


3.2 Calculus

CONTINUITY

In mathematics, a continuous function is a function for which,
intuitively, small changes in the input result in small changes in
- the output. Otherwise, a function is said to be discontiriuous.

A continuous function is a function whose graph can be
drawn without lifting the pen from the paper.

For an example, consider the function A(¢) which describes the
height of a growing flower at time . This function is continuous.
In fact, according to classical physics everything in nature is
continuous. By contrast, if M(¢) denotes the amount of money in
abank account at time £, then the function jumps whenever money
is deposited or withdrawn, so the function M(¢) is discontinuous.

Definition of Continuity of a Function
A function f'(x) is said to be continuous at x = a if
lim f(x) = lim f(x) =f(a)
x—a x—at -
" ie, L.H.L.=R.H.L.=value ofa functionatx=a
or lim f(x)=f(a).
x—a
A function f (x) is said to be discontinuous at x = a if
a lim_ f(x) and lim f(x) exist, but are not equal.

h lim f(x) and hm f (x) exist and are equal but not

x—a

equal to f(a).
¢. f(a)is not defined.
At least one of the limits does not exist.

%4 example, discussi 1gC

amngful but cont

'contmuzty 'atjc' ()
Iso,. continuity at x
istence oflzmzt atx = 'a do S

' Dlrectlonal Continuity

A function may happen to be continuous in only one direction,
either from the “left” or from the “right™.
A right-continuous function is a function which is continuous

at all points when approached from the right, thatis,c<x<c¢+ 8 -

[Fig. 3.2(b)].

Similarly, a left-continuous function is a function which is
continuous at all points when approached from the left, that is,

" —6<x <¢[Fig.3.2()].
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Fig.3.2
A function is continuous x = a if and only if it is both right-
continuous and left-continuous x = a.

Continuity in Interval _ ‘
A function is-said to be continuous in the open interval (a, b) if
f(x) is continuous at each and every point € (a, b). For any

ce (a,b), lim £(x)= lim f()=/(@)

A functlon f (x)is sald to be continuous in the clesed. interval
[a, b] if it is continuous at every point in this interval and the -
continuity at the end points is defined as f (x) is continuous at-

x=qiff(a)= J‘li)r?)r f(x)=R.H.L. (L.H.L. should notbe evaluated)

~.andatx=bif f(b) = lim f(x)=L.H.L. (R.H.L. should not be
- x—b" . .

evaluated).

IBEIGIIERAM A function f(x) satisfies the following property:
JEt)=fx)f(»)

Show that the function is continuous for all
values of x if it is continuous at x = 1.

Sol. As the fur_xction is continuous at x = I, we have
3'_11)r11_f(x) = lim f(x)=f®
= lim f(1-h) = lim f(1+%) = f(1)
= lim /(1) f(-h) = im £ S (B = £ )
[Using f(x+y)=f(x) /()]
= lim f(-h) = lim /() =1 - 0
Now, consider any arbitrary point x = a.
LHL.= lim f(a—h)
= lim 7(a) f(=h)
- f(a) lim f(-h) =f(a)
[as hm f (—h) =1, using equation (1)]
RHL.= lim f(a+h)
- lim /(a) / (k)
= f(@lim /(1) =f(a)
[as ,lgr(l) S (7)=1, using equation (1)]



Hence, at any arb1trary point (x = a), LH.L=R.H.L N

=f(a).
Therefore, function is continuous for all values of xifitis
continuous at 1.

Let f be a function satisfying f(x+y)
C TN6-1() —f(x)f(y)andf(h)—>6ash—>0

Discuss the continuity of f.
Sol. RHL.= lim f(x)
x—x+

= lim f(x+)

= lim[ 700 f (W~ 6= T (8]
= 00 lim £ ()~ lim 6= 7 ()

=f(x) 6-0=6/(x)%/(x)
This shows that if £ (x) # 0, then fis dlscontmuous atx. If
f(x) =0, then f(x) is continuous at x.

1. Let f(x +y) =f(x) +f(y) for all x and y. If the function
f(x) is continuous at x = 0. Show that f (x) is continuous
for all x.

2. A function f'(x) satisfies the following property: f @y =

_ f(x) f(). Show that the function () is continuous for all
values of x if it is continuous at x = 1.

3. Iff(x+y)=f(x)f(y) forallx,y € Rand
f6) =1+ g(x) Gx), where limg(x)=0 and lim G(x)

exist, prove that f(x) is continuous at all x € R.

TYPES OF DISCONTINUITY
Removable Discontinuity

Here hm f ( ) necessarily exists, but is either not equal to f (a)

or f (a) is not defined. In this case, it is therefore poss1b1e to

redefine the function in such a manner that lim f{x ( ) =f(a)and
x—a

thus makes the function continuous.

Consider the functions g(x) = (sin x)/x. Function is not defined
atx=0, so the domain is R — {0}. Since the limitof g at 0 is 1, g can
be extended continuously to R by defining its value at 0 to be 1.

Thus redefined function

sinx
Gx)=14 x ~
: 1, x=0
Thus, a point in the domain that can be filled in so that the

resulting function is continuous is called a removable
discontinuity. '

is continuous at x=0. -

. . -{——1, x#1
. Consider function f(x)=4 x-1
3, x=1

Continuity and Differentiability 3.3

In this example, the function is nicely defined away from the
pointx=1. '
In fact, if x # 1, the function is

2
-1 (x-D(x+1)
fx= =

x-1 x-1
However, if we were to consider the point x = 1, this definition no

longer makes sense since we would have to divide by zero. The
function instead tells us that the value of the function is

f()=3.

=x+1

_\\

Fig.3.3

" In this example, the graph has a “hole” at the pointx =1, which
can be filled by redefined f (x) at x =1 as 2 (see Fig. 3. 3). 7

This type of discontinuity is also called missing point
discontinuity. »

Non-removable_ Discontinuity

If lim f(x)# hm f(x),then f(x) is sa1d to have the first kind.

x—a”
of non-removable discontinuity.

Consider the function f (x) = 1/x . Function is not defined at
x=0. The function fcannot be extended to a continuous function
whose domain is R, since no matter what value is assigned at 0,
the resulting function will not be continuous. A point in the
domain that cannot be filled in so that the resulting functlon is
continuous is called a non-removable discontinuity.

Graphical View of Non-removable Discontinuity
Both the limits are finite and not equal

Consider the function f (x) = [x], greatest integer function. As
shown in Fig. 3.4, the graph has jump of discontinuity at all

.integral values of x.
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3.4 Calculus

Atleast one ofleft and right limit is infinity or vertical asymptote
Consider the function f(x) = tan x

y
o /n2 2 s
Fig. 3.5

L . /4 4
Here the function is not defined at points iE’ i35 and near

these points, the function becomes both arbitrarily large and
small. Since the function is not defined at these points, it cannot
be continuous.

Oscillations (limits oscillate between two finite quantities)

- f(x)=sin 2 Whenx— 0, 1 —> oo and sin(—> *eo) can take
x x

any value betweeh ~1 to 1 or we can say when x — 0, f >(x)
oscillates between —1 and 1 as shown in Fig. 3.6.

1€ RN Find the points of discontinuity of the following

functions.
O ]
a. = e—
A% R e
b. f()= ——————
) 23] x|42
¢ f()= ——
) x? +x? +1
1
d' f(x)= ] x=1
l1—e *2

e S =[[x}]-[x-1], where [.] represents the greatest
integer function.

Sol. & f(X)= ———

2sinx—1
f(x) is discontinuous when 2 sinx —1 =0

) 1 5
= sinx = }_- =x=2nw+ % orx=2nxw+ —6—,'!6 zZ

b f)=—5—F——
x°=3|x{+2
f(x) is discontinuous when x2 — 3jx| +2=0
- = -3k +2=0 . .
= (k-1 (-2)=0 '

= k=12
= x=x1,12
1 1
C. X)= =
/&) +x*+1 (2 1)2 3
=] +2
2 4
2
2 1 3
Now,x4+x2fl=(x +5) Z >1VxeR

- = f(x)is continuous Vx € R
N 1 -
d f@)=——0
l1-e *2
f(x)is discontinudus when x — 2 = 0. Also
x-1
when 1—¢ =2 =0

_x1
=>x=2ande =2 =
= x=2and X 1=0

x—2

"> x=2andx=1
e. fE)=[xN-[x-11=kx}-(x]-1)=1

= f(x)is continuous VxeR

. log (1 +
ERC I JREN Let f(x)= { 0g ( x)
: x*

value of £(0) so that the function fis continuous -
atx=0.

Sol. We must have f(0) = 1im0 fx)
x>

1+x

} then find the

x—0 x2

_ o A logd+x) - x (_g_foml)

log(l1+x)+1-1

= lim
x>0 2x
(Using L’Hopital’s rule)
=ll 10g(1+x)=l
2 x> x 2

IR TIERIEE What value must be assigned to & so that the

x* —256
functionf(x)=1< x—4 °’
k, x=4

x#4 . .
1S continuous

atx=4?



Sol. f(x)is continuous at x =4

—256
=f@= h_)4 !

=4x4*1=256

Ex'ample KXW A function f(x) is defined as follows
ax—b, x<1
fx)=13x, I<x<2
bx*—a, x =2
Prove that if /' (x) is continuous at x =1 but
discontinuous at x = 2, then the locus of the
point (a, b) is a straight line excluding the
point where it cuts the line, y = 3.

Sol. Given f(x) is continuous atx=1
- - f()=RHL.

= f(1)= lim f(x)
= f(1)= lim /(+)
= a—b=lm3(+h)

= a-b=3 , (D
Again, given f (x) is discontinuous at x =2
~ LHL.£f(2)

> Em @2 /Q)
= lim Q-1 /)
= lm3Q-h)#4-a

. = 6#4b-a
Let 6 =4b—a, then 2)
from equations (1) and (2), we getb=3
. locus y=3,
Wthh is impossible. (= 6%4b-a)
Hence, the locus of (a, b) is x — y = 3 excluding the point
when it cuts the line, y =3.

JPEY T CKIVE Let f(x) be a function defined as
2
x° -1

————, x=l
x2 2| x—1|-1

f&)=

-, x=1

2
Discuss the continuity of the function at x = 1.

Continuity and Differentiability 3.5

2
-1
Sol. f(1H= —W
. x? -1
-1 x" = 2(x~1)-1
= limﬂ_ =00
It (x+1) -2
)= XL ‘
S r 2_2|x-1]-1
. x?—1
xol" x° =2(1-x)-1
(x+1) 1

im :
-t (x+D)+2 2

Hence f (x) is discontinuous atx = 1.
2

sinax
,x#0
Example 3.8 JES9ae R .For what values of
: 3 +—,x=0
4 A4a

a, f (x) is continuous at x = 0.

2

sin ax
> X# 0.
Sol. f(x)=4 * is continuous at x =0
3 1
~+—, x=0
4 4da

« lim f()=1(©)

. asinax 3 1
= lm =—+4—
x-0 \a!xz 4 4a
31N
=a="+— T
4 A4q S
= 4a*-3a-1=0 S

= (4a+1)(a_—1)=0

= a=-1/4,1
a+3cosx

. atdeoss g
2

[Example3.9- IS RS v

- /4

v b ’

Ly ([x+3])
If f (x) is continucus at x = 0, then find a and

b, where [.]denotes the greatest integer
function.

a+3cosx

x2

Sol. f(x)= m( . }
[x+3]

A—ILT\ = b"an(zf‘} =3

s x<0

f0H= limbtan(



3.6 Calculus

_ .. _a+3cos(-h)
JO)= lim=—= 5=

= a+3=0as f(x) is continuous at x =0, then f(07) must

be finite. :

=a=-3

-3+3cosh _ hm ~3cosh _ -3

h2 h—>0 2 _2—

=f(07)= lim
h—0
Since f(x) is continuous at x = 0, then

5

3.
Bb=b=
\/J_ P

cos™! {cot x}, x<

LO Example 3.10 J{¢I SR

alxl-1,  x=

YRR

where [- ] represents the greatest function and {-}
represents the fractional part function. Find the
jump of discontinuity. o

cos”'{cot x}, x<
Sol. f(x)=

|alx1 -1,  x2

lim f@()= lim ' cos,'l {cotx}
xon 2 xon 2

=cos! {0*} = cos1 0=

SRR

lim f(x)= lim+/2(7t[x] -D=zn-1

xsx*/2

~- . jump of discontinuity =71 - % = —725 -1

_ 1. Sum, difference, product, and quotient of two continuous
functions are always a continuous function. However,

h(x)= /&) is continuous at x = a only if g (@) # 0.

2.1 f (.'% Jics continuous and g(x) is discontinuous, then
f(x)+ g(x) is a discontinuous function. (Prove by
contradiction.)

f) = and g(x) = [x] are the greatest integer functions.

" Here, f(x) is continuous at x = 0, but g(x) is discontinuous
atx=0. .
Hence, F (x) = x + [x] is discontinuous at x = 0 as

(0D =0andf(07)=—-1.

3. If f(x) is continuous and g(x) is discontinuous at x = 4,
then the product function A(x) = fix)g(x) is not necessarily
be discontinuous at x = a.
Consider, f(x) = x° and g(x) =sgn(x)
Here f(x) is continuous at x = 0 and g(x) is discontinuous |
at x = 0. But the product function is '
3

x°, x>0
x=0 , which is continuous at,

F(x) = f ()gx) =10,

— x>, x<0 - -

x=0. .

4. Iff(x) and g(x) are discontinuous at the same point, then
the sum or product of the functions may be confinuous.
For example, both f(x) = [x] (greatest integer function) and
g(x) = {x} (fractional part function) are discontinuous at
x= 1, but their sum f(x) + g(x) =x is continuous atx = 1.

x

- -1; x<0 ;, x<0
Also, f(x)= L x>0andg(x)= 1 x>.0

Here both the functions are discontinuous at x = 0, but
their product f(x) g(x) =-1, Vx€ R, is continuous atx=0.
5. Every polynomial function is continuous at every point
ofthe real line. - :
f)=agd +ax"™ +ax?+--+a,VxeR
6. Every rational function is continuous at every point
where its denominator is different from zero.
7. Logarithmic functions, exponential functions, trigonometric
functions, inverse circular functions; and modulus functions
are continuous in their domain.

x>0

\/ ; [x+1}; x<0
Example 3.11 RiggeIky and
. X5

x|+ x<1
o | |

—|x-2]; x>1’
Draw its graph and discuss the continuity of
o) |
Sol. Since f(x) is discontinuous at x =0 and g(x) is continuous
atx=0, then f(x)+ g(x) is discontinuous at x = 0.
Since f(x) is continuous at x =1 and g(x) is discontinuous
“atx=1, then f(x) + g(x) is discontinuous at x = 1.

Alternative method
—x-1, x<-1
fx)=4 x+1, -1<x<0 and
X; x>0
—x+1, x=0
) x+1, O0<x<1
x)=
& x—-2, l<x<2

—x+2, x=22
Also, f(x) and g(x) are re-written as



Continuity and Differentiability 3.7

(—x-1, x<-1 . : 2
: x+l, -1<xs<0 . 5. Discuss the continuity of f (x) = |_x_|’
f@)=5 x 0<x<1l and 0, x=0
s I<x<2 , , :
* * | | 1+30)%, x 20 _ .
L % xz2 6. Letf() =1, . Discuss the continuity of
. e ,x=0
—x+l o x<-l f)at(@)x=0,()x=1. .
-x+1, -1£x<0 .
gx)=14 x+1, 0<x<l1 b , xl— , x#1
x=2, l<x<2 7. Discuss the continuity of f(x) = | jx-1 41 atx=1.
=x+2, x=2 t ' : 0, x=1
—2x, x<=1 - 8. Which of the following functions is not continuous VxeR?
2, ~-1£x<0 ‘1
T : e
S +g)=12x+1, 0<x=l ‘ a. +2sinx+3 b T3
_ ‘ e
2x—2 1<x<2 o
: 2 x22 2 5/7
’ : 2% +1 .
The graph fo(x)+g(x) is shown in Fig. 3.7. : c. [23, +5) d Jsgnx+1
Ax—-B, x%=1
9, Ifthe functionf(x) = {3x, l<x<?2
. Bx*—A, x=2

be continuous at x = 1 and discontinuous at x = 2, find
the values of 4 and B.
10. Discuss the continuity of

[ ¥ —5x*+4
_ x=1)(x-2)|’ ’
Fig. 3.7 v | 6=IX )|
- = )\ 6, x=1
From the graph, f(x) + g(x) is discontinuous atx =0, 1. 12, x=2
plicatio L - | L
S L 1 11. Match the following. for the type of discontinuity at

. Find the value of /(0) so that the function ~ x=1in column II for the function in column L

' Jrx-flvz. :
f(x)= VX = F X ecomes continuous at x = 0.
X

x? —(A +2)x+A
5 forx#2andf(2)

. =2is continuoﬁs at x =2, then find the value of 4.
. Ifthe function f: R\ {0} — R given by

1 2
)= ——— " is continuous at x = 0, then find the
x e -

. Ifthe function f(x)=

vaiue of f(0).

1-tan x
. Let f (x) = P

-~ T

x¢£erE If i
xeo,xel 0, I fin) s

continubus in [0, %] , then find the value of f (%J

T Fawen




3.8 Calculus

CONTINUITY OF SPECIAL TYPES OF FUNCTIONS

Continuity of Functions in which Greatest
Integer Function is Involved

J(x) = [x] is discontinuous when x is an integer.

Similarly, f(x) = [g(x)] is discontinuous at all integers when
g(x) is an integer, but this is true only when g(x) is monotonic
[g(x) is strictly increasing or strictly decreasing].

For example, f(x) = [vx] is discontinuous at all integers when
Jx is an integer, as Jx s strictly increasing (monotonlc
function).

Jx) = [x2] x>0, is discontinuous at all integers when x? is an
integer, as x? is strictly increasing for x > 0. '

Now consider, f(x) = [sinx] , x € [0, 27]. g(x) = sinx is not

monotonic in [0, 27z]. For this type of function, points of

discontinuity can be determined easily by graphical methods. We
can note that at x = 372/2, sinx takes integral value — 1, but at
x=3m/2, f(x) = [sinx] is continuous.

IR EIUTIKRPI  Discuss the continuity of following functions
([-] represents the greatest integer function.)

a. f(x)=[log,x]
b f(x)=[sin'x]

2
xz],_xZO

Sol. a.log.x fllIlCthIl is a monotonically increasing function.
Hence f (x) = [loge x] is discontinuous, where
log,x=korx=é" ke Z
Thus £ (x) is discontinuous atx=--e 2 el &0 ¢!
e 2, e

b. sin xisa monotonlcally increasing function.
Hence, f(x)=[sin~ x] is discontinuous where sin ~'x
is an integer.
= sin x=— 1,0,1orx=-sin1,0,sin 1

¢ f&x) =[

c. L2’ x 2 0, is a monotonically decreasing function.
+x :

2 - .
- Hence, f(x)= [1 3 ] » X 2 0 is discontinuous, when
' +x :

'is an integer.

1+ x?

= 22 =1,2
1+x
=x=1,0

ample3 IRl The number of points where f{x) = [x/3] x e [0,

30] is discontinuous (where [-] represernts grea-
test integer function).

Sel. f(x) =[x/3] is discontinuous when x/3 is integer.
Forx e [0, 30], f(x) is discontinuous whenx=3, 6,9, ---, 27, 30.

Hence f(x) is discontinuous at exactly 10 values of x.

Draw the graph and find the points of
discontinuity for f(x) = {2c0sx], x € [0, 271].

(] represents the greatest integer function.)
Sol. f(x)=[2cosx]

y

0.2

. "N\ 273 =« Lo
: ‘ 13w2 513 2%

Fig.3.8
Clearly from the graph given in Fig. 3.8, f(x) is disconti-

: 3r 5w
nuous at x = 0,E Z 2n 4z —,—,2m.

Exainplé KBE Draw the graph and discuss the continuity of
" f(x) = [sinx + cosx], x € [0, 27], where []
* represents the greatest integer function.

Sol. f(x)=[sinx+cos x] = [g(x)] where g{x) =sinx +cosx

S5ni4  3m2

3 i - _
g(;):—l’ g(TJ—O,an') 1

Clearly from the graph' given in Fig. 3.9, f(x) is

3 3 77r
\/ discontinuous at x = 0 > 4 ST, — 7 2 , 2T,

P — . =2y | .
L\ I &V KBTS  If the function f(x) = [(x—ai} sin (x—2)

+ a cos (x — 2). [.] denotes the greatest integer
function which is continuous in [4, 6], then find
- the values of a.



Sol. sin (x —2) and cos (x — 2) are continuous for all x.
. Since [x*] is not continuous at integral point.

A3
Sof(x) is continuous in [4, 6] if [M] ~0Vxe [4,6]
a

Now (x—2)° € [8, 64] forx e [4, 6].

= a> 64 for [9;2—)3—]=0
LD a

IRETIIERAVE Discuss the centinuity of

x{xt+1, 0sx<1
Jx)= &)
2-{x}, 1<x<2
where {x} denotes the fractional part function.
Sol. f{0)=/(0")=1
f2)=2andf(27)=1 :
Hence f{x) is discontinuous at x = 2. Also A1H)=2
f1D)=1+1=2 and A1)=2
Hence f(x) is continuous at x = 1

Continuity of Functions in which Signum
Function is Involved

We know that f (x) = sgn(x) is discontinuous at x = 0.
In general, f (x) = sgn(g(x)) is discontinuous at x = a if g(a) = 0.

Discuss the contmuxty of
a. f(x)=sgn(x’~x)
b. f(x)= sgn(2cosx 1)
¢ f(x)=sgn(x’~2x+3)
Sol. a.f(x)= sgn(x’ —x)
Herex’—-x=0=x=0,-1,1
Hence f(x) is discontinuous atx=0,~ 1, 1.
b. f(x)=sgn(2cos x—1)
Here, 2cos x — 1=0=cosx=1/2=>x=2nn+(®/3),
n € Z, where f(x) is discontinuous.
c.f(x) =sgn(x*-2x+3).
Here, x>~ 2x+3>0forall x.
Thus, £ (x) = 1 for all x, hence continuous for all x.
If f (x) = sgn(2sin x + a) is continuous for all x,

then find the possible values of a.

Sol. f(x) =sgn(2sin x + a) is continuous for all x.
Then 2sin x + a # 0 for any real x.
A sinxz—al2 = |aR2|>1 = a<-2ora>2

1D ESIERPAM  Discuss the continuity of f{x) =

Sol. s_gn(x3 —x) is discontinuous when ¥ -x=0 or x=0,%1.
But f(0)=/(0")=£(0")=0.-
Hence f(x) is continuous at x = 0
Hence f(x) =|x|sgn (x3 —x) is discontinuous atx=+1 only.

sgn(x —2)x[log, x], 1£x<3

Example3.21 RVAG .
: (x? 3<x<35

where [-] denotes the greatest integer function
and {.} represents the fractional part function.
Find the point where the continuity of f{x)

2

should be checked. Hence, find the points of

discontinuity.

x| sgn (o —x).

. Continuity and Differentiability 3.9

Sol. a. Continuity should be checked at the endpoints of
intervals of each definition, i.e.,x=1,3,3.5.
b. For {x*}, continuity should be checked whenx*=10,11,
12orx= \/_ J, Jiz, {x*} is discontinuous for those
values of x where x* is an integer (note, here x* is
monotonic for given domain).
¢. For sgn(x — 2), continuity should be checked when
x—-2=00r x=2.
d. For [log, x], continuity should be checked when

log,x=1orx=e(e [1,3]).
Hence, the overall continuity must be checked atx 1,2,

e,3, V10, V11,+12,35.-

Further, f(1)=0and

lim f(x)= lim sgn(x—2)x[log, x]=0.
x—-1* x->1*

Hence f (x) is continuous at x=1.

li1121_ fx)= linzl_ sgn(x —2) x[log, x] = (-Hx0=0
lim f(x)= lirgl sgn(x~2)x[log, x] = (1)x0=0.
x—>2* x—2*
Alsof(2)=0

Hence, f(x) is continuous at x =2
Hm f(x)= hm sgn(x—2) x[log, x]=(1)x0=0

x—e

lim f(x)= hm sgn(x—2)X[log, x]= ) x D) = 1

x—et
Hence, f (x) is dlscontmuous atx=e.

lim f(x)= lim sgn(x—2)X[log, x]=1
o3 =3
lim f(x)= lim {x*}=0
x—-3* x—3" _
Hence, f(x) is discontinuous at x = 3.
Also {x*} and hence f(x)is discontinuous at

= 10, L, VEZ.

hm f(x)— hm {x} 025 f(3.5)
Hence f(x)is dlscontmuous atx=e,3, \/—_ \/— J‘

Continuity of Functions Involving Limit lim a’

0, 0<axl
We know that lim a” =41, a=1
n—o0
o, a>1

2n

IRe(kP#A Discuss the continuity of /(x) = lim x2n
) n—yos x

()

+1

Sol. f(x)= lim

n—yeo 2\"
() 1
i 1 . , 1, x<_1

1—( 2),, -1, 0<x <1 0, x=-1

- im0 1 =1o, =1 =4{-1 -l<x<l
n—oe 1 ) .

1+ 2\? 1, x2>1 0’ x=1

(x) . , x>1

Thus, f(x) is discontinuous at x = £1.
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2L EPR] Discuss the continuity of f (x) = lim cos™ x
n—eo
n
Sol. f(x)= lim (cos2 x)
n—oo
_ {0, 0<cos’x<l _ {0, x#nm,nel

1, cos’x=1 , x=nm,nel
Hence, f(x) is discontinuous whenx=nx, ne I.

2n
+2
RCUTIEENE]  Find the values of a 1ff(x) = hm - is

7 g+l
continuous at x = 1.

‘FSol. f(1Y=aandf(1)= a_+1

2
. For continuity atx=1,a= ——

a+l
=>d+a=2 = ?+a-2=0 = a=-2,a=1

Continuity of Functions in which f(x) is Defined

Differently for Rational and Irrational Values of x

el EPS]  Discuss the continuity of the followi_hg function:

1, if x is rational
Jx)= e
0, if x is irrational
~ Sol. Foranyx=a,

LHL.= lim f(x)=1lim f(a—h) =0or1
x—a-— h—0
[as lim(a—£) can be rational or irrational]

Similarly, RHL.= lim f(X) hmf(a+h) Oorl.

Hence J) osc111ates between 0 and 1 as for all values ofa.
. L.HL.and R H.L. donot exist. .

= J(x) is discontinuous at a point x =g for all values of a.

Example 3.26 Find the value ofx where

, if x is rational
f( )= {1 x, if x is irrational
Sol. f(x) is continuous at some x =a, where x=1-xorx=1/2.
.Hence, f(x)is continuous atx=1/2.
We have f(1/2)=1/2
. Ifx— 1/2" then x may be rational or irrational
= f(120)=120r1-12=1/2.
If x — 1/2 then x may be rational or irrational
= f(1/2)=120r1-1/2=1/2
Hence f(x) is continuous at x = 1/2.
For some other point, say,x=1 = f(1)=1
If x — 1" then x may be rational or irrational.
= f(1H=lorl-1=0
Hence, f(17) oscillates between 1 and 0, which causes
discontinuity atx = 1.
. Similarly, f(x) oscillates between O and 1 forall xe R— {1/2}.

Continuity of Composite Functions

J) =f(g(x)) is discontinuous also at those values of x where g(x)
is d1scont1nuous

is continuous.

N .
For example, f (x) = -y 1s discontinuous at x = 1
-X .

Now f(f (x)) = L 27l oot only discontinuous at
. X

x=0butalso atx=1.

=1

Now f(f(f ()=

=x seems to be continuous, but it

x
is discontinuous at x = 1 and x = 0, where f&) and f (f (x)) are
dlscontmuous respectively.

x+1 1
176 = 3 and g0 =

the continuity of £ (x), g(x), and fog (x).

5 then discuss

x+1
Sol.. fx)= To1
. fis ot defined atx =1. . f is discontinuous atx=1.
N ‘
g0)=+—3

g(x) is not defined at x = 2. .". g is discontinuousatx=2. .
Now, fog(x) will be discontinuous at -

a. x =2 [point of discontinuity of g(x)]

b. g(x) = 1 [when g(x) = point of discontinuity of f (x)]

1 N
i = — = =3
if g(x) 1=>x—2 I1=x ‘

- fog(x) is discontinuous at x =2 and x = 3.
1

—2+1
Also, fog(x)= xl—
: -1
x—2
Here fog(2) is not defined.
1 .
. . x-—'2+1_»l 1+x—2_
xhinzfog(x)—xlinz. 1, T T—x+2
x=2 ’

. fog(x) is discontinuous at x =2 and it has'a remqvéble
* discontinuity at x = 2. For continuity at x =3,

! 5 +1
lim fog(x)= lim o =—oo
x—-3 x—-3 1 -1
x—2
1>2+1 :
hm fog(x)= lim o2 -
. X3 1 -1
x—-2

- fog(x) is discontinuous at x = 3, and it is a non-removable

/ discontinuity at x = 3.
\ ' x-2, x<0

Example 3.28 [RIS{EI I { —2’

, then discuss the

(oo &)

4—x", x>0
continuity of y = f(f(x)).

Sol. f(x) is discontinuous atx =0,



Hence, f( f(x)) may be discontinuous at x = 0
SO =f#=4-16=-12
and f(f(0)) =f(-2)=—4
Hence, f(x) is discontinuous at x =0
F(f(x)) is also discontinuous when f(x) =0
= x—2=0whenx<0orx’*~4=0whenx>0
= atx=2 :
Also we can see that f(f(2)) =0, f(f1 2" =f(0)=-2and
and f(f(2))=f(0")=4

Hence f(f(x)) is discontinuous at x = 0 and x =2.

Y

" 1. Find the values of x in [1, 3] where the function is [x* + 1]
([-] represents the greatest integer function) is dis-
continuous. _ -

2. Find the number of points of discontinuity for fx)
= [6sinx], 0 < x < 7, ([] represents the greatest integer
_function).

3. Discuss the continuity of f(x) = [tan"x] ([-] represents
the greatest integer function).. :

4. Discuss the continuity of f(x) = {cot"'x} ({-} represents
the fractional part function).

. x" —sinx" : )
5. f(x)= lim ————— forx>0,x#1and/(1)=0. Discuss
n—e x" +sinx
the continuity at x = 1.
6. Iff(x) is a continuous function V x € R and the range of
fx)is (2, \[2_6) and g(x)= l:f—(x—)] is continuous Vx€ R,

c
then find the least positive integral value of ¢, where [.]
denotes the greatest integer function.
7. Discuss the continuity of f (x) in [0, 2], where f )
: i 2n ’
= lim (sin 1’5) .
n—co 2 )

%%,  xis rational

2

8. Discuss the continuity of f (x) = _
' ‘ —x“, xis irrational.

9. Ify= 5 1 , Where t= —1-— , then find the number of
+t-2 x=1" - -
- points where f(x) is discontinuous.
[sin mx], 0<x<1
10. If f(x) = where |-
/&) sgn(x—%)x{x——zg},- 1<x<2 [

denotes the greatest integer function and {.} the
represents fractional part function. At what points should
the continuity checked? Hence, find the points of
discontinuity. :

2
11. Find the value of a for which f{x)= {x ,  xe0 isnot

. x+a, x
¢ontinuous at any x. . » *¢0

12. Discuss the continuity of f{x) = (log lxl)sgn(x2 -1),x=#0.
13. Find the number of integer lying in the interval (0, 4), where

2n
. " xeY . L .
the function f(x) = lim (cos 7) is discontinuous.
n—eo R

Continuity and Differentiability 3.11

Properties of Functions Continuous in [a, b]

"If a-funiction f is continuous on.a

losed interval [a, b,

ed

PR Let fbe a continuous function defined onto on

Sol.

[0, 1] with range [0, 1]. Show that there is some
¢in[0, 1]such thatf(c)=1-c.
Considerg(x)=f(x)-1+x
g(0)=f(0)-1<0 [asf(0)=1]
g)=(1)=20 fasf(1)20]
Hence, g(0) and g(1) have values of opposite signs.
Hence, there exists at least one c € (0, 1) such that g(c) =0.

.'.g(c)=f(c)—1+c=0;f(c)=1—c.

Exmple ERIJ Let / be continuous on the interval [0_, 1JtoR

Sol.

such that £(0) = £ (1). Prove that there exists 2

1
point ¢ in [O, —;—} such that f(c) =f (c +E) ‘

Consider a coninuous function g(x) =f (x +12) -f (x)
| (g is continuous V x € [0, —IZ—D
~$g(0) =f(%) ~£(0) =f[§] D) lasfO=FD]

wofg)-r0-12) )

Since g is continuous and g(0) and g(1/2) have opposite
signs, hence the equation g(x) = 0 must have at least one

~ rootin [0, 1/2].

Hence, forsome c € [O, %], glc)=0= f(c + —;—) =£(c).

BTN G Letf:[0,1] — [0, 1] be a continuous function.

Sol.

Then prove f (x) = x for at least one 0<x<1

Clearly, 0<f(0)<1and0<f(1)<1.As f(x) is continuous,
£ (x) attains all the values between £(0) and f (1), and the
graph will have no breaks. So, the graph will cut the line
y=x at least once, where 0 <x < 1.

So, f(x) = x at that point.



3.12 Calculus. ' \/
xa

Exa LIUKKYY  Suppose f'is a continuous map for R to R and Ex_ample kKX Using intermediate value theorem, prove that

f(f(a))=a for somie a. Show that there is some th ; that
. L‘ . b such that f(5) = b. 7 L 0 ‘ ere exists 1a number x such tha
Sol. Iff{a) = a then b= a solves the problem. - x5y ———— =2005.

So assume f(a) > a. Then g(x)=f(x)—x is positive atx=a 2005 by sin. 2

and is negative at c = f(a) since g(c) =f(f(a))—f(@)=a - Sol. Letf (63) =xTU (1 sin®x)~2 s
—f(a)<0. : ’ - .~ fiscontinuous and f(0) =1 <2005 and f(2) >2""", which
Since g : R — R is continuous, there must be some b. a < b is much greater than 2005. Hence, from the intermediate
<¢, such that g(x) = 0, i.e., /(b) = b. ’ . value theorem, there exists a number ¢ in (0, 2) such that
The same argument works if f(a) < a. J(©)=2005.

INTERMEDIATE VALUE THEOREM ~ DIFFERENTIABILITY

If fis continuous on [a, b] and f (a) # f (b), then for any value Existence of Derivative

c € (f(a),f(b)), there is at least one number x, in (a, b) for which Right- and Left-Han d Derivatives
Sfxg)=c. v

y . y y=f{x)
r f(@ . Right scant through A /((a +h), f(a+h))
¢ \f
f(b) le . Left scant | ' T
c thr(ilighA ; f(a+h)-f(a)
z (af@)
@ b | : ,
¢ x1 1O X NS Mma X < A
- R 7 A
o xma w x5 " O té\\ /( 7 ‘f(a)—-f(a—h)
Fig.3.11 ig. 3. , ¢ LA A9 | _
1g @ Fig.3.11 (b) X —5 —— -
y — a-h le—
4 ' | a >}
o . [ 7 a+h |
f(bc) __________ : Fig. 3.12 ,
@ . o . The right-hand derivative of fat x = a, denoted by f'(a"), is
' i +h)— .
/0/ _ o defined by f’(a") = ,,llf{,l+ Jlath)=fla) Z —f(a) provided the
a b
Fig.3.11 (¢ limit exists, and is finite. :
y ' When / — 0, the point B moving along the curve tendsto |

4, i.e., B — A, then the chord 4B approaches the tangent
line AT at the point 4 and then ¢ — v

£ (o)l o : = fa)= }Ew

¢ The left-hand dcﬁvative of fat x=a, denoted by f”(a "), is
fla-h)-f(a)
—h

= limtan¢ =tan y
h—0

G b v _
Aty ' ' o deﬁnedbyf’(a‘)=}11i1>%

k)

provided the limit

exists, and is finite. :
Fig.3.11 (d) When 4 — 0, the point C moving along the curve tends to

From Fig. 3.11 (c) and (d), it is clear that continuity in the interval 4, ie., C— 4, then the chord CA4 approaches the tangent

\/ﬁ’ b] is essential for the validity of this theorem. : line AT at the point 4 and then
N/ EETIEEENR Show that the function /@)= lim _f_@:w
- _
Lo F)=(x—a)? (x— b)? + x takes the value = b o AtA,f(x)is differentiable if both f"(a") —f"(a") exist, equal
' for some value of x € [a, b]. 2 and both are finite.
Sol. f(a) = a; f (b) = b. Also fis continuous in [a, b] and In other words, f (x) is differentiable at x = g, if a unique
a+b tangent can be drawn at this point. :
- € [a, b]. epg: . Lege < e
2 L4, 2] Differentiability and Continuity

Hence, using intermediate value theorem, there exists at If f(x) is differentiable at every point of its domain, then it
least one ¢ € [a, b] such that f(¢) = a "‘b.. must be continuous in that domain.



Proof : To prove that f is continuous at a, we have to show that
lim f(x) = f ().

We do this by showmg that the difference f(x) — f(a)
approaches 0.
The g1ven information is that fis differentiable at a, that is,

f@- i L0-1@

a
To connect the glven and the unknown we divide and
multiply f (x) — £ (@) by x — a (which we can do when x # a)

PACIRNAC)] (x) f (a)

exists.

= f)-fl@=—————(x~a)
Thus, using the product law we can write

il £ () - /(@)= im/ ” f SD=-S@ g

A f()hm(x 2)

x—)a xX—a x—a
=f"(@)x0=0
To use what we have just proved, we start with f (x) and
add and subtract £ (a), we get

lim () = im{/ (@) +(/ (=) ~ f (@)}
= lim f(a)+ li_r)r‘lz[f(x)—f(a)] —F(a) +0=1(a)

Therefore, fis continuous at a.

How Can a Function Fail to be Differentiable
The function f(x) is said to be non-differentiable at x = a if
a. both Rf’(a) and Lf”(a) exist but are not equal,
b either or both Rf”(a) and Lf"(a) are not finite, and
¢. either or both Rf*(a) and Lf’(a) do not exist.

The function y = |x] is not differentiable at 0 as its graph
changes direction abruptly when x=0. In general, if the graph
of a function has a ‘corner’ or ‘kink’ in it, then the graph of
has no tangent at this point and fis not differentiable there.
(To compute f”(a), we find that the left and right derivatives
aredifferent) - '

If fis not continuous at a, then fis not differentiable at a.

. So at any-discontinuity (for instance, a jump of discontinuity)
ffails to be differentiable.

Continuity and Differentiability 3.13

A third possibility is that the curve has a vertical tangent line
when x = g, that is, fis continuous at @ and Jlrlf)l'l | f/(x)|Fe
a
This means that the tangent. lines become steeper and

steeper as x — a. The following figures illustrate the three
possibilities that we have discussed.

Y
Y A ‘
| ! !
= 1
1 l*_/
' ]
I Ve
1 } —-X
; »X -0 I a
0| a : A discontinuity
(a) A comer (b)

e

0 l a
Avertical tangent

{©

. Fig. 3.13

1. Addition of differentiable and non-differentiable
functions is always non-differentiable.

2. Product of differentiable and non-differentiable functions
may be differentiable.

Forexample,
f(x)=x|x|is differentiable atx = 0.
f(x)=(x—1)jx— 1| is differentiable atx=1.

fE@)=x-1) ,/ | log x | is differentiable at x = 1.

In general f{x) = g(x)lg(x)l is differentiable at x = a
‘when g(a) =0.

f(x)=x}x— 1] is non-differentiable at x = 1.

If g(x) is a differentiable function and f (x) = lg(x)| is
a non-differentiable function at x = a, then g(a) =0.

For example, |sinx| is non-differentiable when sinx =0 or
x=nmne Z.

If both f(x) and g(x) are non-differentiable at x = a, then
f(x) + g(x) may be differentiable at x=a.

w

e

For example,

—sin+x, x<0

Fx)=sinlx|~Jx|= {

sinx—x, x20

= g') =’{— cosz+l, x<0 _, 4" =0andf(07)=0

cosx=1, x>0




Sol. For continuity,

f@H= lim  sin(ln h?)
.. . _ .. -
I'f y=f(x) is dlffereptlable. atx=a, thei] it is not necessary — 0 x (any value between—1 and 1) =0
that the derivative is continuous at x = a. .
?(/( For example, consider function » foH)= }llir% (—h) sin(ln #°)
DK foo= {* sin@/x), x#0 | | = 0 (any value between —1 and 1) =0
(/@ 0, x=0 - Hence, f (x) is continuous at x = 0.
/ Forx#0, - . For differentiability,
. 1 -
()= 2x sin (1/x) + x* (— Lz) cos (—) £7(0)= lim AGRRiV]
x X h—0 h
WINPT | 1 : _ Do
= f"(x)=2xsin ;. —cos = , = lim hsin(nh™)-0 _ ;. sin(in h%)
| SELS o o
“Forx=0, f(x)=lim—————— : = any value between—1 and 1..
: 1 : Hence, f”(0) does not take any fixed value.
h2 sin——0 1 : Hence, f(x) is not differentiable at x = 0.
= lim —h fimhsin—=0 [T KXFB Which of the following function is non-
h*’(; h | A0 h . differential at x=0?
2xsin—-cos—, x#0 : () fG)=cos x|
Thus f'(x)= : .
A T (i) /09 =
Now, f”(x) is continuous at x =0, if 7 (iif) ) =Pe’| » .
a. lim f’(x) exists b lim f7(x) = £'(0) Sol. (i) v f(x)= cos x| = cos x which is differentiable at x = 0
x—0 . x—0 ) : ) l I x2, x>0 f’( ) 2x, x>0
. =X\ xX\|= =71 XxX)= s
Again, lim "(x) = lim(2x sin — cos 1) does not exist] @ Sy =x , x<0 2x,x <0
x—0 . xo0 X X , e ’
o f@Y="0)=0
Since, lil’l’(l) cos— does not exist. Hence f(x) is differentiable atx = 0.
X x . 3
. . . 20 3x°, x>0
“Hence, f’(x) is not continuous at x = 0. : =4 % *= > R
Differenti b’{'( ) ing First Definition of Derivati ' (“1) f'(X) le | {_x}’ x <0 ek {—3x2 X <0
erentiability using rir. erniton Vi " .
ty using Firs! ition of Derivatives ST @)=0
1ol JRREIM Discuss the differentiability of Hence f(x) s differentiable at x = 0.
' o [ KRR Discuss the differentiability of
. 2 K .
EBE 20 ()
f(x) = X atx = 0. . f(x) - (x _ 6)2_2 (e—x) x fe atx —e
0, x=0 , : :
o, 0, x=e
- Sol. For continuity, lim f(x) = lim sinh . By=oens}
x=0 h—0 Sol. f(e"= }lm(x)(e +h—e) 2~
. 12 —
= lim S —o _ -
B0 h o 7 = lim(h) 2~
- Hence, f(x) is continuous at x = 0. h=0 1
2 ' 1 —
AISOf’(0+)=1imf(h) SOy STy =0x1=0(asforh—0, —— —>—c0o=>2 * —>0)
> ho o0 2 o h '
1
' 2 Y= ki — -2k = =
s 0=l fh)- f(0) posinh? @)= lmEm 27" =0x0=0
' 0 B ’ Hence, f (x) is continuous x = e.
Thus f (x) is differentiable at x= 0. Y
2k
 BREITIERKIY Discuss the differentiability of f (€)= M Em hx27 -0
-LAARPIC 5.0 2 o i
: xsin(ln x°), x#0 i
= tx=0. —
/&) {0 x=0 ax =1im272%" =1

’ . . h—0



1
Fey= tim eSOy, 2T 20
h—0 —h h—0 —h
= lim27 =0
h—0

Hence, /' (x) is non-differentiable at x = e.

JRCTI R A function f(x) is such that f (x + %) =

Ix] V x. Findf’ [%) ,if it exists.

Y

Sol. Given that'f(x+£)=E —|x]
2).2 ' _
' T )\ =& /4
)
=f'(L]=lim 2 2)_2 2~
2 h—0 h h‘
. T T b4 T
) s
and f'[lr——)ilim 2 2)_2 2
2 h—0 )

= f ( ) oes not exist.

- Differentiability using Theorems on Differentiability

IPRTPRRL] Discuss the differentiability of /()= x|+ 1.

Sol. f(x)= |x|+|x~1]
f(x) is ¢ontinuous everywhere as |x| and |x — 1| are
continuous for all x.
Also |x| and |x — 1| are non- dlfferentlable at x = 0 and
x =1, respectively.
Hence, f(x) is non-differentiable atx=0and x = 1.

Discuss the differentiability of £ (x) = [x]
+|1-x],x e (-1, 3), where [.] represents
greatest integer function.

Sol. [x] is non-differentiable at x = 0, 1, 2 and |1 — x| is

. non-differentiable at x = 1. Thus, f(x) is definitely

non-differentiable at x=0, 2. Moreover, [x] is discontinuous

- atx =1, whereas |1 — x| is continuous at x = 1. Thus, f0ois
discontinuous and hence non-differentiable at x = 1.

Example EWP] Discuss the differentiability of /(x) = (x* D2

—x- 2|+ sin (Jx|).

Sol. f(x)=(Z-1)*—x—2|+sin (]x])
= (= 1)+ e+ 1] 2] +sin(x)
(x+ 1) |x+ 1] is differentiable at x = —1
[x — 2| is non-differentiable at x =2
sin{]x|)is non-differentiable at x =0
Hence f(x) is differentiable at x =—1 butnot at x=0 and x =2

| BN ERIER]  Discuss the differentiability of /(x) = x| sin x
+d —2]sgn(x—2) +{x—3]

Sol. |x| sin x is differential at x = 0, though |x| is non-
differentiable atx =0, as sin 0 =0

Continuity and Differentiability 3.15

2-x)(-1), x<2

Ix—2|sgn(x—-2)= {0, x=2 =x-2,xeR
(x-2)1), x>2
‘which is differentiable

Ix — 3] is non-differentiable at x = 3, hence f(x)is non-
differentiable atx=3

Différentiabili‘ty using Graphs

_ E\ample k¥Rl Discuss the differentiability of

a. f(x)=sin|x|,
b f(x)=[log,ixl, .
¢ flo)= max{sec Ix, cosec™ 'x},
d y=sin~ (sm x), and
e. y=sin" Usin x].
£ f(x)=max{x*— 3x+2,2 == 1}
Seol.
a. f(x)=sin|x|

Fig. 3.14
Clearly from the graph, /() is non- -differentiable at x = 0
b f(x)= Ilogelxu

_ Fig. 3.15
Clearly from the graph, f(x) is non-differentiable at x=0,
1.
¢. f(x)=max{sec” 1y cosec™ 1x}

y=secx

y = cosec™'x

1 ARy,

AR
y 7

:

—
«

Fig. 3.16

Clearly from the graph, f(x) is non-differentiable at x = V2.
d y=sin"(sinx)
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Clearly from the graph, f (x) is non-differentiable at
x= (2n+l)§, neZ.

e. y=sinsin x|

X 1 T - f | 1 » X
= _ = IO Eg T ‘3n
2 y 2 2
Fig.3.18
Clearly from the graph, f(x) is non-differentiable at
x= _nzﬂ: ,heZ.
f. From the graph f(x) is non-differentiable
\ 4 ] J
\ /
1
Z7 1
Fig.3.19
@) atx=1,

(i) wherex2 Ix+2=2-(1 x),whenx<l

(i) wherex?—3x+2=2—(x—1), wherex> 1
/7 Hence f(x) is discontinuous at x= 1, and x =2 —
=1+42

L Example 345 Dlscuss the dlfferentlablhty of
[

f(x)=maximum {2 sinx, 1 -cosx} Vxe (0, m).
Sel. f(x) =max{2 sm x, 1 —cos x} can be plotted as shown in

\/5 and

Fig 3.19.
A ;
R 2 U Sy ..........
...... I A I o
X O [E 7': » X
2 R cos(3I5)
Fig. 3.20

Thus, f(x) =maximum {2 sinx, 1—cosx} is not differentiable,
when2sinx=1-cosx

= 4sin’x=(1- cos x)*

= 4(1 +cosx)=(1-cosx)

= 4+4cosx=1-cosx

= cosx=-3/5

= x=cos ' (-3/5) .

= f(x) is not differentiable at x = 7 — cos™' (3/5),
Vxe (0, n).

EXample k®TY Discuss the differentiability of f(x)= e

e, x20

Sol. We have f(x)= {

Fig. 3.21
* Clearly from the graph, /() is non-differentiable atx =0.

L R TILEREA 1f/(x)=max {x* +2ax+ 1, b} has two pomts of
] _

non-differentiability, then prove that a?>1-b.

Sol. f(x) = max {x* + 2ax + 1, b} has two pomts of non-
dlﬂ’erentlablhty if
=x? +2ax+ 1 and y = b intersect at two points
or x2 +2ax + 1 = b has real and distinct roots
or x*+2ax+ 1—b =0 has real and distinct roots
= 42-4(1-b)>0 = a*>1-b

|BEN T RERY  Test the continuity and differentiability of the

function f(x) = by ‘drawing the

(x + l)[x]

graph of the function when —2 < x £2, where []
~ represents greatest integer functlon

[+ )

x+%)(—2)‘, 2<Lx<-1

Sol. Here,f(x) -2<x<2

(x+%)(—'l)|, -1£x<0

[++3)
x+= [(Q),
2 A

(x+%)(l)l, 1<x<2 |

0<x<l1

= /@)=

éx2, i=2
2
(—(2x+1), -2<x<-1
—(x+l), —-1<x<-1/2
2
(x+1/2 —l<x<0
= @)=Y ), 2
0, 0<x<l
x+l, 1€£x<2
2
{ 3, x=2



’ _Sol f(x) {

y

- LKA . Find the values of 2 and b if

‘which could be plotted as

Fig. 3.21 clearly shows that f*(x) is not contimious at
x={-1,0, 1,2} as at these pomts the graph is broken. f (x)

is not differentiable atx = {—

1, 2} the graph is broken and atx =--1/2 there is a sharp

edge.
Differentiability by Differentiation

x<1
Example3.49 Bigiesks {

+bx+c x>1""

then find the values of b and ¢ if f (x) is

dlfferentlable atx=1.
x, x<1 - , 1, x< 1
f @)= { :

2 +bx+e, x>1
. f (x) is differentiableatx=1
Then, it must be continuous at x =1
for which lim f(x)= lim f(x)
x> - x-1"
. = 14+b+c=1
= b+c=0
Alsof'(17)=£"(1")
= Hlm f’(x)=lim f'(x)
x-1* o x-l
= 2+b=1=2b=-
‘= c=1

2x+b, x>1

, 0,1, 2} asatx={~1,0,

® \/
Ex

PN ILREYA Discuss the differentiability of
L 9 :

[from equation (1)]

. 1, N
 fe)= {a +sin” (x+b), x2>1 < differntiable.
X : x<l1
atx=1
- __1 -
Sol. fpy={2+s" (x+b), xz1
x, x<l1
1 .
| x>1
= )= {J1-(x+b)’
1, x<1

- For f(x) to be continuous atx =1,
FAN=f(1")=a+sin}(1+b)=1
1

Alsof (1= (1= =——=
Ji-—a+b?

= From equation (1), a=1

=1=bh=-1.

)

E\ample 3.5 The functlonf(x) =qx-1,

"Nowf(1)=f(1")

Continuity and Differentiability 3.17

ax(x—1)+b, x<I1

1€x<3.

px +gx+2, x>3
Find the values of the constants a, b, p and ¢
so that all the following conditions are satlsﬁed
a. f(x) is continuous for all x.
h f7(1) does not exist.
¢. f'(x) is continuous at x = 3.

Sol. f(x) is continuous Vx € R.

Hence, it must be continuous atx =1, 3.

s )—hn}ax(x D+b=b

= lim(x-1)=0
(= limGz-1) |
(for continuity atx = 1)
=b=0

()= lim(x=1)=2

3=
Now (3') =£(3") (for continuity atx=3)
=9p+3¢=0 . 0]

|2ax—a, x<1 :
' x)=11 1<x<3

2px+q, x>3

Now given that f*(1) does not exist
= AN2(1)
= 1#2a—a
= azl.
Also given that f7(3) exists.:
= f(3)=r3" : .
= l=6p+q @
Solving equatlons (1) and (2) for p and g, we get
p=1/3,9=-1.

hm(px +qx+2) 9p+3q+2

- 2x
s =1
X)= Sm .
/@ 1+x?
[(2tan”'x, - -1<x<1 7
Sol. f(x)=sin~} (1—23‘—2]= m-2tan'x, - if x>1
+x :
—m—2tantx, if x<-1
: 2 5 —l<x«l .
+Xx
— 2 ; ' . -
=f(x)= —1+x2, if x>1 -G
L— 3> if x<-1 .
1+x° 7

=>f(—1‘)——1f’(—1+) landf’(1)= landf(l*)——l

Hence, f (x) is non-differentiable at x =+1.

L 2
Graph of f(x)= sin”! ( . ]
1+x
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X
4 -3 =2 :
e L N SR L
2
.y’
Fig. 3.23

Students find it difficult to remember all the cases of

sin”! ( 2x2 ) in equation (1). .
I+x

Then, use the following short-cut method to check the
_ differentiability.
Differentiate f(x) w.r.t. x, we get

)
‘ I+x
R AC . dx_

dx ' ( ox ‘)2
\’1— 2
1+x%;

2(1+x%)— 2x(2x)
(1+x%)
JQ+2 —ax?
_ 2(1-x%)
A+x2)[1-x7 |

Subjective Type

1. A function f(x) defined as
1 x? +ax+l,
fx)= '

ax® +2x + b, x is irrational
is continuous af x = 1 and 2, then find the values of a and b.
2. Discuss the differentiability of f () =[x]+ « / {x} ,'where ]
and {.} denote the greatest integer function and the
fractional part, respectively.

v page 333

x 1s rational

, x x i x
3. Consider fty= + + +e
nsider =y e 2s) -« A+ 201+3%)
to infinity. Discuss the continuity atx = 0.

EXERCISES

4. Iff(x) be a continuous function for all real values of x and _

‘satisfies o
L) -2} x+ 243 —=3-3f(x)=0,Vxe R.
Then find the value of f (\/5)

5. Discuss the differentiability of / (x) = cos

" 7. Find the values of @ and b if f (x) = {

" 10. Discuss the differentiability of f(x) = Ix2—4] - 12 |-
11. Which of the following function is not differentiable at

df (x)
dx - .
Hence, f(x) is non-differentiable at x =% 1.

 Clearly,

is discontinuous atx*=lorx=%1.

eptApplication: Exercise 3:4

1. Discuss the continuity and differentiability of f () = b +1|
+]x|+|x—1|, V x € R; also draw the graph of / (x).

” Find x where f(x)=maximum { /x 2.~ x), 2 — x}is

non-differentiable. - :

3. Discuss the differentiability of function f(x) =x— x|

4. Discuss the differentiability of f (x) =|[x]x] in -1 <x <2,

- where [.] reptesents the greatest integer function.

~!(cos x).

6. Discuss the differentiability of f (x) = max {tan” Ix, cot™ x}.

ax? +1, x<1

x2.+ax+b, x>]‘
is differentiable at x = 1.

(1=
8." Discuss the differentiability of f (x) = cos ! (H_ Z } .
9. Which of the following function is non-differentiable in
its domain?
a f(x)=
X+

¢ fx)=xogx

x=2 b /()= loglx]
d f()=(—3)"

.x=0? |
10,
(i) f{x)=min{x, sinx} @) f()= {xz .
(i) f(x) =x*sgn(x) .

x20

o x<0

[f(0)], x€(0,m/2)u(n/2, n:’)‘ A

5. Ifg(x).={3 i

2(sin x—sin" x)+|sinx—sin" x|

d f(x)= ne N
and f1x) 2(sin x —sin” x)— | sinx —sin” x| ’ :
where [.] denotes the greatest integer function. Prove that
g(x) is continuous at x = /2 when n > 1. )
6. Lety=/(x) be defined parametrically asy =" +1 [t], x

=2¢t-|t|,te R. . N
Then at x = 0, find /' (x) and discuss the differentiability of
S&).

7. If fix) be a continuous function in [0, 27] and f0) = A27),
then prove that there exists point ¢ € (0, 7) such that

- fO=flctm).
8. Test the continuity of f(x) atx=0
2_(L+l]
if fo)=1G+D) M x20.
0’ x=0



9. Discuss the 'differentiability of sin (7w (x — [x])) in
(~m/2, m2), where [.] denotes the greatest mtegral
function less than or equal to x.

Jx(1+xsin(1/ x)), x>0

0. Letf ()= {—J(=x)(1+xsin(1/x)), x<0.
I_' 0, . : x=0

Show that f'(x) exists everywhere and is finite. except atx
=0.

11. Discuss the differentiability of
SfG)=min{lx}, x-2|,2—p-1]}.

12. Letf(x) be a function satisfying f(x + y) =f(x) + f( y) and
f(x)=xg(x) forallx,y € R, where g(x) is continuous. Then
prove that f(x) = g(0).

13. ()= x-3, x<0
X,
—3x+2 x20

gx)sf (|x |)+|f(x)l. Discuss the dlfferennablhty of g(x).

and let

14. Discuss the continuity and differentiability in [0, 2] of f(x)

(12x=3|[x], x=1

=9, [7x
sin| — |, x<1
(2) ,

where [.] denotes the greatest integer function.
15. Letf(x)is defined as follows: ‘

(cosx—sin x)°®%*, 7<x<0
f)= a, . x=0
™ l/x+e2/x+63/x o
] _TT—" O<x<m/2 ;.
\ ae *+be’’* . ELEN

" Iff(x) is continuous-at x = 0, find 2 and b.
16. Given a real-valued function f(x) as follows:

L 2 _
2 SRR SN
. . x
f&x)= 1/12, for x=0 .
sin x —log(e”* cos x) for x50 b
6x> ’

\/ Test the continuity and differentiability of f(x) at x = 0.
17. -Find the value of /(0) so that the function i

L ;x -1/x
) (f__:l—_xz_—aj , —-1<x<0
foy=qb

. iscontinuousatx =0
PRIE SN TE N )

O<x<l
2
ae'* 3/x

+be
. Find the value of @ and b if

.
L : 1x+2])
i ae -1
- W, B<x<-2 .
fx)=< b; x=-2 iscontinuous atx=-2.
\ ,,
sin x5 16 ;0 2<x<0
x +32

19. Letf: R — Rsatisfying | f(x)| < x%,V x € R, then show that
f(x) is differentiable at x=0.

: '-1—|x|_ x#-1
\Alff(x)= T+x

Continuity and Differentiability 3.19

Objective Type ' Soluﬁéiis di{p&jé 3._36 ’
Each question has four cheices a, b, ¢, and d, out of which only
one is correct.

1.. Which of the following functions have finite number of
points of discontinuity in R ([-] represents greatest integer
function)? ' x|

a tanx h x[x] c. —
2 x

d sin [7x]

— 4= .
2. The function f(x) = is
X—Xx
a. Discontinuous at only one point
b. Discontinuous exactly at two points
¢. Discontinuous exactly at three points

d None of these .

3

. T e . .
3. Iff(x)= an( 4 x) , (x # 7/4) is continuous at x = 7/4,
cot 2x '

then the value of j(%) is

a1 h 172 c. 173 Cd-1
. (3X - 1)2 o .
4. The ﬁmctlon f ()= m, x # 0, is continuous
atx=0. Then the value of f(0) is
a 2log3 " b (log,3)
c. log, 6 d None of these

, then f([2x]) where [ -] represents
L., 1; o ox=-1
the greatest integer function is
a. discontinuous atx=—1 b continuous atx=0
¢. continuous.atx=1/2  d continuous atx =1

x_4 +a, x<4
|x—4| ,
- 6. Letf(x)= a+b, x = 4. Then f(x) is coritinous .
' x—4 atx =4 when;
+b, x>4

fx—4]
a a=0,b=0 ha=1,b=1
c.a=-1,b=1 da=1,b=—

7. Iffix)= x_e__-i-z_cos_Zf ,x # 0, is continuous at x = 0, then
x i

a. f(0)=5/2 b. [f(O)]=—2r
c. {f(0)}=-05 d [0 {f(0)}=-15

where [x] and {x} denote the greatest mteger and fractio-
al part function, respéctively.

Let Six) be defined in the interval [0, 4] such that

L [1-x, 0<x<1 ’
b ofo)={x+2, 1<x<2
4-x, 2<x<4 X

then number of points where f{f(x)) is dlscontmuous is” -
a-l = _ b 2 .
c. 3 ' d None of these
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- 9. The value of f(0), so that the function’
-1

2x —sin” x | ! ..
f&x) = ————— is continuous at each point in its
2x +tan" X
domain, is equal to
a 2 b 173 c. 273 d-1/3

10. Which of the following is true about
(x-2) x -1 %2
fx—2]{ x*+1

3

= Cox=2
5

a. f(x) is continuous at x = 2.
b f(x) has removable discontinuity at x = 2.
¢. f(x) has non-removable discoﬁtinuity‘ atx=2.

f)=

‘d Discontinuity at x = 2 can be removed by redefining

function at x= 2.

\/ ( - )27[ .
¥it5 x) = n_)w r— 1)2,, is discontinuous at
“a x= 0 only b x=2 only
c. x=0and2 d None of these
8F —4* —2% +1 £>0
12. Iff(x)=1 %2 7
le*sinx+mx+Alnd4, x<0
-is continuous at x = 0. Then the value of A is
a. 4log 2 b 2log, 2
c. log 2 d None of these

acosx —cosbhx

13. Iff(x)= 5 ,x#0andf(0)=4is continuous at _
X
i =0, then the ordered pair (g, b) is
a (£1,3) b. (1,£3) ¢ (-1,-3) 41,3
_ ' oo fx+2, x<0
\)(If "f(x)={—x* —2,” 0 < x <1, then the number of points of
| x, x21
" discontinuity of | f{x)] is
a l " h 2
c3 ' d None of these

15. Letf: R — Rbe given by f(x)=5x,ifxe Qand f(x)=x*+
. . 6ifxe R~Q, then .
a. fis continuous atx=2 and x =3
- b. fis not continuous atx=2 and x = 3
¢. f’is continuous at x =2 buf notatx=3
d fis continuous at x =3 but notatx =2
16. The function f(x) = |2 sgn 2x| + 2 has
a Jump discontinuity b. Removal discontinuity

; 3 2 . ..
Letflx)= ’}1_{{10(5‘“ x)™, then which of the following is not
true? 7 '
a. discontinuous at infinite number of points

o

c. Infinite discontinuity ~ d. No discontinuity atx=0

b Discontinuous at x =

B

. . T
¢. Discontinuous at x =——
d None of these
18. “Let f'be a continuous function on R such that

2 B
. Thén the value of f(0) is

2 n
1/4n)=(sine®)e " +
Sf(1/4n)=(sin€") 1]

a l : hi2 c.0 d. None of these

—bx+25
19. If _—
) S ) x*~7x+10

the value of f(5)1s

for x# 5 is continuous atx =35, then

f

. a0 bS5 c. 10 d 25
\AO. Which of the following statements is always true? ([.]
L - Tepresents the greatest integer function)
/ a, If f(x) is discontinuous, then | f(x)| is discontinuous
b If f(x) is discontinuous, then f(}x]) is discontinuous
¢. f(x) = [g(x)] is discontinuous when g(x) is an integer
d None of these
21. A function f(x) is defined as
" [sinx,
fx)= {

coS X,

x is rational | .
L. is continuous at

x is irrational s

b x=nx+n/8nel

d x=nn+n/3,nel

[cosmx], 0<xs1
12x-31{x—2], 1<x=<2

a x=ng+n/4nel
- c. x=nxt+mn/6,nel

%\The number of points f(x) =
Lo-\'\/ :
is discontinuous at ([.] denotes the greatest integral
function)
a. two points " b three points
\/ c. four points " d no points
23. A point where function f{x) is not continuous where.
L4 /)= I[sin[x])in (0, 2m); ] denotes the greatest integer <x is
a (3,00 b.(2,0) ¢ (1,0) d.None ofthese :
24. The function f(x) =sin(log, |x]), x#0,and 1 if x= 0
a. is continuous at x =0
- b has removable discontinuity atx =0
¢. has jump of discontinuity at x =0
d has oscillating discontinuity at x =0
5. The function defined by f(x) = (-1 )[*;] ([.] denotes the

"l sreatest integer function) satisfies
a. discontinuous for x = n'®, where n is any integer

b f(3/2)=1
¢ f/(x)=1for-1<x<1
d None of these
6. The function f(x) = {x} sm(n‘[x]) where [.] denotes the
,L_Q greatest integer function and {.} is-the fractional part
function, is discontinuous at
a. allx
€. 1O X

bh. all integer points
d x which is not an integer



%The function f(x) defined by 7/,

Lo

—2x+5), %<x<1andx>l

log 4y x?
fr)= 8(ax-3)(
|4, x=1

a. is continuous at x = 1.

b is discontinuous at x = 1 since [ does not exist
though f(1°) exists.

c. is discontinuous at x = 1 since f 1) does not exist

though S(1%) exists.
d is discontinuous at x = 1 since neither /(1) nor f(17)

exists.
/Let /() =[x and g(x) = { 0.
L* x? , xXeR-

the following is not true ([.] represents greatest integer
function)

a lli)r} g(x) exists but g(x) is not continuous atx = 1.
x .

XeZ T
. Then which of

h Iim f (x) does not exist and f{x) is not continuous at

x= 1
¢c. gofis a dlscontmuous function.
d. fog is a discontinuous function.

_*
9. f(x)= 2x%+ | x| ’
> N X = .
a. Continuous-but non-dlfferentlable atx=0
b. Differentiable atx 0

¢. Discontinuous at x =0 —
d None of these

\/3/ Let a function f(x) be defined by Jf) =

. L | which of the following is not true
a. Discontinuous-at x =0
b. Discontinuous at x=1
¢. Not differentiable at x=0

© d Not dlfferentlable atx=1

Iff(x) x> sgn x, then
Ly

x#0
then f(x) is

x=|x-1]

a. fisderivable atx=0

. b. fiis continuous but not derivable at x =0
‘c. LHD.atx=0is1 '
d RH.D.atx=0is 1

%Letﬂ ) _{mm({x x>0

[ max {2x, x* —1}x<0
following is not true.
a. f(x) is continuous at x =0
b f(x) is not differentiable at x =1
c. f(x)1is not differnetiable at exactly three point
‘d None of these
33. The function f(x) = sin™' (cos x) 18

. Then which of the

a. not differentiable at x = g

b differentiable at =~ 3

, then

Continuity and Differentiability 3.21

c. differentiable atx=0
d differentiable atx=27
34. Which of the following functions is non-differentiable?

Ll a.f(x) (e‘ 1)|e2‘ 1/inR
hf(x)= x2+1

inR
x=3[-1], x<3

atx=3

¢ /)= 'f;[x]—z, x23

where [.] represents the greatest integer function
d f(x)=3(x=-2)" +3inR

\/ The number of values of x € [0, 2] at which f (x)

x—-—]+
2
L © |x—1}+tanx 1s not differentiable at
a0 b1
c3 d None of these ..
36. The set of points where x? |x] is thrice differentiable is.
a R b R—-{0,%1}
‘¢ R-{0} d. None of these

Which of the following function is not dlfferentlable at -
x=1?
a f)=-1jx-1) x-2)|
b f(x)=sin(x—1)—|x—1|
c. fx)=tan(x—1)+|x—1|
d. None of these

11 .
1,1y |
38. f(x)={xe [x M], x # 0 . The valueof a, such that f(x) is

a, x=0

differentiable at x =0, is equal to
a l h -1
c¢.0 ' d None of these

: 2
39. Iff(x)= {a: o<l is differentiable atx = 1, then
: - X taxtb,x>1 ¢
aa=1,b=1 ha=1,6=0
c.a=2,b=0 . d a=2.56=1
40. Iff(x)= a|smxl+beM+c|x| is differentiable at x = 0, then
aa=b=c=0 h @a=0,b=0,ce R
\/c.chaeR d c=0,a=0,be R
41. The number of points of non-differentiability for
L0 f9=max (1], 12} is
a4 h3 c.2 d>s

\%/Lt( . [sin2x, 0,x<m/6
” ot/ ax+b, w/6<x<1

\

If f(x) and f'(x) are
- continuous, then
b=

aa=1,b= b. a=

+
o N

i

R
V2

d Noue of these

o|& &l

oA

c.a=1,b=
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\/ x3, x2 <l
43. Iff(x)= , then f(x) is differentiable at
| Ax, x2> 1 .
v a (—°°’°°)_{1} b ("°°’°°)~{1_1_}
c. (_°°’°°)~{1_1’0} d (_°°’°°)~{—1}
44. 160 = (=4~ 657 + 1 1x— 6]+ - +xl ] then theset
of points at which the function f (x) is not differentiable is
a. {~2,2,1,3} b {-2,0,3}
c. {~2,2,0} d {1,3}

45. If f(x) = cos 7 (Jx| + [x]), (where [.] denotes the greatest
integral functlon), then which is not true? \
a. continuous atx = 1/2 . h continuous at x =0
c. differentiablein(—1,0) d differentiable in (19

\/6 If f(x) = {HX’ x>0

L ax+b, x<0
-0 aa=1,b=1 b a=-1,b=1
ea=1,b=1 da=-1,b=-1

: e ) .
CI@=1¢ 0 *0 pensis
0, x<0 .
|  a Differentiable atx=0

h Continuous but not differentiable at x = 0
~ ¢ Discontinuous at x =0
d. None of these

\/élf() ok x<0£h
s x? — 2x x20’ o
[_. | a. f(|x|) is discontinuous at x =0
: b. f(|x]) is differentiable at x=0
¢. | f(x)| is non-differentiable at x = 0, 2
d | f(x)| is continuous at x = 0
. 5 o
49. If f(x) = {I‘l L 0sx<l , where [.] denotes the
[x —2x], 1<xx2
greatest integer function, then f(x) is
a. Differentiable for all x '
b Continuous atx =1
¢. f(x) is non-differentiable at x = 1
d. None of these '

Discuss the continuity and differentiability of f{x) in
[0 2)

is differentiable at x =0, then

: log (2 + x) - '
50. Lotf()= lim 2&{ x) Msinx o
n— o 1+ x*"

a fiscontinnousatx=1 h lim fx)=log3
x->1"

¢. lim f(x)=-sinl d lm f(x)does not exist
x—1* x>0

- 1x% sin (—), xz0 S
5L If f(x) = x) 1s continuous but
0, x=0

non-differentiable at x = 0, then
aae(-1,0) haec(0;2] cac(0,1] dae [1,2)

' \\/52- S (x)=[sin x] + [cos x], x € [0, 27], where [.] denotes the

greatest integer function. The total number of points,
where f(x) is non-differentiable, is equal to

6y, then y asa function of x is

\/ a. 2 b. 3" c.5 d.4
_ 3. Ifx+4|y=

L; ©oa. contmuous_ atx=0 b. derivable atx=0
d '
C' sz =% forallx d None of these
\/5/ Let g(x) be a polynomial of degree one and f(x) be defined
’ 0 . . .
Ll by f(x)= {l gl(sin)x *< CKf)is continuous satisfying
x[F -

= fD)=f(1), then g(x) is -
a (1+sinl)x+1 b (1-sinl)x+1
c. (I-sinl)x-1 d (1+sin1)x—1
‘ LSS. If f(x) =1 — x|, then the points where sin™! (f |x]) is non-
differentiable are ,
a {0,1} b. {0,-1} ec. {0,1,-1} d. Noneofthese
56. Given that f(x) = xg (x) / |x|, g(0) = £’(0) = 0 and f(x) is
continuous at x = 0. Then the value of f'(0)
a. Does not exist . bhis-1
\_/ cisl dis0
57. The number of points, where the function f(x) = max
| - (tan x|, cos [x[) is non-differentiable in the interval (—, 7), is
a4 b6 c.3 d?2

sinx, x<0 _ .
\/98/. If f(x) = {cosx-|x 1, x>0 en g®) = S is

L D non-differentiable for
a. No value of x b Exactly one value of x
c. Exactly three valuesof x ~ d. None of these
2x—[x]+xsin(x—[x]); x#0

59. If f(x)"= { 0.

b

, where [.]

denotes the greatest integer function, then n cannot be -
‘a4 h 2 ¢S5 d6
60 Jf(x)=max{x/n, |sin7rx{},ne Nhas maximum points of non-
differentiability for x € (0, 4), then n cannot be
+ a4
b 2
¢ 5

\/6/ f ( [xz] - {x}?, where [] and {. } denote the greatest

L “integer function and the fractional part, respectively, is
- a. continuous at x =1, -1 ‘

b. continuous at x =—1 but not at x = 1

¢. continuous at x = -1 but not at x =—1

d. discontinuous atx =1 and x =1

e

{ 62. Iff(x)=[logx]+ /{log, x} ,x>1, where [.] and {.} denote

the greatest integer function and the fractional part
function, respectively, then

a. f(x) is continuous but non-differentiable at x = ¢

b f(x)is differentiable atx=e

¢. f(x) is discontinuous at x = e

d. None of these

i



63. f(x) = lim sinz"(nx)+[x+%], where [.] denotes the

g  greatest integer function is
a. continuous at x = 1 but discontinuous at x = 3/2
b continuous atx=1and x = 3/2
¢. discontinuous at x = 1 and x = 3/2
\/ d discontinuous at x = 1 but continuous at x = 3/2
64. If f(x) = sgn(sin’x — sinx — 1) has exactly four points of
L discontinuity for x € (0, n7), n € N, then
! a. Minimum value ofnis 5
b. Maximum value of nis 6
¢. There are exactly two possible values of n
d None of these

1.2 _ . .-
65. If f(x) = {F ~x+3 xisational Lo inous at
T 12-x, x is irrational )
exactly two points, then the possible values of a are
a (2,%9) b (—e,3)

C. (oo, —1)u(3 o) d None of these
\/ 6. f(x)={x}>- {x’} ({.} denotes the fractional part function)
L a. f(x)is discontinuous at mﬁmte number of integers but
! not all integers -
b. f(x) is discontinuous at finite number of integers
¢. f(x) is discontinuous at all integers
d f(x) is continuous at all integers

1 - .
\,W/Let fx) = 8( )ﬁCOS; > ¥#0 , where g(x) is an even
0, x=0
function differentiable at x =0, passmg through the or1g1n
The f7(0) ,

a isequaltol
c. is equal to2

\/- 1— 1 x? 1f—1<x<1
68. Letf(x)=

1 .18
1+log—- if x>1

b is equal to 0
d does not exist

Ly :
a. Continuous aﬁd differentiable at x = 1

b. Continuous but not differentiable at x = 1

¢. Neither continuous nor differentiable at x =1
d. None of these

69. Iff(x)= Vl-v1-x*  thedf(x)is
a. Continuous on [-1, 1] and differentiable on (-1, 1)
b. Continuous {1, 1] and differentiable on (-1,0) (0, 1)
¢. Continuous and differentiable on [-1, 1]
d None of these

-
\A70. Thesetofall points, where f(x) = \3/x2 | x | - | x ] —lis not
| o differentiable, is
a. {0} b {~1,0,1}
c. {0,1} d None of these
. Letf(x) be a function for allx e Rand f(0)=1. Then g(x)
: 1—-cos2x
L, - =t
a. is differentiable at x = 0 and its value is 1
h. is differentiable at x = 0 and its value is 0

x=0,

Continuity and Differentiability 3.23
1

¢. is non-differentiable at x = 0 as its graph has sharp
tunatx=0
d is non-differentiable at x = 0 as its graph has vertical
tangentatx =0
72. A function f(x) is defined as

x"sin—, x#0, meN

f@=

x ' . The least value of m
00  if x=0 '
for which f”(x) is continuous at x=0is :
al h2 c.3 d None
/x —1/x ’ .
———e— , x#0. -
3. f)=1 l/*+et* . .Then
' x=0

,

O
~ a. f(x) is discontinuous at x = 0
b. f(x) is continuous but non-differentiable at x =0
¢. f(x)is differentiable atx=0

\/ d F(0)=2
4. Ifflx)= {x*} —({x})%, where {x} denotes the fractional part
L of x, then ' :
§  a f(x)is continuous at x =2 but not at x =2
b. f(x) is continuous at x = 2 but not at x = -2
¢. f(x) is continuous at x =2 and at x = —2
d. f(x) is discontinuous atx =2 and at x =2

, 1 _
%Let y=fx)=1¢ * i x#0 Then which of the following
\ - 0 ifx=0 _
" can best represent the graph of y =f(x) ?

e sl

& Ao

N/,

\/6 Iff(2+x)=f(-x) forallx € R, then dlﬁ'erentlablhty atx 4
L implies differentiability at '
! ax=1

h x=-1"

¢ x=-2 d cannot say anything.
|3 cot 2_3 ifx>0 -
77. ()= » x is continuous atx=0,
{x*}cos(e”™), if x<0

" then the value of f{0), (where [x] and {x} denotes the
greatest integer and fractional part functions, respectively)
a0 h 1
c -1 d none of these -
78. If both f{x) and g(x) are differentiable functions at x = x,,
then the function defined as A(x) = maximum {f(x) g(x)}:
a. is always differentiable at x =x
b. is never differentiable at x = x,
c. is differentiable at x = xo'provided j(x;) #g(x,)
d cannot be differentiable at x =x, if f(x,) = g(x)-
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\/4 Number of points wheré the function

L 1+[cosﬂ}, léx <2
v S22 -

oM

0<x<l éndf(1)= 0 is continuous

|sin x|, -1<x<0
but non-differentiable is/are (where [-] and {-} represent
: greatest integer and fractional part function, respectively)
a0 hil
\/ c.2 -d. none of these
2 , : n
§0. Letf(x)= lim (x2 +2x+3+ s%n rx)" —1 ,
: n—e (x° +2x +3 +sin 7x)" +1
\",‘I a. f(x) is continuous-and differentiable for allx € R.
h. f{(x) is continuous but not differentiable for allx € R.
¢. f(x) is discontinuous.at infinite number of points.
d f(x) is discontinuous at finite number of points.

) n x sinx -

\,8/1.' Given that. Hcos—" =—F and

L ' el 20 g sin(“.—) )
2 7

' 51 X /4

li —tan| — |, xe€(0,m)—<—¢"

S (2} seon-{3}

then

n—oo
n=1

fx)=

s

T . 2
Then which one of the following is true? .
a. f(x) has non-removable discontinuity of finite type at

T .
xX=—.

2
b. f(x) has removable discontinuity at x = g . oo
c. f(x) is—continubus atx= % . _
~ & f(x) has non-removable discontinuity of infinite type

.
atx= —.

Multiple Correct :
| Answers Type

Each question has four choices a, b, ¢, and d, out of which one
or more answers are correct. :

1. Which of the statement(s) is/are incorrect ?
L _ a. Iff+gis continuous at x = q, then fand g are continuous
' atx=a.

b If lim (fg)exists, thenboth
xX—a N

lim fand lim gexist.
x—a xX—a ~

¢. Discontinuity at x = 2 = non-existence of limit.
d All functions defined on a closed interval attain a
_ maximum or a minimum value in that interval.
\A A function fis defined on an interval [a, b]. Which of the
L following statement(s) is/are incorrect ?
1 a. If f(a) and f(b) have opposite signs, then there must
' be a point ¢ € (a, b) such that f(c) =0. '
b. If fis continuous on [a, b], /(a) < 0 and f(b) > 0, then
there must be a point ¢ € (a, b) such that f(c) = 0.

c. If fis continuous on [a, b], then there is a point ¢ in (a,
b) such that f{c) = 0, then f{a) and f{(b) have opposite
signs. _
d If fhas no zeros on [a, b}, then f(a) and f(b) have the
same sign.
3. Which of the following functions fhas/have a removable
discontinuity at the indicated point ?

2 :
x*—-2x-8 )
a.f(x)=—ﬁ— atx=-2 .
x—
hf(x)=|x—7| atx_='[
2+
¢ f(x)= 14 atx=-—4

- 3_.\/;

atx=9

df0="5—",

-, 5x—4 for0<x<l
\4/.The function f(x) = {4x* —3x forl< x<2is
: Lo 3Ix+ 4 forx=>2

a. continuous atx=1and x =2
b continuous at x = 1 but not derivable at x =2
¢. continuous at x = 2 but not derivable at x = 1 »
- d continuous at x= 1 and 2 but not derivable atx =1 and
x=2 ' .
" Which of the following is/are true for f{x) = sgn(x) X sinx '
~ ' a discontinuous no where : '
b. an even function
c. f(x)is periodic -
d f(x) is differentiable for all x

: . !
. +sinzx| —~1
' %Iff(x) - i l2sEx[ -1 € (0,6), then

1= | g+sinmx I +1
L | a ifa=1,thenf(x) has 5 poiﬁts of discontinuity.
h ifa= 3, then f{x) has no point of discbntinuity.
¢. if a=0.5, then f(x) has 6 points of discontinuity.
d if a=0, then f(x) has 6 poinfs of discontinuity.
/ 1f f(x) = sgn(x* — ax + 1) has maximum number of points of
discontinuity, then —
L—_ ] b g€ (—%,-2)
d None of these

a ac (2,)
c.ae (2,2)
\ /8/ If f(x) = [lx|], where [.] denotes the greatest integer
function, then which of the following is not true?
a. f(x) is continvous Vx € R.
b. f(x) is continuous from right and discontinuous from
leftVxe N. ' N
¢. f(x) is continuous from left and discontinuous from
- rightVxe L
d f(x) is continuous at x = 0.
. f(x) is differentiable function and (1 (x). g(x)) is differen-
L tiable at x = a, then

%

Lo

\\-



N .
© - 13. The function f(x)= —12-,
. n

L

a. g(x) must be differentiable atx=a.
b If g(x) is discontinuous, then f(a) = 0.
¢. f(a) #0, then g(x) must be differentiable.
d. None of these.
0. The function defined as

Lo ¢ |
cos?y  difx <0
gt+xn if 0<x<1, -
1
14"

f@x)= lim

ifx>1

“

LTy

which of the following does not hold good?
~ a. continuous at x = 0 but discontinuous at x = 1.

b. continuous at x = 1 but discontinuous at x = 0.

c. continuous bothatx=1andx =0.

d. discontinuous bothatx=1andx=0.
\/11/. Which of the following function(s) has/have removable

) discontinuity at x = 1? '
D
' 2

' 1 : x -1
a f(’_‘)"lnlxn b f9="5
c. fi) =22 4 f(§)='————“’“;21:;/5;

o5

A +1 5 ( . :
12. fix)= E]—— for 1 [O, —2-)—>(—12- ,3] , where [.] represents
X _ - o

{x} +1

| the greatest integer function and {} represents the
fractional part of x , then which of the following is true.
a. f(x) is injective discontinuous function.
b. f(x) is surjective non-differentiable function.
¢. min (lim_ f(x), lim f(x)) =£(1).
: x—l P
d. max (x values of point of discontinuity) = S

1, [x]=1

1
—<|x|< —1—, n=23,..
n n—-1 7

0, x=0
a. is discontinuous at infinite points
b. is continuous everywhere_
¢. is discontinuous only at x = 1 ,ne Z-1{0}
“n
7 d. None of these . 7
. ) : 0, " xeZ
4 Letf) = [ and g0 = 5 -
) x°, xeR-

([.] represents

L, _greatest integer function). Then
a. lil)!} g(x) exists but g(x) is not continuous at x = 1. -
X - . v

b. f(x) is not continuous at x = 1.

: \',n./lf )= {(sin-‘ )P cos(l/x), x#0 4
L

. () '=-{"+”’

Continuity and Differentiability 3.25

¢. gof'is continuous for all x.
d fog is continuous for allx.

/ xlogcosx
/ —, x#0
15. Iff(x)= {log(1+x") then
Lo 0, x=0

a. f(x) is not continuous at x =0.

b. f(x) is continuous at x = 0.

¢. f(x) is continuous at x = 0 but not differentiable at x =0.

. d. f(x) is differentiable at x = 0. ,
\/I{ Iffx)=x+ x| + cos([7*]x) and g(x) = sin x, where [.]
L denotes the greatest integer function, then :
0 a. f(x)+ g(x) is continuous everywhere.

b. f(x) + g(x) is differentiable everywhere.

¢. f(x) x g(x) is differentiable everywhere.

d. f(x) xglx)is continuous but not differentiable at x =0.

0,.

a. f(x) is continuous everywhere inxe (-1, 1).
b. f(x) is discontinuous inx € [-1, 1]. o
c. f(x) is differentiable everywhere inx € (-1, 1). e
d. f(x) is non-differentiable nowhere in x € [-1, 1].

and g(x) = {{x} ’

sinx + b,

x=0

~

x<0

x20

x20
2-x, x<0

L( and if f(g(x)) is continuous at x = 0 then which of the
following is/are true (where {x} represents the fractional
part function) B
a. if b= 1, then a can take any real value.
b ifb<-1,thena+b=1. .
¢. no values of a and b are possible.
d there exist finite ordered pairs (a, b).

x|-3 x<1 2—| x|, x<2

g JXITS ="
A Iff(")_{|x_2|+a, x>1 48D {sgn(x)-b, x22

L | and h(x)=f(x)+ g(x) is discentinuous at exactly.one point .
. then which of thie following values of a and b are possible

a.a=-3,b=0 b.a=2,b=1
c.a=2,b=0 d.a=-3,b=1
. ‘ 1
20. Let f: R — R be any function and g(x) = ﬁ_) . Then
: X
which of following is/are not true
a. g is onto if fis onto. '
b. g is one-one if fis one-to-one.
c. g is continuous if f'is continuous.
d. g is differentiable if fis differentiable.
7 . . . ,
vﬁ- o= C& XD+ 33 0SX<2 Gherel]
' sin x + | x =3}, 2<x<4 :

z—— | and { } represent the greatest integer and the fractional
part function, respectively.
a. f(x) is differentiable atx = 1.
" b. f(x) is continuous but non-differentiable at x = 1.
¢. f(x) is non-differentiable at x = 2.
d. f(x) is discontinuous at x = 2.
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r ( 3 ](C(it3x)/(cot 2x) .
- ; O<x<—
2 2
22. f(x)=1b+3; x= % is continuous at
(1+]| cotx [)lalan=/b. = oy o p
x= 71:/2,~ then v -
aa=0 bha=2" c.h=-2 db=2
L . Which of the followmg function is thrice differentiable at -
x=0? .
, .
a f)=p’| b~f(x) x|
¢ f(x)= [xlsm3 d f(x)=x|tan’x|
. Let fix) = [sm x], then (where {-] represents the greatest

| - integer function)
6  a f(x)is continuous at x =0
b f(x) is differentiable atx=0
¢. f(x) is non-differentiable at x =0
d f(0)=1
. Let f(x) = sgn{cos 2x — 2 sin x + 3) where sgn ( )is the
. L signum function, then f(x)
I a is continuous over its domain
. has a missing point discontmuity
¢._has isolated point discontinuity
d. irremovable discontinuity
. A function f(x) satisfies the relation f(x +y) =f1 (x) +f(»)+
x(x+y)V x,ye RIff (0)—-—1,then .
/ a. f(x) is a polynomial function
b f(x) is an exponential function
¢ f(x)is twice differentiable forallx e R

d f(3)=8
- o x .

. i L
. X,
\}{Le_tf(x)=<b, x=0,then
: ) ' |sinZ

' 2, x <0

| x

ro | —

‘a SIx) is continuous atx =0 ifa=-1,b=
b f(x) is discontinuous at x =0 if b # %
¢. f(x) has irremovable discontinuity atx=0ifa=-1

d.f(x)hasremovable discontmmty atx=0ifa=-1, b¢ 5

Reasoning Type

- Each question has four choices a, b, ¢, and d, out of which onIy

one is correct. Each question contains STATEIV[ENT 1and

STATEMENT 2.

a. 'if both the statements are TRUE and STATEMENT 2 is the
correct explanation of STATEMENT 1.

7

b. if both the statements are TRUE but STATEMENT 2 is
NOT the correct explanation of STATEMENT 1.
c. ifSTATEMENT 1 is TRUE and STATEMENT 2 is FALSE.
d if STATEMENT 1 is FALSE and STATEMENT 2is TRUE. -
Statement 1: y = sin x and y = sin”'x, both are
L differentiable functions. '
' Statement2: Differentlabihty of () = differentiability of
y="x).
2. Statement I: f(x) = (2x -
by x=s5n.
Statement 2: If the graph of y = f (x) has sharp turn at
x = a, then it is non-differentiable.
\—d Statement 1: /(x)=sgn(x*—2x+3) is continuous forallx.
¥" " Statement2: ax2+bx+c -0 has no real roots if b* —4ac <0.

)3/5 is non-differentiable at

. 2n
4. Statement 1: f(x) = lim 5
X—yo0 X

— is discontinuous atx = 1.
et

Statement 2: If limit of function exists at x = a but not
equal to f'(a), then f (x) is discontinuous at x = a. .
5. Statement 1: f(x) = [sinx] — [cosx] is discontinuous at
x = 7/2, where [.] represent the greatest integer function.
Statement 2: If /(x) and g (x) are discontinuous atx = a,
_ thenf(x) + g(x) is discontinuous at x = a.
6. Statement 1: f(x)=sgnxis discontinuous at x =0 = f(x) -
= |sgnx] is discontinuous at x = 0.
Statement 2: Discontinuity of () = dlscontmulty of | f(x)].
\,d Statement 1: £ (x) = (sm7rx)(x 1) is differentiable at
=1. ,
Statement 2: Product of two differentiable function is
always differentiable.

1/x .
. e’ -1
- . - , x20 .,
8. Statements 1: The function f (x) = ¢ ¢!/* +1 ©1s -
' cosx x=0

discontinuous at x = 0.
_ Statements 2: f(0)=1. _
. 9. Statement 1: f(x) = sinx + [x] is discontinuous at x.= 0
" where [ . ] denotes the greatest integer function.
Statement 2: If g(x) is continuous and A(x) is
discontinuous at x = a, then g(x) + A(x) will necessarily be
discontinuous at x = a.

".N\10. Statement 1:f(x)=|x|sinxis non-differentiable at x = 0.

Statement 2: If f (x) is not differentiable and g(x) is
differentiable at x = a, then f (x) g(x) can still be
differentiable atx=a. :

11. Statement 1: Iff(x)is discontinuous at x= e and llgllz g(x)
=e, then lim f(g(x)) cannot be equalto f (lirn g(x)) .
x—a ] x—>a
Statement 2: If f(x) is continuous atx = e and lll;lzlz g(x)

e, then m f(g(a))= / lim §(0)-

12. Statement 1: Both the functions |In x| and 1n x are both
Q_ continuous for all x. ' ’
\/ Statement 2: Continuity of | f(x) | => continuity of f (x).



13.

14.

o

16.

Statement 1: f{x) =tan™" [1 2x > ) is
' -x

nonédifferenﬁable atx==%1.

TR
Statement 2: Principal value of tan™} x are (— > 5) .

Statement 1: If | f(x)| < |x| for all x € R, then | f (x)| is
continuous at 0. ' :

Statement 2: If f (x) is continuous, then | f (x)| is also
confinuous. : '

. Statement 1: f(x) = |{x|°— 3 |x| +2] is not differentiable at 5

points.

Statement 2: If the graph of f (x) crosses the x-axis at m
distinct points, then g(x) = .| f ()| is always mon-,
differentiable at least at m distinct points.

Statement 1: The function f'(x) = a,el"| +ay| x|, where
a,, a, are constants, is differentiable at x=0if ¢, = 0.

" Statement 2: ¢ is a many-one function.

W\ 17

18.

19.

20.

23,

Consider [-] and {-} denote the greatest integer function
and the fractional part function, respectively.

Letf()={x} +{x}.
Statement 1: fis not differentiable at integral values of x.
Statement 2: fis not continuous at integral points. '

‘ g

n—ece

Statement 1: Letf(x)= lim { lim cos®™ (n iﬂ:x)} , and
i m—yeo

. - [0, if x is rational
gkx) =

Then hG) = £() + (o) i
1, if x is irrational en h(x) ‘f (x) + g(x) is

continuous for all x.

Statement 2: f (x) and g(x) are discontinuous for all x € R.
Statement 1: If '(x) exists then f”(x) is continuous.
Statement 2: Every differentiable function is continuous.
Consider the funcfions £ (x) = x* — 2x and g(x) =~ x .
Statement 1: The composite function F(x) = f(g(x)) is not

_derivableatx=0.

Statement 2: F'(0)=2and F’(07) =-2.

. Statement 1: If f (x) and g(x) are two differentiable

functions V x € R, then y = max { f (x), g(x)} is always

“continuous but not differentiable at the point of

intersection of graphs of f(x) and g(x).
Statement 2: y=max { f(x), g(x)} is always differentiable in

between the two consecutive roots of f (x) — gx) = 0 if -

both the functions f(x) and g(x) are differentiable V x € R.

. Consider the function

- fx) = cot™ (sgn[

[x]
2x —[x]
greatest integer function. :
Statement 1: f(x) is discontinuous atx = 1.

Statement 2: f(x) is non-differentiable atx=1.
Consider the function f(x) = sgn (r— 1) and g(x) =cot ' [x
— 1], where [-] denotes the greatest integer function. '

D, where [-] denotes the

e.

. 24.

25.

Linked Gomprehension
Type

Continuity and Differentiability 3.27

Statement 1: The function F(x) =/ (x) . g(x) is discontinuous
atx=1.

Statement 2: If f(x) is discontinuous atx =a and g(x)yisalso
discontinuous at x = a, then the product function f(x) g(x)is
discontinuous at x = a. :

Statement 1: f{x) = min{sinx, cos x} is non-differentiable
atx=7/2. : '
Statement 2: Non-differentiability of max {g(x), h(x)}
= non-differentiability of min {g(x) h(x)}-

Statement 1: If f (x) is a continuous function such that
f(0)=1andf(x)#x,Vxe R, thenf(f(x))>x.
Statement 2: Iff: R — R,f(x) is an onto function, thenf(x)
= 0 has at least one solution. ' -

Statement 1: The function f (x) = [\[;] is discontinuous

for all integral values of x in its domain (where [x] is the
greatest integer < x). ,

Statement 2: [g(x)] will be discontinuous for all x given by
g(x) = k, where k is any integer. - .

Based upon each paragraph, three multiple choice questions
have to be answered. Each question has four choices a, b,¢,and d,
out of which only one is correct.

For Problems 1 -3

L1

o

| a(l—x51nx)2+bcosx+5, £ <0 &

X

Let f(x) = { '3, x = 0, where P(x)

f-(22) "

x>0

is a cubic function and fis continuous at x = 0.

. The range of function g(x) =3a sin x — b cos x is
a [-10,10] h[-5,5]
¢ [-12,12] d None of these
The value of P”(0) is
a. log 9 b log 2
c 2 d!

. If the leading co-efficient of P(x) is positivé, then the .

equation P(x) = b has
a. Only one real, positive root
b. Only one real negative root
¢. Three real roots
d None of these

For Problems 46
U [x+2, 0<x<2
Letf(x)_{G—x, x=22 "’
1+tanx, 0Sx<E
g= o
: 3—cotx, —<x<=&
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4, flg(x)is
a. discontinuous at x = 7/4.
h differentiable at x = /4.
¢. continuous but non-differentiable at x = /4.

d. differentiable at x = /4, but derivative is not
continuous.

5. The number of points of non- dxfferentlablhty of h(x)
=1/ (g is :
a 1 b 2 ¢ 3 d4
6. The range of A(x) = f(g(x)) is
a (= 00,0) b (4,c0)
C. (—o,4] d None of these
«\ For Problems 7-9 '
v Consider f{x) = x* + ax + 3 and g(x) = x + b and F(x) =
mL (X)+x2"g(x) e
"—>°° 1+x* )
7. If F (x) is continuous at x = 1, then
 a b=a%+3 bhb=a-1
c.a=b-2 d None of these
8. If F (x) is continuous at x =— 1, then
aa+b=-2 ha-b=3
c.atb=5 -d None of these
9. If F (x) is continnous at x == 1, then f(x) = g(x) has

a. imaginary roots b. both the roots positive
, . ¢. both the roots negative d roots of opposite signs
For Problems 10—12

N | i

7 [x], -2<x< —% . B
" Letf(x)= and g(x) =/ () +1/ ()],
2x% -1, —5<xs2

where [-] represents greatest integer function.

10. The number of points where | f(x)| is non-differentiable is
a3 b4 S 2 ds5
11. The number of points where g(x) is non-differentiable is
a 4 h3 c.2 d3
12. The number of points where g(x) is discontinuous is
“al h2 '
c.3 d None of these

For problems 13-15

Given the continuous function

x? +10x+8, x< -2
y=f(x)={ax’ +bx+c, —2<x<0, a#0
x20

‘ Ifaline L touches the gréph ofy= f (x) at three points, then
13. The slope of the line ‘L’ is equal to

x? + 2x,

a.l b.2 c.4 d.6
14. The value of (@ + b + ¢) is equal to,
a 5v2 b5 c.6 d.7

15. Ify =f(x) is differentiable at x = 0, then the value of »
a is—1] b is2
c. 154 d Cannot be determined

Solutions on page 3.53 "

Matrix-Match Type

Each question contains statements given in two columns which
have to be matched. Statements a, b, ¢, d in column I have to be
matched with statements p, g, r, s in column IL If the correct
match is a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly
bubbled 4 x 4 matrix should be as follows

P g r s

®OOO
®OOE
®OOO e
®OO6

o o

]

o

,“,Coiumn 1‘

Column 2

p contmuous in (—1 1)

(CRIE
r kdiffereriii‘ahle m (0, 1) ‘

B q.“fdiffe'rehtigblei

; v,i(qc).v—,:l_sm,n xis v

-4 f)= cos™ x| s

S. not dlfferentlable at least at f
one pomt 1n (—1 1)

>

umn".vllg,.f e

] Cotumaiz,

g ilforlxl_l

= lxf T s d1fferent1able | P2

ax +b for|x|<1

. has eXactly 11 pomts of dlscontmulty,
he value ofnis. - S

(%) = ||xl 2} + a| has exactly three pomts
» f non—dlﬂ”erennablhty then the value of a 1s

3. ,
> Consider the function f(x) =x> + bx + ¢, where D=5"-4c>0 .
Column1 Column2 - .

Number of points of non-

Condition on b and ¢
T d1ﬁ’erent1ab1hty of g(x) =

|f (Dt

2.5<0,c>0

p-1 .
ib;?f=O,'b<0 : a2
— T3

5.5
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X

sé*+2 < o Eoy0sex<t
Letf(x)=1 3—¢"*’ > [O6. Letfin=1> and g(9) = Qi+ 1) K +3,
. 0, . . ’ —2-,1S'XS2

0 <x . Then g( f(x)) is continuous atx = 1if 12k is equal
to

L[ 7. A differentiable function f satisfying a relation f(x + ¥)

) H0)+ 20+ ) - 5 ¥ e Rand

lim g’i@———l = 2 _Then the value of [f(2)] is (where [x]
h -0 6h 3 :

represents greatest integer function) .

8. The least integral value of p for which f(x)is everywhér‘é

(1
L : xPsin| = |+x|x|, x#0
continuous where f(x) =1 x

0, x=0
L_O 9. Number of points where f(x) = [x] + [x+ 1/3,] + [x+2/3],
then ([-] denotes the greatest integer function) is
discontinuous forx € (0,3). ' -

U 10. Let f(x) and g(x) be two continuous inctions and h(;c)’

x2n f(x) +x2m

80 ipimitof h(x) existsatx =1,

. Number of points_Of discontinuity for f(x) =sgn(sinx), x €

. If f(x) is a continuous function V x & R and the f) e

= lim 5
n=e =T+
then one root of f(x) —g(x) =01is
f(x) ¢ .
[ 111. Given %')———— =1, Vuxye (—12-, oo) where f(x) is
bt €

continueus and differentiable function and f (l) =0. If
' e

e, x>k : o
gx) =1 , ; then the value of ‘&’ for which
(0,47 e, O<x<k :

X s
f(g(x)) is continuous V x€ R'is

~

a

- a, J30), and g(x) = [L(x_):l, where [-] denotes thé Ll 12. f(x)= 1+(lnx):lnx)¢--oo V. xe [1,3]is non-differenj

, : v
greatest integer function, is continuous V x € R, then the © tiable at x = k. Then the value of [*] is (where []
least positive integral value of ais. R : represents greatest integer function) - _
Q3. Number of points where fx) = sgn(x? - 3x+2) +[x-3], : ) * tan(tan x) — sin(sin x) 1
\’_ - x e [0, .4] is disconjcinuous is (where [-] denotes the [O13. If t}rlevflmctlon fe) = tan x — sin x (”R)/“S/
greatest integer function) ~ continuous atx =0, then the value of f(0) is
: ) . . . . 4. B 3 N _ . - .g -
O 4. Letg()= a,./x +1 if 0 <x< 3 if g(x)is differentiable L\ 1 I_\_Iumber (_)f_l;o_lgt_s of nozll dl‘fferentxabghty of.functlon fx)
A\ 7 b +2  if 3 € x<5 ' =max {sin”! |sinx|, cos™ |sinx|}, 0 <x<271is
on (0, 5)then (a+ b) e uals ol L, g e e T T
et 2n—1) ! 2,5 < - Archives ~ .- Solutions:on pag:
N X + ax” +0x . RPN ST R e
5. Let f(x)= lim ———————— . If f(x) is contin S e
\> fx)=lhm T If f(x) is continuous for Subjective

all x € R, then the value of a+ 8b is 1. Determine the values of a, b, ¢ for which the fupetion
f(x) is continuous at x = 0, where
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sin[(a+1)x]+sinx

; x<0
x T
fx)= c; x=0. (IT-JEE, 1982)
(x+bx2)l2 _ 4112 .
\bxyz ;o x>0
, I+x, 0<x<2 "
2. Let = 777" Determine the functiofi
\\/ S {3—x 2 <x<3 etermine the function

g(x)=1(f(x)), and hence find the points of dlscontlnulty g

of g, if any.
2 .
X ,0<x< 1 :
O 3 Ly 2 ; (OT-JEE, 1983)
- ’ 2x2—’3x+5- ,1€x<2

discuss the contmu1ty of f, " and f” on [0, 2].
4. Letf(x)=x>-x+x+1and

o [max.f(#); 0<t<x foro0<x<i
8®=9 5 x:

5. Let j (x) be defined in the Jinterval [-2, 2] such that

_2_ l"
S(x)= { o 0<x<0 and g(x) =f () + | f(x)].

Test the differentiability of g(x) in (-2, 2).
(IT-JEE, 1986)
6. Let f (x) be.a continuous and g(x) is a discontinuous

- function, then prove that S () + g(x) is discontinuous at .

x=a. (IIT-JEE, 1987),
7. Let f(x) be a function satisfying the condition f=x)=f()
for all real x. If (0) exists, find its value.

(IT-JEE,1987)
8. Letg(x)bea polynomlal of degree one and f(x) be deﬁned
g2(x), x<0
by f(x)= ( l+x J‘ /* | find the continuous
‘ N , x>0 .
' 2+x
function satisfying /"(1) = f 1.
(IT-JEE, 1987)
9. Find the values of a and b so that the function
x+a+/2.sin x, 0<x<n/4
Ax)=4q2xcotx+d, m/4< x < m/2 is continuous
acos 2x — bsmx 7:/2<x<7r ] o
forO<x<m. (IT-JEE, 1989)

10. Draw a graph of the function y = [x] + [1-x,-1<x<3.
Determine the points, if any, where this function is not

differentiable. (IIT-JEE, 1989)
1 —cos 4x . ‘
2
11. Letf(x)=1 a, x=0

ﬁ—’

(IIT-JEE, 1990)

I<x<2 o
Discuss the continuity and differentiability of g(x) in (0, 2).

<

Determine the value of g, if possible, so that the function
is continuous at x = 0.

{1+ {sin x [} % <x<0’
12, Letf(x)=| b; x=0
tan2x/tan3x, 0<x<Z
. ? 6
- Determine a and b such that £ (x) is continuous at x = 0.
' ' (IT-JEE, 1994)
_(i+ 1)
13. Letf(x)=4{xe W */ x 20 (WT-JEE, 1997)

0 , x=0
Test whether
a4 (x) is continuous at x =0
f(x)is differentiable at x=0

Determine the values of x for which the following function
fails to be continuous or differentiable:

. 1--x : x<1
Sx)={1-x)(2-x), 1<x<2
- 3-x x>2

Justify your answer. ({T-JEE, 1997)

. Let e R. Prove that a function f: R — R is differentiable

- atx=qifand only ifthere is a function g : R — R which is
continuous at a and satisfies f(x) —f (o)) = g(x) (x— ) for all
aeR. (UT-JEE,2001)

. </;‘

x+a if x<0

6. Letf(x)= {I;‘f—llif £>0 an

x_+1'
9 = N x=ft 4 it x>0,

negative real numbers. Determine the composite function
gof. If (gof) () is.continuous for all real x, determine the
values of a and b. Further, for these values of @ and b, is
gof differentiable at x = 0? Justify your answer.

(IT-JEE, 2002)
\17. Ifa functionf: [-2a, 2a] — R is an odd function such that
V' fx)=fQa-x)forx < [a,2a] and the lefi-hand derivative

atx =ais 0, then ﬁnd the left-hand derivative at x =—a.

e

if x<0
where a and b are non-

. . (ITT-JEE,2003)
- @g; f (0) = lim nf( )and f(O):O.Usmgthls,ﬁnd -
. n—yca ¥
. 2 (1 ] -1 /4
. — |- —|<=.
'}1_1)1010 [(n +1) —cos (n) n), cos —1<3
" (UT-JEE, 2004)

19. Ifjc]< =~ and f(x)isa dlﬁ'erentxable function atx =0 given

bsin™ ctx ,' ——1—<x<0
‘ 2 2
.by f(_x)=<%, x=0
@2 .
¢ 1, 0<x<l
X 2




Find the value of a and prove that 64 5% = 4 — ¢*
(IIT-JEE 2004)
L-20 Iff (x=»)=f(x) g(»)-f(») glx) and g(x—y) g g~
S&x) f(y)forallx,ye R.

If right-hand derivative at x = 0 exists for f(x). Find the
derivative of g(x) at x = 0. (IT-JEE, 2005)

Objective | 7 .
Fill in the blanks ¥
(X—I)ZSin‘ 1 —|x},if x#1
.l Letf©= (x-1) be a real-
Q
\/ -1, ifx=1

valued function, then the set of points where f (x) is not

differentiableis (IIT-JEE, 1981)
(x3 +x° —16x+20) /,
, ifx#2 . .
2. Letflx)= (x- 2)2 if f(x) is conti-
k, ifx=2 |
« nuous for all x, then k= (llT-JEE 1981)

\/O 3. A discontinuous function y f () satisfying Z+yt=4is
givenby f(x)= — . (OT-JEE, 1982)

4. Let f{x) = x|x|. The set of points, where f (x) is twice
differentiable, is . ({IT-JEE, 1992)

B \> 5. Let f{x) = [x]sin ([—-75_—1]], where [-] denotes the greatest -
, < +11

integer function. The domain of f is
points of discontinuity of fin the domainare — .
' : (IIT-JEE, 1996)
6./Letf (x) be a continuous fllIlCthll defined for 1 <x < 3.
If f{x) takes rational values for all x and f'(2) = 10, then
asy=— (IT-JEE, 1997)

Multtple choice questions with one correct answer

and the

\ 1. Forareal numbery, let{y] denotes the greatest integer leSS
WV than or equal to y. Then the function

X—7
fx)= __([_2_]_) is
1+ [x]
a.  discontinuous at some x
h continuous at all x, but the derivative f’(x) does not
exist for some x
c. f(x) exists for all x, but the derivative f'(x,) does not
exist second for some x '
~ d f7(x)exists for all x
o2 Let [.] denote the greatest integer functxon “and
~ f(x) =[tan®x], then ~ (IT-JEE, 1993)

a. lim f(x} does not exist
x—0 :

h f(x) is continuous atx =0
¢. f(x) is not differentiable at x =0

d £(0)=1

(IT-JEE, 1981) .
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. The function f(x) = [x] cos (Zx — 1) ., where [.] denotes

<.

the greatest integer functlon is discontinuous at .
(IIT-JEE, 1995)
a allx
b. all integer points
€. N0 X
d x which is not an integer

4. The function f (x) = [x] — [x?] (where-[y] is the greatest

. \> integer less than or equal to ), is discontinuous at

, (IIT-JEE, 1999)
* a. all integers
h all integers except 0 and 1
c. all'integers except 0
d. all integers except 1
¢ The functionf(x)= 2-1) |x2 3x+2| + cos () is NQT
\f dxfferentlable at

-1 b o c.l a2
\6. The left-hand derivatives of f (x) = [x] sin (x) atx =k, kan
\/ integer, is - (OT-JEE, 2001)
a Dtk-Drx b D\ k=-Drm
c. -1)Ykrm d ~Df-Y%n

7. Letf:R—>Rbea function defined by f(x) =max {x, x 3.
The set of all pomt where f(x) is NOT differentiable is

, (IT-JEE, 2001)
a {-1,1} b {-1,0}
e {0,1} d {-1,0,1}
8. Which of the following functions is differentiable atx = =07
(IT-JEE, 2001)
a. cos () + x| b. cos (jx) - x|
c. sin () + x| d sin () — x|
\‘)9. The domain of the derivative of the function
tan” x  if |x]<1 '
x)= is (IT-JEE, 2002)
f(, ) %(]xl'—l) if | x|>1 )
a R— {0} b R—{1}
¢. R—{-1} d R-{-1,1}

\90. The function given by y=|lx| - 1] is differentiable for allreal

numbers except the points _(OT-JEE, 2005)
a {0,1,-1} b. £l
¢ 1 . d -1

‘ull. If f (x) is a continuous and differentiable function and

f(i/n)y=0Vn=1landne [, then
a. f(x)=0,x€ (0,1]
h £(0)=0,/(0)=0
c. f(0)=0=1"(0),x< (0,1]
d £(0)=0and f”(0) need not to be zero

(IIT-JEE, 2005)

" Multiple choice question with one or more than one correct

answer

1/1fx + | v} =2y, theny as a function of x is
(I T-JEE, 1984)



3.32 Calculus

. The function f(x) =1 +|sin x| is

. ff ()= x—;—z,thenin 0,7

a. defined for all real x
b. continuous atx =0
¢. differentiable for all x

-d. such that Q =l forx<0
dx 3

(IT-JEE, 1986)
a. continuous nowhere

b. continuous everywhere

c. differentiable nowhere -

d not differentiable at x =0 _

e. not differentiable at infinite number of points

. Let [x] denotes the greatest integer less than or equal to x.

If £ (x) = [x sin 7], then f(x) is (IIT-JEE, 1986)
a. Continuous atx=0 b. Continuous in (-1, 0)
c. Differentiableatx=1 d Differentiablein (-1, 1)
e. None of these

. The set of all points, where the function f(x) = m';‘,;v‘is
differentiable is (IT-JEE, 1987)
a. (—oo, °°) b' [0’ °°) "'. 4
c. (_—oo’ O)U(O, o0) d (0, o0)
' | % =31, Cx21
. The functionf(x)=14 2 3x 13 is
o ek e .0 |
4 2 4 I
(IIT-JEE, 1988)

b. differentiable atx=1
d differentiable atx=3

a. continuous at x =1
¢. continuous atx =3

(IIT-JEE, 1989)

a. both tan (f(x)) and _f%x_) ére continuous

b. tan (f &) is continuous but f~1(x) is not continuods
¢. tan (f-'(x)) and f~'(x) are discontinuous
d None of these

. The following functions are continuous on (0, 7)

_(IIT-JEE,1991)
a tan x _ !
b. thsin L _ gy
0 t : .
L 02x.<.§z
. . 4 .

. 2 3z ’
2sin—x, —<x<7
9 4

. T
xsin x, 0<x$5
4

Esin(n+x), Tex<n
2 -2

8. Leth(x)= min {.;C, x%}, for every real number of x, then

(T-JEE, 1998)
a. h is continuous for all x ‘ '
b. his differentiable for all x
c. ¥(x)=1,forallx>1.
d h is not differentiable at two values of x

11.

12.

13.

Match

A

. Letg(x)=xf(x), where f(x)=

Iff(x)=min {1,x*,x’}, then

0,x<0
. Letf (x)={ 5 then for all x (ITT-JEE, 1994)
‘ x°,x 2 0 - ;-
a. [ is differentiable b. fisdifferentiable

c. f7 is continuous d fis continuous

xsnlx’x LAtx=0
05 x=0

(IIT-JEE, 1994) _
a. g is differentiable but g’ is not continuous
b. gis differentiable while fis not
¢. both fand g are differentiable
d g is differentiable and g’ is continuous

The finction f(x)=max {(1—x), (1+%),2},x& (o2, )8

a. continuous at all points

b. differentiable at all points

¢. differentiable at all points except at x =landx=-1

d continuous at all points exceptatx =1 and x = — 1,

. where it is discontinuous ’
(IIT-JEE,2006)

a. f(x) is continuous Vx € R ~J

b f/(x)>0,Vx>1

¢. f(x) is continuous but not differentiable Vx € R

d f(x) is not differentiable at two points

—xv—E, xs—E .,
2 2 £ -"}-' .
T .
Iff(x)= {—cos X, —E<x>30,then
x—1 0<x<l
In x, S x>1

w

a. f(x) is continuous atx =— 2
b. f(x) is not differentiable atx=0
¢. f(x)is differentiable atx =1

d f(x) is differentiable at x = 32 (ITJEE2011)

. LetfR—>Rbea function such that f(x + ) = f(*) +f(y),
" Vx,ye RIff(x)is differentiable at x = 0, then

a. f(x)is differentiable only ina finite interval containing
zero - i
b. f(x) is continuous V x € R
¢. f(x)is constant Vx € R ,
- d f{x)is differentiable except at finitely many points
(ITJIEE 2011)

the following type

Match the functions in Column I with the propertiesin
Column II )

In the following, [x] denotes the greatest integer less than

or equal to x. (IXT-JEE, 2007)
Column X Column 11 -
a.xjx| p. continuous in (-1, 1)
b. | x| q. differentiable in LD
c.x+[x] r. strictly increasing in(-1,1)

s. not differentiable at least at

d.je—1

one pointin (-1, 1)



Subjective Type

L f(x)={

is continuous at x=1 and 2

= x =1 and 2 are the roots of the equation P+ax+1
=ax?+2x+b

or (a— 1)x2+(2—a)x+b—l =0

x®+ax+1, xis rational

ax? +2x+b, x is irrational

a-1 a-1
= a=12andb=0
. ‘Let k be an integer
fE) =k fk-0)=k-1+1=kf(k+0)=k+0= k

» » k—h k
:>f'<k—°>=haof( )=/ )

(k 1)+J -k

h—)O

[

N e
h—>0——h(l+«/__) 2
f(k h) f® k+Jh—k

h—)O h

=400

fk+0)=

Thus, (x) is continuous for all x but non-differentiable at
all integral values of x.
. Forx#0

1Y (11 1 1
={1- +| = +| = -——
J&) ( 1+x) (1+x 1+2x) (1+2x 1+3x)

( 1 1 1
oot - =1-
1+(n-Dx 1+nx 1+nx

= f(x)=lim El——l—)=l—0=landforx=0,f(0)=0
n—yoo 1+nx . '

' L, x#0
=>f(x)={0 o

Clearly, f (x) is discontinuous at x = 0.
. Asf(x) is continuous for all x € R.

Thus, 1inJa3 fx)=r (@)
xz__gﬂg_—_?’ ,jc;e\/g

where f(x)= e
- X
» 2 -
Now, lim. /()= lim. 5;2%_2?
@ 3-9(3-%)
x_)ﬁ (\/§ x)
= 2(1-3)

= f(3)=201-3)

- ANSWERS AND SOLUTIONS -

5. Whenxisin é neighbourhood of 7/2, sin x is very close to

. Also, lim
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1 but less than 1, then

2(sin x—sin" x)+|sin x—sin” x|

x_)g* 2(sinx—sin" x)—|sinx—sin" x| -

2(sin x —sin” x) +(sin x —sin " x) — 3 (exactly 3)
ok * 2(sin x—sin" x)—(sin x —sin " x)
2

2(sinx —sin” x)+ | sinx —sin” x|

x_)g‘ 2(sin x—sin" x)—|sinx —sin" x|

. an . —al n
_ 2(sinx—sin” x)+(sinx—sin" x) _ 3 (exactly 3)
(S Asinx— sin” x)—(sin x —sin” x)
2

"Then, g(x) is continuous at x = 77/2.
. Asy=rF+1f and x=2¢-t|.

Thus when 20 ~
e x=2—t=t,y=£+£=2F
x=tandy=2¢
y=.2t2,Vx20
whent<0
—x=2t+t=3t and y=£-£=0_
=y=0forallx<0

: 22, x=0
Hence, f(x) = ?
/&) { 0, x<O

" which is clearly continuous for all x as shown graphxcally

in Fig. 3.23.
' y
« _OI — X
Fig. 3.24
Also(9)= 4x, x>0
S0 0, x<0

= /(0 =0and(0)=0

= f(x) is differentiable at x = 0.

. Leig(®) =f(®)-f(x+m , 6y
atx=m, gm=f(m)—fQn) - V)
atx=0, gO)=£0)—f(n) (3)

'Adding equations (2) and (3), we get

g(0) + g(m) =1 (0) -/ 2m)

= g(0)+g(n)=0[Given 1 (O) = f (2 7))

= g(0) =-g(n)

= g(0) and g(n) are opposxte in sign.

= There exists a point ¢ between 0 and 7 such that
g(c) = 0 as shown in the graph
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b
- g0y
¢ x
o (,0)
g(m)
Fig, 3.25
From équation (1) puttingx=c
ge)=f(c)-flc+tm)=0
Hence, f(c) =f(c + ). '

8. LHL.= lim f(x)
x~0-
= 1. —_
hlr_f(l)f (0-h)
. 2_(;+_1)
= lim(0<h+1) \°-A -k
h—0

l_l) ‘
k h

= km(1=-h)? =(1-0)* =
lim(1—#)* = (1-0)" =1

~ 1imq hz_(
;hﬂ(—)’

RHL.= lim f(x)
x—0+
= lim f(0+h
o 1f(0+h)

11
——
[, _h)

I

ol
lim(h +1)
2

-
)
fim(h+1)

I

lim(h +1)2

- hl—If(l)( ) _1_ -
lim( +h)** &
hl—l;%( L €

Also f(0)=0

= LHL.=RHL. 21(0)

Hence, f (x) is discontinuous at x = 0.

9.

I’ ]
- . y=={x}

IR

Fig. 3.26

From the graph, f(x)is non-differentiable at x = 0,+1.

]

7 I R
lI II / —y= sin (IT.{X})
’II ) ] / /. , .' A

10. f(0" = lim Jh (1+h-sin%)

=0x[1+0x (any value between—1 and 1)] =0
0 - (vl 2)]
= lim [—JZ (1 + hsin %)]

h—0
=—0x[1+0 X (any value between —1 and )}=0
S(h)-f(0) '

ron - OO

ﬁ[Hhsin%]—O

k-0 h

" 1+h sinl
= lel—g(llT
= lim[—l—+ hsin—l—] =oo+ =00
w00 B h _
Hence, f (x) is non-differentiable at x=0.
11, - f(x)=min{x|, -2}, 2 -x—1}}
. Draw the graphs of
y=khy=p-2fandy=2—|x-1|
y=K -

: A : : : .
......................... L e b E
: . 7 : :
: F ) Sy
....... N NSt
: 7 T N\ .
: Ve RN NG
: i PN
: / SN :

x’ + F— 1 e | X
2 s/4-¥2 |0 1 2 52 3% 4
D/ \\§

vy P I SO SUPRS SRR S
7 : ) N\
y
Yy Graph of y = f{x)
y i )
2
/1
X
-2 1 -1/2 |0 1 2| 52 |3 4
L
yl
Fig.3.27
It is clear from the graph, '



f(x)=min {}x], x—2|,2—|x— 1|} is continuous Vx € R

5

5.

12. f(x+y) = f(x)+f(y)andf(x) xg(x) forallx,ye R,

where g(x) is continuous.

f(X+h) f(x)

and non-differentiable at x = —l ,0,1,2,

We have f'(x) =
f (X)+f m-f (X)

h—)O h

= th(—h—)

k0 h

im 20 _ i g = £(0).-

[+ g is continuous at x = 0]
N LI - xkkO
13- S {|x|2 31x]42, |x20
where |x| < 0 is not possible, thus neglecting, we get

= fG)= -3 +2, k20

h—-)

'x2+3x+2, x<.0'--
.=>f(|x|)={x2—3x+2, x20 -0
jx=3]1, x<0
x2.—-3x+2|, %20
BG-x, x<0
_ (x2—3x+72), 0<x<l - °
|7 -3x+2), 1<x<2
-(x2—3x+2), 2<x
- Now from equations (1) and (2), we get
g)=fD+Ie
x2+2x+5, x<0
x> —6x+4, 0<x<1

~ Also, | f(x)|={|

= 0, 1<x<2
2%t —6x+4, x=22°
2x+2, x<0
Crn 4x-6, 0<x<l
PEDTY o jexe2
4x-6, x>2

= g(x) is continuous in R — {0}
and g(x) is differentiable in R — {0, 1, 2}.

. [mx
14. f(x)= sm(—z—), 0<x<l
12x-3][x], 1£x<2

sin(ﬁ), L 0<x<l .
2
=4(3-2x)[x], 1€x<3/2

(2x-3)[x], %s’ x<2

Continuity and Differentiability 3.35

sm(ﬂzx), 0<x<l1

©3-2x, 1<£x<3/2

n

(2x-3), %s;«z

A x=2
Graph of y=£(x)
2 °
o 1 a2 2
. Fig. 328

From the graph it is clear that f(x) is discontinuous atx =2.
Also, f(x) is non-differentiable atx=1,3/2,2.
15. Here, f(x) is continuous atx = 0.’
= RHL.(atx=0)=LH.L. (atx=0)=£(0)

JRTL N 7L SN L N
— form

oo

/ 1 1
3/h
e —+—7+1
) {eZIh Al }
.= lim
h—0 e3/h{i-+b}
e
-1 )

again, L H.L. (at x=0)

= lim(cos & +sinh)**** h
h—0

RHL.(atx=0)= lm—s———
RHL. (atx=0)= lim 22 1

-1

— lim{l+(cosh+sinh—1)}5ink {(1);0 form}
h—0

lim{cos h+sin h—l)(—;)
A0 ) sinh

1
. .2 N _
_ e}lnglo{ 2sin h/2+25mh/_2cosh/2}{ ——ZSinhIZcoshIZ}

' imsinh/2—cosh/2
= g0 coshi2 =g} @

andf(0)=a
=>a=e_lf—— % ora=¢ andb=e
sinh— Jog(e" cos h)

6h*

16. /(0")= lim

- h B .
e"(cosh—sin h)
cosh- e" cosh : o1
= lim o (Using L’Hopital’s rule)
h—0

. cosh—(1—tank)
= lim——m——————
h—0 12h



3.36 Calculus

—sinh +sec? h 1
= l - Tart L, 'tal’
lim D) T (Using L’Hopital’s rule)
2
S(0)= lim M+M (Using expansion
h—0 h .

formula of cos )

2 ;4 .
h +2 l—h—+h -2
. 21" 41 1
= lim — =

h—0 n 12

= f{x) is continuous at x = 0

smh log(e cosh) 1
- 2
= lim 6h .12
h—0 h
g B ooy 32
- ]im2smh -2log(e” cosh)—h
h—0 12°
lim 2cosh—2(1-tanh)—2h
h—0. 36k%
- im cosh— (l—tzanh)—-h
E—>0 1842 -
—sink+sec® h=-1

- l- . > e 1y l
hl_r)r(l) 36h (Usqu Hopital’s rule)

(Using L’ Hopital’s rulé)

- lim cosh+2sec” htanh i,—% (Using L"Hopital's

-0 ‘36v
o _ . rule)
' S h? +2cosh-2 1 -
S= h) f(O) B 12
0 e
S0)= 1lm h—>o ' i .
o 12h2+24cosh—24—h4._
= llm
h—0 _12;,5

2 4
12h2 +24[1—h—+’; } 24—p*
= lim
=0 -121°
Hence, f(x) is contmuous but non—dlﬁ'erentlable atx=0.
17. Atx=0,RH. L

=0

e My Plh g Ph . e2/h 4 g Vh g 1
ho0 ae?h ph hs0 ae" 1 p b
and LH.L.
. (eh +h? —a)”'h
= lim| ——
-0\ . h
_ A Wh
=lim|p+Z 22| = for 1= form)
= p =a= (for 1* form)
e,
e o S=e (using expansion of &)
1
= f(0)=¢€" Z
18. Atx=-2,

| J2)=b . )

Objective Type

RHL.= lim f(x)=lim f(-2+h)
- lim [(—2+h) —16)
h—>° (—2+h) +32
{hm }
k025 + (<2 +h)°

(—n—eﬁ}
0 (h=2) - (-2)°

= sm{
-2 - (2"
_(B-2)-(2)
P (=2 () ¢3-2r -2

(h~2)-(-2)
4 )+ 1}
5( )

o (_2)
5 (1 6) } . 3) - @
LHL.= llm f x)= hg(l) f(=2-h) '

1/(|—2—h+21) -1

= ,1,1_,0 o _ plF2-h+2)

1/h -1

ae
= limx T
h—0 2 — e

—nm 22 o270, | 3)

h02e~Vh 1 0—-1 v . .
From equations (1), (2), and (3), we get

a= sin(—z—) and b= —sin(z)
‘ 5 - 5

19. Since [f(x)|<x’,Vxe R
~atx=0,]f(0) <0

Sr@=0 , | M

e 1 =) _ . f(h) \

_"f(o)_;l,‘-’f?) A i | @

Now [LO< 1) (o (it

SEE —f%sm

- }llir%%—)o ' )
U sing Sandwich theorem)

. From equations (2) and (3), we get /(0) =0, i.e. f (x) is
dlfferentlable atx=0.

le f(x)= tanx is discontinuous whenx Q2n+ D2, n
£ (x) = x[x] is discontinuous when x = k ke Z
J(x) = sin [nmx] is discontinuous when nmx =k, k€ Z
Thus, all the above functions have infinite number of
points of discontinuity.

x|

Butf(x)= fx] is discontinuous when x = 0 only.
X .



2.c. Wehave f(x)=

3b. f(x)=

4—x*

x(d - x* ) :
Clearly, there are three points of discontinuity, viz., 0,2, 2.

s # 4 1§ t1 =
cot 2x ()_C 7/4) is continuous at x = 7/4

= g(E)- s
x-—)z

4.b.

5b

- 6.d.

% cot2x

T _ o
Now by applying L'Hopital’s rule,

—sec? (E - x)
——___-4 =

1
. 2cosec’(2x) 2

Given f (3:) is continuous at x = 0
= lim f(x)=f(0)
. x>0

S s\
=l O

]

%’_f(O) = lim (%)(M) = (In 3)?

x x
‘ 1-]
EI
. Wehavef(x) = 1+x
- 1, x=-1 ‘
1, x<0, (~f (-1)=1is given)
B lj, x=20
1+x .
1, [2x}<0
=f([2x]D=11- N
F@D={1=25] 5050
1+[2x]
‘1, x<0
1, 0<x<l/2
=40, 1/25x<1
-1/3, 1Sx<z
2

Clearly, f(x) is continuous for all x < % and discontinuous

atx=-1—,1.
2

We have,

© LHL.= lim f(x)
x—4

= lim f(4~h
ggf(_.)
. 4-h-4

—1 lm_.__———
B~0|4—h—4)|

0| 4+h—4]

7.d.

8b.

Continuity and Differentiability 3.37

= lim(—b-+a) =a-1
R0\ A
RHL.= lim f(x)
x—4"
= lim f h)
lim £(4+5)

b Lo B NS

=f(@)=a+b :
Since f (x) is continuous at x =4, therefore

lim f(x)=f(4) = lim f(x)
x4 x—4

,=>,a—1=a+b=b+1=>b=—1 anda=1.

x—e* +1-(1—cos2x)

.1- ¥
xll)r(l) ) x2'
~ lim [x—e2 +1 (l—vco252x)_‘\

x—0 X X

x+1-| 1+x+— .2

='1i1ﬁ _ 2 ) 2sin"x)|

-0 I o

(Using expansion of €)

-1

5 e 5
é—z;hence for continuity f (0)=—E

. : 51 _1
Now[fO)1=-3 O} ={-3]= 5"

Hence, [£(0)] #(0)} ="3i =-15.

f{x) is discontinuous at x = landx=2

= f{f(x)) may be discontinuous when f(x) =1 or2

Nowl-x=1 = x=0,wheref(x)is continuous
x+2=1 = x=-1¢(,2)

4-x=1 = x=3€[2,4] Nobe tuat it
powl-x=2 = x=-1¢[0,1] Con be
x+2=2 = x=0¢(L,2] g .
C4-x=2 = x=2€[2,4] d'SCOV\t'w«w«S

9.b.

10.c.

Hence f{f(x)) is discontinuous atx =2, 3 ok y= |
The function £ is clearly continuous at each point in its ade.
domain except possibly at x = 0. Given that f(x) is
continuous atx = 0. :
Therefore, £(0)= lim f(x)

o - x—=0

 2x-sintx

= lim —————

x=02x +tan x
2~ (sin” x)/ x

=0 2 + (tan_1 X)X

.2 2
- - _ -1
i (x-2) x2 1 i (x-2) 3;2 »
x—>2+|x-—2| x°+1 -2t (x—=2) \ x° +1

1
3
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2 —
llm (x-2)[x*-1
x-2" | x=2] x° +1

) (x —1) 3
x-—>2‘(2 x) x°+1 —TS-

" Thus, LHL. #RHL.

Hence, the function has non-removable discontinuity
atx=2.

e fi0- o LE=D2 T -1

"“‘[(x 1)] +1
1

= lim [(" 1) il

[(x 1)]
-1, 0<(x-1)?<1

=10, (x-1)7%=1
L,  (x-1)%>1
I, x<0
0, x=0
=4-1, 0<x<2
10, x=2
L, x>2

Thus, f(x) is discontinuous at x =0, 2.

12.c. f(0)=0+0+Aln4=2In4 - )

13b.

RHL.= lim f(x)=1lim f(0+h)
- xo0+ h—0" -

_1' 8h—4”f2h+1“;

-h—0 h2
R G o))
h—0 hh
(4 -1). (2"
= lim lim|.
-0\ A h—0 h
= f(O)=RH.L.
= A=In2
‘We must have lim M—;CO—be =4.
x—0 . x .
2y . 2.2
a(l_x_)_(l_éij
2! - 21
= lim 4
x—0 x2 v
(a=1) (a b
1 - - =
x1_1)1(1)|: x2 2 2 4

: 2
=>a—land£—b—=—4
2 2

:>a=1andb2=9
= a=landb=23

x+2, x<0
14a. f(x)={-x2-2, 0<x<1
' x, " x21
-x=2, x<-2
x+2, -2<x<0
AGOE

x2+2, 0<x<l
1x, x21

discontinuous at x = 1 .
15.a. f(x)is co_ntinuous when 5x=x>+ 6=>x=2,3.

4 x>0
16.a. f(x)= 2|sgn(2x)|+2 =12 x=0
0, x<0
Thus, f{x) has non-removable discontinuity atx =0
17.d. Since lim x*" = {0, if |xf<1
e I, if |x|=1

0, if |sinx|<1
1 if [sinx|=1

LX) = lim(sinx)z" ;{

.. number of points of discoht. 1

Thus, f(x) is continuous at all x, except for those values of

- xforwhich|sinx|=1,ie.,x= ek+1)Z kez

-18.a. As fis continuous so.f(0) = hm0 fx)
x>

= f(0)= lim f(1/4n)

= lim ((sin e +

n—oo
2
. x“—bx+25-
19.a. x=———,x¢5
S&) 770110

2
f (x) is contmuous atx =35, only if timZ —bx+25

x5 x —-7x+10

is finite.
Now x*— 7x+10—>0whenx— 5.

Then we must have 2 —bx+25— 0 for whlch b=10

Hence, lim ~10x+25 =lim 2= 5=0." '

x5 x2 —Tx+10 x»5x-2

20.d. Refertheory.

" orx=nn+ w4, neI

. 22b. Considerxe [o, 11.

1
57 |=0+1=1
1+1/n _

-21.a. f(x)is continuous at some x where sinx = cosx or tanx = 1

From the graph given in Fig. 3.28, it is clear that [cosm:] is

discontinuous at

x=0,172

y

4

[ Sy

Loy e
o 1\ 1

,2 0___‘\‘~ b
Fig. 3.29

(@)



23.d.

24.d.

Now considerx € (1, 2]

SOy =[x-2]12x-3|

Forxe (1,2);[x—-2]=-1andforx=2;[x-2]=0
Also|2x—3|=0 =x=3/2

= x=3/2 and 2 may be the points at which f (x) is

discontinuous Q)
1, x=0
0, 0<x<s—

fey=1-1 L3

X 1 s 9 =
: —(3-2x),1<x<3/2

—-(2x-3),3/2<x<2
0, x=2

Thus, f(x) is continuous when x € [0, 2] - {0, 1/2, 2}.
For0<x<1,f(x)=[sm0]=0, 1<x<2, f(x)=[sin1]=0
2<x<3,f(x)=[sin2]=0, 3<x<4, f(x)=[sin3]=0
4<x<5,f(x)=[sin4]=-1
Hence, there is discontinuity at point (4, —1)
We have xli_)r{)l_ f)= }111_1)1(1) sin(log, |-/ {) = 'llli)l'(l) sin(log, #)
which does not exist and oscillates between —1 and 1.
Similarly, lile+ f(x) liesbetween—1 and 1.

: X

25.a. f(x)=(- 1) is discontinuous

whenx’=n,ne Z=x=n"

f(z) -1y=-1
Forxe (-1,0), fX)=(-1)"'=-1

= x)=0
Forxe [0,1), flx)=(-1)°=1
= [x)=0

26.c. f(x)= {x}sin(r[x])

274d.

28.c.

= {x}sin(integral multiple of )

=0

Hence, f (x) is continuous for all x.

We have lim f(x)=lm f(1-h)
x—-t h—0

2
= i o8 HAT)
50 log(1—4h)
2
x-1* h—0 h—0 log(1 +4h)

So, f(17) and f(1") do not exist.
Since, lim g(x)= lim g(x)=1and g(1)=0.
x—1" x-1
So, g(x) is not continuous at x = } but lin}g(x) exists.
We have lim £(x)= lim f(1- k)= kim{l-A] =0
x=3]" h—0 h—0

and, lim f(x)=lim f(1+A)=lim{l1+A]=1
x—-l* h—0 h—0

Continuity and Differentiability 3.39

So,vlirr} f(x) does not exist and so f (x) is not continuous
X .

atx=1.

We have gof (x) = g(f(x)) = g([x]) =0,V x € R
So, gof is continuous for all x.

We have fog(x) = £ (¢(x)
f@,  xez _{ 0
{f(xz), ,xeR—Z— [xz], xeR-Z

which is clearly not continuous.

xXez

29.c. f(0+0)= m S

30.b.

31.a.

32.d.

=lim ———— = lim =1
0242 +h  h-02h+1
—h
_oy=1l -n) = lim ————
and /(0 —0) hlg})f( ) hlir?)zh2+|—h|

=lim ———=lim-——=—
h02h% +h h—o02h+1
We have
Ix—1] x+x—1’ x<1,x#0
X—iX— X
J&=)= x - x—(x-1)
—_— x21
x
2x—1, x<Lx#0
_ x
l, ' x>1
x

Clearly, f(x) is discontinuous atx =0 as it is 1ot defined at
x = 0. Since f (x) is not defined at x = 0, therefore f (x)
cannot be differentiable at x = 0. Clearly f(x) is
continuous at x = 1, but it is not differentiable at x = 1,
because Lf’(1)=1 and Rf'(1) =—1.

3

x, x>0
Wehavef(x)=4¢ 0, x=0
-x’, x<0

>

Clearly, f(x) is continuous at x =0

d R
(LHD.atx=0)= [— (—Jc3 )} =[-3x°),=0
dx x=0
Similarly (R.H.D.atx=0)=0
So, f(x) is differentiable at x = 0.
\oo 2 /
y= x2 -1 -’\ — y=X
4
1-42 —y= <
0
2 XN ¢ A 2
-y =2k
] / >
Fig. 3.30

From the graph it is clear that f(x) is everywhere
continuous but not differentiable at x=1— \/5 ,0, 1.
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33.b. Since both cos x and sin”'x are continuous function,
fx)= sin™ (cos x) is also a continuous function.
Now,

—-sinx —sinx .
fo)=m—=
Vi—cos?x Isinx|

Hence, f(x) is non-differentiable atx=nm, n e Z.
34.d. f(x)= (" -1)je” -1
= (" -1)i€" —1]||¢" +]]
= (" +1)(¢" -)le" 1|
Now, both & + 1 and (¢* —1)|&" —1]| are differentiable
[as g(x)|g(x); is differentiable when g(x) = 0]
Hence, f (x) is differentiable.

fx)= * " is rational function in which denominator
never becomes.zero.
_Hence, f(x) is differentiable.
| x=3]-1], x<3
x =
/@) Zx]-2, x23
3 .
|3—x-1], x<3
T 123-2, 3<x<4
3
_flx=2], x<3
x—2, 3<x<4
=x-2,x€[2,4)

Hence, f(x) is differentiable at x = 3.

=362+ 3 2@ =2 (-2

‘which is non-differentiable at x = 2.

Here f(x) is continuous and the graph has vertical tangent
at x = 2; however, graph is smooth in neighbourhood of
x=2,

35.c. is continuous everywhere but not differentiable

1
X ——
2

1 . .
at x = > jx — 1] is continuous everywhere but not

differentiable at x = 1, and tan x is continuous in [0, 2]

T
exceptatx = E

)

Hence f(x) is not differentiable at x = %, 1, —.

[\84

36.c. Letf(x)= x” x| which could be expressed as

-x>, x<0 —3x2,

f)=40, x=0=f(®=7 0,

5
x3, x>0 3x°)

x<0
x=0
x>0

So, f'(x) exists for all real x.

37.¢

38.d.

39.c.

40.b.

—6x, x<0
ffx)=450, x=0
6x, x>0

So, f"(x) exists for all real x.

-6, x<0
f7x)=30, x=0
6, x>0

However, f"”(0) does not exist since f (07) =6 and
£7(0%) = 6 which are not equal. Thus, the set of points
where f(x) is thrice differentiable is R — {0}.

FO=-D)|(x-1)(x-2)|

S =02 =D ](x=1) (x=2)]
=(x+ 1) [(x-1R-1]]}x-2]

which is differentiable atx =1

For f(x)=sin(x— 1N —Ilx—1]

sinh—h~0
19 = lim e~ =0
SO
. sin|—h|—-|-h| sinh—h _
‘= =1 =0
R e i
Hence, f(x) is differentiable atx = 1.
Forf(x)=tan (Ix—1})+x—1]|

t h-0
rah= lim—an—h+—~—=2

h— h

e tan| =h|+|—-h]| _ tanh+h
‘a)= =-2.
f()=lim s lim =

Hence, f (x) is non-differentiable at x = 1.
Clearly f(x) is continuous at x =0 ifa =0

1)
N /0+0) lmhe h h -0
= 1 P
OWf ( h—0 h
he 2! _
_ im0
h—0 h
f 11
R I
‘0-0)= lim—=1
f0-0= fin——
Thus, no values of a exists.
ax® +1, x<1 _
fx)= 2 is differentiable atx =1
+ax+b,x>1

Then f(x) is continuous at x = 1
=f(17)=f(1)=a+l=1+a+b=b=0.

[2ax, x<1
Also/ ()= 12x+a x>1

Wemusthavef Q)= (1N=2a=2+a=a=2.

Isin x| and &M are not differentiable at x = 0 and |x| is
differentiable at x =0.

Therefore, for f (x) to be differentiable at x = 0

we must have g = 0, b = 0 and ¢ can be-any real number.



42.c.

y=12
X T T f T
=2 -1 © 1 2
Yy
Fig. 331

Clearly from the graph, f (x) is non-differentiable at five
points,x=-2,-1,0,1,2.

Clearly, f (x) is continuous for all x except pos51bly at
x = 7/6.

For f(x) to be continuous at x = 7:/6 we must have

hm f (x)— hm S

X/ 6

= lim sin2x= hm ax+b
x—nl/6 x—7n/6

= sin (#/3)=(wW6)a+b

f =Za+b ~ )
6 .

For f (x) to be differentiable at x = 7/6, we must have

LHD.atx=m/6=RHD.atx= /6

= lm 2cos2x=lima’
x—->7/6 x—rl6

- =2cosm3= a=a=1

43.b.

Putting a = 1 in equation (1), we getb = (\/_ 3/2)-ml6.
f(x) is clearly continuous forx € R..

................ 7 3 MUOTOE SRR
v
Fig. 3.32
' 70 3x2, ¥ <1
)=
» 1, x*>1

44.4.

thus f(x) is non-differentiable atx =1, -1.

ad is always differentiable (also at x = 0)
1+|x] , .

 Also (x=2)(x+2) | (x— 1) (x—2) x—3)| -

is not differentiable at x = 1,3.

So, f(x) isnot differentiable at x = 1,3.

Continuity and Differentiability 3.41

45b. f(x)=cos m(pxi+[x])
| cosm(—x+ (1),
- cos(x+0),

-1<x<0
0<x<l
-1<x <0
0<x<l1

—COSTX,

COSTX, .

Obviously, f(x) is discontinuous at x =0, otherwise f(x) is

continuous and differentiable in (-1, 0) and (0, 1).
46.¢.- For £ (x) to be continuous at x =0, we have

FO)=f(0)=a(0)+b=1 = b=1
01O i &b

=) h
Bh_q '
(h+ 1) 1

f)=

h2+h _
=1i = lim
oo h k=0 h(h+1)

f0)=a
Hence,a=1
47.a. Clearly f(x) is continuous at x =0

/R
7 + = 3 ————e —O =
Now/ O~

1/h
m 1/K?
h—0 e
2

= im——/—h—2 (applying L’"Hopital’s rule)
k=0 3 /13 eMh _ '

M

&)

-3 I -
Alsof(07)=0
- Thus, f(x) is differentiable at x=0.
48.c. f(x)= {lxlz—l, |x1<0
|x"21x], |x|=0
_whére |x| < 0 is not possible thus, neglecting we get,
Sxh=1xP~2lxl, x| 20
- _ x? +2x, x<0
b= {xz -2x, x20
o flxh= {Zx +2, x<0
2x-2, x>0
Cieaxly f(Ix]) is continuous atx= 0, but non-differentiable at
x=0. '
B x| -1, |x{<O
)= {|x|2 20|, 1x/20
Hl-x, x<0
g)=|f(0)|=4-x* +2x, 0<x<2
xt—2x;  x=2

Clearly L f)lis dxscontmuous atx=0, but contmuous at

x=2
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-1, x<0
Also,g’(x)=<2x+2, 0<x<2
2x-2, x>2

VA ig mondifferentiableat x =0 ant o =2

49.c. Sincel <x<2=0<x-1<1

50.c.

sl.c. f(0)= lim

52.c.

= -2 = (-1 1= (- 1) -1=0-1=-

1—-4x-2, 0'Sx<l'
2
f(x‘)= 4x2—1, —;—Sx<1
-1 1<x<2
graph of f(x): -

A

27 g
4Lk —o0
Fig. 3.33

It is clear from graph that f{x) is discontinuous at x= 1 and

not differentiable at x = % andx=1.

For|x|<l,xz"—->0asn—_>ooandfor|x[>1,l/x2"——>0:'as
n—eca. So
log (2 + ), '|x<1|

X2 log (2+x)-sinx _

S@)=1 11

2 —sinx, if |x|>1
n—yeo P+l
% [log (2 + x) — sin x], |x|=
Thus, m f(x)= lim (-sinx)=-sin1
x—1+ x—1

and lim. f(x)= lim log (2+x)=log3.
x—>1- x—1 R

S)—-1(0)
h

h% sin (l) : I

= 11m-——h— = lim #* ' sin (—-)
h—0 h T k-0 h

This limit willnotexistifa—-1<0=a<1.

Now lim f(x) = lim x* sin(l) =0ifa>0.
x—0 x—0 X
Thus, a € (0, 1].

{sin x] is non-differentiable at x = z T2
3z

. . pe . T
.and [cos x] is non-differentiable at x =0, 2 ; ——, 27T

2

53.a :

' 3r
Thus, f(x) is definitely non-differentiable atx =7, > 0

Also, f(%j; 1, f(%-o) =0
1

M=, f(2m-0)=—

Thus, f(x) i$ also non-differentiable at x = lzz- and 27.

We havex+4 |y|=
x—-4y=6y, if y<0
x+4y=6y, if y20
1
lx, if x20 5’ x>0
= y= > =
—ox, ifx<0 16’ x<0

“Clearly, f(x) is continuous at x = 0 but non-differentiable

'Mx—O

54.b.

=
55.c.

56.d

lu'n sinx log|x|

f(O )__ hm lxISll'lI

. logx
lim —— 0
- ex-wcosecx =% =1

f(0)=g(0)=1
Letg(x)=ax+b
=b=1=gx)=ax+1

(Using L Hopital’s rule)

Forx>0,f’ (x) = oIl [cos xIn(x )+ ____Su;x]

f(1)=1[0+sin1}=sin1
fED)=-a+t1=a=1-sinl

gx)=(1-sinl)x+1
Given that f(x)={1 — x|
x—1, x>1
) ] 1=x, O<x<l
== 1+x, -1<x<0
-x-1, x<-L

Clearly, the domain of sin™' (f | x|) is [—2,»2].
= It is non-differentiable at the points {-1, 0, 1}.
f(x) is continuous at x =0 = 11_1)1(1)]( (x)=1(0)

i o hg(B) o
:>f(0)—)1c1_r)1(1)f(0+h)—,1!1_r)1[1) Tl —}llg(ljg(h) g(0)=0
hg(h)
i L
h—>0 h
— 1imED _ g(h)—g(0)
h—0 ‘h h—0 h
=£/(0) (asg(0)=0)=0
f(0 h) f(0)

Nowy 0 li D=1 _

@)=

—hg(—h) .
— fim 1" =1img("h) ’
h—0 —h h—0 h




- .. /4 /4
not continuous at x = —2—and x=-—

‘ 58.c.

© 59.d,

'60.b.

g( h) g(0) _

y=|tan x|

B h—>0 (0) =0
Hence, f(0) exists and f ©)=0.
y = ltan x|

y
]

Fig. 3.34
The functions is not differentiable and continuous at two
points between x =—7/2 and x = 7/2. Also the function is

. Hence, at four

‘points, the function is not differentiable.

_ [sin|x|, |x]<0
7D {COS(X)—IIXI-II,_ |x[=0
Sf)=cos (x)—|lx|-1|,xe R
[as |x| <0 is not possible and [x} 2 0 is trueVx e R]

which is non-differentiable at x = 0 and when [x|— 1 =0 or

x=%1. .
Hence, f(x]) has exactly three points of non-differentiabil-
ity. :

f(2H=2+2sin(0)=2

f@2)=3+2sin(1)

Hence, f(x) is discontinucusatx=2.
Alsof(0)=2(0)-0-0sin(0-0)=0
andf(0)=2(0)—(-1)-0sin(0-(-1))=1

_Hence, f(x) is discontinuous atx = 0.

£(x)= max {f, lsin nx|}
n

_Fig.3.35
Thus for the maximum points of non- d1fferent1ab111ty,

. graphsofy=— X and y=isin ;x| must intersect at maximum

number of points which occurs when n > 3.5.
Hence, the least value of nis 4. '

61.d.

» 62.a.

63.a.

Continuity and Differentiability 3.43
f@)=01- =}
fED=1,f(=17)=1-1=0

f)=1,f(1")=1-0=1
f(ITy=0-1=-1

Thus, f(x) is discontinuous at x =1, 1.
£e)=[log.e]+{log. &) F=[1]+V{ =1+0=1
f (€= [1°ge e+ \/{loge *1

= hm[1+h]+\/{1+h} —1+0 1
fe)=lloge 1+ Jtog,e
= }l‘i_l’)I(l)[l—h]+ {1-h} =0+1=1

Hence, f(x) is continuous atx =e.

f(e+h) f(®

Nowf(e*)
lm[1+h]+ {1+h}—
0 h
C1+vr-1
= lim——— = lim——= —°°
h—0 h-0+Jh

Hence, f(x) is no'n-d_ifferentiable atx=0.
Ry 1 ‘
f(x)= Lm (sin2 (7rx)) + [x + —:l
n—yoo 21.
Now g(x) = lim (Siﬂ2 (ﬂ-'x))n is discontinuous when

(2n+ 1)
2

sin?(mx)=1or o= (2n+l) orx=
Thus, g(x) is discontinuous at x=3/2.

"Also h(x)= [x-i_-%] is discontinuous at x = 3/2.

. (.2 n [3 1]_ _
Butf(3/2)= lim (sin?(37/2)) +| ~+5|=1+2=3.
] "~ p—oeo 2 2 .

f(3/2+) = lim (sin2 Gr12)h) +[@)+ +ﬂ =0+2=2.

Hence, f(x) is discontinuous at x = 3/2.

" Both g(x) and h(x) are continuous at x = 1, hence f (x) is

64.c.

continuous at x = 1.
fx)= sgn(sinzx — sinx — 1) is discontinuous
~ when sin®x —sinx—1=0

1£45 -

or sinx =

1-5
—-

For exactly four point of discontinuity, 7 can take value 4
or 5 as shown in the diagram

T/&sin b

or sinx =

A

Ol i~—_"21 3rm ar 57

Fig. 3.36
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65.c.

© 66.a.

67.b.

68.b.

69.b.

()= {xz —ax+3, «x i-s r'atio'nal
-X, X is irrational
is continuous when x* —ax +3 =2 —x or
Z=(a=Dx+1=0
which must have two distinct roots for (@ — 1)>— 4>0
= (a-1-2)a-1+2)>0
= ae (—o,-1)U(3,)
Hence check continuity atx=Fk, ke Z
For positive integers.

S ={k)*- {#} =0 ‘

SEY= Y- {E)Y}=0 -0
FEY=FP-{(E)}=1-1=0

For negative integers,

J®)= K~ (K} =0

JEY={FY - { (Y} =0-1=~1

)= {FY - {®)}=1-0=1

Hence, f(x) is continuous at positive integers and
discontinuous at negative integers.

g(x) is an even function, then g(x) = g(-x) -
= gx)=-¢g(x)=g0)=-g0)=>g'0)=0
(0+h)cos(1/h)-0

Now f*(0) = lim £

h

g(h)cos(Vh) _ . a

’11_1)1(1) = —}1’1_r>I(l)g(0)cos(1/h) 0
Ff(D=1-+41-1% =1

()= lim (1—\/1__—;2)=1 :

F(H= tim (1 +log 1) —1+log 1=1
x> 1
Hence, f(x) is continuous at x =1

7= tim L0 D= S0

£ i LSO

S e e W TR C L N
P - h—0 -\/Z

Hence, f(x) is non-differentiable at x=1

We have f(x)= V1-v1- x2

The domain of definition of f (x)is [—l 1].

- Forx#0,x#=£1, we have

X

1 .
= X
Vi-viox? V12
Since f(x) is not defined on the right side of x =1
and on the left side of x =—

_Also, f'(x) >cowhenx - —-1"orx—1".
So, we check the differentiability at x=0.
Now,LH.D.atx=0 .

o S 1O

-0 x-=0

tim £ 0=~ f©

h—_>0 - —h

=.ﬁm\/1—«/1-h2 -0

ko0 -h

hm_\/l—(l—_(l/Z)hz+(3/8)h4+---)
h—0 h

im fl;§h2+ o b
—o\2 8 N2

=—k
Sir‘niiaﬂ' RHD.atx=0is 1
y, R.H.D. =01 «/5

Hence, f(x) is not differentiable at x = 0.

704, f(9)= Q/IEF =+ -

1=-1
Hence, differentiable for allx.

Thi. /)= tim L02D-l5n%] -/©

i LB, s
= h h0 h

= |x|- |-

f(=hD-|sin(=h) I —f(0)
—h
AORIICN
h—)O ~h
=—1+1=0
Thus g(x) is differentiable and g(0)=0.

g'(0)= lim

sm h
h—>0 h

A" sin'l

T2.c. /(0= }lll_r>no - R mustexist= m>1

4 .- 1 _
mx™ ) sin——x™"2
x

cos—l—, if x#0
x
form>1,h’(x)= _
0, : if x=0

Now li h('—li fmh'"_lsinl——h”‘_zcos—l—]
ow i 1)l s 4o
limit exists if m >2
~meN=>m=3

73.c. Atx=0,

LHL = lim f(x)=lim f(0—%)
x—0- h—30



o, olh _ ik
= lmh°| ————+
B0 | g Vh 4 llh

-2/h
= limhA° (——e 1

w0 et 41 J

=0(3=3)-0
0+1

RHL.= lim f(x)=lim f(0+h)
x—0+ h—0

' N em. ~1/h
1 ____.
h‘.ﬂ},h +e—1/h)
' 1—e2hY
= lim A% | ——— |
hl_I)I(l)v (1+e—2/h)
_0(1 0) 0
o 1+0
andf(0)=0

= LHL.=RH.L.=£(0)
Hence, f (x) is continuous at x = 0.

AlsoLH.D.= lmw

h—0

AndRHD. = tim2@*M -1
: . h—>0 h
h2 el/h __e;_l/},
. 1/h
= lim—¢—+£

1/n

h—0 ~h

1—e2lh

=—limh————-=0.
e

Hence S (x)is dlfferentlable atx=0andf’(0)=0,

74.b f(2)=0,
f@H={4"}—{2'*=0-0=0
fQ)=@1- (2 =1-1=0
Hence f(x) is continuous at x =2

f=2)=0,

2= @)= (27 =1-0=1 -

Hence f(x) is discontinuous atx =—2

75. ¢ Obviously hm e = lim & =0

x—0-

hence f(x) is continuous at x =0

Continuity and Differentiability 3.45

'e“”'z -1h
= hm -
h—)O h - b0 SR
. -urr 2K
= lim =lim 2 -=0
h—0 ~'-6’1/h2 2 h—0 h261/h

h3

fo=

1
Hence fis differentiable at x = 0. Also liTm e 1
76.¢ f2+x)=f-x) 4]
Replace x by x — 1, we have f(2 +x— 1) f(—x + 1) or
SL+x)=f1-x)
Hence f(x) is symmemcalabout lme x=1
~ Now putx =2 in (1), we get f(4) =f(-2), hence differen-
tiability at x= 4 implies differentiability at x —> 2 -

3
77.a lim( —[cot 2= D 3- [cot'l (—oo)]) @G-[zD

x—0+ x

lim x*}cos(é”) = (xli)rgl_{x })(Xli)rgx_cos(ell ))
= (0)(cos(e™)) =0

Thus f(x) has irremovable discontinuity at x-= 0, hence
-£(0) does not exist. .

78.¢

H4  wA_ 37rl4 5ml4 /6ni4 Tnid /21

Fig. 3.37

Cons1der the graph of f(x) = max(sin x; cos x), whlch is
non-differentiable at x = 7/4, hence statement (a) is false
From the graph y = f(x) is dlfferentlable at x= /2, hence
statement (b) is false.

Statement (c) is always true.

Statement (d) i 1s false as consider g(x) =max(x, x 2y atx=0,
for which x =x* at x = 0, but f (x)1s dlfferentlable atx=0

1+[cos -7t2—x] 1<x<2

.5 ft)= 1L i<x<2
’ (x)_ 1-{x}, . 0sx<l =3l-x,  -0sx<l. '
Isin 7x|, ~1<x<0 |-sinzmx, —15x<0

f(%) is continuous at x = 1 but not differentiable
80.a x*+2x+3+sin X = (x+ 1)? +2+sinzx>1
L fx)=1 V xe R

. x x x x sinx
81. ¢ Giventhat cOs— COS— COS— -+ COS— =~ 7 —~
2 22 2 2" x
. 2" sin o

M
Taking loganthrn to the base ‘e’ on both sides of equation
(1) and then differentiating w.r.t. x, we get

&l x (1 x )
—tan—= —cot———cotx
,,:12". 2" 2" 2"
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x
B . om '
- lim 22—ntan—2x;'=hm lx 2"x —cotx =(l—cotx)
n—yoe* = n—oo| X x
1 tanz_n .
| .
——cotx, xe(0, 7:)—{-725}
We have f(x) = x
' 2 /4
= x==
T 2

Clearly lim f(x)= lim (l - cot.x) =2 f(f)
) .1 cTAX T 2

2 2

(NP

Hence f(x) is continuous atx =

| Multiple Correc
Answers Type

1. a,b,c,d.
" a, b, and c are false. Refer to definitions.
for d, fmust be continuous = False
2. a,c,d. ,
a is wrong as continuity is a must for f (x).
b is the correct form of intermediate value theorem.
y

\\u—f()() =<
X" 3 | O. ———

y

Fig. 3.38
¢, as per the graph (in Fig. 3.34), is incorrect.

y

Fig. 3.39
d is wrong if fis discontinuous.
3. a,c,d. '
2 B
_x —2x-8 x+2(x—4)
J&)= x+2 - x+2
- Hence f(x) has removable discontinuity atx = 2.

=x—4, x#-2

- Similarly f(x) in options (c) and (d) has also removable

discontinuity. :
x-=17 -1, x<7
x)= = -
/& [x=7] {1,x>7

Hence f(x) has non-removable discontinuity atx=17.
4. a,b.. . : ‘
=100 =15/(D)=1
FaH=5;,0%=5
7(2H=10, f(2)=10
f@H=3;1@2)=13.

5. a,b. :

f(x) = sgnlx) sinx

- F(0")=sgn(0") sin(0N)=1%(0)=0
F(0")=sgn(07)sin (0)=(-1)x(0)=0
Also/(0)=0 :
Hence, f(x) is continuous everywhere.
Both sgn(x) and sin(x) are odd functions.
Hence, f(x) is an even function.
Obviously, f(x) is non-periodic.

ow 709 = lim L =S©
._Nowf(0+) ’1111)1(1) — ‘
_ i SEMsin =0 _ . sink _,
h—0 h h>0 h
andf(0") = lim SR SRR 70
B0 —h

- lim -1 % (—sinh) -1
h-0 ~h
- Hence, f(x) is non-differentiable at x = 0.
6. a,b,c,d. :
Given function is discontinuous whena +sin Zx=1 .
Nowifea=1=sinAx=0=>x=1,2,3,4,5
Ifa=3=sin 7x=-2 not possible..
Ifa=05=sinzx=05
= 'x has 6 values, 2 each for one cycle of period 2.

Ifa=0=sinAx=+l=x= 133 721
- , 2°2°2°2 2 2

Hence, all the options are correct.

7. a,b. .
For maximum points of discontinuity of
f@R)=sgn(’—ax+1),
% — ax + 1 =0 must have two distinct roots,
for which D=a*~4>0

= ae (—o00,-2) U (2,0).

8. b,d. ,
Yy
44 ...... T
PSSR Py ...... ¢—o
% T U 1 S
) : : . .
3 2 a4 [|© 12 3
y
Fig. 3.40
9. b,c.

Option (a) is wrong as f(x) = sinx and g(x) = bx,
g(x) is non-differentiable at x = 0, but f(x) g(x) is
differentiable at x=0.
10. b,c.
f(0)= lim [ hm (cos2 x)n]
n—yol x—07 .

= (a value lesser than 1)"=0



£(0h= [hm (1+x” ) "}=1

x—0

Also f (0) =1 = discontinuous at x =0
Further, /(1) =1;/(1)=0;f(1)=1

= discontinuous at x = 1.

1. b,d _
1
a. hm =00 d lim =—00,
x-1 In | x| x—s1" I | x|
hence f (x) has non-removable discontinuity.
2 ‘
b. lim % = 2

ox-l x -1 3 '
- f(x) has removable dlscontmulty atx=1

. N . N .
c. lim [TZH }= 1and lim (TZH ]= 0.
-1 x=17

Hence, the limit does not exist.
\/x +1 —«/—2; -1
. lim =
x—1 xt —-x 2\/5
. f(x) has removable discontinuity atx =1.
12. a,b,d.

(Rationalizing)

x +1

F6) E, 1 x <2

X

x -1

3
——,2<x< E
| 2
- Clearly, f(x) is discontinuous and bijective function

hm f (x)— hm f(x)=2

(hm f{x), lim f(x))= %#f(l)

x—-I"
max (1,2)= 2—f(1)
13. a,c.
I |xl>1

1 1 1
f@=1—, —<l{xik—0, n=23, ..
n n—1

n
0, x=0

Continuity and Differentiability 3.47

x<orx=1

[y
™

L ee(u-Do(3)
=<4 2 2.
1 (—1 —lj (1 l)
=, xe|l—,— Y|
9 3 372
B
4u
-~ . . ——————
O . QG
1 1 I i Il l;';
EEEEREN S
2 3 3 2
Y
Fig. 3.42

14.

15.

The function fis clearly continuous for |x| > 1.

~ We observe that

Jim f@=1, lm_ f(x)——

x—>-1

hm f(x

Also, ,_,# n2 and lim f(x)=——3

MR (n+1)?
n

: . . 1
Thus fis discontinuous forx=+—, n= ,2,3..
n

Hence a and ¢ are the correct answers.
a,b,c.
Since, hm g(x)= hm g(x)=1 and g(1)=0.

So g(x) is not continuous-at x = 1 but Mg(x) exists.
We have lim f(x)=lim f(1-h)= hm[l—h] =0
x-1 h—0- h—0
and lim f(x)=lim f(1+%) = lim[1+A]=1
x—1t h—0 h—0
So, lm} £(x) does not exist and hence f(x) is not conti-
X! .

nuous atx =1
We have gof (x) = g(f (x)) = g([x]) =0, Vx,€ R

So, gofis continuous for all x.
W L {f(O), xeZ
ebave /og@) /N =1 oz

0, xeZ
{[xz], xeR-Z
which is clearly not continuous.
b,d:
log'cos x
x—>0 log(l+x )

We have lim fe-f (0)
x-0 SX— 0

log(1—1+cosx) 1—cosx
= x50 log(l+ x2) 1—cosx
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16.
_ f(x)=x+pxd+cos 9x, g(x)=sinx

log{l—-(1 —coéx)} 1—cosx

= lim

~ x>0 . 1-cosx Tog(1+x%)
. a2 X
..-__“mb"l[l—(l—cosx)] 2sin _2' 2 ) )
-0 —(l—=cosx) 4(5-)2 10g(1+x2) 2
2

Hence, f(x) is differentiable at x = 0.
Hence, b and d are the correct answers.
a,cC.

Since both f(x) and g(x) are continuous everywhere,
£ (x) + g(x) is also continuous everywhere

fx)is pon-differentiable and x=0.
- Hence f(x) + g(x) is non-differentiable atx =0

. Now h(x)=/(x) X g(x)

17.

18.

f@=1"

S@)=lim

© f(cos 9x)(sin x), x<0
(2x+cos9x) (sinx), x=0

Clearly, h(x) is continuous at x =0
Also

h’ == .
) {(2 —95sin9x)sin x +cosx(2x +c0s9x), x>0
K(@O)=1, h’(O*) =1

cosxcos9x—9sinxsin9x, x<0

- =f(x) xbg(x) is differentiable everywhere.

a,cC.
(sin'l J\t)2 cos (—1—), x#0
x :

0, . x=0
lim £ (x) = lim(sin™! x)* cos (1)
x>0 x>0 X . .

=0 X (any value between—1to 1)=0
Hence  f(x) is continuous at x =0
© (sin” A)? cos (%)— 0
h

ool
_ (lim S h) (lim sin™! h) (lim cos(—l-'))
B0 -h h—o0 h—0 . h

 =1x(0) x (any value between—1 to 1)=0
Similarly, /"(07)=0.
Hence, f (x) is continuous and differentiable in [-1, 1]and
{(-1,1), respectively. '
a,b. _ :
For b= 1, wehave f(g(0)) =/(sin(0) + )=f(1)=1+a

Alsof(g(0")= uj.gf(sinﬁ D=f(1)=1+a
andf(g(0") = lim f({=})=/(1) =1+a

Hence, f(g(x)) is continuous for b= 1
Forb<0,

f(g(0)=f(sin(0) + b)=f(b)=2~b
feO@)= }iﬂéf(sinx+b)=f(b)=2—b

andf(g(07)= lim f (H=fO=1+a

19.

20.

21.

For continuity at x = 0, we must have 2 — b=1+aor
a+b=1.

a,b

f(x)is continuous for all x if it is continuous at x =1

for whichlj-3=|1-2| raora=-3

g(x) is continuous for all x if it is continuous at x =2

for which2—|2| =sgn(2)—b=1-borb=1 '
Thus, f(x) + g(x) is continuous forallxifa=-3,b=1.
Hence, f (x) is discontinuous at exactly one point for
options a and b. :

a,c,d. ' .

a is not correct as f (x) = x from R to R is onto but its

reciproi:al function g(x) = 1 is not onto on R.
b is obviously true. x. ’
Also g(x) is not continuous, hence not differentiable
though f (x) is continuous and differentiable in the above
case.
‘a,c,d.
For continuity atx = 1
lim f(x)= lim, (Fsgnlx]+ {x}=1+0=1
x> ) .

x-IF

lim /()= lim (2sgn [x]+ =1 sgn (0)+1=1

x—->1

Also, f(1)=1 ‘

- LHL.=R.HL=/(1). Hence, f (x) is continuous at
x=1 SR

Now for differentiability,

: - fd
= ,,“B‘of(th fQ)

L +h)lPsell +-h]+'{1v+h} -1
= lim

ho0 : h
2 1 2 h
, =1im(1+h)+h 1=1imh + 3 -3
k>0 h : >0 h
oy SA=R) - fD)
andf(1) = hhino —h _
_ 'ﬁm(l—h)2 sgr1[1—ﬁ]+{1—h}—l
ho0 ‘ - h
- 2
- —h-1
- im Q-h"+1-h
h—0 —h
. K —3h
= lim =3
R0 —h
FaN=ra)
Hence, f (x) is differentiable atx=1.
Nowatx=2, :

lim f(x)=lim (xzsgl[x]+{x})%4xo+1
x—=2 x—2" -

h—2

lim f(x)= lm (sinx+]x-3[)=1+sin2
* =V

Hence, LHL=RHL.
Hence, f (x) is discontinuous at x = 2 and then f(x) is also
non-differentiable at x = 2.

—————mn



=11 =1
h—0
at = altan{ Z+5 } | /o
f(— = lim| 1+ cot(£+h)u al (2 )I]/
2 k0 2 ,
acoth ’
= lim(l+tan 2) 5
h—0 .
o ehm(l+tanh 1)“°°”'=‘ 'ea/b

Also f(%) =b+3

© f(x)is continuous at x = #/2

23.

= 1=b+3=¢"’=b="2anda=0.
b,c,d - '
x>, x<0 —6,x<0
fe)y=pI= { f"’( ){
X3, x>0 x>0’
Hence j’ ”(0) does not exist
. _
) -x7,x<0 —24x,x<0
f@=xx|= = f(x)=1 .
x , X 2 24x, x> 0
Hence f*"(0)= 0 and exists. |
Similarly for f(x) = [x|sin’x and ()= xltan’ 3x), alsof ’”(0)
" =0 and exists.
ab

24,

sin*x e (0, 1) forx € (-2, w2),
J(x)=0forxe(-m'2, /2)

- Henice f(x) is continuous and differentiable at x=0

25.

b,d
f&x) =sgn(cos 2x—2 sinx + 3)
' = sgn(l - 2sin’ — 2 sin x + 3)
= sgn (- 2sin’x -2 sinx + 4)
f(x) is discontinuous when — 2sm x—2sinx+ 4 0or
sin’  +sinx—2=0

" or(sinx— 1)(sinx+2) =0 or sinx=1

. 26.

Hence f(x) is discontinuous.

a,c,d

Differentiating w.r.t. x, keepmg y as constart, we get
Sy =)+ 2+

Nowputx=0

FO=FO+y =y -1

L =5 -1

3

=5 e

Alsof(0+0)—f(0) +f(0)+0 . f(0)=0

3

X e .
s fo) = EY —x, f(x) is twice differentiable for all x € R and

(3)=3-1=8

27.

a

Continuity and Differentiability 3.49

a,b,c,d

& +a 1

a=-1

hm fx)= 11m
-0"  2x

. 1 1
ifa=-l,then lim f(x)= —, lim f(x)=~=
: Jim (9= 3, Jim /9=

~ f(x)is continuousatx=0if b= -

C.

X

If a #-1, then lim ¢ +a
=0 2x-

does not exist

-. x=0is a point of irremovable type of discontinuity

d

-

. b# —;— = removable type of discontinuity atx=0

"1
ifa=—1. then li ==
ifa=-1, then lim f (%)

‘Reasoning Type ¢

l.c.

2b.

3a.

4b. f(x)= Hm x2
n—oo x

S.c.

Statement 1 is obvxously true.

But statement 2 is false asf(x) = x° is dlfferentlable
but f x)= = x"? is non-differentiable at x = 0.
x= x"? has vertical tangent at x = 0.

) 3
S&)= (ij 57 = f(x)= Sar_57"

Statement 2 as it is fundamental concept for non-differen-
tiability.

But given function is non-differentiable at x = 5/2, as it has-
vertical tangent at x = 5/2, but not due to.sharp turn.

The graph of the function is smooth in the neighbourhood
ofx=5/2. -

Statement 2 is true as it is a fundamental concept.

Also f(x) = sgn(g(x)) is dlscontmuous when g(x) =0.
Now the given function f{x) = sgn(x* — 2x + 3) may be
discontinuous when x? — 2x+ 3 =0, which.is not p0531b1e

- it has imaginary roots as its discriminant is <0.

2n ~1. ) ]
is discontinuous atx =1

-1, x* <1
=<1, x*>1
0, =1

=f(H=1andf(1")=
‘Hence, f (x) is dlscontmuous atx=1as the limit of the
function does not exist.
We know that both [sinx] and [cosx] are discontinuous at
x=72.
Also f(x) = [sinx] — [cosx] is discontinuous at x = 7/2.
Asf(2)=1-0=1andf(#m2")=0—(-1)=1
f(@#@27)y=0-0=0.
But the difference of two discontinuous function is not
necessarily discontinuous.
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6.c. We know that sgn(x) is discontinuous at x = 0. I, if x20

1: . . . . 1 if x<0
Also =|[sgnx] =4 = . - which is discont at ’
x= Of(x) g {0, x=0" 0 1§ discontinions Hence | f(x) | = 1 for all x is continuous at x = 0 but f (x)is

discontinuous at x = 0.

12.c. Consider f(x)= {___

. i (=L, x<0 : .
Consider g(x)= { 50 Here g(x) is discontinuous at

x =0 but |g(x)| = 1 for all x is continuous at x = 0.
Hence, answer is ¢.

7b. f (x) = (sinmx)(x — 1)'” is continuous function as both

(sin7x) and (x — 1)” are continuous.
But (x - 1)!? is not differentiable atx=1.

13.b. Statement 2 is obviously true.

is non-differentiable atx =+ 1 as

Butf(x)=tan™

X : .
2 is not defined at x =+ 1. Hence statement 1 is truebut -
statément 2 is not the correct expla.natlon of statement 1.

Lfl <

= 0<[f(x)|<xf ‘
= Graph of y = [f(x)| lies between the graph of y=0 a.nd

However; f = lmw s _
sin[z(1—k))(1-~-1)"* -0 Ao} £0-(0)=0

= lim Alsofrom Sandwich theorem, lim 0 < lim | £ (x)| < lim | x|
k=0 - =h - x—0 x—0 x—0
e lm sin(nh)(—h)”s _ ~o LT = lim|f(x)|=
- h A =y f (¥) is continuous at x = 0.
f a+ h) f (1) AR Also statement 2 is correct but it has no link with statement 1.
Andf/(1") = lim =—— —— 15.c. See the graph of f() =23 x| +2l,
/s : y .
- 1imsm[”(l+h)](l+h b=\ S SO N .
B0 " h . . : : : :
L 1/5 : : : :
_ SRR o\ o N
o B ' N -
Hence, f(x) is differéntiable atx =1, though (x 1)” > isnot - : / : VA
differentiableatx=1. - 2 -1 Jo. 1 .2
. However, statement 2 is correct but it is not a correct ex- v
planation of statement 1. o Fig. 3.43
8b. Statement 2 is true as cos 0 =1 which is non-differentiable at 5 points, x =0, + 1, + 2.
- Moy Qg 1=V However, statement 2 is false,
Now lim ——— = lim—7—=lm ——pr = 1 as f(x) =x° crosses x-axis at x =0,
. xo0+ Ie/ +1 ko0 e”h +1 AB-01+e ~ but|f(x)|= bl is dlfferentlable atx=0.
and L -1 Jim < -l ) 16.b. Statement 1 is correct as eI M is non—dlfferenttable atx=0.
m = Y 1
0= 41 A0 L 17.a. Letx=k ke Z=f(k)={k} + J{k} =0

‘Thus LHL.#R.HL.

Hence, the function has non-removable discontinuity at
x=0. :

Hence, statement 2 is not a correct explananon of statement 1.

9.a, l1m (sin x+[x]) =0, 11m (sin x +[x]) =

f(EH=0+0=0,f(k)=1+1=2.
Hence, f(x) is not continuous at integral points.
Hence, correct answer is a.

18b. We know that 0 < cos® (n! x) <'1

Hence, lim cos”™(n'zmx)=0 orl,as

Thus limit does not ex1st hence f(x) is dlscontlnuous at

x=0. S 0 < cos? (n'ﬂx)<1orcos (n'7rx)—1

Also, since n — oo, then n ! x = integer if x € O and

Statement 2 is a fundamental property and is a correct
n!x=integer,ifx e lrratlonal

04/ explanation of statement 1. _ . .
Qo }Qtd. f)=|x¥sinx Hence, f(x) = {1, if xis rat10na1

|0 —h|sin (0—A) —d_ lim ~hsinh 0, if x is irrational

- = 1.
L-AD. 1m . —h ' -0 —h = h{x)=1when V x € Rwhichis continuous for all x;
| 0+h|sin(0+£)-0 . hsink - however, statement 2 does not correctly explain staternent 1
R HD= ;,_,0 h v }1111)1(1) P =0 as the addition of discontinuous functions may be
= f(x)is differentiable atx=0. continuous. 1
2. b .
11.d. Statement 1 is incorrect because if hm O(x) and hm f(g(x)) 19.4. Consider f(x) = x“ sin = x#0 which is differentiable at
approach e from the same side of e (say right 51de), and "o, £=0

lim f(x)=f(e)# lim ), then 1im £(g(:)=/(e") =/ (©)

Statement 2 1s correct.

x = 0, but derivative is not continuous at x = 0.
However, statement 2 is correct.



~ 20a. F)=f (g(X))

=>F(x) 2+2d
, 2x-2,x<0
= F'(x)=3_..
. 12x+2, x>0

Hence, £/ (0" =2and F'(07)=-2.
- Hence, both statements are correct and statement 2 isa
correct explanation of statement 1.
21.d. Statement 1 is false, as consider the function
f(x)=max {0, x°} which s equivalent to '

{0, x<O0
f&)= {x3, xZO.
Here f (x) is continuous and differentiable at x=0.
However, statement 2 is obviously true.
nl4, x>1
22b. f(x)=|n/4, x=1 [mthemterval(l— 8,1+8)]
/2, x<l1
Hence,. f is dxscontmuous and non- derlvable but
non-derivability does not imply discontinuity.
23.c. F(1)=0,F(1") =-’2E and F(I") =—§4E

= F is discontinuous
L x20 -1 if. x20
Butforf(x)= -1, if x<0andg(x)= Lif x<0

then f (x) glx)is continuous at x = 0. -
24.c. - ' y=cosx

Y

= sin x

y
Fig. 3.44

From the graph, statement 1 is true.
-Consider f (x) = min{x, sinlx} is differentiable at x = 0,
though g(x)= max{x smlxl} is non- d1fferent1ab1e atx=0

Graph of y ='max {x, sin |xj}
Fig. 3.45
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25.b.
y y=fix)
A y=x
- 5 > X
. | Y
Fig. 3.46

Since f (x) is a continuous function such that f(0) =1 and

f)#x,VxeR

The graph of y =f(x) always lies above the graph ofy=x.
" Hencef(x)>x.

Hence, f(f(x)) > x (as f (x)is onto functlon f(x) takes all real

values which acts as x).

Statement 2 is a fundamental property of continuous

* function, but does not explain statement 1.

26.c. Statement 1 is true as Jx is monotonic function. But state-
ment 2 is false as f (x) = [sin x] is continuous at x = 32,
though sin(37/2) =—1 (mteger) )

Lmked Comprehensmn

For Problems1-3

1.b,2.a,3. b
a(l—xsmx):bcos_;+5, £ <0
‘ X
Sol. f(x)= 73, _ _ x=0
. Vx
{1+(P(x))} , x>0
L \x ) -

where P(x) = ag+ a;x+ ay’ +as
f@=3 ' ’
~ RHL.= lim f(x)
x>0+

: 1/h
 lim f(O-+h) = lim f () = lim {1+(P§1 ))}

- fis continuous atx =0
.. RH.L. exists.

For the existence of RH.L., a5, a; =0
= RHL.= im(l+ash +ash")™ (1= form)
h—( :

ﬁﬁ(1+a2h+a3hz ~1IXU/R)

=

LHL.= hm fx) = hmf(O h)
a(l—(=h)sin(-h)) +b cos(—h) +5

a
ez

= lim
h—0 (~h)?
h2
a(l—h(h)) +b(1 _ET) +5
- E—rf(l) K2 '

b
For finite vah_le of LHL,a+b+5=0and-a- E: 3

Solving, we geta =~1, b=-4.
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Now g(x)=3asinx—bcosx=-3sinx+4cosx (g(x), x<-1
which has the range [- 5, 5] D+ o(—1

Also P(x) = az* + (log 3)x i(—)—zg(——)
P"(x)=6ayx+2log,3

= P"(0)=2log,3 | =1/, “l<x<1
Further, P(x) = b => ayx> + (log 3)x* =— 4 has only one real SM)+g@d) v=1
" . root, as the graph of P(x) = af + (logt_,3)x2 meets 27
y =—4 only once for negative value of x. Lg(x) x>1
~ For Problems 4—6 ' ‘ If F(x) is continuous V x € R, F(x) must be made continu- 7
4.¢,5. b_, 6.c. ‘ ousatx==1.
¥ L : " Forcontinuityatx=—-1,f(-1)=g(-1)=1-a+3=b-1=>
Spl.-FbrOSx<z,g(x)—1+tanx a+b=5 %))
- : ’ =1,f(1 1=>1+ +3=1+b
xe [0, g) = 1+tanxe [1,2) Forconbn_ml_ltg s =8 ¢ )
: soﬂg(x)) =f(1+tanx)=1+tanx+2 ' Solving equations (1) and (2), we geta=1and b=4

f)=gt)=>P+x+3=x+4=’=1=x=%1

and forx & [Z’”)’g(x)_3"°°tx For Problems 10— 12

e [E 75) o3 _cotxe [2,%) : ' 10.a‘, 11.d,12.b.
4 o Sol.
sof(g(x 3- cotx) = 6—(3—cotx
{3 +tanx, 0<x<— ‘ [x], —ZSXS—E 1
Let h(x) =/(g(x) = R f@=1 =1 -1 lsx<-
3+cotx —<x<'7r" _ ox*-1, —-—<x<2
4 : . 2 2ol —Lex<2
Clearly, f(g(x)) is contmuousm[O ) L 2
+ [
Nowh’(z j= 11m+(—cosec x)=-2 ) 2, - L2 Sx<-1
. x——)T ‘ ) - ‘ 1
;- o [f@)l=141, —ISJCS—E
4 (E )= lim_ (sec’ x)=2 : ‘ ' ‘ i \
- ) L|2x2—1|, —§<xsz'
“Sof(g(x)) is differentiable everywhere in [0 ) other than (2, - 2<x<~1
' atx=£ >_ : . . 1
7 1, = —l1sxs--
|3+tanx]|, 0‘Sx<% = s 1 1
b= . J1-222, —y<FEE
' [3+cotx], —<x<m - - : ' .
4 2x* -1 —L<x<2
which is non-dlﬁ'erenUable atx= 774 and where 3 +cotx= i SN Y -

0orx=cot'(-3) 7
,_ - 2 <|xj<—1
Forxe [0, Z),3+tanxe [3,4) % 2'_ _Ix_l( )
' x fdxD=1-1, xS —= =2xF -1, —2<x<2
FOI‘XE[Z,ﬂ),3+C0tx€(—oo,4] : : - 2
2
Hence, the range is (— o, 4]. : . 2|x|® -1, —-2-<IX|S2
For Problems 7 -9 : . o - :
7.a,8.¢,9.d. 2x2+1, 2<x<-1
i 2n . ’ ) 2 R -l
SOL F(x): lim&zlzi—ng—(x_) 2x > ~1<x< 2
e +Xx :
=g =f(xD+ /)| = 1 1
<x? 0, —_—x <=
S(x), 0<x®<1 7 > 5
s o
a 2 0T - 42 -2, ——=<x<2
2 . , ' L V2

g(x)a x°>1 . 2 + . y. 2
5= Jim @+ +)=3, g(-17)= lim, 2>



1im10=0

—
™

- + .
g—l =1im2x2=-1—,g——l— =
2 N 2 2

2

(1.- 1 *) .
gL,/z x_l,r% > & 2 ) x‘_‘f%( x =2)=0.

e 1
Hence, g(x) is discontinuous at x =—1, ~=-.

g(x) is continuous at x = T

i)l 8

Hence g(x) is non—dlﬂ‘erentlable atx= —5

For problems 13- 15
13.¢,14.4,15.b

Sol.

u-u’u

x2+1l0x+_8, x< -2
Sx)= ax* +bx+ec¢, —2<x<0,a#0
x<0 ‘

For continnous atx=0 = ¢=0
Continubusatx=——2 = 4-20+8=4a-2b
= 2a-b=-4 Q

Now let the. }me y=mx+p is tangent to all the three curves
Solvingy=mx+pandy= P+ 2

X+2x=mx+p

2+@2- m)x—p 0
D=0 :
(2-m)y’*+4p=0 @
Again solvingy=mx+pandy = x2+10x+8
£+10x+8=mx+p

X%+ 2x,

P+ (10— myx+8-p= 0

D0=>(10m) _48-p)=0

(10— m):—(2—m)> =42

(100-20m)— (4 —4m)=32

m=4andp=-1

Hence equation of the tangent to first and last curves is
y=4x—1 3

Now solving this with y = ‘ax® +bx (asc= 0)

@+ bx=4x—1 = a’+{B-4x+1=0
D=0 S :
(b-4Y=4a

Alsob=2a+4 (from (1))

" 4a*=4a = a=landb=6(asa#0)

1.

Matnx-Match Type

f£(0)= lirr(l)(Zax_ +b)=>b

SO)=1imQax+2)=2 = b=2

a —>p,q,r,b—>p,r,s,c—>p,r,s,dép,r,

a f(x)= |x | =2x(x| x|} is continuous and differentiable.

' Fig. 3.47

b f(x)= Jlxl is continuous

f
................ 2__

y=y-x y=x

................ R R s
Ly e 2

Yy

Fig. 3.48

Clearly from the graph, f(x) is non- dlfferenhable atx=0.

c fix)= |sm x] is continuous
X : .
...... R e o
¥—i —
_:1 o 1
WXL i
N 2 { ok
v
Fig. 3.49

Clea.rly fromthe graph f(x)is non—dlfferentlable atx=0.

~d f(x)=cos !x| is continuous
y

Fig. 3.50

Clearly from the graph, f(x) is non-differentiable atx =0.
2. a o>rns;b—p,geop,qdop,r
a. The given function is clearly continuous at all poin:=
except possibly atx =+ 1.
As f(x) is an even function, so we need to check 1

~rantinnityu anlvat y =1
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lim fis)= lim /69=/()

= i (ad+ b= it > a4 b=1 _(1)
. x—1” x| x

Clearly, f(x) is differentiable for all x, except possibly at
x=1 1. As f(x) is an even function, so we need to check its
- differentiability atx=1 only.

f-r0_ . f0)-£0)

Cd ) =il -

Puttinga=—-1/2in (1) we get b=3/2 = |k| =1 =k=%1

b Iff(x)=sgn(x’—ax + 1) is discontinuous then x2—ax+1
= 0 must have only one real root. Hence a =+ 2. '

c. f(x)=[2+3nsinx],ne N has exactly 11 points of
dlscontmmty inx e (0, m). _
The reqmred number of points are 1 +.2. (3|n| -1
=6n|-1=11=>n=%2.

2| + a| has exactly three pbints_ of non-

lim
PN x-1 x—1* x—1 differentiability.
1 i f)is non-differentiable atx =0, Lxl ~2=0o0rx= 0,+2.
. 2 —
— lim ax” +b-1 — | x| Hence, the value of @ must be positive, as negative value
ol x-l -t x—1 of a allows ||x| - 2| + a = 0 to have real roots, which gives
2 ' more points of non-differentiability.
. oax*—a . -1 : 1
© = lim =lim — = 2g=-1=a=—— 3. a —os,borecopd —4q
-1 x-1 x=1 X 2
g =x"+bx+c gl =2+ bl +c SO =gl =P +bix| ¢l

b<0,c>0

ZrX

° TR

' Fig. 3.51




4, a—>q,s;bop,s;c—op,r; d Qs

5¢M* 42 0
a. f(x): 3_ellx k4 x¢
G, x=0
5¢'* +2 5+2¢7h
0")= lim = =
f(07)= lim 3" koo 3¢ VE -1

Hence i (x) is dlscontmuous and non-dlﬁ’erentlable atx=0.

L5 ”"+2
b g@=xf0)={"3_g7 * * 0
0, x=0 .
1/h ~1/h
f(0H= lmh%# = mh %;,fh—_—l =0x(-5)=0.
5¢ -1/h 2
f@)= limh——p= . =0x(2/3)=0

Hence, f(x) is continuous at x = 0.

1) i B8O
—h
—hf (—h)- 0

h—-)O —h-

= lim f (-5)

0+h 0
Re'(0)= o 80P —£(0)
0 . h
- 1mg(h) -0
=0 A
5¢7" +2
—hmf(h) }1113(1)———3 T
542670
= hm———
B0 3e‘”h 1
5+0 ~—5
T 0-1
-~ LF'(0)#RF'(0)
Hence F(x) is not dlfferemable but continuous atx= 0.
c. Forx f(x)
Let F(x) =xf(x)
- LF(0)= hmw
=h
200 33
— P SED-0

h—0 —h ' .

Continuity and Differentiability 3.55

RF'(0)= lim F(0+h)—F(0)
B0 h
) _ .
= hm————h f®) 0=0
h—0 h
. LF'(0)=RF’(0)
Hence, F(x) is differentiable at x = 0, then it is always
continuous atx = 0.
x! f (x) is

d Clearly from the above discussion y =
discontinuous and hence non-differentiable at x=0.

5. a —->q,s,b—>p,r,c—->p,r,d—->p,

;1' 2(2 " { l}
a f(x) ng{lo[cos ( ﬂx)] + x+/;z

Obviously, lim f(x)=0+0=0
pe)
2.
And lim f(x)=0+1
-

x5
2

. . 1
. f(x) is discontinuous atx = .

b f(x)=(logx) (="
Obviously, f (x)-is continuous at x =1

f(1+h) S@ _

N

0

, . _log(1+h A
Fay=lim gt -

h——>0

f( h) SO _

hl/S
)= Mlog(l nen”

Hence, f (x) is dlﬁ'erentlable atx=1.

e, f(x)=[cos 2] + | {sin (52’5)}

hm f(x)= hm 1[cos 27rx]+ hm {sm(

N|§

)
)

lim f(x) = lim[cos(27x)]+ lim {sm(
-1 - x>

N|§

=0+1=1
Alsof(1)=1+0=1.
f(x) is continuous at x = 1

[cos2m(1+h)]+ { (“(lgh))} -1

)

S()= lim

Mlg‘,

[cos27h]+ {cos ( -1
= lim
r—0 h

A —’
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nh 7w . (7hY)
coSs 7 -1 —Esm -—2—
—_ = lim—-————

h—0 )
2.|cos (n_h)
2

= lim
h—0 h
Simﬂmly, S (1)=0.
cos2x, x€@ »
sinx, xe¢Q 6

d-f(x)={

. . . . /4
f(x) is continuous when cos2x = sin x which has x = s as

one of the solutions. Hence, it is continuous.

. Alsoin the nelghbou:hood of x=

. n n
—2sin2x, ——-0<x<—

1= ¢

n
cosx, —<x<—+6
6 6

o o[ )

E

= f(x)ismot differentiable at x = %

_ Integer Type

1.(5) fx) = sgn(sin x) is dlscontmuous when sinx=0
= x=0, 7c,27r 3m4n

2.(6) &)= [f( )] is continuous if [f—ixl] =0 for V f(xj €

Q, J30 0), for-which we must have a> +/30
Hence the least value of a'is 6.
3.(4) sgn(x>— 3x +2) is discontinuous when x2 3x+2=0or
x=1,2
[x —3]=[x] -3 is discontinuous at x=1, 2, 3, 4
- Thus f(x) is discontinuous at x=3, 4 ’

Now both sgn(x®—3x+2) and [x-3] are dlscontmuous at.

-ox=1 and 2.

“Then f(x) may be continuous at x = 1 and 2.
Butf(1)=-2. andf(1H=-1+0-3=-4
Thus f(x) is discontinnous at x = 1

© Alsof(2)=-1andf(2)=1-1=0
Hence f(x) is discontinuous at x = 2 also.

g(3-hn)-g03) _ hma,/4-—h—(3l.)+2) :

4. .(2) g6)= A0

—h 20 —h
®
for existence of limit lim N™ =0
= ,
- 2a-3b=2 @
Now ¢(3)= limb(3+h)f2_(3b+2) b )
B0 h : -

1.®) )= lim

Substituting 3b + 2 = 2ain equation (1) - _

g(3’ ay4 2“ hm{ (4-h)-4 )=£
—h -0\ (—h)(JA-h+2) ) 4

Henceg’(3")=¢’ (39

%'=b=>a=4b . @

From equations '(2) and (4)

8b—-3b=2
= b= zand a=§
: 5 5
= a+b=2 _
Cax? +bx  for -1<x<1
ta—-b-1
2
5.8) f) | a+b+1
2

1 - forx>1 or x<-1
Lx ‘
’ a+b+l

for continuity atx=1 wehavea+b=
hence,a+b=1 (D
for continuity atx=-1
a-b=-1 a-b=-1 N V)
‘hencea=0 and b=1 -
6. (6)

g(i'—l),osxd {G=DE=2-2K) 3 4<xa
g(f0) = L= 2 ,

1"
| 12x=2
g(:) *

lim g(f(x)= 3,g(f(1))=4-2k and lim g(f(x)=4~

4-2k,18x<2

1
2k for g(f(x)) to'be continuous atx =1, 4-2k=3=k= 5
f+h) - f(x)
h

f(x)+f(h)+2xh'(x+h)_%_(f(x“f(o)_%) ,

= lim—
PR h

- mf('h)"f(o)v_*_zl,z =f’(0)+2x2”
o0 h _

1
: - _
3f(h)-1_ . 3 .. f(W)—fO)
hm=—r—=lm—"" =0 21

L0255 ro-

W

2
| 3
o )= % +2x

o
j(x)'=/1+§x+2—;‘—' = f(0)=A=

W=



f_(x)"—‘% + %x +%

(1)
x? sm(— +x2, x>0
x

= f@= —35-

Nxp—4 sin (1)— (r-2) xP~% cos (1)
x) x
—px” cos (l) s T
x

+p(p— l)xp sm(l)+2, ' - x>0

S @= —xP sm( ) (p- 2)x” 3cos(l)

pxP~ -3 cos( )

+p(p-1)x"~ 2sm[—)—2, » x<0
x) - ,

RHL=LHL= £(0)=0 7
© sinee and cos o lie between -1 to 1. Forp > 5, RHL =2

LHL=-2

f0)=0
Forp € [5, *2), f”'(x) is not continuous.

9.(8) Wehaveflx)=[x]+[x+ 1/3]+ [x+2/31=13x]

Which is discontinuous when 3x=korx=4k/3, ke I
Hence points of discontinuity are 1/3,2/3,3/3, 4/3,5/3,6/3,

L]

7/3, 8/3.
X2 2m |
00 sk p 2L
. - 2n
- lim h(s) = i lim = f((f) ;fn) 2D _ 1q)

lig}h(x) exists = A1)=g(l)
= flx) Qg(x) =0hasarootatx=1

[
j ddi

11. (1) Given Z2— =1
fama
y

= M _M=lnx-Iny
e’(") Inx=c = jfix)= In(inx+c)

Continuity and Differentiability 3.57

Since](-l-) =0 = c¢=2
e

(a(x+2); x2k

Now f(gx))=
fg) {]n(2+x2); 0<x<k
For continuity at x =k, '

In(k+c)= 1n(k2+c) = eitherk=0o0rk=1.
k>0 = k=1

12, (7) Letg(x)= (lnx) (lnx) --

0, l<x<e
g)=11, x=e
©les, x>e
x, l<x<e
" Therefore f(x)={x/2, x=e
'Q e<x<3
Hence f(x) is non-differentlgble atx=e.

. tan(tan x)—sin(sin x)
. =1
13.(2) f0) xl—% tan x —sinx

. tan(tan x) — sin(sin x

_ Jjp t2n(tanx) — sin(sin x)

x>0 tanx(l—cosx)x3
x P

— 21im tan(tgm x)v —3 s;n(sm x)

x—0 X

. 3 s 3 5
: tan” 2 . sin®x  sin”x
(tanx+ x+Etan5x+---)—[smx———'—+ )

3 3! 5!

= 2lim 5
x—0 - x

4.

= 21lim

x—0

( tan® x sin® x
. +

(tanx—sinx)_‘_ 3 3!
B e

' —cosx) : 1.1
=21lm (tanx)(l cfsx)+_1.+l =2[—+—:\ =2
x=0\\ X x° 3 6 2 2

14. (7) sin”! |sin x| is periodic with period 7

y ) y= sm_1 |sin x|
el l

o
N

w2

Fig. 3.52
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|

Subjective B ~ o~

1. Atx=0,f(0)=c . : @ -

70D =.L.H.L.= lim f(x)=1lim f(0- k)
_ i SL@+ D0~ 1)]+5in0— k)
h—0 - (0-h)
_ g =Sin[(@+ D ) -sink
h—0 -h . C
_ lim{(a+1)sin[(a+1)h]+sinh} ,
B0 (a+Dh h
sin[(a+1)A] .. sinh
h

= (a+1)lim +lim
pay (a+Dh B0 -

=(a+1)x1+1=a+2 : )
~ f(0H)=RHL.= lim f(x)"=1im f_(o+h)

(h+bh2)1/2 h1/2
h—)O bh3’2 :
V2 4
- lim (1+bh)
h—0 bh
A+bh)"2 -2 1 1

— LGS S 3
-0 (1+bh)-1 ( ) 2 @
w fx)i is continuous at x = 0. had

- = LHL=RHL.=f(0) [ﬁ'omequations (1),(2)and (3)]

= a+2—- l=c =a= ——?1 ,be R,c= —
2 2/
1+x, 0<x<2 i

3-x, 2<x<3 _ _
o 1+ f(x), 0<f(Jr)<2 : -
JUEn= {3—f(x), 2<f(x)<3

(1+(Q+x), 0<1+x<2, 0<x<2
1+@-x), 0<3-x<2, 2<x<3
3-(0+x), 2<1+x<3, 05x<L2
3-(3-x) 2<3-x<2, 2<x<3
0<x<1

1<x<2

2<x<3

2. f(x)*{

' Fig.3.53
Atx=1.x=2. f( f(x)) is discontinuous.

— 0<x<1
We have f(x) = { 2 |
2x2—3x+5, 1€x<2

0<x<1
P SO 4oy 1xs2
Here f(x) is continuous everywhere,

asf(1")= l,im(Zx2 - 3x +§)
S xol o 2

le
NI'—‘

= 2(1) 3(1)

andf(1+)='uxn[3‘i]: %

“Atx=] Lf—l Rf =4(1)- 3=1
' = fis dlﬁ'erentJable and hence £ is continuous atx=1.

Also £ ()= 1, 0<x<l
=1, 1gx<2”
which is discontinuous at x = 1.

4. Heref(x)=X’-¥+x+1

S U



= f ’(x)=3x2—2x+1which is strictly increasing in (0, 2)
0 f(x); 0<x<i

~ogn)=
7 13-x 1<x52

[asf (x) is increasing, f(x) is maximum when 0 < ¢<x]

x> +x+1, 0<x<1
3—x, 1<x<2

So g(x) {

' 3x -2x+1; 0<x<1
als, g0~ -1 1<x<2’

which clearly shows g(x) is continuous for all x € [0, 2],
but g(x) is not differentiable at x = 1.

: -1,-2<x<0
,»S'f(x)._{x—l,0<x32
-1,-2<|x|£0
Now = '
74D {|x|—1,0<|xls2
= f(x)=1x[-,0<|x|<2
—x—1, —2<x<0 '
=> — Pt . 1
S(xD {x_l, 0<x<2 M
-2<x<0
Also
|fo)l= {I _1l, 0<xs2
o L, -—2sto |
== -1.—'x, 0<x<l . o

x—1, 1<x<2
Hence, g()=f(x) + |0l -
- —x, -2<x<0 .
S g)={0, 0<x<l [fromequations(1)and(2)]
2x-2, 1<x<2:

(1, —2<x<0
= g'®=40, 0<x<l
2, l<x<2

* Clearly, g(x) is continuous but non-differentiable atx =0
and 1.

. Given that f (x) is a continuous function, and g(x) is a
discontinuous function, then for some arbitrary -real
number a, we must have

lim f(x)=/(a) Q)
~and 11_1)1‘11 g(x) = g(a) : o @)

Now, )ltl_I;Ile [f{x)+g (x)]

= tim /() + lim ¢(5) %@+ 50)

" [Using equatlons (1) and (2)]
S fx)+ g(x) is discontinuous.

Continuity and Differentiability 3.59

. Giventhatf(x)isa function satisfying

fEx)=f(),VxeR o
Also f7(0) exists

=f(0)=Rf 0)=L(0)

Now, Bf’ (0)=1"0)
f0+h)-7(0)

SO
= tig LSO _ (g 0
again Lf"(0)=1"(0) '
0-h)-f(0) -
- f(-h)-
= lim f (h);f ©__ £7(0) (3) [Using equation (1)]
= f'(0)=0

ax+b xSO

. Letg@=ax+h f)=1{( 145\
) ( ) x>0

2+x

 lim f(x)= lim f(x) = (l)m =b=b=0
x—0* x—-0” 2 o

1/x :
== (32 s0=3

= 1nf(x)= —r[ln(1+x)—h1(2+x)]

.f'(x) 1 1+x 1
) me(2+x)+x(x+1)(x'+z)
N SO _ i 1 '

SO 2 6

wive 2341
=>f(1)—3]n2+9

fE)=b-a

boa=2m3+l

3 2 9
L betam-2miL
3 2 9
. _ 1
Hence, ﬁ:gctmn fx)= (31n2+9)

x+aV2sinx, 0<x<n/4

. Given that, f(x)=i2xcotx+b, @/4<x<m/2 is

acos2x—bsinx, T/2<x<7®

continuous for0<x <7

i 1= lm )

14*

lim (x +a~2sin x) = lim (2xcotx+ b)
x—->7al4 K x—-r/4t .
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=

10.
11.

\

E+a=£+b
4 2

Al_so, lim X f(x)= lim )

hm (2xcotx+b)= hm ,(acos 2x~ bsmx)
X
0+b -a-b or a+2b 0

Solving (1) and (2) we have.a = 76 and b=—m12

See Solution to Example 3.41.
Given that

1 —cos 4x
7 X

f(x)=4a,x=0

<0

Here, LHL.atx=0
_ o 1=cos 4(0-k) . ~ . 1-cos 4h

im
Py (0- h) 0 2
2 sin? 2k

= lim ————x4=8 - RH.Latx=0

-0 4K°

i Jo+h
W0 16+ Jo+7 -4

i 7

=0 16 ++/h —16

= hm (\/16+ \/_ +4)

12.

- Vi +4=8

For continuity of function f (x) we must have

LHL.=RHL=£0).
= f(0)=8=4a=8

Given that,
1@ +|sinx|)a/ISian ,—m/6<x<0
flx)=4 b, ' x=0
etan2x/tan3x,

O<x<m/6
is continuous at x =0 '

* Jim £(0-k)=7(0) = lim £ (0 +£)
We have g

1
Isin (~4)

lim f(o-n)= lim [1+|sin (—._h) 1]

= lim [1+sin A] = ¢
andf(O) b
. eé'=p
Also hm f(()-l- h) = lim e‘aUZh/tang,;,
: h—0 -

)

@

®

tanZh 3h xz
elHo " 2h tan 3 3 =ez/3
P =b O

From equations (1) and (2) &= b &?

= a=23andb=¢":
13. See Solution to Question 38 in Objective Type Problems.
14, .

...................................

C y=(e0 -2
Fig. 3.56

‘ 1-x, x<1
FO={(1-x)(2-x),1<x<2 I ()
3—x, x>2 o

-1, x<l1
= ) 12x-3, 1<x<2 @

' -X, x>2
f(17)=0, f(1")=0 (from equation (1))
f@)=0,1(2H=1 (from equation (2))

Hence, f(x) is continuous at x = 1, but discontinuous at x =2
Alsof’ (10 ==1andf(1")=—1 . ' (from equation(2))
Hence, f(x) is differentiable atx=1.
Hence, f is continuous and dlfferentxable at all points
exceptatx=2.

15. Letf: R— Rbe differentiable at x= € R, then

S0 f(@)
e (x—a)
ie, L (0)=Rf (&)=1" () :

i DTy S-S _ 1

=f -’(a) exists and is finite.

=
e (x—0) ot (x—0) |
Jim g = lim gx)=f"@ o
[ &) -f(®)= g(x) -]

Againf’(@)= lim i%__ig

hm g(x) g(ao) 7 @
From equatlons (l) and (2), we get '
xlirg_ g(x)= }L‘Z,L g(x)=g(@)

LHL.=RHL.=g(c)
= g(x)is continuous function atx=c e R.»

Conversely,

Assume g(x) is continuous at x = gon R. _ _

. lim g(x) = g(e) = a finite quantity S
x>

and givenf(x) () = g(X_) x-o)



16.

: f() f(@)
forx;éa,g(x)" @
(x-a) :
. From equations (3) and (4), we get
X o
m L) f(@) g(a)
x—->a (x ) .
= f'(@)=g(c) =afinite quantity -
= f(x)is differentiable atx=0o€ R.
(gof) () =g(f(x)) _
_[fe+, if f(x)<0
(fx)-1)? +b, if f(x)=0
(x+a+], if x+a<0 andx<0
_|(x+a=1)*+b, if x+a20 andx<0
lx—1]+1, if [ x-1|]<0 and x>0
[ x-1|-)%+b, if |x—1|20 and x20
(x+a+1, if x<—a
_|x+a=D?+b, if —a<x<0
[x—1]+1, if xe¢
[(x=1]-1)?+b, if x20
(x+a+1, if x<—a 7
=:{(x+a-1’+b, if-a<x<0
A(x=1]-1)*+b, if x20

U .

\

-Since (gof) (x) is continuous for all real x,
. as (gof) (x) is continuous at x =—aq.

—-a+a+-1=(—a+a—1)2+b

= b=0

(I

17.

Also (goj) (x) is continuous atx= 0
(0+a-1*+b=0+b

a=1-

Hence,a=1and =0 -

¢

x+2, if x<-1
Now, (gof) (x) = {x%, if ~1<x<0
' ((x—1]-1)%, if x=0
(x+2, if x<-¥
x?, if -1<x<0
1, it o<x<l

(x-2)%, if x21
(x+2, if x<-1.
=1x?, if -l<x<i
(x—2)2 if x21

In the interval (-1, 1), (gof) x2, which is differentiable at
x=0.
Given.f(2a—x)=f(x),Vxe (a,2a) €))

fa-hH-f@ _,
~h

andf’(a)=0= lim
) ) h—0

18.

19.

f)=1

Continuity and Different[ability- 3.61

fa- h) f(=a)

Now f'(-a")= 11
-_fLa_*‘M‘Q

h—>0
[ - f(x) is an odd function]

i L@~ f(a)
h—)O h -
Now in equation (1) replacing x by a - h we get

= fla-h=fQa-(a- m)=f(a+h)

=>f( a) f'(a4)=0

To find,

[(n+1)—cos - (l)—n] ’

n—)oo n

lim n [(1 + —1—) 2 cos”! (—1—) - l]
noe n,nwm n :
ol

where f(x)= [(1 +X) % cos™ x — 1]

f(a h) fla@) _

2
ks
' . - . 1 ,
- Using the givenrelationas lim nf (_r:) =f7(0),

n-—oo

_the given> limit becomes

='(0)= gx_ _(1 + %) % cos™! x — l]

1+x

cos” x — \/1__?:\

- x=0

—2 E_l]_l_i-_”_—z_
T2 T b3

Given that,

b sin™ il S —l<x<0
2 2.

aiv

N =

L\

0<x<1/2

5-

. x

where|c|<1/2
f(x) is differentiable at x = 0, then f(x) will also be
continuous at x = 0. '

= lim f(0+h)=/(0)
h—0

M2

1
= lim —=—
h—0 h -2
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ahl2 ;1

= lim i x£=l=>a=1
h—>0 2}_1_ 2 2
5 .
Also L (0)=Rf" (0) ]
" = lim fO-n-7r0O _ f(0+h)—f(0)'
_ B0 -h h—)O. h
- ) i ah
'bsin—l(c h)—-l- - e_i——l—l
. . 2 2 2
= lim - = lim ——mm=
B0 - —h A0 h
. 2eM22-h
= lim >
h—>0 2k

For these limits to exist, we must have the 0/0 form and
hence using L’ Hopital’s rule, we get

- J—(—b—)

m 2 (a ) 1

lim =
>0 -1 ¢ koo 4h
- \ o od2-1
,= hm
v ho0 8(h/2)
' [Putting a = 1}
b 1 ‘ '
= 5 =§
2. 1<
. 7

2

_ _ 2
b= 1= 6= 22 Seapr=a-o
4 4 _
20. :

Given that : _ '
fE-n=fDeg0)-feg (X) G
gx-»)=gMgM+f®fG) , @

In equation (1) putting x = y, we get

fO)=fx)g(®)-fx)gx)=/(0)=0

Putting y = 0 in equation (1), we get

F&)=f(x)g0)-f(0)g(x)

= f(x)=f)20) - [using £(0)=0]

. = g0)=1

“Putting x = y in equation (2), we get

g(0)=g(x)gx)+f()f(x)

= 1=[g@+ L@ - [using £(0)=0]
= [g@P=1-[/F ®)
Clearly, g(x) will be differentiable only if f (x) is
differentiable. ‘

-~ First, let us check the differentiability of f (x).
Given that Rf” (0) exists, '

= lim w+’—}2ﬁﬂexism

h—0

e SO R - R ©
=Y h

exists

‘1. Given f(x)=

:%}2' éxisfs' (using f(0) =0andg(0)=1),
f= h) f )

h—>0

=Lf’ (0)

which can be wntten as hm

= Lf’ (0)=Rf"(0)

-, fisdifferentiable atx=0.

' By differentiating equation (3), we get

28 (x) g'(X)=-2f (%) f' ()
Forx=0,
- =g0)g’ ©0)=—f(0) f'(0) =. g'(0)=0

Ob]ectwe :
Fill in the blanks

» (x—l)zsin;—{j—lxl, x#1

-1 ‘ x=1
The doubtful points where £ (x) is non-differentiable are
x=0andx=1

. . o
Atx=0, (x—1)*sin Y is differentiable, but |x| is not,
x_

Hence f(x) is rion-differentiable at x =0.

. 1.
- Atx=1, lim [(x—-l)zsm———lxl:I
. ox-lt .x—l‘

= 1im[h2.sinl—'|1+h|]=—
h—0 h
And lim [(x—l)zsin—l—.—lxI]
x—1" x—1
2. L_ hil=—
’]‘_E)[(l)[(—h) sin — 1 hl:l
Also/(1%)= lim &’i)_f(‘_)

K? sin——|1+_h|—(—i) '

=k
hlg(l) h
= lim hsinl =-]
—0
Similarly f(17) =-1.
Hence, f(x)is non-differentiable at x = 0 only.

o+ x? —16x+20
,X#E2

. Wehavef(x)=14 (x—2)2'

k, x=2
Clearly, f (x) is continuous for all values of x except
possibly at x =2.

It will be continuous at x=2if J1(1_% flx)=r (2)

2+ x? —16x +20 _

=T 2y
2
L petig B2 ) (x2+ 5) i (x + 5) 7
x—2 : (x—2) x—2

=k=7



Continuity and Differentiability 3.63

3. By choosing any arc of the circlex” +y* = 4, we can define £ (x) is continuous on all non-integral points.
a discontinuous function, one of which is : Forx=ne 1,
f(x)=y4-x" ~2<x<0. lim f(x)= lim [x]cos(zx—l)n
. > ' " x=n- x-n— 2
_ _ \[4—x , —2<x<0 -1
Hence, f(x)={_ 42, (')SxSZ' =(n_'1)cos( )7;:0.
' - | ' 2x-1
- lim f(x)= lim [x] cos( X )n
: : __x2 " x<0 x—om+ x—mnt 2 )
‘4. We have -f(x)=x|x|=" ’ : -1
: X2, x20 : =ncos( 5 )n=0
. “2x,x<0 -2, x <0 _ - :
= f(x)= =f"x)= _ -
A {2x,x20 /@ {2,3520' . Alsof(n)=ncos(—2-n—2—_1—)£=0. '
Clearly, f”(x) exists at every point except at x=0. ' . . . . ' s
’ t all integral ts as well. Thus, fis
- Thus, f(x) is twice differentiable on R - {0}. conjt‘;;lsu(;(\);n::;rl;sv:hjre integral points 85 s
5. The domain of the given functionisx € R~[-1,0). . . ’
Possible points of di tinui £ the functi 4d. Let kis integer
=s.1 points of discontinuity of the function are f_(k)=0,f(k—0)=(k—1)2—(k2—1)=2—2k
x=integer~ {-1}. . . f(k+0)=k2—(k2)=0
£(0)=0,£(0+ 0) = 0. That means f (x) is continuous at I£ £ (x) is contimuous at x =k, then 2 2k=0
x=0. _ ’ : T
, : ' = k=1 .
Letx—Io,whereIoii—r—l,O, | 5.d. f(x)=(x2—1)|x24-3x+2|+cos (1%
~ then f(Ip) =1I,sin———,- ' =[(x—1) x— 1] |x—2|+cosx
o (o +1) (x—D)lx— 1} and cos x are differentiable for all x.
_ . T ‘But |x 2| is non-differentiable at x = 2
. f(IQ ~0)=(p-Dsin -]; ’ : Hence, f(x) is non-differentiable at x = 2.
. — T . 6a. LHD.atx=k '
Iy +0)=1I;sin— ’ . _ _ :
0 0. Iy +1 - : ‘ = lim __’_——f (k) f (k h) (k= integer)
Thus, f(x) is discontinuous at x = Io. ' b0 h o
6. Asf(x) is continuous in [1, 3], f(x) will attain all values - tim [k] sin kx — [k—h] sin (k—-h)m
between (1) and f(3). As f(x) takes rational values for all h—0 _ _ h
x and there are innumerable irrational values between f(1) ) —(k—l) sin (kn: _ hn:) . B
and f(3) which implies that f(x) can take rational values for = }111)1(1) h [sinkz=0]

all x if f(x) has a constant value at all points between : _
/ 3 ~(k=1)(—1)*"' sin hre

x, 0<x<l

x=1andx=3.Giventhatf(2_)=10,th¢nf(1.5)=10. = lim xx=m(k-1) 1k
Multiple choice questions with one correct answer - h=0. hr : '
Ctn(x[x-x]) . o - y y=e
1d. f(x)=————( 2 ) : ' S SIS TP ST S
1+ [x] ' | e T I e
_ By definition, [x — 7] is an integer whatever be thevalueof . _ ......... ,,,,, I EER e
x and so 7fx — 7] is an integral multiple of 7. ’ :
Consequently, tan (x[x—z])=0,Vx. _ —t il ; - x
And since 1+ [x]? # 0 for any x, we conclude that f(x) =0. ' 2 - 12
Thus f(x) is constant function and so it is continuous and g
differentiable. ' : : :
2b. 0<tan’x<1when EoxE g VAN —2'}- """""
M | Fig. 3.57
i3 /2 : ig. 3.
’-=>f(x)——0—z<x<z ) . : : x, x<—l ~
Hence, f(x) is continuous and differentiable at x =0, also : B —1<x<0
f(©®=0. ' From the graph f(x) = max {x, X3} = ’

-3.c. When x is not an integer, both the functions [x] and
; , 3
x°, x21

o 2x-1) . ' a ' :
cos( 5 )7: are continuous. Clearly, fis not differentiable at—1, 0 and 1.




3.64 Calculus

8.d. f(x)=cos (|x[) + |x| = cosx + x| is non-differentiable at
x =0 as |x| is non-differentiable at x = 0. Similarly
1 (x) cos ([x[) — x| = cosx x| is non-dlﬁ‘erent:able atx=0.

—-sin x-x,x<0
f(x)—smIXIﬂxl= L
» +smx+x,x20

, —cos x ~ 1, x< 0
=1 =
f~(x) {+ cosx+1, x>0
which is not differentiable at x = 0,

—-sin x + x, x <0
J®= SmIXI—IXI
sinx—-x, x>0

_ , —cosx+1Lx<0
= =
. f(x) {+c0sx—l,x20
. fisdifferentiable atx=0, v
3 ' tan” x, if|x|<]
~ 9.4. The given functionis f(x) =14
. E({xl—l),if [x]>1

| %(—x—l), if x‘<.—1
= f(x)={tam'x, if-l1<x<i
%(x_—_ 1), ifx>1

Clearly, f'(x) is discontinuous at x = 1 and —1 and hence
non-differentiable at x = 1 and —1. Hence, f(x) is
differentiable for R— {-1, 1}.
10.a." f(x)=||x|—1]is non-differentiable when |x| =0and when |x]
—-1=0o0rx=0andx=+1.
Alternative method '

The glaph of y = ”xj,— l| isas follows

y=1hi-1}

. Fig. 3.58

~ Which has sharp tumn at x =— 1, 0, and 1 and hence not
differentiableatx=-1,0, 1.
11.b. Given that f(x) is a continuous and differentiable function

and f(l)=0,x=n,nel
x

ro=7(2)-

* Since RH.L.=0, . £(0)=0 for f(x)to be continuous

10 0 T

[Using /(0)=0]
[ A07)=0]

Hence, £(0)=0, f(0)=0

Multiple chowequestwnwzthone or more than one correct answer
l.a,b,d. _
Giventhatx +|y|=
-Ify<0 thenx—y 2y=>y x/3=>x<0
Ify=0,thenx=0.
Ify>0 thenx+y= 2y=>y =x=x>0

x/3,x<0

Thus, we can define f(x) y= {x, 50
dy [1/3,x<0
;={1 x>0

Clearly, y is continuous but non-dlﬂ‘erentlable atx=0.
2. b,d,e.

y y=1+ |sm.x|

.........................

Nia -

Fig. 3.59
|sinx| is continuous for all but not differentiable when '

sinx = 0 (where sinx Crosses x-axis) orx =nfm, n € Z.
3. a,b,d.

 Fig. 3.60
From the graph, 0 <xsinmx < 1, forx € [- 1, 1].

Hence, f(x)=0,xe [-1,1].

4. a
o Jx) = 1+x| | is_->di.fferentiab'le everywhere. except
x ) _ _ .
probably at x=0.
Forx=0
i'_.()
f(0- h) ) _ . 1+h
=1
L*(0) = lim == = lim —
L
- . SO+R)-f(0) . 1+h
— =imm-—-—— =l —— =1
B S h

Lf(0)=Rf(0) _
= fisdifferentiable at x=0.
Hence, fis differentiable in (— oo, o0).



5. a,b,c. .
| ﬁ_3_x.+£ <1
lx-3, x2>1 4 ’J_C
S®=32 3x 13 =43 -1x, 1€£x<3
T 5 k-3, %23
x
—_——, <1
2 X

- . tan( f'(x)) is continuous in (—5, —) .

Fig. 3.61

- Clearly, f ) is'non-‘differeptiable atx=3.
For'x = 1, where function changes its definition .

[xz 3x ’_13]_1 313

D=lim|—-—+—|==--= —=
f( ) -1 4 2 4] 4 2 4 2

(1+)=hm|x—3| =2

L (1)=-1, R (1")=~ -1
Hence, f(x) is differentiable at x=1.

x=3.

. d

xe'[o,n]=>f_—2e[—1,f—1]
2 2

1 2
— _=-%_  whichis continuous in (—ee, °°) {23}.

f& x-2’
T
2

f l(x) =2(x+1) which is clearly continuous but
tan (f ~1 (x)) is not continuous.
b,c. ’
On(0, n),
‘a.tanx=f(x)
we know tan x is discontinuous at x = /2.

x /]_‘
=j tsin L—Jdt
0 t)
4 by 3 1 - - - -
= f(x)=xsin (—) which is well-defined on (0, 7)
. x _ .

- f(x) being differentiable is continuous on (0, T)

: d.,f(x)=

Hence, f(x) is continuous for all x but non-differentiable at
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1, 0<x<3n/4
c. f(x)=

In/4< x <.

b

Clearly, f (x) is continuous on (0, 7) except possibly at
x=37/4, where

LHL. =lim f(:”—n. —h) =lim 1 =1
h—0 4

x—0
RHL.= lim f(é’i +h) - lim2sin 2 (—’3 )
k-0 4 x—=0 " 9\ 4
1
2

= lim 2sin (E + 2)=25in T _ax
B0 6 9, -6

Also f (3—::-) =1.

: 3z '
AsLHL.=RHL.= /(T) . f(x)is continuous on (0, 7).

xsin x, 0<x<m/2

T . ' T
Zsin(m +x), —<x<m
2 2

Here f (x) will be contmuous on (0, 7) if it is continuous at
x=m2.Atx=m2,

HL.=li ~—h
S

= lim (E—h) sin (E —h) -z sin
0 \ 2 2 ) 2

T_Z
2 2
P S T
I1L.= ki hid — lim=sin{T+—+h
RHL.= ’lll_r)r(l) f(_z + h] o 2 ( 3
T Ty —® . W n
=Zsin|w+—|=—sin-=——
2 ( 2) 22 2
AsLHL.#2RHL. . f(x)isnotcontinuous.
a,c,d. |
. x, Af x<0
From the figure, it is clear that & (x) = {x’,if 0 <x <1
C x, if x21

Flg. 3.62

From the graph, it is clear that A(x) is continuous for al
xe R, K(x)=1forallx>1, and A is not dlfferentlable at

x=0and 1.

. b,cd.

x<0 f'() 0, x<0
R =
>0 * 2x,

x>0

— O’
fx)= 2.

which exists V x except possibly at x =0.
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Atx=0,Lf'=0=Rf" ' 12. a,c.
= fisdifferentiable. ) _ From the graph, f (x) is continuous everywhere but not
Clearly, f” is non-differentiable. . differentiable atx=1.
L TS S Y, \
) 7 = 2 e \\\ .......... 2
R e \
r=0 \ - o
x— : = : N \\
2 a P 1 5 >
_ : 2 -
.................... O TP :
. v oo ORVUONOY ST N
_ Fig. 3.63 : :
10. a,b. : . . . Flg 3.65
: YN AS 0 ‘ - : [Using f(0)=0andg(0)=1]
"We have g(x) = ¥ s Y * . ' _ 13.a,b,¢c,d
’ 0, x=0 lin}r_f(x)=0
. xs-%
Ifx#0, g’(x)=x* cos (l) ( iz +2xsin (l\ , . 2 :
i X X B X ) . ) . x
7 . ‘ ) i = _—= 0
=— cos( ! )+ 2xsin (1) ‘ ' - Im}r* J(x)=cos ( 2)
. . A\x x , = S
which exists for Vx#0 S ] :
Ifx=0, : n [~ x<—-7/2
, . g(x)—g(0) x? sin(1/x)=0 sinx, —m/2<x<0
then g’(0) = lim =——=2—~ = _— =
A e S ) SOT T eaa
- ]jmxsin(_l_)=() , ik, x>1
x—0 x
‘ - Clearly, f&x)is not differentiable at x = 0 as f(07) =0 and
’ 1) .1 , ’ 0 =1.
, J—cos [+2xsin~, x#0 )= :
= g'0)= x x0T . f&)is dlfferentlable atx=1asf(1)=(1H=1.
0, x=0 ' - 14 b c. o
Atx=0, c (IJ ot continuot th fore g’(x) is not - D=0
x =0, cos| — | is not continuous, therefore g’(x) is not.
% ae SRR -y LD
continuous atx = 0. Atx=0,
1 . ' . '
0—(=x)sinsin (— —) : . f(h)
Lf’= lim - */ = sin (l) ,, m =)= k(say)
. x0 . x ' X .
b A . . = f =/Of**c=>f(x)=k’f (- A0)=0).
which does. not exist. . : : :
11. a,c. ‘ ) Match the following type questions

l.a. p,g,r. y=xlx|

: , )2
From the graph, it is clear that f (x) is continuous Fig. 3.66
everywhere and also differentiable everywhere except at " From the graph; f(x) is continuous and differentiable in

x=1land-1. (-1, 1). Also f(x) is strictly increasing.
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.From the graph, f(x)is discontinuous atx = 0. Also f(x) is

increasing.
d p,q. y=|x—1
A
............ 2 -
............. 23
v’ S
Fig.3.67 x
From the graph, f (x) is continuous in (- 1, 1), but non- ,
differentiable atx=0. : : v.
¢ ns. y=x+[x} L ‘ , , Fig. 3.69

: y ) _ _From the graph, f(x) is continuous and differentiable in

L1, :




