Basic Mathematics(Pre-requisite)

Concepts of Differentiation and Integration
Calculus

Calculus is basically a way of calculating rate of changes (similar to slopes, but called
derivatives in calculus), areas, volumes, and surface areas (for starters).

It's easy to calculate these kinds of things with algebra and geometry if the shapes you're
interested in are simple. For example, if you have a straight line you can calculate the slope
easily. But if you want to know the slope at an arbitrary point (any random point) on the
graph of some function like x-squared or some other polynomial, then you would need to
use calculus. In this case, calculus gives you a way of “zooming in” on the point you're
interested in to find the slope exactly at the point. This called a derivative.

If you have a cube or a sphere, you can calculate the volume and surface area easily. If you
have an odd shape, you need to use calculus. You use calculus to make a infinite number or
really small slices of the object you're interested in, determine to sizes of the slices, and
then add all those sizes up. This process is called integration. It turns out that integration is
the reverse of derivation (finding a derivative).

In summary, calculus is a tool that lets you do calculation with complicated curves shapes,
etc. that you would normally not be able to do with just algebra and geometry.

Differentiation and Integration

Differentiation is the process of obtaining the derived function f'(x) from the function f(x),
where f (x) is the derivative of fat x.

The derivatives of certain common functions are given in the Table of derivatives,

Table of derivatives :
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tan x sec? x
cot x —--cosec? x
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Many other functions can be differentiated using the following rules of differentiation:
(i) If h(x) = k f(x) for all x, where k is a constant, then h'(x) = k f (x).
(ii) If h(x) = f{x) + g(x) for all x, then h' (x) = f (x) + g'(x).
(iii) The product rule: If h(x) = f{x)g(x) for all x, then h'(x) = f(x)g'(x) + f (x)+9' ().
(iv) The reciprocal rule: If h(x) = 1/f(x) and f(x) # 0 for all x, then
R (I) . flz)
(f(=))*
{v) The quotient rule: If h{x) = fix)/g(x) and g{x) # 0 for all x, then

, _ g(z)f(z)—f(z)g'(z)
h (‘r) - (9(2))?

{v1) The chain rule: If h(x) = (fo g)(x) = Ag(x)) for all x, then h'(x) = Ff(g(x))g'(x).

Example:
o) = o
Pla) = £5() = £()

= f(z) =nz"!

Integration is the process of finding an anti-derivative of a given function f. ‘Integrate f
means ‘find an anti-derivative of f. Such an anti-derivative may be called an indefinite
integral of fand be denoted by [f(x)dx.

The term ‘integration’ is also used for any method of evaluating a definite integral.

fﬂb f(x) dx



The definite integral can be evaluated if an anti-derivative @ of f can be found, because then

its value is ®(b) — ®(a). (This is provided that a and b both belong to an interval in
which fis continuous.)

However, for many functions f, there is no anti-derivative expressible in terms of
elementary functions, and other methods for evaluating the definite integral have to be
sought, one such being so-called numerical integration.

Example:
) -+
:}-ff(;r)d;r = [z"dz

:;-}ff(a:)d;r — 20 4 constant

n+1
n/

I

A

AAXp (l

Differential and Integral Calculus

Differential calculus
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Let x and y be two quantities interrelated in such a way that for each value of x there is one
and only one value of y.



The graph represents the y versus x curve. Any point in the graph gives an unique values
of x and y. Let us consider the point A on the graph. We shall increase x by a small
amount Ax, and the corresponding change in y be Ay.

Thus, when x change by Ax, y change by Ay and the rate of change of y with respect to x is
Ay

equal to AX
In the triangle ABC, coordinate of A is (X, y); coordinate of B is (x + Ax, y + Ay)

Ay

The rate 4% can be written as,

-‘Ai:E:tmO:slope of the line AB
Ax AC

But this cannot be the precise definition of the rate because the rate also varies between
the point A and B. So, we must take very small change in x. That is Ax is nearly equal to zero.
As we make Ax smaller and smaller the slope tan0 of the line AB approaches the slope of

the tangent at A. This slope of the tangent at A gives the rate of change of y with respect
to x at A.

dy
This rate is denoted by @x

and,

1 ' : AJ'
—=lim —
dx =0 Ax

Question:

Find the slope of the curve y =1 + x2atx = 5.
Solution:

y=1+x2

ay

We know slope is given by, @x



i:i(1+x3)=0+ 2x=2x
dx dx

So,atx=5theslopeis=2x5=10

Maxima and Minima

Let x and y be two quantities interrelated in manner as shown in the graph below:

l)

Q

L}
At the points P and Q the tangents to the curve is parallel to the x-axis.

Hence, its slope tanBtan6 = 0.

dv

But we know that the slope of the curve at any point equals the rate of change @x at the
point.

Thus, at maximum (at P) or at minimum (at Q),

Just before the maximum the slope is positive, at the maximum it is zero and just after the
dl’

maximum it is negative. This implies, @X decrease at a maximum.
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Similarly, at the minimum:
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Question:

A particle is thrown vertically upwards. At what time does the particle reach the maximum
height? Find it using differential calculus.

Solution:

The equation of motion of the particle is given by.

Where, y is the vertical displacement, u is the initial velocity, g is the acceleration due to
gravity, t is the time.

dl'
The vertical displacement is a function of time. Therefore, it will be maximum when dt %
V=ut —-l gt2
} 2
3 A d 1/ 1 :\'.
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-
dt
@y _
e
=u—gt=0
=>rf=—
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Thus, the particle reaches maximum height at the time,

Integral calculus

In the graph we have a curve PQ representing the relation between x and y. The equation of
the curve is, y = f(x)

L

Q

f(h)

f(a)
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We shall find out the area under this curve. That is we need the area of APQB. To find
this we shall first consider a very thin rectangle touching the curve and standing on the x-
axis. The width of the rectangle is so that both the edges of the side near the curve actually
touch the curve almost at the same point which means that Ax is so small that it tends to
ZEro.

Area of this thin rectangle is = f(x) Ax

We shall take n such rectangles and fill the area. The area of APQB in the sum of the area of
the rectangles. This may be written as

tim S £
S=lim, 37/ (x)Ax

This quantity is also denoted as,

S=12 f(x)dx



Question:

The equation of motion of a particle is given by, x = 1 + ¢3. Calculate the distance travelled
by the particle from timet=0stot=5s.

Solution:

The motion equation is given by,
x=1+8

The velocity at any instance is,

v=§=i(l+z3)=3z:
dt dx

The velocity time graph is:

v
A

velocity
~N

| 2 3 4 5
time

The are under this graph is the distance covered.
The area can be found by integrating the curve from t = 0sto t = 5s
S=1; (3" dt

£T
:>s=3{—} ~125

Therefore the distance travelled by the particle in the given time interval is 125 m.



Scalar and Vector Quantities

Do you know what a physical quantity is? A physical quantity is any physical property that
can be expressed in numbers. For example, time is a physical quantity as it can be
expressed in numbers, but beauty is not as it cannot be expressed in numbers.

Scalar Quantities

If a physical quantity can be completely described only by its magnitude, then it is a scalar
quantity. To measure the mass of an object, we only have to know how much matter is
present in the object. Therefore, mass of an object is a physical quantity that only requires
magnitude to be expressed. Therefore, we say that mass is a scalar quantity.

Some more examples of scalar quantities are time, area, volume, and energy.

We can add scalar quantities by simple arithmetic means.

It is difficult to plot scalar quantities on a graph.

Vector Quantities

There are some physical quantities that cannot be completely described only by their
magnitudes. These physical quantities require direction along with magnitude. For
example, if we consider force, then along with the magnitude of the force, we also have to
know the direction along which the force is applied. Therefore, to describe a force, we
require both its magnitude and direction. This type of physical quantity is called a vector

quantity.

Therefore, we can define vector quantity as the physical quantity that requires both
magnitude and direction to be described.

Some examples of vector quantities are velocity, force, weight, and displacement.
Vector quantities cannot be added or subtracted by simple arithmetic means.
Vector quantities can easily be plotted on a graph.

Scalars v/s Vectors

Scalars Vectors




. . A vector quantity has both magnitude and

A scalar quantity has only magnitude. : orq ty &
direction.

Scalars can be added, subtracted, Vectors cannot be added, subtracted, and
multiplied, and divided just as ordinary multiplied following simple arithmetic
numbers i.e., scalars are subjected to laws. Arithmetic division of vectors is not
simple arithmetic operations. possible at all.
Example: mass, volume, time, distance, Example: displacement, velocity,
speed, work, temperature acceleration, force

Position Vector

Position vector of a point in a coordinate system is the straight line that joins the origin and
the point.

Pix. v)

0 =X

Magnitude of the vector is the length of the straight line and its direction is along the
angle 6 from the positive x-axis.

Displacement Vector

Displacement vector is the straight line joining the initial and final positions.



Equality of Vectors

Two vectors 4and B are said to be equal, if and only if they have the same magnitude and
the same direction.

—_ —
A and F are equal T and B are unequal vectors; their magnitudes
are same but diractions are nol same.

Scalars and Vectors; Multiplication of Vectors by Real Numbers

Scalars vs. Vectors

Scalars Vectors

A scalar quantity has magnitude only. A vector quantity has both magnitude and
direction.




Scalar quantities can be added, subtracted,
multiplied and divided just like ordinary
numbers, i.e., scalars are subjected to simple
arithmetic operations.

Vectors cannot be added, subtracted or
multiplied following simple arithmetic rules.
Arithmetic division of vectors is not possible at
all.

Example: Mass, volume, time, distance,
speed, work, temperature, etc.

Example: Displacement, velocity, acceleration,
force, etc.

Distance & Displacement:

Position Vector

The position vector of a point in a coordinate system is the straight line that joins the origin

and the point.
Y
A
Plx, v)
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The magnitude of a vector is the length of the straight line. Its direction is along the

angle 0 from the positive x-axis.

Displacement Vector




Displacement vector is the straight line joining the initial and the final position.
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Equality of Vectors
— —
A and B

Two vectors are said to be equal only if they have the same magnitude and

the same direction.

— i
T and [ oare equal A and # are unequal vectors; their magnitudes
are same but diractions are nol same.

Negative vector
Negative vector is a vector whose magnitude is equal to that of a given vector, but whose
direction is opposite to that of the given vector.

Zero vector
Zero vector is a vector whose magnitude is zero and have an arbitrary direction.

Resultant vector
The resultant vector of two or more vectors is a vector which produces the same effect as
produced by the individual vectors together.



Multiplication of Vectors by Real Numbers

%
 Multiplication of a vector A with a positive number k only changes the magnitude of the vector keeping its

direction unchanged.
- —
}kA } _ k}A < i k>0

— —
« Multiplication of a vector A with a negative number -k gives a vector —k A in the opposite direction.

Addition and Subtraction of Vectors

Addition of Vectors: Triangle Method

— —
The given vectors A and B have to be arranged head to tail, keeping their directions
unchanged.
Q
g T .
B
P
-;J;}:..‘
PR
R
— — —
» Theline PR, joining the ending point of A and the starting point of B, represents a vector R (resultant vector) that is the sum
-+ =
of the vectors A and B.
- = =

ie,R=A+8B

 Vector addition obeys commutative [aw and associative law.
D e i - 3N\ =2 2 (2 =

e, A+B=B+Aand|A+B|+C=4A+|B+C

Subtraction of Vectors
-+ = — -

s The difference between two vectors A and B is defined as the sum of two vectors A and — B
=S S A
e, R=A-B=A+|-B
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Polygon law of vector

e According to this law, if a number of vectors acting in a plane are represented in
magnitudes and directions by the sides of an open polygon taken in order, then the
resultant vector is represented in magnitude and direction by the closing side of the
polygon taken in the opposite order. The direction of the resultant vector is from the
starting point of the first vector to the end point of the last vector.

N
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=+ == = —
o Vectors P, Q), S and T are placed in order to represent an incomplete polygon. Their resultant vector R represents the

closing side of the polygon.
Parallelogram Method of Vector Addition

-+ =
« Thegiven vectors A and B have to be arranged, keeping their directions unchanged such that their starting point is a common

point 0.



=

T

o Ifaparallelogram OQSP is drawn with these two vectors as its sides, then the diagonal OS is
_:,

the sum R (resultant vector) of the two vectors.

e The length of the diagonal is the magnitude of the resultant vector and its direction is along
the diagonal OS.

e The magnitude of the resultant vector R is given by

- =
(1) If A and B are perpendicular to each other, then & = 90°

R = vA* + B* + 2ABcos90°
= R = AT + B? (.- cos90° = 0)

B sin 90~

Now, tantl = 5T

= tanf — IB

— —
(2)1f A and B are parallel to each other, then § = 0"

R = /A2 + B2 + 2ABcos(’
= R = /A2 + B? L 2AR
= R=A+ B

_ B zin 0"
Now, tanf = =50

—~0 =0 (- sin0° = 0)

- =
(3)If A and B are antiparallel to each other, then @ =180"

R = +A* + B* + 2ABcos 180°

= R =+A? + BT —2AB (. cos1l80 = —1)
= R=A-B
Now, tand — Lt

= f# =0 (.sinl80° = 0)



Resolution of Vectors
Unit Vector

e A unit vector is a vector of unit magnitude and points towards a particular direction.

]

= Unit vector can be expressedas @ = =

¥

a

» i, j and k are three special unit vectors along X, ¥, and Z axes respectively.

Resolution of Vector in Rectangular Components (in Two Dimensions)
o The process of splitting a vector into rectangular components is called resolution of vector.

e The components of a vector are found by projecting the vector on the axes of a rectangular
coordinate system. The coordinate system can be considered according to our convenience.

Y
A
Qf R
a
1
- -




— — —+ . ) .
» ayx and ay are the components of vector a along X-axis and Y-axis respectively.

From triangle law of vector addition, we have
OR = OP + 0Q

— - — -
I — -
Or a = ady+ ay OP=ayand OQ= ay,

Let i and 5 be the unit vectors along X-axis and Y-axis respectively.
— ’ — .
oGy =01 and dy =ayj

Hence, d = ax% + aT}

From right-angled triangle ORP, ax = a cos 8 and ay = a sin 6

Thus, the magnitudes of the components are

ax=acos @ and ay=a sin

Therefore, if the components of a vector are known, then its magnitude and direction can
be determined by using the following equations.

PR a,
a=.la+a’ mng:(}p '
¥ ¥ and ”.‘.‘

Resolution of vectors explained by teacher:



Rectangular Components of a Vector in Three Dimensions

z__;—

Using triangle law of vectors,

OR =0T+ TR

Using parallelogram law of vectors,
OT = OS + OP

- OR=0S +0P+TR

LY

LY
+

> > — —

=05+0P+0Q - TR =0Q

- = = =
OF @ = Az + Gx+ ay
Let E}x = ﬂz-k: E:“r :az%:' E}y :a'y}
'.E} :a‘zg_ay_}.+a':.£
If, @, B, and y are the angles which ? makes with X, ¥ and Z axes respectively, then
8y=8C0S @ 8,=a8Ccos B, a,=acosy

And, a—\.'u: ka’ }u__'

Addition of Vectors by Analytical Method




—_— = -
Let OP and OQ) represent the two vectors A and

— = =
~"R=A+B

For right-angled triangle ONS,

0S2= ON2+ SN2

However,ON = OP + PN = A+ B cosf
SN = B sin6@

0S2= (A + Bcos0)2+ (Bsin6)?

= R?= A%+ BZ+ 2ABcos0 ... (i)

In AOSN, SN = 0S sin a= Rsin

In APSN, SN = PS sinf= B sinf

kR_ 5 (i)
—sind sina

Similarly,
PM = A sina= B sinfs

A 51

sin Sine --ir)

Combining equations (ii) and (iii), we obtain

R A B
sinf/ sin/l  sing

LA1v)

=

Using equation (iv), we obtain
sing =—sinfd A
R

Where ‘R’ is given by equation (i)

—
B, making an angle 8.



SN Asind .
tano = = LAl
= OP+PN A+ Bcosd

Equation (i) gives the magnitude of the resultant and equation (v) and (vi) its directions.
Equation (i) is known as the law of cosines and equation (iv) as the law of sines.
Problems Based on Addition of Vectors by Analytical Method

Example - Two forces 10 N and 15 N are acting at an angle of 120°between them. Find the
resultant force in magnitude and direction.

Solution
Here,A=10N,B=15N

6=120%R=? a=7

R=vA +B +24Bcosd

. R =J(10)* +(15)* + 2x10x15cos120°

R= JIE}E}+225+3{IU[—%]
= 2

R=+J100+225-150

-, R=+175

= R=13.2N

Bsind

tangt = ————
A+ Beost

155in120°
tan ar =
= 10+15¢c0s1207




L]

15% —
— tan a = = 115D><_D%357
1[}+15><(——) :
13.05 ’
=95 — 522

= tan a = 5.22
= a=tan ! (5.22)
=a="79.15"

Scalar ProductScalar product of two vectors A and Bis given by

A-B=ABcosh
B,
5}
— -
A

It is also known as dot product.
The result of the scalar product of two vectors is a scalar quantity.

When two vectors are parallel, 8 = 0°, cos 0° =1

— =
. A.B =ABcos 0" = AB

- A—>.B->=ABcos 0°=AB

I o
For unit vectors, ! =1 [l cos0
=|xlxl=1
Similarly, Joi=k-k=1

When two vectors are perpendicular, 8 =90°, cos 90° =0



. A-B=ABc0s90° =0
It means the dot product of two perpendicular vectors is zero.

For unit vectors, =l ] eos90°

OR

[ j=1x1x0=0

Similarly, '/ =/ k=k-1=0
Properties of Scalar Product of two vectors

Scalar product of two vectors is commutative, i.e.,

.B=B-A

= |

Scalar product is distributive, i.e.,

(B+C)=A-B+A-C

=]

Scalar product of a vector with itself gives the square of its magnitude, i.e.,
A-A=A"
Dot Product in Cartesian Coordinates

Lot A=ATHA JHAK



and B=B,i+B j+Bk
A-B=(A,i+A j+Ak)-(Bi+B, j+B.k)
A-B=Ai-(Bi+B,j+Bk)
+A_,_.}' - {Bl_f + B_1_,}+ E:I.:}
+A.__£ (B,i + B_,.j‘ + B__kﬁ]
=AB(i-1)+A B, (i-))+AB.(i-k)+
AB.(j-)+A B (j-))+A B,(j-k)+AB,
(k-1)+AB,(k-j)+AB.(k-k)
=AB ()+A B (0)+A B.(0)+A B, (0)
+A B (N+A B.(0)+A_B (0)+ .A:B_,_(ﬂ] +A_B_(1)
A-B=AB,+A B +AB,

Vector Product

— —
« The magnitude of the vector product of two vectors A and B is defined as the product of the magnitude of
— —
the vectors A and B and sine of the smaller angle between them.

- = A
A x B = ABsinfn .. (i)

A — —
Here, n is the unit vector perpendicular to both A and B.

- = - =
« The cross product of two vectors A and B is a vector, which is at right angles to both A and B and points
in the direction in which a right-handed screw will advance.
The vector product of two like vectors is zero.

Example:



ixi=jx]=kxk=())sin0°(#)=0

% = (1{1)sin90°(k) = k

Here, k is the unit vector perpendicular to the plane of ;andjand is in the direction in
which a right-handed screw will move, when rotated from i to j .

Also, %1 = (D(1)sin90°(—k) = —k

Similarly,

fxk=—kxj=i, g kxi=—ixk=]

— =
Let A and B

be two vectors.

Rexitpjezh

B= .].':.F: + y:_; + zlﬁ';
Then,

AxB= I[.l'l; +}',_}'+ :1£:}><{x:f +_1-':_}'—|- ::ﬁE]

Ax B = oz, — 0 )i +(z,x, —x,z, ]_;’+{x,y1 —}-']x:}ﬁ;

i i k
=% M 5
X, Vs A

Properties of Vector Product

The cross product of a vector with itself is a null vector.
Ax A= (AN A)sin 0% =0

The cross product of two vectors does not obey commutative law.



AxB#BxA
o The cross product of vectors obeys the distributive law.

Ax[§+£"]|=f1'xﬁ+ AxC

— —
If the vectors A and B represent the two adjacent sides of a parallelogram, the magnitude
— —

A and B

of cross product of will represent the area of the parallelogram.

B/ ik

1

|

]

Hi‘l__
O D A A

—  —=
* Area of parallelogram ABCD = {A X B‘



