Chapter 1. Relations and Functions

Conceptof Relation and Functions
1 Mark Questions

1. IfR={(a,a®) :ais a prime number less than

5} be a relation. Find the range of R
Foreign 2014

Given, R={(a,a’): a is a prime number less
than 5}

We know that, 2 and 3 are the prime numbers
less than 5.

. a can take values 2 and 3.
Then, R={(2,2%),33)}= {28),327}
Hence, the range of Ris {8,27}. (1)

2. Iff.{13,4}>{125}andg:{12,5}— {1,3}
given by f ={(1,2),3,5), (4,1)} and

g ={(13),273),(5,1)}. Write down gof.
All India 2014C

The functions f:{1,3,4} — {12,5} and
g:§12,5} — {1,3} are defined as
f ={(12),3,5),41}and g ={(13),(2,3), 5,1}
gof =g (f)}=g2)=3
[ f(1)=2 and g(2) = 3]

gof(3) = g(f(3)) = g(5) =1
[ f(3) = 5 and g(5) =1]
gof (4) = g(f(4) = g(1) =
| [+ f(4) -1and g(l) =3
gof ={(13),3,1), (4, 3)} (1)

3. Let Ris the equivalence relation in the set
A={0,1,23,4,5}given by R={(a,b): 2 divides
(@ — b)}. Write the equivalence class [0]
Delhi 2014C
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. Given, R = {(a, b):2 divides (a—b)}
Here, all even integers are related to zero, i.e.
(0, 2)(0, 4).
Hence, equivalence class of [0] = {2,4} (1)

4. IfR={(x,y): x+2y =8}is arelation on N,
then write the range of R All India 2014

'Given_, the relation R is defined on the set of
natural numbers, i.e. N as

R={(x,y):x+2y=8}

To find the range of R, x+2y=8 can be

. 8 - x
rewritten asy = .

2

On putting x=2, we gety = e} =3

2
On putting x =4, we gety = E?'—-_‘f-:,'-=2

2
On putting x =6, we gety = 2=0 =1

2
As, x,ye N, then R=1{(2, 3)(4,2) (6, 1)}
Hence, range of relation is {3, 2, 1}. (1)

5. IfA={1,2,3),B={4,5,6,7}and
f ={(1, 4),(2, 5), (3,6)} is a function from Ato

B. State whether fis one-one or not.
All india 2011



Given,A={,2,3} andB={4,5,6, 7}

Now, f : A — B is defined as
f=1{04),(Q2,5),3,6)}

Therefore, f(1) = 4, f(2) =5 and f(3) =

It is seen that the images of distinct elements of
A under fare distinct.So, f is one-one. (1)

6. If f: R— Ris defined by f(x) =3x + 2, then
define f[f(x)] Foreign 2011; Delhi 2010

Given, f(x)=3x+2
Now, f[f(x)]=f3Bx+2)=33x+2)+2
=9x+6+2=9x+8

7. Write fog ,if f: R— Randg:R— Rare given
by f(x) = |x| and g(x) =]5x — 2| Foreign 2011

Given, f(x) =]x]|, gx=[5x—-2[
Now, fog (x) = f[g(x)] = f{|5x - 2]}
=[i5x = 2{|=[5x - 2|

8. Write fog, iff R— Randg:R— Raregiven
by f(x) = 8x* and g(x) = x>, Foreign 2011

Given, f(x)=8x" and g(x) = x”; |
Now, fog (x) = f[g(x)] = f(x"?) = 8(x"3)® = 8x(1)

9. State the reason for the relation Rin the set
{1, 2,3} given by R={(1, 2), 2, 1)} not to be
transitive. : Delhi 2011



We know that, for a relation to be transitive
(x,yye Rand(y,z) e R

= (x, z) e R _
Here, (12)eR and (2,1)eR but (11) ¢R
Hence, R is not transitive. Q)]

10. Whatis the range of the function
_|x=-1]

f(x) —,x#17?
x—1 Delhi 2010; HOTS
: = | x =1
Given, function is f(x) = 2 Xz
X —
The above function may be written as
->-<-_—1, if x>1
X —_—
=1 o
- f x< 1
X -1
1, if x> 1
= f)= |
-1, if x<1

. Rangeof f(x) isthe set{~1,1}.

11. Iff: R— Ris defined by f(x) = (3 — x*)*/3, then
find fof (x). All India 2010



Given, function is f:R— R such that
fx) =3 - x)",

Now, fof (x) = f[f(x)] = fI3 - x*)3]
=[B-{3- x3)w3}3]1f3
=B-3-x1" =0
=X (1)

12. Iff is an invertible function, defined as

fx) = 8 = , then write f~*(x).

Foreign 2010

Civen, f(g =>4

and is invertible,.

sk y:3x——-4

= Sy=3x—-4

- 3x=5y+4 = x:SY+4

_A¥+4 -

f~y)

13. Iff:R— Randg:R— Rare given by
f(x) = sin x and g(x) = 5x°, then find gof(x) .
Foreign 2010

Given, f(x) = sin x and g(x) = 5x°.

gof(x) = g[f(x)] = g(sin x)
= 5(sin x)* = 5 sin® x



14. If f(x) = 27x> and g(x) = x*/3, then find gof (x).
Foreign 2010

Given, f(x) = 27x° and g(x) = x"*.
gof(X)= glf(x)] = g(27x’)
=27 = (273 . 3y
~ (3. (3B = 3¢
gof(x) =

15. If the function f : R— R, defined by

f(x) = 3x — 4is invertible, then find 2.
All India 2010C

Given, function is f(xX)=3x—-4 and is
invertible.

Let y=3x—4 = 3x=y+4
s _Y + 4
3
= y) = Z‘?‘ = =224 @
16. If f : R— Rdefined by f(x) = is an
invertible function, then find f'l(x)
All India 2009C

Do same as Que 12. [Ans. 2x3— 5]



17. State whether the function f : N — N given by

f(x) = 5x is injective, surjective or both.
All india 2008C; HOTS

(;) For injective function, it should be one-one and?
% * for surjective function, it should be onto.

Given function is f(x) = 5x.

= X; =Xy, VX, Xp€N
So, f(x) is an injective function. (1/2)

Also, range of f(n) =5n,ne N.

But codomain =N
Range # Codomain
- f(x) is not surjective.
Hence, the given function is injective.

2x—7

18. Iff: R— Rdefined by f(x) = is an

invertible function, then find f~2(x).
Delhi 2008C

A4x + 7
Do same as Que. 12. [Ans. 5 ]

4 Marks Questions

19. Iff:W— W, is defined as f(x) = x—1, if x is odd

and f(x) = x+1, if xis even. Show that f is
invertible. Find the inverse of f , where W is
the set of all whole numbers.  Foreign 2014



f:W — W is defined as
x —1,if xis odd
f(x) = L
x + 1 if xis even

First, we need to show that f is one-one.
Let f(x)) = f(xy)
Case | When x, and x, are odd.
Then, f(x)=1(x)) = x—1=x;—1
= X; = Xq, V%, X, € W (1)
Case 1l When x, and x, are even.
Then, f(x,) = f(x,)
= X{+1=x, +1
— X; =X, VX5, X, €W
So, from case | and 1l, we observe that
flx) =f(x,)) =>x,=x,eW
Hence, f(x) is a one-one function. (1)
Now, we need to show that f is onto.

Any odd number 2y + 1, in the codomain W, is
the image of 2y in the domain W.

Also, any even number 2y in the codomain W,
is the image of 2y -1 in the domain W.

Thus, every element in W (codomain) has its
image in W (domain).
So, f is onto. Therefore, f is bijection. So, it is

invertible. (1)
Let x,y € W, such that

fx) =y
= x —1=vy, if x is odd

X +1=vy,if x is even
x_{y+‘l, if y is even

—
y—1 ifyisodd

Clearly,f = (1)



20. 1ff,g: R— Rare two functions defined as
f(x) =|xHxand g(x) = |x|-x,V x € R, Then, find

fog and gof. All India 2014C
Given, f(x =[x+ x and g(x) =[x —x for all
xe R |
2% x=0 0 x>0
=4 d = 1)
S {O, X < O} and g {—ZX, X< O} (

Thus, for x>0, gof (x) = g(2x) =
and for x< 0, gof(x) = g(0)=0

=3 gof(x) =0,V xeR (1%2)
and for x>0, fog (x) = f(0) =
for x<0, fog (x) = f(-2x) =—
0, x>0,
=4 - (1%
N fog (x) {—4x,x<0j (1%)

21. If Risa relation defined on the set of natural
numbers N as follows; -

R={(x,y), xeN,Y eN and 2x+y = 24}, then
find the domain and range of the relation R
Also, find if R is an equivalence relation or
not. Delhi 2014C

Given R={(x,y), xe N,ye N and 2x +y = 24}

When, x=1=y=22;x=2=y=20
x=3=y=18; x=4= y=16
x=5=2y=14x=6= =12
x=7=y=10,x=8=y=8
x=9=2y=6x=10=y=4
x=11=y=2

So, domain of R={1,2,3, ....,11}.

and range of R = {2,4,6,8,10,12,14,16,18,20,22}

and R= {(1,22)(2,20)(3,18)(4,16)(5,14)(6,12)

(7.10)(8.,8)(9,6)(10,4)(11,2)} (M



Reflexive _
Since, for a € domain of R, (a, a) ¢R.

Hence, Ris not reflexive. (1)
Symmetric

Since, (122) e Rbut (22,1) ¢ R.

Hence, R is not symmetric (1)
Transitive

There are no elements such that that (a, b) e R
and (b,c)e R=(a,c)e R Hence, R is not
transitive and so, it is not an equivalence

relation. (1

22. If A=R—{3}and B=R—{1}. Consider the
function f : A— B defined by f(x) = 5—:% for

alllx € A Then show that f is bijective. Find
fx). Delhi 2014C; Delhi 2012

Given, functionisf : A— B, where A=R - {3}

and B = R {1}, such that f(x) == i
One-one Let f(x;) = f(x,), V x;, X, € A
X;—2 X;—2
— = =8
X;—3 Xx,-3
= (X, —2) {(x; = 3) =(xy = 2) (X, — 3)
= XXy — 3% —2Xy + 6 = XX — 3%, — 2%, + 6
=> — 3x; — 2%y = = 3%, — 2X
= =3 (X = X9) +2 (X, = X3) =0
= —(X;=Xx;)=0
= X;—=X,=0 = X=X,

s f(x) = FX,) = % = X5, V Xy, X3 € A. S0, F(X) s
a one-one function. (1%)



Onto To show f(x) is onto, we show that
range of f(x) and its codomain are same.

Now, let , y=M_—2 = Xy —3y=x~—2
x—3

el Xy=x=3y—-2 = xty—-1)=3y-2

= gt ..(i)
y —1

Since, xe R-1{3}, V yeR- {1}, so range of
f(x) =R - {1}.
Also, given codomain of f(x) =R - {1}

Range = Codomain
Hence, f(x) is an onto function. (1'%)
Therefore, f(x) is an bijective function.
From Eq. (i), we get

iy =22 o g2
y —1 X =1
which is the inverse function of f(x). &)

23. 1fA={1,2,3,...,9}and Rbe the relation in

A x Adefined by (a ,b) R{c,d).Ifa +d =b +¢
for{a,b), (c,d) in Ax A Prove that Ris an
equivalence relation, Also, obtain the
equivalence class [(2, 5)]. Delhi 2014

Given, relation R defined by (a, b) R (c, d), if
a+d=>b+cfor(a b),(c,d)in AxA.

Here, A={12,3,....,9}

We observe the following properties on R:
Reflexive Let (1, 2) be an element of A x A.
Then, (L2)eAXA = 12€A

= 1+2=2+1 [ addition is commutative]
= (12)R(1, 2) |
Thus, (1, 2)R(1,2),V(1,2)e Ax A

So, R is reflexive on A x A. (1)



Symmetric Let (1, 2), (3,9 € A X A such that
(12)R(3, 4

Then, 1+4=2+3

= 3+2=4+1 [ addition is
commutative]

= (3,9R(12)

Thus, (1, 2) R(3, 4)

=3, 49R(1,2),V(1,2),3 HdeAxA

So, R is symmetric on A x A. (1)
Transitive Let (1, 2), (3, 4),(5,6)e A x A such
that (1, 2) R(3, 4 and (3, 4 R (5, 6). Then,

(1L2)R(@3, 4
= 1+4=2+3
(3, 4 R(5, 6)
— 3+6=4+5
= (1+49+3+6=2+3)+(4+5)
= 1+6=2+5 = (12)R(5, 6)

Thus, (1, 2) R(3, 49 and (3, 4 R (5, 6)
=(0,2)R(5,6),V(12),3,4,05 6 c Ax A

So, R is transitive on A x A. (1)
Hence, it is an equivalence relation on A x A.
Equivalence class containing element x of A is
givenby [xlg ={:(x, y) e R

Hence, equivalence class
[(2,5)]={(4),(2,5),(3,6),(4,7),5,8),(6,9)}

24. If the function f : R— Ris given by
f () =x*+2andg:R— Ris given by

g (x)= _X_l ; x#1, then find fog and gof and

hence, find fog (2) and gof(-3).  AllIndia 2014



We have f(x) = x* + 2 and g(x) = _x-? X#1
x_

Since, range f = domain g

and range g = domain f

. fog and gof exist.

For any x € R, we have (fog)(x) = f[g(x)]

¥
=f[_x_]=(__x__] 55
X —1 X —1
=x?+2u-n2=x2+mﬁ+4—2m
(x - 1)° {x -1

_ 3x*+2 - 4x
(x — 1)




. fog :R — R is defined by
3x2 — 4x +2
| (x = 1)
For any x € R, we have
(gof)x) = g[f(x)]

(fog)(x) = ,VxeR L)1)

x* 2 __x2+2

=g[x* +2] = = (1
i -1 ¥4 )
.. gof :R— Ris defined by
49
(gof) (x) = ,V xeR (1)

X2 +1

On putting x = 2 in Eq .(i), we get
_3x(2*-4@+2 _3x4-8+2

fog(2)
3 2 -1)? (1)
(1)
=12-6=6
On putting x = - 3 in Eq. (ii), we get
3 +32
(gofi—3 = ———
i (=3)2 +1
9+2 11
- s (1)
941 10

25. IfA=R—{2}and B=R—{1}.1ff:A— Bis a

function defined by f(x) = x_-_izL’ then show

that f is one-one and onto. Hence, find f .
Delhi 2013C



X'_1

Given, f(x) = and f: A— B, where

St
A=R-{2}and B=R-{1}.
One-one Let f(x,) =f(x,), V X3, X € A
x1_1 X2—1

= (1/2)

x1—2#x2—2
= X;=D X, =2)=x;=1)(x;=2)
= XXy —2X; = Xy +2= XX = 2Xy = X1 +2
= —X;=—X; = X=X

fix)=flx)) = =% x,x€A (1
Therefore, f(x) is one-one.

Onto Let Ve

= Xy —-2y=x-1

X_
= Xy —1) =2y —1 (1/2)
& i T (D)
y—1

Since, xe R—{2},Vye R— {1}
So, range of f(x) =R — {1}
. Range = Codomain

Therefore, f(x) is onto. (1)
Also, from Eq. (i), we get
& | 2}" —1 -1
f7y) = ——— frme=
y—1 |
- g = 22 (1)
X —1

26. Show that the function f in

Z : bx +3
{3} efined as f(x) s is

one-one and onto. Hence, find f ™. pelhi 2013



4x + 3
ox — 4

Given, f(x) =

2
Let x1,xzeA:R*-{§}ix1¢x2

One-one Consider, f(x,) = f(x,)
4% +3 _ 4x,+3
6x,— 4 6x,—4
= (4x; + 3) (bx, — 4) = (4x; + 3) (6x; — 4)
= 24xX, — 16X, +18x, — 12
= 24x:Xy — 16X, +18x; — 12

So, f is one-one. (1%)
4x + 3
Onto Let y= X = b6xy — 4y =4x+3
| 6x — 4
= (by—-4Hhx=3+4y
3+ 4y 4 . 2
= and y#—,i.e. y#—
= g 6y — 4 4 6 ) 3
2
eR-<3—
’ {3}
Thus, f is onto. (1%%)
Since, f is one-one and onto.
& 3+ 4y -1 3+ 4x
- x=f"{y) = = K= (1)
L by — 4 6x — 4

2. Consider f : R, = [4, =) given by f(x) = x* + 4.
Show that f is invertible with the inverse f
of f given by f* (y) = \/y — &4, where R, is the

set of all non-negative real numbers.
All India 2013; Foreign 2011; HOTS

‘()To show that f(x) is an invertible function, we
% will show that f is both one-one and onto

fiinAtian



TUIT LS .

Here, function f:R, —[4,¢) is given by
f(x) = x> + 4.

Let x, y € R, , such that f(x) = f(y).

= xX+4=y*+4
=" | x2=y? = x=y

[~ we take only positive sign as x, y € R, ]
Therefore, f is a one-one function. (1)
Fory e [4, =),
let y=x’+4
= x2=y—420 [-y=4]

— x=\/y——TREO

[we take positive sign, as x € R,]
Therefore, for any y € R,, there exists
x =,y —4e R,,such that

fX) =flly — ) =y - 4" +4

=gt A=y
Therefore, f is onto. Thus f is one-one and
onto and therefore, f ' exists. (1)

Let us define g :[4, =) > R,, by gly) =y — 4.
Now, gof(x)=g({f(x) = gix* + 4)

= Jo+ 4 -4=Vx? =x

and  fogly) = flgyl=f (Jy —4)
=(Jy-42+4
=y-4+4=y (D

Therefore, gof =1z, and fog =4 .,

= =gy =yy-4 (M

NOTE Above fact significantly helps in proving a
function f to be invertible by showing that fis

one-one and onto, specially when the actual
nnnnnnnn Af fic nat tn ha datermined
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28. Show that f :N — N, given by

_jx+1,if xisodd
f(x)_{x—l, if xiseven

is bijective (both one-one and onto).
All India 2012

Given function is f : N = N such that
F) = {x +1 if xis odd

x =1, if xis even

One-one From the given function, we
observe that

Casel When x is odd.

Let f(x;) = F{x;)
=3 +1=x+1 = x=x,
f(x;) = f(x,)

= Xy = X9, V X, X5 € N,
So, f(x) is one-one. (1)
Case Il When x is even.
Let o)== Flxsd
= 1 —1=X,~1 = x,=X,

f(x;) = f(x,)
s X, = Xy, V Xq, X5 € N,

So, f(x) is one-one.

Hence, from case | and case Il, we observe
that, f(x;) = f(x,)

= X, = X9,V X;, X, €N

Therefore, f(x) is a one-one. (1)

Onto To show f(x) is onto, we show that its
range and codomain are same.

From the definition of given function, we
observe that

fH=1+1=2

L ~ -



IZ)=2 —1=1
fB=3+1=4
f(4=4—-1=3and so on. (1)

So, we get set of natural numbers as the set of
values of f(x).

= Range of f(x) =N
Also, given that codomain =N

[f N o N ]
domain codomain

Thus, range = codomain
Therefore, f(x) is an onto function.
Hence, the function f(x) is bijective. (1

29. Iff:R— Ris defined as f(x) = 10x + 7. Find

the function g : R— R, such that
gof = fog = Ip. All India 2011

Given, f(x) =10x+ 7
let y=10x4+7 = T0x=y—7

= . L (1)
10



X—=7
10
Then, gof(x) may be written as

gof(x) = g[f(x)] = g(10x + 7)
10x+7—-7
= = ¥ (1)

10
Also, fog(x) may be written as

— 7 X—7
fog(x) = flax)] = f | X —10 7(1
0g(x) = f[g(x)] ( = ) [ = )+ (1)

Now, let g(x) =

=5 fog(x) = x
Hence, required function g:R — R is given by
X~ 7
(X) = —— 1)
8 5 (

30. Show that the function f : W — W defined by
n+1,ifnis even
fln) = L
n-1, if nis odd

Is a bijective function. . All india 2011C

Do same as Que19.

31. If f: R— Ris the function defined by
f(x) = 4x> + 7, then show that f is a bijection.
Delhi 2011C



The given function is f : R — R such that

f)=4x +7
One-one
Let f(x;) = f(xy), V x;, X, € R
= 4G +7=4 + 7
= =43 = B-x3=0
= . (X = Xo) (Xf + XX, + xg) =0
[+ a® — b® =(a - b)(a? + ab + b?)]
Either Xy = Xy = i)
or X2+ XX, + X2 =0 .. (i)

But Eq. (ii) is not possible as x;, x, e R, (1/2)
X1 =X, =0=x, =X,
Thus f(X1) = f(xg)

= X; =Xy, VX, X,€R
Therefore, f(x) is a one-one function. (1)

Onto To show that f(x) is an onto function,
we show that

Range of f(x) = Codomain of f(x)
Given, codomain of f(x) =R
Now, let y=43+7 = 4’=y-7

4

_7 1/3
" Mo (V_r) (i) (1/2)

From Eq. (iii), it is clear that for every yeR,
we get x € R.



Range of f(x) =R _
Thus, range of f(x) = codomain of f(x)

= f(x) is an onto function. (1)
Since, f(x) is both one-one and onto, so it is a
bijective. (1

32. If Zis the set of all integers and Ris
the relation on Z defined as
R={(a,b):a,be Zanda - bis divisible by 5}.
Prove that Ris an equivalence relation.
Delhi 2010; HOTS

The given relation is R={(a, b):a, be Z and

a — bisdivisible by 5}. We shall prove thatR is
reflexive, symmetric and transitive.

(i) Reflexive As for any xe Z, we have
x — x =0 and 0 is divisible by 5.
= (x —x)is divisible by 5.
=3 (x, eR, Vxe’Z
Therefore, R is reflexive. (1
(i) Symmetric As (x,y) e R, where(x,y)e Z

=  (x - y)is divisible by 5.
[by definition of R]

=3 x—y=5Aforsome Ae Z

b Y= X =5{—A)

=  (y—x)is also divisible by 5

= {y, x) e R

Therefore, R is symmetric. (1)

iif) Transitive As(x,y)e R ,wherex,ye Z
= (x — y)is divisible by 5.
= x-—-y=5Aforsome AeZ
Again, for(y, z) € R, wherey, ze Z
= (y — z)is divisible by 5.
= y-z=D5BforsomeBe Z



Now, {(x—y)+(y—2z)=5A+ 5B

= Xx—2z =5(A +B)

= (x— z)is divisible by 5 for some
A+Be”/

Therefore, R is transitive, (1%)

Thus, R is reflexive, symmetric and
transitive. Hence, it is an equivalence
relation. (1/2)

NOTE If atleast one of the relation is not satisfied,
we do not say it is an equivalence relation.

33. Show that the relation Sin the set R of real
numbers defined as, S={(a b):a,be Rand
a < b3}is neither reflexive nor symmetric

nor transitive. Delhi 2010; HOTS

Given relation is
S={(a, b):a, beRand a< b’}



) Reflexive As % < G] . where % e R is not

frue.

= (l l) ¢S
3 3
Therefore, S is not reflexive. (1)

(i) Symmetric .As -2 < (3)’, where =2, 3 eR
is true but 3< (=2)* is not true.

e.(—-2,3)eS but(3, -2)¢S
Therefore, S is not symmetric. (1)

()

where 3, E = e R are true but 3< (g)

IA

(ii)) Transitive As 3< (3) E
| 2 2

2°3
not true.

= (3 3)65 and (i ﬂ)es
2 2 3
4
but (3, —3‘]9_:5 (1%)

Therefore, S is not transitive.

Hence, S is none of these, i.e. not reflexive,
not symmetric and not transitive. (1/2)

NOTE There are certain ordered pairs like (1, 1) for
which the relation is reflexive, so it is important to
pick example suitably.

34. Show that the relation Sin set
A={xe Z2:0< x<12}given by
S={(a,b):a,be Z |a - b|is divisible by 4} is an
equivalence relation. Find the set of all
elements related to A All India 2010



The given relation is S={(a, b):la-b] is
divisible by 4, where a, b € Z}

and A={x:xeZand0<x<12}
Now, A can be written as
A=1{0,123,...,12} (1/2)

(i) Reflexive As for any xe A, we get
| x = x| =0, which is divisible by 4.
=5 (x, eSS, VxeA
Therefore, S is reflexive. (1)
(i) Symmetric As for any (x,y) €S, we get
| x — y/| is divisible by 4.
[by using definition of given relation]
= |x-y|=4A, forsome A e Z
= |y—-x|=4A, forsome L e Z
= v, )€ S
Thus, (x,y)eS=(y,xes, Vxyel
Therefore, S is symmetric. (1



(iti) Transitive Forany(x,y)eS and(y, z)e S,
we get|x — y|isdivisible by 4 and |y — z | is
divisible by 4.

[by using definition of given relation]
= |x-y|=4Aand|y - z|= 4y,
forsome A, pe Z
Now, x—z=(x-y)+(y—2)

—+tA4Lt4qu=*4( +p)
= |x— z|is divisible by 4.
=> (x, z)e S
Thus, (x,y)eS and (y, z)e S
= (x,z)eS,Vx vy zelZ
Therefore, S is transitive. | (1)

Since, S is reflexive, symmetric and
transitive, so it is an equivalence relation.
Now, set of all elements related to

A=1{0,1,2,3,4,56,7,8,9,10,11,12} (1/2)
35. Show that the relation S defined on setN x N

by(a,b) Slc,d)=a+d=b+cisan
equivalence relation. All india 2010

Do same as Que 23.

36. Consider f: R, — [~ 5, =) given by
f(x) =9x? + 6x — 5, show that f is invertible

3 Foreign 2010



Given function is f : R, — [ 5, o), such that
f(X) =9x* +6x =5

We shall show that it is both one-one and

onto.

One-one

Let f(x;) = f(x,), x, X, € R,

=3 !5|><12+6><1 -3 -——--‘_7)>|:§+~€:}x.2 =3

= 9x12—-9x§+6x1—6x2=0
= 9(x? — X3) + 6(x; — X;) =0
= 9(x; = x,) (X, + x5) + 6(x; — x,) =0
= (% = X2) [9% + 9%, +6] =0
Now, either x; — x, =0
or 9%, +9x,+6 =0

But 9x; + 9x, + 6 =0 is not possible because
X;, X5 € R_.
X4 _XZ:O = X1=X2

Therefore, f(x) is a one-one function. (1)
Onto

Let y=9x%+6x-5

= I9x* +6Xx=y+5 |

=3 9(x2+%)=y+5



3 9 9
1\
= 9(x+§) —1=y+5
1Y
=:>9(x+— =y+6
3)
\2 =
= (x+l :y+6=>x+l= y+o
3/ 9 3 3
[taking positive sign as x e R, ]
-1
= x=YY*0 (™

3
From above equation, we get that for every
y € [-5, *), we have xe R,.
Range of f(x) =[5, o)
Given, codomain of f(x) =[5, oo)
Thus, range of f(x) = Codomain of f(x)
Therefore, f(x) is an onto function. (1

Since, f(x) is both one-one and onto, so it is an
invertible function with

iy = WO (1)

3
3%. Iff: X = Yis a function. Define a relation R

on X given by R={{a, b): fla) = f(b)}. Show
that Ris an equivalence relation on X.
All India 2010C




The given relation is
R={(a b):f(a)=f(b)}, f: X—>Y
(i) Reflexive Since, for every xe X, we have
f(x) = f(x)
[by using definition of R, i.e, f(a) = f(b),
VabeX]
= (X, xeRVxeX
Therefore, R is reflexive. (1
(i) Symmetric let(x,y)eR V x, ye X
- Then, f(x)=f(y) = fly)=1f(x
o (x,yyeR Vx,yeR
=% y,XeR VxyeX

Therefore, R is symmetric. (1)
(i) Transitive letx, y, ze X

Then (x,yyeRand(y, z)e R

= f(xX)=fly),VxyeX ()

and fy=1f(z),Vy zeX ..l

From Egs. (i) and (ii), we get
fX)=Kz),Vx zeX

= (x, Z)eR VXx ze X

Thus, (x,)eR and (y, z) eR

— (x, zZ)ER VX, y,ze X
Therefore, R is transitive. (1%4)

Since, R is reflexive, symmetric and
transitive. So, it is an equivalence relaticr..

1/2)
38. Show that a function f : R— Rgiven by

f(x) =ax +b,a,be R,a #0is a bijective,
Delhi 2010C



The given function is

fx)=ax+b;f:R—>R a beR a#0

To show that f(x) is a bijective, we show that
f(x) is both one-one and onto.

(i) One-one Let f(x)) = f(xy), V x;, x, €R

(ii)

39.

=3 ax,+b=ax,+b

=3 ax, = axy; = X, =X,

Thus, f(x)) = f(x5), V x5, x, € R

= Xy = X, (1%)

Therefore, f(x) is a one-one function.
Onto let y=ax+b
y—b
a

From Eq. (i), it is observed that for every
yeR xeR

Range of f(x) =R
Also, given codomain = R
Thus, range of f(x) = Codomain of f(x)

vkl

4 X=

Therefore, f(x) is an onto function. (1%4)
As f(x) is both one-one and onto, so it is a
bijective function. (1)
Prove that the relation Rin set

A={1,2,3,4, 5}given by R={(a,b):|a — blis
even} is an equivalence relation.  Dethi 2009



The given relation is R={(a, b):|a—-b] is
even} defined on set A ={l, 2, 3, 4, 5}.
(i) Reflexive As|x—x|=0iseven, V xe A.

= (x, eR V xe A
Therefore, R is reflexive. (1
(ii) Symmetric As (x,y)eR = |x—y]| is
even
[by the definition of given relation]
=5 |y — x|is also even
[-|a|=|-al|,V aeR]
=2 (y, eR VXx,yeA
Thus, (x,y)eR
= v, xeR Vx,ye A
Therefore, R is symmetric. (1)
(iii) Transitive As(x,y)e Rand(y, z) e R
= |x —y|isevenand|y — z|is even.

[by using definition of given relation]



Now, |x-—y|iseven |

= xand y both are even or odd

and |y —x|iseven

= yand x both are even or odd.
Then two cases arises:

Casel Wheny is even.

Now, (x,yyeRand(y, z)eR

= |x—y|iseven and |y - z|is even
= x is even and z is even

= | x — z|is even

[ difference of two even numbers is also
even]

= (x, z) e R (1/2)

Case ll Wheny is odd.

Now, (x,y)e Rand(y, z) e R

= |x-yl|isevenand|y - z|is even
= xis odd and z is odd

=3 |x — z|is even
[.- difference of two odd numbers is even]
= (x, z) e R (1/2)

Thus, (x,y)eR and (y,z)eR
—= (x,Z)eER VX, y,z€e A
Therefore, R is transitive. (1/2)

Since, R is reflexive, symmetric and
transitive. So, it is an equivalence relation.

(1/2)



40. Iff:N — N is defined by

"+ i nis odd
fin) = : forallneN.
4 : if nis even
&
Find whether the function f is bijective.
All India 2009
The given function is f : N — N such that
741 ¢ s add
fy =1 2
n B
—, ifniseven
(i) One-one
Let
1+1 2 . n+1|
fl)=—===1 |putn=1inf(n) = —
2 2 [p Z

—

and f(2)=§=1 [putn=2inf(n)=-2—

—

f(n) is not a one-one function because at
two distinct values of domain (N), f(n) has
same image. (1%)

(ii) Onto If n is an odd natural number, then
2n — 1is also an odd natural number.

Nowe  fi=T=rte ey

(D)



Again, if nis an even natural number, then
2n is also an even natural number. Then,

f(2n)=22—n2n ... (1)

From Eqgs. (i) and (ii), we observe that for
each n (whether even or odd) there exists
its pre-image in N.

i.e. Range = Codomain

Therefore, f is onto. (11%2)
Hence, f(x) is not one-one but it is onto.
So, it is not a bijective function. (1)

41. Show that relation Rin the set of real
numbers, defined as R={(a, b) :a < b*}is
neither reflexive, nor symmetric nor
transitive. Foreign 2009

Do same as Que 33.

42. If the function f : R— Ris given by
f(x) = x* +3x+1andg:R— Ris given by

g(x) = 2x — 3, then find (i) fog and (ii) gof.
All India 2009, 2008C



Given, f :R— Rsuch that f(x) = x* + 3x + 1and
g :R— Rsuch that g(x) = 2x - 3.

(i) (fog) (x) = f[gx)] = f(2x —3)
=(2x-3)* + 32x-3) +1
[+ f(x) = x* + 3x + 1, 50 replace x
by 2x — 3 in f(x)]
=4x° +9 —12x+6x—9 +1
= 4x° —6x +1 (2)
(i) (gof) (x) = glf(¥] = g(x2 +3x+1)
=[2(x* +3x+1)] - 3 |
[ g(x) =2x - 3, so replace x by
x° + 3x + 1in g(¥]
=2x* +6x+2 -3
=2x% +6x—1 (2)
43. If the function f : R— Ris given by
lx) = X+3
g(x) = 2x — 3, then find

(i) fog and (ii) gof. Isf* =g?
Delhi 2009C; HOTS

and g : R— Ris given by



Given f:R— R such that f(x)z? and

g :R— Rsuch that g(x) = 2x - 3.
2x—=3)+3

(i) (fog) (x) = f[g(x)] = f2x - 3) = -

[ flx) = 5—; 3, so replace x
by 2x - 3 in f(x)]

= (fog) (x) =

2 1%)
3

(i) (gof) (x) = g[f(x)]

eradEyy

[ g(x) = 2x — 3, so replace x by ig—%

in g(x)]
_2x+6 __3=2x+6—9
3 q
= (gof) (x) = 2"‘; - (1%)
Now, we find f~". For that, lety = 3(_4;_3
225 Jy=x+3 = x=3y—3
fy)=3y -3 [ox=f'()]
or f~lx)=3x-3
But g(x) = 2x — 3.
fl=g (1)

NOTE ' =gexists, only if gof =1, and fog=1,.



BinaryOperations

1 Mark Questions

1. Let*: RxR— Rgiven by (a,b) > a + 4b” be a
binary operation. Compute (-5)* (2*0).
All India 2014C

(=5)*(2*0) = (-5 * 2 + 40)%)
’ [ (ab) > a + 4b?]
=(-5)*2Q=-5+42)°=-5+16=11 (1)

2. Let * is a binary operation on the set of all

: ab
non-zero real numbers, given bya *b = T

foralla,be R—{0}. Find the value of x, given

that2* (x* 5) = 10. Delhi 2014
Given,a* =—§59,Va, beR - {0} (i)
Also given, 2*(x*5)=10
= 2% (X—SEJ =10 [from Eq. (i)]
= 2*x=10=>25—x=10=>x=25 (1)

3. Let *is a binary operation on N given by

a*b= LCM (a,b) for alla,be N. Find 5*7.
Delhi 2012; Foreign 2008

Given, a*b=LCM{a, b),VabeN
5*7=1CM 5, 7} =35

4, let*:Rx R— Risdefinedasa*b=2a +b.
Find (2*3) * 4. All India 2012



Given,*:RxR—> R

suchthata* b=2a +b.

On putting a =2 and b = 3, we get
2*3)=22)+3=4+3=7

(2*3)*4=7*422(7)+4=14+4=18(1)

5. Ifthe binary operation * on the set of integers
Z, is defined by a *b = a + 3b?, then find the

value of 8*3. All India 2012C
Given,a*b=a+3b* Vabez
On putting a =8 and b = 3, we get
. 8*3=8+3-3"=8+27=35

6. Let*is a binary operation on set of integers |/
defined bya *b = 3a + 4b — 2, then find the
value of 4* 5, All India 2011C

Given,a*b=3a+ 4b -2

On putting a = 4and b =5, we get
4*5 =3(4) + 4(5) - 2
=12 +20-2=30

7. Let * is a binary operation on set of integers |,
defined by a *b = 2a + b — 3. Find value of
3*4, Delhi 2011C; All India 2008



Given, a*b=2a+b -3

On putting a =3 and b = 4, we get
3*4=203)+4-3
=6+4-3=7
8. If the binary operation * on set of integers Z

is defined by a *b = a + 3b%, then find the
value of 2* 4. Delhi 2009

Do same as Que 5. [Ans. 50]

9. Let *is the binary operation on N given by
a*b =HCF(a, b) where,a,be N. Write the
value of 22* 4, All India 2009

Given, a*b= HCF of a and b, where
aand b e N.
Now, 22 * 4 =HCF of 22 and 4

=HCFof(2x11)and(2 x2)=2
22% 4= 2 (1)

10. If the binary operation *, defined on Q, is

defined asa*b =2a + b —ab, for all as beQ.
Find the value of 3* 4. Foreign 2009

Given, a*b=2a+b-ab,Va beQ.
On putting a = 3 and b = 4, we get
3*4=2-3+4-3-4
=6+4-12=-2
11. If*is a binary operation on set Q of rational

numbers defined asa*b = %. Write the

identity for ¥, if any. All India 2009C; HOTS



; . L ab
Given, binary operationisa* b = —.

Let e be the'identity element of * on Q.
Then, a*e=a,vVaeQ
[by definition of identity element]

12. If S is the set of all rational numbers except
1 and * be defined on Sbya*b=a+b—ab,
foralla,bes.

Prove that

(i) *is a binary operation on S.

(i) *is commutative as well as associative.
Delhi 2014C



(i) We know that, addition of two rational
numbers is a rational number. Also,
multiplication of two rational numbers is
also a rational number.

Here, a and b are rational numbers other than
1. So, a+ b — ab is also a rational number
[since difference of two rational numbers is
rational number]. So, * is a binary operation
onsetS. (1)

(i) Commutative
a*b=a+b-ab =b+a-ba
= a*b=b*a .
Hence, * is commutative. (1)
Associative (a* b)* ¢
=(a+b—-ab)*c
=a+b-ab+c-(a+b-ab)c
=a+b+c—-ab-bc-ac+abc...(i) (1)

and a*(b*c)=a*(b+c - bc)

=a+b+c—-bc—-a(b+c—bc)

=a+b+c—-ab-bc—(ac + abc) ...(ii)

From Egs. (i) and (ii), we get
(@*b*c=a*(a*c)

Hence, * Is associative. (1)

13. Consider the binary operations *: Rx R— R

and o:Rx R— Rdefinedasa*b=|a -b|
andaob=a. For alla,be R Show that *is
commutative but not associative, ‘0’ is
associative but not commutative.

All India 2012



Given *:RxR - R such that a*b=|a - b|
andaob=a,Va bekR

We have to show that, * is commutative but
not associative.

(i) Commutative
a*b=|a-b|,VabeR [given]
and b*a=|b-aVabeR
=|-(a-b)|
=|la-b| [|-x|=|x|,V xeR]
Thus, a*b=b*a,Va beR
Hence, * is commutative. (n

14. Consider the binary operation * on the set
{1,2,3, 4, 5} defined by a *b = min{a, b).
Write operation table of operation *.

Delhi 2011
Given, binary operation is a* b =min {a, b}
defined on the set{], 2, 3, 4, 5}. (1/2)

The operation table for operation * is given as
follows:

* 1 2 3 4 5
1 1 1 1 1 1
2 1 2 2 2 2
3 1 2 3 3 3
4 | 1 2 3 4 4
5 1 2 3 4 5

Fr1*1=minfi 1} = 1,1* 2 = min{l, 2} =1
..5* 4=min{5,4 = 4,
5*5=min{5,5} =5] (3%)



15. A binary operation * on the set {0, 1, 2, 3, 4,

. . _|la+b, ifa+b<b
5} is defined asa*b‘{a+b—6, o LB E -

Show that zero is the identity for this
operation and each element ‘@’ of the set is
invertible with 6 — a, being the inverse of ‘a’.
All India 2011; HOTS
a+b, ifa+b<6
at+b-6,ifa+b=6

The operation table for * is as follows:

Givena*bz{

. A i i e A

0 0 1 2 3 4 5
1 ! 1 2 3 4 i 0
2 | 2 3 4 5 0 ]
3 | 3 4 5 0 1 2
4 4 5 0 1 2 3
a3 0 1 2 3 4

(2)
[0+0<6=0+0=0;0+1<6

=0+1=1,..1+4<6=1+4=5;1+52>26
=1+5-6=0;..]
From table, we note that
() a*0=0*a=a. Hence, 0 is the identity
for an operation. (1)
(i) 1*5=0,2*4=0, 3*3=0, 4*2=0,
5*1=0
Hence, inverse of 1 is 5, i.e.for element a,
6 — aisitsinverse. (n



16. If * is a binary operation on Q, defined by
a*b = 3ab/ 5. Show that * is commutative as
well as associative. Also, find its identity, if it
exists. Delhi 2010

Given, binary operation is
g™ by ?’2—2, a,beQ

(i) Commutative a* b = —339 [given]

5

and b*a=-3—tz‘3

[by using definition of *]

3zb = Bba’ V a, be Q is true

a*b=b*a,VabeQ
Therefore, * is commutative., (1)
(ii) Associative

a*(b*c)=a*

usinga*b="—
\ 5 5

(3bc”
\ 5 ) _9abc
5 25

and (a*b)*c::(%]*c

[ a*bm—:i:—q,Va,beQil

f_?:{)_g\ [ Babjl

3a

——



3ab
-
_ ( 5 J(C)“Qabc

5 25
Clearly, a*(b*c)=(a*b)*c,
VabceQ
Therefore, * is associative. (2)

(iti) Existence of identity Let e be the identity
element of * on Q. Then, by definition of
identity element, we must have

a*e=e*a=a3, VvVaesQ

Let a*e=a, VaeQ
=5 gﬁg:az r'.'a*b:—3ab
5 ' 5
5
=% e=—-eQ
3

3, : .
o 5:5 the identity element of *

defined on Q. (1)

17. If A=N x N and * is a binary operation on A

defined by (a,b)* (c,d)=(a +c,b +d). Show
that * is commutative and associative. Also,
find identity element for * on A, if any.

Foreign 2010



The given binary operation is
(a, b)*(c,d)=(a+c.b+d)
defined on A = N x N, we have to show that
* Is commutative and associative.
(i) Commutative
(a, b)*(c,d)=(a+c, b+d),
V(a, b)(c,d)e NxN [given]...(i)

Also, (c,d)*(a, b)=(c +a,d + b)

V(a, b),{c,deNxN —
Since, at+c=c+a VvVaceN
and b+d=d+b,VbdeN

From Egs. (i) and (ii), we get
(a+c,b+d)=(c+a b+d),
Va,b,c,deN
= (a,b)*(,d)=(c,d)*(a,b),
Via b)(c,d)e NxN
Therefore, * is commutative., (1)
(i1) Associative (a, b) * [(c, d) * (e, )]
=(a, b)*c+ed+f)
[using given definition of *]
=(a+c+e b+d+1) ()
Also, [(a, b) * (c, d)] * (e, f)
=(a+c,b+d) *(e f)
[using definition of *]
=(@a+c+e b+d+1f) (1)



From Egs. (i) and (ii), we get

(a, b)*[(c,d)* (e, N =[(a, b)* (c,d)]* (e, f)
V(a, b),(c,d), (e fle NxN (2)
Therefore * is associative.

(iii) Now, we check the existence of identity of
the given operation *.

Let if possible (s, t) be the identity element
of the operation *. Then, by definition of
identity, we must have

(a, b)*(s,t)=(a, b),V (a, b),(s, ) e N xN
= (a+s b+t)=(a b)

[ (a, b)*(c,d)=(a+c, b+d)is given]
On equating corresponding elements, we
get

a+s=a .. ()
and b+t=>b (i)
Egs. (i) and (ii) are true, when s=0 and
t=0
i (s,0)=(0, 0)
But 0,00 N x N

= Identity of the above operation * does
not exist as there does not exist any
(s,t) € N x N such that

(@, b)*(s,t)=(a, b),V(a b)eNxN (1)

18. If*is the binary operation on N given by
a*b=1LCMofag andb.Find20 * 16.1s *
(i) commutative and (i) associative?
All India 2008C
Givena* b =LCM of aand b

LCM of 20 and 16 = 80
20%16 =80 (1)



(i) Commutative
a*b=LCMofaandb [given]
and b*a=LCMofbanda

=|LCMof(banda),V a, beQ
and a%b=b*3,v¥abecl
Therefore, * is commutative. (1'%2)
(ii) Associativea* (b*c)=a*(LCMofb
and c)
[ a* b=LCM of a and b]
= a*(b*c)=LCMof(a, bandc) ...(0)

and (a*b)*c=(LCMof aand b)*c

= (a*b)*c=LCMof(a, b andc) ...(ii)

From Eqs. (i) and (ii), we get
a*h*)=a*h*c.Vabecel

Therefore, * is associative. (1%)

19. If *is a binary operation on set Q of rational
numbers such that a*b=(2a - bh)?,a,beQ

Find3*5,5*3,1s3*5=5*%3? Delhi 2008C
The given binary operation is
a*b=Qa-b?a beQ
3*5 =[2(3) - 5]°
[puta=3andb=5ina*b=_2a- bh)?
={6-5°=(1)?=1 (1%4)
Also, 5% 3=[2(5) - 3%
[put a=5andb=3ina*bh=0Q2a—b)’]
=(10-3)% =(7)*=49 (1%)
Clearly, fromabove 3*5 #5*3 (1)
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