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.2 Calculus

IFFERENTIAL EQUATIONS OF FIRST ORDER
ND FIRST DEGREE '

1. An equation that involves independent and dependent
variables and the derivatives of the dependent variable
wrt. independent variable is called a differential

equation.
dy . ‘ dy
eg. —=x"logx, dy=sinxdx, y =x; +a
2. A differential equation is said to be ordinary, if the
differential coefficients have reference to only a single
independent variable and it is said to be partial if there
are two or more mdependent variables. We are concerned
with ordinary differential equations only.
d’y |
—+ 3= b
de* . dx
The above equation is an ordinary differential equation:

+2y=0

2
ay ox E)y_ 0z 0z 24y
ox ay

The above equations are partial differential equations.

rder and Degree of Differential Equation -

1e order of a differential equation is the order of the highest
fferential coefficient occurring in it. ’

The degree of a differential equation which is expressed or
in be expressed as a polynomial in the derivatives is the degree

* the. highest order derivative occurring in it after it has been '

:pressed in a form free from radicals and fractions as far as
srivatives are concerned. Thus the differential equation:

dm P dm—l( ) 9
dx"{’] + ¢(x,y)[—(zxm—_ly—] +...=0

is of order m and degree p.

SCIINRUNN Find the order and degree of the following
differential equations:

2 ‘6 1/4
o 2= [y +(%)]

1

S [

(i) —+ =
dx
d3y
L — d2
(iif) e‘i_"]—xzx%+y=0

(iv) sin™ (%) =x+y

v) In (%) =gx+by

o (i) e® —x

d2y dy>61/4.
Sob f‘*d?:[’*(zﬂ
(Y_[. (af]
- -(ng‘v[”(Z)

Hence order is 2 and degree is 4.

. ' 2
dy!dx dx "\ dx

Hence order is 1 and degree is 2.

.. dy
— + y=
(i) Y

d3y -
= Ay

Clearly order is 3, but degree is not defined as it
cannot be written as a polynomial equation in
derivatives, and hence it cannot be cxpressed as

. polynomial of derivatives.’
. osafd . :
(iv) sin” (z};-)=i_x+y = %=sm(x+y)
Hence order is 1 and degree is 1.

) ln(%]=ax+by :,%:eamy_

Hence order is one and degree is also 1.

Find the order and degree (if defined) of the following
differential equations:

s 41573
A 1+(dy)
i dx

3
2. d xln(dyJ

3.( ) 47 )mz

4_.( } +4- 3 L
dx
23/2 '
[“(d_y)]' |
dx
5 a=———2——,whereais constant.
=

FORMATION OF DIFFERENTIAL EQUATIONS

Consider a family of curves

Sy, a, al,...,a")=Q 1))
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where ¢, &, ..., &, are n independent parameters.
Equatlon (1) is known as an n parameter family of curves

1.,y = mx is a one-parameter family of straight lines and x> +y°+ .

-+ by=01is a two-parameters family of circles.
If we differentiate equation (1) n times w.r.t. x, we will get n
ore relations between x, y, ¢, 0, ...» &, and derivates of y with
.pect to x. By eliminating &y, @, .., &, from these n relations
«d equation (1), we get a differential equation.
Clearly order of this differential equation willben, i.e. equal to
¢ number of independent parameters in the family of curves.
ansider the famlly of parabolas with vertex at the origin and axis
the x-axis.
y2 =4ax. ' : @

: : 2
ifferentiating w.r.t. x, we get 2y % =4q= RN {from equation (1)]
x

or,2x % — y=0, which is the differential equation of (1)andis 7

early of order 1.

Pl Form the differential equation of family of lines
concurrent at the origin.

Sol. Such lines are given by y = mx )]
p . ‘
dx _
Putting the value of m in equation (1)
dy
= ==X
_r

=  xdy—-ydx=0
Note that the order is 1, same as the number of constants.
T UKl Form the differential equation of all concentric
; circle at the origin.
Sol.

Fig. 10.1
Such circles are given by x° + yr=r.

d .
Differentiating w.r.t. x, 2x+2y ﬁ =0

: d

= x+ yi—; =

Form the differéntial equation of all circles
touching the x axis at the origin and centre on
the y-axis.

Ixample 10.4

Differential Equations 10.3

Sol. Such family of circles is given by

2+ y—-ay=a*
= xX+y -2ay=0 0]
: y
X" —x
Yy
Fig. 10.2
dy d
Differentiating, 2x+2y —=2a—
dx dx
or xty d_y =aq— dy
dx dx
substituting the value of a in equation (1)
d . .
= (Jc2 - yz) z};- = 2xy (order is one again and degree 1)

IBC IR Form the differential equation of the family of
parabolas with focus at the origin and the axis
of symmetry along the x-axis.

Sol.
)

IR\

y
Fig. 103

Equation of such parabolas is yi=44(4+ x) O
Differentiating w.r.t. x, we get

S7A0N

dy
= 2 —-—=4A
Y &
dy . :
= — =24 : 2
Y & | @

Eliminating 4 from equations (2) and (1)

2
yi= (y d—y) sy

dx dx
S &Y,
or, yi=y? (Ey] +2xy%'

which has order 1 and degree 2.

IZCNNSUN Form the differential equation of family of lines

situated at a constant distance p from the origin.



0.4 Calculus .

Sol. All sﬁch lines are tangent to the circle of radius p.

y= mx+p\,1 +m?

dy
= m= —
dx
y
X" o X
y
Fig. 10.4

e dy dy z
Byelnnmatmgm,wegety=;x+p 1+ =

dx
dy Y _ 2 (dy)z
- _— 1+ —
= (.y dx") d ( ix
_which has order 1 and degree 2.

xample 10.7 JEg the differential equation of all parabolas
whose axis are parallel to the x-axis and have

latus rectum a.

Sol. Equation of parabola whose axis is parallel to the x-axis
and have latus rectum ‘a’ is (y — B)° = a(x — 0). i
Here we have two effective constants ¢ and B
So it is tequired to differentiate twice.
Differentiating both sides, we get

dy o

2p-p) == 1

o-B) ol Y]
 Differentiating equation (1) w.r.t. x, we get

2y - B)—=+2|—=| =0 2

= 20-h—3+2 _ @

Eliminating  from equations (1) and (2),

= a ﬁi_% +2 (d_y) =0, which is the required differen-
dx dx _

tial equation.

et (UM Form the differential equation having y =
(sin”'x)* + 4 cos”! x + B, where 4 and B are

arbitrary constants, as its general solution.
Sol. y= (sin'lx)2 +A4 cos_‘1 x+B
= (sin"'x)? ~ 4 sin”'x + _7r2_A +B
Differentiating w.r.t. x, we have

dy 2sin” x

_ 4
@ \fl—‘xz» 1-x*

=> (1'—x2)(%)2 = 4(s-in_l x)z -—4Asin—lx +4°

=4y 4B+ A*-27A
- Differentiating again w.r.t. x, we have

(@)= (-

:)(1 —xz) % -

, .
x—éx)—) = 2, which is the required differen-

tial equation.

1. Find the differential equation of all the parabolas having
axis parallel to the x-axis.
2. Find the differential equation of the family of curves
y=Ae® + B¢ >, where 4 and B are arbitrary constants.
3. Find the differential equation of all non-vertical lines ina
plane. _ )
4. Find the differential equation of all the ellipses whose
center is at origin and axis are co-ordinate axis. '
BE
77 12
_ Cat+A bT+A
- are specified constants and A is an arbitrary parameter.
Find a differential equation satisfied by it. '
6. Find the degree of the differential equation satisfying the
‘rélation ’

=1where a and b

5. Consider the equation

| -\]1+x2. +y1+5° =l('x\h+y2v—y\/1+x2)>. |

SOLUTION OF A DIFFERENTIAL EQUATION

A solution of a differential equation is an equation which contains
arbitrary constants as many as the order of the differential
equation and is called the general solution. Other solutions,

obtained by giving particular values to the arbitrary constants i

the general solution, are called particular solutions.
Also, we know that the general integral of a function contains

* an arbitrary constant. Therefore, the solution of a differential

equation, resulting as it does from the operations of integration,
must contain arbitrary constants, equal in number to the pumber
of times the integration is involved in obtaining the solution, and
this latter is equal to the order of the differential equation.

Thus we see that the general solution of a differential
equation of the nth order must contain n and only n independent
arbitrary constants. ' :

METHOD OF VARIABLE SEPARATION

If the coefficient of dx is only a function of x and dy is only 2
function of y in the given differential equation, then the equation
can be solved using variable separation method. :

N




“ius the general form of such an equation is '
f)dx+gy)dy=0 )
ntegrating we get, j f(x)dx + jg( y) dy = c¢; where c is the

trary constant.
“his is a general solution of equation (1).

¢ given differential equation is of type % = f(ax+by+c),

0. If b = 0 (this is directly variable separable), substitute
2x + by + c. Then the equation reduces to separable type in the
able # and x which can be easily solved.

. d
imple 10.9 SOV 1og2};) = 4x—2y—2, given that y = 1

whenx=1.
) dy :
ol. Givenlog— =4x-2y-2
IVen o8 Y

1)1 —tx 2y -2
dx

. J'eZyel-Zdy =Ie4xdx

=

e2y +2 4x

+co§c=e4/4

m Solve e®* =x +1, giventhat when x=0,y=3.

@ dy
ol e =x+1 = £=log(x+1)

= de= Ilog(x+1)dx
= y=(@E+1)logx+1)-x+c

whenx=0,y=3givesc=3
Hence the solutionis y=(x+ ) log (x+ 1) —x+ 3.

LILRUNIR  Solve the differential equation
xy — = 1+x+x7).
dx 1+x° ( )

sSol. Differential equation can be rewritten as
| dy 2 X .

—= {1+ 1+
™ ( ’ ) ( 1 +-x2)

y & 1, 1

142 dx x 1+%

: Integratihg, we get
1 ' 2 .
—In{l+ =lnx+tan'x+Inc
Lin(i+7)-tnre s

_1x

= 1+y? = cxe’

Liiterenuial EQUAtoNs  1u.2

Differential Equations Reducible to the
Variable Separation Type

Sometimes differential equation of the first order cannot be solved
directly by variable separation. By some substitution we can
reduce it to a differential equation of variable separable type.

A differential equation of the form % = f(ax+by +c)issolved

byputtingax+by+c=t.

Example 10.12 |8 Solve'% =@x+y)°

dy

Sol. ~ =(x+y) » . )

Here the variables are not separable but by putting
x+y=v, wehave '

dx dx

= Equation (1) reduces to

dv 2 dv
.V OI'J 2

ale o

in which variables are separated

Hence from equation @), .
tan"'v=x+corx+y=tan(x+c), which is a required
solution. ‘

Example 10.13 JESIE % I+x+y=x+y-1.
~ Sol. Putting' ,/ 1+x +y =v, wehave

= xty-1=v-2

-1+ —{Q=2vd—v
dx dx

Then the given equation transforms to

(Zvéz—l)v= V=2
dx

= 2[|1+ - dv=|dx
j{ 3(v—1) 3(v+2)] v=]

1, 4 :
= 2["""gl,oglv—ll—glog|v+2|]=x+c

ﬁm v= ,/ 1+x+y

T



106 Calculus -

‘ Solvé the following equations:

1. sec’ x tan’y dx + sec? ytan xdy =_0

2. y—xé}—l. =‘a(y2_ +l]

dx dx
3 d_y_x+y+1
T dx x+y-1

4. % + yf’(x) = f(x) f”(x), where f(x)isa given integrable

function of x.

. % = COoS (x + y)—sin(x+y)

h

HOMOGENEOUS EQUATIONS

Che function f(x, y) is said to be a homogeneous function of
legree n if for any real number ¢ (#0), we have ,
f(tx, ty) =1t" (x,). For example, f(x, y) = ax®P+ B x !+
5> is a homogeneous function of degree 2/3.
. x’
A differential equation of the form & = M
& ¢ (%))
(x, ¥) and. ¢ (%, y) are homogeneous functions of x and y, and of
he same degree, is called homogeneous. This equation may also

, where

e reduced to the form % = g[i), and is solved by iﬁﬁttiﬁg
: y
+ = vx so that the dependent variable y is changed to another
-ariable v, where v is some unknown function, the differential
quation is transformed to an equation with variables separable.
“onsider & + w_;—_y) =0.
dx x

Example 10.14 Solvex* dy+ y(x+y) dx=0.

Sol. The given differential equation can be re-written as

— T ———— or _____ —_—
dx x? & x i

Putting y = vx '
dy av

= Z=vi+x—
dx dx
Given equation transforms to

dv )
vVtXx—=—VvV-—V
dx

dv dx
'[v2+2v=—‘[—x_

1l 1 dx -
o e

= logv|—log|v+2|=-2log|x|+logc(c>0)

2

VX
=> =
v+2
2 .
= | =2 =c(c>0)
2x +y

RO ISURER Solve (x sin Z)a’y = (y sin 2 ~ ) dx.
x x

Sol. -[sin Z)Q=(—X-sinl—l)dx
x)dx \x x
Puty=i1x ‘
= sinv(v+xﬂ)=(vsinv—l)
dx

" = si ﬂ--—l
sinv —

dx
= |sinvdv=—|—"
[
= cosv=logx+c

= cos £ =log, x+¢c
x

Example 10.16 [INCEZES (y’+x f(y/x) de

m— f'lx)
Sol. xdy = y+xM)dx
[y,
= .dl=2+f(y/x)
a x  f'(y/x)
Putting y/x=v, @ = v+xﬂ
_ dx dx
The given equation transforms to
v+'xéz= v+ f’(v)
dx J'»

S0
= jf(v) dv jx
= log|f(w)}=log|x|+logc

= W)= clxl(c>0),
= Lfox)| = c_lx],c?O

Equéti‘ons Reducible to the'Homogenous Form

} , dy  ax+by+c
Equations of the.: form - dx+ By +C By +C
can be reduced to a homogenous form by changing the variable x,
y,10.X, Yby writing x=X+ hand y= Y+ k, where h, k are constants
to be chosen so as to make the given equation homogeneous. We

have ‘—12 ='M = d—Y
dc d(X +h) dX
Hence the given equation becomes,
dY _ aX +bY + (ah +bk+c)
dX  AX +BY +(Ah +Bk+C)

Let & and k be chosen to satisfy the relation ah +bk+c¢=0 and
Ah+Bk+C=0.. '

(aB#Aband A +b+#0)

di

dai

ca:

ro

ro



_bC-Bc _ Ac—aC
aB—Ab aB—-A4b
vhich are meaningful when aB # 4b.
Y aX +bY ) .
X X + BY can now be solved by substiuting Y= VX.

0 case aB = Ab, we write ax + by = t. This reduces the
zrential equation to the separable variable type.

£ 4 +b=0, then a simple cross multiplication and substitution
) for xdy + ydx and integration term by term yields the result

ly.

Solve % = %—%%

ol. Putx=X+h,y=Y+k |

dy _ X +2Y +(h + 2k+3)
dX  2X+3Y +(2h +3k +4)
To determine 4 and k, we write
h+2k+3=0,2h+3k+4=0 =h=1k=-2

We have

N dy _ X +2Y
so that dX———f——2X+_3Y

Putting Y= VX, we get '

V+X£K_1+2V=> 243 X
ax  2+3V 3w?-1- X
2443 2-43 dV=—3d)—)((—

= 2+ 33 log (ﬁV —1) -

2-43 log(v37 + 1)

243 23
=(—“10gX+C) v
2443 10g(~/§Y—X)— 2-\3 1og(J§Y+X)=A,-
243 243

where 4 is another constant and X=x—~1,Y=y+2

| dy x—2y+5
' i¥L3 Solve —=_—""——.
olve = Sy

sol. Here A(2)+b(~2)=0
Then cross multiplying, we get
2xdy +ydy — dy = xdx - 2ydx +5dx.
= 2 (xdy + ydx) +ydy—dy=xdx+5dx
=2 d(y) +y dy—dy=xdx+5dx

2 2
On integrating, we get 2(xy) + %— —-y= % +5x+c

LA Rl et gansasa s o -

d
1. Solvex&{- =y+ Zwlyz -x2.

2. Solvex(dy/dx)=y(logy—logx+1).
3. Solve (x+y sin (y/x))dx = x sin (y/x) dy.

4. Show that the differential equation y’dy + (x+ y)dx=0
can be reduced to a homogeneous equation. ‘

LINEAR DIFFERENTIAL EQUATIONS

. dy -
Equation of the form 2};) + Py=Q, where P and Q are furictions of

x alone, is called linear differential equation.
For solving such equation we multiply both sides by

integrating factor =LF. = ej Fx

'Multiplying given equations by LF., we get
jpdx (dy ) [ Pdx
e =+ =
\ 2 Py|=Qe

N %ej}’dr +)‘) Pejpdx= erpdx

Y [ d o fpax [ pas
= de- (yede")= QeIde [smcea(ej )=PeI :|
d dex _ - [ Pax- ' '
o [ (el ax= fod ™ @
= ye™ = [gel v C ,
which is the required solution of the given differential equation.

In some cases a linear differential equation may be of the form

dy

o e . ) R
~ constants. In such a case the integrating factor 1s.ej 'dy, and
solutions is given by '

x ™ = [ gdfbay +C

Example 10.19 JSUVE x*(dyldx)+y=1.

Sol. The given differential equation can be written as

| ..
% 4+ — y=—,whichis linear
dx xzy 2

Here P=1/x*and Q= 1/x?

LE= eI(l/xz)dt — e—l/x

de _
=+ B x=(,, where P, and 0, are functions of y alone or-



10.8 Calculus
Therefore the solution is
ye~Vx = J-e-ll“ (l/xz)dx +c

= e-llx +c

=  y=l+ce”

‘Example 10.20 Solve (x + 25°) (dyldx)=3y.

Sol. This equation can be re-written in the form

= - 1 x=2y
This is linear regarding y as independent wvariable.
.
y

—[=dy
Here,LE.=e 7 =¢'®=—
N 1,2
solution is x—=I—2y dy+C
. y y

= —_).ﬁ=y2+C
y.

= x=)y+cy

Example 10.21 Solve y dx—xdy +logx dx=0.

Sol. The given equation' can be written as

dy 1
— ——y==logx
dx ‘ x &
1
IF: ef x—e‘l"EX:l
‘ X
Therefore, the solution is
Y- J’Lzlogxdx+c ‘ : (f)
X X

Putting log x = ¢, so that x = ¢ and (1/x) dx = a’t,- we get
Yy ~t '
== ltedt
= |
=—tet-e'tc

' =—-(1/x)(l+logx)+c'

Hence the required solution is y +1+ logx=cx.

Example 10.22 JRINGE (1 + yz) +(x -

em_‘y)éz=0.
dx

Sol. Differential equation can be rewritten as
(1+5%) & =y
&

+ x= , 1
dy 1+y2 2 : M

J- 1

-1
LE=¢ " =7

Hence, solution is

4 tany tan,v )
e™ y—J dy+c
l+y
-1

tan 2tan”! Yy

= x-& Y =¢

Solve the following equationé:"

dy .
1. L4 +ycotx=smnx

2. (x+y+1)(dyldn)=1

3. 1-49) (dy/dx)+zx_y=x,/1 —x?
dy _ y '

4. —_—
“dx 2Zylhy+y-x

\/\/'—:

Bernoulli's Equation

o . ,
—= 4 = a 1
2 Y=y o ®

where P and Q are functions of x alone or are constants. Dividing

each term of equation (1) by y", we get

1 dy P :
— 2, = 2
ok Q | @

=v so that 1y = Ll
b —n dx

Substituting in equation (2), we get

Let —

dv

Equation (3) is a linear differential equation.

Example 10.23 JRVE (xyz —el/*}) dx —x* ydy=0.

Sol. Differential equation can be rewritten as
& M .
& x WP

?E+(l n)vP Q(1-n) )

F

Tl
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Example 10.25 IOV CE L R and Clly) '

dy 1 d :
Putting y* = £, We gety — = > el o . .
dx 2 dx _ Sol. Multiplying the given equation by &, we get
' d
Therefore, a _ Et B & M- oL e = @)
dc x x? : : dx .
-2f E Putting ¢’ = v, so that e’ Y ﬂ,
IF=¢e r = - dx dx
X
Hence, solution i? _ ' and equation (1) transform to % +e v=e"
1 o '
5 ' v
t'Lz =—2j%dx+c [F=d=¢"
x x i .
. Hence solution is ve® = J et dxtc
-2 7 ‘ :
=g Let o=t =edx=dt
- i _2 XL ‘ ' Hence solution is veex = jte’dt +e
xz -3— e*r +c¢ ‘ )
' . ' : S = eef=td-d+c
. L .
= 3y’ = 2% e +cx’ = ere’= fef —¢ +e
ferential Equation Reducible to the.Linear _ -
m ' ‘ _ I (M - Solve (x—1)dy +y dx =x(x— 1)y*? dx.
d ' Sol. Dividi 'dxm—l.th' i
ation of the form : £7(¥) 2};’ + £() PO =0) ) 0 ol D1v1d1ng bydxy “(x _ ), the given equation r'educes to
. - y_”s_d_'y_.l.-_l_yNB:x-
’ dy du : dx x -1
ut f)=u=f'(¥)-=—~
dx  dx 23 2 _indy _dz
puty“”° =z,sothat —y " ——=—-
. du 3 dx dx
n equation (1) reduces to e +uP(x) = O(x) Then given equation reduces to
« p . v . . dz 2 ) .
ch is of the linear differential equat19n form. = + e s = %x (linear form)
TIIEIEL] Solve (dy/d) + (x)= y>. _ 201 42 o
' | LF.= SET G (g
ol. Dividing the given equation by y?, we get _ - solution is given by
1dy 11 ‘ 2 . ’
LY o= : 1 : 3 _2 2/3
S odx Y x O z(x—1)* = -?:‘J‘x(x—l) dx+c
Putting 1/y* = v, we have : - * putting (—1)=¢> in the R H.S., we get
(2b%) dyldc=dvidx S (e -1 a
equation (1) becomes
‘ 3 24,2
= |{£ +1)t°3¢%dt
—%%+lv=10r%——v=—2- ' j( ) -
x x _ _ 7 444
This is a linear equation with v as the dependent variable. ' 3 .[ (t +t ) dt
[F= o J@nd - g2losrmyp2 = 3[(y8)* + Ws)7 ]
Therefore, the solution is v(l/xz) =-2 I(l/x,z) dx+c= 2/x = (3/8) (X—.l)sé-'*‘ @/5) (x-1)*

+c

or 2xy*+cx?y?*=1 Hence, the solution is yP= —lli(x—l)2 +%(x -1) +e(x— 1723,
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Solve the following equations

dy . 3 .2
2. — +xsin2y=x’cos
@Y Y

3. iy_+i—x\[;

dr (1-x%)

'GENERAL FORM OF VARIABLE SEPARATION

If we can write the differential equation in the form £(f(x, ))

d(f G, ) + ¢ (f5(x, ) d(f(x,$)) + ... =0, then each term can be
easily integrated separately. For this the following results must be

memorized.

() xdy +ydx=d(xy)
@) % =d(1)

x? x

@ M (X
= :

() X+ YE _ i)

W) xdy— ydx =d(1n Z)'
xy X/

dy — yd
W) =2 2x=d(tan"l X)
x°+y° x

(vii) xdx2+ yd: =d[ [2 + yz]
vy

: : © xdy-ydx
1B e SN IE  Solve xdx + ydy = I
' Y.

X

‘Sol. The D.E. can be written as
% d(x* +y%) = d{tan™" /=)
.Integrating, we get ‘
—;— (x2 ii—y2)=l:an_l () +e
Solve

{(x+1) (y/x) +siny} dx+ (x+logx+xcosy)
dy=0.

Sol. We can re-write the differential equation as
(y dx+x dy) + (ldx_+ logxdy)
x .

+(sinydx+xcosydy)=0
= d(xy)+d(ylogx)+d(xsiny)=0

Integrating both the sides we have
wy+ylogx+xsiny=c

, dx —xd
IRELTISURE]  Solve y* dx +20° dy = - 3 § ~.

_ Sol. The given differential equation can be written as
' dy — ydx
yidx+2xy3dy+ —-17 -——(x 24 2y )
xy x

= g de+ 225 dy+dylx) =0

=0

= Il e+ Ix2x? )8 dy+ﬁd(1)=o
Yy ¥y y \x .

= Laepactenys )+ ablx)
3 y/x

d(y/x)
y/x

=0

= % OF d(®) +3d()) +

1 . .
= 3 fa (x3y6)+jd(1og(y/;))=c
= x%*+3logy/x=constant

i ’ _ .2
Example 10.30 RO Y_ M— :
: . dx Cf(x)

Sol. Q=yf’(x)—y2
« = fx)
= yf@dx—f(x)dy=y dx
“(x)dx ~ d
W) yzf(x) Y _ a

= d [M] =d(x)
y
Integrating, we get

S
y

=x+tcor f(x)=y(x+c)

Solve the following equations:
L ydx—xdy+3x2y2ex3dx=0
dy 2xy :
2. T I T oo
dx  x*-1-2y
3. ydx+(x+x*)dy=0
4. ('+y)de—xdy=0

GEOMETRICAL APPLICATIONS OF
DIFFERENTIAL EQUATION

We also use differential equations for ‘ﬁnding the family of curves
for which some conditions involving the derivatives are given.
For this we proceed in the following way:

g

its

ro

ra




Equation of the tangent at a point (x, y) to the curve y = fx)is

ven by Y—yz% (X - x).

Atthe X axis, Y=0,and X=x— (intercept on X-axis).

y
dyfdx
Atthe Yaxis,X=0and Y=y—Xx % (intercept on Y-axis).

Similar information can be obtained for normals by writing

. oo d
5 equation as (Y — y);y + (X —x) =0.
Example 10.31 The. slope of a curve, passing through (3, 4)
at any point is the reciprocal of twice the
ordinate of that point. Show that it is a
parabola. '

Sol. It is given that & =—.
dx 2y
= 2ydy=dx
Integrating, we get y=x+c.
Now whenx=3,y=4, which givesc=13
Hence the equation of the required curve is y2 =x+13,

which is a parabola. '
Find the equation of the curve passing thfough

Example 10.32
(2, 1) which has constant sub-tangent.

Sol. We are given that
sub-tangent = _;___y_ = k (constant)
» dx
= k—=dx

Integrating we get, klogy=x+tc
Giwen that curve passes through (2, D=c=-2
Hence the equation of such curve isklogy=x-2.

[Example 10.3]
LO

Sol. Equation of tangent at any point (x, y)is

Find the equation of the curve such that the
square of the intercept cut off by any tangent
from the y-axis is equal to the product of the
coordinates of the point of tangency. ‘

dy
Y-y= —(X-x
-y= ¢ )
On Y-axis, intercept is given by putting X=0.
d
‘Y-intercept=y —x &

dx
According to the question,

@Y.
(y xdx] xy
1
! dy
! o yoxX=zx]
, yox xy

- +
l% N EX=_}’_—I"Z
X

(Homogeneous)

Differenuai Equauwons

VR

Lety=vx = & =v+x.d—v
dx “dx

o dv
Hence v+xa=v:l:\/;

:>+-—-:——

RARE
= +2Jv=logx+logc
2

= CX=€

= x= eﬂ‘ﬁn
e SIS Find the curve such that the intercept on the
x-axis cut off between the origin, and the
tangent at a point is twice the abscissa and
_ passes through the point 1,2.
Sol. The equation of the tangent at any point P(x, y) is

L |
v-y=2 (-9 0

Given that intercept on X-axis (putting Y= 0)=
' 2 (x-coordinates of P)
y dy

dy_d
y X v
Integrating we get xy = ¢
~ Since the curve passes through (1, 2), ¢ = 2.
_Hence, the equation of the required curve is xy = 2.
Find the equation of the curve which is such
that the area of the rectangle constructed
on the abscissa of any point and the intercept
of the tangent at this point on the y-axis is
equal to 4.

Seol.

Y]

Fig. 10.5
. — dy
Equation of tangent at P(x, ) is Y-y = -~ (X -x)

. dy
Y-intercept=y—x ——
pt=y—x dx
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area of OABC (y—x%)‘=4

= W_ﬁ-%::m

o %———y=:t;— *(tinéar)
LF.= S ELSE

the solution is y (1/x) =+ 4 j is-dx te

2 .
= =:I:-—2'+C

%I

D JUK Find the equation of the curve passing
‘ through the origin if the middle point of the

-segment of its normal from any point of the
curve to the x-axis lies on the parabola 2y2 =

Sol. Equation of normal at any point P(x, ) is .

dy B

= Y-y)+X-x)=0

dx( N+ X -x)= . |
. . dy

This meets the x-axis at 4 x+ya,0 .

Mid point of AP is (x+l EX X) §vhich lies on the

P Ve 2)) -

parabola 27 =x.

P .
y 1l dy o, B
2X —=x+—y——ory =2x+y—
4 T Yar
dt
Puttmgy =1, sothatZyZ—x—————,

dx
dt '
we get — — 2t = — 4x (linear
e get — —2 ( )
‘ZI dx —2x

LE=e =e

Therefore, solution is given by

te>= -4 J.xe'z"d_x+c

= —4[-lxe j—— -2 ldx:l
2

= ye¥=2e >+ eF+c L

Since curve passes through (0, 0), c=—1

soYe =2 +e -1 » _

or y? = 2x + 1 — & is the equation of the req{lired curve.
Trajectories
Suppose we are given the family of plane curves F (x, y, a)=0
depending on'a single parameter a.

A curve making at each of its points a fixed angle & with the
curve of the family passing through that point is called as
isogonal trajectory of that family; if, mpamcular o=n/2;thenitis
called an orthogonal trajectory.

Finding Orthogonal Trajectories

We set up the differential equation of the given family of curves.
Let it be of the form F (x, y,») =0
The differential equation of the orthogonal trajectories‘ is of

: 1
the form F (x y,— ) 0 and its solution ¢, (x, y, C) =0 gives
y

the family of orthogonal trajectories. .
IR SLKrd Find the orthogonal trajectory of y° = 4ax

(a being the parameter):
Sol. y’=4ax A . o)}

dy ‘
2y—==4 ,

= 4a @
Eliminating a from equation (1) and (2)

dy
=y
y=2% a

. d y
Replacing Ez— by —';ﬂ, we get
. ay

(2}

2xdx+ydy=0
Integrating each term,

2

x2+l._=

2x2+3y2=2¢
which is the required orthogonal tra]ectory

Example (X8 Find the orthogonal trajectories of x y=c.
Sol. xy=c- o

' . .. " dy

Differentiating w.r.t. x, we get x o +y=0.

: dy . dx o ‘

Replace = by— — togetx —-y=0
P dx y & 8 & y

Integrating x dx — ? ~ydy=0
= xX-y=c
This i is the family of the required orthogonal uajectones.

1. Find the equation of the curve in Wthh the subnonnal
varies as the square of the ordinate.
2. Find the curve for which the length of normal is equal to
* the radius vector. :

"~




. Find the curve for which the perpendicular from the foot
of the ordinate to the tangent is of constant length.

. A curve y = f(x) passes through the origin. Through any
point (x, y) on the curve, lines are drawn parallel to the co-
ordinate axes. If the curve divides the area formed by these
lines and co-ordinates axes in the ratio m:n, find the curve.

. Find the orthogonal trajectories of family of curves

P+yr=cx.

. Find the orthogonal trajectory of y* = 4ax (a being the

parameter). — .

[ATISTICAL APPLICATIONS OF
IFFERENTIAL EQUATION

The population of a certain country is known

’ C to increase at a rate proportional to the
number of people presently living in the
country. If after two years the population has

doubled, and after three years the population

is 20,000, estimate the number of people
initially living in the country. . :

Sbl. Lét N denote the number of people living in the countfy at
any time ¢, and let N denote the number of people initially
living in the country. '

Then, from a . N, aN k=0
dt dt
which has the solution N = ce® )

Att=0; N=Np; hence, equation (1) states that No = e,
. or that ¢ = Ny,

Thus, N = Noe” L @

Att=2,N=2N,. 7
Substituting these values into equation (2), we have
2 Ny = Nye* from which & = %mz
Substituting thi‘s value into equation (1) gives
. 1 - o
~n2 |t _
N= Noe(2 ) ' )

Atr=3,N=20,000. |

Substituting these values into equation (3), we obtain
20, 000 = Nye®?™2 = N, =20,000/ 232 =071

_Example 10.40.

What constant interest rate is required if an
initial deposit placed into an account accrues
U interest compounded. continuously 1is . to
double its value in six years?

(In]2]=0.6930)

Sol. The balance N(¢) in the account at any time £,

1.

Differential Equations 10.13

dN ' ' '
= kN =0, its solution is N(t) = ce" €]
Let initial deposit be Ny.

At ¢ =0, N(0) = N,, which when substituted into equation

(1) yields o
N,=ce®=¢ g

and equation (1) becomes N(?) = Nye® - )

We seek the value of k for which N = 2N, when ¢ = 6,

Substituting these values into (2) and solvingfor k we

find 2Ny =Ny® =e¥=2 =k= % In|2|=0.1155

An interest rate of 11 .55 percent is required.

A person places T500 in an account that interest
compounded continuously. Assuming no additional
deposits or withdrawals, how much will be in the account
after seven years if the interest rate is a constant 8.5
percent for the first four years and a constant 9.25 percent

for the last thee years (€%340=1.404948, ¢**7 = 1.447735,.

&457=1.910758).

PHYSICAL APPLICATIONS OF
 DIFFERENTIAL EQUATION

Example 10.41

Find the time required for a cylindrical tank of

T radius 7 and height H to empty through a

round hole of area a at the bottom. The flow
through the hole. is according to the law

v = k,/Zg h(¢) , where v (f) and A(?), are
respectively, the velocity of flow through the
hole and the height of the water level above
the hole at time ¢ and g is the acceleration due

- to gravity.

Sol.

Yy -

hole
Fig. 10.6
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Let at time ¢ the depth of water is % and radius of water
surface is r. . _ :
If in time d the decrease of water level is d#, then

—nr* dh = ak \[(2gh) dt
— 7r? 7
ak 2g \Jn
r? an
ak }/Zg N

Now when t=0,2=Hand whent=¢, k=0

dh=dt

=dr -

' art 0 dh
- —==1\ dr
2 o
. {2JZ}O =t
ak \J2g H
_ ar?2JH _
= =

B wls)
ak \2g ak \\ g

Example 10.42 Suppbse that a mothball loses volume by

evaporation at a rate proportional to its.
instantaneous area. If the diameter of the ball

decreases from 2 cmto 1 cmin 3 months, how

long will it take-until the ball has practically

gone? - o
Sol. Let at any instance (7), radius of moth ball be r and vbeits
volume :
= v=3g0
3

= Lg% 4nr? ar
dt dt .
Thus, as per the information

47r? % = —k4nr?, where ke R*

dr

= —=-k
dt
or | r=—kt+c
at t=0,r=2cm;¢t=3month,r=1cm
= c=2 k=l
3
= = —lt+2
3
nowforr—->0,t—>6

Hence, it will take six months until the ball is practically
gone. '

S LEEY A body at a temperature of 50 °F s placed

Sol. Let T"be the temperature of the body at time rand 7,, = 100
(the temperature of the surrounding medium). We have

1.

_witha velocity 2.5 v ms, A being the deptb of the water

outdoors where the temperature is 100 °F.
If the rate of change of the temperature of a
body is proportional to the temperature
difference between the body and- its
surrounding medium. If after 5 min the
temperature of the body is 60 °F, find (2) how

long it will take the body to reach a temperature -

of 75 °F and (b) the temperature of the body
after 20 min.

%?—k(T -T,)or j—f +kT'=kT,,, where kis constant 6f
proportionality. '

= a +kT= 100k
dt .
This differential equation whose solution is
T=ce*+100 . _ - ¢))
Since =50 when =0, ' '

then from equation (1), 50 = ce ™ + 100, or ¢ =— 50, .
Substituting this value in equation (1), we obtain

T=-50e*+100 )

Att=35, we are given that T= 60; hence, from equation @),

60=-50e>*+100. = -

Solving for k, we ‘6btain —40=-50e"%or = —%lngg
Substituting this value in equation (2), we obtain the
temperature of the body at any time 7 as '

T'=—50e0m0@s) 4 100 3)
(@ Werequire t when 7'=75. Substituting 7" =75 in equation
(3), we have '

75=~50eM) 0@ + 100, from which we gett

(b)) We require T when ¢ = 20. Substituting £ = 20 in
equation (3) and then solving for T, we find
= —50l1/5)in 4520) . 100

Find the time required for a cylindrical tank of radius 2.5 m
and height 3 m to empty through a round hole of 2.5cm

in the tank. _

If the population of country doubles in 50 years, in how
many years will it triple under the assumption that the
rate of increase is proportional to the number .of
inhabitants.

The rate at which a substance cools in movil;g’air is
proportional to the difference between the temperatures
of the substance and that of the air. If the temperature of
the air is 290 K and the substance cools from 370 K to.
330K in 10 min., when will the temperature be 295 K.

-~
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“subjective Type [

. Solutions on page 10.27

Solve [1 +e;)dx+ e (1 - 5)‘dy=0.
y

dy . (x+y)

. Solve —/—

i G+ -2

2
. Solvey (%) +2x%—y=0giventhaty(0)=\/§.

. Ify+ zdx—(xy) = x(sin x + log x), find y(x).

X 1
If jt y(£)dt =x>+y (x), then find y(x). Lo

. Given a function g which has a .derivat,ive g'(x) for everS/
real x and which satisfies g’(0) =2 and g (x+y)=¢ gx)

+e'g(y) for all x and y. Find g(x) and determine the range
of the function. ‘ '

. Let the function In( f () is defined where Sf(x) exists for .

+>2 and ks fixed positive real number. Prove that if
—Z; (x f0)) < — k fx), then fix) < Ax* 71 where 4 is

independent of x.

. If y; and y, are the solutions of the differential equation

% + Py =Q, where Peand Q are functions of x alone and

9
- Zax
¥, =¥,2, then prove that z = l1+c. e " ,wherecisan
arbitrary constant. B
If y; and y, are two solutions to the differential equation

% +P (®) y = Q (x). Then prove that y =y, + ¢ O01—y2)

is the general solution to the equation where ¢ is any
constant. a ’ :
Find a pair of curves such that :
a. the tangents drawn at points with equal abscissas
intersect on the y-axis.

b. the normal drawn at points with equal abscissas '

intersect on the x-axis.
¢. one curve passes through (1, 1) and other passes
through (2, 3).

. Given two curves: y = f(x) passing through the point

(0, 1) and g(x) = | f(t)dt passing through the point

—o0

EXERCISES

Ll 13.

one is correct.

1 .
(0, —}. The tangents drawn to both the curves at the
- n

points with equal abscissas intersect on the x-axis. Find
the curve y = f(x).

A cyclist moving on a level road at 4 m's stops pedalling
and lets the wheels come to rest. The retardation '
of the cycle has two components: a constant 0.08 m/s’
due to friction in the working parts and a resistance of '
0.02 v*/m where v is speed in-meters per second. What
distance is traversed by the cycle before it comes to rest?
(considerIn5=1.61).

u 14. The force of resistance encountered by water on a motor -

boat of mass m going in still water with velocity v is
proportional to the velocity v. Atz= 0 when its velocity is
v,, the engine is shut off. Find an expression for the
position of motor boat at time ¢ and also the distance
travelled by the boat before it comes to rest. Take the
proportionality constant as k> 0.

bjective Type

Each question has four choices a, b, ¢, and d, out of which onlj

1. The degree of the differential equation - satisfying -

‘.O V1—x2 +"1—y =a(x—y)is
a. l b. 2
c.3 ~ d. None of these
2. The differential equation whose solution is AP+ By =1,
where 4 and B are arbitrary constants, is of )
a. second order and second degree
b. first order and second degree
¢. first order and first degree
d. second order and first degree
L° 3. The differential equation of the family of curves
y = €" (4 cos x + B sin x), where 4 and B are arbitrary
constants, is '

d’y dy o
d’y . dy

b. —2+2—-2y=0
o e

€. —=+|—=—| +y=0
@ [dx 7

- 2

d. fi—_f—7_d—}.'+2y=0

4. Differential equation of the family of circles toucﬁipg thé
[! liney=2at(0,2)is ‘

a. 2+ (y—20+ %xy-(y—z)=o'

b.x'2+(y—2)(2—2xé-y)=0
' @ ).
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Caiculus

c x2+(y-2y+ (£+y—2)(y—2)=0
: dy

d None of these N
- The differential equation of all parabolas whose axis are
parallel to the y-axis is

3 2
%:0 b %:C
. ly .
] 3 2 2 :
3 2
a’ dy d? dx

. A differential equation associated to the primitive
y=a+ be.S" +ce " is (where y, is nth derivative w.rt. x)

ay,+t2y,-y =0 b 4y, +5y,-20y, =0"
¢ y,+2y,-35y,=0 d None of these
where y, represents nth order derivative.

- The differential equation of all circles which pass through
the origin and whose centres lie on the y-axis is -

2 @) %—2xy=0 b (2—y?) % +2=0

@)L n=0 a@-» Ly

. The form of the differential equation of the central tonics
ax’ +by*=11is B

dy } dy -
=y & . bx+y ==0
ax=y bhx+y
2 — | +xy—==y-—= d. None of these
¢ x(dx) Yo

. The differential equation for the family of curve x* + i
—2ay =0, where a is an arbitrary constant, is

a 2(x*-y?)y =xy b 2@ +y)y =xy

¢ (x> -y?)y’ =2xy d (x2+yH)y =2xy

as
a. % In(1+x?) b In(1+x?)
c..ln(x+\/_1+x2) d.ln(x+\/1—x2)

Ify= Tog TCX| (where c is an arbitrary constant) is the

general solution of the differential equation .
dyldx = y/x + ¢(x/y) then the function o(x/y) is

a.xz/yz- _ b.—xz./y2

¢ y/x? A =Rt

LN

. Ify=y(x) and

- The solution of the equation -~

. If=( —x)‘1 , Where y(0) =0, then y is expressed explicitly .

18. The solution of the equation '
&y +P)de+ 2 x- 1) dy=0isgivenby .

\} 12. The differential equation whose general solution is given

by,y =(c; cos(x+c,) - (el + (¢5sinx), where 1,65,
€3, C4, C5 are arbitrary constants, is

d'y d
FENNE
Iy &Iy d /
+ +—+y=0
& d de
S
¢ —{+y=0
d’y dzy a
4= -+ -y=0
e d?  dx

13. The solution to the differential equation y log y + xy’ = O,

where y (1) = ¢, is

a x(logy)=1 b. xy (logy)=1 . ;-

2
d. logy+ (g—]y =1

2+sinx (g '
— (—yJ=—cosx,y(O)= 1, then

¢. (log y)i =2

y+1 dx
y (7/2) equals : :
a. 173 ‘  b.23 [
e.—1/3 d. 1
. The equation of the curves through the point (1, 0) and
whose slope is }2}_ is 7
: . X" +x

a(-DE+D)+2x=0
b. 2x(y-D+x+1=0
Cx(y-D(x+1)+2=0
d. None of these
dy x(2logx+1) .
=————"1is
dx sin y+ycos y
x? |

a.ys'my=x210gx+7+c
b.ycosy=x2(logx+1)+c

_ 2
c. ycosy=xlogx+ 5 +c

d.y'siny=x210gx+c'

7. The solution of the equatiori log (dy/dx)=ax+byis . -

a e e‘”‘+ b,e"l"" e”

. —=—+c S ———=— 4

b a , -b a
P4 &

C.C. ——=—4+p¢

_ d. None of these
a b .




a x4 20—y +2nETDOFD g
[+

b. x2+_y2+2(x—y)+1n9‘__—1)(2’19=0
c

c x? +yz—+ 2(x—'y).—21n(x—_w =0
, ¢

d None of these
19. Solution of differential equation dy — sin x sin ydx =0 is

a. e tan %=c b. &**tany=c
c. cosxtany=c d. cosxsiny=c¢

20. The solution of ‘2—;’ +Ep=_gis

m
o mg mg
a v=ce " —— h v=c-—e "
k k
K, mg Ck mg
c. Ve ™ =c——— d ve™ =c———

k k
, 21. The solution of the equation dy/dx = cos (x y) is

x—y)=c b.x+cot(x_y)=C
2 _ 2

c. x+tan (x ;y ) —C - d. None of these

a.y+cot(

: d .
22. Solution of _dlx +2xy=yis

_2 ' : 2_
a.y=ce b.y=ce"

2
c.y=ce’ d.y=ce”

23. The general solution of the differential equatlon ’

is

[l —_
iz')—)+sm *y —sinx 24
dx 2 2

a. log tan (—}21) =c¢-2sinx

b. log tan (%) =c¢—-2sin (%)

y = .,
logtan| =+—|=c—2sinx
c og.‘ (2 4) _

d log tan (% + %) =c-2 sin‘(g)

'{)24 The solutions of (x +y + 1) dy=dx is
a.x+y+2=Ce b x+y+4=Clogy
e logxtyt2)= Cy dlogxt+tyt2)=C-y

25. The solution of x? @ _ =1+ cosZ is
g dx x

IS CHUAL LyYuauiving LRV

c. cos(z-)———l-k'£ d x2¥(c+x2)tanlr
\x X x
26. The slope of the tangent at (x, y) to a curve passing
through (1, E] is given by 2 _ cosz( ] then the
4 X x

equation of the curve is

o (2] renr(af)

c. y=xtan™ (log (ED d None of these
X

d .
u 27. Ifx _d% =y (log y — log x + 1), then the solution of the-

equation is

a.log£=cy h log cy
y .

><I‘<

c. log e d None of these
y

28. The solution of differential equation
yy’=x( ICE: )J N
x*f (y Ix%)

b X2/ =y
d fOPD)=cylx

i ;}_

a SO =6

eex*fAD)=c =
\Z)AZ solution of (¢ + xy) dy = (2 +y) dx is

a. logx=log (x—y)+ Yie
- X

b logx=2log(x—y)+ iv—+c.'
x

c. logx=log(x—y)+ Zie
’ y

d. None of these
30. The solutionof 7 +x+5)dy=(y—x+1)dxis

y+3 .
+3)2+ (x+2)) +tan™ ——+ .
a. log ((y +3)2+ (x+2)°) +tan y+2 C . -
-3 '
b Tog (v + 3+~ 2)2)+tan“y —=C
+3
e log((7+3P+(x+2P)+2tan” Z==C
_ o x+2
d log (v+ 3P +(x+2)?) - 2 tan™! y+2

31. The slope of the tangent at (x, y) to a curve paséing

o . XY :
through a point (2, 1) is , then the equation of .
the curve is
a 2(x2-y)=3x b 2(x*-)») =6y
c. x(x*-y)=6 d x(2+H)=10
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Solution of the differential equation (y + x\[xy(x+ y)) dx
+ (yJ—(x+y) x)dy =0 is

+ 2 tan'l \/E =c

Yy .

a x* +y ———+tan~ \/‘—c b.
+2cot” \/: =c d. None of these
¥y

\>32.

x+
C. y

. The general. SOlllthIl of the dlfferentlal equatlon
Y+ye x)—-0 ). ¢ (x) 0, where ¢ (x) is a known

function, is
ay=ce?@+ox) -1 hy=ce?P+¢x)-1
S ey=cet@-9x)+t1 dy=ce®@+¢(x)+1
where c is an arbitrary constant . - v
. dy P +y* o+l
\ . _y - __/_l__*_ . . — 1
\/34. The solution of o satisfying (1) = 1 is
given by
a. a system of parabolas  b. a system of circles
¢ y¥=x(1+x)—1 d (x-2)2+(y-3)*=5
35. The integrating factor of the differential - equation
%(x log, x) +y =2 log, x is given by
A x b e*
c. log x d log, (log x)

. The solution of the differential equatxon x(x2 + 1) (dyldx)
—y(l —x)+ x> logxis

a. y(x2+ 1)/x= ixz log x + % 2+ec
| | 1 2 1 5
b y¥(x2-1)/x= -2—x log x ~a x“+c

c y(x2+1)/x= %xz log x - 211— x* +c
d None of these
37. Integrating factor of differential equation

cOoS x (—12+ysinx= lis
dx

h tan x
d sinx

a. cos X
C. sec x

2 4

D 38. Solution of the equation cos* x % —(tan 2x) y =cos" x,

343 .

12
|x|<z,wheny —|=—is

a y=tan 2x cos’> X b. y=cot 2x cos’ x
c.y=% tan 2x cos? x dy='-li cot 2x cos? x
39. If integrating factor of

x(1-x3dy+Qxly-y- ax)zix OISeI

,then P
is equal to
3
2 —ax’ b 201
x(l—xz)-
2 _ 2_
. 2x°—a d 2x° -1

ax’ ' x(l —xz)

. sid)? = et b sin(x?)=x
. ¢ cosxjy?+x=0 d sin(x)?) =e &
\\/46. Solution of the differential equation
L]

40. A functiony =f(x) satisfies (x + 1) f "(x) - 2 (& +x) f(x)

x

,V x>-1.
Gy
If/(0)=5, thenf(x) is
(3x+5) 2 (6x+5) 2
a. € b. e
x+1 : x+1
. 6x+52 o~ d (5—6x)ex2
(x+1) x+1 .
\41. The solution of the differential equation
dy 1

dr xy[x* sin y? +1]
a. x* (cos y> —sin y2 — 2 Ce”’) =2
b. y*(cos x2 —sin y> — 2Ce™” "y =2
¢. x*(cos y* —sin y?>— e y=4C
d. None of these
42. The general solution of the equation % =1+xyis

~x212

2
a. y=ce ¥ 12

b. y=ce
c. y= (}c +c¢), 2 . d. None of these
. The solution of the differential equation (x + 2y3) % =yis

X

a — =y+tc h £=y2+c
y y
'xz .
c. — =y¥+c d L=x+¢
y X
\\/44. The solution of the differential equation
d .1
P2 cos ——ysin— =—1, where y ——1 as x — oo is
dx x x .
, .1 1 x+1
a. y=sin— —cos— hy=—: 1
x x xsin:
.
€. y=cos— +si1.1l d. - X+l
x x xcosl/x

. The solution of the differential equation

228 2 tan ()22, given ) - \/g is

L

1 - x? 1 | .
Z_ dx _1 -
{x (x—y.)z} +{(x—y)2 J’}dy oE

a. ln£+ 4 =c h A '=c-ex/y j;
I x-y x=y '
¢ Inpy|= d. None of these
x_
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47. Ify+x 6_1y_=x i'(ﬂ)_’then¢(xy)lsequalto c.x—--%—-{——j(xz +y2) =c
& ¢'()
: d. None of these
a kele : b kéyz/ 2. ’ ‘ U 54. Whi‘ch of the following is not the differential equation.of
12 , family of curves whose tangent form an angle of 7/4 with
c. ke d ke” s the hyperbola xy = ¢*?
48. The solution of differential equation (2y +xy~)dx dy x-y dy x
- +(x+xH)dy=0is : ' a —= h ==
dx x+ty dc x-—y
3 2y & N : .
2 = R A—— . 4 X
a xy*+ ¢ , L & z d None of these
- }7 —_— x .
x4y4 : _ _ 55. Tangent to a curve intercepts the y-axis at a point P. A line
c. xiy+ p =c d. None of these - perpendicular to this tangent through P passes through
) another point (1, 0). The differential e uation of the curve
| 49. The solution of ye N — (xeT) +y’)dy =01is s point ( ) ‘ 4 _
i aev+y*=C b xe“iy+y_=c - ) ’ ) 2
c. 2e+y2=C d e_—x/Y+2yz=C a_yjdl-_x(fb’_)‘ =1 b fi_y.i_(éy_) =0
’ y (x+y) o | & Ak o &
isfyi ion & = Z=———and . dx
50. The curve satisfying the equation o x (y3 ~2) "an c. y; +x=1 d. None of these
passing through the point (4,-2)is L‘ 56. The differential equation of the curve for whiét_i the initial
a yP=-2x b y=-2x _ ordinate of any tangent is equal to the corresponding
c. yP=-2x d None of these subnormal :
51. The solution of differential equation - _ . a. is linear

b. is homogeneous of second degree

x+ y = ) reos? (2 + ) ) c. has separable variables

dy 7 S ' ' d. is of second order
Y 57. Orthogonal trajectories of family of the curve P+ y2/ 3
dx - v _ : .
, 2 2 R =P , where a is any arbitrary constant, is
a tan(xz+y2)=%+c b.cot(x2+yz)='%+c K a. x2/3_y743___c b. _-y4/3=c
) ) e 1P +y4/3 =c d. xl/3—y1/3=c_
c. tan (2 +y?) = Y 4¢ dcot(e+P)= Z{ e 58. The dl‘ﬁ‘erentlal equation of all non-horizontal lines in a
x2 x plane is :
l 52. The solution of the differential equation . d2y R d*x 0
' * T2 -T2
ﬁdf_ _ 3x? y4 +2xy s dx dy
d  x*-2xy R a Lo
- : dx ,, dy
y2 3 2 x? 3 - 59. The curve in first quadrant for which the normal at any
a —-—x)y =¢ h——+x3y =c - S . .
) y2 point (x, y) and the line joining the origin to that point form-
an isosceles triangle with the x-axis as base is v
x'z 5 2 x 5.2 : a. an ellipse b. a rectangular hyperbola
c. -;—+x y =c d 3;_2" y-=c _ c. acircle . d. None of these

u 60. The equation of the curve which is such that the portion
' : of the axis of x cut off between the origin and tangent at
2, .2 2 .2 _ dv="0 ta any point is proportional to.the ordinate of that point is.
{1+x (x_ ty )}dx+{ (x +y ) Bydy ’ a. x=y(a— blogx) b. logx=by*+a .
is equal to c. x2=ya—blogy)- d. None of these
- (bis a constant of proportionality)

¢} 53. The solution of the differential equation

a x>+ —yi'+—1—(x2 +y2)3/2 =c ' dy  x*+x+1
2 61. The family of curves represented by —~=——— and

dc y4y+l S

w

' 3
1 2 o 2
b.x—%—+—£(x2 +y2) =c a§1+y +y+1=0

dr 3 +x+1



proportional to the number of inhabitants. f is the
population which doubles in 30 years, then the population

0.20 Calculus
a. Touch each other b. Are orthogonal > > 3
¢. Are one and the same  d. None of these a aln(\[y —a +y ): x+c
62. A normal at P(x, y) on a curve meets the x-axisat Qand N :
. b / 2_ 2 _
, , iy XV e myEe
_is the foot of the ordinate at P. If NO = -—————1 > then c p-ay=cx
+x . B — _1 ; .
the equation of curve given that it passes through the d ay=tan” (x+c) .
point (3, 1) is : . \ 71. The solution of the differential equation 4 dy
. . y(@2x'+y) =
a.x*-y*=8 b. 2+ 2y =11 L —(—aPis dx
c. 2—5Y=4 d. None of these _ = (1-4xy" )" is given by
63. A curve is such.that the mid point of the portion of the a 30HPR+y-=c .
tangent intercepted between the point where the tangent , ¥ 3 '
is drawn and the point where the tangent meets the y-axis b o+ 373 +c=0
lies on the line y = x. If the curve passes through (1, 0), , 5 ;
then the curve is _ o . c.zyx5+y—=x——4xy te
a, 2y=x'—x - b.y=x-x 5 3 3 3
c.y=x—x d. y=2(x-x% d None of these -
64. The equation of a curve passing through (2, 7/2) and \\/ 72. The solution of the differential equation (x cot y +
. ' 1 _ log cos x) dy + (log siny —y tan x) dx =0
having gradient 1-— at (x, y)is - : ] a. (sinx)” (cos yy'=c b. (sin ) (cos x) = ¢
a. y=x+x+1 * b y=+x+1 ¢. (sinxy (cosy)’ =c d None of these
c. Ay d- D fihese 73. Spherical rain drop evaporates at a rate proportional to its
65. A 'r'lormal at any point (x, ) t(; the curve y = £ (x) cuts a surface area. The differential equation cogrespondiﬁé" to
o . L . . : L. the rate of change of the radius of the rain drop if
triangle of unit area with the axis, the dlffgrentlal equation constant of bro ionality is K> 0 i , p if the
of the curve is : 4 proportionality 1s 15
2 2 - r _ i dr
. d 4 a — +K=0 b — -K=0
A - (d—y) LS xz—yz(—y) =2 . o dt dt
\dx dx dx dx & .
| d) . c 7 =Kr- d None of these
Xt y—= d. None of these : . .
, X TY dx Y i \\/74. Water is drained from a vertical cylindrical tank by
66. The normal to a curve at P(x, y) meets the x-axis at G. If the opening a valve at the base of the tank. It is known that ;
distance of G from the origin is twice the abscissa of P, the rate at which the water level drops is proportional to ;
then the curve is a ~ the square root of water depth y, where the constant of
a. parabola ' " b. circle propf)rtionalit_y k >0 depends on the acceleration due to
c. hyperbola d. ellipse gravity and the geometry of the hole. If # is measured in ' ;
67. The x-intercept of the tangent to a curve is equal to the minutes and & = 1 then the ti . i
. =—, time to drain thy i
ordinate of the point of contact. The equation of the curve ‘ 15" n the tank if the 3
through the point (1, 1) is water is 4 m deep to start with is *\
a. ye''’ =e b xe’ =e a.zgmm . ‘ b.45rm:n
c. xe¥'*=e d. ye'*=e mm : d 80min ’ ]
68. The equation of a curve passing through (1, 0) for which 75/The population of a country Increases at a rate %

the product of the abscissa of a point P and the intercept

madé by a normal at P on the x-axis equals twice the

, ) will triple i i
square of the radius vector of the point P,is a 35) yee;l;:pp romately b 45 years
a. xl+y=x b. x* +)7 =2 . ¢ 48years d S4years . -
¢ x* _+Y2 = """A : . d None of these . - Q76. Anobject falling from rest in air is subject not only to the -
Q 69. The differential equation of all parabolas each of which \/ gravitational force but also to air resistnace. Assume that
has a 1'atus rectum 4a and whose axis are parallel to the the air resistance is proportional to the velocity with
X-axis 18 constant of proportionality as k> 0, and acts in a direction
a. of order 1 and degree 2 b. of order 2 and degree 3 opposite to motion (g = 9.8 m/s?). Then veloci
. . . 1 velocity cannot
: c. of order 2 and degree 1 d. of order 2 and degree 2 exceed - .
\\/70. The. curve, with the property that the projection of the a. 9.8/km/s b. 98/k m/s
ordinate on the normal is constant and has a length equal

k o _ . .
to0ais C. ﬁ S d. None of these




Z77. The solution of differential equation =1

a y=x*(lnx-1)+c

+...18

b y=x(nx-1)+tc

dy= 2

c.p=x(nx—-1)+c + c R
78. The solution of the differential equation y’ y"’' = 3(p7) is
a. x=4,2+4,y+4 b. x=A4,y+4, '
c.x= Ayz+Ay d. Noneofthese
;-\79. Number of values of m e N for whichy= ™ is a solution

d? d?
of the dlfferentlal equation Z -3— Y 4% & +12y=0
dx dx* dx
a. 0 b. 1
c. 2 d. More than 2

80. A curve passing through (2, 3) and satisfying the”

differential equation It y(@)dt= 2y (x), (x >0) is

a2 +y=13 'b.y2=‘%x
2 2 /
e T4l =1 d. xy=6

81. The solution of the differential equation % = sin 3x

+ & +x*wheny, (0)=1andy(0)=0is

— sin 3x Xt
a +er+ —+=-x-1
9 12 3 _ .
~sin 3x - DA | : ‘o
+ e +t—+ox -
9 123
—cos 3x & 1
c. +&f+—+ - x+l
3 12 3

d. None of these

\ 82. The solution of the differential equation
v 3 .5
LA
CEYIET _dx— dy
2 4 dirdy
1+§—+£—+ y
21 4 :
a 2ye&=Ce+1 b 2ye&=Ce-1
c.yE=Ce+2 d. None of these

The solution of the d1fferent1a1 cquatlon

@83.
'_ dy . y* (dy _dl .
x=1+ xy?d;-i- X (dx 3' g 4. 18
! a y=ln@)+c b y?=(lnxp+c
: c. y=logx+xy d.xy=x’+c
A —11&

c—l c+l1

84. The diﬂ’ereﬂtial equation of the curve

given by

a '[Q—l)(y+x£12—)=2dy
dx dx)  dx

AUt stenms = = -

d None of these

de dx

85. The function f(6 -
19 = 4690 1—cos@cosx

satisfies the

C}

differential equatiori‘

a d—]:i—((f—)+2f(e)qot6=0 b %-y(e)cote:o

s 4 Y _
e~ +2£(6)=0 d —--2/©)=0

86. Differential equation of the family of curves v=A/r + B,
where A and B are arbitrary constants, 1s

2, "
dr r dr dr* rar
d? '

c. '—'—‘—I +— 2 dv =0 d. None of these

ar? r dr
The solutlon of the differential equation y”’

y(0)= g LY (@)=0,y" (0)=1is’

a 1 'e8x+x AT __1,e8"+ +7
I _tfer T
MErawry o] >V 88 8

S LG
Yy ls

88. The solution of the differential equation

—8y”=0where

\987.

+ %) d. None of these

d
(e*; +ey2)y—y— + e"2 (xp* -x)=0is

a & (- 1)+ey—c hey @-n+¢e =
e @ 0*- 1)+e =C d e (y 1)+ey—C

‘Multiple Correct
Answers Type -

Solutl s on pag‘ ;1 .44

Each question has four chonces a,b,c, and d, out of wmch oneor
more answers are correct.

\ 1. Which one of the followmg function(s) is/are
e homogeneous?

y'
a (x’ )— . _-"
fGy x2+y2 ‘
12
b f(x,y)= x*y 3tan”™!
y

c f(an);x(lﬂ\/x—Z:?—lny)ﬂ:ex/y )

d.f(x,y)=x[ln

Y ln(x+ y.)}-+yztanx+2y
o 3x—y

S P A VI SR
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. For the d1fferent1a1 equation whose solutlon is (x — k)

. The solution of Q =
dx

Calculus

2

+(y-k?=d’(aisa constant), its
a. orderis 2 b. orderis3
. ¢ degreeis 2  d degreeis 3

- The equation of the curve satisfying the differ?ntial

dy')’ ’
equationy(zy) +(x~y) % —x=0canbea

a. Circle b. Straight line
¢. Parabola d. Ellipse
- Which of the following equation(s) is/are linear?
dy |y dy)
.=+ = =] b. yj = |+4x=0
a o T Tlogx y(dx

. (2x+3%) (%) = d. None of these

h
represents a parabola when
by +k

b.a#0,b#0"
d.a=0,be R

a.a=0,6#0
¢. b=0,a#0.

. The equatlon of the curve sansfymg the differential

equation y,(x? + 1) = 2xy, passing through the point (0, 1)
and having slope of tangent at x = 0 as 3 (where ¥y, and y1
represents 2nd and 1st order derivative), then

a. y=1(x) is a strictly increasing function

b. y =f(x) is a non-monotonic function

‘¢. y =f (x) has three distinct real roots

d. y =1 (x) has only one negative root

. Identify the statement(s) which is/are true. -

a f(x,y)=e™+tan isa homogeneous of degree zero.
X . -

2

boxin Ldx + 2

x x
d1fferent1al equatlon

¢ f(x,y)=x>+sinx cosyis anot homogeneous

d. (x* + yz)dx = (x* — y*)dy = 0 is 2 homegeneous -

differential equation.

- The graph of the function y = f (x) passing through the

point (0, 1) and satisfying the differential equation

% +y cos x = cos x is such that

a ltisa constant function

b. It is periodic

¢. It is neither an even nor an odd function

d It is continuous and differentiable for all x :
If f (x), g(x) be twice differential functions on [0, 2]
satisfying f”(x) = g"(x), f'(1) = 2g (1) =4 and £ (2)
=3g(2)=9,then = -

a f(4)-g(9)=10 .

b. |f(x)~g(x)|<2=-2<x<0

. fQ=g)=>x=-1

d. f(x) — g(x) = 2x has real root

. The solution of the differential equation

- dy+2xy° de=0is

a l+x3y2=cx b 1+xy?=cy

LsinZdy=0is a homogeneous .~
X

\13. The solution of X&¥yly _ 1-x"—y is
\/ xdy — ydx x? +y?

=

X

Reasoning Type
Each question has four choices a, b, ¢, and

one is correct. Each question contains STATEMENT 1 and
STATEMENT2.

a. ifboth the statements are TRUE and STATEMENT 2isthe

14. The curves for which the length of the normal is equal to

\ 15. In which of the following d1fferent1al equation degree is

\/\, not defined?

b. if-both the statements are TRUE but STATEMENT 2 is
c. if STATEMENT 1 is TRUE and STATEMENT 2is

d if STATEMENT 1 is FALSE and STATEMENT 2 is

c. y=0 dJ’:—iz
x
11. y=ae ™ + b is a solution of % = lz , then
aaeR -
b 5=0
¢ b=1

d. g takes finite number of values

12. For equation of the curve whose subnormal is constant

then
a. Jts eccentricity is 1

b. Its eccentricity is 2
¢. Its axis is the x-axis
d Tts axis is the y-axis.

2 2

a. \/xz +. y? =sin {tan”'(y/x) + C}

b.»'\,/x2 +3% = cos {ttan“y/x) +C} »
¢ \./xz +y? .=(tan..(sin“y/x)+C)’
dy=x tan(c +sin”! m)

the length of the radius vector is/are

~ a circles b. rectangular hyperbola
‘c. ellipses d straight lines

P \dx dx?
) .
dzy dy ] a'zy
b. (ZXTJ +(;) =xsm(dx—2 !,
. {dy ,
C X sm(dx y) |x|.‘

d x-2y=log| Z|
X y Og(dx)

correct explanation of STATEMENT 1
NOT the correct explanation of STATEMENT 1 ar
FALSE.

TRUE.

L(_)4

L]S

Lin
Typ

Basec
have

andd
For P

Letf(J
Vx>

functic

For Pr

i The dif



R Statement 1: The differential equation of all circles ina
- plane must be of order 3. :
Statement 2: There is only one circle passing through
. three non-collinear points. :
1 Statement 1: The differential equation of the family of

' ' . d
curves represented by y = A" is given by a—}i =y.

Statement 2: % =y is valid for every member of the

given family.
3. Statement 1: Degree of the differential equation 2x—3y+

2=log (%) is not defined.

Statement 2: In the given differential equation, the
power of highest order derivative when expressed as the
polynorrfials of derivatives is called degree: '

4. Statement 1: Order of a differential equation represents
number of arbitrary constants in the general solution.
Statement 2: Degree of a-differential equation represents
number of family of curves.

5. Statement 1: The order of the differential equation whose

general solution is y = c,cos2x + csin’x + €5608°%
+ e+ cs €% is 3. »

Statement 2: Total number of arbitrary parameters in the
given general solution in the statement (1) is 3. =~ - -

ied upon each paragraph, three multiple choice questions
e to be answered. Each question has four choices a, b, ¢,
1d, out of which only oneis correct. ‘

. Problems 1-3

> . x
f(x)bea non-positive continuous functionand F(x)= I f6dt
' ' 0

-> 0 and f(x) = cF(x) where ¢ >0 and let g : [0, oo} —> Rbe a
ction such that 'dii") < g(x)V x> 0and g(0) =0.

1. The total number of root(s) of the equatidn f@x=
g(x) is/are

a, o« b. 1
c.2 . d. 0 :
2. The number of solution(s) of the equation b +x—6|=f(x)+ '
‘g(x) is/are ' -
a2 _ b 1
c. 0 ' d. 3

3. The solution set of inequation g(x)(cos"lx —sin?x)<0
1 [
a |-, — b |—=.1
[ \Fz] L/i ]
1 1
c. |0, = d |0, —|
{ ﬁ} ( 2]

v Problems 4-6 \>

. differential equation y =px + (), 0N

pierentat Equduoins 1v.eo

dy . . . .
where p= e is known as Clairout’s Equation. To solve equation
(1), differeritiate it with respect to x, which gives either

== O0=p=c ) o )
orx+f(p)=0 ' €)

i p is climinated between equations' (1) and (2), the’
olution obtained is a general solution of equation. (1)
If p is. eliminated betweén '

differential equationy =xy’ + \’ 1+y? 7
a. The general solution of equation is family of parabolas
b. The general solution of equation is family of circles
¢. The singular solution of equation is circle
d The singular solution of equation is ellipse
5. The number of solution of the equation f(x) =—1 and the

: : , & (Y .
singular solution of the equation y = x :;—) +(2J;;) is
al b2
c 4 do

6. The singular solution of the differentia_lvequation y=mx
4 .
+ m—m® where, m = i—; passes through the point
a. (0,0) b. (0,1) '
c. (1,0) d 1,0

For Problems 7-9

5 _

For certain curves y = f (x) satisfyin % = 6x —4, f(x) has local
minimum value 5 whenx=1.

[1 7. Numberofcritical point fory =f(x) forx € [0,2]

- :

a0 bl
) d3

8. Global minimum value of y=/(x) forx € [0, 2]is
as b 7
c. 8 S d9

9. Global maximum value of y =1 (x) forx € [0,2]is
as 7 . 8 - 49

For Problems 10-12 _

A certain radioactive material is known to decay at a rate
proportional to the amount present. Initially there is 50 kg of the

material present and after two hours it is observed that the -

material has lost 10 percent of its original mass. Based on these
data answer the following questions.
D 10. The expression for the mass of the material remaining at
Ao any time ¢ .
a. N-_—_ 508— (1/2)(n0.9) ¢
¢. N=50e 0!

b. 50e (/=9 ¢
d None of these




10.24 Calculus

11. The mass of the material after four hours
a. 50°95n° b. 50¢2"°
¢. 50g-n09 d. None of these
12. The time at which the material has decayed to one half of
its initial mass
a. (In 1/2) /(17210 9) hr
b. (In2)/(-1/21n0.9) hr
c. (In1/2) /(<172 1n 0.9) hr
d. None of these

For Problems 13—-15

Consider a tank which initially holds ¥, Itr. of brine that contains
a Ib of salt. Another brine solution, containing & Ib of salt/ltr., is
poured into the tank at the rate of e lir/min while,
simultaneously, the well-stirred solution leaves the tank at the
rate of f ltr./min. The problem is to find the amount of salt in the
tank at any time ¢.

Let O denote the amount of salt in the tank at any time. The
time rate of change of O, d0/dt, equals the rate at which salt
enters the tank minus the rate at which salt leaves the tank. Salt
enters the tank at the rate of be lb/min. To determine the rate at
which salt leaves the tank, we first calculate the volunie of brine
in the tank at any time ¢, which is the initial volume Vy plus the
volume of brine added et minus the volume of brine removed ft .
Thus, the volume of brine at any time is

: Vitet—ft ' @

The concentration of salt in the tank at any time is Q/(V,, + et

- f1), from which it follows that salt leaves the tank at the rate of

13. A tankinitially holds 100 ltr. of a brine solution containing
201b of salt. At £=0, fresh water is poured into the tank af
the rate of 5 ltr./min, while the well-stirred mixture leaves
the tank at the same rate. Then the amount of salt in the

tank after 20 min.
a. 20/e - b. 10/e
¢. 40/&* d. 5/e

14. A 50itr. tank initially contains 10 Itr. of fresh water; At = 0,
a brine solution containing 1 1b of salt per gallon is poured
into the tank at the rate of 4 ltr./min, while the well-stirred
mixture leaves the tank at the rate of 2 Itr./min. Then the
amount of time required for overflow to occur is

a. 30 min b. 20 min
c. 10min d. 40 min

15. In the above question, the amount of salt in the tank at the

moment of overflow is
a 200b '
c. 30ib

Matrix-Match Type B

Each question contains statements glven in two columns whlch

b 501b »
d None of these o

have to be matched. - : ‘

Statements a, b, ¢, d in column I have to be matched w1th
statements p, q, r, s in column I1. If the correct matches are a-p,a- |
s, b-q, r; c-p, q and d-s, then the correctly bubbled 4 x 4 matrlx |

. should be as follows:

P q r

S
9 i
f(Vo_'_et_ﬁ)Ib/nun. . @@
o . . @O G
Thus, E=be—f(V0+et—ﬁ] ®) - ¢ O
or gg+—f—Q=be . . d ®®®
dt Vy+et—fi _ -_%eqi
1.
\\/ 'Covllylmnlw
a order1”

S border2.

. ddegree3”

equatxon

(n



Integer Type §

1fy = y(x) and it follows the relation 4x¢? =y + 5 sin’x, then

1 2

4130 EBRTLARS 1

1.

3.

({4
1) s.

1 6.

5’\ 8.

umerenudl cyuauui

1V

q 4
r. 2
' the differential equa
. equation, then th
s. 1

y’(0) is equal to

If x% =x*+y—2, y(1) =1, then y(2) equals

If the dependent variable y is chan ed to ‘z” by ;hé
substitution y = tan z and the - differential equation

2 2(1+y) (dyV  g*
g’_%___l_‘__(___,:_)(_y_) is changed to i_zz_ =cos’z+
dx 14y \dx dx
" (dzV
k ) then the value of k equals

Lety=y (f) beasolution to the differential equationy’ +2ty

= £, then 16 lim % is

{00

If the solution of the differential equatioﬁ
1 .
»_ : is x=ce"™ — k(1 + siny), then the
dx - xcosy-+sin2y-

value of k is : ] .
If the independent variable x is changed to y, then the

d’y (dy > ody
differential equation xeT + ) o = (s changed

d*x dx z
to x—7+ —_
dy dy

= k where k equals

. The curve passing through the point (1, 1) satisfies ‘the

dy

dx

2 2
_______‘J(’“l)()"'l)=o,1fthe

differential equation

curve passes through the point (\/E, k) then the value of »

(k] is (where [-] represents greatest. integer function)
Tangent is drawn at the point (x;,y) on the curve y = Sfx),
which intersects the x-axis at (¥, 0)- Now, again a
tangent is drawn at (X415 Yir1) OB the curve which
intersects the x-axis at (X;,, 0) and the process is repeated
n times, i.e., i =1, 2, 3,....1. If x;, Xg, X35 s X form an
arithmetic progression with common difference equal to
log,e and curve passes through (0, 2). Now if curve passes
through the point (-2, k), then the value of kis

. The perpendicular from the origin to-the tangent at any

point on a curve is equal to the abscissa of the point of

L\ 10.

L\-IL

Archives RS

Subjective

1.

. the differential equation describing such curves isy

UZ.

[ 4

contact. Also curve passes through the point (1, 1). Then
the length of intercept of the curve on the x-axis is

If the eccentricity of the curve for which tangent at point ,o
P intersects the y-axis at M such that the poinf of ¥
tangency is equidistant from M and the origin is e, then
the value of 5¢* is ’ o

If the solution of the differential equation & _ y=1-¢&~*

and 1(0) =y, has a finite value, whenx — o, then the value
of [2/y,| is

.. Solations on'page 10.52

)

A normal is drawn at a point P (x,) of a curve. It meets the
x-axis at Q. If PQ has constant length k, then show that
dy
dx &y
=% 1/ k* — y*. Find the equation of such a curve passir,ig-;"{
through (0, k). (IIT-JEE, 1994) 7 -
Let y = f(x) be a curve passing through (1, 1) such that the )
triangle formed by the coordinate axes and the tangent at
any point of the curve lies in the first quadrant and has
area 2. Form the differential equation and determine all
such possible curves. (T-JEE, 1995)

. Determine the equation of the curve passing through the

origin, in the formy =f (x), which satisfies the differential
(UT-JEE, 1996) -

4 and B are two separate reservoirs of water. Capacity of
reservoir 4 is double the capacity of reservoir B. Both the
reservoirs are filled completely with water, their inlets are
closed and then the water is released simultaneously form -
both the reservoirs. The rate of flow of water out of each
reservoir at any instant of time is proportional to the
quantity of water in the reservoir at the time. One hour
after the water is released, the quantity of water is

equation % =sin (10x + 6y).

reservoir 4 is 1 > times the quantity of water in reservoir

B. After how many hours do both the reservoirs have the
same quantity of water ? " (T-JEE, 1997)
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Calculus v

Let u(x) and v(x) satisfy the differential equation I

+ p(x) u = f (x) and % + p(x)v = g(x) are continuous '

functions. If u(x,) for some x; and f (x) > g(x) for allx>x),
prove that any point (x, y) where x > x;, does not satisfy
the equations y =u(x) and y = ¥(x). (IUT-JEE, 1997)

. A curve C has the property that if the tangent drawn at

any point P on C meets the co-ordinate axis at A and B,
then P is the mid—point of AB. The curve passes through
the point (1, 1). Determine the equation of the curve.
(IIT-JEE, 1998)
A curve passing through the point (1, 1) has the property
that the perpendicular distance of the origin form the

‘normal at any point P of the curve is equal to the distance

8.

o

10.

gt

12.

13.

of P form the x-axis. Determine the equation of the curve.

(OT-JEE, 1999) .
A country has a food deficit of 10%. Its population grOwWs.:
continuously at a rate of 3% per year. Its annual food
production every year is.4% more than that of the last
year. Assuming that the average food requirement per
person remains constant, prove that the country will
become self-sufficient in food after n years, where nis the

llest integer bigger thar lt—ln—lo_/ln‘g—
smallest m eger lgger an or equa 0 ]_n (104)—0.03 .

(IIT-JEE, 2000) -

Letf(x),x=0,be a non-negative continuous function, and

let F(x) = _J.:f(t) dt, x 20, if for somec>0,f(x)£c_F".(x)

for all x > 0, then show that /' (x) =0 forall x 2 0.

' (ITT-JEE, 2001)
A hemi-spherical tank of radius 2 m s initially full of water
and has an outlet of 12 cm? cross-sectional area at the
bottom. The outlet is opened at some instant. The flow
through the outlet is according to the law v = 0.6

J2gh(¢) , where w(f) and h(2) are, respectively, the’
velocity of the flow through the outlet and the height of
water level above the outlet at time ¢, and g is the
acceleration due to gravity. Find the time it takes to empty
the tank. (Hint : Form a differential equation by relating ;
the decrease of water level to the outflow). .
A right circular cone with radius R and height H contain
a liquid which evaporates at a rate proportional to its
surface area in contact with air (proportionality constant,
= k> 0). Find the time after which the cone is empty.
(OT-JEE, 2003)

‘A curve C passes through (2, 0) and the slope at x»

Cx+DP+ (-3
as

x+1 '
Find the area bounded by curve and x-axis in fourth
quadrant. (IT-JEE, 2004)
If length of tangent at any point on the curve y = f
intercepted between the point and the x-axis is of length /.
Find the equation of the curve. (IIT-JEE, 2005)

. Find the equation of the curve.

. Objective

Fill in the blanks _

1. A spherical rain drop evaporates at a rate proportional to
its surface area at any instant . The differential equation
giving the rate of change of the radius of the rain drop is

: (IIT-JEE, 1999)

Multiple choice questions with one correct answer

1. A curve y = f (x) passes through the point P (1, 1). The
normal to the curve at Pisa (y— 1)+ (x— 1) = 0. If the
slope of the tangent at any point on the curve is
proportional to the ordinate ‘of the point, then the
equation of the curve is

ay= k-1
c.y= ek x=2)

h y=¢*
d None of these

(IIT-JEE, 1996)
u 2. The solution of the differential equation

2

(—{1)—)\ —xﬁi—}i+y=0is :
dx) * dx
a y=2 b y=2x
c.y=2x—4 dy=2x"-4

(IT-JEE, 1999)

3. Ify(7) is asolutionof (1 +%) % —ty=1and y(0)=-1, then

y(1)is

a—1/2. bhoe+12
c.e—12 d i (IIT-JEE; 2003)
_ 2+sinx d_y _ - :
4. If y = y(x) and ————y 1 (dx) = —cos x, }(0) = 1, then
Ty @l2)= ' e
a 13 h23 -
c. —-1/3 dl1 " (IT-JEE, 2004)

5,/The solution of the primitive integral equation (x> + %) dy
: =xydxisy=y). lfy(1)=1 and y(xy) = e, then x; is

a \/2 (¢ -1 b \/2 (€ +1)

e +1
2
6. Forthe primitive integral equation ydx + Ydy=xdy;xe R,
y>0,y(1)=1,theny(—,3)is, :

c. V3 e d

(ITT-JEE, 2005)

a3 h 2 » :
c 1 ' d5 (IIT-JEE, 2005)
( 2
\97. The differential equation % = LL determines a
y

family of circles with ' !
a. Variable radii and a fixed centre at (0, 1).
b. Variable radii and a fixed centre at (0,— 1).

- ¢. Fixed radius 1 and variable centres along the x-axis.
d Fixed radius 1 and variable centres along the y-axis.

Multiple choice questions with one or more than one correct
answers

1. The order of the differential equation whose generdl
x+Cs

solution is given by y = (C; + C) cos (x + C3) — Cue




A e

\\ 3.

where C;, Cy, Cs, Cs, Cs, are arbitrary constants, is
as b 4 '

e 3 d?2 (IT-JEE, 1998)

. The differential equation representing the family of

curves y* =2¢ (x +e ) ,wherecisa positive parameter,

isof
a. order 1
b. order2
¢c. degree 3 '
-d degree 4 . (IIT-JEE, 1999)
A curve y = f (x) passes through (1, 1) and tangent at P
(x, y) cuts the x-axis and y-axis at A and B respectively
such that BP : AP = 3:1,then
a. equation of curve is x 3y=0"
b. normalat(l,1) isx+3y=4
. curve passes through 2, 1/8)
d equation of curve is xy +3y=0

(UT-JEE, 2006)

Subjective Type §

dy
x+ydx' Y
4 —x2+2y2+——

y —x’Ty,

. ax

xdx + ydy _ ydx—xdyzz_ '
2 + °)> 2 o

d @G+ %) _ 1 d [_’ﬁ)
j(x2+y2)2 zsz/yz y

Integrating both sides, we get

L 22,
«+y) *y
_21, 1

X

. Given (1 +e"’")dx+ e (1 - —) dy=0

y

= (1+e"’y)é£+e"’y 1-Z]=0
dy y

dav

Differential Equations  tv.&s

Integer type . -

1.

\ll.

ANSWERS AND SOLUTIONS

Let fbe a real-valued differentiable function on R (the set
of all real numbers) such that £(1)= 1. 1f the y-intercept of
the tangent at any point P(x, y) on the curve y = fx)is
equal to the cube of the abscissa of P, then the value of £
(—3)is equal to :

' : (OT-JEE,2010)
Lety'(x)+ y(x)g () =g @), y(0)=0,x € &, where f'(x)
df (x) ’

denotes ,and g(x) is a given non-constant differen-
tiable function on R with g(0)= g(2)=0. Then the vatue of

y(2)is
(IT-JEE, 2011)

.. Letf: [1, =) be a differentiable function such that f(1)=2.1f

X R
6 [ f@ydr =3xf() _ 2 forall x> 1, then the value of(2)
1 .

is " (UT-JEE,2011)

Integrating, we get
Iny=-ln(v+e)+inc

X
= In|y Zie? ||=lnc
: y _

= x+y &7 =c
dy __ @y’
& (x+2)(y-2)
dy _(x+2+y —2)%
x (x+2)(y-2)
On putting X =x +2 and Y=y -2, the given differential
equation reduces to
v _ X+
X XY

= V——12- in(+2V)=2InX+C
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. . 2 2
R +2=54,22+9./3
where X=x+2,and Y=y -2 = X ¥y . S5+x ZJ;x
Ay (%J t2x ;y -y=0 . 5. The given differential equation is

d .
d v+ — () =x (sin x+logx)
Solving quadratic in z_ixyr’ we get :

dy  —2x % 4x? + 4)*

y _ _
Le., xi +2y =x(sinx+logx)

& 2y or ii%+gy=sinx+_logx 6))
d —xtx + P o : This is a linear different equation

= -+ = ————— which is homogeneous. o :
dx -y . ' 2-[ % dx 2 log.x -
‘ &y v : LF. =e =g .=x2 . )

Puty =vx = P X o : ' . solution is given by -

Then given eqqation transforms to yxl = J‘ % (sinx +logx) dx +c

dv —1EJ1e? ) o % Ea

v+x — =—x2cosx+2.xsxnx+2003x+ —logx - — +¢

dx v 3 9

: ' 2 2 x X c
, d : : - ot il fd _r
= vzﬂ.cv;é=—1:b ’1+v2 _ o - ory cosx+xs_1.nx+-x2 cosx+3logx 7 3'~.l- z

dv .
= P+ * 1+ =xv— o .6 jty(t)dt =x2+y ()
- J- J-_ ' leferentlatmg both 51des w.L.t. x, we get
a+v )+\/v +1 xy(x)=2x+y (x)

hence Q —xy=-—2x (linear)
1) T dx

J‘ vdv =—J‘é v
oo 2 2 X
.\[v +1 (\’1 +v il) I,F,=e-[_xdt=e_-xz/2
. : N lution i -2212 J- ) —lezdx
- ; . . solutnon i1s ye =|—zxe
ut 147 21=t = —L—dv=dt

J1+v = y=2+ ceFI2

ifx=a =2+y=0 =y=-gq

2
- dt
Then equation (1) transforms to IT =— I— ‘ L
S hence—a*=2+ ce
= Int=-Inx+Inc )
-a2/2

= fx=c ' _ = ce =_(2+a2)
= (\ﬂ + V2 il)x=c ' . N C=—(2+a2) eaz/z
. ' (@22
= J+yti=c - = y=2-Qtd)e
' 7. Put x=0;y=0= g(0)=0

Given whenx=0; y= \/g
- ' andg'(0)= lim % -5
~ B -0meme=5 £ Jim £




g(x+h—g®
A

Now g'(x)= hliino

_ g CED + e = g
h—0 h

h
= gx)=gk)+2¢

h—0 r—0 h

h o .
=g(x) lim (e —1)+e' Iim g(h_)

Let g(x) =y then %};— =y+2e

L ay S
= &F = —ye*=2
ax

= _d_(ye—x)zz

= ye =2x+c
Givenifx=0,y= 0=>c=0
Then ye™* = 2x =y = 2xe*

Now % =2[¢+xe]=0=>x=-1

= minimaatx=-1

= .rangels |— —,
e

. 5; (6 f) <~ kf (%)

o ) S KE)
= xf(x)+k+1)fx)<0
= FPG)+E+F D)X fE)<0

A ACI) P

dx
Let F(x)= =x*1f(x)
F(x)is decreasing forx =2
= F((x)<F(2)for a11x>2
= Fx)<(4)
= T4
= f(x)<4 x*

. dy
. G , = + =
ven Py, 0

_)’2
d + Py, =
] Y2 Q

Clearly, we have to eliminate P and y,.
In equation (2), puty, =z,

d(ZJ’1)
A | pyy =
= — 5 tm=C

)

K)

Differential Equations 10.29

dz d
= ng g P =0

From equation (1) put the value of Py,

10.

dz __dy ),
We h —+ +zI|QO—-—|=
G (Q =0
dz
el —_— 1——
s o-z)

——=—J- 9 =dx
= log(z-1)= —j;Q-dx +iogc
1

= log—~=—j Q

J’ Q
= z=1l+ce y‘

1, ¥, are the solutions of the differential equation

% +PY=0)

then . %yx—‘ +PW)y,=0®
md 22 ip@y,-00
dx 2

From equations (1) and (2), we gef
d(y-»n
=~ 22 +P(x)(y-y)=0

o ) (y-y1)
And from equations (2) and (3), we get
J ~ .
—%XZ‘)*P@) (7 -y2=0

Also from equations (4) and (5), we get

d
Z07N _ o-w
%(yl = ) 62 —_}’2)

- J- diy — ) =.'J'd().’1 =)
o-» 01— »)

e In(y-y)=ln(n-y)thc
= In(y—-y)=In(c(y—-y))

11.

= y-yi=cy ~-¥2)
= y=yrtc(y1-72)

¢y
)

€)
@

®)

Let the curve be y =f;(x) and y =f,(x) equation of tangents

with equal abscissa, x are

Y—£,(0)=f () (X—x) and Y- £,x) =/ (x)(X ~x)
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12.

These tangent intersect at y-axis,
so their Y-intercept are same.

= —xf"1(x) +/1(x) =) + o)
= fl(x) — 50 =x(f(x) =)

J'fi(x) fo(x) _ Idx
()= f,(x)

= |G -A@I=Inld+In G

= fil) ) =+Cpx @

Now equation of normal with equal abscissa x are

Y-fx)= —71-(—)()( x),and

(T f) =~ (X =)

fz( x)
As these normal intersect on the x;axis

= x+AEIN ®)=x L) S (%)

= [OL @)L =0

Integrating, we get f;2(x)—f2(x) = C,

. C ‘
= KOO 0 25w
e o

From equations (1) and (2), we get 2fix)==* (i;— + C,x) ,

2= (% - Clx)
we have f,(1)=1and f(2)=3

2
= S~ 2 x 0= T4

Equation of tangent to the curve y = flx)is

Y-y =f' () (X—x)

Equation of tangents to the curve g(x) =y, = j f()adt

—co

is Y-y, =flx) (X—x) (-‘% =g'®)=f (x))

Since the tangent with equal abscissas intersect on the
x-axis N
B!

Y
@ @

oW

e @

g _g"®

gx) g’

= Ing(x)=lncg'x)

13.

= g)=cg'®)
L g@_
g(x)
= gx)=ke™
= fix)=g'(x)=kee™
The curve y = f(x) passes through (0, 1) = ke =1

The curve y = g(x) passes through (0, l)
: n

= k= —1— Dc=n=fx)="
n

Let the cyclist starting to move from the point O and
moving along OX, attain a velocity v at point P in time ¢
such that OP =x. Let the acceleration of the moving cycle
at P be a. Then we know that

dx dv  d*x  dv
v=———anda=—————=v— . 1)
- dt dt dr* dx _
By hypothesis, retardation = 0.08 + 0.02 v* = 0.02 (4 +v?)
= v Ll =-0.02(4 +v%) or
dx
__ 1 v dv ?
10.02 4+v2

- Integratmg equation (2) between the limits x = 0; v =4 /s

14,

and x = x’ meters, v=0, we get

1 % 2vav
44+v2

’ 1 2570
=———[In(4+
orx’= — 5 oa Ln vl
x'= ——1—[1n4—1n20]
- 0.04

_In5 161 161

— m
0 04 004 4
The resistance force opposing the

. . dv
motion =m X acceleration=m %
: : ”

Hence differential equation is m 9—"—) =—kv

= ﬂ=—-’i dt
v m

Integrating, we get In v=— lc_ t+c
: : m

att=0,v=v, Hencec=Inv,

k L
1n————1=>v vee ™ . o
Y m




La

Objective Type

1.a.

3.a.

where v is the velocity at time ¢

= ds=ve ™ dt
Boat’s position at time £15, -
’ it

- " m 4
s(=—- T e c

. . Vg
£ t=0,5=0 =>c=——

s(z)=3‘ﬁ[1-e_§] 0
k| -

To find how far the boat goes,

. . mVO
we have to find lim s(f)=——.
) i t oo k

Putting x = sin 4 and y =sin B in the given relation, we get
cos 4 +cos B= a(sm A—sin B)

= A-B=2cot'a
= sin x—sin" y=2 cot! a
Diﬁ'erentiating w.I.t. x, we get

1 dy
\/1 x*

Clearly, itis a dlfferentlal equation of degree one.
AC+By'=1 @

Differentiating w.r.t. x, we get

dy .

y = =0 o)

i @

) ©)

Frorﬁ equations (2) and (3), we get '
d2 dy 2 dy

gy Lr || |+By =0
x\: By px; B(dx):\ .ydx

2 2
d d
-y F oS i
order=2 and degfee,ﬁ 1
y=e*(4cos x + Bsinx)

dy _

2Ax+2By%x—=0=>Ax+B

Again diff. 4+ By —= ey, (
al .
g , 2

= e [— As1nx+Bcosx] +e"[Acosx+Bsmx]

E%=e"[—Asiﬁx+Bcosx]'+y o x¢))

Again differentiating w.r.t. x, we get

dz
E%= ex[—Asinx+Bcosx]+e"[—Acosx—Bsinx]+%
2y (dy dy .
;2‘:(2;—}'. A [using (1)]
2
i———?_dy+2y=0
dx - dx
4.d. Equation ofcircle willbex? + (y—2)’ +A(y—-2)=0
. .. ‘ dy dy
Differentiating, we get 2x +2(y—2) —+A—=0
g, We g v )dx o

.'.the equation is x2-+(y—2)2 —'(y—2)(2x§x— + 2y—4) =0
y

5.a. The equation of a member of the family of parabolas

having axis parallel to y-axis is _
y=Ax*+Bx+C 6]
where 4, B, and C are arbltrary constants

Diﬁ’erentiating equation (1) w.r.t. x, we get % =2Ax+B

@
which on again differentiating w.r.t. x gives Zx—z =24

€)
o Py
Differentiating (3) w.r.t. x, we get —=7- = 0

6. c. Differentiating the glven equatlon successively, we get

- y1—5be “Tce™ » @
 y,=25beF+49ce” O ®
y,=125be™ - 343 ce” ' 3)
Multiplying equation (1) by 7 and then adding to equation (2),

we gety, + Ty, = 60 be™ @

Multiplying equation (1) by 5 and then subfracting it from
equation (2), -~ _

we gety,— Sy, = 84 ce™ (5
Putting the values of b and c, obtamed ﬁom equation (4)
and (5), respectively, in equatlon (1), we get
y3+2y,—35p,=0

7.a. If(0, k) be the centre on y-akis then its radius will be k as it

passes through origin. Hence its equation is
R+y-kP=F

or xX2+y?=2ky Q)]
iy Do b
dx dx
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= - = by (D]

dy
. (2R P
2xy=(x"t+y y)dx

or(xz—yz).é}—;—bcy =0
8.c. ol +by*=

Dlﬁ'erentlatmg w.r.t.x, we get

2ax+2byy, =0
= ax+byy,=0= P/t
: b  «x

Again differentiating w.r.t. x, we get

@

=>a+by1 +byy, = 0’—“’7)‘-)’1'*'3’)’2 ®
From equations (1) and (2), we get

Wi
Py sy,
x
_ 2 =W 24y, .
9.c. The given famlly of curve is x> + y —2ay= 0 ¢))
' dy
Differentiating w.r.t. x, we geth +2y Y _ 24 —@i =0
dx dx

2,02
= 2x+2y.£j—; - 5_;_}1__ % =0 [Using equatioTl ]
= 2y + @) - =¥y =0
= (¢ -x)y' +2=0
2 ’_.
= (=YY =2y

- 10.c. We have Eil:(e" —x) =:>£i—x-=e"' -x
dx : dy

dx Yy
= —+x=e;
dy

- SolE=d?=¢

.. General solution is given by x€& = —12-e2y +C

e)'
= x= -E-+Ce"

Asy(0)=0,50 C= —
x= _e‘i_le—y
2 2

‘=>e2y—2xé’—1=0
=2&=2x% \/m
Bute’=x-— \/;2_:1
Hencey=1In (JHM)

(Rejected)

11.d. loge+loglxl= >
4
y-x2 L
differentiating w.r.t.x, — = 5 dx »
S . P
Yy
2
J dy
= L =y —-X—
x Y Cdx
2
dx x x

:4{

12.b. y=c cos(x+c))— (é3

R

)=_zi
] .x2

e™* %)+ (cssinx)
= y=c; (cosx cos c,—sinx sin ¢,)
—(c,e® %)+ (c,sinx)

= y=(c;c086 ) cosx — (¢, sin ¢, — Cs) sinx

._(c ec4)e-—x
= y=1cosx +m sinx— ne™ Q)
where I, m, n are arbitrary constant
dy L B
= < =_]sinx+mcosx+tne @
dx
d2
= 2_;_ = —Jcosx—msinx—ne™. . ?3)
3 : _
= -‘-id—xg—’ ‘=]sinx—mcosx+ne- @
y d*y
From equations (1) +(3), —d? +y=-2ne™ ®
- d*y dy '
From equations (2) + (4), —-+— =2n¢* :
quations (2)+ (@), T+ = ®
Erbmequétions (5)+(6),we get 51—3}—’ + ‘_1_21 + iv_+y=0
) dx3 - dxz dx

. i
13.a. x—= +y(logy)=0
e y(logy)




- I “Jiosy) y(iogy)

= 1ogx + log (logy) =
= xlogy=c )
y(D)=e=c=1

Hence, the equation of the curve is x log y=1

log c

4.a. ———‘1 dy=— cos x
y+1

2+ sin x
Integrating, we get
log(y+1)+logk+log(2+ sinx)=0

k(y+1)(2+smx)—1whenx 0,y=1 where kis

constant.
sk=1ork=1/4
(y+1)(2+sinx)=4
Nowputx=mn/2 .. (y+1)3=4
=1
Y73
: dy dy y-1
|5.a. Slope = — = —=—F5——
: P dx x*+x
d dx
= v o :
y- X" +x
ISP LT e
y—1 x x+1

| -
x
Putting x=1,y =0, we getk=—-2
The equationis (y—1) (x + N+2x=0
16.d. (ycosy+siny)dy=(2x log x + x) dx

ysiny—J sin ydy+ I sin y dx

=x*logx— j x? 1 dx+ I.x dx+c
x
ysiny=x*logx+c

17.b. & =@t =™
dx
ore P dy=e"dx.
_.]; e_by= _1.. eax—{—c
_ b .a
18.a. A(y+1)de+y (x—1)dy=

T oo | 1]
= +1+——|dx=- —-1+——|dy
‘[ [x x—l} j[y y+1] 4

2
= §2—+x+ln(x—l)_=

2
—[Zz——y+ln(y+l):‘+lnc

- x* '|2'y2 +(x_};,)+1n((_x_—_l)_(.y_+_ll)=
(4

19.a. dy-sinxsinydx=0

20. a.

21.b.

= dy=sinxsinydx

= f cosecydy=j sin xdx

= log tan 212—=—cosx+logc
tan2
= log 2 ——cosx
c
tan2
= 2 —COSX
c.
= ™ Ftand=c
2
dt m &
d
- 2)
dt m k
dv =—£—dt

= log(v+'—n§) = —£t+log c
A\ k m

o.m -
= v+ ——kg = e

—t

m
= v=ce™ _re
k

Putting u = x — y, we get dufdx =1 — dyldx. The given
equation can be written as 1 — du/dx = cos u

duldy

= (1-cosuw) =

-7 j l—cosu—jdx+c>

= > I'cosecz (u/2)¢.iu= Idx-lfC

= x+co't(u/2)=c‘
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22.a.

23.b.

24.a.

25.a.

We have — = sin
: dx

Calculus -

= x+cot x;y=c

dy .

dr xXy=y
dy

= —=y(1-2x
e ¥( )
dy

= = =(1-2x)dx
y .

= logy=x—x?+c1

—Xz C

X X — C;
= y=¢€ el =ce wherec= €

2
X —X . . .
= y=ce is the required solution.

_sinX¥Y
2

dy x—y

= -2co0s x sin 4
- 2

sinE
y 2

= logtan< = — e
g 4 c

1

2
= log tan(z) =c-2sin>
4 2

Puttingx+y+ 1=u,wehavedu=dx+dy
and the given equations reduces to

w(du — dx) = dx
u du=dx
u+1

‘= y-logu+1)=x+C
= log(x+y+2)=y+C
= x+ty+2=Ce”

2dy Yy

x‘—=—xyp=1+4cos =
e xy .os,x
= ,-—x(m’y_ydx)=l+cos—)i
_ dx - x
xdy — ydx
v 2
= —x—=ﬁd’;
l+cosX X
x
) Yy
dl £
Q)
s
1+cos=
' x
e
. x
=y
- % cost = .
2x

26.c. We have, 2 2 _cos? (Z)
T x

N d d
Putting y = vx, so that 7&% = v‘+xé , we get

dv 2
v+xX—=v—Cos v
dx

dv dx

cos’v  x

= seczudu=—ldx
x

On integration, we get’
tanu=-logx+log C

= ta.n(zj =~logx-+logC

x
This passes through (1, 7/4), therefore 1 =log C.
So, tan(l) =—logx+1

x /

= tan(ZJ =-logx+loge

27.4. b _y [logl+l:l
x x :

dx
Put y=w
v+xd—y=vlogv+v
dx
viegv  x

log (logv)=log x +log c=log cx
log 2 eex
.x -
28.a. The given equation can be written as
yay _[F 021
xde |x* 102157

Above equation is a homogeneous equation.




i

729.p.:

‘ 30. C.

Putting y = vx, we get

v+x-d—v]—v
v x =

=$'vx f(v)
&~ 76

FiS)
A

variable separable

R AP

o) x
Now mtegrating both sides, we get
log /(%) =log #* + log ¢
or logf(*)=logcx?

flogc= consftant]

0)=cx?
or fOA)=cx
(x2+xy)dy (x2+y2)dx N x2+y
dx x° +xy
Let%=v =>£%=v+x%x2

~. equation reduces to

dv 14V

xdx 1+v

_ 1+ —v—v?

T+v
_1=v
+?P
J' 1+vd‘l)— ix_
1-v x

= —v-2log(1-v)=logx+logc

= ———Zlgg( ) log x +logc
x x

- by
= —X—Zlog(x—y)+26g.§‘: logx+loge
. x Y :

& ' <

= logx=2log (y—'y)‘t%+k wherek=logc

The intersection of y —x + 1 =Qandy+x+5=0is
(-2,-3).Putx=X-2,y=Y-3.

-31. a.

" 4-1=7C0=C=

. Puty:ux o i_

Differential Equations 10.35

a _Y-X -
The given equation reduces to —— .
given eq XY+ X

putting Y= vX, we get

Xﬂ;_vzfl
v+1.

ax
=\ 2V - 21 dv=£
- v+l vl X

=>, - %log (v2 +1) —.tan

-y =log|X]|+ constant
constant

= log (Y2 +X?)+ 2 tan™? %’(_:

= log ((7+3)*+(x+2)") +2 tan yé c

@)

ly _dv
ke v+x o
. equation (1) transforms to
dv P +vx ‘_ 142
dx 2xvx 2v

= 10gx+log(l—vv2)=logC
= (1-v)=C .

2
y .
x|l-=|=C
$sz—y2=Cx
It passes through (2, 1).

TN Ww

EE ar DY R
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32.b.

33.a.

34.c.

Calculus’

The given equation is written as y dx —x dy + x\/;y—
(x+y)dx+ pfxy (x+y) dy=0
= ydx—xdy+(x+y) oy drtydy)=0

Zé&%f£!+(f+1) f-d(x P4 ) =0
y y y 2
()
2., .2
= d[x +y ]+ 24 =0
IR
_+1 —
y y
2,22
Xty +2tan_1\/2:=c
2 Ay

% Y FD=90) 9

LF.= eI YO _ 60x)

Hence, the solution is
yet®= [ e ¢ () ¢x) dx

= j e'tdt, where ¢ (x) =1
=te‘—e‘+é |
=¢(x) e?® - @+ c

y=ce*®+¢(x)-1
Rewriting the given equation as -

dy 2
— =1+ 2
ZW‘ﬁ y x
dy 1 2 1
= 2y — —— =—4+Xx
ydx xy X

Putting y* = u, we have

du 11

dx x x
—f —ax

IF =eI 1
. X

~. solution is u L J'(—lz—+ 1}dx=— 1 +x+C
x x _ x

= y?=(?-1)+Cx
Since (1)=1s0C=1.

Hence y* = x(1 + x) — 1 which represents a system of
hyperbola. '

35.¢c. = d_y+___y =E
dx xlog,x x
.j—'—dx

LE.= ¢ *1%*

= (loB.log.x
=log.x
36. c. The given equation can be rewritten as
d) x? -1 x? log x
v 5—y= = : M
dx x(x +1) (x +1) :
which is linear. Also
2 _ 2
p= J\:2 1 andQ:x 2logJ\:
x(x +1) (x +1)

| % 1
I de:j [xz +1 —;]dx
© [resolving into partial fractions]
=log (x*+1)-logx

ST

x
Hence the required solution of equation (1) is

"y(xz +1) (xz'H) x? logx -
P e
=leogxdx+c
=%leogx—j§§d._x+c

o Y2+ 1)x= %xz log x — % xX+c

dy .
37.¢c. cosx —+ysinx=1
x'dx ysinx

dy sinx
= =+ y —— =8€CX
dx oS X

s pa=[ 22

= — log'cos x
= log sec x

Pdx ’
s IE= eI = glOBS®F = gecx

- 38.c. The given differential equation can be written as

S dy tan2x

: Y= cos® x which is linear differential equation
dx cos“x S

of first order.




39.d.

Differential Equations 10.37

—sin 2x 5 1 x2
Pdx=| ——————dx x(x+ )
j : J. cos2xcos® x 40.b. () -————f(x) = G« +1)
_ J- 2sin 2xdx LE = j_z,,dx =e_-"2 :
cos 2x(1 +cos2x) . _
_ J‘ dt . solution is f(x) X = I dx = +C
t(1+1¢) (x+1)
(1 i ) =>‘ f(x)e"*} = —L+C
=] X+l
t 1+t Givenf(0)=5 = C=6"
¢ 6x+5 2
=Jog —— where t =cos 2x = x
T o= (E2)e
T T
= 1og _@E_ [-;___( 2X< _] 41. a. d_y_ — l
1+cos2x 2 2 &x xy[xzsinyz ]
J. Pdx log cos2x i
e =¢e .1+c°52x = _=xy[x2 siny2 +1]
dy
_cos2x _ cos2x _
- - 2 . - dx
14+cos2x  2cos” x ‘ - 13 E__Ly ysmy
.. the solution is, B y X

s2x cos® xcos2x :
y co _j . dx+C . . du .
2cos” x 2cos” x — +2uy=2ysiny”.
: o . dy
1. » 2 .
=Zsm2x+C . IE=¢
Whenx= % y= 3_\@ - - solution is ue” =I 2ysinyzey2dy+C
/ A e _ | | P
' . = [ (sinp)e'dt+C
W34 18 e | [ Ging)
8 2x2x3 42 . , : 7
1 = ley2 (sin y* —cos y*) +¢” -
" y=§tan2xcos2x 2
. N 2.
. . =(s1 _ + w4
x(l—xz)d&+(2xzy—y—ax3)dx=0 = 2u=(sin)’ cosy?) + 2Ce

= 2=x2[cosy2—siny2—-2Ce'y2]

dy
2.4 ZL=1+
PR

= x(1 —xz)%+2x2y—y—ax3=0

= x(1- x’) +y(2x* -1) =ax’®

3 . = d_y_xy=1
dy 2x* -1 ax dc -
=+

I, = 7F =72

A ) . '
Hence solution is y.¢ ™ ' =J e Pdxte.

dx x(l—xz)y x(1—x?)

which is of the form % +Py =0.

Pdx 22, - ' .
Its integrating factor is € . _ _[ e “dx is not further integrable.
‘ 252 -1
Here P= x 5 : 43.b. il_x_ x+2y
x(1-x7) _ dy v

Putting —_1/1? = y, the last equation can be written as
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44.a.

45.d.

'ny% —fan(x ) - 22y

= é—lx =2y which is lifiear
&y

~—dy 1
LE=¢ 7 =e =~

S

. S ;
-. solutionis — x= I—2y2 dy =y2+c
y 2y

X 2 '
= — =y +tc

y
xzdycos——ysm— =-1.
X x
1
Q - ltan— =—sec — — > (linear)
dx x X
—f{Ltanldx 1
IF. = Jpns =sec—

1

. 1 1 1,
= solution is y sec — =—J sec’ (—)—zdx=tan—v+c
.oXx x

X/ x

' Giveny &> —1,x Do =>c=—1

. . ! 1
Hence equation of curve is y =sin— —cos—.
: : x x

= x 2yﬂ+y2 2x= tan(x2 yz)
dx
= L2y = tan(xy?)
dx <

= [cot(x’y*)d (x* y*) = Jax
= log (sin(x»?))=x+c

whenx—l,y— \/7 = c=-1

= Equation of curve is x = log sin oAHH+1

- = logsin(A) =x+1

16. a.

Integrating, we get In x|~ In [y|

= sin (x? y?) = !

1 -yz %2 1} oo
- dx - ——3dy=0
{x (x—y)z} +{(x-y)2 1
S (z_d_yHM}:O
x y (x-y) '

:(g_dy) dyl y* —dx/x*
x y (17y- 1/x)°

1
,_ (1/x-—1/y) --c

47.a.

48. a.

Putxy=v ..

dv __ 90

=
& o)

oy

o). dv=x dx. Integtatmg, we get

2
log ¢ (v)= x? +logk

¢() _x

= log >

or ¢(4) = ke‘z’z' =9 (9)= ke*"?
@y+5))dx+ (c+ Ay =0
= 2y dx+xdy) + (0 dx+ Pydy) =0

~ Multiplying by x, we get .

49, c.

750. c.

Qs+ dy) + (3 de+ B d) =0
- d(xzy)+ ld(x3y3)='0'

_y = c
3
ye i — (x4 Pty =0

= (ydx~xdy) e - ydy=0
yax—xdy _.,
——2 e
y
= d(xy)e™ =ydy

Integrating, we get Oy +

= ydy

2
=2 4 ¢
2

= 277 +y2=C

(6% —x)dy Gy +yY)de=0
= Y @dy-yd)-x(xdy+ydec)=0

=?x2y3L2y)

=

-x(xdy+yds)=0

= Bd G) - xd () =0

* = Dividing byfyz, we get

- zd(z)_ 49) _g

x Ax 2252

Now integrating 1 (—Z) L c
2\x xy

It passes through the point (4, - 2).




= 11l e=0
g8 8 _
y =-2x
:l.a. The given equation can be written as
xditydy 3 =y2—x3— cos? (x> + %)
(v dx — xd)/ y y
xdx + ydy

_ ﬁ(ydx—xdy]
oy

1 2,2, 2 2. a2 _ X X
= —sec (x"+ d(x +y)=—d(—)
5 (x“+y7) d( 345

cos” (Jc2 + yz)

On integrating, we get

' 2
1 RN 2
Etan(x2+y2)—2(y) +2

5 .
. X .
ortan(x2+y2)=;2—+c

Re-write the D.E. as
(2xy dx~ xzdy)+y G2y de+2x° dy) 0
Dividing by y2, we get

> |
_y_zﬂ%ﬂ +y2 32 du+3° 2 dy=0

ord(f;—] +d(x3‘ ») =0

Integrating, we get the solution

S2.c.

through P is : .
x 3.2 , _‘_12 S
—+xy  =c ’ = fO)f @) - @) =1
g | dy  (dyY
' ydy ) L e .
= 22 _x|ZL| =1 whichis the required differential
s3.c. _{l+x (x2+y2)}dx+{ (x2 +y2)-1}ydy=o dx (dx : 9 :
v quation to the curve aty = f(x).
o dx—ydy+ (xz +y2)(xdx+ydy)=0 56.a. Ify= f(x)lsthecurve !

- Y-y= —(X —x)is the equation of the tangent at (x, y)
= dx-y dy+5 (xz +y2) A +y’) =0 . PuttmgX—O the initial ordinate of the tangent is therefore
Integréting, we have y—xf'(x). | »

The subnormal at this point is given by y——, s0 we have
y2 +1_[«/;dt =c {t— (x2+y2)} ’ dx ’
X——— 7 7 =6 - .
2 2 yZJi:y_xEZ:,__J’_:éJ_’_
) _ ' dx & x+y dx

1/ 5 3/2 .. . e

orx— Yo .2 (xz + yz) =c This is a homogeneous equation and, by rewriting it as
2 3' dc x+y x dx x ..
_ —= =24] = —-==1 we see thatitisalso a
4.b. xy=C -y ¥y d y
dy linear equation.

ab A 57.b. x2/3 ¥ = am

dy -y _ . -1/3 -1/3 dy _ =0
S x | 3 &

E

55. a.

Differential Equations 10.39

‘By condition,
E_ ml—mz
4 |1+mm,
Y
-
1=|-2%
1—Zm2
x
= X+m/2—1—!-m2 or =my—1
x
1-Z 24
x x
= My = orm, = -
1+% Y
x x
- dy _x-y dy _x+y
dx x+y dx y-=x

Fig. 10.8

The equation of the tangent at the point -

R(x, f(x) is Y= fx)=f"(x) (X—x)

The coordinates of the point P are (0, f(x) — xf"(x))
The slope of the perpendicular line

[@-F'@_ ]
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38. b.

= x -y

7

dy x 13

= 5% 0
. dy dx
Replac — by ——
eplacing m Yy &
| & "
dy y—-l/3

= J-xm'dx = Iyu3dy
o3 _ 43 -,

The general equation of all non-horizontal lines in

xy-plane is ax + by= 1, where a # 0.

Now, ax+by=1 '

= a£+b=0 [Diff. wrt.y]
Ly
d’x
= a—=0 [Diff. wr.t.y
> Y
2
= d—f_o [~ a#0]
dy

‘ 2

. - x
Hence, the required differential equation is d_2 =0
' Ly

'59.b. Itis given that the triangle OPG is an isosceles trianglé.

y
€%%7
Normal
y
0 M G~
l«—X > Subnormal

Fig. 10.9
Therefore, OM = MG = sub-normal

dy
= x=y— =xdc=ydx
x= = X

On integration, we get x> — y* = C, which is a rectangular
hyperbola. - ‘

60.a. Let the equation of the curve bej) = f(x).

7 y =)

P(x, y)

—_—X

) T M
Fig. 10.10

61.b.

62.c.

Itis given that OT < y
= OT=by
= OM—-TM=by
o x— dy)/’dx =by [~ TM = Length of the subtangent]
dx
= x—y —=b
y & Yy
i
@ X
dy y

1t is linear differential equation. -

Its solution is X ~blogy+a.
y

= x=y{a—blogy) o

For the family of curves represented by the first
differential equation the slope of the tangent at any point
(x,y) is given by

(_dl) _ X +x+l
de), Yy +y+l

For the family of curves represented by the second
differential the slope of the tangent at any point is given
by . '

(_‘{Z) _ Yay+l
\dx o X tx+l

oo (2) (2] -
) ¢ ¢,

1 2

Hence, the two curves are orthogonal.

Equation of normal at point P(x, y), ¥~y =— ;,ﬁ (X-x)
‘ Ly

y=fx

Q dy .
N (ydx+x,0)
(x 0)
" Fig.10.11
dy _x(1+y%)
NO=y——=—-"-=
2 Y 14+x%
xdx _ ydy -
1+x2  1+)?

= In(1+A) =In(1 +)) +Inc |

1+x2

= 1+)’=




e o . Differential Equations 10.41

2 : dx
Itpasses through(3,1)=>1+1= +(3) =c=35 Y-y=~ d—y (X - x)
= curveis5+5y°= =1+x7or ¥ - 5y2 4 ‘This meets x-axis (y = 0), where
. .. ‘dy - dx ' ; . dy
63.c. The point on y-axisis | 0, y—x—-. —y=— —(X -x)=>X=x+y—
P y ( y= dx) y dy( ) Y=
According to given conrdition, ' d
Gis|lx+y—,0
x x dy dy y
—=y——— Z =221
2 2dx dx x ‘
O0G=2ux=x+ Y _
oy dv =ux=xty - =2%
putting = =v, we get x—— =v—-1
x dx dy
=y ; =x = ydy=xdx
= m|Z-1 =Injx|+c
¥ y2 ¥ C
' y 3 ~ Integrating, we get Y =4 —
= 1- = =x [as y(1)=0] . 5l 2 2
x v : =» y? —x* = ¢, which is a hyperbola.
‘ dy 1 1 : o d
64b Wehaye, Zx—=13——;c_2‘ =>y= x+;+C 67.a. Equation of tangentis Y-y = Z}—;(X—x)

This passes through (2, 7/2), o &
for X-intercept Y=0=X=x—y—

. Therefore, —;—=2+%4—C =C=1 ) - dy -
Thus the equatioh of the curve is According to question x — yé =y .
1 .
y=x+ ;+1 =>_x_y—_x2+x+l : . L dy_ ¥
. ] ' dx ' dx xX=y
65.d. Equation of normal at point p 15 Y-y=——(X-x) .
dy putting y= vx, we get
dx) - ’
ore%) I
B . o : - dx  1-v
S (v v
T oodx 1w 1-v
= jl—_z—vdv= ix_
o N Al 9 oy x
(x, 0) ya;+x,0 .
Fig. 10.12 = ~ — —logv=logx+tc
Areaof AOABis 1 = —Z-(y-‘zx}ifx)(x2;+y)=1 | = - % — -!ogi—) =logx+tc
dy dy ¥ ,
= (ydx+x)(ydx+x)—2dx ' = —% =logy+c
oy (d ) +20y— 1)@_ i _0 _ Givenwhenx=1,y=1= c=—
dx v .
dy " Hence equation of curve is 1 — I- logy
66. c. Slope of tangent = ol y
: dx : R N
"; slopeofnormal———— _ =y=ee 1o &P ==
! dy : Y
i
i

the equation of normal is: =y o =
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1 : d Ordinate = PM.Let P=(x, y)
Ly Y
68. a. Tangentalpothls Y-y=-— ~ (X—;c) where m = Z Projection of ordinate on normal =
Let Y=0=X=my+x 7 . PN=PMcos@=a (given)
S %}’ =q V
P(x.y) ‘ . V1+tan® @
—~— .
= 5= a|l+()?
0| - my + X\G dy \y*-a?
= e
Fig. 10.13 . N
According to question, x (my +x) =2 (x> + ) = J' _ady = I dx
‘ . [2 2
. y'—a ‘
= @ x +2y* (homogeneous)
dx xy ‘ . = aln|y+\[y2fa2]=x+é
Putting y=wx, we get
71.a. y(2x*+y) & =(1-497)?
dv 147 . 'dxz.
= VEE T = 2y dy+ Y2 dy+4dyde— P de=0
dv 1427 16 = 20y (P dy+ 2 di)+ P dy— P de=0
= o —vE | = 27y d&y) +yP dy-xPdx=0 .
v Y : v
: 3 .3
= ' I vay = J — : Integrating, we get(xzy)2+ Yy _x =c
1+v2 : ' 3 3

. : or3(x2y) +y3 £=c
= —log(1+v)=logx+logc,c>0 ' 72.b. (x cot y +log cos x) dy + (log sin y — —ytanx)dx=0
2 . . . = (xcotydy+logsmydx)+(logoosxdy—ytanxdx) 0
= X2+ 2= ox? _ :
Also it passes-through (1, 0) then.c = 1. = j d(xlogsin y)+ I d(ylogcosx)=0

69. c. Equation to the famlly of parabolas is (y — k)* = =4a(x—h). . ,
= xlogsiny+ylogcosx= log ¢

20 2: =4a (diff. wrt. x) = (siny) (cos sy =c
73.a. % ——Mn? M
= - k) = =2 ) t
.  butV= g3

dy 2
= (y- k) y (—) =0 (diff. w.r.t. x) ‘ - dv dr

dx = —= 717‘2— 3 ) . (2)

) dt dt : ‘ '

d’y  (ay: . . ‘
= 2a? + (E =0 (substituting y — k from Hepce,_% =-K..
equation (1)) 74. c. According to the qu&slion

Hence the order is 2 and the degree is 1.

70. a. ' ————k\/—

Fig. 10.14 S = =60min. -

-1
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75. €.

. . . dx
Let population = x, at time ¢ years. Given 7 o< X

dx .
= 7 = kx where k is a constant of proportionality

or E=Im’t. Integrating, we get In.x = k& + In ¢
x

Kt

X
= —=e€ 0rx=cek'

c

Ifinitially, i.e., when time = 0,x=x, then x, = c=c.

= x= xoe"I

Given x =2xy when t =30 then 2x,= xe ¥ =2=¢
= 1n2=30k%k ‘ Q)

30k

To find ¢, when ¢ triples, x = 3x0 s 3xy=xge >3 =e
~In3=kt @

id tion (2) by (1) th
Divi mgequalon() y (1) then — 30 ln2

- t=30x 11-?1% =30x1.5849 = 48 years. (approx.)

v 76. a.

71. a.

18. a.

= kV=

Let V(f) be the velocity of the objéct at time 2.

Given %Iti =98-kV = =dt.

9.8-kV
Integrating, we get log(9. 8 kV) = —-kt + log C
= 98—kV=Ce™

But/(0)=0 = Cc= 98

Thus, 9.8 —kV= 98e

9.8(1- )

= VH= 9—:‘ (1-e™)< %‘?

for all £. Hence, V(f) cannot exceed —9£-m/s
L@
. oo @)

me=2%
x dx

=
= J.‘xlnxzdx=_|' y dy

Putting ©=t weget2xdx=dt -

- 2
= —l—jlntdt=z—
o2 2

= c+tlnt—t=y*
Sy=2l-x2+c

1 ,,,_3(y,,)2
= j};dx=3j§dx

= Iny”= 31Iny’ +Inc

o

79. c.

80.d.

vllgiginal —yuaavis

A
- '[(y')2 Jor &
= —-—,-=Cy+d

o —di=(ytddy

. 2
= —x=£yé—+dy+e

dy .d’y &

y =™ satisfies —-—3—-—
e - ax®  dx

—+12y=0

then ™ (m’ = 3m” —4m+12)=0
= m=%2,3 '

me N henceme {2,3}

[eyyar=2y @)
0

Differentiating w.r.t. x, we get
xy®)=2y ()+2xy ()
=xy@+2y (x)=0
v
=x — +y=0
dx y

=logy+logx=log c

. =Xy=c

8l.a.

82.b.

Integrating the given differential equatlon, we have

3

d_y____c_osﬁ+e,c+_3_+cl

dx "3
buty, (0)=1

1 ) .
Again integrating, we get

. 4
sin 3x +é,,_l_x_ +lx+C2
9 12 3
buty (0)=0s00=0+1+C,=C,=-1
— ] 4 »
sin 3x +e"+-{—+lx—1
9 12 3

Applying co_mp‘onendo and divedendo

y=

Thusy=

—X
e =
e 2x

we get d_y =
dx ¢*

=>2y=—e FiC

= 2ye”=Ce -1

83.b.

- =logx=xy =—

The given equation is reduced to x =™ @1 dr)

dy
dx

= jydy =Jélogxd¥

2 2
= L= (ogx)” +C
2 2

'

v
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x ¥

. 84.¢.
¢ c—1 c+l

=1 o )]

Y __o

=L
c—1 c+1
_c+1

Y
1 1-c
Y=

@

=

-1
y ‘+1
Put value of ¢ in equation (1)

x Y
= - +— =1
y,~_1_1 y,—1+1
y'+1 y'+1
Y +D y(y +1
=>x()y ) YU ’ )4
—2 2y

2 y’

-(-2)-4)2
-dx dx dx
85.a. We have

fe)=—

e
d6J0 1—cosOcosx

——= cosec® 6
I—cos“0

[using Leibnitz’s Rule]
NCAC) .

de
dr () _
= 70 +2f(@)cotf=0 |

—2cosec’ GcotO
[~ f(6) =cosec? 6]

86.c. v=2+B o ’ 0

— = @ -

Lr= e

d’v 24 2( dv]

y

y” .
Whenx=0,y"=1andlog1=0..¢c=0
- ¥ =" . Integrating again
8x
y=—=+A2 when x = 0,y (0) 0

87.c. =8=>logy =8x+c

8x :
=1 Integrate again
8 8

<
I

Also when x=0 1 k= A
. 8 64
=L [_ - _J
8\ 8 8
88.a. y'=1¢; 2y % = —%; hence the differential equation
becomes '

\dt ’
(e’rz +e')£ +2 e’z(xt—x) =0

2 2
e +ef+2€" x(t-1) & =0
‘ at

putexz =z;6122 é.:‘_iz..
dt dt
szt Z (-1=0
- dt
¢ dt
:E-{- z =_e_; F.=eja=eln(t_l)=t—l
(-1 @-1)

=z(t-1)=- [()at
Sz(t-1)=-€+C

Multiple Correct Answers
Type

1. a,b,c

Ax-y) 21
———( ) A f(x,y)

=> homogeneous of degree (-1).

a-f(ﬂxl)—

b f(x, )= (Ax)P(Ay) % tan™ 2
y

=2 1/3.x1/3 2/3 1 X

<

L
=243 f(x)

=> homogeneous

e f(Ax, Ay)=Ax (m\/az(xz %) -my) + Ayel”

MWEE+y%) ;
=Ac|In) 2 T2 7/ x/y
[ Ay +hye

=2 [x (ln\/xz +y? —my)+yé"/y]

=Af (x,5)

=> homogeneous




Ditterenual cqQuauuis vty

222%% + A1y’ x+2y 2
) =Ax | 22222+ A 2t =2
d i, »)= { AxA(x+y) x tan 3x—y 0 3

2, .2 ,

e || 4 pean ZE sae LB yrpydy=(axthyax

x(x+y) 3x—y- . dx by+k :
= pon homogeneous y
a,c. Wehave (x— B2+ - K =a? 6)) =>b—+ky Ex +hx+C

Differentiating w.r.t. x, we get

2(x—h)+2(y—'k)$=0

For th1s to represent a parabola, one of the two terms
x? ory? is zero.
Therefore, eithera=0, b #0o0ra#0,6=0

=x-h)+—k %: 0 @ 6.a,d. The given differential equation is

) . b% 2x
Differentiating w.r.t. x, we get }’2( P 1)=2xp, = Y2 _ )
1+ ( dx) +(y- k)_‘ =0 o &) , Integratmg both sides, we get . o
5 p logyl—log(x2+1)+logC I
From equation (3), y — k= — I+p , where p'= —-, =0T Ce*+1) M i
o L g . Itis given thaty; =3 atx=0 it

Putting x =0, y; =3 in equation (), weget3=C

g= d_¥ Substltutmg the value of C in (1), we obtam I

dx . . =3(+1) @ £
Putting the va21ue of y — k in equation (2), we get nte grating both sides W.L.. to X, we get ].
x—h=w - y=x+3x+C, i

Substituting the values of x -k and y —k in equation (1),
we get B

‘This passes through the point (0, 1). Therefore, 1 =C,

Hence, the required equation of the curve isy= £ +3x+1
Obviously it is strictly increasing from equation (2)

|
' l
232 PRy > 42 2 _ Also £(0) = 1> 0, then the only root is pegative. |
(”p ) (1+p2)=a2'=>[1+(%x)} éaz[—%] 7.a,b,c. l
q ‘ dx 8.2,b,d. - S
which is the required differential equation.

% +y cos x = cos x (linear) _ ]

ayY d
S.a,b-y(gx)i) +(x—y)%x—x=,0 . _ , -

LE.= ejcosx & gsin
- [ 2
= Q _ Oz s <. solution is y e** = jeSi“" cosxdx =e*M+c '
dy ) . . oo ~ whenx=0,y=1thenc=0 !
=~ = 1 which gives straight line : = y=1.Hence options (a), (b), (d) are true.
dy . . . : " 9.a,b,c. _ : '
or T =- ; which gives circle. We have, f(x) = g"(x). On integration, We get {
Lac. f@=g'@+C o

Putting x = 1, we get
f)=g)+C=4= 2+c=>c 2
S f)=g®)+2
) \{ t + :
}’(Z}J)C)+4x 0= i;);;'*'i-=0.Hencen0tlinear. Inegramgwrt.x,wegetf(x) gw) ZX+C‘ @

y ' Putting x = 2, we get
dy
2x + —1=3
¢ f)(dx) y

. L 1
Obviously (a) is linear D.E.with P= — and @ =logx
x

f(2) g@)+d+e=9= 3+4+‘—'1=-"Cl 2

S fx)=glx)+2x+2. Putting x=4, we getf(4) g(4) 10
fx)- g(x)l<2=>|2x+2|<2=>|x+1|<1=> -2<x<0..
Alsof(2)=g(2)=x=-1

= ax ___2_3‘ +Z_2_ _ _ f(x)—g(x)=2xhasno solution.
dy 3y 3 ~ 10.b. - o
) ' (22 -1)dy+ 20y dx=0
& _2x _ Y which is linear with P = — and = X yzdy+2x)/3dx=dy
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d
= xX*dy+2ydc= —’;
. Yy

= y=ce_"
Compadngwithy#ae"/x+b,ae R b=0.

d .
12.b. We have yay =k (constart)

2
= ydy= kdx=>—2——kx+C =>y2 2k +2C

= y*=2ax+b, wherea kb=2C

13.a,d.
' The D.E. can be re-written as
x dx+ydy _ xdy —ydx.
\/1 —(x2 +y2) : \/x2 +y?
dx
Since d tan™! (y/x) = xdy—y anda’ 2 +5%)
=2(xdx+ydy),
1 2, .2
Ed(x ty ) xdy —ydx
. we have _ ==
_\/xz 57 \/1 __(xz +y2) X% +y
= d{tan™ ()}

Put x? +y* = £ in the L.H.S and get
tdt

=d{tan™ (y/x)}

t1—t¢ -
Integrating both sides, we get

sin”! t=tan™! (y/x) + ¢

ie., sin” (x2 + yz) =tan”! () +¢

14.a,b.
We have length of the normal radxus vector

=y 1+( ) x+y

2
(2] -5

=x= y% orx=-—y Z—’:

= xdx—ydy=0orxdx+ydy=0
=x - y2=c orx2+y2—cz
Clearly, x2 Y= ¢) represents a rectangular hyperbola

and x* + Y= = ¢, represents circles.
15.a,b.

. (dy dy -
Jt sin ( y) = y=sin x

d .
7 -x—2y=10g(;y) = %=e"‘2”

Reasoning Type

1.a. The equation of circle contains. Three independent
constants if it passes through three non-collinear points,
therefore statement 1 is true and follows from statement 2.

2.a. y=4&"

On differentiation, we get % = A4e*

3d Statement 2 is obviously true. But statement 1 is false as

dy
2x—3y+2=1log | ¥
yrETIo8 (dx)

dx
4.b. Statement 1 is obviously true.
Even statement 2 is also obviously true but it does not
explain statement 1.

= (Q) e 3er2whlchhasdegree 1.

. . 2x+c
5.a. y=c, cos 2x +c, sin x+cy cos’ + ce® + g’ %

1—cos2x (cos2x+1) 5,
= c)cos2x + ¢, 5 + ¢y — + ¢4

2
+c5ec6 e”*

= (01 —%2—+%3) cos 2x+ (221—+%3) +(cy+cse %) e

=2, cos 2x+ A, €7 + A, :
=> Total number of independent parameters in the given
general solution is 3.

Hence statement 1 is true, also statement 2 is true which
explains statement 1.

Linked Comprehensmn

Type

For Problems 1-3
L.b, 2.c, 3.a.
Sol. . . _
Lb. f(x)<0and F'(x)=1(x)

S



f()2cF ()
F'(x)—cF(x)=0
e F ' (x)—ce“F(x)=0

14l

%(e_ch (x)) >0

e F (x) is an increasing function
e*F ()2 O F(0)
e F(x)= 0
Fx)=0
f)=20
f0)=0

Also (i—g—(—)i)) <g(x) vV x>0

UUUUUU U

dx

e” i% - e_xg(x_) <0

%(e".‘ g() <0

€™ g (x) is a decreasing function
Fgx)<ePg(0)
g(x)<0(asg(0)=0)
Thus £ (x) = g (x) has one solution x = 0.
2e PHx—6=f(x)+g @)=’ +x-6|=¢g ()
= no solution "
Ja. g(x) (cos! x = sinx) <0

([T

: 1
-1 .1
= (cos  x—sin  x)z20=xe |-l,—=
( .) [ 5 ]
For Problems 4 —6

4.c., 5.b., 6.d.
Sol.
4.c. Given equation can be rewritten as

y=.xp+ (1+p2),p=.% 6]

differentiating w.r.t. x, we get
1 dp

241+ p* dx
p

Vi +p?

X-

d
p=p+x

= d—p,=00r
dx

= p=¢brp¥ -
: 1-x

= y=cx+ (l +c2) gives the general solution and x°

+y?=1

. as singular solution.

5.b. y=xp+p* (P = d—y) | - (._i). |

dx ,
differentiating equation (1) w.r.t. x, we get
. dp . dp
=p+x — +2p —
p=pPTX p dx

(as f(x) = cF(x) and c is positive)

 Diiterential EquUatons  1U.4/

dp R
—(x+2p) =0
- (x +2p)

= z——00r =z
& P

Eliminating p from équation (1), we get
2 2 2° ‘
x°  x x :
7 2 4 4 ' : @
2

Clearly f(x)=— 54— =— has two solutions.

6.d. y=m.1|:+m—m3 6]
Differentiating w.r.t. x, we get '
d_y=m+. dm +d_m_3 2@_
dx D de dx - dx
=t dm L am dm g2 dm
m — —
dx dx dx
iﬂl (x+1~ 3m) 0
d I
220 =m=c Q@
dx
orx+1-3m=0 =mi= 211 3)
Ehmmatmg m between equatlons (1) and (3) we get
y=m{x+1- m)
(x + 1)”2 ( x+ 1)
= y=|— x+1-
3
172
3
3/2
x+1
= =2 —
y=2(22)
R Ay
27
= 27y%= 4(x+1)}
For Problems 7-9
7.¢,8.a,9.b.
2
sol. Integrating % =6x —4 , we get % =3x"—4x+4
dy
Whenx=1, o =0 sothat4=1. Hence
Y 3 _4x+1 ’ 1)

 Integrating, we gety=1}-—2x1+x+B.
Whenx=1,y=5,sothat B=5.
Thus,wehavey=x3~2x2+x+5
From-equation (1), we get the critical points x=1/3, x=1
d2y

At the critical point x = -1-, — is—ve

Therefore, at x= 1/3, y has a local maximum.
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2 B
Atx=1, d—%r is+ve
: dx~ o
Therefore, at x = 1 y has a local mmnimum.
1) _ 139
Alsof(1)= if(g) =57 £ =5.f2)=7
Hence the global maximum value = A
and the global minimum value =5
‘or Problems 10-12

0.a,, 1l.¢c, 12.c.
10.a. Let N denote the amount of materlal present at time £.

Then,

N _in=0

dt

This differential equation is separable and linear, its
solution is N = ce )

At ¢=0, we are given that N=50. Therefore, from equation
(1),50=ce@, jore= 50. _

Thus, N=50 e : ¥
Atr=2, 10 percent of the original mass of 50 mg or 5 mg,
has decayed. '

Hence ,att=2,N=50-5=45.

Substituting these values.into equatlon 2) and solving

45
_10 =
5 log

for k, we have 45 = 50¢* or k‘ 0

Substituting this value into (2), we obtain the amount of -

mass present at any time £ as

N = 50¢ (172009 ¢ ' , 3)
where ¢ is measured in hours. :

11.c. We require N at ¢ = 4. Substituting ¢= 4 into (3) and then
solving for N, we find
N 50 —2In 0. 9
We require ¢ when N = 50/2 =25. Substituting N = 25 into
equation (3) and solving for ¢, we find
25=50 ¢ 20N or¢=(In 112)/¢1/21n 0.9) hr.

For Problems 1315

13.a., 14.b., 15.d.
13.a. Here, V0= 100, a=20, =0, and e=f= 5. Hence

12.¢.

Y
—= + — 0
dt Q _
The solutlon of this lmear equation is 0 = ce” - 20 )

At t=0, we are given that 0 =a=20.

Substituting these values into equation (1), we find that
¢=20, so that equation (1) can be rewritten as 0 = 20¢
Fort=20,0=20/e

Herea=0,b=1,e=4,f=2, and V= 10.

The volume of brine in the tank at any time ¢ is given as
V0+et—ft— 10+ 22

We require ¢ when 10 + 2¢= 50 hence, t= 20 min.

0=4

14.b.

15.d. For the equation _‘}Q
dt 10 +2t

40t +4t2 +¢
10+2¢
(M

This is a linear equation; its' solution is 0=

~ t120

Att=0, Q=a=0. Substituting these values into equation (1),
we find that ¢ = 0. We require Q at the moment of overflow,
which from part (a) ist=20. Thus
- 40(20) +4(20)°
10 +2(20)

Matrix-Match Type [8

1. a—q,s;b—>p;c—o>p;d—g,ns
a. Equation of the required parabola is of the form
y* =4a (x - h). Differentiating, we have

=401b

d 2
2y o =4a=y — dy —2a:> a'y +y —- 4y =0
dx dx dx di’
The degree of this differential equation is 1 and the order
1s2.
b. Wehavey=a(x + ay’ : )
L dy
—=2a(x+
e =2a(x+a) ®
Dividing equations (1) by (2), we gef 73— = ; a
: L4
& ,
2
= xta= —y,wherey1= &
341 dx
.. 2y . . :
Substituting a= ——x in equation (1),
o . h - .
| 2 Y |
we gety = [—y —x)(—y) =y’ y=4Qy -0
N 341
Clearly, it is a differential equation of degree 3.
2/3 3
¢. The given equation is (1 +3 d_y) =4 — d’y
) dx3
. 2 3
d
Cubing, we get (1 +3 _y) =64 d_y_
dx dx?
Hence order = degree =3
d We havey2 =2c (x + \/E) )
. dy
Diff. w.rt.x, weget2y — =
getzy i
dy
= c=y—
Y ax

32
Puﬁinginequaﬁon(l),wegety'z? Z(y%)x +2 (yd_y)

_ dx
' dy (Y
= -2 —4 -
( ? dx) 7 (dx
Its order is 1 and degree is 3
2. aoqg;bor;cp;d—os _
a y=e"+2e" 32 =4¢%_2¢™;y,=16¢" +2¢™;
=64e™ —2¢™
Now Y313y, = (64e4"—2e‘) 13(4e4x 2¢™)
=12¢¥+24e™

%ﬂ]’&%&'@ﬁﬂs«?- PR




Integer Typ

e e e = Lo
< L it g e
L o . T T

y,— 13y=12(e* +2¢™) =12y
~K=12andK/3=4

b. Since equation is 2 degree, two linew are possible.

d
c. y=u"= D ! du
dx

vHIgICHual i—yuauwviig Bwe

Asy()=1 = C=-2

- Z=Jc'+z—2 = y=x2—2x+2
X X
Hence (2)=(2)*~2(2) +2=2
3.(2) Giveny=tanz

. : ' d ' dy g dz : _ .
Substituting the value of y and % in 2x"y sz +yt =45 o Y
| N 2y _ | 2 d’z
we have 2x¢* ™ m w1 du 45, ow —= =sec Z'?+_.E(SCC z) [using product rule]
2
=sec? z-—= d’z +¢_z’z_'__ (sec z) —
du _ 4x5 —u*m d? dx dz dx
& 2m <t 2! 4 2 &V -
mxu jdx_g; =sec’z -t = 2 sec’z. tan z 2
For homogeneous 4m=6=>m= 3 20 +y)dy 2
2 Now 1+ 2 |
' 1+y° \dx ‘
3
and2m—1=2 =2m= - . 1 2
. 2 =1 +w 'Sec4z. (_%Zx_)
d y=Ax"+Bx™" secz ;
dy , =1+2(1 +tan z)- sec’ z- (iz_)
- = Amx™ —nBx™""! : “\dx
» PAY 2
P y =1.+25¢czz i +2mnz-sec%z(gxz-) 3)

=Am(m—1) X2+ n(n+1DBx"

2
" Putting these values in x? il+ ZxQ =12y
at

We have = m (m + D)Ax™ +n (n— DBX ™= 12(4X" + Bx™)

=:m(m+1)=120rn(n—1)=12

—=m=3,-4orn=4,-3

1.(4) Wehave 4xe?=y+ 5 sin*x
Putx =0, in equation (1), we gety = -0
Therefore, (0, 0) lies on the curve.

Now on differentiating equation () wrt.x, we get

4e"’-’+4xe"y'(x2y—+y) =25—’+10s1nxcosx
dx dx v

= y (0)=4

2.(2) Given % —i = (x_Z)

X

Jy&

1F=e %o ghe =l

2
= Yox+lscC
x x -

(2
Now general solution is given by -X,=I(x——
x x

—dx

from (2) and (3), we have RHS of (2) = RHS of (3)

2 2
sec’ z- i——1+25ecz(dz) .
dn? dx

' - d% ) [dz 2
= — = =cos°z+2|—

ax’ dx).
= k=2

dy

4.8 2 iuy=~¢
8 & y

IF=¢

o2 5 2 1
.. Solutionis y-¢ = [1¢ di=> | t-(2t-¢" ) dt

2

2 e 1 p .
y-e =1‘-‘2——5 e dt+C
t r
y_‘z _’ J-—E-dti'Ce
: . e‘,2
1 j'— c 1
3 .-Z =__lim 2 + = = -
}_)lm;t 2t te’ te,Z 2
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%

_Icosydx o= e__siny

LE =€

-, The solution is

ie.

x-S =2 je’Si"y -sin y cos y dy
= 2sinye -2 Jl(—e_s.my)‘cos ydx
=_2sinye ™ +2 J— —SiBY cos y dy

= 2sinyes 2+
x=-2siny— 2+ces“'y—ces“’y 2(1+siny)

k=2

6.(1) —

1 d’y d(l

dy 1 é
dx dx/dy dx®  dy \dxldy

(dx/dy)3 dy?

. 2 3 _
hence x—d—y +(dy) _d_y=0

1 dx, 1 1
(dxidy)’ dy*  (dxidy) (dxldy)

2 2 ) 2
'xd—{—1+ & =0 = x-‘i—f+(£) =1;
ay? dy dy* \dy

becomes —x-

dr Xy
=
yz——l ox

lety*—1=F = 2ydy=2tdt

t x2 -1
Sdt=-|—t——=dx
jf_(?t | Ixez—l

- 1
‘. t-=—'[\/.x;_—ldx+.jx\/—-x—7—_——1'dx

8.(8)

X Xp, X3

J 2 _1=—x?—1 +secx+c

Curve passes through the point (1, 1), then the value of
¢=0.

-1

Hence the curve is {y> —1=— x2 -1 +sec™x

Equation of tangent at P(x,, y;) of y = f(x)
dy ,
-y = —(x- 1
Y= N (x—x) ty)
this tangent cuts the x-axis so
=x N
2 M T ( d_y )
dx

.x,arein AP

_ Xz X =-— Z—}’)—logze given
dx
_ dy
= log, e—
2. dx
dy . .
“log,e =—dx Integrating both sides
y

logey =-xloge+c
y= ke—xlog=2

y =f{x) passes through (0, 2)
= k=2 )

= ::\__e—xlogez
y = 2’1—-x
. dy dy
9.(2) Equation of tangent is X—=y-Y—=+y=0 perpen-
dx dx
dicular distance from origin is
A '
Y
%
XX 4%
5 X
= gy s
Y-y= (X X).
Fig. 10.15
- Lfrom(0,0)=x
O—O—xd—y+y
&
(ﬂ) +1
dx
dy .
x—- 2
radl (xfll—- ) - Z(H(_y)z)
2 ax 7)) dx
(éy_) +1 _
dx
2 PR
= xz(-z) +y2—2xy y—x +x ( y)
dx
2.2 -
- d _ :
4 2}; =Zy 0 (Homogeneous)
puty=wxin(1)
v v -1
vt x—=
dx 2v




J.v +1 ——J_

fn(V* + 1) = —fnx + fnc
Vri=<
. X

2,2 .
Y tx =L o Yrd=ox
X x
passes through (1, 1), then c =2
x* +y2— 2x=0.
For intercept of curve on x-axis, puty =0
Wehave x> —2x=0 or x=0,2.

Hence length of intercept is 2.

0.5) . Y

-~
M P(x, ¥)

Fig. 10.16
-+ OP=0M

-~
T

tL=v = x—=v+x
Py x Y yov .dx dx

. Vtx ﬂ=v—x/1+v2v
dx .
log(v-+‘\/1+v2)=log£ :
x

V14V ==

%= <
+ .
=

+

Ml% )
[0 S

Il w
%o

y+\/x2+y2 =c

Hence curve is parabola, whictihas eccentricity 1.

n@ =-y=l-e~
@ dx y

P=-1 Q=l-¢"

e uimerenuial EquUALONs tu.ot

I.F.= :edex zej—ldx =~

o oyer= [eX(1-e)dx+ C
—X —X 1 —2X '
ye =—e  t Ee +C

y=-1+ %e_’+ ce

v x=0  y=y
So C= +l
A

y=-1+ %e—"+(y0+1/2)e"

x —>eo y — finite value 50 o+ 1/2=0
Yo=-1/2

Archives

Subjective

1. The equation of normal to requlred curve at P (x, y) is
given by,

1
BN
d-X, (x, )

or(X—-x)+ % Y-»=0

Y-y= (X —x)

For point O, where this normal meets X-axis, put Y =0,

we get,
dy
X=x+y =
x+y o
)
x+y—,0
Q( Y
v}
‘ Q@ x
Fig. 10.17

According to question length of PQ = k.
dy 2
= |y—=| +/F=F
(y dx) 7=k
= y%=iv’k2— 2

which is the required differential equatlon of given curve.
Solving this, we get
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-
= —%2\/k“—y =ﬂ:x-¥-C
= - ‘/kz —y2 =xtx+C

As it passes through (0, k) we get ¢ = 0.
.. equation of curve is — \[kz -y =xx

orx?+ y2 =i
- Equation of the tangent to the curve y = f(x) at point (x, y)
isY—y=f"(x)(X—x). -

The line (1) meets X-axis at P (x -

y _0’)
£y
and Y-axis in 0 [0,y —xf” (x)]- -

4

 Fig.10.18
. Area of triangle OPQ is

- % (OP)(0Q)

_1
_O-x (x))
2f'(x)
Given that area of AOPQ =2
R A /A €))
21 (x)

= (=¥ @4 @=0
= (y-px)’+4p=0 ' o @

where p=f* (x) = dyldx '
' From the diagram y —xf” (x) > 0 andp =f' (x)<0

So we can write equation (2) as y px 2 NES

= y= px+2J— 7 . 3)

Differentiating equation (3) with respect to x, we get

p= —p+%x+2(2)( )'1”( 1)

dx

dp “ip dp '
= —_ — (= — =

i 2B

dj
= 2 =) =0

dp -
= = =0orx=(-p)?
e -p)

i _ _ . :
Ifzx— =0, then p = c where ¢ <0 [ p<0]
Putting the value in equation (3), we get

y=ecx+2 J-c¢ @)
this curve will pass through (1, 1) if

I=c+2

= —c-2-c+1=0

= (J-c-17=0

= 4-c=1=>- c=iorc=—1
Putting the value of ¢ in equation (4), we get y=—x + 2
Next, Puttmgx=(—p) -2 or—p= xzmequatlon(3) we get

X X X

= x=1x>0,y>0)

Thus, the two required curves are x + y =2 and xy = 1,
(x>0,y>0). -

d
é’- =sin (10x + 6y) ' | M

Put 10:-+6y= v=>10+6dy &

Then equation (.1),tran_sforms to % ~10=6sinv

‘ T odv »
= J.6sinv+10=J“fx
' !

dv
=

DTN
12 sin — cos — -‘1-\10
2 2 A

Divide above and below by cos? (1/2) and put tan (v/2) =¢
j 2dt _ J- e
12t +10 (1 + £%)

dt
> Irarsle

dt
= [—F——=5[a
t+>| +|{—=
5 5)
= a2 s
4 4
ot I3 g %)
Aton'ginx=0;y=0.'.v=0.‘.t=tan%=0
_1'3
= tan - =¢
4




, _ 3
Then from equation (2) we get tan™" 3+3 _ an : =4y
5t+3 3
4 4 _
= St 33 e
1+ =
4 4
20¢
- ——— =tandx
25+ 15¢
= 4t=(5+3f)tandx
.= t(4-3tan4x)=5tan4x
' v 5 tan 4x
=. tan — =

2 -4-3tan 4x

' 5 tan 4x
tan (Sx + 3y) = —————
= (3x+3y) 4 — 3 tan 4x
ot 3p—tan’! | AR Ax
= xXT 43 tan 4x

1 -1 5 tan 4x
= y==|tan |————|—5x

3 ~\4—-3tan 4x
. Letatany instant ¢, x be the volume of water in the reserver
A4 and y of that in B. '

Then éf o< X
o dt

: dt
= @ =k, dt
x
= logx=Fkit+C
G

M

= XxX= ‘ek‘t e
Similarly for B, % <y

= logy=k2t+ C,

o y= G » @

Nowatt=0,x=2y, i.é., x =2
y

. . cl
form equations (1) and'(2) we get % =2 3)
e

3
2 .

3, x
Alsoati=1,x= = y,1.e.,, — =
2 y
ekl ecl

ekz eCZ

=3
2

o ko3
4

. ox
Letatt=T,x=y,ie,— =1
y

KT Co

then ——— =1
T &2

bitterential Equations 10.53

= (MR 2=1

U

“Taking log on both sides, we get

Tlog (3/4)=log(1/2)
—log2-
—log 4/3

_| log2.
log 4/3

= TI=

. a.y=u (x) and y = v (x) are solutions of given differential

equations.

~ b.ou(x)>v(x) for some x,

e f)>g (), Vx>x, |
g‘;— + p(x) u=£(x) and % +p () v=g()
= "(’;x W) 4 playu—v) = f(x)-g(x)

= o ﬂ‘{‘i—;—"l+e“"i"p(x)(u—v) _
= P (f(x)-g(x)
> dx[(u 0’ ] [ @)-g(e™

Given f (x) > g (x), V x > x, and exponential function is
always +ive, then R.H.S. is +ive.

%l:(u—v).ej "d"]>0

pdx
Hence the function F (x) (u V) ej is an increasing
function.
Again u (x;) > v (x;) for some x,

dx . L. .
F=(u-v) ejp is+iveatx=ux,

= F=(@u-v) eJ P is tive Vx> X (F being increasing
- function)

u@@)>u(x), Vx>x
Hence there is no point (x, y) such that x > x whlch

can satisfy the equations.

: y=u(x)andy=v(x) -
. Equation of the tangent at pomt (x, y) on the curv i‘s

Y—y=%(X—-JC)..

This meetaxisin 4| x - yix—,O and B (O, y —xé)—)-)
dy - dx

'Mid-point of 4B is 1 x-—yidE ,l(y—xiy—
_ 2 dy) 2 dx

we are ivenl x- & —xand1 xd_y =
T 20 )
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y  x
. . dy rdy
Integrating both sides _[7 =- J; s weget

= logy=—logx+c
putx=1,y=1,=logl-logl=c=c=0

= logy+logx=0=logyx=0"

= yx=e¢" =1 which is a rectangular hyperbola.

. ) A dx
Equation of normai is - (X-x)+Y-y =0
ly ,

Given that perpendicular distance of the origin form the
normal at P = distance of P form the x-axis

dx dx 2xy
= |=|=0 | 2_2
dy dy y —x
dx
If — =0,thenx=c, whenx—l,y 1=>c 1
dy
Cax=1 - ‘ ()
When & 22 a2 (homogeneous) (¥))
vy -x? .
Putti - dx - dv
n s = — T A —
utting, x = vy & y.dy
». equation (2) transforms to
dv_ 2v
vty — =
Y dy 1-v?
v _ v _2v—v+v3 v+v
ydy 1-v? 2 1-v?

v

=
1+v
x
= =c
x“+y

- whenx=1,y=1givesc=1/2

. solutionis x* +1? - 2x=0

- Hence the solution are x* + 2 — 2x=0,x— 1 =0.
. Let P, be the initial population of country and P be the

population of country 1n year ¢ then

dpP

— =rate of change of population= — P=0.03 P
dt 100 .

~. population of P at the end of n years is given by

Pi’lg—j 0.03 dt

= InP-InPy=(0.03)n

= InP=InPy+(0.03)n O
If F, be its initial food productlon and F be the food
production in year n.

Then Fy=0.9 P,

‘and F=(1.04)"F,

= IF=nn(1.04)+InF, @)
-+ the country will be self sufficient if F> P
= InFznP
= nn(1.04)+InF;=1InPy+(0.03)n
N hR-nK  Inl0-In9
" In (1.04) ~(.03) In (1.04) —0.03

" In10-1n9 '

Hence n =

In (1.04) - 0.03

. Thus, the least integral values of the year n, when the
. country becomes self-sufficient, is the smallest integer

‘ In10-1n9
greater than or equal to0 —————.
In(1.04)-0.03
. Given that F J. f t) dt

F'@=fkx) 48] [Using Leibnitz, theorem]
Also given that f(x)<cF (x) ,Vx 20
we getf(0) < cF(0)=0

n SO0 0
But given that f(x) is non-negative function on [0 00)
- ()20
. f(0)=0 ' )

- from equations (2) and B)f =0
Again f(x) <cF(x),Vx2 0 we get
fx)-cF(x)<0 :

= F'(x)—cF(x)<0,Vx=0 [Using equation (1)]
= €TF'(x)—ce TFx)<0 '
_ [Multiplying both sides by e~ “* (LF.) and keeping in mind

thate” “>0,Vx]

Cdr
= [e= F(x)]<0

= g(x)=¢ ™ F (x)is a decreasing function on [0, ).
Thatis g (x)<g(0) forallx=0

Butg(0)=F(0)=0

.‘.g(x)SO,VxZO

= eF®<0,Vx=0

= F(x)<£0,Vx20

= ~SfE)SFX)<L0; Vx>0[ ¢>0and using f(x)
ScF(x)]

= f(x)<0,¥x=0

But givenf(x) 20

L



:> f(x)=»0,Vx20'

10. Let the water level be at a height 2 after time 7, and water

level falls by dh in time dt and the corresponding volume

of water gone out be dV.
= dv=—m’dh

h
L W

(-ast increases, h decreases)
dt dt

Now, velocity of water, v= % 2gh

Rate of flow of water = Av (4=12 cm’?)

av (3 , dh
= — = —\/2 hA | = —xmr" —
dt (5 & ) i

R
~R
R—h N
r
— % dh
"
'Fig. 10.19
Also from the figure,

R2=(R—h)2+r2=>r2=_2hR—h?
dh
So, %,/2g JhA =—mQhR-) X =

o PRE g —%,-/2gAdt

N

Integrating, we get

[ @R -H")dh = —3—‘:/5—? A dr

. 0
372 15/2
. h
.
34.2g U R

5‘6717
94z

- 56m (1 0)5

- 9x12\/§
14n .
= 27\/’; (10)’ units

" 11. Let at time t,r,and h be the radius and height of cone of
water. ' ‘ '

10y’ (R=200 cm)

12.

/S

. at time ¢, surface area of liquid in contact with air

. — P

Fig. 10.20

: . . av
Now according to questions — 7 o< M

[ ¢ sign shows that V decreases with time]

= ln- W kn?
3 dt

But from the figure, we get % = [Similar A’}

R
H

= r= rH—t+C (integrating)
Nowatt=0,r=R
= R=0+C=C=R

—kRt

= r= +R _
Now let the time at which cone is empty be Tthenat T,
r=0 (no liquid is left)

—kRT

0= +R =>T=Hik

According to the question, slope of curve C at (x, ¥)
_ (x+D+(y-3)

(x+1)
= Q=(x+1)+lﬁ
x+1
1
Q—(———)y =x+1- ——3
dx \x+1 x+1

which is a linear differential equation.

dx .
LE.= e—j X+ = g 0B = !

©ox+l1

s solutionisy L J 1- ——3—2 dx
: _ x+1 (x+1



O
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i : y 3 . - -
= x+1 —x+x+1+C = log 5 4 +,/1_y2 =+x+e
= y=x@E+D+3+CEx+1). : (1 :

As the curve passes through (2, 0), Obje ctive
~0=23+3+C3 |
= C=-3 Fill in the blanks

equation (1) becomes
y=x(Ex+1)+3-3x-3
y= x*—2x
which is the required equation of curve.
This can be written as (x —-1)>=(y + 1)

- [Upward parabola with vertex at (1, — 1) meeting x-axis at
(0,0)and (2, 0)]
y

’

Yy
Fig. 10.21

Area bounded by curve and x-axis in fourth quadrant is as _

shaded region in the figure given by
' 3

v_.2 _22.~’ _x__z
A= ondx’—Uo(x. 22) | dr = | al
= §—4|=i $q. units
3 3 _
. Given length of tangent to curve y =f(x) =1
2
dy
1+ —
g (dx)

e
@)

= J.—l—\/—;—Ti y_'= jidx,‘

put y = sin 8 so that dy = cos 646

J»cos (V]

—— c0s 8dO=xx+c "’
sin 6 _

= J.(cosec 0—sin 6) do=+x+c

= log|cosec 8—cot 0|+ cos f=*x+¢

- 1. If S denotes the surface area and ¥ the volume of the rain
drop then according to the question .
27 w8
e
= % =—kS where k>0
(— ve sign shows V decreases with time)

- 2fter] e

= 4z =—k(@dnr)
dt

— T — k
dt
Multiple choice questions with one correct answer
1. a. Slope of the normal at (1, 1) =— 1
a

Slope of tangent at (1, 1) =a

. (2)
ie, | — =a
dx J, 1)

. dy . .
Since Zﬁ— 1s proportional to y,

d_yz
dx

= & =Kdx
y
= logy=Kx+C
= y=eK""C=4eX where 4 = ¢
It passes through (1, 1)
v 1=déh A=K

y=e_KeK"=eK(x'l)
) . .
2.c. (QJ —x-dl +y=0
dx dx

By verification we find that the choice (c), i.e., y = 2x 4
satisfies the given differential equations.
Alternate

2.
dx.

dx
dy xi\/x2—4y

= - 1
ix 5 Y]
Letx*—4y="1
o maP oy
. odx - dx
= x—zd—}fst'ﬂ

dx




Then equation (1) changes to x — ti =x=£t"

dt =xlort=0
t—:i:x+corx =4y
xF —4y= x:l:2cx+c
—4y= +2cx+c”
Forc=4
4y=+8x—160ry=2x—4
3.a. The given differential equation is .

dy t 1

a 1+t? 1+t

AV

—f——dt
I1+t

1F.=e.

~(-loB+)

—t 10g(1 +8) (1 + t)e
solutlon is

1

o yef(+fH=—e"+C
Given that y(0)=-1
= -1=-1+C

)e" +0)dt+C

= C=0
‘_—_____.l—
YT
y=- oz =12
4.a dy 2+simx =—cosx,y(0)=1
dx\ 1+y _
dy —CcoSX

=2 dx

1+y 2+sinx
Integrating both sides, we get
= 1n(1+y)=—1n(2+smx)+C
Putx=0andy=1
= In2=-In2+C
=C=In4
Putx=m/2
In(1+y)=-In3+In4= ln4/3
= y=173

5.c. The given differential equatlon is 0Z +y%)dy = xy dx such

that y(1) =1 and y(xp) =€
The given equation can be written as

b _ —Z—y—— (homogeneous equation)
dc x“+y
Putvy=vxtogetv+xd—v— Y
ST A 1497
dv -V
= x— =

" dx

inereilidl CYuauuiio - swess

' = J-1+v J-_z

= ———2—+log|v j+loglxE=C -
2v :

5 .
= logy=C+ 5_7 (using v=y/x)
y

Alsoy(1)=1
= 1og1—C+l—_—>C——l
2 2
logy= "
7T Ty
Giveny(xy)=e
2_ 2
: Xg—e
= loge= 02e2

= xo 362=>x—x/§e

. The given equation is

ydx+y* dy=xdy;x€ R,y>0,y(1)=1
ydx— xdy ' '
y

d{x
Ll +ay=0
dx(y] Y

On integrating, we get . y=C. -
: y

+dy =0

y(H)=1=1+1=C=C=2
£+y=2 -
y o
Now to find y(-3), putting x = — 3 in the above equation
3 :
weget, ——+y =2

= y-2y-3=0=y=3,-1
but given thaty>0 . y=3

2

S

y _ yl-¥

y
-2y
V1-¥2,

= 2Jl-y?+2x =2

= dy+2dx=0

= 1—y2+x'=cb

= (x—c)2+y2=1
“which is a circle of fixed radius.1 and variable centre

(¢, 0) lying on x-axis.

Multiple choice questions with one or more than one correct
answers .

L y=(C;+Cyoos (x+Cy)—Cy €



Q:§8 QE!EE_I}.‘,?E fa 0 et

=(C1 +Cy) cos (x+ Cy) — Cs eCse”

= A cos (x+ C;)—Be* [Taking €1 + C,=4,C, e =B]

Thus, there are actually three arbitrary constants and
hence this differential equation should be of order 3.

l.a,c. y¥=2c (x + \/E)
Differentiating w.r.t. x, we get
Yy’ =2c=>c=yy
Eliminating c, we get
=2y, G+ ) or0F =2 = 4’y
It involves only first order derivative, its order is 1 but its
. degree is 3 as y13 is there.
3.¢,d. Tangent to the curve y = f(x)at(x,y)1s

dy.
Y—y= (X —
= ( x)

dy :
AT -B(o_x‘L )
g}i ,‘ > 3 dx y
. dx |
BP:PA=3:1
(=57)
dx
& £+1%x0
= x= dx
4

= x-dl+3y =0
dx

- [L-jat

y x
= logy=-3logxtlogc
L=
3

As curve passes through (1, 1), ¢= 1
- curve is x> y = 1 which also passes through (2, 1/18).

Integer type .
1.09) Equaﬁbn of tangent to y = f(x) at point (x, y1) is
' y—y =mx—x)
Put x = 0, to get y intercept
yy—mx; =% (given)

dy
_x ——
34 U 2 1
dy - _ 3
x -yr X

. Solution iSy><l = J-—xixldx
‘ x

Or

=

2.(0)
=

=

d .
By _ e
dx x
1
LF.= Jt_pmx 1
X

x

3
foy=-5 42 5=

" f(=3)=9.

Y@+ g() =20 £

&y () + &g (@) ) = ¢V g g ()

4 o)) =g

2 () 9= [EDg(x)g (x)dx

= Ie’ tdt, where g(x) =t

C=(@-1Dé+c

L y®) E9=(gl) -1 P +e

3.6

iy

Putx=0 = 0=(0-1):1+c = c=1

Putx=2 = p(2)-1=(0-1)-(1)+1
»2)=0. S _

6} S(@)dr =3x£(x) -5
1
6/(x) =3/(x) +3xf () =32

() -f) =%

Lox+e

x

Givenf(1)=2

c=1 : ‘
y=x2+x : -

Ty T e N SR P




Append1x

Solutions to Concept
Application Exercises

Chépter' 1

Exercise 1.1

x=3 :
1. =
7 (x+3)W x* -4

we must have x*—4>0 andx#~3
= Domainis x € (o2, -3) U (:3,-2) U (2, ).

2. fo)=~2-x -

2
—X
| 'We must have (i) x < 2 and (i) 9-%* >0 = [x] <3 or
3<x<3.-
Hence, domain is (-3, 2]

e

>0 d——>0
1+x

We must have
x+2 .

x—2
x+2

20 =>x>22o0rx<-2.

I-x S 0 o _1<x<1
1+x

Hence, the given function has empty domain.

2 1 2x-1
4. fx)= ’ ——
/@ (xz-x+1 x+1 x3+1)

We must héve 5 2 1 _2x- ! 20
x—x+1 Tx+l o +1
-2(x+1)—(x —x+1)—(2x—1)>0
(x+1)(x2 = x+1) B
2
—(x"—x=-2
L, _ox-D)
(x+D(x"=x+1)
—(x— 2)(x+1)
(x+1)(x —x+1)
2-x
=35 1
x“—x+1
=2-x20,x#— l(asx2 x+1>0foereR)

= x<2,x#-1
Hence, domain of the function'i is(-

20

20, ‘wherex:ﬁ—l

w0, 1)U (-1,2].

5. flx)= x—1-x? to get defined x—V1-x220
= x2V1-x* ‘ ‘

=> x is positive and x> > 1—-x*

=x21/2
1
- =xe | —,1{ (- —-1<x<1
[JE ] )
. x+1 x +2 1 1
6. x— =1-
f&) 242 xr42 x*+2
Nowx2+2,22,VxeR ,
= 0< 21 S-l—- = ——l-s— L <0
x“+2 2 2 x2+2
= -1—31— <1
: 27 xX*+2

7. Using wavy curve method and the fact that x=0and 3 are
the repeated roots of x(¢" — 1) (x +2) (x— 3)?=0, we get the
sign scheme of the given expression as

- + 0+

-2 0 3
Fig. S-1.1

Thus, the complete solution setis x € (—e0,=2] U{0, 3}.

Exercisé 1.2
X% +34x=71 _

1. Let

' x* +2x-7
=2(1-y)+2(17 - y)x+(7y 71)=0
For the real value of x, b —4ac >0
=) -14y+4520
=y<S50ry=9
Hence, range is (—oo, 5] U [9, ).

2. Lety= Jx—1+/5-x _
oy =x—1+5-x+2/(x-D)E-%)
=>J/2—4+2J—x2—5+6x |
=P =4+2 J4-(x-3)

Then y2 has minimum value 4 [when 4 — (x 3)?=0] and
the maximum value 8 whenx=3.

Sye 2242
3. fx)= Jx* +ax+4 is defined forall x.

> +ax+420forallx
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. =D=a’-16<0
=ac [—4>4]

4 fr)= N3-2x—x is defined if 3 —2x—x*>0
=x+2x-350
= (x— 1)(x+3)<0
=xe [-3,1]

Also f(x)= \/ 4—-(x+ 1 which has maximum value when
x+1=0.
Hence, the range is [0, 2].

Exercise 1.3

l.a. 1<{x—-2[<3 _ '
Weknowthataslxlsb@xe[—b:,—a]u[a,b].
Giventhat1 <|x-2|<3
=x-2)e[-3,-1]uU[1,3]
=xe[-1,11UI3,5]

h 0<|x-3|<5
=x—3#0and|x-3|<5
=x#3and—5<x-3<5

_ =>x'_¢3and——2s_x58

- =xe[-2,3)u(,8]

e =2+ [2x-3|=]x—1]
= x—2|+2x-3|=|(2x—3) H2-x)|
=(x-2)(2x-3)<0

=3/2<xL2
=xe [3/2,2]
4 F2<
x+1
o173y
x+1
523 <0 and 0241
x+1 x+1
' ~2
= ——iSO and 0S2x
x+1 x+1
=x>-land {x<-lorx21}
=x21 -
' 1
2. a.f(x)=
T dx—=1x]
| = x—x=0, ifx=0
g x+x=2x, ifx<0
=x—|x|<Oforallx
= ‘/_l_i.does not take real values for any x € R
x—|x o .
= f(x) is not defined for any x € R
Hence, the domain (f) is ¢.
1.
b ()=
x+]x]

";| | x+x, if x20
x+|x}=
. x—x, if x<0

2x, if x=0

=xtx|= { 0, ifx<0 @

B .
Now, f(x)= ——— assumes real values, ifx+}x|>0
, JxH x| : |

=>x>0[Using (1)] = x € (0, )
Hence, domain (f) = (0, o).

4x if 3\122
2

3. Given|2x+3|+|2x-3|={ 6 if —%<x<%

—4x if xS—E
2

"andy=ax+6
y=—ay y=4x
(0. 6)
812 |0 312
Fig. §-1.2

From the graph, it is obvious that if,

a = 0 we have infinite solutions in the range [—' %, —;—:I
if0<a<4or—4<a<0,two solutions,
ifa=4or-4wehavex=0is the only solution.
4. f(x) can be rewritten as
a+b+c-3x, x<a
" | b+tc—a-x, as<x<b
fx)=

a-b+x, b<x<c

3x—a-b—c, x2c¢

Graph of f(x) is shown in Fig. S-1.3
Clearly the minimum value of f(x) will occur at x = b which
isc—a.

y

o
>
[~
>

Fig. S-1.3

5. fx)= \/7\]x —6x+9 \/1—\/(x 3 =J1- |x— 3

= Range of /(x) is [0, 1]. -




f)= \/sin‘x'+\/16—x2

= sinx>0and 16-x*20

= 2nr<x<(2n+ )rand-4<x<4

" - domainis[-4,-7t]uU[0, z].

ﬁz a. We know that tan x is periodic with period 7. So, check

. . . T T
the solution in the interval (—5, —),

2
, y
1
1
. ! 2
P P y =
" N j
———— (tan™2, 2)
+ t X
—nl2 —ml4 nl4 72
-1+
(tanx < 2)
T x=-mf2 . x=7f2 .
Fig. S-1.4

It is clear from Fig. S-1.4,tanx <2 when—% <x<tan'2

.. T ' _
= General solution is nt— E <x<nm+tan 2

¥/ -1 '
=ne nn—z, nw+tan 2

cos x is periodic with period 27.
So, check the solution in [0, 27].

\ 27i3 ' / o
n 4nl3 /302 2z

1

1

1

)

1

1

1

E
-2 O a2 i
- )
[}

]

1

t

—1/2

- s x < —1/2

Fig. S-1.5

' ' 1 2r 4
Itis clear from Fig. S-1.5, cosx < 3 when 3 <x< 3

On generalizing the above solution, we get

2nw+ E:gy-t-SxS2n7z:+£—‘3E; neZz

. 1 - 2m ‘4n
- solutionof cosx<— = =x€ |2nm+—, 2nT+—|;
' 2 3 .3
ne Z
. Letf(x)=tanxand g(x) =x+1;

which could be shown as

Appendix: Solutions to Concept Application Exercises A-3

y

g =x+1" ’
Zst:vy)i
1 1 i
bz N oy
—3n2 41 O im’2 3m2
Fig. $-1.6

From Fig. S-1.6, tan x=x + 1 has infinitely many solutions-

but the least positive value of x € (Zj—, %)

. f(x)= sec (% cos? x)

We know that, 0 < cos? x < 1.

. T T
= 0<=cos’x<=
: 4 4

For the above value of 6= %co_s2 x,secx is an increasing
function. . 7
atcosx=0, f(x)=1andatcosx=1, fx)= 2

1<x< \/5 = x€[], \/5]

. f(x)=tanx,xe [1,2] (see Fig. S-1.7)

Here the limited values of x are given

The best way to get the range of tan x for such values of x
is graphical one.

Consider the graph of f(x) =tanx forx € [1,2]

Clearly from the graph, tanx € (e, tan 2] U tan 1, )

—nl2

(o}
[SE]

R 3ni2
i feeha)
Fig. S-1.7
1
f@=

1-3]cosx]
Now — 3|cos x| € [-3, 0]

1 -3jcos x| e [-2,1]
1

———— € (—0,—12]U[1,0) -
1-3|cosx| ( .] [1.=)
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Exercise 1.5

1.

a flx) is defined ifx € [-1, 1]and x#0

b.

e L4 U U

([

. )= cos™! (6

‘ 4
For cos™ (6—3x)
4

= xe[-1,00u=(0,1]

fx)=sin"' (kx-1]-2)

Since the domain of sin™’ x is [-1, 1]. Therefore, f x)is
defined, if—1<|x—-1|-2<1

1<x-11<3

—3<x—1<-Lorl€x—1<3

—-2<x<0,0r2<x<4

domain=[-2,0] U2, 4]

—1<1+3x+25%<1

26 +3x+12-1

or2x’ +3x+220 . 0
and 2x* +3x<0 _ )

From equation (2), 2% +3x<0=>2x (x + %) <0

?sxso =>'xe[—§,0].

In equation (1), we get unagmaryrootfor?.x2+3x+2 Oand
2:%+3x+2 20 forallx.

domain of function = l:—%, 0] .

To define f(x),9—x 2>0=>-3<x<3 ___ )]
-1 <(x 3)< 1=>2<x<4 T (2)
From equations (1) and (2),2 <x <3, i.e. [2 3)

-—3x) _l(x‘ l)
+cosec” | —
! 2

-4<6-3x<4
—10<3x<-2
2/3<x<10/3 ’ _ o

For cosec™! (1_—1)
2

..x__—_l-s_l or i:__l
2 - 2

\%

1
x<-lorx=3 : ’ @

U

From equations (1) and (2),x € [3, ?]

f)=Jsec™! (2—1;: ')

sec™! function always takes positive values which are
[0, i} — {=/2} '

215l
a

Hence, the given function is defined, if

2- -
or—ﬂZI. ' Ta
4

5. f)=

= |x|z6o0r|jx|<-2 = x€ (—e0,—6]U[6,0)

2. f(x)=tan (\/(x—l)z +1)

Now (x— 1>+ 1e[l,00)

= (o) e [2.2)

3. Forx=0, cost1-x? =sin} x

= f0)=0

Forx <0, cos 1 \1—-x* =—sin"' x

= fx)= V=2sin”! x

= rangeof(x) is[0, ¥7 1.
4, y= ? —1) +222
= logos(x —2x7 +3)< -1

: 3z’
-1 :
= cot” loggs (x -2x? +3) € [T’ 75)

Exercise 1.6
. Z(Ja:—2)
1. 4+ 8% —13-2%D >0
' X x
= 4+ i"’——4—213
16 4

= 424 = xe[2,o)
2. f(x)=sin"" (logyx)

' Since the domain of sin™ x is [~1, 1].
Therefore, f(x)=sin" (log,x) is defined,
if-1<log,x<1
= 27'<x<2!

= —<xZ2
2

1
= domain is l:E, 2]

3. f(x)=logy_g(" - 11x+24).
f(x) is defined if x— 4>0and# 1 and x —-11x+24>0
= x>4and#5and(x-3)(x—-8)>0
= x>4and#5andx<3orx>8
T => x>8
‘= domain (y)=(8, )

4. f0)=

flsdefmedwhenx;tﬂ:2andx -x>0
= x#+2andx(*-1)>0

= xzx2,xe (-1,0)u(l, =)

= xe(-1,00u(1,2)u(2,«)

s +logo ()

lo x—2
—@ﬁl—‘——l. Herelx|>0Vxe R—{0} ()

= Forf(x) to get defined logy ;]x —2| 20




:u;_v_h_-vsg;y‘;_g;_w,;..-.u:v e et

Do L5

i,

= 0<pk-2{<l
= |x—2{<landx#2
= -1<x-2<ltandx#2
= 1<x<3andx#2
= xe[1,2)u(2,3]

6. 0= [1ogsg | B0t Cleart )'ldﬁnled,‘f

. f(x) 810 15 G~ log 0 y, f(x)isde i
logp 4 = logjo ¥ >0, 10810 ¥ > 0andx>0
2 (3 — logyg X) 2 (3 - logyp ¥)
L, lomox oy '%B0¥ <gandx>0
2 (3 — log;y ¥) log;g x —3
= 3 (logjo * —2) <0, 1080 ¥ . Qandx>0
_ 2 (loge X —3) . logy x —3

= 2S10g10x<3,0<logmx<3andx>0
— 102<x<10%10°<x<10’andx>0.
= xe[10%10%)

7. f)= 1 exists

_ ,flogl,z(xz ~7x+13)

Iflog (¥ —7x+13)>0 _
= -xéz—7x+13<1 o

2

and ¥*—7x+13>0 A
T xX#-Tx+12<0and (x—%)+% >0 '

—, 3<x<4andxeR

= 3<x<4
8. - 2Ssinx—cosxSx/5 .

= 2«/§Ssinx—cosx+3ﬁs4«/§
Sinx—cosx+3«/§ <4
/ﬁ <
= 1og22510g2(-51—ni——cj—%t3—\/—5- )Slog24

N 1s10g2(51nx—0355x+3ﬁ)S2

= 2<

_ Exercise 1.7

1. [PP-5x]+6=0
= [x]=2,3
= xe[2,49 »
2. y=3[x]+1=4[x—1]-10=4{x]~14
= [x]=15andy=3.15+1=46
o [x+2y]=2y+[x]=246+15=107

: 1
3. a Wehave, f(X)= 7=
. ‘ ,/x —[x'] .
We know that 0 S x — [x] < 1 for all x € R. Also,
x—[x]=0forxe Z. :

1
J—[x]

= xeR-Z

-Now, f(x)= is deﬁned, ifx-[x]>0
x—[x]=0forxe Zand

0<x—[x]<lforxe R-Z

Hence, the domain =R — Z '

) APPENUIX: DUILLVLID ‘W UUIILTPL Mpprvsiss s v

AT -
We) must have [x]>0and [x] # 1(as for{x]= 1,log [x]

= [X]22 = xe2,«) :

¢. f(x)=log {x} is defined if {x} >0 which s true forall
real numbers except integers.
Hence, the domainis R —Z.

1
PR [P m—
AN T
i~ 111-5>0
= -1

= [jx|-1]<-Sor[lx|-1]>5

= p|-1<-Sor|x|-126 = K27

= x€ (—oo,—TJU[7,)
5 a.l-sinx>0=sin<l=>xeR

b.1-4x*>0=>x€ (-1/2,1/2) .

c.log(1-4D)#0=1-4# 1= x#0
Cd-1€1-{x}<1=20L{x}<2=2x€e R

Hence, domain is common values of a, b, ¢, and d, i.e.,

11
.xe | ——, = |-{0}.
(-3.3)-©

6. f(x)=cos(log, {x}). _

For the given function to define 0 < {x} < 1

= —oo<log,{x}<0 ' .

For this values of 6= (log, {x}), cos ftakes all its possible

values.

Hence, the range is [-1, 1].
7. logpy I—:—z—l is defined, if Ix] >0,[x]>0and [x]#1

: x

= x>0,xe[l,e°)andxe [1,2)

= xe[2,%)

o x| .
Forx e [2, ), wehave log |—;— =logy 1 =0

s f)=cos 0=m/2forallxe [2,%) ,
Hence, domain (f) =[2, e) and range (/) = {m2}.

8. f(x)=logy,_y;sinx, where[.] denotes the greatest integer.
To get the range of f(x), let us examine the values of x for
which the function is defined.

f(x) is defined if sinx > 0 and [x - 1} >0and[x—1]#1
= O<sinx<land{x]=>2 :
Now for base of the logarithm >2 andsinx € (0, 1], clearly
logg,_13 sinx € (— o, 0]. _

9. Forx>2,LHS is always non-negative and RHS is always

~ negative.
Hence for x > 2 no solution.
f1<x<2, then (x—2)=(x-1)-1=x-2, which is an
identity ' '
For0<x<1,LHSis ‘0’ and RHS is (-)ve
= No solution. :
For x<0,LHS is (+) ve, RHS is (—)ve
= No solution '
Hencexe [1,2)
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. Exercise 1.8

1. f(3)=max. {1,13— 1}, min. {4,19— 11}
= max. {1,2,4}
=4, :
2. Here, for maximum, let us consider f(x) = 2, %)
T (1 - x)and f3(x)=2x(1 %) o .
Now taking graph for f1(), f2(%) and f3(x);
y

y=2x(1—x)

Fig. S-1.8 -

Here, peglecting the graph, ie., below the point of
intersection. _
Since we want to find the maximum of three functions

£ix)s f2x) and f5(x):
1=x7",

(=

<x<

<x<

_1_
3
2
7= {2x(1-), 3

<x<1

Fig. S-1.9
(L el
From the graph f(x)= {~L 0<xikl
- 0, |xkE1

~

Xs
-~

> X

bt L5

Fig. S-1.10

. 8.¢. For—1<x< l,tan'-1

. -1, x<-], 0<x<l
From the graph f(x) =41, -1<x<0, x>1
) 0, x=-101

Exercisé 1.9

Lb. Clearly f(x)mustbex+2as for this function each image
has its preimage and each image has one and only one
preimage.

2. Whenn is even

Let f@m)=J@m)

2

. _2my _2my
2 2

= m=m

When 7 is odd

Let f(2m,+ 1)=f(2my+1)
am +1-1_2my +1-1

= my=m
2 2 = mTm
s f(x)isone-one.
- 2
~ Also when n is even, e e
- 2 2
n—1 2m+1-1
—_—m

When n is odd, ——
2 2

Hence, the range of the function is Z. ‘
= function is onto. _
3. f(x)=f(x).S0, f is many-one.

Also, fO)=1- >1-5=—4.So, f isinto.

,x2.+1

il

sinx— \/3 cosx+1

2 sinx.-l——cosx\—[_i +1
2 2

. 4 . T
= 2(s1n X COS —3— —COS X sm——) +1

3
=23in(x——7£)+1
3).

* Clearly, f is onto, when the interval of Sis [-1, 3].
2x

1-x°

' rapgeoff(x)%‘ (———22, -725)

4. f0)

=2tan "' x

2 -k

1 ' :
3 <1,VxeR,

6. g(x)issurjective if =<

2 1+x

o Ly ED o) vrer

2 x2+1 :

= _ls-_(_k:_l)_ <0 VxeR
2 x~+1 :




(k+1)
x> +1 2’ :
= k+1>0 Sok>-1 8))

k+1

x> +1

or X*—(2k+1)20VxeR
= 4(2k+1)<0

L ks—s | e

= Vxe R

and ,VxeR
2

From (1)and (2), ke (—1, —%]

. Exercise 1. 10

1. fEx)=(g-x)-gw) =— (k) - g(—X))
Hence, f(x)is an odd function.

-f®

x> +x+1

(4, 2
2. log(f—ﬂ] = log(x2 —x +'1), which is neither odd -

nor even.
3. fx)=(xg(-x).gx)+tan (sin (- x))
=— (xg(x) g(~x) — tan (sin x)) =~ f (%)

~Hence, f(x)isan odd function.
sinx

2 |72 |

= f(x)=cosx whichis even

5. f@)=log (5 + \x* +1)
fex)=log {5+ +1)

= [+ %)

=log (x+ e 1) + log (—x +yx? + 1)
=log( x2 +I+x)+log(\/x2 +_1—x)

=log (®+1-x*)=log1=0

sinx

4., 0<|—

= fE0=-f@®
Hence, f(x) is an odd function. -
‘ ' —x|-x, -x<-1
6.  flx)=1{[-x+1]+[1+x], -1<-x<l.
—(=x)|—x], —x21
-x| x|, x21
=[1-x]+[l+x], -1<x<1
x]xl, x<1 '
=1
Hence the function is even.
Exercise 1.11

1. p. f(x)—sm x+cos X,
' sin’c has period 27 and cos’x has period 7z, and
L.CM. of mand 2zis 27. Hence, penod is 2.
q. f(x)—sm x + cos*x

Both sin*x and cos*x have the same period 7, and
L.C. M of rand 7is .

PP MR, ety L s et s

But f(x+ m/2)= f(x), then period is /2.

r. Both sin’x and cos’x have the same a period 27, and.
L.CM.of 2wand 27is 27,
Hence, penod 1827, [(f(x+my= f (x)]

s. f@)= cos X — sm4x
Both sin*x and cos*x have the same period 7z, and
L.CM.of rand wis 7, :
Hence, period is 7 (f (x + 7/2) # S (x))

2.b. Since cos \/; is not periodic, therefore,

cosx + cos® x is mot periodic although cos’® x is
periodic.

3. Clearly, f(x)=tan (\/[_n_]_ x) has period %,

but, it is given that tan (\[] x) has a period %

.4

= .
(1] :
= [H]=9 = nel910).

r
3

. Period of |sin 4x| + |cos 4x| is %

Period of |sin 4x — cos 4x| + |sin 4x + cos 4x| = %

4

Because period of |sin x — cos x| + [sin x + cos xj= 3
~ The period of given fuﬁction is %
. X X
b. f(x)=sin— —cos
1) n! (n+1)!
Period of sin X s L 2n! and period of cos T s
nt T (n+1)!
n! )
2T a(n+1)!
@)
Hence, period of f(x) is = L.C.M. of {2n!, 2(n + D
=2(n+1)!

' . x . X X
c¢. f(x) =sinx + tan— + sin— + tan o+
o 2 2 22

2"
Period of sinxis 27w
Period of tanfcz- is2m

Period of sin _xz_ is8m -
2

Period of tani3 is 87
27

Period of tan—sz is2"m

Hence, period of f(x) =L.CM.of 27,8, ...,2"m)= 2"
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5. Since the period of [sin x|+ |cos x| = =/2
it is possible when A= 1.

6. G1venf(x)+f(x+4) f(x+2)+f(x+6) 4))
Replace x by x +2 :
= fx+2)+f(x+6)= f+4)+ f(x+8) @

From equations (1) and (2), we have f(x)= f(x+8)
Hence, f(x) is periodic w1th penod 8.

Exercise 1.12

1. Given (gof)( ) (fog)( )

3
—5
=g{f(-3 } { }=g(—2) flzj=2-1=1
. 1+|x|,‘x<—1
2. f(x)—{ ], xz-l

f(-23)=1+|-23]
—1+23 3.3.Now f(f(-23))=fB33)= [3.3]1=3

3. f(x) 1og\:1+x]
1 x
f( X )—lg 147 —log[x2+1+2x}
1+x 1% X +1-2x
1+ x*
2

4. Here, f(x)is defined by [-3, 2]
= xe[-3,2].
For g(x) = f(|[x]]) to be defined, we must have
S3<|x]Is2
= 0<|x]i<2
= —2<[@x]<L2
= -2<x<3

[as x| = 0 for all x]
[asx|<a=— a<x<d]
{by the definition of greatest

integral functlon]
Hence, domain g(x) € [—2 3).
5. g1smeamngfullf0<9x -1<2
o 1<9%<3
ie, X€ [—-—1— —-l—]u[l —L]
- ". b.\/_3‘, 3 3’ ‘\/5 -
6 fG)= logex, 0<x<l 'dg_() x+1, x<2
x and g(x) =
x2 -1, x=1 C X -1, x2>2
F)*L, f()<2
g/)= { b
(S -1 f(0)=22
log, x+1, log,x<2, 0<x<1

x?—1+1, x*-1<2, x21
(log, x)* -1, log, x22, 0<x<1
(2 -1 -1, ¥*-122,x21

x<e, 0<x<l
\/3—’<x<\/_3_ x21
(log,_,x) -1, x2e, 0<x<l1

—)* -1, x<—3 or x2/3, x21
logex+1 0<x<l1

1<x<\/—

—12 -1, x243

1 )= X 7t tanx —1
giﬂx tan —_—=
4 tanx +1

log, x+1,

=141,

I

i

-1
o g = flg@)= tan( J

8. glx)is deﬁned if f(x + 1) is defined.
Hence the domain of g is all x such that (x+ 1) € [0,2]
= 2<x<1
Also fix+1)e [0,1]
+x+1)e[-1,0]
oo l=fatl)e [0, 1]
-. range of g(x)is [0, 1]

Exercise 1.13

X —X
e —e )
+2

L. y=
e &+e”

: _\2
= f10)= 10&[——)

x—1 1/2
By
3-x
2. Lety= 1-27%
.= 2*=1-y
=> —x=log,(1-¥)
“(x)= g(X)=—10 (1-x)
3. leenf 2,3)— (@, l)andf(x) x—[x]

f)=y=x-2
= y+2=f170)
= f1(x)=x+2

4. Since the domain of the functlon is I, we have f x)=x+1
= fx)=x-1 " '

3 )
x -1, x<2
5. f(x)“_‘{2 3322
. _ x

For f(x)=x"- 1x<2f(x) (x+1)”3 x<7
(asx<2=>x 38 -1<T)

For f(x)=x+3,x22, f(®)=(x~ N2 x27
(asx>2=>x2>4=>f+3>7)




(x+D'3, x<7

| Hence, f(x)
{( —3)2 x>7
6. f£[-1,11-[-1,1] defined by f(x)=xlx|
xz, x=0
=17

-x“,x<0

\/;, x20
——x,x<0

. x/;, x>0
Alsoy=sgn(x)\/|—;|= 0, x=0

—J=x,x<0

Hence, proved.
7. y=2¢"2

= ¥ —2x=logy
= x*-2x—logy=0"

:;x=1i,/1+log2y -
= fl)=1-1+log, x

asfh: \:%, oo) — (oo, 1]

Exercise 1.14

Fig. S-1.11

Fig. 5-1.12
3. y

[SIE

-1+

1
N
!

=

]
»
1
—_—
\

Fig. S-1.13

Appendix: Solutions to Concept Application Exercises A-9

4.
X : X
-1 _i_
L
Fig. S-1.14

4

Fig. S-1.15

6. There are exactly six solutions.
finixi]

e

—3\/ - 0

sm ot

Fig. S-1.16

2 <1 =2282<k- l| x#1

0 (1,0)
Fig. S-1.17

Flgure S-1:17 represents the graph of y = =x’andy= |x 1

~1£45

2
-1-5 —1+\/§}.

2 72

Solvingx2 =1-x,wegetx=

Thus, the solution is {

secx cosx+ sinx’

Q.. Domamofboﬂlf(x) cosx  cotx g()-— secx  cosecx

isxe R—{%,nez}
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Also both functions simplify to 1

‘Hence both functions are identical.
h AsX—6x+10=(x—-3)’+1>0

Hence f(x)=1VxeR. ’

) i
Also cos? x + sin® (x +E] >0

Hence g(x)=1Vxe R.
= f{(x) and g(x) are identical.

c. f)=e

In(x*+3x+3)

\2
Asx*+3x+3= (Jé+%) +% >0VxeR

Hence f(x) =x*+3x+3VxeR.
= f{x)isidentical to g(x).

sin x cosx
+

S€Cx cosecx

=2sinxcosx

_ 2cos? x

cotx
= gx)

nz
Also domain of both the functionsisxe R— {7, neZ }

Chapter 2

Exercise 2.1
1. LHLof f(x)atx=0 °

= lim f{x).
x>0~

~ lim f0—h)= tim =~
h—0 =0 (—h)

= hmﬂ—lmih—hmZ 2

A0 —h h—0 —h h—0
R.H.L of f(x)atx=0

= lim f{x)

hoo*

: . h—|h|
=1 +h)= —_—
hlmj(O ") }111_r>r(1) h
—hmu—hm—=hm0 0

-0 h h—0 B k-0
Clearly, lim fix)# lim f{x)
x—07 . x—0*

So, lim f{x) does not exist.
x—=0

1/x
e’ " ~1
2. Letflx)= —5——
ﬂx) el/x +1
LHLof f(x)atx=0
—1/h -1

hm L flx)= hm (0—Fk)= lim m

h-—)O 1

— 41
el/h .

. 1 1k 1
[.h—)0=>z—>oo=>e —)m:W__)OjI
RH.Lof f(x)atx=0
~ lim )= lim 710+ 1)
el/h _1

= lim
h—0 e

. l/h
= lim
h—0

T [Dividing N" and D" by ']
T
1-0 _
+0
Clearly, lim f(x)# lim f{x)
x>0~ x—0*

[

Hence, lim i
e, Im f(x) does not exist.

3x+| x| 3x-x 1

'x_>o-7x—5|x| x—>0‘7x+5x 6

" 3x+ fx| _ .. 3x+x
and lim =
0" Tx—5|x | x-07x—5x

Hence the limit does not exist.

. We have, lim f(x) = limx=¢
x—0" -0

and lim f(x)=1limx*=0.
x—0* . x—‘)0

Hence, chl_r)no S(x)is equal to 0.

lim f(x)=3and lim f(x)=2= lim f(x) doesnotexist
x->1 x—1 x5l :

lim f(x)= lim f(x)=3= lim f(x) exists

X2 ‘ x—2 ) x~>2

Iim+f(x)= lim_f(x) =3= li:gf(X)exists .

x—-1.99*

lim /()= lim f)=3= tm f(:) exists.

Exercise 2.2
1. Wehavex—1< [x]<x

=>1—1<[—,"—]51

x x
Now lim (1—1)=1.
A x

Therefore, by Sandw1ch theorem, hm [ ] =1

X X




2. AsO<log,x< Jx (x>1)

o< 08X 1 oy
X X
1
0< lim 08X < lim—l— =0
x—eo X x>0l x
In
— lim—2 =0
x—o X
Exercise 2.3
. x3
Smx—x+——g
1. lim 3
x—0 X
x3 x5 x7 3
X"——' _gl_—_’l_'_ "'—x+—_
=1im 3! 3
x—0 x

5 sinx+log(1-x)
EE S Y (R .
31 5. ' 2 3
= lim >
x—0 x
2 a1 1) %
i 2 31 3 4 1
= lim =——
x1—>0 x2 2
3. tm e
x—0 X .
x x
1+—+—+--- -1-x
i 1 2! 1
—xll)l'(l) x2 o 2

Exercise 2.4

L r-3)([F-)x({F+)

=1 (x-1) (2% +3)% (J§+1) 5%2 “10

[2 < ]4 100
limtel 4

x-1 (x - 1)

(x+x2+x° 4 +x'%%)-100
=lim
x—=1 =x-D
—1im (x— 1)+(x —1)+(x —1)+-- +(x
g  (x-))

100 _ )

' _ 2 _ 3 100 _
=lim x1 + X ! +Z ! et x 1
1 [\ x—1 x=1) | x=1 x=1

1" l - (9- form)
xlir(l) ’ ) x2 0

Appendix: SOIUtIONS 10 LONGBPL APPILGU T LAt = =0

=1+2+3+-+100

_ 100x101 _ 549 | ~

lim [\}azqzz +ax+1- \’azxz +1] :

X—roo

(Ratidnalizing)

ax
Iim
=[x +ax+1 +J;2x2 +1

a®+— +——+a+——
x %

(Dmdmg numerator and denominator by x)
1

x : 2
_)w\f+ +——+’2 — N

\/3x a —\’x +a
—)a .

,/3x a- ,,x +a ,/3x—a + ,/x ta
' ,[3x —a +\/;-a :

Il

X

slcl—?}z (x- a)

2

"~ 222 =727

. When n is even:

Given series 12-22432_42+ .. —n?
—12-22+3% 4+ mr?
=(12_22)+(32__42)+." [(n__l)Z_nZ]
= (1+2+3+4++n)

_ n(n+1i)
2
— GivenL= lim- "> nntl) _ -1
noe  2n®
When r is odd:
Given series

12_22+32_42+"_+.n2
— 114243+ -+ @1+

- n(n—1) +n?
2
_ n(n+1)
2
= GivenL= hm n(n 4;1) =1/2

2n

6. _){2 ‘/ET]

2h38+h
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(1+£) -1
= —lim 8 L
k=0 8.’% Y3+ h 48
Exercise 2.5
sinE :
1. lim smx 1im—1&=£— { x°=£radian}
_ 0 x =0 x 180 180
1 - cos mx 2sin’ =
20 lim—22 " fim{——2 L

x=0 1 —cos nx ;0 2 sin? Ex
2

_ . .
. mx
. S 2 m?x? 1 4 m?
= lim —X X5 | =—%
=0l | mx | - 4 ) nx n
sin—
2 2
L 2 )]

\[E cosx —1

3. lim
% cotx—1
4
2cos? x—l sinx
= lim -
N ﬂcosx—smx 2cosx +1
4
. cost—-sinzx 1/«/5
_ lm
"= % cosx—sinx J2-
x— —+1
N 2
11m {cosx +sinx) = L
2f . 2
. cot2x —cosec 2x :
- 4. Wehave lim — )
. x-0 X
cos 2x 1
. sin2x sin2x ., cos2x -1
= lim = lim —————
x—0 x x>0 x sin2x
—(1-cos2x) . in?
g 0mo08289) - 2sin'x o tanx
x=0  xsin2x x50 x(2sinx cos x)  x90 x
. 2tan 2x i
. tan2x-—-x . B!
5. lim ———— =lim _Zx—_ ==
x>0 3x —sinx x—0 3_Sinx 2
x

(2 rfol5 )

NEY, (x/?:cosh —sin h)

%[? sin(%+ h)—%cos(%m)]

h(ﬁ cos i —sinh)_

6. lim

Sm h

h—)O f

4
(\/—cosh smh) E

7. L= lunncos( ) ( J
n—oo 4n
(g )ool )
= lim
n—yco T
&)
T
=cos(0)X1X —=—
()] yia)
R 1_{_sinx
+ 51 i ’
8. lim 2 o0 i ZEXIX Xy
;—>gx +smy _x—>0x +sinx {—>0x+3mx'
x

Exercise 2.6

1L

_l(l—xz]
cos >
1+x

sin” x

lim
x—0
-1

. 2tan” x
=lim ——— =
0 sin~ x

X—>c0
1
=log,a =—log, —
a

x(27-1)

lim x(a”"—l).= lim | &

2¥—1

x—0

x—0 1—-cosx
' 2

=log2 lim

x—0

sin (¢* "% = 1)
x=2 log(x-1)
sin (&' ~1)
=0 log (L+17)

: t
 lim sin (¢ — 1)

X
X

e —1
X

I—cosx

; =2log2=1log4
2sin“ =
2

t

{Puttingx=2 +1}

e -1
=lx1x1=1 -

x2

€ —COsx
2

t—0

Iim

x—0 X

12_1 i
-+

&Fte* =2

1

log (1 +

)

_E#M:,- s



~ log(x—a
6. tim 28 )
x—a log(ex —a“)
1
= lim -%£=4
xa ¢
e~ —ée
X— a
= lim € ¢
xa e (x — a)
a x—a_l
_jim £

; . tan x—sinx _1. oo
7. lima®"* % (_a____‘__)_
x—0 (tan x —sin x)
=a"Ina=Ina

mn (1-3% —4* +12%)

x—0 1/(2cosx+7) -3
@ -n@-D

- 15%./(2003x+7)—3 e
(3 —1)(#* ~1)(J2cosx+7) +3)

(Applying L’ Hopital’s rule)

1 c+dx 1 a+bx | g4bx
. lim[1+ ) = lim (1+ ) }
x—3o0 a+bx | x—yee a+bx
- a+bx :
1im(1+ ! ) —eand lim ST %<
xoe\  a+bx) - ~ xowa+bx

e | Y2 2
. [lim (l+————) } =
x—y00 x/2

. Given limit takes 17 form

= lim
x—0 . (2cosx+7-9)
x __ x _ .
£3——llx(i——l)—(,/(Zcosx+7)+3)
-1 X x
B 11513}) ' -2(1—cosx)
2
—2X—
2
=-12In2xIn3
' ' X _(243)F —(81)* +9" +3" -1
9.L=lim(729) (243) g) 2 ;
x—0 ) X ’
X _ ’ x'_ X _
=1im(3 l)x(9 l)x(27 1)
x—0 X X X
=(In 3)(In9) (In27)
=6(in 3)°
' Exercise 2.7

x+3
1. Let4= lim (iﬁ) '
x—oo\ x+1

Appendix: Solutions to Concept Appiication Exetuses

(x+3)

[ 1 'x+1}m
= lim (1+——)
x—o0 x+1

c+dx

L= lim (2x*—9x+8) 7
x—7/2 R

= lim (x-7)(x— D+1) cot(2x-7)
x=7/2 )

Clim (@x-TXx-1)cot(2x=7)
2712

Nim (2x=-7)x-1)
x—7/2 tan(2x=7)
=e

=S

. Given limit takes 1°°forin

mz[L)
2—gx
L= lim{sinz[ il )} \e

, _ x—0 2—- px _ .

(b (55

Fa i X"

4



x—0 T T )

xercise 2.8

1. Lety= hm x*

= logy= log(lim x")
x—0

= lirr(l) (logx™)
= hm(x logx) = hm lo%x
—0
X
. lx e
= lim 5 ( Applying L’ Hopital rule)
x—0—1/x
= lim(—x)=0
x—0
2. |im tanxlogsinx= lim log sin x
xorl2 x—o7/2 (;ot X
—cos x :
= fim 22X — 0 (Applying L’ Hopital’s Rule)
x—m/2 —cosec” x : :
3. lim log cos x
x—0 x
. —tan x
= lim
x—0"

. 2" -1
lim 12 _
-0 (1 +x)

- lim 2 log2

x—'>0 %(l +x )_”2

= 2log2
= log4

. lim (2—tanx)/®
x—r/4

' fim (2~ tanx—l)x
= ex—m Intanx

. (1——tanx)
lim | ———
- ez—mH Intanx

lim —sec? x
xon/a 1 2
——SeC" x

=e tanx

~lim tanx
- ex—mM

. 6. Smcehm —— =—1

x—=a x _a

a* loga—ax®™

(Applymo L’ Hopital’s Rule)

| (1~ form)

= lim—————————=-1

x—a x*(1+logx)

a’[loga-1] _
a’[1 +loga] o
= loga-1=x1-loga
= 2loga=0
= loga=90
= a=1
Exercise 2.9
ae” —b

1. lim =2
. x=0 x

" .. ae"—ata-b-
= lim————M8M—
x—0 X

-1
-0 X

= a lim
x-0 X

. a—b

= a+hm——=
x-0 X

= a-b=0anda=2

= a=2,b=2

x| x4

‘ 2
2. We have lim {x +11 ~(ax

=2

—b_

+b)} =0

i Yo SRR B 1™




Appendix: Solutions to Concept Application Exercises A-15

B ' 3. Consider some arbitrary point x =a
- [£*(1-a)-x(a+b)+1-b ' _ ) ey oS
= lim =0 LHL.=lim f(a—hk)
B x+1 h—0

Since the limit of the given expression is zero: Therefore, the = },13(1) fl@f=h

degree of numerator is less than that of denominator. ' _ ,

Denominator on LILS. is a polynomial of degree one. So, = f(a) }E}% f(=h)

numerator must be a constant. For this, we must have coeff. _ '

of =0 and coeff. of x=0=>1—a=0and—(a +b)=0 = f(a)lim[1+g(-h)G(-h)]

_ =a=1,b=-1 - h—0
3. LetP= lim(1+ax+bx*y*"* (1" form) = f(a)[1+lim g(~h)lim G(—h)]
x—0 . h—0 0
u_rfxo(1+ax+bx2 —1)% : _ 4 _ ' = f(a) [1 +(0) X (any finite value)]
- ¢ : [as it is given that lim g (x)=0 and lim G(x) exists]
lim(2a+2bx) — f(a) x—0 - . x—0 .
o ex—)O
= e Similarly, we can prove that R H.L. = lim fa+h) =f(a).
= & (given) o _ h—0
. a=3R2andbeR ' ' ~ Hence, £ (x) is continuous for all x.
’ ' Exercise 3.2
Chapter 3

1. ' We must have _
1 1

Exercise 3.1 (L+x) — (1- +x)

L. Giventhatf(x+y)=f()+f(»)forallxandy . fO=lmf(x)= Lt

0
Putx=y=0=1(0+0)=f(0)+/(0)=/(0)=0 =T
Consider some arbitrary point, x =a - ' . (1 +. x)i -1 (1 + x)3 -1

. : im —
LHL.= lim f(a—h) v = x50 x x
h—0 .
= lim[f(@)+ /(1) 11 1
h—0 = —i — 5 = E -
= + li =h — :
/@ 0 f&h) , 2. Since f(x) is continuous at x =2
=f(a)+f(0) (as f (x) is continuous at x = 0) - f(2)=lim f(x)
=f (a) o . . x—2°
Similarly, we can prove that RH.L.=f(a) . X —(A+2)x+ 4
Hence, f (x) is continuous for all x. ' ‘ = l‘_)"; T2

2. Givenrelationf(xy)=fx)f(») : , V4
Putx=y=1=>£(1)=f1)f()=f(1)=0or1 P (x-1)
Iff(1)=0, thenf(x X 1)=f()f(1)=00rf(x)is identically : =2 x=2
zero which is continuous for all x. Now f(2) is finite only when 4 =0
Forf()=1: _ ) 3. For continuity atx =0
Consider some arbitrary pomt, x =a. 1- ) . |
LHEL.= lim f(a—h) . ' £O)= lim | 2 - =>— =1ﬁﬁ-‘z——ﬂ

R h—0- . x—0| x e x 1 =30 x(ezx- _ 1)

i £ (l——}i) _ - tim 2! 3!
= lim f(@)f|1-7 - | x=0 x[l c(29) + (2;)2 o 1]
=(@)f(1) [as f(x) is continuous atx =11 - i 2! + 3 +e

Similarl=§{ nganprovethatR.H,L.:};i_rg fla+h) =f(a) Ho ){(2x) + 2;!)h + ]

_Hence f (x) is continuous for all x.
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I

. . i3
4. fis continuous at e

iff(£)= fim L 2R
4 co® 4x—T

SZ
4
i 0—sec” x
= x~—>% 4 [L’ Hopital’s Rule]
1, 1
-1 sec? T = -(2)=-=
4 4 4 2

2
5. lim f(x)= lim I—_I = lim |x}= 0=/(0)
' ~. f(x)is continuous atx =0
Also if x # 0, f(x) = |x], which is continuous for non-zero
x. .
-, f(x) is continuous everywhere.
6. Clearly continuous atx =1 .
‘To check continuity atx=0, f(0)= é

lim £(x) = lim(1+3x)"* (1= form)
x—0 x—0

lim 3x(—1—)
— ex—-)o X

' fim(3)
o) =

. lim f(x) = o)

Thus, continuous at x = 0.

3

7. hm f)= hm =0 and
e" +1
h .
lim f(x)= =0
x—-1 -0 -
e " +1
Also '
- fQ)=0

Therefore, f (x) is continuous at x = 0.
8.d. f,(x)=V2sinx+3

—1<sinx<1

= —2<2sinx<2

= 1<2sinx+3<5.

2sinx+ 3 is defined and hence continuous VxeR

fz()—

= fz(x) is continuous, V x € R

; Heree +3>3, VxeR

. N\5/7
225 £1Y)
0=|=>—1 -
A _(23"+5]
Here2*+5=8"+5>5,Vxe R
= f3(x)is continuous, Vx € R

f4(x) =, /sgn(‘x_) +1

|| +1 x=#0
= \Jx
1 sﬁ,' x=0
(0, x<O0
=<\/§, x>0.
, x=0

Clearly f;(x) is discontinuous atx= 0.
9. Since f(x) is continuous at x = 1, therefore,

lim f(x)=lim f(x)

x—1” x-t
= A-B=3=>4=3+B ‘ )
If f (x) is continuous at x = 2, then

lim f(x)= lim f(x) _
x-2 392"
= 6=4B-4 » @ -
Solving equations (1) and (2), we get B=3
But £ (x) is not continuous at x =2, therefore B # 3
Hence,A=3+Band B#3.

10. For any x # 1, 2, we find that f (x) is the quotient of two

polynomials and a polynomial is everywhere continuous.
Therefore, f (x) is continuous forall x # 1, 2.

x*—5x* +4
—_ x#1,2
[(x—1)(x—2)]
fx)= C6, x=1
12, x=
mDE=D 2 3009) x#12
[(x—D(x-2)] _
- 6 =1
12, x=2

(x2 +3x+2), x<lor x>2

_JFGP +3x+2), l<x<2
' 6, x=1
12, x=2

F(1Y)=—6,f(1)=6andf(2")=12andf(2)=—12

Hence f (x) is discontinuous atx=1 and x =2

B | A a——)s,q;b—)t,p;c—‘-)r,q;d—)u,q

a. f(x)=——— = hm—l——ooand hm—L=—w
o1t x-1 o x—1
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"
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Fig. S-3.1

Thus, f (x) has vertical asymptote at x = 1, Hence it
has non-removable discontinuity at x = 1.

' 3 _
b. f(R) = 55— =x,x#£1,
x“ -1
y 1
24—
1
]
1 |
]
i
d - 1 » X
= CHL I
A i
Fig. S-3.2

Hence f (x) has a missing point discontinuity at x=1 which
isremovable. '

e sew= 2 - {1’ -

1 -1, x<1

= o 1 2"

—

_t"}_
1 In

Fig. S-3.3

Hence f(x) has jump discontinuity atx= 1 which is non-
removable.

d. f(x)=sin (—l—)
x-—1

"= lim sin (——1—1) = sin(es) = any value between —1 and 1

x>+ xX—

1 . _ .
Similarly lim sin (———) = sin(—oo) =any value between
x—1- X — 1 v

—land]l.

3. Since g(x)= tan~! x is a strictly increasing function,

Appendix: Solutions to Concept Application txercises A-1/

Thus, f(x) oscillates between — 1 and 1. Hence, it has non-
removable discontinuity.

Exercise 3.3
1L f@=[P+1)=[F]+]

Now x? is monotonic in the range of [1, 3].
Hence _[xz] is discontinuous when x* is integer, or x*=2,3,
4,..9

Loy 7, 3N, 5, N6 T, B

Note that it is right continuous at x = 1 but not left
continuous atx = 3.

or lim[x*+1]=2= f(1) and

x—1*
lim [x* +1]=9210[= f(3))]
x—3
Yy
-—6
-—5
____4 -
—3
-2
—-1
!
x [o] ! ALY X
y L4 -
- 2
Fig. $-3.4

Clearly, from Fig. S-3.4, the number of points of
discontinuity are 11. :

lyis an

then f (x) = [tan"x] is discontinuous when tan™
integer.

Now integral values of tan 'xare—1,0and 1.
Hence f(x) is discontinuous when tan™ y=-1,0,1.
= x=tan(-1), tan0, tan 1

= x=—tanl, 0, tanl

Graphically, also this can be analyzed.

Clearly from the graph given in Fig. S-3.5f(x)is
discontinuous when -

tan ! x=0,%1 orx=0,%tan 1

y y=tan~'x
L

2 ),,_._

1 P
-tan 1 /1}'
1
1

t -+ X
-4 -3 =2 -1 2 3 4
1

| A L_1 tan 1
——_——"/

1

1

T—O-= 22

y’
Fig. S-3.5
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4.

f@)={cot™ x}

=cot ' x—- [cot"1 x]
f(x) is discontinuous where cot™! x is an integer.
Clearly from graph shown in Fig. $.3.6f(x)is
discontinuous when cot'x=1,2,30r

x=cot 1, cot2, cot 3

y = cot™lx
y

ey

/

S—

‘/—.7' % 5 -4 -3 -2 —.1[_°K 2 3 4
i [ i t i I , 1 1 t
cot 3 cot2! ¥ oot 4
. Fig. $-3.6
_ 1__Si_“x—" 1 for x>1
. . n
5. f(x)= lim —*— :f(x)=|0 for x =1
—yo0 .
* 1 +vsm: 0 forx <1
i X

Hence, f(x) is discontinuous atx=1.
Obviously if g(x) = [i(_xl] is continuous then ¢ must
_ c _ .

exceéd the greatest value of f(x) to restrict the ratio f(x)/c

between 0 and 1, for which least positive integral value of

cis6. .
(- maximum value off(x)is /16 whichlies between 5 and6.)

0, <1
. ‘Since, lim x*" = x|
n—oo- 1, l X I= 1
w10 sin%{, <1
< f()= lim (sin (E)) = |
n—oo 2 . WX
1, |sin—|=1
2

Thus, f(x) is continuous for all x, except for those values

of x for which [sin % ='1, i.e., x is an odd integer.

= x=(2n+1)wherene [
Check continuity atx = (2n+1)

LHL= lim f(x)=0 andf@2n+1)=1
) x-2n+l -

Thus, LHL=#fQ2n+ 1)
= f(x) is discontinuous atx= 2n+1) _
(i.e., at odd integers)
2 . .
x*,  xis rational
fe)= { r
—x°, xis irrational

£ () is continuous when L= =x=0.

9.

10.

| S . :
f= ——— is discontinuous atx = 1. Alsoy = —
x-1 ’ : t+t-2
discontinuous at=-2and =1

is

1 1

when t=-2, -—“—T—Z =X= —,whent=], Lzl
x-1 2 x-1 -

= x=2.

So, y =f(x) is discontinuous at three points, x =1, %, 2.

a Continuity should be checked at the end-points ‘of
~intervals of each definition i.e. x = 0,1,2.
b For [sin 7x], continuity should be checked at all values
of xat whichsin zx € L

ie.,x=0, 1
‘ 2

5 2 .
¢. For sgn (x - Z) {x - 5} , continuity should be

5 . _ .
- checked when x — 2 = (as sgn (g(x)) is discontinuous at

g(x)=0),i.e,x= %_andwhenx— % e lLie,x= % (as {x}

is discontinuous when x € I). '

. overall discontinuity should be checked at x =0, % , 1,

5 5 . .
3 and 2 check the discontinuity yourself.
Hence f (x) is discontinuous at x = % ,1 % , g .

Atx=0andx=2,f(x)is continuous as lim f(x)=f (O)
: : T x-0"

and 1iI§1_ fx)=1(2).

11. f{x) is continuous ifx*=x+a orxz—x; a=0. "

12.

13,

Exercise 3.4 .
1 f@)=|x+1]+x[+]x-1

“Then f(x) is continuous in its entire domain.

f)= cos® fg— =1

for f{x) to be discontinuous, for all real x, equation must
have imaginary roots.
s D<0

s 1+4a<0

L a<——

sgn(xz — 1) is discontinuous when ¥—1=0orx==%1
But log |x| = 0 when x = +1, hence f(x) is continuous at
x=%] : '

2n
. Xt . .
f(x)= lim (cos —2—) is discontinuous when
n—eo

[T
—2-=n7c = x=2n,ne ”Z

Hence the only integer where f{x) is discontinuous is x=2

|x + 1], |x[, |x — 1| are continuous for all x, but non-
differentiable atx=—1, 0, 1, respectively.
Hence f(x) is non-differentiable at x =— 1,0,1.




(—x.——1)+(—x)+(1——x), x<-1
: (x+])+(-x)+(1-x), -1<x<0
fx®=
(x+1)+(x)+(1—x), 0<x«1
(x+D+ @) +(x-D x21
—3x, x<—1
_ —x+2 -1<x<0
x+2, 0<x<1
3x, x21

. graphoff(x)is given in Fig. 5-3.7.
Y
4 /

JRL VI, W S 44—

-2 -1 o 1

N

Yy
Fig. S-3.7

It is clear from the graph that f (x) is continuous V x € R
but not differentiable atx = ~1,0,1. '

2. Domain of f(x)is[0,2] .

y=2—X
—t 2 .4‘ —_—— v .
\/ y =x@—)
—— e ——— 1 —— —t——
X —b-x
4 o 1 2 3
1 : o
Fig. S-3.8

Clearly from the graph given in Fig. S-3.8, f(x) is non-
differentiable atx=1.

. Since x and bx—x*| are continuous for all x, f(x) =x— -
is continuous for all x. _
Also x is differentiable but x— x}is non-differentiable at
x=0and 1, hence f(x) is non-differentiable atx=0 and 1.

. We have, f(x) = |[x]x|in—1 <x<2 .

—x, —l<x< 0

0,  0<x<l
=fE=) L jex<2
2x, x=2

1t is evident from the graph given in Fig. S-3.9 for this
function that it is continuous but not differentiable at
x = 0. Also, it is discontinuous at x = 1 and x = 2, hence
non-differentiable atx=1and x = 2. ‘ )

X’

Appendix: SOIULIONS 10 CONCEPT APPIEUUIT LASIviswy -2 ==

Yy
ﬁ S i
4 —-?5—
| i
]
+——-3
I
i
— 2____ —_—
— l__.1 : -
N
b's J\P———L-»x
-1 1 2 )
i
-1
N
y
Fig. S-3.9 -
s, .
2
—37:_;5E 9g 3m = _I OR% g 38 2 5t 3x *
\ 2 . i 2 0 2 2 v 2 i 24
Fig. S-3.10

_Clearly from the graph given in Fig. $-3.10, f (x) is non-

differentiable atx=nm, ne Z. .

6.
y
-] : !
— o “y=tan'x
y = cotx X . : {
x" : X

1 19 1 2 3 . 4

J S Wy e S
w

2 -
| 1
{

l .
L 1=
\ [}

y
Fig. S3.11

_ Clearly from the graph given in Fig. S-3.11, f (x) is non- -

differentiable atx = 1.

2,4 :
ax“+1, x<1 2ax, x<1
.f@3= 2 :ﬁf%ﬂ::{

, o Ix*+ax+b,x>1 2x_+a,x>1

f(x)is differentiableatx =1,

then we must have,
lim f(x)= lim f(x) and lim f'(x)= lim f'(x)
x=1 x5l . x-1* x>

= a+1=1+a+band2a=2+a

= a=2andb=0 '
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1—x? 2tan” x,
8. f(x)=cos™ =
1) (1+x2] {—2 tan™' x,

if 0<x<oo

if —eo<x<0

> if 0<x<oo
, 1+
=/@=1", |
- 5> if —eo<x<0
1+x

= f/(0Y=1landf'(0))=-1

Hengce, f (x) is continuous and non-differentiable at x is
. equal to 0.

Using the shortcut method,

1-x2 )
3 w.r.t.x,
+x

Differentiate f(x) = cos™ [1

@)= 1 [-2x(1_+x2)—2x(1—x2))
[l—xZJz (1+x2)2
-1 —
1+x
_ 2x 1
N
2 1
B 4x2 1+x*
2x 1
IxI 14x%

which is discontinuous at x = 0.
Hence, f (x) is non-differentiable atx=0. *

9.d. fix)= =2 is rational function with domain R, which is
always d1fferent1ab1e
f(x) =log |x| is always differentiable in its domain (draw
the graph and verify) _
Jx)= x> log x is always differentiable as x and log x are
- always differentiable
f)=(x-2Y" =1 (x)= —(-—iz)—z,g which does not exist

atx =2, hence non-differentiable at x =2 (f{x) has vertical

tangent at x = 2).
10. fix)= I 4] —12]is non-dlﬁ'erentlable whenx*—~4= Oand
K2—4]-12=0

orx=+2andx*—4= £120rx= :tZandx2 16orx +2and.

x =4
Hence there are four points of non- dlfferentlablhty
11. () Graphoff(x)= mm{'c sin x} is as follow.

X; x<0
From the graph f(x)
sinx: x20 .
Y 3
. ™~ //
B4 324 12 N | A
2

x<0
x>0

=10 (o |
F(O0D)=f(0)=1.Hencef(x)is differéntiablev atx=0.
x20 ‘
<0

Here f(x) is continuous atx =0

. 0;
@ﬂ»={2

x°;

. ) 0; :
Nowr = {5 70

F(0)=0andf(0)=0
Hence f(x) is differentiable at x =0

‘ X ox20
(i) f(x) =x%sgn (x)= { ) , which is continuous
' -x“; x<0 .
as well as differentiable atx =0
Chapter 4
Exercise 4.1

1. aLetf(x) ,/smx =fx+h= w/sm(x+h

L SR - ()
g jm, L

. Jsin (x + &) —Jsm;

h—0 : h

. sin (x + h) — sin x
lim
k=0 h([sin (x + h) + Jsm x)

(h) ,(2x+h)
2 sin | —}cos|

. 2 ’ 2

= lim :

0 h(xJsin (x + k) + [sin x)

(rationalizing)

(sin h/2)

m cos (x + h/2)
>0 (h/2)

k=0 ([sin (x + k) + |fsin x) -

_ cos X _ " cos x
Jsinx + \/sin xi 2 Jsin x

b Let f (x) cos® x. Thenf(x + h)=cos 2(x+ h)

| o L1

cos® (x+ h)—c,;os2 x
pae; h

sin® x—sin® (x + &)

b0  h
= lim sin (x + x + k)sin (x~(x +h))

h—0 h

BRI o e C




sin (2x+h)sin(~h)
e _ h

ink
= —hm§——hmsm(2x+h)
0 h ho0

= —d—f(x) =—sin2x

c. Letf(x) tan~! x. Thenf(x+h)= tan”! (x + )

+h X
__[f()]_h Slx+ ) fx)
-0
ool
_ limtan (x+h) tan~ X
h—0 h
y tan_l x+h-x ‘
. 1+x(x+h)
= lim——————
B0 h
-1 -h
tan | —— %
] (1+x(x+h)) 1
= lim X
B0 h {1+ x(x+h)}
14+ x(x+h)
_ 1
1+x2

d Letf (x) logx Then, f(x + h)=10g (x +h)

Ex'[f (N = limw -

h—0 - . h

1 h)—log
. (x+») ogx

h—0 h
10g(1+—ﬁ)
. x
= lim —
h—0 h
1og(1+—) i
= I =
h—rf(lJ E . X
X
-1
P

flx+hgEh)—f (x)g(x)
h

——[f (X)g(x))] = hm

= im S h)g(x + h) —fx+ h)g(x) +f+Rg® -1 (x)g(X)

. k=0

M f(x+h)—f(x)]
hao{f( ( . h
= (%) ‘umi(iﬂ’l——g(—x)+g'(x) fim f({*h)"f(x)
h—0 h B0 h

APPENTIX: DUIILUID 1 iy

[

=7 tetl +g(£)i—’[f(x)]

Exercise 4.2

- );_2 3/4 L2V
1. Lety=|1 * =1 +1
. Y ‘og ¢ ('x+2) oge’ Og( +2)

=y =x+% [1_og(x—2)—10g(X+2)]

& 31 1 3
= = =l+=|—= - =1+
dx 4 x-2 x+2 ( 2_4)

=>fil=0_ { sin~ x+cos x=£}
Codx : 2
'—tan_l 4X +tan12+3x
S VTR s 3-2x
2,
-1 Sx —x -1 x
= - 4tan” =
1+ 5x.x i 2.
-—X
3
Sx —tan™ x + tan~ 2 tan'x
5x+‘tén Z
3
Ly 0 : _
“dx 1+25%° -

L, N1ex -1 _
. Lety= tan ——x—— . Putting x = tan 6, we get

A (sece 1) 4 (1 —cos@
 my=tan | ———— | =tan |
tan@ ' sinf

25in2-€
=>y= tan”! __2

25in—cos—9-
2

=>£dl=-1—-( 1 ) B /,/l' -
dc 2\1+x? :

(acosx bsmx) . / /
. Lety =tan” |———— _ K
bcos xtasmnx




A-22 Calculus .

i —b——ta.nx
=t —1

a

1+ —tan x
b

a

— | —tan  (tan

(b) ! (tan x)

()

= @ =0-1=-1
6. Puttingx2=cos 20, we get,

tén‘l (\/1 +cos 20 + Jl — COS 20)
y=

\/1+00520—\/1—00520

=y=tan"! J2cos” 0 +2sin” 6 |
. g ﬁcoszeé\];sinz 6 »

=>' — tan~! cos 0 + sin 0

Y cos 8 —sin @

~1 1+tan6 -1
— —— | =tan" (tan (w4 + @
[l_tme a! tan (w/4-+6)

om 3
- —<x< -
2

5]

- 0< x° <1=>0<00529<1.

=0<20<7/2
=0<89<xn/4
=r/d<n/d+0<m/2

::>y=§— +0

T 1 1.2
=y=—+ —C0s X
4 2

™ (_ \f_

1. From triangular conversmns

x 1 1
 =tan 'x+tan” x—2tan Iy

dy 2

dx 1+x2

y=sin™!

8. Lety= tan~ _3_:12x_—Jci_
a(az,—3x") .

iy 3(x/a) —(x/‘a)3
1'—3>(x/a)2
3tan6 —tan’ 6

-1

YT tan 1—3tan28 ° putting x/a=tan 6

10.

: RSN e

= 30=3 9=3 tan"' (x/a)
) d) 39 o _

=3 tan ™ (x/a)

_3 1 xl': 2?aa _

1+(x/a)2 a a +x

. Puttingx=sin 8,5=rcos a, and 12 =rsin &, so that

r=13,tan o= 12/5,

= sin? [r cos « sin 6 +rsinac056]

13
=sin sin(6+ Q)= 6+«

‘ory=sin"! x+tan! (12/5)

T )

x J
" Putx=sin 8 .

: | sing  sing
Ly=tn’! | —— =tan_1( )
B [1+\/1—sin29] 1+cosd

.0 8
2sin—cos—
2coszg 2 2
.4 ’
ST dy_ 1
So, ¥= v
T 2,/1 —x*

Exercise 4.3

1. sml,/l —x =sin"~ ,} —cole_

ny=2cos” Jx or —y—2x -1 S
dx Ji=x 2\/26_ \/x—x2
L, &y -1 1 .
2. X cos ‘
dx 2\/sm\/_ Jx
3. Lety - =¢&o"

Puttmgx2 vandu—s1nx2—smv we get
y=¢", u=sinvand v= x*

dy dv .
2o osv and 2022
du o COSV an e X
Now, & = &, du dv
& du dv dx
dy

= o = ¢ cosv 2x =™’ cosv 2x

EWWWWW%MH e




2
= -d—y- = &% cosx” 2x
dx

N e IO

. 1 1 :
cotve” e* =Ze"/ 2 cot (exlz)

1
2 INE

5. Lety=a
Using chain rule, we get

Q = i {a(sin'l x)z }
dx dx

o 0 st
= a oga dx{(s x)*}

Y .
= a(sm' ) log a 2 (sin"'x)! % (sin'x)

: (sil:l’lx)2 . .
=a loga2sintx
1-x%
2logasin” x (sin s
= ———a
1-x*
1+sinx
6. y=log -
1-sinx
:Q=l ——l.—'—‘il+sinx)— il—smx)
de 2 |1+4sinx dx 1—sinx dx
_ _1_ CcOS X 4 cosx |
2 |1+sinx l—sin'xj
1 2 coS X ’
= —C0sX| ———— | = T —secx
2 1 —sin® x cos” x
= é}i‘ = secZ =2
7 o 3

7. % =11+ (1 +xY ... 1+x%)

: +2"(1+x)(-1 _+x4)'.._. a+x*)
42+ A+ )

™ qanded) ... @)
5 _

== =1
dxx:O

8. Wehave,x’ =&
- eylogx =&Y [.-. P4 =elong =eylog x.] .

= ylogx=x-y

APPSOUIA. vt o — s o -

o x
14log x
On differentiating both the sides w.r.t. x, we get

1
1+1 —x| 0+—
& (1+logx)x1 x( +x)_ logx
dx

T (+logx)®  (1+logx)’

= 'y

9, We have x, 1+y+y\/1+x =0

= X ﬂ/1+y = —yyl+x

= x(+y)= y2(1 +x) [On squaring both sides]

= xz—y =y"x-xy
= (x+y) (x—y) == (x-5) , |
= xt+ty=—xy ['-x—y#0asx=ydoesnot
satisfy the given equation]
=> I ._x_—
7 1+x
N dy | (+x)x1-x(0+1)
dx (1+x2)
dx (1+x2)
Exercise 4.4

1. Givenx® +y’—3axy=0From ‘
dy _ differentiatingof f w.r.t.x keeping y as constant

dx differentiating of f w.r.t.y keepingxas constant

3x* —3ay =ay--x2
3y* —3ax Y -

4
dx

2. Differentiating both sides w.r.t. x, we get

iog (s +17)}= 25;{““_1 G)}

= —ZI—TXde-(xz +y2) =2——1—-x£—(—y—)

xX+y 1+(y/x)2 dx\x
L fdyay.d 2 x——yx1
A | R

' dy
= 4y ——=x—-
x+y xdx y
DNt
= —(y-x)=-6+)
- iy_=x+y
: dx x-y

Y
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3. y= ,,Sinx+y

= y2 =sinx+y

dy dy
i tiate w.T. t. x, 2y — =COsX +—
Differentiate w.T. t. x. ydx e
dy _cosx
L T @ 2y
4. x=y 1-

Differentiating with respect to x, we get

1= d—y\fl—yz +y><—1—(—2y)xd—y.

dx 2 1—y2 7 dx
dy [T7_ Y b

= 1= —=4/1-y" — X—=
VT T

dy| 1-2y*

=
& -7

dx  1-2y*.
5. We have
y=b> tan ™ (i +tan~ Z)
a x
StanZ=Z4tan 2
_ b a x .
Differentiating both sides w.r.t. x, we get

D
dy 1 1
lsec2 (-X)—y ==+ x—&

b b)dx a 2 2
1+(1) *
X /.

2,
L (Z)d_y 1 Tdx

—+
o \bax a2y
=>d—y lsec"’(l)— 2x 5 1 zy 5
dx |b b) x*+y a x"+y
1 _»
:>dy_ a x*+y°

6. The given series may be written as y = |/sin x+y
=)y =sinx+y [Squaring both sides]
d . - .
= 2y % = cosx+ ;’V [Differentiating both sides w.r.t. x]

y .
= —(2y-1) =cosx

dy _ cosx
dx - 2y-1

Exercise 4.5

de (l+t2)2—2tx21 _2-27

e (1+t2)2 _(1+t2)‘2
o (+8) () -(1-2)2
dt o (1’+'t2)2 (1+_t2)2 |
LA dy/dt e S
Tidx dxldt 2-20 -1

2. x=acos’ 0,y=bsin’ 6

y =_(_1)_1= 3b sin® 8 cos@
' dx  —3acos® Osind

=_ P—tanO,ifsinB;tO,cos 8+0
- a :

. .y, does not exist at =0
Hence y, and y; do not exist at 8=0.

3. x= asin"t y; Jacos"t
. Y=

: : . , ol ~1
= xy= asm t+cos 't

x.y‘= Va™?

Differentiating w.r.t. x, we get

dy
—+y=0
xdx y

&_-y
dc x

=

4. x= a[cost+logtan%] andy=asin¢

Differentiating w.r.t. ¢, we get

dc | . 1 2t 1
—= q|—sint+ sec” —X—
dt | tant/2 2 2
= g|-sint+——
2sin(t/ 2)cos(t/ 2)]
[ 1 ]
= g| —sin# +—
sint

Em:muxs -.-

by




and a’_y =qacost
dt

dy dyl/dt acost

= S =—=
dx  dxldt acos’t
sin?

=tant

atx=m/4, d_y =1
dx

Exercise 4.6

1 Let y=x. Then, y = & °¢*
. Differentiating both sides w.r.t. x, we get
dy x logx d |
—=— = — (xlogx
.- ¢ o &logx)
= @_ x* (logx +xl) ['.'e"l"g":f]
dx x
dy x
= —=x (1+logx)
i (1+logx)
2. y'=x ‘
= logy*=logx”
=xlogy=ylogx
ldy &
=>x ——+logy X1 = =+logx—
* y-dx gy x g dx
x dy _y ’
=] ——1 —==-lo
g 2w
2 _logy ' '
dy _ x _ Y(y—xlogy) _ y(xlogy—y)
dx i—logx x(x—ylogx) = x(ylogx—x)
3. Herex=¢&""*
=logx=(y+x)
=y=logx—x
LB 1 1= 1-x
“dx x x
4. Taking logarithm of both sides,

‘log y = (tan x)"***log tan x

.. log log y = [tan x log tan x] + log log tan x.

Differentiating w.r.t. x, we get

2

L& _ 2 ¢ log tanx +tan x ——— +
ylogydx—secxog x x'tanx
1 "sec? x
_—_—X—
log tan x tanx
dy

dx
Atx=m4,y=1andlogy=0

. Wehavey=

' . ‘ 3
s = =ylogy sec? x [log tan x + 1 + 1/(tan x log tan x)] = lim (dyldz) _ lim Stanx”

Appendix: Solutions to Concept Application Exercises = A-25 '

= (dyfdx), < gy =0

V1~ x2 (2x+3)2
(xz + 2)2/3

'Taking log of both sides, we get

1
=logy= 5108(1—x2)+%10g(2x+3)—§lqg(x2 +2)

Differentiating both sides w.r.t. x, we get

1d 1 1
L A 3 (—2x)+*x2—zx 1 2x
ydx 2(1-x%) 2(2x+3) 3 212
dy x -1 - 4x
A + N
dx 1-x* 2x+43 3(x*+2)
Exercise 4.7
1. Lety=tan™ — 2 =2tan" x
2
and z=sin™ x2 =2tan "’ x
1+x
=5 ﬂ =1
&.
. Lety=sec™ andz= 1 -x2
(sz —1]
Putx=cos @
.'.y=se.c‘I (sec20)=20 andz= \/1—c0529=sin e
d
—l=2, E—cos 0= y_2 .2
de do - dz cos® x
= atx= —, Y-
dz

. We have, y=1(x*)

= %’ =f'() 3’ =3 tan x’
Also,z=g(x’) .

5

= =g’(x°) 5x* = 5x* sec x

dx
dy_dyldx 3 tnx 3 tanx

= ==X
dz dzldc  Sx*secx’  5x2 secx

5

_3
x—=0 X . 5

20553 sec x
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Exercise 4.8
cos x —sinx <COsX|.
dy .
-1, = =|cos x —SInX COS X
x 1 i
sin x coS X sin x sinx cosx Sinx

+losinx —cosx —sinXx| +|cosXx —sinx COSX
x 1 1 1 0 0

sin x €os x SinXx : .
) ) cosx sinx
=0—jsinx cosx SmX +1

- X 1 1

—sin x €OS X|.
=0+(coszx+sin2x)=1

d’ (x”) n! 2

dxn
2 d’ 1ie3) i (cosx) cos sl 4
. x)|= e
dx" " 2
(sinx) sinﬂ 8
n 2
n' n! 2
nw nrm
=lcos| x+— ©cOS— 4
() =
nm nw
sinjx+—1| si— 8
(5 =

a”
dxnv [f(x)]x=0 =0

Exercise 4.9

=

d 2x —2x ‘_ 2x 2x _~nl 2;_ —2x
1. ‘—ix-»[e +e _J—Ze 2e | =2 [e"—e ]}

2 .
_j:x?(ezx +e—2x> = %2(32,: _e—ZI) ='22(e7.x+e—ZX)

B
%‘?(ezx +e—2x) — -3;22(82" +e—2x) =23(e2x_e—2)()

—:x_" [ +eZ]=2" [+ (D) e

2. b cos (sin x) cos X
dx . .

& PR L
Eii = —cos (sin x) sin x +COS X [~sin (sin x)] cos x

. d2y+éztan' _ . . 2 : .
S x = —cos(sin x) sin x — cos” x sin (sin x)

+ cos (sin x) cos x tan x= —cos? x sin (sin x)

d2 : .
e -I-’Ey tanx+coszxsin(sinx)=0

dxz
~. f(x) =cosx sin (sin x) ‘
3. y=log (1 +sinx) )
coSX
17 Tisinx @)

—sinx (1 +sin Xx) —COS X COSX
V=

(1 +sin x)2
- —(1 +sin x) .
- +sinx)’
= 1 ' - 3
(1 +sin x) ) ®)
_ cosx - cosx 1
= X ==y @

Y= = p .
3 ( +sinx)2 1+sinx 1+sinx
LY==V =N

=yt tys =0

4. fx)=(1+x)".f0)=1
=1 ®)=n+x)""f(0)=n B
=) =n—-D)+x)" O =n (1)
Similarly proceeding we have 7 (0)=n(n- N@r-2)
f0)=n(r- 1) (n—2) (n—3) and so on.
[ (0)=n(n- DE-2)(r-3)...1 -

= f(0)+f(0)+ f"(o)+f—:;$i)+---+f—"@

2! n!
lant n(n—1)+n(n—1)(n—2) e
2! 3! '
N n(n—1(n-2)...1 e
n!

="C +nC1+nC2"'+”Cn—1+"Cn=2;l .
Exercise 4.10

L fet)=reof M
o= lim f(5+h})l - f(S) |
) AN
O} (W —f(5)
10 h
_ e SO
f@)lim=——
_ . f(n-1
= SO -
'Replace x by Sand y by 0,f(5+0) = F(5)%f(0)
=f(0)=1 _ '




9= o im LSO

=f(5)f(©)=2x3=6
2. fe)=fS) @

o[- fQ)
ro- gt

(i) e

- = lim
h—0 h
r@f(1+4)-10
= fim—————————
h—0 h
- h
f (1_+—)—1
@y, 2
2 k=0 _}i
5

Replace xand y by 0in e<iuation M=f0)= []‘(0)]2
=£(0)=0

h
f(H—)—f(O) 2@ _3
=-‘>f'(2)=‘_@1im 2h =I—(—)2£—(—)=E

2 b0

2

3
satisfies section formula for abscissa -on L.H.S. and

3, Given f(x+2}’)____figi%2_fly—) Vx, y c R’ Whlch o

ordinate on R.H.S. Hence, f(x) must be the linear function

(as only straight {ine satisfies such section formula).
Hence f(x)=ax+ . ’
Butf(0)=2=>b=2,f'(0)=1=>a=1.

Thus f(x) =x +2.

4. ()= lim Gl et 2 hz” AC)

h—0 7
. [f(x+h+k)—'f(x+h) f(x+k)—-f(x)] :
lim ASLILILD B A RS
_ lim k—0 k : k |
h—0 h
letk=—nh

£ f+ )= fx =B 1)
h2
i f(x+h)+f§;—h)—2f(x)

h—0

’” - _1'
== -ji

Chapter 5

Exercise 5.1 L
1. Thecurveis 3yt - 2y=1 Q)
C gy 4y-3y
Ti; - 6xy —2x*
At the point (1, 1), dyldx=1/4. B
Slope of line joining P(1, 1) and Q(- 16/5,— 1/20)is

Differentiate w.r.t. x,

. Wehaye(l +x)y=2-xo0ry=

l n n n-1 n-1 d
x y n(x n(y Y ~0
6. |=| +1=1=2 = —|— e e
(a) (b) a(a) b(b) dx

Appendix: Solutions to Concept Application Exercises A-z/

1+—2_,6'___2_1__1
l+1—6- 84 4
5

Also point O(— 16/5, — 1/20) satisfies the curve.
Hence proved.

. Wehave x=a(l +cos 6),y=a sin 8

= £=—asin9,ﬂ=aco’se
de

do

dy _ dyl/do _ acos® P
dx dx/d§ —asinb e

= slope of normal =tan 0
= The equation of normal is: .

y—asin =tan 6 (x —a(1 + cos 6)) .
= ycos §—asin §cos 9=xsin 6—asin @—a sin Ocos 6
— xsin@—ycos @=asin8
which clearly passes through (a,0) .

. y= ax? — 6x + b passes through (0, 2)

=2=0-0+b=b=2

Again fi—y—=2ax—6
dx

Atr= 2, P =3a-6
27 dx

Since tangent is parallel to x-axis

= Q=0 =3a-6=0 =a=2
dx .

Hencea=2,b=2. _
/ 2~x
1+ x>

This meets x-axis at (2, 0).

dy (+2)(ED-@2-%2x

Also Z =1
50 I 1+ )
1+4)D-0
At(2,0),ﬂ)—=-(———)—(’z———=——l—
B (L+4) 5

-, the required tangent is y — 0 =— —15- (x-2)orx+5y=2.

y2=ax3+b ___>£1!_=3___ax
dx 2y
a2
=>(‘—ZX) _3aQ) _op_4=a=2

Also(2,3)lies0ny2=ax3+b:>9=8a+b=>b=—7
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d bn n-1 b
At(asb), —o == =

- tangentat(a, b)isy—b=— b (x—a).
2 .

= Z_1=_Z41 =>f+%=2

b a a

This shows that L % =2 touches the given curve for all
a .

n.
7. Let the line is normal to the curve at point P(x,, y;) on the
curve '

= Ax,+By,=1 o o)
and a"~ 'y, =x," , @
Differentiating @ "~! y =" w.r.t. x, we get -

=$ Qz nx‘n—l _ nxn _ ﬂ

’ dx a"! xa"! x

Now slope of line = slope of normal to the curve at
Py, y1)

= _—ﬁ= S ndy, =B, B
B ny, '
From equations (1) and (3), A(nAyl)/B + By, =1
(nd*>+B%y,=B @
and (n42+B%)(Bx/nd)=B
B(nA*+ B)x, = ndB . ©)

Now substitute the values of y, and x; from equations (4)

and (5), respectively, in equat10n 2).

Exerase 52

1. Whenx= 0,y=-1

d _
D sriges 5P| a4
dx

x=0

dx

. oV
= Length of tangent— vl + [d )
'y

-1 ’H.L = lﬁj
16 4

2. Let point of tangency be (x,,y))

d 2
dre |, x*-a
tangent + subtangent
1. %
=y )1+ —=+=
y1 . mz m
=y (x ) yl(xl —a )
! 4a’x 2ax,

[4+ 4 2.2 2_ 2
X +a +2a°x +y1(x1 -a’)

17

2ax; 2ax
_ NGy’ +4%) + n(x’ -a’)
2ax 2ax,
) _xy
2ax; a !
=V
2 |y 1+
3, [length of normal " _ dx
" \length of tangent o 2
dy
dy
_ (@_}_)2_ Vs _ sub-normal
dx dx | sub-tangent
y=
dy
- dy
4. =al men oy 2 l-n__n-1
y | p» a "nx
Sub-normal =
— |ya1—nnxn—l
|al nxnal 7 -1
- | g2 2ny2n-1
which is constant if 22— 1=0or n= 1/2.
Exercise 5.3 |
1. Here, the curves are
y=aandy=b
a X
Solving the curves,@=b" = (;) =1
ie, x=0, y=1
= Point of intersection is (0, 1).
dy L
o o = (a* log @)y, =loga (fory=a")
: & .
T o = (b*log a), ,,=log b (fory =10

= Ahgle between the curves;

tan 6 = tan™) loga—lpgb
1+(log a)(log b)
et | lo8alb '
[1+logalogh

Backiriona, 7 :

.



2. The two curves arc
‘ xy=a? )

2 +y=2d )]
Solving equations (1) and (2), the points of intersection
are (a, a) and (—a, — a)

Diff. equation (1), dyldx=—ylx=m, (say)
Diff, equation (2), dy/dx = —xly=m, (say)
At both points m, =—1=m,

Hence the two curves touch each other.

Fig. S-5.1
4, ayt+ ¥ =7,and x> =y cuts orthogonally

NoW (Q) = —Zﬁ and (ﬂ) =3x*
dx a dx

= —3x3=—1 =a=6

a .
5. CIZQJC—EXQ=0=>Q] -
3 dx dcl., N
CZ: 3xy2 "—12-+y3 =0= Q] ’=-——Z‘—=m2
. dx dx |, 3x
oompemy=-1 = C and C, are orthogonal
6. On solving

we get (0,0);(8,16) and (8,-16)

for= «liy=xs/; or \/Ey=—xx[;_

ADPENQIX: DOWLUIIS 10 UUHLTPL DIt LaSivows o o~

@

=0
dx

For 2 = at(0,0)

(0, 0)

g
— oo

' d
fory2=32xat (0,0) =
dx 0, 0)

hence angle =90°

dy| 3x* 3 64

At(8,£16) for2y? =x’, —| =——==_—-=3
i’ x|, 4y 416
' dy| 32 16
At(8,+16)fory? =32, 5| =5-=7.7
(8, +16)fory dely 2y 16
g 31221
| 1+3 4 2
Exercise 5.4
1. Gi_vens2=(at2+2bt+c)ors= (at2+2bt+c) M
.ot \/(at2+2bt+c)
| (at+b) _

== =V (say) [Fromequation()] )

Again diff. both sides w.r.t. 7,

ds
.-£1_2£= s(a)—(at+b):i; .
dt? st »
as—(at+b)(a£-£)— '
- s

= - [from equation (2)]
s

as* —(at+ b)>

S3

_ a(at® +2bt+c) —(@* +2abt +b7)
3

N
_ (ae=b%)

s3

: . 1
= acceleration e —

3
S
2. Given 20209) _
dae
= sectf=4
Now dsinb) _ cos9 = 1-
d 2

3. At time ¢, the distance z between the cyclists is given by
2= (v +(4vy

z=5ut = E =5v
dt‘

4r

4 V=—(x+ 10)’, where xis the thickness of ice

3
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Y n(x+ 10) ad
[_d_x_] A
Cldel s 477;'(54_1())2 - 9007 187
Hence, the rate at which thickness decreases
.-= L cm/s
187

. Given x and y are the 51des of two squares, thus, the area
of two squares is x* and y* :

dy
2y—
d(yz)z_Lil=X b )
d(x>) 2x x dx
where the given curve is, y =x—

dy
“-1-2 o)
x ¥3)]

We have to obtain

2 . : .
" Thus, _“122_) =2 (1-2x) [From equations (1) and (2)]
d(x*) x :

dG?) _ (x=x)1-2%)
d(x*) ox

2

i(y_) =(2x2-3x+1)

d(x?)
Thus, the rate of change of the area of second square with
respect to first square is (2x —3x+1). '
. Let R and S be the positions of men P and Q at any time %
Since velocities are same

Fig. S-5.2

= OR= OS=x(say)and given % =V ¢))]

and let SR = =y
Now in triangle ORS, applying cosine rule then

Y=+ = 2x X x cos 45° =22 -5 2
= y=x\/(2—\/—2_) -
- &[]

rom equation (1)] .
Hence, the required rate at which they are being separated

~

isu\/(Z—x/E).

Exercise 5.5

1.

Letx=3 and Ax=0.02. Then
_ f(3.02)= fx+Ax)=3(x+Ax)*+ 5(x+Ax)+3
Now f(x+Ax)= fx)+Ay

= f@)+ f(x) Ax (as dx = Ax)

= f(3.02)= BF+5x+3)+(6x+5)Ax

= (3P +5(3)+3)+(6(3)+5) (0.02)
‘ (asx=3, Ax=0.02)
=@27+15+3)+(18+5)(0.02) '
—45+0.46=4546

Hence, approximate value of f(3.02) is 45.46.

Let r be the radius of the sphere and Ar be the error in ’

measuring the radius.
Then =9 cm and Ar=0.03 cm. Now, the volume ¥V of the
sphere is given by - '

V= in’r3
3
or . 4nr?
dr

Therefore, dV= (‘g/)Ar @nrd) Ar

= 47(9)*(0.03)=9.72 cm®
Thus, the approxlmate error in calculating the volume is
9.72 mem’.
Consider function y = x°
Letx=2and Ax=-0.001
Then Ay =(x+ Ax)6 —x
Now dy is approximately equal to Ay and is given by

Ay (z) Ax =6(2)° (-0.001)
x=2

= f(1.999)= f(2)—6x32x0.001
= 64—64x0.003
= 63.808 (approx.)

dy

Lety=cosx .. ——=-sinx
dx .

Then Ay=cos(x+ Ax)—cosx.
=cos (60° 1')—cos 60°

" Now dy is approximately equal to Ay and is given by

Ay= d_y) Ax= —ig—x1’=—£xg .
\dx x=60° 2 2 60
= cos60°1’ = l_ﬁ_‘é
2 120
Exerase 5.6 '

1.

Consider the function f x)= x3 +2ax? + bx

Obviously f(x) being a polynomial function is continuous
in [0, 1] and differentiable in (0, 1).

Also f(0)=0.If (1) =0, then all the three conditions of

. Rolle’s theorem will be satisfied.

ER
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= f'(©)=0, for at least one ¢ in (0, 1). Hence

fx= 3x2 +4ax + b= 0 atleast once in (0, 1).

i.e., the equation 352 + 4ax+b=0has at least one root in
0, 1)if f(1)=0,ie,1+2a+b=0

. Given f(x)=3x"+5x+7 , ' )

= f()=3+5+7= 15 and
f@)=27+15+7=49
Again f(x)=6x+ 5.

Herea=1,b=3.

Now from Lagrange’s mean value theorem
: b-a 3-1
= 49-13 17orc=2

. As f(x)and g(x) are continuous and differentiable in

[0, 2], then there exists at least one ¢ such that
flo_fa-rO _, 8-2

ge) g@-20) g(2)-1
o g@)-1=2 = g@)=3

=3

. Let f(x)=xs—qox4+3ax3'+bx2+cx+d=0

L = 5y —Aag’ +9ax’ +2bx+C

@)= 203 —12a* + 18ax+2b
()= 60x* — 24ax+18a

or f"(x)= 6(10x>—4ax + 3a)
Now, discriminant = 16a,>—4x10%3a.
—  D=8Qa2-15a)<0 [as2a2 — 15a <0 given]
Hence, the roots of f *(x) = 0 cannot be real. Therefore, all
the roots of the f(x)=0 will not be real.

. We have to prove

@ -a) f©)-1f )~ f (@1(3c)=0
Let us assume a function

F)=®-a’) f(®) ~U®-f ()
which is continuous in[a, b} and differentiable in (a, b) as
both f(x) and x are continuous.
Also F(a)=b fla)- a fb)= F(b)
So, according to Rolle’s theorem, there exists at least on
¢ € (a, b) such that F(c) = 0, which proves the required
result. L

. Let f(x)isequal to log, x, x € [a, B), and0<a<b

Clearly, f(x)is continuous and differentiable.
Hence according to LMVT there exists at least one
c € (a, b) such that :

- LO=1@
b-a 7
lo L—b-)
- 1_ 1ogb—logq_ & a
c b-a b-a
nowa<c<b T
111
= —>—->-
a ¢ b

NP e, e

. b
log(—)
5 1

1

— >_._
a b—a

-a

< log(é) < b-a
b a a
7. .Consider ¢ (x)=f(x)— g(x)

= ¢'®=f)-g'®

¢ (x) is.also continuous and derivable in [xg, x]

using LMVT for O(x) in [xg, ]
#(x)— $(xo)

.x—xo

Q

=1

b
=

$'@=

Since ¢70)= ) —g' G)are f()—g@)>0
90> 0 )
Hence ¢(x)— ¢ (xp)>0

9()> 9 (x)
f)-gx)>0
R AR (CARS AN

8. Since f(x) and g(x) are continuous and differentiéblé ‘

functions.
f@ 1G
Nowlet H(x)=
WItHD g @) 09 ®
f@ 1)

then H(a) = 0 and H(b) =

g(a) g0O)

So, H(x) satisfies the condition of mean value theorem

H(b)— H(¢
N __(’),_(i)_=H'(c),wh'erea<c’<b

b—a .
. 1 |[f@ f®)
H(O)= ——
o O™ o-als@ £® @
From(1), _
H’(x); 0 f( +f(a) f&)_ f(é) f(x)
. 0 gt lg@ g™ lg@ &
- H(O= 1 @ f®)_\f@ f’(C) )
b—alg(a) g®)| lg@) &0
From equations (2) and (3), we get - '
|f@ fO) —(b-a f@ £
@ g®) gla) g'(©)
Chapter 6
Exercise 6.1
1.

a f(x)= cot™ x+x,
Differentiating w.r.t. x, we get,
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. -1 “1+l+x* P
f®)= +1= 3T

1+x2 1+x? 1+x

Clearly, f/'(x) =0 forall x.
So, f(x) increases in (— oo, o0).

2x
b f(x)=log(l+x)- Py

1 2(2+x)—2x

ﬁ.f,('x)zl_l__x (2‘+x)2
", - x2 ‘
= S@= (x+1) (x +2)°

Obviously, f'(x) >0 for all x> -1
Hence, f(x) is increasing on (- 1, ).

2.

a fx)=—2x-9%—12x+1
= f(x)=—6"-18x—12

=—6(x+2)(x+1)
= [f(x)>0,ifxe (-2,-1)
- andf'(x) <0, ifx € (—o0,-2) U (-1 —eo)

Thus, f(x) is increasing forx € (-2,~1)and .
J(x) is decreasing for x € (—e0,—2) U (-1, —0).

b Lety=f(x)=x%"*

1% _ _
= =2xe*—x*”~
dx

=eT(2x—x%)
=e*x(2-x)
f(x)is increasing if f'(x) > 0 = x(2 x) >0=>x€e(0,2)
f(x)is decreasing if f(x) <0 = x(2 — x) <0
= x€ (—0,0)U(2,0)
¢. Wehave, f'(x)=cos x—sinx

y y =sin x
A
! \\I\\ 3 /’///’
. AN 4 »X
O m a3 Jn
420 Ny L 2
/
¥ y=cos x
Fig. S-6.1

f (x) is increasing if (x) >0= cosx>sinx

= xe(0,7d)u (— 2m) (see the gxaph)
Jf(x)is decreasing if f* (x) <0=>cosx<sinx
= xe (4, ‘%” )

d Given, f(x) =3 cos*x+10 cqs3x+ 6cos’x—3
"= f'(x)=12cos’x (—sinx) +30 cos? x(—sin x)
=+ 12 cos x (—sin x)
=3 sin 2x (2.cos’x + 5 cos x+ 2)
=-3sin2x (2 cosx+ 1) (cosx+2)

whenf'(x) =0 = sin2x=0=x=0, g, /3

(0

O

or 2cosx+1=0=>x= ZT”

as cosx+2#0. -
Sign scheme of /*(x)

/2 2n/3
Fig. 6.2

So, f (x) decreases on (O, g)u(i—n, n) and increases

(n 27:]
n|—,=—1.
23

sinx—xcosx _cosx(tanx—x)

sin” x ‘sin? x.

- 0<x<Zl==xe ﬁrstquadrant:tanx>_x, cosx>0

= flx)>0for0<x<1
= f(x)is an increasing function.

g() tanx —xsec’® x - sinxcosx—x sin2x —2x
X -

tanzx - sin®x 2sin? x
now 0 <2x <2, for which sin2x < 2x
= g'x)<0
=  g'(x) <0= g(x) is decreasing.
1 1
. x= andy=
1+2 7 t(1+£%)
o dx 2% dy 1+372
Z I e d . Aniez
dt  (1+¢°)"  adt (149
dy 143
& 27
dy

— >0,ifr>0=x= L €01
dx 1+£2

- Hence, f(x) is an 1ncreasmg function.
. Iff(x)=(a+2)x*~3ax* + 9ax — 1 decreases

monotonically forall x € R, thenf’(x) <0 forallxe R
a+2<0and3(a+2)x2 6ax+9a<0forallxe R

a+2<0anddlscnm1nant<0 o

a<—2and-84a*-24a<0

a<-2anda{a+3)20

a<-2anda<-3o0ra=0

a<-3.

. Since f (JE) =3 sinx—cos x—2ax + b is decreasing for all

real values of x, therefore f”(x) < 0 all x.

=>. 3 cosx+sinx—2a<0forallx
3 1.
= 7cosx+ EsmxSanrallx

= sin(x+§) <aforallx

= a1 ) [ sin(x+7—;-.)s 1]

TR D A

| A



. Appendix: Solutions to Concept Application Exercises A-33

7. fr)=2loglx—1]-x*+2x+3 _ , 2
= —2— _orr2 =2 2| L) = XTg s 9
e x—1 x—1 Combining equations (1) and (2), we get
_T2x(x=2) o E csinx<x
x-1 7 ) 6 ) _
—2x(x—2 . = tanlx—
Sign scheme for _x(x_) . 3. Letus assume f(x) =tan x 5.3
(x-1)
- * - | 1 302 +3)-3x(2x
M- : : = f()= 2-[( 3)3x(2%)
° ! 2 - L4x (" +3)

f()>0ifx e (—e,0)orxe (1,2)

4, 2 2 2 24
+6x°+9-(3 - 1+
<. f(x)is increasing in the interval (—e, 0) U(1,2) - X T (Bx”+9-6x7)(1+x7)

and decreases if x (0, 1) U (2, =) : (L+x7)( +3)°
8. g(x)=f(logx)+f2—logx) 4 .
= g’(x)= [f'(logx)—f'(2-logx)Vx ' = —
, g()(C))mcga(Sesg if)g'é)? 0,nowx>0 _ Q +x° )(x2 + 3)2 »
= f(logx)—f"(2—logx)>0 Hence f (x) is increasing throughout
= f(logx)>f"(2~logx)  Alsof(0)=0
- = logx<2-logx (f "(x) < 0,f(x) is decreasing) : Hence, f(x)>0,Vx>0
= logx<l ‘ ' - x

= tan x>

= 0<x<e

Exercisg 6.2

3+x°

4. Letf()= ﬂ“—x

1. Letf(x)=1n(1 .+x)—-1—f—x o f'() (xcosx smx) cosx();;tanx) :
F)= b I#x-x X S>0 (= x>0) ~ To ﬁndsngnoff (%), we consider
(1+x) 1+x)? (1+x) 4
= f(x)is an increasing function.© - g(x)=x—tanx,0<x<—2— ‘
x>0=f(x)>f(0) s g)=1-sec’x<0 (rsecx>1)
x . _ ~.  g(x) is a decreasing function
= ln(1+x)_'1Tx_>0 (f(O)—-O) = g(x)<g(0)
x . = x—tanx<0
= 1T—<ln(l+x). = f'(x)<0
2. Let f(x)=sinx—x = f(x) is a decreasing function.
. £'(x)=cosx—1=—(1—cosx)=-2sin’ x2<0 _ Also,0<x<m2
£ (%) is a decreasing function. - = f(wW2)< f(x)< hm f (x)
Nowx>0 ’ S 2 sinx
= fx)<f(0) = sinx—x<0 : [ f(0)=0] = —<—xl
= sinx<x M T X
8 Exercise 6.3
Now,let'g(x)=x——g—smx 1. f()=22— 32— 12.x+5
52 _ = f()=6"—6x—12
g'(x)=1———cosx : C f)=0=2x-2)(x+1)=0=>x=-1,2
2 . Here, f(4)=128—48 48+ 5=37

To find sign of g’(x), we consider
x? .
ox)=1- —2-—cosx

fED)=-2-3+12+5=12
f@)=16-12-24+5=-15
FE)=-16-12+24+5=1

¢’(x)=—x+sinx<0 From equation (1) Therefore, the global maximum value of function is 37 atx
¢ (x) is a decreasing function _ =4 and global minimum value is—15 atx=2.

= g'®<0 . : Hence, range of f(x) is [- 15, 37].

= g(x)is decreasing function , 2. f(x)=1+2sinx+3cos’x,0<x<2/3
x> 0= g(x)<g(0) = f(x) =2cosx—-6sinxcosx

: 3 . : =2cosx(1—3sinx)
= *T -%jjsmx<0 ‘ [ g(0)=0] F f(x)=0=>cosx=0o0rl-3sinx=0
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— x=m?2orsinx=1/3
f7(x)=-2sinx—6cos 2x

= =—2sin£—6cos(2x£)=—2+6=4>0-
2 2 2

Hence, x /2 is point of minima. _
f”(sm 1/3)——2 (1/3)—6(1—2x1/9)=-2/3-14/3<0
Hence, x=sin" Y173is pomt of maximum.

. =flZ =1+Zs'n—+3cos T _1+2=3
Jnin f(z) St 2 2

._11) (1) ( 1)' 5 8 13
= =142 4312 |=24+===
S f(sm 3 3 9) 37373

. 1. X
. fx)=sinx+ %si112x+§sm3x 0<x<mw

f(x)——cosx+cost+cos3x 2 cos 2x cos x + cos 2x
=cos2x (2cosx+1)
Letf’(x)=0
= cos2x=0o0or2cosx+1=0
= 2x=m2,3m2o0rcosx=-1/2
= x=m4,3m4orx=2m3
Sign scheme of f*(x)
+ - + -

a4 2m3 3mi4

Fig. $-6.3

Hencé x = 74, 3m/4 are points of maxima.

(5)-sn5+on(5)r3on ()
fl— = gin— + sin +—sin
4 4 2 2) 3 4

_1 1141 4J2+3).
2 2 32 3[ 2 | 6
3z . 3w 1. (37 1. (9%m)
[ |=sin—+=sin| — |+ sm} —
4 4 2 2) 3 4
_ 11,11 42-3
2 2 32 6
f 2r i 2—2—7':-+—sm +—sin(9l}=£——3
3 2 4

Thus x= % is the point of global maxima.
x= 241 is the pont of local maxima

2 .
x= Tﬂ is the point of local mimma.

4. f(6)= sm”Bcos"Bp,q>0 0<0<m2
/(@) =psi* @ cos Gcosqe qcos'HG sin 6 sm”e
=sin”" 6 cos? O [p cos® O qsm q
Letf/(6)=0
= sinf8=0or cos 6=0 (not possible)

orpcos 60— g sin® 6= 0 => tan” 0= p/q=>tan9 \/;
q

(tan9¢—\/2,a80<6<7t/2)
- Vg

Check for extremum
When 08— 0,(6) >0 (as sin 8 — 0)
When 8 — w/2,f(8) =0

also, for 8¢ (0, #'2), f(6) is +ve
Hence, the only point of extremum is point of maxima.

‘= @=tan" \[é is point of maxima
q

‘when tan 6= \/E,cos 6= ——\[i—— and sin 8= \/;
q ptq _P_+
Hence, maximum value, f.. =
- (\/p+q Jp+a )

- 1/2
_{_p"q*
: (p+)™™
5. f(x)=log (3x*—2X -6 +6x+1),x€ (0,2)
12x° —6x* —12x+6
[ )= -
T Bx* 24 —6x? +6x+1)
6(2x> —x* —2x+1)
(3x* —2x% —6x% +6x+1)
_ - 6(x*-D2x-1)
GBx* —2x> —6x% +6x+1)

Sign scheme of f'(x)
- + , - L+
1 112 1
Fig. S-6.4
Butxe (0,2)

Hence, x = 1/2 is point of maxima,
and x = 1 is point of minima.
Hence, f,;,=f(1)=In2
and f, =/ (1/2)= 1n(39/ 16).
6. f(x)——sm x+3sin x+5
= f(x)=-3cosx sin? x + 6 sin x cos x
=_3 sin x cos x (sinx— 2)

Now, sinx-2<0Vxe l:O, %}

sinx,cosx=20Vxe R

= f(x)20VxeR

= f(x)isa stnctly increasing function V x € [0, /2]
Hence, f(x) is minimum whenx =0

and maximum when x = /2.

Jom=S(0)=5

S =f@2)=T

7. f(x)= l(x+l)

= f()= (1—i)
X
Letf(x)=0=x"=1=>x=%1 -

(as cos 6 — 0)

—
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e 1f2 ,
Also, f*(x)= g(—g ) = f"(1)>0and f"(-1)<0
A\ X
— x=1ispointof minimaandx=-1is point of maxima.

Here, /(1) = % and f(~1)= —%

Yy
- ——3 =1
] | 1
1
. 1 .
b -
x" »X
-2 -1 o] 1 2
/—l
—-—1
4
Y
Fig. $-6.5

Thus, local maximum value is less than local minimum
valuie. ,

8. f(x) = (-4
FQ =4y = @) x

1 2x2
E;z—_;{)—l/?— 32 ~4)*3
_ 3(x*-4) -2x°
. 3(-J€2 _ 4)4/3
_(*-12)

- 3(x2 _ 4)4'/3
Sign scheme of f'(x)

+ o= 4
243 23
Fig. $-6.6

= x= 2J§ is point of minima and x = —2J§ is point of
maxima.

Fron= [(243) = (23) (124 1P~ ;22*/_5=_ﬁ
foo=f@B3) = @3)2-47" = 3

Here, maximum value is less than fhinimum value.

This is because f(x) is discontinuous at x = +2.

Since f(x) is unbounded function both the extreme values

arelocal. - 7 '
9. Forx<1,f(x)=3*-2x+10>0

= f(x) is an increasing function for x < 1

Forx>1,f"(x)=-2. '

= f(x)is a decreasing function for x > 1. Now f(x) will

have greatest value atx = 1. '

If lim f(x)<f(Q)
x—-(1%) :

LS

Appendix: Solutions to Concept Application EXercises  A-3d

= 2+logy(b*-2)<5
= 0<b-2<128=2<b°<130

= be [V130, -2 ]u[V2,130]

A1, .2 oo
10. f(x)z{tan (04 ,5x,0-<x<1
—63;, x21
f)=-6

For maximumatx=1

lim f(x)=tan ' @—~5<-6

Cox-slT
— tanl a<—1= o<—tanl

11. Clearly from the graph give in Fig $-6.7x= /2 is point of
.
x= «/5 is not a point of extremum
x= 243 is also not a point of extremum
x =0 is point of maxima

y
' 9

-

-

x

| y=3-X
— 3
y |
Fig. 5-6.7
HE 5
12. fx)=|x+ [x+=|+|x=3][+x—=
2 2
\ A
1 | _
y=—4X+5i v ll‘ y=4X—5
S, 1(0.6)

. ,_ ~ _
y=—2x+6i y=6 i y=2x+1
k- i Hl 1 1 1 i i
10 w2 1 32 2 5k 3

2 L ,
‘Fig. 5-6.8
From the graph, minimum value is 6.

13. f(0)=1 |

f(0)= lim (P-x+1)— 1~asx?—x+ 1 is decreasing for
x—=0* '

(=oo,172)
£(0)— lim (1+sinx) > 17
x—0"

Thus, f(07) <f(0) avd(0) > (0).

Then atx =0, f(x) is the point of maxima.

14, fl)=x-x*

- @ - @y
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(l—2x2/3)

2
_5 /3

: 1
Critical points, f’(x) =0 atx = iz—ﬁ

Also f'(x) does not exists at x=0. :
As f(x) is continuous at x =0 so it is also a critical point.
Sign scheme off"(x) ‘
' + - + -
}
|

]
|
1

|

I
1 o 1
242 22

. : . 1
Thus x = 0 is point of minima and x = +-—= are points of
us x P 2 .

maxima

-

N

Also range of f(x) is (—w.’ f (i;}/?)]

2

15, flx) = x—it%—b— , has a stationary point at (4, 1) so it
R x— .
must lie on the curve. .

.. 16+4+b=-6 » 4]

dy
Also (—-) =0
dx ( x___4)

(xz —20x—10a—b) o
2
=107 sy

10a+b=—64 " ' Q)
From (1) and (2) wehavea=-7, b=6
. Also for these values of x,

2 .
x—=Tx+6
= 3
Y x—10 ’ » &)
. d_y'__'(x—’4)(x—16)
Tdx (x-10)

Fromx=4—htox=4+h, % changes its sign from +ve

to —ve. ‘
Hence x =4 is point of maxima.

Exercise 6.4
1. Let the additional number of subscribers be x, so the

number of subscribers becomes 725 + x, and then the
profit per subscriber is (12 —x/100). '
If P is the total profitin Rs., then

P=(725 +x)(12f—i) :
: L7100
2
S )
100 4

2 2
- L 870000—(£) _(x_i7_5
100 2 2

P is maximum (greatest) when x—475/2=0

i.e., x=237.5. Butxis + ve integer, so x can be taken as 237
or238. :

Since P(237) = P(238), for maximum profit, total number of
subscribers should be 725 +237 =962

or 725+238=963.

Fig. S-6.9

h=asinaand'x=acosa;x2+h2=a

2

1 1

r=3 v = 52x2h (note : 4x* =2y = y* = 2x%)

2 2 . 2 3 .. 2
o) = razcos oasin o= ga sinocos” o

3 K

1 4\3a*>

now V' (a)=0=>tana= —=; = V=

( ) ’ \/'2-’ max 27

. Equation of the curve isy=x"+ 1.

Tangent at P(a, b) isy — b =2a(x—a)

ie, y—(a+1)=2a(x—a)

x=0=>y=1-a” whicl is positive for 0 <a<1and
x=1 =>y=1+2a—a_2 '

Fig. $-6.10
OC=1-c*andAB=1+2a-d*




Z= area of trapezium OABC

= —;—(OC+AB)OA=1+a—a2,’0<a<1
92 1-24]1=0 >a=12
da
2
and -d—f—=—4<o
da

at @ = 1/2, area of trapezium is maximum (greatest).
Thus, the required point is (1/2, 5/4).
4. Let AD = x be the height of the cone ABC inscribed in a
sphere of radius a. ’
OD=x-a

Fig. S-6.11

Then radius of its base r=CD = \/(o'cz -0D?)
=\l -(x-a)’] = Jeax-x)

= Volume Vof the cone is given by
1
V= %nrzx = %ﬂ:(Zax—xz)x = —3—7:(2ax2 -x)

: . 2
4V _ ) r(4ax-35?) and 4V _1raa-6x)
3 dc 3

For max. ormin. of ¥, dV/dx=0 = x=4al3 (- x#0)

: v
For this value of ¥, Ex? =—(4rna/3) =(-ve)

= Vismax. (i.e., greatest)
when x = 4a/3 = (2/3) (24), i.e., when the height of cone

is (2/3)rd of the diameter of sphere.
5. Here, :
f(x)=e*cos x
= f(x)=e"cosx—e*sinx
= ¢* (cos x — sin x)
where, f/(x) is slope of tangent (i.¢., tobe minimised)
So letf"(x)=g(x) -
g(x)= & (cos x — sin x) _
= g(x)=¢ {cosx—sinx} +e {—sin x — cos x}
=¢* {-2sinx} : '
which is + ve when x € [, 27} and
—vewhenxe [0, 7]

ie., g(x)isdecreasingin (0, )and

g(x) is increasing in (7, 277) ’

So, at x = 7. Slope of tangent of the function f(x) attains
. - " .

. Let C be the centre of the circular plot of lawn of with a

diameter of 100 m.-
ie, CA=CB=350m.
[0}

50m 50m

Fig. S-6.12

And let O be the position of light which is directly above -

C. Also let

LOAC=6,(0<0<m2)

Then according to the question, the intensity I of the light

at the circumcentre of the plot is given by

_ ksin@  ksin®

(04 (50secB)

or I'= [k/(2500)]sin 6 cos® o
dIld6=[k/(2500)] (cos® -2 sin’ O cos 6).

= (k/2500) cos 8 (cos” 62 sin” )

Formax. or min. of I, dI/d6=0, tan o=1/2 -
Now we have - ' '
d*11d6" = (kI2500) (=7 sin B cos” 6+ 2 sin® 6)

= (k/2500) sin O cos® 6 (7 +2 tan’ 6)

- When tan 0= /2, d*1/d6* is —ve

Hence, I(Intensity of light) is max., when tari 9= 1/2,
which is the only point of extrema so gives the greatest

* intensity.

The required height of the light
= 0C=ACtan 6=50/+2 =252 m.

Chapter 7

Exercise 7.1
1. I (sec x+tanx) dx

= j(secz x+tan® x 4—25ecxtanxl)dx

- J(Z_SCCZ x—1+2secxtanx)dx

=2 (secx+tanx)-x+C

2. J (1-cosx) cosec? x dx
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= J.cosec-z x dx-]-cosecxcotxdx
=—cotx +cosecx+C

1—-cosx

sin x
25i112'f
_ T2 ¢
. X x .
2sin = cos—
2 2
=tan£ +C
2
3. I= [a™b™ dx

- o}

= ———(aMbn) +C
log (a"’vb")

4. j——-tanx' dx
~ J(secx +tanx)

tan x secx —tanx)
_J‘ dx
(secx +tanx) (secx— tan x)

- .ta(::c(zsicf tant:r;;)dx

= [(secx tan x~tan? x)dx

= jsec x tanx dx— [ (sec® x—1)dx
= [secxtanx dx—jseczxdﬂjux
=secx—tanx+x+C

xtdx
> ‘[x+x

J'(x +1)dx J‘ dx

x+x x+x5

_ Gt +nax dx |
_‘['x(1+x4) fx(x4+1)'
e

=logx—f(x)+C
=logx-f(x)+C

6. J-(x +8)(x— D, J-(x +2%)(x— 1)

x —2x+4 x? —2x+4

J-(x+2)(x —2x+4)(x~ 1)
x°-2x+4

= [+ 2(x-Dax = [ (2 +x-2)ax

=Jx2dx+jxdx—2"'x°dx=x—3+x—2_2 C
: TS x+

I sin® x+cos® x

7. — 5 dx
sin” xcos” x
sin® x . cos’x
_J 2 +—J. ) 7o
sin? xcos? x sin“ xcos” x
sin x cosx
= | ae [
cos? x sin® x

= J‘tanxsecxdx+J'cofxcosecxdx= secx—cosecx+ C

8 = Jtan_l(secx+tanx)dx

= [tan

_ 1+éinx .
! dx
COSx

(5|
o 1-cos E+x-
=J‘tan—l<___‘ dx
NE
sin| —+x
| (5]
[ 2sin2(g+%)
=J‘tan_l<. . dx
. {r x T x
2sin| —+= |cos| =+ =
(4 2) (4 2)
-=J-tan_l tan(£+£) dr
4 2
2

| = Z+2dx——jldx+—fxdx——x+7+c

Exercise 7.2




PP e e

3x 5x 1
2 I_Jf_Le_ _ . 6. LetI=I sin 2x j- 2 sinx cos x ~
R e _ (a+bcosx) (a+bcosx)
4x . 6x - Puttinga+bcosx*—;t,then—bsmxdx=dt
_Ie +e " .
= | 5 .
: : I=— = |=|——|dt
v 2 , bJ.tz( b .
X X 1) . B
_ e+ ‘
2% 41 : [.‘a+»bcosx=t,.'.cosx= ba]
4x . -

= 4x =_e__ ! .
Je e -2 (l—i)dt— log | £+ ]+c
pris 72 2 I

———2—\:logla+bcosx|+—-—a——}+c
b? + b cos x

3. jtanzxsinzxabc

dx

J‘ sin? x
0052 x
7. I= jsinxcosxcostcos4xcosSxdx
j-sm 2 x(1—cos 2 x) sin” x(1—cos"x) . ' : ‘

COS x

j( x—sin x)dx

1—cos2
J.(sec x—1 ———C%S—i)dx

3  sin2x
= tanx—5x+

1 .
= —Z-Isin 2xcos.2xcos4xcos8x dx .
1¢. y 1¢.
= —Ism4xcos4xcosSx dx= —Jsm8xcos8x dx
4 8 7 :

= -l—-jsinlsx'dx =L cosi6x+C
167" T 256
+C

8. jgilﬂx—)s—dx = [a+mx’d1+inx)
x .

4. jw(2+23m2x)dx
cos x + s Xx 1

E(1+1nx) +C
_2J(cosx—sin x) (cos x+ sin x)* d
- +sin x co ' —¢o 25 1= 29—
cos X ) 9, Icost cosZGd9=JZCos x—1=(2cos" 0 l)de
cos x—cos cosx—cos@
=2.[(cosx—sinx) (cosx+sinx)dx : i X
_ 2J-cos x—cosoede
= J (coszx—sinzx)dx C0Sx—C08
. = 2](cosx+cose)d9
=2j,costdx
o : =2cosx+2xcos 0+C
=sin2x+C o
L o, BBl Al o
5. I= ICOsec4xdx=Icoseczxcoseczxdx x4l x4l (x+D) reTE
‘ ‘ Thus the given integral is,
.= jcoseczx(1+cot2x)dx 8 gr_ 5. _ _
3 2
: (2 im x|l =4 x-E —in|x+1]+C
= Icoseczxdx+ Icotzxcoseczxdx I( 14+x 3 s |x+1]

1L,

3 - . ' »
=—cotx—COt3x+C ‘ ' ’ *-—-IJ—+J——




.=.40;'Ca|cu|us

) I(f —J’)

(rationalizing)
—(x—

I )

%{xm —(x—2)3/2} +C

12. f(1+2x+32 +hxd +oe)dx
= J-x)7 dx
=(1 -+ C

13. I= j (lnx)dx let £ = In(fn x)

dt 1 1
= 2= X —
dc Inx x

1, 1 .
I= |tdt=—t +C = —[In +C
= Juae=3¢ +C = Jlntan) +C

14. | x
*dx + xlogx

: ldx
= j_x’
(1+logx)
j-(l+1ogx) dx
(1+logx)
=log(1+logx)+C

15. Putsecx=t¢=>secxtanx dx = dt, therefore

P
sec” X
+C

J'sec” xtanxdx = j/tp“l dt = t__+C=
p p

J- sin® x
cos® x

16. dx

_J-smx dx

cos® x cos? x
= ItanG xsec? xdx

R 7
ﬁtanx+c
7

17. Letz=tanx—x then dz = (sec” x - 1)dx¥ian2xdx

NOWI(tanx x)tan xdx= jzdz———+C_ 5

(tanx— x)

ﬂ)dx

Exercise 7.3
- dx dx
L I(1+sinx)1/2=I x . X
cos — + sin —
2 2
% ( s )
2 4
\/—J.COSCC(
i log
-5
’\/_log(
" _
2. 1=
cCOSx —Sin x
- L dx _
J2 1 .
COS X.—=—S8IN
N AN

= —log |tan (E—f) +C
2 8 2
- m(z_zz) c
N7 BRCEE
sin x
3 dx
Jlsin(x'—a)

_Ism(x a)cos a+ cos (x — a)smadx

sin (x —a)
=cosa de+sin a J-cos (x —a)

sin (x — a)

dx

N

W&‘wmwewemmmm T




Appendix: Solutions to Concept Application Exercises A-41

-(cosa)x+smalogsm(x a)+C : i .
= (x— ) cos a + sina log sin (x— a)+C =_ Sinx+c %

4. 1 =Itan_ xdx

S dx, ut Vx =z
4. 1—jx.+£ JJ;(J;+1).PtJ—

=Itan2xtanxdx
=J(seczx—1)ta'nxdx 2—fdx dz
= I= jtanxsec_zxdx—jtanxdx = = 3@1
z+
= I=Il—loglsecx|+C,whereI‘=Itanxseczxdx ' =2loglz+ 1|+ C
Pl_lttingtanx=tandseczxdx=dtin11, =21log (J; +1) +C
: 2
t 1 .
weget11=jtdt=7=-i tan’x+C , J- dx
1 . 9 +16 sin® x
Hence,[=Etanzx—loglsecxl'FC- J dx J- sec® x dx
Exercise 7.4 ' _ 9 cos’ x+255m x 9 + 25 tan? x
2, -1.3 ' dz 1 dz
b tan X -——"j————:.— —— (z=tanx)
1. dx 2 2 a2 ™
I 1+ x5 94+25z° 25 22+[_
. - \5
3x?
3
== dx
j 1+x° _ S SVRR TP S,
: 25 3/5 3/5
Lot et s
: 1 3 15 3
1, -1 32
6( 6. I 2e*

2. Putx=1>=dx=2tdt

2x X
L [he »=lf—fe a2 ] T
1+x 277 +1 () +1
2 .
todt 1
= 2 — = —
Jl +t 5 log (e
= 2j 1——L dt ' ' . : llog(ez"+1) 2tan"(e")+c
1+ } 2 :
=2(t—tan"t)+>.C , o 7 I=J-ax +bxdx
=2J;'—2ta.n_l\/;+c ' } x4+cz
‘ cotx cos x ax’ ' bx
3. = = + dx
I,/sin x I 3/2 - J[x4+c2 x* +c2]
dz 443 _
= | —=-,wherez=sinx ar 4 dx+2 2x -
J. 7 : = 4"-x4 +c? 27 x* 42
_— z _ a 4 ) 2 b dt
2 —Zlog(x +c )+§'[t2+c2 (in,putx®=1)
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=@ 4, 2y, 01 X
= Zlog(x +c )+2Ctan - +k
_ dx

8. .I— x2’3(1+x2/3)’

et 3 =x=>dx=3t"dt

R J- 32dt
£2+1%)

=3 _——_3@-‘(t)+_c= 3tan” (x*)+C
1+

9. | & (ot +)dx

_ J‘ logx® dx
=le 2
x+1

=J‘x4+1

3
=1J ix dx
4 ) x"+1

%log(x +D+C

I secx dx . sec X

dx
\/0052" "\/g x—sm x

_sec” x dx 2xdx

\' tan X

= sin(tan x) + C

11. [Here power of sinx is odd positive mteger therefore, put .

Z=COS X. ]
Let z = cos x, then dz =—sinx dx

Now j‘sin3 xcos? x dx = jsinz xcos? xsin x dx
_ 2 2
—j(l—cos x)cos” xsinx dx

= j (- 22 )z2 (—dz)

‘ =—j(zz—z4)dz
3 .5 3 ]
_ (2 2 oo s x, 08 o
3 5 3 5
Exercise 7.5
j. 21 dx
2x+x -1

Ly 1
29 (x+1/4) - (3/4)

It

1 |x+1/4 3/4|, ¢
27 203/4) |x+1/4+3/4|

x—1/2
x+1

+C:—log _zx_—_l__
2(x+D

x _ X
J-x4+x2 +1dx—J(x2)2 .+x2+1dx,

log +C

1
3

2. 1

Letx2=t=>2xdx=dt=>dx=§
X

X —

J‘ x dt
2+l 2x.

I——l'——dt

1
2 vt2+t+1

4x +1
X +3x 42

LA

X 43x+2
2x+3 1
sz +3x +2 'J‘x2 +3x +2
1

—2logh1+3x+2| sj =

=2log|x*+3x+2|= Sj(x +3-/2)2 _(1/2)2 dx

+3x +(9/4) -(9/4) +2



=2 log |x* +3x+2|-5X

+1
—2logpl+3x+2|-Slog || +C
: x+2

J'x3+x+ldx

Cxt-1

== 2
=}J-xdx+j [l j

g x? —1
2

X 2 1 X —
=—+1 -1+ —log |——
D) og* -1 2 Bl %+

: .
5. 1= 2L M- e
* +3x% +1)tan”" (x+;)

- [ e i

(xz' + —15 + 3) tan™" (x + l)
X X

Putx + l=t = (1—%)dx=dt and Jc2'+—12—+2=t2
- X p

X

I= j—z—d’t—-l—

(¢ +I)tan ¢

= ln,lfan_l(x+l)|+c
x

dx

=In|tan'¢|+C

6. 1=[—

x' +1

It
Sy
>
&
I
NI
—
Y
=
ot
&

Appendix: Solutions to Concept Application EXercises A=

1 1
1+-—2 1——

1 2
_EJ x

2
X
. 1 s qst s 1 . nd
Puttingx — — =uinl integral and x + — = vin 2
. Xx ' x

integral, we get

1=?12_J 2 o 2_%J- 2 = 2
o +(f2) 27 ()

v._

v+

_u_]_lx 1 og
) 2k

|x+1/x \/—I
|x+1/x+\/—|+c

xzi—l} lx —x/_ix+1|
l x +xJ_+1|

e = J- 1/cos* x dx
sin* x+cos x

4

7. I=[———=
sin x+cos X

cos® x
__J- sect x _jseczxseczx -
tan* x +1 tan* x +1
- ¥
1+tan x .
j sec? x dx
1+tan* x .

Putting tan x = ¢ and sec? x dx = dt, we get

14 1 -1
= dt = — tan~ +C
‘[1+t4_ 2 (\/_t]

Exercise 7.6

1. I =Iﬁ— = dx=_Jde

Letx3=t=>3x2¢x=dt:>dx=;i2
. X




A-44 délculus

2. I= J a—x. J\KW) (3/2)

Letx 3’2—1.‘:;~ > % dx= dt=>dx———a’z

3Jx

dx

2/3dt

2 : 2 1_x3/2 .
_ ?55111 ( 3/2)+C—§sm [ 375 +C

31]\/_dxj

—2x

_I( e

Lete—"-=t=>—e—xdx=dt

1——j = t+,/z2-1‘.+c
,/ .
e’ +\[e_2x—ll+ c

2x +3 (2x +4)—1
. A= dx =
v J-\/x +4x +1 I\/x +4x+1
J‘ 2x +4 J- 1 dx
J J_"‘—'—dx,Where;t#xz.+4x+1

(x+2) («/?;)2

= 2Vt —log| (x +2)+ x* + 4x +1|+C
= 2x? +4x +1 —log|x+2 + ,/xz +4x +1|+C

5. Putx?=¢
Zx5/2dx=dt
2
=2 & —zlog(t+ 1+t2)+C
Ty 1+e2 7 . )
%log(x7/2+x/1+x )+C

6. 1=jx

) .
X X ! 2

=] [x- dx=————In(1+x°)+C
j( 1+x2J 2 2 d+x

Exé(dse 7.7

1. J-J\csin2 x dx .

_J- {1—-0052x} =%J‘xdx—%jf°gszxdx

[')‘zi]—%[x{j.cos 2x i}

'—j{% (x)J.co; 2x'dx} dx] .

xz—l{fsian—J.lxsmzxdx}
2 ‘ 2
=x__l{£sin2x—ljsin2xdx}

2 . :

2 .
=%-%{%sian—%(—%cost)}+C

x? —Esian—l.0052x+C
4 8

2. [f()dx =g(x)

I= [ £ @.14x

-1 | de [{5 1w [l
y d

=51 @)= fx— 1 @

=xf )~ [ ()
Let £~ (x)=t=>x=/(¢) and d{ @y =at
S I @[ 1O d=xf ()50
=1/ @) -g{f () +C

3. [ @+ = [0 f@)dx+ [g()f (1)

=] e@dx)- [( 70 e@dx)dr + [ g ") ax
=@ 20)~ [ g0 )+ [ g()f (e +C
=f(x)g(x)+C

[ [ g(x)dc=g®)]
4. Put Jx =1= z_lﬁ de=dt=>dx=2td,

= Icos«/?cdx

EI’CT&}.—;»-‘-‘:,-:JW. AN .



Appendix: Solutions to Concept Application Exercises A-45

= thcostdt
: 2t
—j 148 7|4
1+
=2[tsint-—jsintdz] ( £
=2sint+2cost+C ' . =d ! +C
' . S Y 4
= 2[Jx sinvx +cosyx 1+C
<
. - — X _+cC
5. Puttingsin”' x=1=> dx = dt, we get _ 1+ (logx)

—
|
~
N

xsmlx

=

9.je(zx)dx

(1-xW1-x

Itsmtdt——tcost+smt+C

=—sin"'x.cos (sin™ x) +sin (sin” x) + C | _ J- e (1 x +1)
R ‘ (1—xW1-x?
=x—sinlx \ll—xz +C ] '
. _ ‘ ‘ . 1 a-® 1
6. - 1d o=le — dx
Itan \/; X ) ) I L(l—x)\ﬁ—xz (1-x) l_xz]
= (tan™" - ——xdx _
(t""_n o I1+x2‘/_x o = je" l+x
(integrating by parts) o I \/1’_;2 (1-) \ll—x‘
Jx dx -
- -1 ~
xtan~ \/— I1+x . =je" l+_x+£_ lif .
. L 1-x dx \Jl-—x

= x tan™" x——[ (Vx - tan‘J_)]

. ,,\/TI;
_ =, |—+C
—xtan x = x +tan Jx +C Vl-x
=(x+1)tan” Vx ~Jx+Cc 10. _[e" (1 +tan x +tan2x)dx
_ x 2
7. Icos x log (tan %) dx C. —je (tanxr+ sec x)dx
I I =gtanx+C
xY . 1 ,x 1 . : . 20 dx
=log | tan— smx—j sec? = x = sinxdxtC 11. I= jsm (logx)dx,lett=logx=> dt =—
2 tan i 2 2 ' *
2 = dx=¢€dt
(integrating by parts) 1 :
: ' = I= je’ sinztdt=—je'(1—cos2t)dt
x -1 . L 2 .
_smxlog (tan 5)—‘[————;—; sinxdx+C ‘
2sin = cos o - o = 2A=¢- [ cos2edt -
. X dx C . . ‘ et . .
=sin x log tanz —I + o =¢- —5'-(2-sin2t+c<_)52t)+C
=sin x log (tan —i) —-_x+ C : ‘ = I= %x(S—‘25in(210gx)—cos(2blogx))+C

2 "y

8..Putlogx—t1ex esothatdx ddt L ” N '
X 12. [[f(x)e" ()~ BN

-1 . _ . |
. ILQ——Z} ¢ dt _ = f(X)g"(x)dx~ j F(0)g(x)dx

1+7¢
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=loglx—1|+log|x+1}-log|x|+ C -

x -1
x

= (f@z@-[r@ea)

~(g@r@- [ @ s ) =log
~f@ @ /() gw) +C

+C

AJ‘Sil'lx dx:j sinx

3. I=
-1 1= sind4x 2sin2x cos2x
13. I= ftan™ || == ax
1+x
Letx=cos 20 => dx=—2sin20d0 =J‘ : s x
. ) 4sin xcosx cos2x
= I=| tan—l‘zl——M( 29)d9
1+cos26 _ lJ. =—_[ CoS X
= -2[tan” (tan0) sin 26 d6 ' 4 < cosxcos2x cos’ xcos2x
= 2| 6sin26 d6 1 cosx
J- . - ZI 2 .2 dx
(l—sm x) (1—25111 x)
N 6cos20+j cos29d9 _
I 2 Putting sin x = ¢ and cos x dx = df, we get
in 20.
= 900529_—Sm dt

_1
o e ' : = 4'[(l—t2)(1— 2t2)
Exercise 7.8
: 1 2 1
Lletr=m—m—a | =ZI(1—2t2,_1—2]dt

e

. Putt_ingx+1=t2anddx=2tdt,weget N I=—l.llogﬂ +l l ll+‘/_ ‘ wC
. : : 42 Cl1-¢| 272 | 1-v/21
I= J~ 2t dt
(t2 __1)2 -4 \/? 1 1+smx| |1+\/§smx :
= I=——log +C
o 8 1- smxl 4\/_ ,1 «/Esmx '
=2 dt 4. Here, the degree of numerator is greater than that of
(t2 -1- 2) (t2 -1+ 2) ‘ denominator. So, we divide the numerator by denominator

to obtain

——dx
x-D(x-2)

» Tx—6
=- dt : _ 3 &
f( - ‘“J I(” *(x—u(x—z)J
1 =Bl 1. 5 g
= ——=logl——=|-=tan" ¢+ C _x
43 Cle+3] 2 T "3 +3x+_[(x 1)+—(x—2)]dx
where t= \/x +1 T : : _ : 2
2 . =—+3x-log|x- 1|+810g|x 2[+C
J~x +1 e ' 3
x(xz—l)' ' ' s j 'dx
' 2 - " sin x(3 +cos? x)
=.[ x°+1 PR o
Y x(x=1) (x +1) o v __[ sin x dx
| sin x(3+cos x)
= j..*.#_'.' 1 dx : ’ _
x x-1 x+1 . =J' sinx dx

(1-cos? x)(3 +cos? x)




= ——2—————’2—__ (Puttmg COS X = y)

1 1 1 .
4 \:yz——l y2+3]dy

y——l
y+1

————ta Y

43 f

I___J- cos 2xsin 4x dx

= Liog
4

cos* x(1+ cos” 2x)

B _[ 2 cos? 2x sin 2x dx
- 2
(—————1 + cgs Zx) 1+ cos? 2x)

Letc052x¥t=>dt=—25in25cdx

=_J- t2dt
(1;’) (1+£%)

_; 2dt

- 4j(1+t)2(1‘+t2)

t* A. B Ct+D
(1+t) 1+4%) Tt (1+t)2 142
=1 A(l+t)(1+t2)+B(1+t2)+(Ct+D)(1+t)

Putt=—1=>B 172
Putt= 0=0= A+12+D

Putt=1=>1= 4A+1+4C+4D=>A+C+D 0

From equations (1) and (2), C=- 12
Compare co- efﬁcwnt of t"' A+C= 0
=A4=1/2

From equations (2) and 3), D 0

U2 U2 )
Hence, 1= I(IH a+1)? 142

1 1 1 2\t
= 21oglt]—= ——log(l+£2)HC .
1 11 2 +€, whitre t=
_1 _ ——log(1+£; 6, whéret=cos 2x

Exercise 7.9

L LetI = [———F=—=3

Appendix: Solutions to Concept Application Exercises A-4/

i)
i)

j (1-2f) A2 g

"jﬁ'z

(1-24)""?
1

(—2)(5)

= ,1——2— +C= ffi +C
x+1 x+1
. x* -1
= dx
I G2+ +1

20-1/x3
= | dx
2 (a1 0 +1/x7

+C=1-2t+C

- (1=-1/xP)dx
(x+1/x)\ﬁc+1/x) _2

Putting x + l/x =1, we have

I=I dt

)
Again putting £-2=y%2tdt=2ydy,
’J _ydy tah—l_}i__i__c
oP+2y 2 2

1 \/x +1/x
—tan " ———+C
2 J2

Llet  I= jsec3xdx

= jsecxsec xdx

= j\l1+tan xsec’x dx

Puttanx =z, .. S€C 2xdx=dz

= I= j\l1+zz.dé

, 2
SpALSLEl ‘22 *1 +%1og'|z+x/;2:|+c

an .
ﬂ+%1og(tanx+secx)fc
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= %[secxta.nx+log(secx+tanx)] +C

4 1= [

(x—DJx+2
Letx+2=12_
= dx=2tdt
' 2
-1
= I= >
@ -3
2_
_ J't 23+2dt
(" -3)
=2_[ 1+ 22 di
(" -3)
2 -3
= 2t+-=lo L+ C
5 o
—2\/x+2+ log[———— x+2 J_
V3 \/x_-l-_+\/—
X
5 I= dx
J(x2+4)Vx2+1
Letx*+1=r=xdx=tdt
- I"__I ¢ dt
(% +3)t
1 -1 t 1 -1 x2+l
= —tan —=+C= —=tan +C.
NEREENY V3
1
6. I= dx
e+ DVE2 +x 41
Letx+ 1=~ = gx= —izdt
t
= I= 1 __l_)dt
11 Y (1 £
- (——l) -F(‘——IJH
t\\ ¢ t
dt

= —log +C

(t—%)+\/t2—t+l

[2
= _log 1 1+ x“+x+1 +C
+1 x+1
2+
7. I= j 1

_ J-x +x+1-x

\/XT” dx= jx x* +xdx j ,“
=%[f(2x+l) X tx dx—J'\/- X +x dx] |

_ J‘2x+l 3

=%[f(2x+1)mdx—j (x+%)2—% J

2 s ( 1)2 1
x+=| -=
2 J
2 .7c+1 ]
1] 2(x* + .
=3 3 3x) 22 x +x+4log(x+;J+\/x2+x
J

2

U, 5 . :
—-2—[2 x2+x—310g(x+%J+\/x2+x

Z'xercise 7.10

dx
1. I=
J‘x (1+x )4/5 J.‘s 1 "\4/5
X —5+1
X
1 - 5dx
Lett=1+ = o gr=-"2
X %®

/5 1 115
= I__—J 4/5_— +C=‘(l+x—5) - +C

54175 .~
Q) -
p

1+x! }(x +1/2%) dx
2. I= f(l -x )3/2 J.x (ix x )1;/2

J-(x +1/x%) dx

(;7 ) x2)3/2

%’Jxﬂ e



X X
1
= (x+-?)dx=———dt
X
1 dt 1 1
4 I=—‘EJ‘—3E=—7+C= _1—

X
1/4
___1- 1 =-—-1—t——+C— —V/4 + C, where
47 314 41/4
1
t=1+—
x4
1 1/4 .
= —-(1'+'—jr) +C
X
1/4
4. .[ dx—j;: 1—;; ) dx,

1
Putting 1 — —3—=t,weget
: x

3

5/4
' 1—1j”4dt 4 o4 c=i(1—i)’ +C
3 5 _

15 x

(x~1)dx
(x+l)Jx7+x2 +x

s, 1=j

= J (x2 -1)
(2 +2x+ 1)\/;3 +x2+x

gl
: (x+%+2)\/x'+.—x—ﬂ

Putt1ngx+1+1 1= I

2udu
(u +1)u

— 2tan”! (x+—1—+1) +C
x

6. I= jx‘(lna)dx:jx"(mnx)(;x

_2tan’iu +C

"lett == g;—x (xxl+lnx)-

X

Appendix: -SoIUTONS 10 LONCEPL APPILAUUH LASIVIowS  ~. =

di=x*(1+hx)dx=I= [di=t+C=x"+C

7. |24 =
x=p
1/2 '
) l(x—p) G=-pI-G=l ;4
2\x—q - py
g-Pp dx=dt
2I_(x P
- dx =‘2dt
(x—_P)mJ(x—q)- q-p
== - ———Zdt t=—

<. ’f_—_‘!. +C
Pp—9q p—q9 \x—p,

8. Let( 1+x% +x)"=z

=n(J1+x> +x)"!
\f1+x2

2 n
" .
( 1+ x° +x) dz

-——x——+1}zx=dz
\/1+ x n
-. given integral = Jlé = 1 z+C
- . Yn n
1 T 2 n ]
== (l+x +x)'+C
n ,

dx

> Jccv)s 3 x/sin2x .-
N v caeen e

xsm

\/_Icos xtan”2

(1+tan x)sec xdx
j tan'’? x

&I

i

Sl-

I(1+t2)dt'

t1/2

I

Sl

J‘( 12 3/2)
\:——— + ——]+C where t=tanx

ﬂl

12 5/2
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10. Jsecs xcosec’ x dx
6

_ Isec xsec® xdx
- tan’x

COS XSII'I X

cos x tan x

_ J a+ tan? x)° _sec2 xdx
tan® x

=Ia+ﬂf&

)
e

II

Il

+3t+ )dt

+t—-+3 5 +310gt+C where ¢ =tan'

i
4 -2
Chapter 8

Exercise 8.1
1.a. Heref(x)=cosx.

J'bcosx dx

]

= lim & [cosa +cos(a +h)+ -+ +cos{.;1 +(ﬁ—l)h}],

n—yoo .
where nh=b—a

csfor L -} )

= lim & . 1
R

11 P\ 3t
= lim ZCos{a+ (—nh - —h)}sin(—’nh)
oo 2 2 20 . ( )
. sit| —h

1
2
=2 cos {a+%(b—a)— } (%(b a)) x1.

1 1,/
=2 —_— 1 — —
cos 2_(a+b) 51n2(b a) |

=sinb-sina

o Heref(x) =x
n-1
a0 = Gim k3 (a+rh)’
r=0
wherenh=b—a

n—1
= lim [nha +3a2h2 Er+ 3ah® Zr +h* Zr :|

n—eo
r=1 - r=1 r=1

whd® +3a2H { (n;l)n} 30k {n(n—l)éZn—l)}

= lim 2 5
n—yes N (n-1)"n
. 4 :

r(nh)a +34° 3 | (nh—h)(nk)
2

ey {(nh)(nh_—— Z)(2nh —h)}

{( nh—h)’ (nk) }
4

(b"_a);3 1342 {——(b —a "g) (b-a) }

- +3a{(b—a)(b—'a—2)(2(b—a)—0)}

+{(bv—a—0)2 (b—a)z_}
| 4

[ asn—>oe0, h — 0, nh — b-a]

- Lo-0)[40” +6a? (6-) vda (-2’ +(5-o) ]
=i@_@@3+fb+d3+§)

_1 2, 2\
; —Z(b—a) (é+a)(b +a )—
2.a. Given limit

b -r)

= liml

e
nen _\/4712 -1 \/4n2 ~2? Jan? —n?

= im 1 + +oee

=T TG

E.-.‘ﬁ;.‘:.:




e

-3
=

18

. =>Limit=11m

—jxsec x* dx
Putf—tsothathdx dt

Whenx=0,¢=0. Whenx=1,¢=1

S U
- the requlred limit= — [ sec” t dt
270

lim

. p -
n—oo K=1 n2 + K2

x___’-—
noe K=1n K2
: 1+|—
i n

[}

1
oy ——
T
™ =

1

o= N

M= 8

% N

M=
-

r=1 r=1

3
~

~
]
—

nye lgr

n n

r=1

(1/nis properly adjusted and a functio

all three places)

EEGEE)

. r . -
nof — iscreated at
n

Appendix: Solutions o Concept APPICAUDI CAGIVISES  R-31

1/n
= lim (_l_xzxg_ﬁ)
nyo\pp N N N

.n

= jslogxdx =[x log x]t - j:)}cxl/.x dx

i
=0- jodx =0 - [x]y =-
nA=el=1le

Exercise 8.2
o P S
1. Here, the mistake lies in the substitution tan 5 x =1

because tan 2 « is discontinuous at x = which is a point

in fhe interval [0, 271].

T l-sinx % 1—sinx
2. j j du=| dx
S 1+sinx g 1-sin® x 0

7[ .
= j (sec? x— sec x tan x) dx

0

=|tanx—secx|]
= (tan 77— sec %) — (tan 0—sec0)
=0- (—1) (0 -)=1+1= 2

'!(ee +ee™)

‘[e(ez"+e)
pute‘ t=>e"dx dt

(multiply N and Dby €9

S

\:

POEN
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4. Putx=sin 6, . dx=cos 6d0

Whenx=0,9=0,Whenx=L2’ -
.. the given integral
_ jﬂ/4 sin”' (sin 6)cos6d6.
3
(1 —sin? 9)/
_ J-n/4Qcc)3$ 0 46 ZJ"’Me sec’ 0 40
0 oo’ B o 1n
4
ot 0 [~ I:/ 1.tan@ dO
=%ta.n +10gw59|g/4
z il z
= — +logcos — —logcos0= — +lo
4 Tlogeos 7 —logeosh=rriog
T vz _ T _1
== +logl ~log(2)"" = — —- log2
og og( ) 4 2 8

5. Putx=sin 6, ... dx=cos 640’
- the given integral =

72 (2 sin 6) cos 6.d0
—-[ (1 +sin 6) cos®

—J ( —sin 9+ 1_ )d@
+sin 6

—|9 +cosO|

a2 J"/z_ﬂ’_

1+ sin @

_1+J-ﬂ/2 1-—sin Ode

f

SR

0 cos> 6

|
—
+
(=]

72

-1 +|tan 6— sec9|

-1+

‘sin -1 sin0-1

It

ST IR SRR

cos@

L
+

+1

NI:: DA

"§-x/2—sinf

6. I= J-II/Z dx
a® cos x+b2sm2x

_ 1 (=2 sec 2 xdx
- b2 .[0 a2 ,

—| +tan

(b) s
Puttanx=z, . sec’xdr=dz

: T
whenx=0,z=0,x > E,z——)oo

9-r/2 cos 8 cos0

_ _;;”2_2

a* +b? tan’x

-M:\

& (sec2 9 —secHtan 9) do

sec? x dx

1 ¢= dz
e b L a2
b 0(2) w2 U3 4Pl
z b
b
1 7 :
ab ab2- 2ab

Exercise 8.3

L I= j:xf(x)dx=J:xf(a+b—x)dx
=J:(a+b—'$c)f((a+b)—(a+b—x))dx
~ =j:(a+b__x)f(x)d;=(a+b)]:f(x)dx—1

= 2I=(a+b) I:f'(x)abc:z_#a;b j:f(x)dx
6‘ N ’
. ’=fs'——«@_—fw;d" -

1= [ AL O
\/; + ,/9 x
Adding equations (1) and (2), 21= [ Ldx =[x} =6-3=3

- HenceI= E

3. Let ] = 2 . ,/smx - , 7 '
' '[ ,/smx+,/cosx M

L FED
FE- )

-_ J-7r/2 ,/cosx _ : o
,/cosx + ,/sm x @

Adding equations (1) and (2), we get

2I= j l.dx = []”’?:5—0—5

Hence I = —75.
v 4

4. Using | f() dr=[fla-x)dx
0 0 .
I=—I==0 _
5..1= _[; (1 —x) x" dx (replacing x by 1 —x)

= |, - hax

i
(xnﬂ- xn+2]
n+l n+2 0




IS U S
T+ D@ +2)

j 'sianlogtanxdx
0

‘w2 o )
= j s'1n2.(.E - x) log tan (E - ) dx
0 2 L\2

o

= j sin 2x log tan x dx=—1
0

=2I=0

=1=0

T 0082 X

8. Let/=| dx,a>0

w1+ a"

-"ﬂ' COS X

-T1+a "'

)

@

Adding equations (1) and (2), we get 2= 4j cos” X dx

-3

==

N A

I_rrxsinxdx
9. Let £ =) 1+ cos?x

[= jn(n —x) sinx dx

1+cos X

J-ir sinx dx
2

Adding (1) and (2); weget A =7}
: . 14 cos” x

n)=n

2

@)

@

J10. 1

11,

Appendix: Solutions to Concept Application Exeivees  m>~

or’]=_£ —l;jt—:_.z[tan—l't]—l ,

[Puttmg cosx=t,—sinxdx=dt]

_=--7c[um“(—1) ~tan™ 1] =77 /4

j (z— x)f(sm x+cos” x) dx
AddngI ﬂj f(sm x+cos x)dx
=2nj0 f(sin»x+cos.x)dx

n/2 .3 Py

Il=7zj0 f(sin x+cos x)dx =1l
_ n = 2{
I jo log(l + F:os_x)dx = Jo log(2 cos 2) dx
= 7 log2+21 cos® |dx=mlog2+2[] | 08> dx
= og og 52 =rlog 0,ogcosz '

’ /2 ‘ x
énlog2+2x2 jo' logcost dt , where £= Y and
dc=2dt - '

R | n l
=mlog2+4X (—5 log 2) =—rlog2

w2 ) (sin™ %)/ X}

) Ilt/2
and’ -r/2

= [(sin‘l x) (log x)]lo - j:) \/;i_; logx ‘dx

= 0-lim

x=0 X

(x log x)

logsin B cos8d6

—Jﬁr/Z 1 |
0 ‘\]l—sin2 6

= ——limxlogx—j;r 1ogsm9d0 = —2—10g2

x—0
Exercise 8.4
1. Letl= j sin® xcos? x(sin x+cos x)dx
nl2 3 2 '
=I sin® xcos? x dx — I sin? xcos® x dx ()]
-l2

Since sin® x 0052 xisan odd functlon and sm x COS° X is

. ni2
an even function, therefore j lzsm xcos* xdx=0
-

. 2 3 N LIE ) 3
sin” xcos xd7c—20 sin® xcos” x dx.

a2 5 3
Therefore, [ = 2]0 sin® xcos” x dx

1
= 2j0t2(1—t2)dt

1 2 4 11 4
=2 L —t)dt=2———1=3%
'[0 ( ) [3 5] 15

1 o+ x|+ dx
Ax? 42 x|+l
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2_[1 % dx+J1' Axi+l dx
“1x? 42| x|+1 “x®+2| x|+l
[Edhey =25

=0+2 | : ,
°(x|+1)’ Ol+x

=2In(1+x) [, =2In2

s = J.:/ZZ [t3 +cos? (t + 27:)] dt

/2

= [t +cos t]dt

-rl2

=0+2 Io 0052 tdt = J:ﬂz(l +cos 2t) dt

3. Value=0 - (1 —x2) sin x cos? x is an odd function of x. = g +0 = %
4. J' sin x = x* Exercise 8.5
— x|
. 1. We havef(x) J(1—cos2x) = v2sin?x = \/_lsmxl
1
I Ly g Now/ G+ )= V2 fsin (c+ 2] = V2 inxi=/(9)
, 3- x| 2 3-1x| ie. f(x)1spenodlcfunct10nw1thpenod7z

' is even}

0 *- 2
'2 o Al
=[x -_l—3x+.9Iog|x—3|:]0
2
=14+9log—
[ gs]
. 3
\/ 2n+1
5. I= J cos? ! x—cos xdx
/2
= ZJ cos®" W2y gin xdx
o
L (2n+DI2 |1 4'-
—1 2 —_—
(2n'+1)/2|0‘ 2n+1
4

6. Since cos x log —x isan odd function of x

1+ x

12 1-x
1 dx =(.
j_vzcosx og T+ x 0

7. Let/= j3 /2[(x+7t) +cos? (x+3m)] dx

Putx + = ¢, so that dx = dt

* Whenx=— E,'then‘t =-Z
2 2

When x = — Zc—, then ¢ =z
2 2

. Let, /= jo'"”t

e

= [ 2 [sinx|d

= 100V2 I:Isiﬁ x|dx
=100V2 jo”sinxdx
=100V2 [~ cosx[} —200\/—

. Since cos?x is a penodlc function with penod 7. There-

fore, so is f (cos’x).

. .
Hence, f S (cos? x)dx = n_[ S (cos? x)dx = k=n.
0 0 , :

(lcosx|+|sinx |)dx
= J.(:m (cosx|+ I‘sin}«'l)dx+j":+t (| cosx [+ sin x [)dx

n/2 . ¢ .
=2n_[0 (|cosx|+|smx|)dx+-jo(|cosx|+|smx|)dx

n/2 . t .
=2n Io (cosx+sinx)dx +J0 {cosx+sin x)dx

= 4n+sint —cost+1

BT P

' =J-|o {2"}dx

e dx ({21} has penod 1/2)

—20[

=20 jo ¢ dx, [forx € (0,1/2), {2x} =2x]

. _ IO(eZI)LIZ

=10(e-1)

'5. fx+a)+f(x)=0 -

=f(x+2a)+f(x+a)=0
=f(x)=f(x+2a)
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= \/(S—Sinzx) +cosyg}i=0

= f (x) is periodic with period 2a.

b
Smce r+ f(x)dx is independent of b, then ¢ must be dx

k(2a)wherekeN d ,3_ - 2

Hence, least positive value of ¢ is 2a. = - —(——ﬂl—ﬂ

_ dx cos y
Exercise 8.6
. ‘ Exercise 8.7
. j(4t fo)dt 1. Since1<x<3
t : 2
1. L j g f( ))dt = fim &————— (0/0 form, - =1sx<9
= x4 x—4 —4<P+3<12
using L’ Hopltal sRule) =2< [3 +x2 <23
o 4x— f(x) _ . , : 3 '
=L=lim—— = 16/ =:2(3—1)sj ,/3+x2 <2 3G-1)
S 0 | '
2. Gwenhrm_tlsoftheform r . —4< j m <43
Then by L’Hopital’s Rule 3
: . 2. For0<x<1 x*>x
x 2 .
cos t° dt 2 P P
Given limit Lim =° - pim 2% =1 =2 >2
. xo0 x—0 1

1 2 1.3
jz dx>j02" dx
3. ()= jt(t 1) (¢—2)dt . . Hence, I, >

Also, 1 <x<2,x 2 <y

=>f(x) =x(x-1)(x—2)=0

x2 P
=x=0;1,0r2 . =2 <2
Atx=0and 2,f’ (x) changes sign from — ve to + ve. 2 2 2 5
Hence x = 0and2arepomtsofrmmma =>j12 dx<L2 dx
xtdt , x 2 =L<]
4. g=| —=eg®M= =g @)= 34
2 1+t 1+ _ wi2 . _ /2 }
NOWf(x) eg(x) ﬂfr (x) eg(x) gf (x) =>f' (2) eg(Z (2) 3. Il = -"0 COS(Sln x)dx .—’ IO COS(COS x)dx
2 _2 al2 | ' :
=f(2)=e xﬁ-——ﬁasg(Z)—O L= jo sin(cos x)dx
x2 : . wl2
5. f(x)=sinx j 1‘+Sm‘/26\/§ do L= jo cosx dx
Ane 2008 . Let f;(x) = cos (cos x)
=f' &) L= sin(cos x) ’
2 f3(x)=cosx
= smx[ sinx 2x—0] _[ sin/6 —————df|cosx v
1+cos’x ”2/161+cos \/— o
g
=>f'(zr— =7 o :ﬂ ‘ sin 1
2 , cos 1
dy. 1 2
6. = 0, —_= _——3x" - 2x
Rl oy N ,
o) !
= Q = _L. ’ i
dxl J2 ‘ Fig. S-8.1
—» Required equation 15 y«ﬁ From Fig. S-8.1 it is clear that the area under f; (x) isthe
largest and that under f, (x) is the least. L L
7. We have I \/(3 —sin® £) dt+ j °°Stdt— Il>13>12
leferentlatmg both sides w.r.t. x then a 4 - 0<B<E -
d d _0"‘ —_->x2<xz+)?<2x2
g L” \’(3—-sm ) dt+2x—_j costdt o< x3<~x2
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=4-22<4 - P <4 ¥

=>\/72x <\/4x—x <\/4x
\/ \/4 —x? - J4 25
:J\/4 x? dx<J.\,4 -x? =38 {de

= H} e J4_— ' 5]

Exercise 8.8
1
1 j_l[x2 +{x}]dx

- jfl[xz +x+1)dc+ j;[x? + x]dx

N
—o+j 2 de+JJ'11dx

_3-\5
-= |
2. Letx=n+fVneland0<f<1 .. [x]=n 0))
x 1 2 3 :
jo [f] dt = jo [£] dt + L [t]dt+j2 GLESE

+ j [f] dt

—0+1 jlzdt+2j'23 e
=Q2-D+2@-2)+-+n(n+f-n)
=1+2+3+-+m-1)+nf
(n—l)n
3 +af

= L([;‘]“—D +[x] (e —[x]) [from equation (1)]
3. V xe[0,%0),ne™ € (0,7]
- Hf0<ne™<1l=>xe (Inn, =),
If1<ne™<2=xe (Inn/2,lnn]
If2<ne” <3 =x€ (Inn/3,Inn/2)

Ifn-1<ne*<n=pxe (0 ln—I:'
n
" (neJax = 7T (n=D)di+ [T (n-2)de
= [, [ne™Mdx = [ (n-1) +th (n—2)
o n-1

Inn . o0
+eot [ aldx+ | Odr

cot3 -z/2 cot2 O

Fig. S-8.2

2r -1
[ wleot™ x1dx
2

_ etz otl 2w
| j_; [cot x]d)_c + -"cotZ[COt x]dx+_[cotl[cot x]dx

(verify that cot2 > — 7/2)
cot2 cotl
= 2[ © dx+ j dx+0
—E cot2

= 2(cot2+§]+(cotl—cot2) =gm+cotl+cot2

~!.

; e
. Given ,sputt—bp-1=—yp- =—
S pu y—l=dt=-dy
b e'dt o0 b e
= L-u_b_l i R e
' =—qe”?

Vx
. Givenf(x)= I logt dt= f(_l_)—_-j logtz dt

1

1 x l°g—
. W CY AT
. 11 y

y y

_j logy 5 y_f(x)‘:'

1+y+y

. 'We have

f(l)}xz f(x)=0 =fx)=- —17 f(l)
x x x

-



P pea = [0 (Lo

sin8 S|

putl=t=>¥——17dx=dt
X X

=1= jsma £t =— J' f(t ydt =—I=>2[
=0=1=0
8. Putx-+ 1=tin firstintegral

2
-2
e 22

= j‘ee ’ _dt+rxlogxe_2—dx

—2

. =Lee dt+j xlogxe 2 dx

1l

2 logx L xe 2 logxdx + jl xlogxe 2 dx

5
9. I,= I(xz)”xe—xzdx

0
putx2=t=>xdx=dt/2

=1,= -l—j et dt
2%

= —[ et ] +nj et dt}
o _

{0 + n_[ et dt}
0

oo

n n-1 -t ’
=—|¢"" e'dt =nl,; -
aj '

p—

N
o

il

N

(=]

= =C- VI, ,
=I,=n(n- 1)(n 2) ..

=>In=n!19=n! -2-£ e dt =n! -!2—[—e" ]: = %!
.z
2
10. I,,,= Jsin""1 x (sin x cos” x) dx
0

A

[ sin™ ! x cos™*! x]z
n+l b
n+l

cos" X

o (m—1) sin™* cosx dx
n

+

© temmnyt3 | &

T
2
Am-1 . m—
= js’m"‘ 2 4 cos" cos’ x dx
n+l 0

Appendix: Solutions to Concept Application Exercises

(5
=

(5

[y

z
2 .
I in™ 2 xcos” x —sin™ x cos x)dx
0

- I
j m-2,n (Yl +1) m,n

m-1}) m-—1
= (l * n +1) Im’nz(n +1) I".'_z’"
. m—1
=1, .= I. >,
m,n (m +n) m—2,

-1 _ _
=1 == m=3 m=5 | .50l
’ m+n)\m+n-2 m+n—4 ’ ’

- according as m is evenor odd -

A-57

. Chaptef 9

Exercise 9.1
1. The line y = 4x meets y = at 4x=x".

~x=0,2,-2=y=0,8,-8

o 2 ‘ _
A= .[02 (4x —_x3) = (2):2 - f}) =4 sq. units

0
=4
v | y=ax

P, 4)

’,

Fig. S-9.1

L .= icos xdx and I} , =j[ sinx cos” xdx-;lii
((m—l)(m—3)(m—5)...(n—1)(n—3)(n—5)...'E
(m +n) (m +n —2)(m+n—4)... 2
o = ' when both m,n are even
mn (m—l)(m-—3)(m—5)...(n—1)(n—"3)(n—5)...
(m +n) (m+n-2) (_m {n—4)...
{ ' o otherwise'
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2. : . .
' y = é(Zﬂ: ~/3+36) sq. units.
4 4.
. y
37 ) y=sinx
X’ D b X
X \(y=cosx
1 2 3 >
| y : ’
Fig. S92 | | Fig. S-9.4
-1 | 0 2 - Required area = J.”/zlsin x—éosxl dx’
Required area = .[_2 (x+2) dx + I X dx q o
2 -1 30 ' = 2_[0”/ (cosx —sinx)dx
=|—+2x +|= ) :
2 x_2 30, =2|sinx+cosx{f/* -

I
TN
B |~

]

N
—
A
[®)

I.
N
N’
+.
TN
[am]

+ .

|
N——

=3 5. units
¢ q. uni
3. The given curveis -
y= 1[(4-—_x2), 0<x<l-
J3Bx), 1<£x<3

Obviously, the curve is the arc of the circle x* + y2 =4

. 0))
between 0 < x < 1 and the arc of parabolay®=3x ~ (2)
between 1 <x<3

- Required area = shaded area Flg. 595 .
— Area OABCO + Area CBDEC v : The required area is shown by shaded portion in the
y : figure.
. w2 /2
The required area is 4 = j |siny|dy=2 f siny dy
-r/2 0
= 2 sq. units.
6. '
y
X
____________________ Rt
y=tan~'x
____________________ m'L
- y=cot-x B
. , nl4 =
Fig. S-9.3 ’ ' ; :
. > . ' X’ / — — X
B ' _ 3 : - -nf2 O 1 n2 b 4
== |V e o __
- 1 3 TTTTTTtme e 1 IR
» 2 4 ~zl2
= lx\/(4—x2) +isin_1 (E) + ﬁ[_x3’?] "
12 2 2/4 304
y
- ng%)%(g_\/g) o Fig. 5-9.6

R L SRR N A I o I

FTAT > LTS ORI R A



Integrating along x-axis. -

A= Jl’(cot—1 x —tan™ x) dx
0

1
= J(E —2 tan™ x) dx
2
0
Integrating along y-axis, we get
/4 /4 ’
A= 2[ xdy=2. f tan ydy = [log(secy)]

= logx/i $q. units
7. Common area = area of circle —area of ellipse
. =mg*-mab _
= 7z'a(a - b) sq. units
which is clearly an area of ellipse whose semi-axis are a
anda - b. \

ySlogetx) - 3

Fig. §-9.7

From the figure, required area = area of shaded region
=1+1+1+1=4sq. units.

Chapter 10

xercise 10.1

Hence, the order is 2 and the degree is 3.

43 7 2

2. %Y im (Q)
dx3 . dx .

Clearly, the order is 3 and the degree is not defined due to

dy
In| = | term.
(dx) crm

Appendix: Solutions to Concept Application Exercises A-59

d4y 3 dzy 6
3. [d_4 +3(F +sinx=2cosx
. X

-Clearly, order is 4 and degree is 3.

3 2/3
4. Wehave | 92| 4o 3dy Y _o
i’ d?  dx

& &y &y Y
2y} 32X D 4
E 2
dx dx dx
Clearly, it is a differential equation of degree 2 and order 3.

5. The given equation when expressed as a polynomial in
derivative is

(] (2]

Clearly, it is.a second order differential equation of
degree 2.

Exercise 10.2

1. Equation of such parabolas is given by y = ax? + bx + c.
Here, we have three effective constants, so it is required
to dlﬂ‘erentlate three times. ’

y=a+bx+c
ay
= =2ax+b
o dx
2
= Zx—{=2a

FX ‘
5 = 0, which is the required differential equation.

=
2. y=Ae¥+Be ™
dy
= =24 —-2Be™
. dx.

d*y . ~
= Z—x;= 44 + 4Be™> = 4(4e** + Be %)

2 v _
= % = 4y, which is the required differential equation. -

3. All such lines are given by y =mx +ec. -
Here, we have two effective constants m and c, so it is
required to differentiate twice.

y=mx+c
= Yo,
dx
2
2 2
4. Equation of such ellipses is given by 3 2)—2 =L. )
a
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' Here we have two effective constants.
Diff. equation (1) w.r.t. x, we get
zf + _2_)7)4, = 0
a® b

or +ly—=0 S @

PO
Diff. equation(2) w.r.t. x, we get

1 W” +y12
or —+ =~ =0 : €))
@ B o
Eliminating a” and 5* from equations (2) and (3), we get

4

A
)’y” + y12 . :
orx ()W” +y12) =-yy1
5. Differentiating the given equation, we get

x=

2 -2 ‘
x y ‘
P+A b +A 3 | )
2x Zny— —o
a+A b+ A
- dy _ ‘
2 + xy-&; 0 - -
= R P
@ 4+A BPEAL T :
M-@ g.iVCS'
¥y xydle
¥+ 2
dy.
P+A=
= Yoo
2 =
at+A &
dx
Eliminating A, we get
2 dy
X' = =Xy -
2_p2— . dx .2 dy
Sl A T
dx

6. Puttingx=tanA4,andy= taanthe given relatlon we get
cos 4 +cos B= A(sin A —sin B)

A-BY 1 = 1

—— |=— = tan!'x—tan'y=2tan"!| —

7)1 = ey

Differentiating w.r.t. to x, we get

- o

A 1+y°
L1 d b 1
1+x*  1+y* dx. . de 1+x
Clearly, itisa diﬁ’érential equation of’ deg;eg 1.

Exercise 10.3

1. The given equation can be rewritten as

2 2
sec” x sec” y
dx + d =]
'[tanx J. y 08¢

= logtanx+ log tan ) y=logc;  where ¢ is an arbltrary

positive constant
= tanxtany=c.

dy dy
2. y— = +
y xdx a(y dx)

= J5e0 y2=1(i'+‘ o

y l-ay

- [By partial fractions]

Integrating, we get
log(a+x)+logc=logy—log(l—ay) .
where ¢ is an arbitrary positive constant.

Thus, the solution can be written as - Y
—ay.

3. G1v en — dy x+y+1
. x+y 1

Puttmgx +y v, we have

dy dv
dx. dx
Hence, the given equation transforms to

1+

- dv v+l
1+ ,
: ax v-1

¢
|
1
|

2x=v-log v+'16g c
log (W/c)=v-2x
v=ce"" %

¥ @)= () f(x)

Iogle BULU oL

%=[f(x)»—y]’f’(x)
Put  f(x)-y=t¢

5 rw-2-2 :

Then the given equatxon transforms to

= f(x)——_tf()

= Q-0rw=2

=c(a+x)

X +y = ce”™, where c is an arbitrary constant.




dt ,
= jl—_—t-= [ fre0dx
= —log(l-9H=f(x)+c
= log[l +y— )N+ f(x)+ec=0 b

dy

5. —, =008 (x +y)-sin(x+y)

d t
Putting x +y =1, we get Zx}_)::i”l

dx
t .
Therefore, — —1 =cos’t —=sin¢ -

2 I

sec” — dt
__d"—,—=dx-=>___t-
1+ cost —sint Z(I—tan—)
-2
N .
= —lnl—tanxzy =xtc.

Exercise 10.4

1. Putting y = vx and % =v+x£iZ

Wegetxv+x2%=vx+2x\/v2 -1

dv dx . .
= ———— = | —, integrating, we get

: j 2v? —1 J x :
= —12~1n('v+\lv2—1)=1ncx
[2_,2 '

+ —_

lm[y_—y—i‘—)=mcx

2 x
2. x(dyldx)=y(logy—logx+ 1)

= d_y = Z[logZ +1]
de x x
- dv

d
Putting y = vx, We get Ey = v+xzx—
And the given equatidn transforms to

: av
+x—=v[logv+1
vHx— [logv+1]

= xfil=vlogv
dx

= J.vlogv— -[_ o
loglogv=logx+logc,c>0

= log (/x)
y=xe*¢>0

L4y

=dx

Ap'pendix:‘ Solutions to Concept Application Exercises A-61

3. Given equation is Y _ iﬂm
' dx x sin (y/x)
1+(y/x) sin (y/x)

sin (y/x)

or

&
dx

Put y = vx, then dy =v+x i
dx dx

And the given equation transforms to

b

dv
v+ x—=cosecv+vy
dx

= sinvdv= dx/x
Integrating and replacing v by y/x, we get
cos (px)+log|x|=c,ce R

4. ydy+(x+y)dx=0

2
+
- ydy=x y

Equation (1) transforms to Et = 2%

= %: , (;H], which is homogeneous.

dy 2x -y +1
5. Here, i x+2y -3
Cross multiplying, we get
, xdy+ (2y—3)dy = (2x + 1)dx — ydx
= (xdy+ydx)+(2y—3)dy=(2x+1)dx
= diy)+(2y-3)dy=(2x+1)dx
Integrating, we get
y+y-3y=x*+x+tc.
Exercise 10.5
1. Given equation is linear and
* P=cotx, Q=sinx
LE.= ej‘_"oudx = gloBsinx = sjn x
Hence, the solution is

ysinx= Jsin xsinx dx +c¢

¢,
.= —Z—I(l-—qost)‘dx +c

1[ 1 .1
= —| x ——sin 2x |+¢
2 2

ysinx= —E[fo—sian]-l'c_

2. The given equation.can be rewritten as

@
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5“1"——1x=(y+1)
dy

{linear, y as independent variable]

Here P=-1,0=(@+1)
ILF.= e‘Idy =g’
Therefore, the solution is
xe = f(y+ De a’y+c
=—(t+Der—-er+c

~or x=ce’-y-2
3. We have ,
d 2 X
b, 2
dc 1-x 1- x?
2.x X
Here, P= yand Q=
’ 1-x 1- x?
2x ; ¢
LF= e r = griost L .
. 1-x
Therefore, the solution is
b = X dx+ce
1_.-x2 I\/(l —x2) (1 _xz)

i

J-2 R 5

=  y=1-2 +c(1-%)
.. dx 2ylmy+ y-
4. Given equation is — =PBYTY=X
dy y

or & + lx=(21ny+l)
dy y .

LF.=y and solution is xy = I(2lny +1) ydy +¢

= xy=)»hy+c
ercise 10.6
1. Dividing by e”, we get

pyday 1 1
y = 4+ _ = —

¢ i x X

Putting e™¥ = v, we get

dv v 1
_.__+._=._

dx x 2

dv 1

' 1.
—_—_——— Y = - — ear
o.r xv x2_(hn )‘

LE= ¢ J0D& _ plogr— 1

Therefore, solution is

v 11
—=|~—-—dx+c
x I x* x

2. The given equation. can be expressed as
dy
sec’y — +2xtany=2x3,
y dx y

ay _ dz

Put tan y =zso that sec’ y
dx

Given equation transforms to

% +2xz=2x3, whlch is hnear nz.

IF= ezj e
. Therefore, solution is givén by

) _
z_ef =jx3e" dx+c

. NN G
= tanye =—e' (x*-1)+c

N |

(substitute for x* = ¢ and then integrate by parts) -

3. Q+ w4 =x‘/;l

d (1-x%)
Dividing by \/; , we have

1 dy x \/;=x.

B -7)

. ‘ dy dw
-Putting /y =v,80 —= — = —
ting Jr J— ==
Then given equation transforms to

'a'v+ x v=lx
dx 2(1 x) 27

e e% Joxl-s*1ax

L
_ e—410g(1 —x2)
1/ (1 _x2)1/4

Therefore, the solution is

ey

@
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. 1 - . _ 4 3
vi(l —x*) = 3 j[x Q —x? )” 4]dx +c. : Integrating equation (2), we get 54— + % (5) =
. | . ; ¥

_ % _[[ (<2x) M1 x2)"4Tdx +c = 3x*)? +4x® = ¢, which is the required solufién.
‘ ‘ Exercise 10.8

1 5\3/4 '

—2(4/3)(1 —-X ) tc

. .4
1. Since subnormal is y L
Hence, the required solution is . :

o dy
1 34 —= =k’
Jy =)= - 5(1 —xz) +e. . wehave,y 4
Exercise 10.7 = Y i
: y
B + 32 2 o
1 ydx-xdy+3x"y"e dx=0 Integrating, we get

y—dxd._zx—dz +3xzex3dic =0
y

g | _ dy z
N Id[£)+jd(e"3)=c« 2. Length of normal y,,l+(dx)

and radius vector = /x? + 32

Y . ' Ny [1+(d ) } 2+
__%xy__ | \ax

logy = kx +log c or y =ce®.

d .
2. 2= :

dc  x? -1-2y , dy

= Rdy-(1+2)dy= nydx S ' = YT

= Uydx-x*dy=-(1+2y)dy = ydyzxde=0

o 2y _ 2 5) . | = ylExi=c

- M=__(Lz+z)dy | L

Yy oy :

Ay y=fx) |

: 2 ( .
Y \y .y

2
X 1
_ Integrating, we get _y = ; —2log y +¢

3, ydi+(x+xy)dy=0 o \ . ~t 5
L dytyd)tXyd=0 | | iy a0

= d(xy)+x’ydy 0

b e T s Fig. S-10.1

. d () L dy S o Equation of the tangent at P(x, y) is
)Y o =2
1, | dx s
et—— t+logy=ea . :
Integratmg,weg b A | } or %X—Y+(y ~-X %) =0 !
4. The given equathIl is xy dx+y dr‘:ix dy=0 Length of perpendicular QR upon the tangent ‘from the
Dividing by y*, we get ST foot of ordinate Q(x, 0) is
S dv—xdy
xdx+ _Xix_r——z— ; dy dy
y X— = 0+ y-—x—
. dx . dx| _ 1
2 Y
= x’dx+(f-) d( : 1+(_)'
; y dx




4 Calculus

= y+ |yt -k =ce*
4, Area of OBPO: areaof OPAP=m:n
Yy

P(x, y)

Fig. $-10.2

»@;ondx m

® s T
Jor &

. X
= nmxy=(m+n) JO ydx
Differential w.r.t.x, we get

dy
x—+yi=(m+n
{Lo)etedr
d;
= nx & =my = — e dx 2
dx nx y
=> y=cxm/n )
P +yt=cx ’ )
o dy S ey
Differentiating w.r.t. x, we get 2x +2y E=c @
Eliminating ¢ between equations (1) and (2)
2 —
2x+2y dy _ x? +y =>a’_y=,y x*
‘ , - dx 2xp
-Replace ﬂby—gx--,weget‘j-)i=#2—.
dy dc x*-y

This equation is homogeneous, and its solution glves the
orthogonal trajectories as x* + )7 = ky.

y*=dax - - @

dy

2y =da . )

dx
-Eliminating a from equations (1) and (2), we get

dy
=2 —_—
ydxx

. dy dxv '
Replacing — by ———, t
eplacing - by @ we ge

(2]
dy-
2xdx+ydy=0

Integrating each term, we get

2

x2+ 2 =c

2xr+yt= 2
which is the required orthogonal trajectories.

Exercise 10.9
1. Let N(¥) denote the balance in the account at any time .
~ Initially, N(0)=500.
For the first four years, k= 0.085. ‘Therefore, "
dN-

— —0.085N=0

Its solutlo_n SN =ce®®* (0<1<4) o 0

Att=0,N(0)= 500, then from (1) 5000 = ce®%@ = ¢
and equation (1) becomes N(#) = 5000.¢*%4(0'< ¢ < ) @
Substltutmg t=4into equation (2), 7

we find the balance after four years to be .
N(4)=5000 "%°®) = 5000 (1.404948) = 7024.74.

This amount also represents the beginning balance for

the last three-year period.

Over the last three years, the interest rate is 9 25%
%-09251\1 0 @<t<7)

TIts solution is N(2) = ce®®P* (4 <r<7) . ')

. Att=4, N(4) =7024.74, then from equation (3)
7024.74=ce*®*M = ¢ (1.447735) or c = 4852.23
then from equation (3) :
N(7)=4852.23"®BN =485, 23(1 910758)

Exercise 10,10
1.

dh

— | —
‘Fig. $-10.3
Let us allow the water to flow for dt time.

We suppose. that in this time the helght of the water level
reduces by dh Therefore, )

j
i
!
|
1
i



7257 dh=2.5 Nhm(0.025) dt

or ﬁ—— —25x10 \/Z
dt

(negatlve signs denotes that the rate of flow will decrease
as ¢ increases)

j—— —:—2 5><10'4jdt .

= Wh=-25%10"t+c
At t=0h= 3=>c—2f

23

- 2.5x107*
. Letx denote the population at a time ¢ in years.

Hence, forh=0,t= = 8000xf§ s.

Then % Dc‘x = é = k3c, where k is a constant. pf .

dt
proportlonahty

Solving j;—f—kx we get I—=Ikdt

= logx=k+c=>x= ety = x, €,
where x, is the population at time ¢ =0.

Since it doubles in 50 years att= - 50, we must have

x=2xy _
Hence, 2x,=x, e5°" = 50k=10g'_2
- o,

I
k=% 2, so that x = xge 50

To find ¢, when ittriples, i.e.,x=3x,
log 2
i.e., 3x0 =X e 50

= log3= 10i2t
50

_S0log3
log 2 .
. Let T be the temperature of the substance at a time ¢.

_4T _ 4(7-290)

dt

= =501log, 3

i

Appendix: Solutions to Goncept Application Exercises A-65

dT
——=—k(T-290
i )

(Negative sign because %It: is rate of cooling)

= ij§90=—kjdt : NOE

Integrating the L.H.S. between the limits, we get

T=370 to T=2330 and the R H.S. between the limits ¢ =0
to ¢= 10, we get ’

330

J

370

dr
T- 290

10
——kjdt

= log(T- 290)|§33——kt|
log40—log80=—kx10
log2=10«

U

U

- log2 o '
k= : 2
10 : @

Now integrating equatlon ) between =370 and I= 295

' andt—Oandt t

‘ 295

= log(T-290)B% -kt

U

Jdog5-log80=—kz
~log16=—kt

log 16

Tk

Hence from equation (2), we get

U

= =

log 16
log 2

t= x10=40

-i.e., after 40 min.



