain of natural logonthmic function 7 (x)=In x is (0,c0)
The range of natural 1ogonthmic funchon f (x) =lnxis R

(c)
The graphs off(x):e';f(x):]nx are

=
2
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Answer 2E.

{(4) Ifwe draw a horizontal and a vertical line any where on the graph we see that
these lines intersect the graph at only one point so g i1s one to one

aY




) Here we see from the graph g(0.25)=2
So  g'(2)=025

(C) Domain ofthe gis K and range of the funchionis R
So domain of g is R (a set of real number)

D)
a~AY
gI
14
341 2 3 X
Fig. 2
Answer 2P.

Show that log, 5 is an irrational number.

Consider log, 5 to be a rational number.
Itmeans. log, 5=§ for some integers g and b, where b =0.

a

log, 5=
£227%

5=2¢ Use the definition of the logarithm
oy
5°= [23] Raise the power b on both the sides

5t=2 Simplify
Observe the equation 5* =2°_ where 2° is an even number for every integer a and 5% is
an odd number for every non-zero integer §,
Moreover, an even number can never be equal to an odd number
So this is a contradiction.

Hence, log,5 is an irrational number.

Answer 3CC.
(@)

The mwerse sine function a are sin funciieon 1s
Defined as the inverse of the funchion (x) =sinx,

. - K3 Fij
sim lx=y<:>x=smy, _EEIE_

2

Domain of f (x)=sin ' x is [-1,1]

2

and range of f (x)=sin'x is [%E:l




(b)

The inverse cosine function or arc cosine function 15 defined as the inverse of the
function f(x) =Cosx

cos x=y <> x=cosyand 0 <y<sm

Dom ain ofj(x:] =cos 'xis [—Ll]

Eange of f (x)= cos ' xis [U,J‘r]

(c)
The inverse tangent function a arc tangent function is defined as the inverse of the
function f (x) =tan x
-1 T i
tan” x=y < tan ¥ =x and —5 -::::T{E
Damain of f(x)=tan™" isR
Eange of (x)= tan xis [jf)
2 2
The graph of j(x:]=tan_lx is
.i!.'..‘
2
-2
Answer 3E.

{A) We know that if 15 a one-to-one function with domain A and Range B. Then iis
inverse function # has domain B and range A and is defined by

F(»)=xo f(x)=yfor anyyinB.
Now by the definition of inverse function 7 - (3) =7.
Hence, f_1(3):? .




(B) We know that if £1s a one-to-one differentiable function with inverse function
Fand £°(f7(a)) = 0, then the inverse function is differentiable at a
' 1
aﬂ.d f_l [a) = l'— -
) e=7 (/@)
Given that f(7)=8.
Therefore by the above stated theorem,
4 1
O =—ram

o A

so (77 (3=

Answer 3P.

Consider the following function:
f(x)= e
To find the function f(x)is absolute maximum.

Differentiate the function f(x) with respect to x.

f(x)=e*= [m[%}-h}

The function f(x) is absolute maximum when f'(x)=0

£ []“[l-’f—zlJ_h] -0
x-2

+(10-2x)=0

x=%5

x=+5o0r-5

Substitute the values x=5Sandx=-5 in f(x).
f{s}=e1{l5—}'—3‘5
:E'E
=148.41
f {_ 5} _ emi-s-zg-zs
=£5
=148.41

Therefore, the function f(x)is absolute maximum at x=5and y=-5.

There is no absolute minimum because exponential function is always positive.



Answer 3TFQ.

Consider the statement,
R - T .
The function f(.r) =COos x’? <x< 5 is one-to-one.

Determine whether the statement is true or false.

Recall that, if some horizontal line intersects the graph of the function more than once, then the
function is not one-to-one.

If no horizontal line intersects the graph of the function more than once, then the function is
one-io-one.

The sketch of the function f{.r} = cosx,_—; <x g%is shown below:

24y
X
“1x "Sm of 0 1
1
2

Use horizontal line test, draw a horizontal line on the graph of the function, the horizontal line
meet the graph at more than one point, which is shown in the below figure 1.

2P

-2
Figure 1

Observe the figure, it confirms that the horizontal line meet the graph at more than one point.

So the function f{(x)=cos x,_—: <x< % is not one-io-one.
Hence, the statement is false.

Answer 4CC.

sinhr=2 %
2

gt +eg”
2

x__-=x
g —&
T,
2 +e

coshx=



Answer 4E.

x+1

2x+1
x+1

2x+1

We have _f(x):

We write y =

Solving for x
(2x+1)y= x+1
=2y+y=x+1
=2y—x=1-y
:‘>(2y—1)x=1—y
_ 1=y

= xX= (2)’—1)

Replacing x and y the inverse function is

ar.y  1-x
J (x)_2x—1

Answer 4P.

Consider the following value is,

j’:»"'”‘dr:k

o
4 4
The objective is to find the value of I.re‘"" dx.
[1]

i,re'*'”'dx - j,rkdr since ﬁé*""dx =k J
o L] (1]
4

=kj.rdr (since k is a constant)
L]

2 4 wel
=k|:il [usefonnula [x"de= t ]
2 n+l

=8k
Therefore, the value is

Answer 4TFQ.

Therefore |tan™} —1)= 37;’1' is true

Answer 5CC.

(@

dy _d;
)] E=£(ﬂ)
a]



(c)

(@

(€

(D

(h)

W

L)

(m)




Answer SE.

We have the graph of 5% as follows

Fig1

‘We can get the graph of ¥ = 5" —1 by shifting the graph of 5°, 1 unit downward

Y
4

y=51

Fig 2

Answer 5P.

We know that sin bx =imaginary part ofre® where ™ = coshx+isinbx also, by
Demowrie's therom , we hawve (cosbx+isinbx) = cos abx+1 sin nbx

o g™ ®gTT = JBF (a+id)
:Xz—z_f (x): PGt (a +1'b)2
:x'_!j (x) ==7F (a +1'b)! where f (x) =g

=" [cosbx +i sinbx] (a +ib).
HNow, putting @a =rcos8 . &=rsiné, we get
%e@m" =¢&™ {cosbx+i sin bx} [r' cosad+ir® sin 9}

Now, imagmnary part of
%e(‘“ﬂy =r"¢™ {cosbxsin #8 +sin bxcos ad)

=r" e-[sin (m‘?+bx)]
b rsn@d

a8 :
where — = =f=tan" Zand 7 sin’ F+rlcost =g’ +&°
a rcosd a

Answer 5TFQ.

Given that 0 <a <&
Then 0 <a <2™®
= a-\:gh"

= ER

= [macibisme}for0 <a <t



Answer 6CC.

(@)
The number e 1s such that
im& o1
0 x

)
Given e as a hmit

1
o= ]'1_% (1+ x)x

(c)
When y=a*

Then Q:a']na
dx

But when a=-e,

(d)
When y=log, x

Then y:l"g_ex
log,a
dy

Then ¥ =—

Y dx
1 1

log,a x

1

z(lna)

When a=e, then y'=l simple
x

Since & =0 forevery x€ R
So we can divide bye”

Heuce

Answer 6E.

We have the curve of ™.

y=e’

]

Fig1



For getting the graph of ¢ reflect the curve of 2" about y-axis

Fig2

Now we can get the graph of y = —¢™ by reflecting the curve of y=2™ about = —
axis.

Answer 6P.

Show that sin™ (tanhx)=tan"' (sinhx).

Here we use formulas of inverse trigonometric

Let sin'x=y then x=siny.

So
cos y = /1-sin’ y
=l-x
And also
siny  x
cosy  {1-x°
X
tan y =

Vi-2
abaic =

o sin—-x=..-,.1—-[ =
1-x°




To prove the result, we use this formula as follows.

sin”' x=tan™' o ‘]
Ji-x*
sin”' (tanh x) = tan"" &] Write tanh x inplace of x
1-tanh” x
= tan™! | 200X ] Using the identity 1 - tanh® x = sech’ x
sech™ x
=tan (tan:x] Since vsech® x =sech x
Sechnx
(sinhx]
inh
—tan~'| \cOShx ST and sechx =
1 cosh x cosh x

— Since tanhx =
(coshx]
=tan"' (sinh x)

Hence the result is sin~' (tanh x) = tan™' (sinh x)-
Answer 6TFQ.

Let x=7r‘E
Then Ilnx=Inz®

:JS_]n;'r

= r=obnT (Because by defimtion of logarithm)

|.‘r'!"'E=.t=z"Ei_lIlI is tmt:l
Answer 7CC.
(a)

Differential equation that expresses the law of natural growth is,

dy
Z=kpk>0
7 ky.k >

1
The relative growth rate, —%_ is constant.
ydr

(b)

The equation % = ky;is an appropriate model for population growth, assuming that there is
t

enough room and nutrition to support the growth.

(c)
If y(0)= y,. then the solution is _
Answer 7E.

‘We have the graph of y=Inx asfollows

Y

Fig.1



‘We can find the graph of y = —In x by reflecting the graph of ¥y =1lnx about

X-axis.

Fig2

Answer 7P.
Let f(x)=tan"'(x), x>0.
Apply the Lagrange’s Mean value theorem to this function.

Obviously, this function is continuous on [{),_t] and differentiable on [{I,:c}‘

Then, there is a number (< ¢ < x such that, f’(c]=_f {‘t]--’( (ﬂ)
x=0

o J(x)=7(0)
fle)y=—"———
o - )
| _an(x)

1+¢° x

Consider 0<c<ux.

Simplify as shown below:
O<e<x
D<ef<x’
l<l+e <x” +1
1 1

I} 3 > >
1+ x +1
tan”'(x tan”'(x
1> ( )::- ,l Since = { }
x x +1 1+¢ X
-1 X
x>tan  (x)>—
{ } x +1
X -4
Hence, —~<tan" x<x| forx>0.
x
Answer 7TFQ.

Given statement is you can always divide by 2°.
Since e" #0 forevery zcIR
So we can divide by 27

Hence



Answer 8CC.

(@

L'Hospital's rule states that if f(x),g(x)are differentiable functions and g’(x) = Qwith
imZ )0 0 ™ tpen tim? ) - lim@
x—ug(;) 0 o J—‘dg(‘r] x—mg{x}

it the limit on the right hand side exist or +w

(b)
It f(x)—0,g(x)—>oothen we can apply LHospital’s rule for the product f(x)g(x)

£ ()
”g{x} lx’f(x)

By witng £ (x)z(x)=

(c)
It f(x) —}cn.g(:c) —» oo then we apply L'Hospital's rule for the difference f(x)— g(x) as
below

Convert the difference into a quotient using a common denominator, rationalizing, factoring, or
some other method

(d)
It f(x)—0,g(x)—>0as x— a then we apply L'Hospiial's rule for the power [f(;]]""’] as
below

Convert the power to a product by taking the natural logarithm of both sides of y = f*by
writing % = g5/

Answer 8E.
‘We have the graph of y=Inx

Y

Fig.1

‘We can getthe graphofyz]n(x—l) by shifting the graph of y =Ilnx a distance
1 unit to the right

y=in{z-1)




Answer 8P.

Suppose fis continuous,  f(0)=0, f(1)=1, f'(x)>0,and if[.r]dr=%

1
The objective is to find the value of the integral I (y)dv
o

Take the function f(x)= x’ whichissameas f (x)=».

Where y = x’
x=4y,x>0,y>0
The function is one-one function .

Apply inverse function on both sides, the function is

f(x)=»
7()=x

Now the integral is,
1 1
[ £ (v)dy = [ xdy

Jyy

[ S S

1
=|(¥)dy
xl-l
Use integral formula I Y dr=
n+l
1 1 yiﬂ
o —+1
2
)
= —}'Z
3 o
2 3
=—=[{1)z =0
S{03-0)
.
3

1
Therefore, the value of the integral I M (y)dvis .
L]

Answer 8TFQ.

(Given that g >0and & >0,

then ]n(a+b)=]na+lnb

This 15 not true, because
]n(2+3)=]n5¢]n2+]n3

‘Where In5=160%379
In 2 =0693147
In 3=1.098612

n(a+b)=lna+lnd is false




Answer 9E.

‘We have the graph of the y = arctan x

Y

=2 y=x1
y=arclanx
-=2 =2 X
-2
y=-a2
Fig.1

We can get the graph of y = 2arctan x by sirealung the graph of y —arctanx

vertically by a factor of 2
¥
Y==K
y=Zarctanx
—=Z =2 X
........................ o
Fig2
Answer 9P.

Show that f ('c} = jv‘l +2 dr is one-one and find ( ! )Ir (0).

Obviously the integrand g{;}z J1+¢ is continuous on [a,b] where a and b are some
positive numbers.

Now apply the Fundamental theorem of calculus part-1.
So the function f(x)= I\-‘l + dr; a<x<b s continuous on [a,b] and differentiable on
1
(ab) ana £'(x)=g(x).
Thisimplies f'(x)=g(x)=v1+x.



Show that the function f(x)= IJI +1 dt is one-one.
1

If a function is one-one if f(x,)= f(x,) implies x, =x,.

Let x,,x, be two points in [a,b).

X Ty
Now consider that f(x,)= f(x,) thatis j‘h +0 dr= I JI+7 dr.
1 L}

x X

IJIH’dt:IJlH’dt

1 1
[JLJIH’JJ ] =(_rdl+r5 dr]

1 1
,,}1 +x' = ,h +x, By fundamental theorem.

1+x’ =1+x,’
3 3
x=x

L=4a

This shows that f(x)= Iv‘l +1 dt is one-one.
L}

Find the inverse of the function f”(x)= J1+x.
et () =y=x=(r) )
f'(x)=y

1+x =y
1+ ="
©=y-1

x= d},: -1
() ()=
(£ ()=
Hence (1) (x)=3¥ -1
This implies
(7Y (0)=o"-1
=

=-1
Hence (f-‘ }'{(}} =[=1l
Answer 9TFQ.

Given if x>0, then (ln x)ﬁ =6lnx

When x=e,
Then ({lnx) =(lne)’
=1

And  6lne=6
Therefore (Ing)’ = 6lne



Answer 10E.

Ifa >1, then for large walues of x, the function y=a” will have the largest
values. And the function y=1log, x will have the smallest values.

¥
T a=1
E
- [= y=x'
et
f-il
53
a1
sl
il
L yelogx
— 3 = 3 o
A3
Fig1
Answer 10P.
Consider the function
y= x 2 arclan( sinx ]
Ja' -1 a* -1 a+\‘a=—l+cos.r

Find the derivative of the function with respect to x.

r F

=) =)

r

7 e )

12 1 [ sin x ]
Jaz-l Jaz—l i [ sin ]3 a+\"az-l+cus:r
+—
a+u‘a:—l+oos:r

Continue the above step.
r(a +va' —1+cos .r)(sin x)
> 1 —(a-{w‘a’ -1 +oos.r] (sinx)

-

1
Jai -1 Ja* -1 “‘[LT (a+ a’—l+cus.r)-
a++a —1+cosx

(a+ a -1 +cnsx)ms,r

3

1 2 [a+ a'—l+msx) +sin’ x

Va1 Vo L(a+ Jﬁ+c@sx]z +(sinx)’ (a+ a1 +cosx}'

Continue the above step.
__ 1 2 acosx+va' -lcosx+cos’ x+sin’x
RN (a+ Jai-1 +ous.t)2 +(Sin_t}:
1 2 (a+s.":f_—l)cusx+l
) Va1 . Ja' -1 ‘(a+ Jﬁ)" +2(a+m)cosx+{cusxf +(sin .r}:
1 2 (a+m)cusx+l

B V@@ -1 @ -1 2 —1+2aa® -1 +2acosx+2Ma* -1 cosx +1




Continue the above step.

1 2

(a+a."a:—l)cosx+]

- Ja: -1 - Ja: -1 -Za'"' +2ay‘ra: -1 +2acosx+ ZJI'J': =lcosx

1 2

(a+m)ws.r+l

] 2 (a+ m)cas,rﬂ

Va1 a1 2(ae e 1) (a+cosx)

1 ‘(a+m)cusx+l
Ja -1 Va' -1 (a+v’a"-])(a+cusx)

) Ja' -1 _Jﬂ: -1 -2:1(::+ Ja —])+2c05x(a+\l"a: —]]

L ((a+m)(a+c¢}sx]—(a+ Jﬁ)cusx—]

\f‘a: —IL
@ +aa’—1-1
(am+a3 —1)[a+cusx]

a 1
a+cosx

Hence y' = !
a+cosx

Answer 10TFQ.
Given that 5(10‘) = x10*}
dx

Since i(m‘):m‘mw
dx

Therefore i(m*): x10*?!
dx

Answer 11E.

(A). We have to evaluate the value of 2™
Here 22 =ehm’
=™
=9
Hence
=9

(B) We have to evaluate the value of

log,, 25+1og,, 4
Here logy, 25+logy,y 4 =log, (25x4)
=logy, 100
=logy 10°
= 2log,, 10
=2

Hence [|log,,25+log,,4=2

(a+ Jai -1 )(a+-:usx)

Since lIn 2™ =yInx

- hr
Since e =X

Since logyga+log, &= logy(ab)

Since Inx" =yInx.

Since log,a=1



Answer 11P.

Solve the following equation for a.

Iim[ﬂ]l —e 1)

x| y—y

Consider the left hand side of the above equation.

lim
T

a
. x| 1+—
x+a . X
—— =I.II'I'I. —_—
E—x a
x| 1-—
X

X=da

e ) "
=— Use the formula llm[l+—] =¢*
[ T 1"
:E':ﬂ
Substitute &2 for |im[_“r "'"] in (1) and solve it for a.
== y—gg
E!ﬂ =e
e’ =¢
=2a=1
Sa=—

Hence the required value for a is

Answer 11TFQ.

Given i(11:11(])= i
ax

10

Since In101s a constant, and hence %{]ﬂlﬂ) =0

Therefore |2 (in10) = —
dx 10

Answer 12E.
(&) lne”=smlne [-.-1na"=.b]na]
=7 (1) [1lne=1]
= .
1
(B). We have to evaluate tan[aﬂ:mng)
Let arcsin| - then siny =~ where -~ <yl
arcsin| — |=¥. == ——EyE—
2)77 r=3 27772
1

= Cosec(y)=2 Since Cosec(y)=—



HNow from trigonometric identities,

1+cot® y = cosec?y

= cot? y=cosec’y—1
= [:o::ntz_:r,r=(2)2 -1
= cot y=3
=  tan’y==
d 3
= tan y= !
NEl
= y=tan™! ! )
3
1
= sin} —):tan_l[—
J3
Therefore

Hence

Answer 12P.

Since Cosec ( _}r) =2

. 1
Since Cot{y)=—
Tany

Firstly sketch the function f(x)= |:r+_1'| — " using graphing calculator.

111 H
\ A" L
[w]
\ -
Fa
Ly
A
4
L 1
4 j

{0 -B

5 -4




Take the test point 0(0,0) and substitute 0 for xand 0 for y in |x+){-e* <0.
|x+y|—e <0
[0+0]-€"<0
0-1=0
—1<0 True

This means the test point O[{I,{)] is in the region represented by the inequality
|I + yl -e" <0.

So shade the half plane containing 0(0,0) and bounded by the curve f(x)= |_r+ y| -e
then it will be as shown in the following figure.

Ay

10
I

L]
[4]

Fa
LT
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42
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it ¥

s
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N
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i
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u
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Answer 12TFQ.

Given that y=¢""
Taking logarithm, on both sides,
Iny=Ine"
=3zxlne
=3x

1
= x=—In
3 ¥y

Therefore |Theinversefunction of y=&**is y :%ln x istrue

Answer 13E.

We have to solve the equation In x= %

The given equation is

lnx= !

3
Applying exponential function both sides, we get,
B iE

g —a
= r=g% Since e =x
Hence

The solutionis

I=E]"B




Answer 13P.

Show that cosh(sinh(x)) < sinh(cosh(x)) for all x.
Consider the function £ (x) = cosh(sinh (x))—sinh(cosh(x)).
Find the Taylor series for this function using Maple.
Type the following command in Maple and then press ENTER to obtain the result
evalf (taylor(cosh(sinh(x)) — sinh(cosh(x)).x=0, 5)):
~0.175201194 — 0.2715403172x° — 0.0028618423 x" + 0(.’(6)
From the above output it is observed that.
cosh(sinh (x))-sinh(cosh(x))
=-0.17501194-0.2715403172x - 0.0028618423x" —...— =
= —(0.17501194+ 02715403172 +0.0028618423x" +...+ )

Obviously the series 0.17501194+0.2715403172x" +0.0028618423x" +...+ o0 IS positive as it
contains positive coefficients and even powered x terms.

So -(ﬂ.]?ﬁﬂ] 194 +0.2715403172x" +0.0028618423x" + ..+ a::) < 0 for all x.

This follows that cosh(sinh(x))-sinh(cosh(x)) <0, for all x.

Answer 13TFQ.

_ 1 .
The statement cos™ x= 1s false

Cos X
For example when
x=0cost x=cos! (0)
=1.5708
1 1
cosx  cosl
1
1
=1
*cos ! (0) # !
cos (0)

Therefore |cos™ x= ! 15 false
COS X

Answer 14E.

The given equation is

: 1
et =—
3
Applying natural logarithms on both sides of the equation, we get,
].11@3":]:11
3
lng*=x
= x=lnl-ln3 Since x
And In—=lnx—lny
¥
= x=—In3
= xs—1.0986

Hence

Thesolubonis x=1n3
or x=—10986




Answer 14P.

Show that i > ¢ for all positive values of x.
xy

Firstly find minimum value of the function f(x)= M x>0
X

Find the derivative and the critical points of the function f{.\'} = M
X
oy e5P(x) _exp(x)
A
Solve the equation f*(x)=0 for x.

f'(x)=0
() exp(x)

2
X X

xexp(x)—exp(x)=0
exp(x)(x-1)=0

x=1 Since exp(x)=0

Hence the critical point of the function f(_ﬂ:&{x} is x=1.
X

Find the second derivative of the function f (x) = exp(x)
X

) 22ke)-e3(2).(0(e)_20m(o)

X X

=cxp{x][i—%+%]

X

Put x=1in f'{x]:exp{x}[%-%+%] tofind f£7(1).

f'{l]:mp[]](%—%+%):e>ﬂ
Hence j" {]] = this follows that the function has minimum wvalue at x=1.

(By the second derivative test)



Substitute 1 for x in f(_\-} = exp—(!:) to find the minimum value of the function.
X
exp(l
=220
Hence the minimum value of the function f(_\-}=exp—(":) is e.
X

This implies £ (x) = () . ¢ forall x>0,
xX

Now use this fact to show the given inequality < >e.
xy
M'}e forallx>0 ... (1)
1
PO e forally>0 ... (2)

¥
Muliiply (1) and (2) to obtain the desired result.
exp(x) exp(x)
x ¥
exp(x+3)
X

>e-e forallxy >0

> forallxy>0

This proves the desired result

Answer 14TFQ.

sinlx

cos 'x

Given that tan~ x=
When x=1,
tan™ x=tan"" (1)
= 07854
sin” x=sin"" (1)

=1.5708

cos ' x=cos™ (1)
=0

sin™ (1)

cos ! (1)

Therefore tan™ (1) =

P

. _ sin X .

Therefore |The given statement tan™' x= —— is false
cos” x

Answer 15E.
The given equation 15
e =17
Applying natural logarithms on both sides, we get
lne” =l (17)
= 2" =In(17) Since lne"=x

Again applying natural logarithms on both sides, we get,
Ineg"=Inln (1?)

= z=Inln(17) Since Ine"=x

Hence,

The solutionis

x=lln(17)




Answer 15P.

Consider the equation ¢** = k. Jx.
This equation will have a unique solution when the curves y =exp(2x)and y = k/x meets at
single point. Here the slope of the tangents for the both curves is same.

Suppose that both the curves meet at x =a then it follows that,
exp(2a)=kVa
And also implies that the slopes of the tangents at x =a are equal. That means the derivatives
of the functions y =exp(2x)and y = k./x are equalat x=a.
L
2Ja

2hkJa = *_ Since exp(2x)= kJx
a

2Ja

exp(2a)-2=k

a=

1

4

Substitute l by a in the equation up{za] =k‘,-"3 to obtain the value of k.
4

exp[z-i]=k %

= k= EJ;
Hence the curves y= exp{Z:) and y— k+Jx meet at single point for f =2./e.

Therefore the equation = = .q-‘r'; will have a single solution when § _ ZJE i

Answer 15TFQ.

Given statement 15 coshx=>1forall x
Forany x€ R (e'—l)z =0
=  e7-2"+120
=  +z2e"
e +e "

= =1
2

= coshx=1¥x

coshx=>1¥ x 15

From the graph of cosh x, we have
cosh x=1¥x




Thﬂgraphofj(x):coshx

Answer 16E.

Ve have In (1+f) =3

=1+ =g [lnxzyt)xze’]

=et=F -1

Taking logarithms of both sides
Ine™ =In{e’ 1)

:>—x=]n(33—1) [lne'zx jor all x]

= x=—1n|:e3—1)

Answer 16P.

Consider the following inequality

a zl+x

Find the positive set of all positive numbers of a such that the following condition holds true:
a 2l+x, forallx

Consider the function for fixed positive number a

fi(x)=a"-1-x
to find value of a such that a” =1-x2>0,¥x

the minimum value of /, (x) is greater than or equal to zero
lim £, (x)= lim (a"~1-x)

X =
=a —l+w
=0-1+w

lim j:_(_t)—bm

lim £, (x)= Iim(a' ~1-x)
since a” = x

lim £, (x)=lima" — =
X T



To find the minimum value of f, (x) consider f’(x)=0

f(x)=a"-1-x
f(x)=a ma-1
1 (x)=0

a“lna-1=0

B Ina “""{]]

- (2)

The minimum value of f (x)is f,(x,)

L{-tn)=a‘ﬂ -1-x,

mwﬁﬁqfﬁé]

Ina

L{xn)—l Ina- In(mI ]

( from (1) and (2))

I-Ina- In[L] 0
Ina
1
In(e)=Ina=In| — |=0
( ) [E a]
[ xlnﬂ]
Em:l]'u:rzl
a
Ll
a e
In(a)- 21
e
Hence, the required answer is ( a)}, > e‘l‘
Answer 16TFQ.
10
Given lnL=— d.'_x
10 1 X
i}
. dx 10
Consider —_[ ?=—(1ﬂ x)l
1
=—(In10-1n1)
=Ilnl1-1n10
~1a(1/10)

10
Therefore |[Thegiven statement In (L"IU) = —_[ E 15 true
x




Answer 17E.

We have In (x+1)+]n(x—1) =1

:>1n[(x+]).(x— 1)]=1 [lnm+lnn=].n(mn)]
=In(x* -1)=1 [(z-D(z+1)=%"-1]
=z -1=e¢ [lnx=y<:>e"=x]
= =e+l

= x=-Je+1

Answer 17P.

It is required to find for which positive numbers a does the curve y = g intersects the line
y=x.
Suppose that the curve ¥ = g" intersecis the line y=x_ then g™ =X, for some X, =0.

And therefore

1
Lt g(x)=x",x>0

Find the maximum value of 2l o because if a is larger than the maximum value

1
x)=x",x>

of this function g{_r) . then the curve y = g*does not intersect the line y =x_

Differentiate g with respectto x . to get

1}
g(x)=e (-%mnié]

=x:(%)(l—ln.r)

Itis clear that g'(x) is 0 only where x=e and for 0 <x<e,g’(x)> 0 awhile for x>e,
g'(x)<o0,

]
So has an absolute maximum of + - (Here replace e for in .
g g{e):e“ ( p € X g{I)ZI ,)

Soif y=g" intersecis the line y =x. must have O<a<er -

Conversely. suppose that o ..

then a-fse -
So the graph of y = g*lies above thatof y=xat x=0.

Therefore, by the intermediate value theorem, the graphs of y=g*and y =xmust infersect

somewhere between .

Answer 17TFQ.

16
dx
Given ] 2 3m2
3 x
Consider

lﬂdx lﬁl
-]

=[],
=lnl6—-In2



=ln2*-In2
=4ln2-In2
=(4-1)ln2
=32

16
dx
Therefore |The given statement I—: 3ln 2 1s true
x
2

Answer 18E.

We have log, (c') =d

: Inx
Us log, x=——
ng 2z na
We have
ln(c:)
n5
xlne _z
In5

=[x=d1a5/lnc]er |x=1n5‘nnc|

Answer 18P.
Consider the curve
y=exr +e'
It is required to find the values of ¢ does the given curve having inflection points.

Recollect the definition of inflection points:

Apoint ponacurve y=f [_t] is called an inflection point if the function f is continuous at

a point pand the curve changes from concave upward to concave downward or from concave
downward to concave upward at a point p_
Differentiate y =ex’ +e“With respect to x, to obtain
V=3 +e
Again differentiate ' = 3ex® +&° with respect to x, to get
y =bex+é
Suppose F(x)=)"=6ex+e"

To find the values of ¢ such that given function has inflection point, it is sufficient to find the
value ¢ for which F(x)has a root

Mow differentiate F (_r} with respect to x, to get
F'(x)=6c+e’
Again differentiate F'(x) with respect to x, to get
F'(x)=¢"
F'(x)=0

Setting 6c+e" =0
6c=—¢"

—bc=¢"



Apply Inpon both sides, to get
In(~6c)=In(e")
x=In(-6c)
Substitute x=In(—6¢) in F"(x)=e". to obtain
F"(In(—6c)) ="
F*(In(-6c))=-6c <0
c=0

Therefore, F has minimum value where ¢ < ()

F(In(-6c)) = 6¢c(In(-6c))+ ™)

Now, =6¢(In(-6¢))-6¢
=6¢(In(-6c)-1)
F(In(—6c))<0,c<0
In(-6¢)-1>0
In(-6¢)>1
—bec>e
c:-%

Therefore, |ce [Em]

F Has minimum and F (In(-6¢)) <0

= F has a root for ce[%,wz]

Hence, the required values of ¢ are ce [%m] .

Answer 18TFQ.
Consider [z —m% _ _tand
38— 1—cosx l1—cosm
_ 0
1+1
=0
e stfczxzstfczﬂ'
X—=F— SN X sin AT
1
0
=D
2
. tan .
Therefore |The given statement, ZLf S séc * sfalse
—=A-]l-cosx X3F- sinx

Answer 19E.

Wehave tan " x=1
We use the fact:-

a b3 b
tan~ x=yStany=x and—g-r.:y <—

2

Here —Eq.'.lﬁE
2 2

So tanTx=1

x=15574




Answer 20E.

We have sinx = 0 3
=»sin (sm x) (0 3)
=zx=sn” (0.3) [sin_l(sinx)zx_}br —gﬂxﬂg:l
= |x = 0.3047
Answer 21E.

We have to differentiate 7 (¢)=£'lnt.
Product rule is given by %[g (£)4(2)]= g(z)%[k(z)]+k(z) %[g(;)]_
Letg(t)zf.z,h(t)z In , now applying the product rule we get

2 d d ;

Fe)=¢ E(lnz)Hn;[Ez )

I:_%+]nz_(2f.) [ —(lmf.)_z1 %{ ):m"‘]
=i+ Xlnf

Or  [F'()=¢{1+21n)|.

Answer 22E.

‘We have g(r.)zli ;
Differentiating by Quotient rule with respect to £
(1+¢) 2 ()= Z(1+¢')

(0= o]

=g'()= % E‘-” = ‘-”]
-t L2

=)= (: 7

Answer 23E.

We have 4(8) =™
Dhfferentiating with respectto & by chain rule

#(8)= =)
s 4
=¢ .E(tanZH)
:eﬂ_se.f(za)_:_g(za)
= 25&[:2(29) P
So  [W(8)=2sec’ (28) ™|

Answer 24E.

We have k(u)=10%
Dufferentiating with respect to u, by chain rule an using the formula

%[ﬂ') =a‘lna
B(u)= wﬁ_m(m)_%(&)

oy L & - d
=|& =— _10%1a10 g gy PR
(u) 2-J; n ince |: Ju :|




Answer 25E.

Consider the following function:
¥ =In|sec5x + tan 5x|
To differentiate the given function, first let

f=secSx +tanSx
Then

y=In |.'|
Differentiate with respect to x:

=2 mld) G

Now, to determine %diﬁerentiate f=sec5x+tansx:

dt d d
—_— = —_ e 2
=== me}+dx{mn5x} (2)

Find the derivatives of the sec and tan functions separately:
%{secix] =%{5&c5x}
=5secixtanSx
Also,
d d
—(tan5x)=—(tan5
—(tan5x) =—(tan5x)

=5sec” 5x
Substitute these values in (2):

@ = 5secSxtan Sx +5sec’ Sx
dx

= 5sec5x(sec5x + tan5x)

Use this value of %in (1) then:

dy _ 1
dx  (sec5x+tan5x)

=5secSx

.55&:51(5&5x+ I:anﬁx}

Since f=secS5x+ tanSx
Therefore the derivative of the given function is:

¥

¥ =5sec5x



Answer 26E.

Given y=xcos x
COn differentiation
_day
Y dx
= %[xcos_l x]

= x:—x(cos_l x) +(-::os_1 x) :—x(x)

= x[ ! }+cos_1 x
-2

Therefore |p" tcosx

Answer 27E.

Given y=xtan™ (4x)

On differentiation,
o dy
Y T

= % (xtan_l (41))

= x:—x(tan_l (41)) +tant (41:) - %(x)
1
1+162°

4x 1
= _+t 4
1+16x* a0 (47)

_ 4x
1+162°

= X-

x4 +[t:a1:|_1 (4x)]- 1

Therefore [y +tan”! (4x)

Answer 28E.

Consider the function,
y=€" cosnx
Product rule:

dg _df

dv,  \ dg df
E{f .s;)—fd[_r+gi1r

Use product to rule and differentiate.

Q =i{f" cusnx]
de dx
=™ %[cmnthm %[e")
= €™ (—nsin nr}+cosn.r(me‘")
=—ne™ sin nx + me™ cos nx
=™ (mcos nx - nsinnx)
Therefore,

b _ |e"“ (mcosnx—nsin mr)l
dx




Answer 29E.

Wehave y=In (SE:[:2 x)

Let secix=t
Then £= i(smz:2 x)
dx dx
:}%: Z2secxsecxtanx  [By chain rule]
:}£= 2sec? x.tan x
dx

We write _}r=]n(.t)
Differentiating with respect to x by chain rule
dy d
—=—/{In{¢
2 -2 ()
:%{h;)_“:{ [B¥ chain rule]
_la
¢t dx

2
= 2 2sec” x.tanx
sec” x

Or '=2tan x

Answer 30E.

Given y= .,‘.t-ln(.t‘)
=+t-4Int (since Ina™ =m-1na)
On differentiation,

_
y'_dt

%(Jm

d 12
=2-—[tInt
d.f( )

1 d

=2 =
2Jt-Int dt
1

= m[z :—I(h£)+(1n z)%(z)]
= ﬁ[z-}ﬂlnz)-l]

-1 (1+Inz)

i -Int

_ 1+lnt

Ni-Ing
. 1+

(¢-Inz)

In#
f-lnf

Therefore |y

.




Answer 31E.

We have y= iﬂ = x?
x
Differentiating with respect to x by product rule

dy d d
-~ = IQ_E(EL#)+EW.E(I_2)

SO V=g

Answer 32E.
Consider the function y =(arcsin 2 xf

Differentiate both sides with respectio x

ﬁ = i{arcsin lr)z
dx dx
=2sin™" {2:)%{9::" 2x) %
B
1 —{21]2
1
1-4x*

=25i11_'{2x)
X

=2sin"'(2x) -2
_ 4sin™ (21']

Yy

1-4x"

4sin”' (2x)

Vi-4x°

Therefore, dy =
dx

Answer 33E.
Consider the function = 3=

Differentiate both sides with respectto x

‘f}?_ d xinx
w- )

%{Zr] -dil:sin'I :r] =

(f(x) =n(f(x))" £ (x)

1

=3‘h‘-ln3%(_tlnx) -;—i[fr”"'}:a'-"'f'(_r]

=3""4:.3[;-%(1”);,1”.%(1)]

=37 ]113[1-1-1- ]nx-l]
X

=3"*In3(1+Inx)

Therefore, % =|3*x In3(1+Inx)



Answer 34E.

We have y =" +cos (e')
Differentiating with respect to x by chain rule

dy _dg oy, d .
EZE(E )+Ecos(e)

=™ %(cos x) +(—sin (e'))_ %_e' [By chain rule]

=™ (—sinx)—e&" sin(e')

So " = —“* " _sin x—e'.sin[e')

Answer 35E.

We have H(v) =vtanTv
Differentiating with respect to v by product rule

H'(v)= v_%(tan_l v) +tan v %(v)

=v ! +tanlv Since I:itan_lxz
1+ dx
r v -1
3 H =——+tan
¢ B =gty
Answer 36E.
Wehave F(z)=logy [1+z’)
Differentiating by chain rule and using the formula il-:)g‘l x= L
dx xlna
1 d 2
Fiz)=————[1+
(=) [1+z’)_1n10dz( “)
= +_2Z
(1+2)m10
2z
The F'z)=—————
- (=) (1+2*)1n10
Answer 37E.
We have y=xsink[x2)
Dhfferentiating by product rule with respectto x
%zx%sink(x:)+sink(x2)_%_x [Product rule]
g . d .
=x cosh(f).;(x))+mn h(f) I:Esmhxz coskx:l
[Using chain rule]

= x_cosh(xz)_2x+sinh(xz)
= [y =2* cosk[x:)+sink[xz)

Answer 38E.

Wehave y= (-::os x)x
Taking logarithm of both sides
Iny=In (cos x)'

=1Iny = xln (cosx) [lnx’zr]nx]



Differentiating with respect to x by product rule
i(]n_;y,r:].Q:x.%]n (cosx)+]n(cosx).:—x(x) [Chain rule]

1 dy 1 . .
=— —=x —sin x)+1nfcos x).1 chain rule
¥y dx cosx[ ) ( ) By ]
=>l.£=—xtan x+In{cosx) [smx = tanx]
¥y dx COs X
:.‘»Q:[—xtan x+ln(cosx:]:|y
dx
= y':[]n(cos x)—xtan x](cosx)' [y:([:os x)']
Answer 39E.
Wﬂha‘ﬂ'ﬂy=1n5iﬂ1—%5iﬂ2 x
Let f=sinx then £:[:-::nsx
dx
Then _‘,lr:ll:l.t—lf2
2
Dhfferentiating with respect to x by chain rule
dy d [ ; 1 2) dif
dx  dt 2
( d 1d
(% ___f)ﬁ
\ Ff 2df Jdx
1 1
. ———2g]£
i 2 dx
{1 )d.'t
=|-—=f|—
\ £ dax
(1
= ——smx](cosx)
\ 5in X
COSX .
= —Sin X.COS X
sin x
Or Iy'=-::otx—sin x-::osxl [cotx= t::::rsx:l
sin x

Answer 40E.

We have y =arctan (arcsinJJ_r)

Or _}r=tan_1(sin_1‘\/;)

Let  sintofx =t

then E: ! d (J;) [B¥ chain rule]
(V)
dz 1 1
o %
dx x(l x




We have y=tan"'¢
Differentiating with respect to = by chain rule

aelate]
frels

e ] )

Or |y =
2,":(1—:)_[1+(sin_1 ,/E)z]
Answer 41E.
‘We have y =1n(l)+L
x/ lnx
=y= h(x_1)+(]n x)_l
=y=-lax+(lnz) [lax =rlnx)

Let In x = £ then le
dx x

Sowe have y=—£+¢"

Differentiating with respect to = by chamn rule

Answer 42E.

Given that xe” =y —1.
Differentiating both sides of the equation with respect to x imphcitly, we get
d d

E(“’FE(J’—U

g d g
I.E(E’)‘FE’_E(I) =

dx
d dy dy _ )
:)x_a(e’)_£+e’_lza—0 [Using Chain rule]

(y)—%(l) [Using Product rule]

:m’_g+e’ =Q
dx dx




Answer 43E.

Given that y=1In (cos . (3}:)) . Here outer function is logarithm, middle function is

hyperbolic cosine and the inner function 15 3%
Let £=cosh(3x) then y=]n£:>%=1.
£

t=cosh (31)
= % = %{cos k (31))
. o . d .
=sink (31). —(31) [By Chain Rule &.—[cos e x) =sinh=z ]
dx dx

=3sink(3x) {1
ry=Int
& _&d [By Chain Rule]

dgx df dx
1

=m%{cosh (3x)) [ %= tl&.t =cos k(3x):|

=m.3sinh (3x) [By)]

=3tanh (3x)
L p'=3tan k(3x)

Answer 44E.

(2 +1)’
Wehave y= 5 z
(21 +1) (3x - 1)
Taking logarithm of both sides

(2+1)" ]

Iny=1In
(2x+1Y (3x-1)

:]n(x2 +1)4—ln(21r+1:]3 [31—1)5 [lnE:]nm—]n.u:l
M
{2 +1)' ~ln(2x+1 -l (3z-1  [lama=lnm+lna]

=hy=4la{x+1)-3a(2x+1)-5la(3x-1) [laz =rlax]

Differentiating with respect to = by chain rule

1dy 4 3 5
ya @ @ Em

8x 6 15
T(F+1) (2x+) (x-))
Bx(2x+1)(3x—1)— 6(x" + 1) (3z—1)-15(x* +1)(2x+1)
B (=" +1)(2x+1)(3x-1)
8x(6x" +x-1)-6(3x"— & +3x—1)-15{22 +2* + 2x+1)
(=* +1)(2z+1)(3x-1)
_ 48x°+8x" —8x—18x +6x° —18x+6—30x° — 152" —30x—15
(< +1)(2x+1)(3x-1)




1dy —x*—56x-9
= =
ydr (£+1)(2x+1)(3x-1)
dy  —[(x +56x+9)
(< +1)(2x+1) (3::—1)"1F

dx
& ~(# +56x+9)(# +1)'
dx

T (F ) (2x+1) (3x-1)(2x+1) (3x-1)

~(2 +56x+9) (2 +1)
(2x+1) (3x-1)

==

Answer 45E.
Given y=cosh™ (sinhx)
Let f=sinhx ﬂ = cos hx

dx

We have y=cos™ (1)

Differentiating with respect to x by chain rule, we have

& __ | dr imsh x= !

de [P 1 dx dx X —

:ﬁ_\*':é.cﬂshx
1,|||5'lnfl'3:l'—|

. cosh x

=¥y =
(sinix—1)

[

Answer 46E.

We have y= xtankJx
Dhfferentiating with respect to = by product rule

dy d a - d
— =x—tan k" Jfx. ttan k \E.—.x
dx dx J_

1 (i’_) 4 (J_)+tanh 1 Sx

(1 I) EJ_+taﬂﬁz_1\."'_

=5 (;."_I) +tan & 7x




Answer 47E.

Evaluate the derivative of the function y = cos(e"™).
M

- —sin( =) (e ‘

=—sin (e‘ﬁ )Ae‘ﬁ (v'tan 3x ]r{

Use the chain rule and

the formula(cosx) = —sinx

Use the chain rule and
the formula (e‘ ) =

Use the chain rule and
1

2Jx

uan:r)_ win3r

1 '
¢ . zm -{tan 31} the Forrnu]a{\f_;}' =

=—sin(e

Use the chain rule and
u-m)_ WJun3z

1 N ’
e ——sec 3x-(3x )
2+/tan3x (3x) {lhe formula (tan x) =sec’ x
) X |Usc the chain rule and

=—sin(e

= —sin (E;'msx ) E;-:ni.r .

-sec” 3x-3
2Jtan3x

the fonnula{kr)J =k
—3¢"™ sec? 3xsin (e‘E

_ Simoli
24Jtan3x implify

Hence the derivative of the given function y= ms[e‘ﬁ) is

—3¢"™ sec? 3xsin (E‘E)

o 2Jaan3x
Answer 48E.
Left hand side 15
dl1 4 1, (x+1)
—| =t —In
dx| 2 47 (247
= i[ltan_l x+l]n(x+1): - l]n (xz +1):|
dx| 2 4 4
= i[ltan_1 x+lln|:x+1) - l111 (x2 + 1):|
dx| 2 2 4
11 +l 1 2
C21+x 2 x+1 4(2 +1)
Cl4x+l+x-x—2
2(145%) (14 %)
B 1
(1+x)|:1+xz)
= Right hand side hence proved
Answer 49E.
Wehave f (x) =5
Differentiating with respect to = by chain rule
7 (1) =g ()|
Answer 50E.

Wehave f(x)= g(e')
Differentiating with respect to x by chain rule
r r t 3 d X :
¥i (x) =g (e ).Ee [By chain rule]

(=)= e'_g'(e')



Answer 51E.

Wehave f(x)=In |g(x)|
Differentiating with respect to = by chain rule
1

f'(x)= E-S'(I)

Answer 52E.

Wehave f(x)=g(lnx)
Dnufferentiating wiih respect to = by chain rule

F(x)=g'(ln x).%(lnx) [B¥ chain rule]

=|7(x)=1¢'(x)

Answer 53E.

We have f(x): 2k,

Differentiating with respectto

The first derivative f'{x)=2"1In2
Again differentiating with respect to =
Second derivative

= f*(x)=1n2(2"1n 2)

= (x)=(ln2) 2" (Second derivative)
Third derivative
=77 (x)=(1n2)’ ZIn2
=(n2)° 2" (Third derivative)
Similarly proceeding as abowve, finally for the nth derivative we get
FO(@)=(m2) 2~ { nth derivative)

2@ (x)=(ln 2). F

Answer 54E.

We have f(x) =In (21)
Dnhfferentiating with respect to x by chain rule
The first derivative
= f(x)=2
2x
1

x

Again differentiating with respect to x
Second derivative
w1
f (x) - x:
Similarly third denivative
- 1
MF=-(2)=
x

2
-3
x



Forth derivative
™= 3

4
X

-23
=3
x

Fifth derivative
—23(-4
FO(x)= —x:-( )

234

5
X

Sizth denvative
234(-5
£ (x)= x‘( )
_—2345

- []
X

After seeing the trend the #* derivative of # (x) 15

o D7)
9=t

Answer 55E.
Forn=1
First derivative of (x:] =xe& is
F(x)=xe" +&" =(x+1)" [By product rule]

Let the statement be true forn=k
Soforn=k

FO(D)=(x+k)e" — )

We show that 1t 15 true for n=k + 1, for this we differentiate equation (1)
with respect to =,
f(m:'[x) =(x+k)e" +&"
= (x+(k+1:])e'
Therefore by mathematical induction the statement is true for all n
So we have

f('}(x:] ={z+n)e"

Answer 56E.
Wehave y= x+arctan y
Or  y=x+tany — (D
Differentiating both sides of the equation (1) with respect to x by chain rule
d 1
Q:]+L_Q —taﬂ__lyz 5
dx 1+y* dx dy 14y

=y =1+ 4

1+ ¥



HNow we solve for '

1 ‘
:}[1—1+y2Jy =1
(1457 -1) .
T ) =!

Answer 57E.

We have the equation of curve
y=(2+x)e_' -— (1)

The slope of the tangent line at any point of the curve =

8

So we find Q
dx
Differentiating (1) with respect to x by product rule
%:(2+x)%(e“’)+e"%(2+x)
=(2+x)(-)+e (1)
= (1—2—1)9_'
= —(1+x)e_'

Then slope of the tangent line at the point (0, 2) is

[%)M =—(1+0)°
=11

=-1
‘We know that equation of the tangent line to the given curve at the point (xl,yl) is
dy
y-n= [E (x—x)-
Ean)

Here (xl,yl) = (0, 2) . 50 the equation of tangent line passing though (0, 2) 15

y-2=(-1).(x-0)
Ory—-2=—x
Ory=2-x
Or|ly=—x+2
Answer 58E.
‘We have the equation of the curve y=xlnx -— (1)

The slope of the tangent line at any point of the curve = %

So we find Q
dx

Differentiating (1) with respect to x by product rule
dy

- = x—lnx+]nx£_x

x

=xl+1nx_1
x

4

= —=—=14+Inx



Then slope ofthe tangent line at the point (e, e) 15
[Q) =14+lne=2 (lne:l)
(2e)
The equation of tangent line passing though (e, €) 15
y—e= 2.(1— e)

=y—e=2x—12¢
=y=2x—2¢+e

=p=24
Answer 59E.

We have the equation of the curve

¥= [ln (x +4)]2

ot 1
Let In{zx+d)=ft=>—=— — hain rul
(I ) I (I+4) [Byc e]
Then y=¢£
Differentiating with respect to 2 by chain rule
dy ot
i
dx dx
dy 1
= —=2hix+4).——
ek LR sy
dy 2In(x+4)
dx  [x+4)
The given equation will have horizontal tangent when % =0
So 21n(x+4) _0o
(x+4)
=2In{x+4)=0
=In(x+4)=0
=zx+4=¢" [lnx:yt?x:e’]
= z+4=1
=x=-3
Whenx=-3
Then  y=[la(-3+4)]
~ (1)’
=0 [In1=0]
So the curve has hornizontal tangent at the point (—3, 0)
Answer 60E.
We have f(x): e
Differentiating with respectto
f(x)= x.%e’_'“+e’_'“ %.x [Product rule]
= xe™F %(sin x) +0F [By chain rule]

=x2™" cosxt+e™"

:bl_f'(x) = (xcosx+l)eﬂ"




HNow we graph the functions f(x) and f'(x) on the same set of axis [Figure 1]

Figure-1

We see that 7'(x) is positive, 7 (x) is increasing and where f'(x) is negative
f(x) 15 decreasing and where _f(x) has horizontal tangent, f'(x) =0

So our answer in step 1 1s reasonable

Answer 61E.
{A) Wehave the equation of the curve y =2 -—(1)
Then the slope of the tangent line at any point of the curve is », = %

Differentiating (1) with respectto x
& _
= = =g
" dx

Since this tangent line 15 parallel to the hne
x—4y=1
1

1
Or =—x——
7 4 4

Comparing with the equation of hne (y—yl) = %{x— xl)

) dy 1
Slope of the line x—4y =1 =" =—
op id iy 7 4
This line will be parallel to the tangent of the curve y =&”

1
When mlzmnzz

So e':l
4
1
=>x=(ln—J
4
Then from (1)
nl 1
=g 4=
7 4
So the tangent at (]n4l4l) is parallel to line x— 4y =1 with the slope %

So equation of the tangent line at the point (].n 41, 41) is

3)-5(==3)

=l(x+1n4) [1nl=_1n4]
4 4

T 1
>ly=trrlinas
y=gtan4+)




(B) Letapointbe (a,e") on the curve
Then slope of the tangent line at the point (a,e‘) =g® [From Part (A)]
Thus the equation of the tangent hne 1s
y—e*=£(x—a)
Since this tangent line is passing through the point (0, 0) then
0—e®=2*(0—a)
=e=ag” =a=1

Then the point is (],e) and the equation of the tangent line of the
curve ¥ =¢g" , passing though the origin is

(y—e)z e(x—l)

>

Answer 62E.

(A) Wehave C(£)=K(e™-¢™)
Where a, b and K are positive constants and b > a
Taking limit as £ —»c0
- 1 = _
]t.l_)ﬂ;C(I)—]tJ;)IEK[E e )
= K(]ime_' —]ime_")
e

o

Let u=—af so U —>—00 as £ —>00
And v=-df s0 v —3—00 as { —>»00

Then lim C(¢) = K lim * ~ lim ¢")

= £(0-0) [ im e* =0

=0

So ]t.i_’r-r,w(t)zﬂ

(B) Wehave C(£)=K(e™—™)
Differentiating with respect to t by chain rule

d g
=K “"——a.:—'”——br.]
(0= £ S cat)-e™ (-5
C'(t) = K(-ae™ +be™)
This is the rate at which the drug is cleared from circulation

(C)  We have to find the time at which C'(£)=0
Se  K(-ae+be™*)=0
=g the ¥ =0
—as® =he
g® b
=2 -

—it
g s

0t
3

Taking logarithm of both sides

5
e = (—)
f*3

;‘*(b—a)t:]n(%) [lne”=x]

== Lln (b—] This is the time at which C"[:f.) =0
(b—a)

[




Answer 63E.

We have to evaluate lime™

Tet y=—3x so y —>—w as x—00
So lime™ =lim &
5o P
=0
So lime™ =0
o
Answer 64E.

Find the following limii-

lim In(100-x°)

r=sll”

Determine the limit as shown below:

fim In (100 x*) = ln(

x=ll

lim (um-_v:2

=l

)

)
=1In(100- Tim (f))

r=s10"

- ln[lm-[}ﬂl r)J

=In(100-10%)
=1n(100-100)

Hence, lim In(100-x*)=

Answer 65E.
We have to evaluate ljr_jr'l_eu'_z)
Let ¥= 3 50 ¥y —=—00 as x =3
x—

So  lime ™V =lim &
=3 From

So lim e -0
=3

Answer 66E.

[]im " = 0]

lim e = x]

We have to evaluate lim arctan (1'3 - x) or limtan™ (13 - x)
I—w I—w

Let X—X=ysoy-—3wmas x>

So lxi._t)n;amtan(f—x):’liﬂtan_ly
-
T2
So limarctan(zj—x)zg
Answer 67E.

We have to evaluate lim ]n(smhx)
0+

Let y=sinkxasz—>0", y—>0"
So Pﬁh(smhx) =11_1’:nn+]ny

= 0
So

lim In (sinkx) =—to
xa0™

[t

[lim tan T x = E:l
r—w 2

]im]nx:—m]



Answer 68E.

We have to evaluate lime " sinx
I—m

lime  sinx= (].u:n e_').(]imsin x)
=0. [ﬁm sin x)
=0
[Since as x —» o0, sinx does not have a certain value, it oscillates between -1 and
1 but 1t 15 a fimite value, and multiplying 0 with any finite value we get 0.]

So lime sinx=0

Answer 69E.

We have to evaluate lim 2

e e
Dividing numerator and denominator by 2°
14 ¥ (1+2 )12
lim ——=lim ————
Pel-2 we(1-2 )

=lim2 +1

o2 ]

(Pﬂ 2“'+1)

(tim2~ 1)

- [ima =]

Answer 70E.

Consider the following limit,

Iim[l - i]
X= X

The objective is to evaluate the limit

The limit |im[1+ﬂ] is of the form Iim[f{r}]ﬂﬂ-

=T x X=px

First we notice that, as x— ¢, then [I + i] — 1. So the given limit is indeterminate form of
x

the type =.

X

Then, |ny=|n[|+i]

el



So L'Hospital's Rule gives,

Iimlny=limxln[l+£]

E— x

ln(]+i]
A x
=lm—=

X

=4 as_r—rm.lhe:ni—rﬂ
x

So far we have computed the limit of In y. but we want is the limit of y. To find this we use the
factthat y=¢"*.

Iim[l +i) =limy
X=X x I—F%

=lime™"

bm ba ¥ ..
=¢ By Limit laws
=* Since limln y =4

x
Thus. the value of the Iim[l +i] is [*]-
X—®x I

Answer 71E.

The functions ¢” —1—0and tan x — 0as x —0.
Using 1" Hospitals rule,

s z —1= s ez

3 tanx M sec’ x

- sec? (U)

Therefore | Lf




Answer 72E.

‘We have to evaluate ]iml—cosx
=0 g

This is the form ofg, 50 we can use L — hospital rule

d
_ g —(l-cosx)
]iml cosxZ . dx

=0 xz+x _x—)ll i(x;_i_x)
dx

i sinx
= mi
=0 (2x+1)
_ sin 0
C(0+1)
0,
1
2 i l-cosx 0
=0 22 4y
Answer 73E.
ir _ 4
We have to evaluate ]il:n'mﬂx;J

This the formof%, 50 we use L — hospital rule

d 4x
o g m  —le7-1-4x)
g -1 dljrzlimdjJr .
—x
dx

2
4e* -4

lim
0

x x>0

It 15 stall the form % so again using L — hospiial rule
g

4x
s __a.m  —(2e7-2)
fim & L% 2y dx
-0 x =0 d
—X
dx
=1im 8%
=0
=20
=8x1 (e":l)
=8
h_ —_—
So hﬁ:ﬂ
=0 x

Answer 74E.

h — —
‘We have to evaluate limﬁ
I—w

This theformoff, so we use L — hospital rule
co

d ¢ o4
oM _1-4xE E(e —1—4x)
lim 5 =hm
T3, x ol ) ixz
ax
4r
=]im4g 4
I—Sw 22[
4r
=]im2€ 2

I—wo x



This 15 also the f-::ormE 50 again by L — hospitals rule
o

d o oa
e 14z E E(Ze _2)
Im—a—=iIm &
x = Zx
dx
=1lim 8"
—3lime™"
— . : —
= 8lime [4x=t(lez) ]
= 8w [ﬁme’: ]
=00
-l-:r_ _
So lij:l:lE 1 4x=
=D x

Answer 75E.
Given Lt (Jr2 —xB)eh
X——oD
The given limit is indeterminate because, as x —»—cothe first factor (Jr2 -x ) approaches

cowhile the second factor ¢ approaches 0. Writing 2** = lfe_h we have ¢ 2* >0 as
X —=—

So by 1" Hospitals rule

L (R-P)= 1 FOF
X——D X——w o
2x—3x"

Therefore | Zs (;;2 —f)g“ =0
——o0

Answer 76E.

We have to evaluate lim x Ilnx
it

fim 2o x = fim 22X
0" =0t]f ¥

Using L-Hospital’s rule

d
Inx £ E(lnx)

lim ——= e
0t 1] 2 r—}ﬂ"i(lfx;)
ax
. 1/ x
= lim 8
- _2;1)
F 1
=lim| ——|%
l’—)ﬂ"‘k 2

So lim x lnx=0
-0t




Answer 77E.

We have to evaluate im L—L
—=fhx—1 Inx

e e

; xlnx—x+1
=lm|————
Hr*[ (- Dias J

This 15 the form of E so we use L-hospital’srule hm f[x) =lm f, (x)
= _
(e,
AT = =hiE +In x
x

=hﬂ;a%
= (_x— HMJ

X

This 15 also the form of % so we use L-Hospital's rule again

H
im x—llu =hm x_(::) ]
(—+lnx) [—4._)
X x x
_ 1fx
STl 41
=]j_1:|:l—x2
HI*x(x+1:]
_ X
CasT(x+1)
1 1
141 2
So hm(i_i)zl
—I\x—1 Inx 2

Answer 78E.

We have to evaluate lim (tan x:]m: First notice that as x — (g) . we have
-6
tan x — o and cos x —= 0, so the given limit 15 indetermmnate.
Let ¥= (tan x:]m: . taking logarithms both sides we get
In y=In (tan x:]m:
= coszln (tan x) [ Inx* =#zln x]

SECX SEC X




Taking limit as x —)(g]

. In{tanx) . 0
{']_lny = 141[1:51]_? This is the form -
I T I- 5

So by I'Hospatal’ s rule

d
—|In x
lim lny= lm_ M
SE R
- fim (lftan x). sec’ x
_.[1] secxtanx

SECX

"
b

= lm

F{g'tanzx

It
o

} Y } o :
Again as I_)(EJ .secx —00 and tan x —00, so the given himit 15 indeterminate.

This 1s also the form of hd 50 by I’ Hospatal’s rule
o

2 (s0c3)
lim Iny= ].im_d—
B L
- secxtan x
_x_,[I:]'2tanxseczx
2
"o
=) 2seCX
2
. (cosx)
= m_—
2 2
=0

So far we have computed the limit of Iny, but what we want is the imit of y. To find this
we use the fact that y=2™:

im _(tan x)m" = lim y
5T
= lim &%
-6
E by
)
=1
Therefore | im _(tan x)m“ =1

a0

Answer 79E.

Consider the following curve:
y=e'siny, —T<x<7
(@)

Domain:

The function g~ gjn x €xists because the functions ¢* and sin x are defined at every point in
Real numbers system.

So,domainis p=R



(b)
Intercepts:
The x- intercept is a point in the equation where the y-value is zero.
y =0 for the x-intercept,
e sinx=10
x=0
x=(2n+1)x, forneZ
Therefore, the x-interceptis (2n+1)x, for neZ.
The y- intercept is a point in the equation where the x-value is zero.
x =1 for the y-intercept.
y=¢"sin(0)
=0
v=0
Therefore, the y- intercept is 0.

(c)
Symmetry:
When the function f(-x)=e "sin(-x)
== siny
#f(x)

S0, the function is nether even nor odd.

It f(x+ p)=f(x) forall xinD.where pis a positive constant. then fis called a periodic
function.
Here, f(x+x)= f(x) forall x and so is periodic and has period x.

Therefore, the intervalis —g<x<7x.

(d)
Asymptote:
Since the limit function does not exist

Therefore, there is no asymptote.



(e)

Interval of increase or decrease

f'(x)=¢€"cosx+e"sinx
=e"(cosx+sinx)

Since the function is increasing when f'(x)>0

e"(cosx+sinx)>0

Here, p*is always positive, o~ ~ () and cpsx+sin x > 0only on the interval (—%g’,%x]

Therefore, f(x) is increasing on (—%x,%x]_
f'(x)=€"cosx+e sinx

=¢"(cosx+sinx)
Since the function is decreasing when f'(x)<0

e*(cosx+sinx)<0

Here, the function is ¢cps x +sinx < (0 only on the interval [-% T, —ix}

Therefore, f(x) is increasing on [-%:r,—ix)

()

Local maximum and minimum values:
f'(x)=0
e (cosx+sinx)=0

1

xX=——x
-+

S7(x)=¢€"(sinx+cosx)+e"(cosx—sinx)
=2¢" cosx

Substitute for x = _%H in f(x)

{1 ) . _l#

f[-?')_h m[ 4 J
-
=0

Therefore, x= _1 a Is a local minimum and f(-f] = -0.3223
4 4



(@)

Concavity and inflection point:
f*(x)=2¢"cosx

=2e"cosx<0
1 1
= ——;Ir_’—}f
2 2
(-3737)
Concave down on | ——a,—x |-
2 2
£*(x)=2¢" cosx

=2e"cosx >0
1 3

=|=m,—7
2 2

377)
Concave upon | —g,=x |
2 2

(h)
Sketch for the given function is

bt

¥

=1z =0%z =08z =0Tz =06x =0T =0 - lx Gix O2x O3z O4x OS5z O O0Fx Ofx 0%z

Ix

Answer 80E.

(1)  Wehave y= 7(x)= sin—l(l)

X

Since sin (l] is defined when —1 <l <l=x=-11=x
r X

So domain 15 = (—oo,—1]wr[1,c0)

(2) There is no intercept

L 1 Cafl
®  f{-z)=sin ‘[—;)=—sm ‘[;)=—f(x)
So the graph 1s symmetric about the origin
4 fim sin ~ | = sin?(0)= 0
4 him sin ;—sm ()—
S0 y=0 15 a horizontal asymptote
) 1
Since ]jmsin_l(—)=i7rf2
il x
So there 1s no vertical asymptote



© iz):ﬁn-le]
()= _112[—%]

f'(x) <Dforz<-land x> 1
Sof1s decreasing on (—m,—l) and (Lm)

&) There 15 no mazimum or minimum

f)] From (3) we have

Y= -1
R
=>f'(x)=\b%

172

:)j'(x):—[x*—xz)_

Then f°(x)= —[—%J(x‘ - 12)_3n.(4x3 —21)
. (413—21)
DA T
2 —x
(x‘ —xn) -
S (x)<0forz<-land f'(x)>0forz>1
So f(x) 15 concave downward on (—m,—l)

And _f(x) 15 concave upward on (],m)
There is no inflection point

=f(x)=

S

‘We have y=j(x)=x]nx

Answer 81E.

(1) Domain is ={0,m)



(2) For y— intercept putting = =0, but In x 15 not defined forz=0
So there 13 no y-intercept.
For = — intercept, putting
y=0
=xlnx=0
=lnx=0
=[z=1]

So z-intercept is 1

(3 This 15 not symmetric

@)  limxlnx=co

lim xln x=lim E

r =0 ]z
= 1/ x
S0t _1i %
=lim [—x) =0

So there 15 no asymptote

)] f[x) =xlnx
Then f'(x)= xl+1nx [By product rule]
x
=l+lnx
f(x)= 0 when 14+lnx=10
=Ilnx=-1
=x=g!
1
= X=—
g

Since f'(x) >0 for x> l so fis decreasing on (Ul] and increasing on

(&)

_,m

{6) f[x) has local minimum
/(-2

g} e e e
= f(l]:_l
e e

N Since from (9)
f'[x) =1+lnx

= 7*(x) =~

Since f'[x) »0forz>0s0 f(x) 1s concave upward on[ﬂ,m)_ There 1s no
inflection point



Fig.-1

Answer 82E.

(1)

)

@

™

(6)

Q)

Wehave y = f(x) =g
Domain is=F

For y-intercept y=e"=1
So y-intercept 1s 1

For z-intercept is 0 = = , but this is not possible
So there 15 no z-intercept

This 15 not symmetric

We calculate lim &7
Let 2x—x*=y s0o y —>—00 as x >0
So lime®™  =1limé =0
e P
¥ —>—C0 as x —00
And lme™™ =lm & =0
o o

So y=0 1s a horizontal asymptote

f(x)zg:x—x’

Then f'(x)=&®7 (2-2x) By chain rule
=2(1-x)e™™

Sine #'(x)>0 forz<land f'(x) <0 forz>1

So j(x) 15 INCTEasing on (—GDI) and_f(x) is decreasing on (],m)

(%) has mazimum f(1)=¢ '=e
f()=e

From (5) we have

F(x)=2(1- e
Then £*(x)=2[(1- x)e"™ (2-22) +(-1)e™™ |

= 1 (x) =2[2(1- 2" & - |
= (0 =27 [2(1-x)" -1]
= ff(x) =27 (22 -4z +1)

[By product rule]



ff(x)=0 22 -4x+1=0

+. 16—
— = JEN16-8
4
418
4
24,2
2
1
=|1t—
(%)
Since f"(x)>0 for I{I—Land Jr‘;\-1+i
2 V2
1 1
and f [(x) <0 forl-——<zx<l+—
(%) 5 %
] 1 1
So j(x) 1s concave upward on (—m,l— —) and [1+—,m)
2 V2
1 1
And concave downward on | 1-— .1+ —
(%%
2
1 1 1
For x=1-—>22x-x =2[1-—|-[1-—
e

= 2—&—1—%+J§=%

2
And for x=1+i:>2x—x’ = 2(1+l)—[1+L)

V2 J2 2
1 1
=2+42-1-——42=—
2 2 V2 2
So j(1+%)=g‘“=45
So nflection point (1—%,\{;) and [1+%,J;)
)]
¥

I/‘; 1 2z a L

Fig-1

Answer 83E.

Consider the following curve:
y=(x-2)e~
(@)
Domain:
The function f(x) is a polynomial, so it is defined at every point in Real numbers system

Sodomainis D=-R



(b)

Intercepts:

The x- intercept is a point in the equation where the y-value is zero.
y =0 for the x-intercept,

(x=2)e" =0

x=2

x = 0 for the y-intercept,

y=(0-2)¢

y==2

Therefore, the x- and y- intercepis are 2 and -2

(c)

Symmetry

When the function f(—x)=(-x-2)e "™
=—(x+2)e
#f(x)

So, the function is neither even nor odd.

Therefore, the symmetry of the function is none.

(d)
Asymptote:
Since fis a polynomial

Therefore, there is no asympioie.

(€
Interval of increase or decrease:
f(x)=e" +(x=2)(-¢
=e¢"(3-x)>0
(—se.0)
f(x) isincreasing on (—0,)
f(x)=¢e" +{x—2)[—e"
f(x)=e"(3-x)<0
(-3.3)

f(x) is decreasing on (-3,3).

m
Local maximum and minimum values:
f(x)=0
e (3-x)=0
x=3
fT(x)=—e"+xe" -3¢
=e"(x-4)
£()=¢*(3-4)
=-0.0497
f7(3)=-0.0497 <0

x=3 isalocal maximumand f(3)=0.0497.



(@)

Concavity and inflection point:

F(®)=e*(x-4)
=e"(x—4)<0
=(-=.0)

Concave down on (—x,0)

F(®)=e(x-4)
=e"(x-4)>0
= {U,Cﬂ)

Concave up on (0,0)

Hence the inflections point is (0, 0)

(h) Sketch for the given function is

11].

e L - I - )

n
Yy
&
&
=
ha
w
k)
]
=g
e |

Answer 84E.
Consider the function,
y=x+ h‘l{:rz + l}

Sketch the curve for the above function.

The set of all real values of x satisfied for which the function ¥ is defined.

So, the domain D= {R}



Find the Intercepts:
To find the x -intercept, set y =0 and solve for x
x+]11(:r:+l)=l]
]n(:r:+l)=—.r
¥ +l=e”
¥=e -1
x=+e " -1
This equation is true for x = only.
So, the x -interceptis x=0 .

To find the y -intercept, set y =() and solve for y
y=r+]n(.r’+l)
y=0+In(0"+1)

y=In(1)
y=0
So, the y -interceptis y=0.

Find symmetry:
Let f{x}=x+h1(_rz+l) . then

Check for symmetry about y— axis.

f{—:}=—1+ln({—x}3+ I)
=|n(f+l)—x
= f(x)

The function is nefther even, odd, nor periodic. So, the symmetry for this function is none.

Find asymptotes:

The line y =L is the horizontal asymptote if one of the following condition is must be satisfied.

lim f(x)=L

X =

lim f(x)=L

X ==

Find the limits of f(x) at infinity

ﬂnln{f +1)= limx+!ir_.1:1n(xz +1)

I—#T

=m+|n|im(f+1)

=T

= o0 4 o0

=0



Find the limits of f(x) at negative infinity.

lim [nln(f +1)] = lim x+ lim In(x* +1)
= —o0

Here the growth rate of linear function x is faster than the logarithm function, so the limit is

negative infinity.

Therefore, there are no horizontal asymptotes for the graph and also no vertical asympiotes.

Compute the derivative of f(x)
f(x)=x+In(x"+1)
f{x}=l+%
Since f*(x)> 0 for all values of x_ So, it is an increasing function.
To find the critical numbers of f(x)
Set f'(x)=0 and solve for x

2x

2x
x*+1 =
2x=—(x"+1)
X +2x+1=0
(x+1)° =0
x=-1-1 Apply the zero product property.

Since f*(x)> 0 for all values of x . so, there is no local minimum and local maximum.

Find concavity and points of Inflection.

S
4 {I]_l+x] +1
(x* +1)2-2x(2x)
(f+l):
2x" —4x+2

(.1:=+I)z

(x)=0+

£(x)=

Since f"(x)=0at x=-] andthesignof f"(x)isnegativeat x=—].5 and positive at
x=0-
Since f"(x)=0at x=1 andthesignof f"(x)isposiliveat x=( and negitiveat x=1.5

So, the point of inflection are y=—] and y=|
Thus, the curve concave upward in the interval [—L]] and concave downward in the interval

(<=-1]U[1)



Sketch the curve

y=x+In(x’+1)

2 3 4 5

X
>

Answer 86E.
Consider the family of functions f{.r]l=.'ce'“: . where ¢ is the real number.

The graph of a function has maximum or minimum values at its critical points.
Find the derivative of the function f{,r] = xe ™™ .

[

f'(x) =[_re'“:)
= .r(xe . )' +xe™
= _r(e'“: -(—Z.tf]) +e =

=-2x'ce™ +e =

= (—I.r:c + ]]e'“=

Thus, f'[_t) = {—2_r3c+ Ij.e"'xr :

Set f’[x]:[i and solve for x
f(x)= (—2.\’26'{-1}6’_“: =0

{ 2x%c+ l) =0 Since the exponential function e 20
—cx =1
1
r=ft—
V2e
__ i 1 1
So, the critical points are x= —,———

J2¢7 2



1
V2c" e

S0, ¢ must be positive and ¢ = () to avoid denominator 0 of the fraction .

As x=

So, the graphs of the family of the funciion f {r] = xe = has maximum or minimum value
when g£=(-

And as ¢ Iincreases the max and minimum values of the graph of the function f {r] =xe "

increases.

Inflection points:

Find the second derivative of the given function
f(x)= {-2.1'1.': +1 )e“':
(x)= [(-2::1::‘ +)e )

=—6cxe™ +4x'ce™

Set f"(x)=0 and solve for x to find infiation points.
Using maple:

r.4 ¥
> mh'e{ -bexe T +4r e T, _'r);

o L6 1 J6

2 [e 2 [
The, inflection points are 0, ﬁ,_ﬁ
2Je” 2Je

As ¢ increases, the inflection points are moving upward direction and for the negative values
of ¢ which are not existed because it is under square root. And square root of negative
numbers not defined.

Skeich the graph of the families of the given function:

lj.
T.2% As € is negativeno
As C isnegative, max no min points
there exists minand exist.
} i 481
max pointsandas ¢
increases the graphis
stretching vertically

Familv of curve of

f(x)=x=
X




Answer 87E.

Wehave 5= Ae " cos{a@t+4) — (D
Then velociy
V(£)=5"(£) = A[-ce™ cos(@t+8) +& (—sin (@t +5)) @
[Product rule]
=A[—c:e—“_cos(mt+5)— me_‘"sin(mz+5):|
O  [(e)=5"()=—4"[ccos(@t+5)+asin(a+8)]| —@

Acceleration a(£)=¥"(£)
:>a(t)= —1‘1[—~a’.‘e“1 (c:ms(ar+ 6)+ @ sin(ar+ 6))+5""1 {—acsin(m+ d')+ @’ ms(ﬂt+ 6))]
=—Az [—c:2 cos(@t+8)—casin( @ +J)—casin (EJ£+5:|+EJ2 cos(mt+5)]

=—4e" [—(c" — @) cos(@t+5)— 2casin (mz+5)]

a(.t) = 1'1&_‘;'[(::2 —alj)cos (mz+5)+2t:msin (em+5)]

Answer 88E.

(A) Let f(x):]nx—3+x
F(2)=In2-3+2
=ln2-1<0
And  fe)=lne—3+e
=1-34¢
=—2+e>0 because e > 2
So by intermediate value theorem

f(x):]nx—3+x=0 has at least one root 1n (2, €]

HNow suppose that _}’(x):].nx—3+x has two roots a, b so f(a):f(b):(]

By the mean walue theorem _f'(ﬂ:@
—a
__0
b—a
=0
But j'(x): l+1?E 0 forx =0
x

This 15 a contradiction
So f(x) =In x— 34+ x=0 has exactly one rootin (2, )

(B)  Taking first approzimation x, =2
HNewton's formula for (.u +1):Ii approximation becomes

_ . _Inx —3+x
TR T
For =2
g =2-2273%2 5 o046
/241
Similarly x; = 2.2079,
x, = 22079

Since  x; & x, (up to four decimal places)
So root of the equation In x =3 —x 15 about |2.2079



Answer 89E.

Consider a bacteria culiure contains 200 cells initially.

After half an hour, the population increased to 360 cells.
The initial population of the culture is 60 cells.

(@)

Now find an expression for the number of cells after f hours.
Find the relative growth rate.

Let, the population size is denoted by P(1)= P{O}e"_

Where P(l})._ is the initial population , k is the relative growth rate, fis the time in hours.

Now substitute P(l}}=2l]0., P[r]:}ﬁﬂ._ =%hour in P(t}:P(O}e".

Then,

360= 200;{%]

S5l _360
200

|

e’=18 Simplify

1|

=Inl.8  Takenaturallogarithmson both sides

k=2Inl8

Substitute P(0)=200 . k=2In1.8n P(r)=P(0)e""
Then,
P(r)=200¢°"'

=200e""*"

=200(1.8")

=200(3.24') Simplify

Therefore, the expression for the number of cells after  hours is, |P{r} = 200(3.24’ )I

(b)
Now find the number of cells after 4 hours.
From part (a), the expression for the number of cells after { hours is, P(;] = 200(3,24‘)_
Substitute ;=4in P(r)=200(3.24').
Then,

P(4)=200(3.24°)

= 22040 UseCAS

Therefore. the number of cells after 8 hours is

(c)
Now find the rate of growth after 4 hours.
The relative growth rate is j=2In1.8 -
From pari(b), the number of cells after 8 hours is 22040.
Therefore, the rate of growth after 4 hours is,
k=x22040=2In1.8x22040
=|25910 bacteria / hour Simplify




(d)

Now find the time to reach 10,000 cells.

From part (a). the expression for the number of cells after t hours is, P(t)= 200(3.24‘}
Substitute P(¢)=10,000in P(r)=200(3.24') and solve for ¢

Then,

10,000 = 200(3.24’}

3.4 = 10000
200
3.24' =50
1In3.24=In50 Applylogarithmson both sides
(- In50
In3.24
=3.33

Therefore, the time to reach 20,000 cells is about

Answer 90E.
Consider Cobali-60 has a hali-life of 5.24 years.
(a)

MNow find mass that remains from a 100-mg sample after 20 years.

Let, the expression mass of Cobalt-60 after f years is denoted by
m(t)= m(0)e"
Where m[{]]. is the initial mass , K is the relative decay rate, tis the time in years.

Now substitute m(0)=100 . m(r)=50 . r=524years in m(t)=m(0)e".

Then,
50 = 100e"
euszq _ ﬂ

100
e =% Simplify

524k = In% Take natural logarithms on both sides
nt

k=—2
524

=-0.00138

Substitute m(0)=100 . k=0.00138,/=20In m(r)=m(0)e ™.

Then,
m(1) =100¢ "™
=100e™"™™
=97.28

Therefore, mass that remains from a 100-mg sample of Cobalt-60 after 20 years

sE7ZEmg



(b)
Now find the time to take the mass of 100-mg sample of Cobali-60 o decay to 1 mg.

From part (a), the expression for the mass after t years is, m(f)=m(0)e**"*.

Substitute m(t)=1,m(0)=100in ﬂl(!}=m(0)e'°m'js"_
Then,
1=100(e ")

-0.00138¢ =L
100
—0.00138 = Iﬂﬁ Apply logarithms on both sides

e

1
In—
__ 100
-0.00138

t=3337 UseCAS

Therefore, the time to take the mass of 100-mg sample of Cobalt-60 to decay to 1 mg is about

337 yeard

Answer 91E.

64

1431707
Leta=64,b=31 and c =-0.7944
a
=a(l+87)7
1+b&" a )
The population is increasing most rapidly when its graph changes its concavity
.. d'P
At which time —— =10
( 7 )

Population function is P(f.) =

So we have P(f.) =

So we calculate P*(¢)
P() =-a(145:7)" (bee™)
P(f)=—abc & (1427}
Then F*(f)= —abc[ce“ (14267 +e (-2)(1+2¢7)” (bce“)] [Product rule]
=—abc®e® (1+5e7 ) [ (1+8e7) - 286" |

P'(I)z[] When 1-b" =0
=be” =1

;‘*e“:l

B

:bc.t:lnl

b

:}g:l]_nl
c b

1
=i=—dia[ 1]
07944 31

Answer 92E.

1
16 +¢°

4
‘We have to evaluate L

s 1
ZLH)’T&



We use the formula 'l-xz l S dx= ltan‘l (£]+c
a a a

o [t b2
1

= [tan_1 (1) —tan™? (0)]

T4

1
—Z o= X
4| 4 16
41 Fi
So df=—
I016+,:2 16

Answer 93E.
We have to evaluate _Llye_a’idy
Let -2y =¢f=Adydy=dt
=>yub'=—%df.

Andwheny=0,t=0 and wheny=1,1=-2
1 + 21

So Ly& dy=—nze'dt

. B a

Since [ f(x)dx=-[, f(x)ax
1 _1 0

So _Lyu' dy_zj_ze'd.g

- %[Q'I: Since [ [ddr = +c]

oo ar=3(1-3)

4 2
Answer 94E.
We have to evaluate si
21+ 27
Let 14 2r =¢ then 2dr=dft
—ar=®
2
Whenr=2,t=5
Andwhenr=5t=11
Then we have
5 dr _ 11 4%
1420 5 2f
_ 1ude
2k
1
=§[1n|z[|'5J [ET.C-2]
=l[1n11—1n5]
2
L lnm—lnn=ln—o
2 5 p
11
=In < [r]nx:]nf]
5 dr 11
1 _= —
1+ 2r 5




Answer 95E.

Evaluate the following integral:

1 e
——dx
L 1+e™
Rewrite the given integral as shown below:

x

.[u: |:821 r.ﬁ'=j: lfif)z i

The value of a definite integral can be evaluated using substitution method.

Substitute, g =¢*.

This follows that, du = e'dh.

Find the new limit of integration.

Substitute 0 for x in ¢* to obtain the lower limit of variable u.
u=e"=u=1

Hence, the lower limit of the variable u is 1.

Substitute 1 for xin ¢* to obtain the upper limit of variable u.
u=é' u=e

Hence, the upper limit of the variable u is e.

1 e'dy
Substitute, ¢* for v and 4u for ¢“dy and apply the new imits in I

]
Iﬂl+e’ '[ I+(e

rl+u
=-|"([I+nr"]mIr

=tan g——
Hence, [ 31 dr= m-'g_f_
Ol +e” 4
Answer 96E.
=f2 COSX
‘We have to evaluate ————dx
1+sn”x

Let sinx =£ = cos xdx = df
Andwhenz=0_t=0

Andwhen x=—¢=1

NIH



Then we have

Lrﬂ COSX Cptode
l+sin’x  P1+7
= [tan_l.t:t [Iﬁdx =tan”’ x+c]

=[tan™(1)~tan}{0) ]

(3] t-ve(3) 4]

_J'!'

4
:>.|-z-"2 cc-sx dx_;"r
0 1+san"x 4

Answer 97E.
o
We have to evaluate I—dx
Jx
We make the substitution = -JJ_r because the differential du = %dx occurs(except for
x

the constant factor %) Thus iﬁi.'Jr: 2du and

4%
3
=3
——dr= | (2du
[ e [ (2
=2Ie"d.u
=2e"+C
=2¢% +C
Answer 98E.

COS (ln x)

X

We have to evaluate I dx

Let]nx:téldx=df.
x

Then we have
-::os(lnx)
I—dx = Icosf.d.'t

x
=sgsin{tc¢ Where ¢ is any constant

j- cos (ln x)

X

dx = sin(lnx)+-:':

Answer 99E.
Wehavetoeva.luatel x+1
X +2x
Let x +2x=t=(2x+2)dx=dt
=>(x+1)dx=§
Then we have
x+1 1¢1
T gx=-a
I:r’+2x 2I:

= %11:1 H+C’ ‘Where C 15 any constant

:>.|' x+1
2 +2x

dx= %h |x“ +2x|+C'




Answer 100E.

Evaluate the following integral:

I csc’ x

l+cotx

value of the indefinite integral can be evaluated by substitution method.
Substitute, & =cot x.

This follows that. 4u = ese? xdr.

.
CcsC X
l+cotx

Substitute eotx for U, du for csc® xdy in I

csc’ x du
I dx =
l+cotx l+u

Substitution f=1+u o solve the integral J' du

1+u
This follows that, df = d.
. ) du
Substitute, f for 1+u . dr for du in J' .
l+u
J'JH _ ﬂ
1+u i
1
= |-df
4
=hM+C

Substitute 1+u for tin Inj+C then J’lﬂ=1n||+.—;|+c.
+u

Substitute cot x for v in In|1+u|+CthEﬂ Jl?:;x dx=In|l +cotx]+C.
X

esc’ x
Therefore, -[I [ dx =|In[l +cotx|+C
+cotx

Answer 101E.

We have to evaluate Itan xzln (cos x)d.'x.

We make the substitution z=1In (cos x) because the differential

%: colsx %{cos x) [By Chain Rnle]

= ! (— sin x)
COSE
=tanx
= du = —tanzdx
occurs (except for the constant factor -1). Thus tan xdx=du and

Itan xln (cos x)d.'x = Iln (cos x) (tan xdx)
=—Iua‘u

2
u

=2 4c
2

In 2
=_( c;s x) +c

o Itan xln (cos x)dx = —wﬁf .




Answer 102E.

We have to evaluate I%dx We make the substitution u = x*because the
-x

differential du = 2xdx occurs{except for the factor 2). Thus xdx= %a‘u and

ax [Bjr mulbplying and dividing with 2]

x 1_[ 2x

B W

'l-\h—x" 5
=l] LIS [ du = 2xdx]

=lsin_lu+C' _[ ! =sinTu+C
2

2
—I

- I * = lsi.n_1 (xz)+C' , where C is any constant.
4 2

Answer 103E.

We have to evaluate .[2""_5&[:2 848 . We make the subsitution u=tan 8
because the differential du =sec? 848 occurs.

Then I?’.seczﬂdﬂzlfdu

-Z e [[a'dx= ¢

In2
i &

e
In2

[

+ a:ﬁl:l

2”

_[2-".56-:2 848 = E+C’ |, where C is any constant.

Answer 104E.

‘We have to evaluaie Isinh andu
We can evaluate this integral by two methods

Method 1
Let au=x=adu=dx
—du=E
a
Then [sinh mda:jsinhxf
a
=llsinhxdx
a
=lcoshx+C' [i(lcosh I+C)= lsinh:r]
a dxva a
So Isinh andu:lcoshau+c where C is any constant
a
Method 2

ﬂ_e—ﬂ

We have sinhaung
Then Isinhanah =%I[e"—e"")du

Let an=x:>adu=dx:>du=£
a



So lsinha:td:J:iII:e'—e_')dx
1|, &F
o5
= i(e' +e_')+C'

- l(L i J+C’
a 2

= Isinkaua‘.u:lcoshm+c
a

Answer 105E.

Consider the following integral:

(5]

Solve the integral as shown below:
_x¥ 1-x)
J'(u] e = ‘[um—
X X
_ I(l—z;ff]dr
x

=J-(L1—2—f+i]dr
XX x

[coshay =

™ +a2

= Iéaﬁr—j 2x dr+j£dr Distribute the integral.
x x

x:
= I.t"d‘r—2jlr¢ir+jcir

x!

= —2Inx+x+C Where C is the integration constant.

T 241

-1
x
=—=-2Inx+x+C

-1
=—=2Inx+x+C
x

Hence. J'(l_'r] dx = ——l—llnx+.‘r+C

X X

Answer 106E.

Since 1+ 2™ forall x
=1+ 2™

=1+ ="

We have

I f(x) zg(x) and f(x) &g(x) are continuous on [a, b]

Then I:f(x)dx EI:g(x)dx
Then Edi+ehdxzﬂe'dx
:I:Jl +ehd:r2[e':t

=>I: 1+ehdx2(el —e")

= _Ll +e¥drze—-1

Answer 107E.

Since cosx =<1 forall =
e cosx<e”



We have by the property of integral
If j(x) = g(x) and j(x) &g(x) are continuous on (a, b)

Then I:j(x)dx EI:g(x)dx
So Lle' cos xdx < Lle'd'x
= I:e' cosxdx < [Q'Il

=>I:e' cosxdxﬂ[e—eu]

1
= Iﬂe' cos xdx <e—1

Answer 108E.

Since sin xﬂg Where —1=x<1

By the property of integral if f(x) and g(x) are continuous on (a, b) and
_f(x)s g(x) then I:f(x)dxsl:g(x)dx
Since sin™ x is continuous on [0, 1]]

Then lesin_l = gl:xdx

= I:x sin Ttz < g[g:[

1 17
:)I :Jrsin_lxﬂE —
o 2|2

Fs
4

1 - ]
= _L;rsm Txdx <

Answer 109E.
We have f(x)= ];E%ds

, drEe
Then j(:):ajl 95

Let -J;ztthen ! =£
2z dx
, d e dt .
Then f (x)zE TE [By chain rule]

By the fundamental theorem of calculus part 1 we have
g rx
| r@a=1(x)

2t df
The Txj=——
n F(@=22
i
. z 1
BN e~
t EQE
=%
Answer 110E.

We have I:fd::: j:fdx+ffdx
Then f(x) = _l;:e".ldt = _I-:'e"’dt+_|-:'e"1dt

o Flx)=-f et e a



epy_ dmr _p o dE g
Then f'(x)= EL e d:+E]1 etar

o™ L0 2 FT.C—1 and chain rald
—z .dx(nx) 2 dx( x) [ByET. ]

(b}
=— +27%
x

sl
So  |f(x) =22 -2

X

Answer 111E.
1‘Wrt:hm|ft:toﬁ.ndtht:a‘ilferagt:va'a.lut:of.'_f(:r)=l on[1,4]
x
The average walue of the funchion _f(x) on [a, #] 15 given by
1 3
=— x
e =g ] S (2

Here f(x):% anda=1,b=4

So faem——|'1ax

4-1h x
1
:>f_=§[1n|x|]:
:»_fu:%[]nél—lnl]
=>fm=%[1n4—0] [In1=10]
=|f = lina
=~ 3

Answer 112E.

First we sketch the curves

(]
[

Fig1

‘We have to find the area of shaded region

Here we see that e >¢" forz<0and e™ <& forz>0
So the area 1s

Azj-:(e" —e’)dx+l|:(e' —e_')dx

= [—e" —Q'L +[\=s'x +e"1

= [—e" —& 2% +e_2]+[e+e_1 - —en]

| ooqeere L 1
—[ 1-1+e +gz:|+[e+g 2]

1 1
=’ +>+e+--4
& =

Or A=e(1+e)+l(1+l)—4
e

e




Answer 113E.

First we sketch the curve

T

Fig.1

‘We have rotate this shaded region about ¥ — a=is, if we consider a vertical strip in
this region then after rotation we get a cylindrical shell with the radius = and

1
height

(1)

Then wvolume of the sohid 15
7 = [ (circumference) x (height)dx

=_|:(2mr)x( ! )dx

1+x*

1 2x
N '[“ +x

Let x'=f=2xdrx=dt
Andwhenz=0,t=0,andx=1,£=1
So the volume

1 Jf
V= HI“ 1+¢
V =7 tan™ z]l]
=V= J'!'[tan_l 1-tan™ U] [t:m‘1 1= g]
N
4

Answer 114E.

‘We have f(x)=x+xn+e' and g(x)=j_1(x)

Putx=10
F{0)=0+0+¢"
= 7(0)=1

=0=7(0=50)
And  f(x)=1+2x+¢"



Answer 115E.
Consider the following:

f(x)=Inx+tan™" x.
Find {f‘}[%]
Let {f“}[%]z.r

Then,
1(0)=%

Inx+tan” x=2
4

Now, find the values of x, which satisfy Inx+tan™"x= %_
In[l)=0,tan"{l}=§-
x =] salisfies Inx+mn"x=%.
So. f{1}=§_
That s, {f“}[%]:l_
Now,
f(x)=Inx+tan" x

. 1 1
= —+ =
S [.r) x l+x
1
+1°

f(|)=}+

I
!



rr
1 NFa
- 1 Z]=1
() 4,
1 i3
—g ””_5
2
_2
3
Th Y EAME
erefore, {_f } I = 3l

Answer 116E.

Let ABCD be areciangle whose one side CD be on the x-a=zis, vertex D be at the

origin and wvertex B be on the curve y=2™
Then coordinates of the point B are (x, )
So Length of the rectangle = =

and width of the rectangle=e¢™"

So Area of the rectangle

A(x) =xe -— {1}

Mow we have to mazimize the area A(x)
Differentiating (1) with respectto =

d d
A=z —"+e*. —x oduct rule
(z) = s By pr )

=—ze & "

= .rf[x) =g (1— x)

Since A'(x): 0 when [1—x)= 0orx=1because e~ =0
Since A'(x) <0 whenz> 1 and A'(x) >0 whenx <1

So A(x) has an absolute mazimum atx=1

{(Since 1 15 only one critical number)
So maximum area at x = 1

AN =1

=|a(=1




Answer 117E.

N

T

e’
05

BT Fia 1

Equation of the curve is y =™ — (1)

Slope of the tangent line of the curve at any point is =%

So g= —& "
dx
Slope of the tangent line of the curve at the point (a,e‘“) 1s
-
-— =-¢
I rez

Then equation of the tangent line passing though (a,e‘“) is
y—€e =—¢"(x—a)

=>y=e_“(a—x+1) —{2)

Now we find x and y-intercepts of the tangent line
For z intercepis puiting y =0

:)e_“(a—x+1) =0

=Za-x+1=0

= =T

For y-intercept putting x =0, [y =™ (a+1)

So the height of the triangle 1s =e_“(a+1)
And base of the triangle i1s= (1+a)
Then the area of the triangle

A(a): %xbase)(height

:}A(a)zéxe_“ (1+a)x(1+a)

:A(:;):% = (1+a) —
HNow we have to mazimize the area of the iriangle

Differentiating (1) with respectto a

Aa)= %I:e_! %(lha)2 +(1+a2 )2 %.e_“]

- %[29_“(1+a)—(1+a)2 -]

=%[e""(1+a)(2—1—a)]
— 2o (1+3)(1-a)

= A'(a)= %e‘“ (l—az)



Since A(a)=0 when 1-a* =0=a=11

Since A(a) 15 defined only on (0,1+a) (from figure) and @ = -1 does not exist 1n
the domain, so we leave this root, now we consider onlya=1
Since A'(a) >0fora<1and A'(a) <0 fora=>1

So by first derivative test :u‘.l(a) has an absolute mazimum ata=1
So mazimum area of the trangle

A(l):% 2(1+1)°

=am=2

Answer 118E.

Wehave f (x) =g
And mterval 15 [0, 1]
HNow we divide the interval in to n sub intervals, so sub intervals are

T

And width of the sub interval 15 :!‘.Jr:l

n

We have by defimtion of definite integral
1 ®
[f(@ax=1m3 f(z)ax
-1
Where x; is the right end point of the interval[xi_l,xi]

1 . 1
So Le'dx:hm[e"' e v +e].—

B0 n
Here Y42 42¥ 4 +¢& 1s a geometric series

First term of the series is = 2~
And number of terms=n

And common ratio = &%

eh'[l_[em)!] _ e (1-2)
=)

So the sum of geometric series=

1. C (1-g)e™™ 1
LE dlelmW_;
1 iz
—&

= ('l—e)]l.i_)m L

(1-¢")

This 15 the form of % so by L-hospital rule

3 3¢

1 (_L]_L v
Ee'dx=a—e)m” nin
xiwm —gm (_l:

n

Answer 119E.

]
Ir F(x) =I £°dt where a, b > 0 then by fundamental theorem
a

We have
rHl _  xdl
F(x)zb—a xz-1
x+1

And  F(-1)=Ind-lna



MNow we find lim F(x)

=1
rd il
fim F(x)=lim 2%
r—=-1 -1 r+1

d

lim 7(x)= lim %X

r—=-1 r—=-1

Since 1s the form of % 50 we use L-hospitals rule
d T+
—(a™)

bx-ll _

() -<
d d
—(O+—(1
D+
F tInbt—-alna

1+0
=lm &  Inb-a " lna

1
=8"Inb-a"lna
=lnb—-lna
=F(-1)

So F 1s continuous at -1

= lim —a"=a"lna

-1

[Limit exists]

Answer 120E.

We have to evaluaie cos{ arctan [sin (a.rc: cot x)]] = COS[tEII_l [sm (cot_l x):“

Let cotlx=y
—= x=coty
= cot® y=x* (Squaring both sides)
=csct y—1=x° [[:otjy:cscny—l]
:;st:st:_)«'=1.p|i+1r2
) 1
—=smmy=
N
ﬁsin(cot_lx)z !
J+2
. 1
So cos{ tan | sin {cot™ x) |} = cos{ tan?
(et e
Let tan“[ ! J =t !
=z anz =
-\.‘|1+Jr2 +x

Squaring both sides

5 1
—=tan z= 2
(1+x)
1
=sectz—1=—— tan? z = sec?z—1
1+ [ ]
1
=sectz=——+1
1+x°
:}st:czz—z—l_x2
1+ x*
= secz = 247
1+
= CcosZ= 1+x2
24 x°
2
. x +1
= ctan t =
cos{ar [sm (arcco x)]] P g




Answer 121E.

Wehave [ f(t)de = =™ +] f(£)ae

Dhfferentiating with respectto x

L[ rQa= () + Lo s

= f(x) :%(mi')+e_'_f(x) [ByF.T.C.-1]
= f (x) =g 42z +2 ¥ (x) (By product rule)

z}f[x)—e_'f[x) =™ [1+21)
= f(x)(1-7) =" (1+2x)

2% [1+21)

(1-e7)

=>f(x)=




