Exercise 2.9

Chapter 2 Derivatives Exercise 2.9 1E
Consider the following function:
f(r) =x'+34
Find the linearization L[x}, of the above function at g =—1.
Recollect, that the linearization of f at a is as follows:
L(x)=f(a)+ f'(a)(x-a)
Plug x =~in f(x)=x"+3x",to obtain the following:
F(=1)=(-1)" +3(-1)" Replace xby —|
=143
=4
Differentiate the function. f(x)=x"+3x® on both sides with respect to x.

£ =5 ()

d >
=E(:r" +3x']
=4x" +6x

Put x=—1into f'(x)=4x’+6x. to obtain the following:

f(=1)=4(=1) +6(-1)

Put all the values into L(x)= f(a)+ f'(a)(x-a).

L(x)=f(=1)+ /' (-1){x=(-1)}
=4+(-10)(x+1)

=4-10x-10

=-=10x-6

Therefore, the required linearization of f atais

L(x)-Fiox=4)
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Let f[x):sinx . a:g
Then f'(x)=cosx and Fia)= j’[_]z N

o The linearization of fat @ = 7 18

L(x)=fla)+f"(a)(z~a)

Aer(3-

=l+£(x_£J

2 2 &
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Let f[:x)=~\.f; ,a=4

Then 7'[x L

"R
7(a)=714)

and

—

" The linearization of f at x=4 iz

L{x)=f(a)+ /' (a)(x~a)

= F()+ £()(x-4)
=2+£|:x—4)

-1+2
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Consider the function,

7 (x)=x*
The objective is to find the linearization [ {1] of the function at g =16

The linearization of 7 at a is given by

L(x)=f(a)+f'(a)(x- c:}

First calculate fa) at a=16-

3
Plug y=16into f-(_‘,}= y4 - [0 obiain

7(16)=(16)

(
(2)

=8

i
4
1
4



Differentiate the function f( T}

Substitute y=16into f'(x). to obtain
: 3 !
"16)==(16) +
7'(16)=(16)
]
(%)

5

Blw

Blw

o | L

Plug all the values into L(x)= f(a)+ f'(a)(x—a). to get

L(x)= f(16)+ f'(16)(x~16)

=3+(§){.\'—I6]

Therefore, the required linearization of f'is L(x)= 2+§_\; .
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We have f(x) =.f/l—x

1 -

3
40N both sides with respect to x, to get

Then f'[ix):—glzl—x) [B¥ Chain rule]
: -1
= = —
j( ) 24fl-x
Fora=0we have f(0)=+1-0=1and T _11 = =—%
Then the linear approximation is
L{x)=F(0)+/(0)(x-0)
1
=™
e
L(xj =]—%x The corresponding linear approzimation 15 |/1— x = 1—%7{
We have x#O.S‘:uﬁl-O.l%l-%(U.])
=1-0.05
Y0 8=085
Neow /0,59 =~.,"1—0.01931—%[0.01:l
s 1= 0,005

= |4 099 = 0,995



Graph the function § [x:l and draw the tangent line

\ 0N
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We hawve g[x:l =N+x or g [x:l: [1+ x)}f
Then g'(x)= %[1+ x:l%_l

g'(x)=3(1+x)

; 1
=g [;rjlz—2
331+ x)
For a=0 we have glz[:]):x3fl+(]:1 and g'[[j):;:l
3(1+0)* 3

Then the linear approximation 1s
L{x)=g(0)+g'(0)(x-0)

= 1+§|:x:l

X
Lix)=1+2
(R)=1+1

The corresponding linear approximations is |31+ x = 1+%

We have

3095 = 31+ (~0.05)
So 3095 m+%(—0.05)

= |3/0.95=0.983

Wehave 51.1=31+01
Thus Ej’ﬁml+%[0.l)

= |31.1=1.033




Draw the graph g [x) and tangent line

tangent

CUrve

2.0
Fig.
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To verify the linear approximation

x
WN+2x =1+=
2
at g=(. first consider the derivative of 31+ 2x -

The derivative of f(x)=41+2xis

£(x)= [ (1+2x) }

:'[I £ 2x)s dx{] +2x) By ;—i[[f{x]]"] =n{_f(x))"'iﬁ[.f{rl]
&[I+21]4tz[l+21]
}4“ +2x)7 (2)

=%[|+2;):

Recall that, linear apprUXimatiUn of f at agis
_f'{_r) = j'[a} + I,f"[n)(xv a}
As f{a} =1+2x.

As f'(x)=lz(;+z.r) .

—
+
5
—_—
=
—t
—
IS

}J

Il
b2 | = b2 | = b2 | —
—
+
=



Therefore, the linearization of f at g=0is

; 1
F(0)+1(0)(x=0)=1+—(x)
=
2
So, linear approximation of fat g=0 is
s
Hence, the linear approximation
Yiv2x =1 +§
at g =0, is verified.

Accuracy to within (.1 means that the functions should differ by less than (]

N E+2x-—[1+§) <01
—0.1<¥14+2x —[l+§]< 0.1 since |x| <@ means —a<x<a
=0.1 -:[l+%]—"’u"l +2x <0.1 By multiplying with —ve sign

fl+2x-0.1 {1+% <fi+2x+0.1

This says that the linear approximation should lie between the curves obtained by shifting the
curve yp= #1 + 2 upward and downward by an amount (],

Below figure shows the tangent line y =1 +%intersecting the upper curve = {1+ 2x +0.1at

pand Q.

N‘;’H

12 -0.9 -0.6 -0.3 0 0.3 0.6 0.9 1.

Zooming in, we estimate that the x-—coordinate of p is about —(),368 andthe x-
coordinate of @ is about 0.677.thus we see from the graph that the approximation

ul"‘l+2,r=sl+%

is accurate fo within (] when [—0.368 < x < 0.677].
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Consider the linear approximation,
[i+x]'3 =1-3x
The objective is to verify the above linear approximation at g=1.

In general, it is given by the formula,
f(x)=fla)+f'(a)(x-a)
In this case,
f(x)=(1+x)"
F(x)=-3(1+x)"
So, at the point a=0,
f(0)=1
7(0)=-3
Therefore, the linear approximation is then given by,
f(x)=1+(=-3)(x-0)
=]-3x
Thus, the linear approximation at g =0 is (1+x)~ =[1=34].

The objective is to find the values of x for which the linear approximation is accurate to within
0.1.

In other words we want to know which numbers satisfy the inequality,
1/ (x)-L(x) <01
Recollect that, |a|<b <> —b<a<h
Hence use the above fact to obtain that,
—0.1< f(x)-L(x)<0.1

L(x)-0.1< f(x)<L(x)+0.1

1-3x-0.1<(1+x)” <1-3x+0.1

3x+09<(14x)” <=3x+1.1

Find the value of x that satisfy the compound inequality,

3x+09<(1+x)” <-3x+1.1



Use a CAS to graph three functions y=-3x+0.9 (blue). y={1+x}'3 (red) and

y==3x+1.1 (green).

AN .
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Clearly it is seen that the inequality is satisfied for —0,]12 < v<0.14.

Thus, the linear approximation is accurate to within 0.1 in the interval [—0.12 <« x < 0.14].
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We have j[x) = |C‘l+12x)4 = [l+ 2.7c:l_4
Then #'(x)=—4(1+2x)" 2
=—8(1+2x)"

For x =a we have

Fla)={1+2x)" and #'(a) =—8(1+ 22)"

The linear approzimation of a 13
L{x)=f(a)+ ' (a)(x-2a)
=(1+2a)" -8{1+2a)" (x-a)
Fora=10
Lix)= (140" -8{140)” (x-0)
=1-8x

Thus at @ = 0 the linear approzimation 1z

T
(1+2x)"

Accuracy to within 0.1 means
1
— _—[1-8x
(1+2x)° (1=87)
1
[l+ 22:)

<01

Or

+0.1

-01<1-8x<
: (1+2x)"



Draw the graph of the curve y= % and shift it 0.1 units upward

(1+2x)
And downward to get the graph of the curve ;4+ 0.1 and
(1+2x)
%— 0.1 Eespectively. Draw the tangent line y=1—8x on the same axs
(1+ 2x)

[Figure 1] the tangent line intersects the lower curve at P & Q.

TR +1Y +0.1
Lo i@y’
az -04 op o1 oz o3 O+ =
o2 "y
12+
E. =181

Fig.1

MNow zoom the scale to get the co-ordinates of P. The z-co-ordinate of P 15 -0.045
[Figure 2]

1421+1) i

=181 "
1A2x+12"40.1

1rezneny 0

0.

Fig .2

Again zoom the scale to get the co-ordinates of O the x-co-ordinates of Q 15 0.055
[Figure 3]

124+ "4 1

0E 1@ 41y 0
EERF v s h
(1Y
=15

o2 i *

0.055
o.o

om ooz 0.0+ ops om= 040
Fig 3
! o 1 : o
Then the linear approximation ———— = 1-8x 15 accurate to within 0.1
(l + 2le

When [-0.045 < x <0.055]
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e have f[x):tanx
Then f'[:x:l:seczx
Forx=a

We have f[a)=tana
And f’[a:l=sec2cz

Then linear approximation at a is
L{x)= fla)+ 7" (a)(x-2]
=tancz+sen:2cz.|[x—ajl
Fora=10
:;nf.[xj = tan 0+ sec” U.I:x—D)
= Cl+1.|:x)

=X

Hence at a = 0 the linear approzimation 1z

Accuracy to within 0.1 means

|tan—x‘ <01 Ortanx—01<x <tan x+0.1

We draw the graph of the curves y=tan x and shift it 0 1 point upward

And downward for getting the curves y=tan z+0.1 and y=tan x—0.1
respectively Draw the tangent line yw= x onthe same axiz. So we see that the
tangent line intersects the upper curve vy =tan x+0.1 at P and the lower curve

y=tan x—0.1 at Q [Figure 1]

y=tanx

-1 d
Fig.1

MNow zoom the graph to get the co-ordinates of P (figure 2) the z-coordinate of P
iz -0.633

b .
= : o5

y=tanx+0.1

¥R
. y=tanx

yw=tanx-0.1

-1

Fig.2



Again zoom the scale to get the co-ordinates of Q (figure 33 The z- coordinates of
Qs D633

¥ y=tanx
14 y=tanx+0.1 ;
y=tanx-0.1

os 0.5 or 0.E

Fig

‘We see that the linear approximation tan x = X 18 accurate to within 0.1 when
[-0633 <x <0.633]
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a)y = x2sin2x
. _ 0 S : d f 2
use productrule © dy = | x TS“‘:Z’:‘F sin2x g x

use chain rule to differentiate sin2x :

dy = [(x2)(cos2x ™ 2)+{sin2x)(2x)] ™ dx

multiply parenthesis - dy = [2x2c0s2X + 2xsin2x |* dx
factor out a 2x,

Answer - dy = 2x{xcos2x + sin2x)dx

b)y = V1412

change square root to exponent - y= (1+2)1/2
use chain rule : dy = (1/2)(1+t2)-1/2 =2t = dt

multiply the 2t times the 1/2 ©  dy = (t)(1+12)-1/2 * dt
change back the exponent to square root,

Answer - dy = [t/ v1+t2] dt
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For a function _p:_f[,v}. the differential s is an independent variable which represents a

change in the variable s . The differential dy approximates the corresponding change in y,
and is given by the formula

dv=f"(s)ds



(a)
In this case, for y= .s-f{l + Zs} . finding the differential involves using the quotient rule. The

quotient rule says that for a quotient of functions,

uY (2 2 () =u(s)¥ (s)
o (v(s)

Since y isaquotientof u(s)=s and v(s)=1+2s.to get

i (1+2s5)(1) 4:.5'[2] ”
(1+25)
_1+25-25
C(1+2s)
|

=|———=ds
(1+2s)

(b)
In this case, for y =wcosu finding the derivative involves using the product rule. The product
rule says that for a product of functions,

(fe) ()= 1 (u)g'(u)+2(u) S ()
Since y is a productof f(u)=u and g(u)=cosu. 1o get

dy = [u(—sin u) +c03u] e

=(-—usinu+cosu)du

=‘(cosa-—:.’sinu]du]
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(a)

Consider the function,
y=tanvr

To find the differential of the function
Differentials:

If y:Qf{x],where fis a differentiable function, then the differential gyis an independent;

that is, gxcan be given the value of any real number. The differential dy is then defined in
terms of gy by the equation

dy = f'(x)d

Now.

d
dv = —tansf.: di
i [dr }

I

2Jx

X

d : d 4 o n
:[Seczﬁg\f?}df Since d—[[anx}:scc xand Ex"(\‘{;)_

=sec’ JF—]—d.f

i

= —I——sec’ \Edf

2t

Therefore,

Sf.‘/C: \Jlr;
2t

dy = dr |-




(b)

Consider the function,

(]

o
Il+v

(S

To find the differential of the function

Differentials:

If y= f(v). where fis a differentiable function, then the differential gyis an independent;

thatis, gycan be given the value of any real number. The differential dy is then defined in
terms of gyby the eguation

dy=1'(v)dv

MNow,

g f L=+
dy=|— o
” [a’v[l+u3]:| .

(I+v3);v(1-vz)—(l—vz):v(Hvz)

i (1ev) &
Using i[f("]] ) g(X]i[f(ﬂ]—_f-{x}i{g{x}) S i[;) =
dx| g(x) - [g{x}:lz ax
(|+v:){—2v]—(l—v:)2v

= v

(1 +V )3

2v=2v" =2v+ 2
— d‘r’

(]+v:]2

_ _4v,,dv

(14v7)

Therefore,

dy = i dv|

(l+v:]2
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(a)

We are given that

y= (t+tant)’

Let

y= (Ftang)’ e ()



By the differentiation of the equation (1) with respectto y, we get

- j—t[f-l-tantjlj

fill

= 5(I+mnt]4‘%[f+wntj
= 5(+tant)* [%(rj + :Ti(ta“tj]
. 5(:+tant1“-[1 +scc3x]
= :{T’: = 5(;-!—tantj4[1 + scczf]
(b)

We are given that
_ |
y=nqjz+ =

By the differentiating of the equation y = ﬂlz + L with respectto -, we get

W g
iz iz z

I o -i
= A el
22_I_ i zJ
ik v /
I o o i
1 iz dz z
e+ — L
I f
— ] — .
Ez—l— z
U S PR
il - 1 23
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(&)
Wehave y=tan x

Here f[x) =tan x
Then: [ x)= sec’ x
The differential is dy = f'( x).dx

- e



(B
w
“We have x= Z and dx =-0.1

Then we have

dy = |:secg (;ﬂ_(—o_l)

:dyz(@f.(—o_l)

=dy=2(-01)
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fa) Let y=cosmx, x=13 , dx=-002

d
Then dy = |:d—cos J'ij|dx
x

: d
— N Ax—Ax |dx
ax
= —sin XX
— AN FTRd%

| dy =—msin ;?Txdx|

by If x:% and dx=-002 then

dy ——J'T|:s1n §:||: -0 02)
= —rrsin 60° (—0.02)

= —;r?(—o.oz)
J3(0.02)

2
s 0,054
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(@) Let y=+3+x" ,z=1, dx=-0.1

d
Then dy = [—«J +x }

(b3 If x=1 and 4x=-0.1then
1

m(_o'l)

-0.1

2
=-005

dy =
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T s O W ¥

ith If x=2 and d&x= 005 then
iy=—:23{ﬂ0ﬂ
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Consider the following curve:

T

y=2x—x"

The objective is fo compute Ay and dy forthe values of y=2 and Av=dv=-04-
Let y=f(x)=2x-%

Use the formula. Ay = f(x+4Ax)- f(x)

S0, Ayat x=2will be:

Qy=.f'[2+m-)—_f'(2} 3

Find f(2)and f(2+ Ax)as follows:

f(2)=2(2)-(2)

=4-4
=0
And,
f(2+Ax)= £(2-04) Since Ar =—0.4
=f(1.6)
=2(1.6)—(1.6)°
=0.64

Therefare, Plug in these values in (1), then
Ay = f(2+4Ax)-f(2)
=0.64-0

=[0.64]



IT y = f(x). then the difierential is given by

dy = f"(x)dx
The differential of y =2x—x? is

dy=(2-2x)dx

dy =2(1-x)dx

Substitute the values of y =2 and gy = —().4, we obtain
dy=2(1-x)dx

dy=2(1-2)(-04)

dy=2(-1)(-0.4)

dy =[0.8]

The figure is as shown below.

A

21y
1
dy Ay
X
0 1 , 2 3

Ax =dx
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Given y:ﬂ: :l:u";

Then f'(x)= \I{_
We have jlz)=~..r
F(2)=2=1414

Then Ay= 7 (2)- 7 (1)=1414-1= 0414
=m0

We have = dy = f'(x)dx
1
= dx
2x

Wehavex=1and dx=hx=1

Ly
o1

dy =

2

~@=09



20

2.5

os 10 1.5 2.0
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Consider the function y = f(x)= E
¥

And x=4, dvi=Axr=1
The objective is to find Ay and dy for the given values and sketch a diagram.

Differentiate the function f{x} with respect to x to get,

Recollect that, the change in y with respect to corresponding change in x is given by,

Ay = f(x+Ax)=- f(x)

And,

dy = f'(x)dx

Find f(x+Ax).at x=4 anddr=Ax=1.

F(x+Ax)=f(4+1)

=/(5)
2
s
And,
f(x)=r(4)

Therefore, the value of Ay is,
Ay = f(x+4&x)-f(x)

=f(5)-r(4)
3 1



Find the value of dy.

=-0.125.

Thus, the value of dyis gy =|-0.125].

Sketch the diagram of the line segments with lengths dx, dy and Ay as follows:

l.il.

y=1(x)=

=k

b A

i 3 4 5
x=4 x+ﬂx:5
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Consider the function,
y=x'
Compute the values Ay and dy for the given values of y =1 and gr=Ax=0.5.
The corresponding change in y Ay is the amount that the curve _].-=f{x] rises or falls when
X changes by an amount g That is,
Ay=f{x+Ax)-f(x).
So, calculate the value of f(x+ Ax):
f(x+Ax)=r(1+0.5)
=7(1.5)
=(1.5)’
=3.375

And, calculate the value of f(x):

f(x)=7(1)
~(y
=]
Thus, the corresponding change in ¥ is
Ay = f(x+4Ax)-f(x)
=3.375-1
=2375

Therefore, the corresponding change in yis |Ay=2.375].



The differential 4y is then defined in terms of gy by the equation

dy = f'(x)dx

={.1'3 ). dx Since, f (x)=x"
=3x'dx
When y=1] and gy=Ax=0.5.the differential 4y becomes

)

dv=3(1)"-(0.5)
=3.(0.5)
=15

Therefore. the value for the differential dyis [dy=1.5]

Sketch a diagram showing the line segments with lengths gy, dy . and Ay as follows:

3

5 ]
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Let f [x) =z
Then f'(x)= 45
The linearization of f at x=2 15
E{x)=F(2)+f(2)(x-2)
=16+32(x-2)

=16+32x-64
=32x-48

L L{x)=32z-48
Suppose x=19%9

Then (1.999)" = 32(1.999)-48
=15.968

| (1999)" 515963
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Consider the number ginl°,

The objective is to estimate the above number using a linear approximation.

Mote that, linear approximation (or differentials) can be written as,

fla+Ax)= f(a)+ f'(a)Ax



Let f(x)=sinx.then f'(x)=cosx.
Take ga=0,Ax=1°
Use the linear approximation to get,
fla+Ax)= f(a)+ f(a)Ax
S0+1)= £(0)+ F'(0)Ax
f(1)=5in0°+(cos0°)-(1°)
sinl®= U+l-(iradians]
180
=0+0.01745

=(.01745

Thus by the linear approximation (or differentials), sin1°=10.01745
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1
Let f[x)zéf_:xi
=2

Then f'(x)= %x?
The linearization of §F at x=1000 is
L(x)= f(1000)+ (1000 ( x—1000)

10+ (x-1000)
300

s Pl gl
(x) 300 3

Suppeze x=1001
1001 20
Then 31001 —4+—
300 03
a 10003333

=10.003

S H100T= 10003
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Let f[x)=l
x
Then f'(x)z_—gl
x
The linearization of F at x=4 15
Lix)=F(8)+ 7" (4 (x-4)
I il
=———[x—4
4 IS(X )
1 = 4
+

BT
_FEgd
16 2

1 4.002 1

s

4.002 16 2
= 0.249875

s (. 249875
1

Then

= ). 249875
02
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Wehave 1°= A radians
180

Then tan 44° = tan | 44 —— | (radians)
180
Then

a
— tan 2 (45-1
SETTLS

Fia i
=tan| = ——
(4 180]

; ; T
Mew we can consider the function f(xj =tan [——x]

Then f'{x)=—sec” [%— x]

Forz=10, we have
£(0)=tan (‘;—T—o]zl

And F(0) :—secz(l—r—ﬂ]z -2

Mowr the linear approximation iz
L{x)=7(0)+ 7 (0)(x=0]
=L (x) =1-2x

. o s
Thus corresponding approximation 15 tan [Z— x] s1—2x

We have tan 44°= tan(f—i]
4 180
el
180
T,
a0
= ().965

Thus |tan 44° = 0,965

w1
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We have /99 8=100-x

Herex =02

We can consider a function f(x) = [100 - x)
-1

2.4100-x

Forx =0, we have

Fl0)=+flo0=10

Then #'(x)=

; -1 -1
Sl

Linear approzimation ig

L{x)= f(0)+/(0)(x=0)

L(x)=10+(=0.0% ()

L(x)=10-(0.05)x

Thus the corresponding linear approzimation iz as follows:
100 - x = 10-(0.05) ]

Then we have

99.8 = \100-0.2
~10-(0.05)(0.2)
=10-0.01

=[ B9 5.95]
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W have sec0.08 = sec(0+0.08)

We can consider a function f[x) = seu:[x)
Then f'(x)=sec(x).tan(x)

Forz=10

flf[]) =zecl=1

And j'[U):sch.tanU:U

The linear approximation iz

L{x)= 7(0)+7'(0) (x-0)
=L(x)=1+0=1

Thus corresponding approzimation {at x =0) iz

seu:[x) e ]

e have,

o this approximation 15 reasonable.
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We have (101)" =(1+001)°
So we can consider a function
Fx)=(1+x)
Then /'{x)=6(1+x)
Forx=10

A0 =(1+0)" =1
And F(0)=6(1+0) =6

Linear approximation is
L{x)= 7 (0)+ £ (0)(x-0]
L I:x:l =1+6x

Then corresponding approximation is [:1+ x)ﬁ ml4+6x

(101" = (1+0.01)°
rs 146 (0.01)
r 140,06
=101 = 1.06

Thus this approximation is reasonable
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2y
Let the edge of acube 13 @
then we have a=30cm and da =0 1lcm

The wolume of the cube is 7 =a®
= =a
The corresponding etror in the caleulated walue of V1 A



TWe can approximate AF by the differential
AV =3a’ da
WWhen @ =30cm  and da =01cm
Then g9 = 3(30)".{0.1)
=3x500x0.1
=g =2700 cm’

The maximum possible error in the volume of the cube is about [270.0 cm?

. AV 4V Zatda
Eelative error = — = — =

¥ a
et
=5
a
Means relative error in wolume 15 three times the relative ervor in the edge,
: : . o 0.1
relative error in edge 15 about —= —
@ 30

Then relative error in volume s 3[3—;}

Eelative error

And the percentage error in volume = relative error x 100%
e [1.01100%

Percentage etror
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(A
The radius of the circle 15 = 24cm
The maxzimum possible error in radivs dr =0 2em
The area of the disk 15 given by
A=t
Then differential 44 = Zmr.dr
Then mazimum pozsible error in area of the disk

dd = 27(24).(0.2) e’
The maxzimum possible error in area is about ot about

A4

4y Eelative error in the area= — = =
_ 2Ardr 5 dr
ar’ o
Ifeans relative error in the area 1s two times the relative error in the radius then

(0.2)

relative error in the area =2 —=L

24

=Relative error |= 0.016

And the percentage error in area
= Eelative error % 100%
= 0.016x100%

= Percentage error

Chapter 2 Derivatives Exercise 2.9
4] Given U= 2mr =84 om
Where r is the radius of the sphere and C is the circumference of the sphere. Then
C=84 cm
=Zmr=54 cm
42
T
New CO'=2mr
=rde = 2fdr = 0.5 (Given)
_ 05
ow

= |r cimn

= |dr




The surface area of the sphere iz 5 = 47°
Then mazimum error in the calcwlated surface area 15 about

dS = 8mrdr cm?
When » = E atd cxf’rf‘:Ecm2
T 27T
Then mazimum possible error = &S =8 EE
2T

;‘,a‘S:%mTf cm?
'

) . vy
The relative error in the surface area = ?

dS Barrdr
o —= ]
hy drr
_ o
-
When r=£ and aﬂ’r‘:E
Fis 2
Then relative error in the surface area
_ 5 0.5f 2w
424
1

=—=m= 001190012
g

B The volume of the sphere iz ¥ = %.ﬂ?ﬁ

The mazimum possible error in the volume is

= dl = dmrt dr
When r:£ anda?r:E,
T 2T

the maximum possible error in the volume is

2
v -an(2) (2
i 2T
3

(42) 0.5

=4r>—~ =

T om
_ 1764

s

=|dl =179 om?

3 : : A
The relative error in the volume 15 about = ?

JAV _dmridr
¥ iﬂ_rz
3
=5
F

“When r=£ and aﬂ’r‘:E

m 2w
Then relative error in the volume

_; 05027

ST 400
¥

e
Eelative error == 00179 = 0,018
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Consider a hemi sphere of diameter 50 m.
S0, the radius of the hemi sphere is 25 m.

The objective is to estimate the amount of paint needed to apply a coat of paint 0.05 cm thick
to the dome.

The amount of paint needed is the extra volume which would be necessary to increase the
radius of the dome by 0.05 cm. The relationship between the volume and radius is given by

2 i
Viry=—nr
(r) Sy

To estimate the extra volume, we can use the differential
dV =V'(r)dr
=27xrdr
Mow, plug in the given values of p and 4, making sure to either convert all units to meters or

convert all units to centimeters. The radius is half of the diameter, and gy is the small change
in the radius.

AV = 27(25)*(0.0005)
=0.6257

So. the amount of paint needed is approximately |[0.6251 cubic meters]
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CA) The height of cvlindrical shell is=h
Inner radius =r and thickness = Ar=dr

The volume of the cylinder is ¥ = mrh
Then we approximate the volume by the differential
AV = 2rrk dr Where h 15 constant

Hence [AV =dV = 2rrkdir]

(B The thickness of the shell 15 Ar this means outer radius 15 7+ Ar
Then error 13

AV -aV =7 (r+hr) —r2:|ﬁz—2ﬂr}'zﬁr

;?T[rz AV 42 Ar —rﬂﬁg _ Ymrihr

LA B+ b e — DrbAr
(hr)
=m(Ar)' h
A

1z involved in the formula.

So the error ?T[ﬂr:l




Chapter 2 Derivatives Exercise 2.9 36E

(@)
Consider a right triangle ABC such that,
LABC =90°
AB=20¢m
and, ZACB=x

A

20 cm

B C

Apply trigonometric identity in right-angled triangle ABC,

sin(éACB] =i—g
co_ AB__
sin( £ACB)
g2
sinx
h = 20cosecy

If the error in the measured value of x is denoted by gy = Ax. then the corresponding error in

the calculated value of his Ak, which can be approximated by the differential,

dh =—20cosec(x)xcot(x)xdx

When x =30° and dx =+1°. then
dh = ~20cosec(30°)x cot (30°) x (+1°)
= -20x 2x /3 x(+0.0174533)
=—1.2092000943896. ..

= =121 cm

When y =30° and dx=-1°. then

dh = -20cosec(30°)x cot (30°)x(~1°)
=-20x2x+/3x(~0.0174533)
= +1.2092000943896...
=+1.21 cm

Therefore, the error in computing the length of the hypotenuse will be approximately,

(b)
The percentage error in the measurement of hypotenuse will be given by,

ﬁ)-(ll.'.lU“!-’n
h

Substitute ¢ = -zﬂmsec{x}x cot(x)xdx and k= -Zﬂcosec{x]:

@ 100% = (—20cosec(x)xcot(x)x dx}
k [—ZUcosec(x}}
= cot xxayx 100%

% 100%




When y=30° and gy = +1°. then

%xiﬂﬂ% =cot30°)x(+1°)x100%

=3 (0.0174533)x100%
=3.0230002359...%
=3.023%

When x=30° and dv=-1°.

.‘iﬁxmo% = ot (30°)x(~1°) x 100%

= 3% (-0.0174533)x100%
= -3.0230002359...%
£ -3.023%

Therefore, the percentage error will be approximately |3.023%;/-
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Consider the equation for the voltage drop.
V=RI.
Here, /is the current that passes through a resistor with a resistance R.

Consider the voltage V as a constant, and the resistance R is measured with a certain error, by
using differentials.

Show that the relative error in calculating / is approximately the same (in magnitude) as the
relative error in R.

So, rewrite the equation, | = R/ as follows:

The differential 4y is then defined in terms of gy by the equation.
dv = f'(x)dx

Thus, the differential A interms of 4R is expressed as follows:
2

dx

n+l

dl = _%dﬁ Since, Vis a consiant, and x" ) = nx

The relative error in calculating 1 is defined as follows:

E"Hﬂ
I

Substitute the values df = —%a‘R and [ =% in the above formula, to calculate the relative

errorin -
Al _dl ~(V/R*)dR
i ! VIR
__R
R

Therefore, the relative error in calculating / is approximately the same (in magnitude) as the
relative error in R.
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We have = F = iR* (N
Where F s flux of B is the radius of blood vessel
Mow differentiate the equation (1)

dF = AR® 4R ()
Where differential dF iz mazimum error in the calculated flux.
MNow the relative change in flux iz computed by dividing dF by F

AR dF  ALR® 4R
= ——= T
F ra Lot
_4dR
R

AR : : : : N
e 1z relative change in radius, so we hawe the relative change in F 12 about 4

times the relative change in B

Mowr the change in B 1 5%
Means of = %af R or %z 005

Then % =4.(005)=0.20

Thiz means F will also increase about
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rA) LetC’=f[x) or j'[x)=C
Then f'(x)=0 [C 15 a constant]

Then differential de = 7'(x).dx

= de =0 dx
=|de=0
B Let y=cu
Then
d_, du
dr dx [C 15 a constant]
=dy =cdu
Hence d(cu) =c.du
iy Let y=u+v [u and v are function of x]
Then
2P, 0, T
dx  dx  dx Since |:I:f+8) =fr+8r:|
= dy =du +dv

Then we have |d (u +v) = du +dv|

Iy Let y=uw where u and v are the function of
They by uzsing product rule
v dv du
—_—=u—tr—
dx dx dx
= dy = udv+vdu

= ‘d (u.v) = pichy + vl

(El Let y= 8 where uand v are the function x
¥
Then by the Quotient rule.
i dv
d_y _ i E — 1 E
dx v
vt — 1w
of dy = —————
v

g [E] L vl —zu.dv

v ¥




i) Let 7 I:x) =x"
Theti F'{x)= nxt
Again x" =f|:x)
Then by the differential rule
) (x”j =7 (x)dx
d (x” j = nx"Ldx

Chapter 2 Derivatives Exercise 2.9
A i (x) =snx
Then f'(x)=cosx
Forz=10
if (U) =zn =10

And  F(0)=ces0=1

Then linear approximation at 0 is
L{x)=2(0)+ 7" (0)(x-0])

= 0+].|:x)

=
Hence at 0 the linear approzimation is |sin x= %

Bl We want to know the values of x for which sinx and = differ by less than
2% =002,
That 13

x—snx

<002

sinx
R L L LY

N x

—0.02sinx <x—sinx<002sinx ifsinx =0
—002sinx=x—sinzx»>002snx ifsinx <0

0%98sinx «x <1 02sinx ifeinx =0
102sinx <x <0 %8sinx ifsinx <0

Wow we sketch the graph of »=0%8anx, »=102sin x, andy = x onthe same
screen in figure 1.

2 w=0 98sinx

a5

v=1.02sinx i)

Fig.1



We see that the graphs are very close to ach other near x =0 . now we zoom the
scale and see that y = x intersects y=102sin x at 2= 0344 and by symmetry at

xr—0.344  (figure?)

0360 =
w=1.02zinx
03554

03304

033

=0 .8 8s=inx
O340 45

0335

033o : : X
0330 0335 GE 034 0350 | 0355 0350

Fig .2

Converting 0.344 radians into degrees.

0.344 (@] 2197%
i

This werifies the statement.
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We have § [1:1 =5 and from the graph we have f’[l) =i
Then linear approzimation L [x:l = f[l:l +f'|:1:l [x— 1:1 ;

(&) F(09)=7(1-01)
M 5+2(09-1)
w5 42.(=0.1)
w5 4+(—0.2)
F(09) =438

S0 £ 0+ /(0 (1.1-1)
¥ 5+2|:U.1:I
m 0402

FlD=52




(B)

Ifwe draw the graph of function §, then we see that the tangent line lies above

the curve, so our approximations are |too large |.

uv
Tangent line
y=1(x)

0.9
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(&)  f(x)=sinx
Then f'(x)=cosx

Forx=0
f(0)=sin0=0
And  f(0)=cos0=1
Then linear approximation at 0 is
L(x)=f(0)+f(0)(x-0)

=0+1.(x)
=
Hence, at () the linear approximation is M

(B) We want to know the values of x for which sin x and x differ by less than
2% =0.02.
That is,
X—smnx

<0.02

sin X

X—sinx

=-002< <0.02

sinx
—0.02smnx < x—sinx <0.02smx ifsinx =0
{—0.0ZSinx}x—smx}D.msinx jjfsinx{ﬂ}
:>{0_983inx<x<:1_025inx if sinx > 0}
1L02smx<x<098sinx  ifsinx<0

Now we sketch the graph of y=098smx, y=1.02smx, and v=x on the same
screen in figure 1.

N
1.0 y=x
A A y=098sinx
5
e

0o x

10 05 Ao 05 10

.;90;
.d/,
y=1.02ginx -10

Fig.1



We see that the graphs are very close to ach other near x = 0. Now we zoom the
scale and see that y=x intersects ¥y=1.02sinx at x~0.344 and by symmetry at

x~—0344_(figure 2)

Y
0.360 y=x -
A y=1.02sinx
0.355 ;
0.350 4
0.345 >3 o
/ -
; ~"y=0.98sinx
0.340 3 ]
0.335 e
7 e
0.3ap L *x
s 03 034 034 030 035 030
Fig.2

Converting 0 344 radians into degrees, we have

0_344{13[’ }mlg_?ﬂqggﬁ
i

This verifies the statement.




