Conic Sections

Introduction to Conic Sections

Conic sections or conics are the curves obtained by intersecting a double-napped right-
circular cone with a plane.

The concept of conic sections is widely used in astronomy, projectile motion of an
object, etc.

The example of conic sections are circle (Figure 1), ellipse (Figure 1), parabola
(Figure Ill) and hyperbola (Figure 1V).
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Different types of conics can be formed by intersecting a plane with a double-napped
cone (other than the vertex) by different ways.

If 61 is the angle between the axis and the generator and 6: is the angle between the
plane and the axis, then for different conditions of 61 and 62, we get different conics.
These are described in the table shown below.

B2 = 90° (The plane cuts only one nappe of

the cone entirely) Circle




01 < 62 < 90° (The plane cuts only one nappe :
. Ellipse
of the cone entirely)
01 = 62 (The plane cuts o.nly one nappe of the Parabola
cone entirely)
0 < 62< 61 (The plane cuts each nappe of the Hyperbola
cone entirely)

The conic sections obtained by cutting a plane with a double-napped cone at its vertex
are known as degenerated conic sections.

If 61 is the angle between the axis and the generator and 6: is the angle between the
plane and the axis, then for different conditions of 61 and 62, we get different conics.



These are described in the table shown below.

[ ]
01 < 62<90° Point
01 =6 Line
06:2<61 Hyperbola
0= E:rg"‘: If:"]

Circle



A circle is the set of all points in a plane that are equidistant from a fixed point in the
plane.

The fixed point is called the centre of the circle.

The fixed distance is called the radius of the circle.

A

To find the equation of a circle, let us watch the following video

The equation of a circle with radius r units and centre at (h, k) is given by the equation
(x=hY +(v=Fk)y =¢r

The equation of a circle with radius r units and centre at origin (0O, 0) is given by the

equation® t¥ =1

Solved Examples

Example 1:

Find the centre and the radius of the circle ® *+ +2ax+2by+d =0
Solution:

The given equation of the circle is

X'+t +2ax+2by =—d

This can be written as

(x* 4 2ax)+ (V" +2by)=—d

Now, on completing the squares within the parentheses, we obtain



(x" +2ax+a )+ (v +2by+ b ) =a +b —d

= (x+a)y +(v+b) :{\,'.-:f b fa’}-

f 2 2
Hence, the centre of the circle is at (—a, —b) and the radius of the circle is V¥ b —d

Example 2:

Find the equation of the circle that passes through the points (1, 11), (=11, =5) and (3,
9).

Also find the centre and the radius of this circle.
Solution:
Let the centre of the circle be at (h, k) and the radius of the circle be r.

We know that the distance between the centre of a circle and a point on it is equal to the
radius of the circle.

Since the circle passes through the point (1, 11),

(h=1F +(k=11)°" =»°

= +k*-2h—22k +122=+° A1)
Since the circle passes through the point (=11, -5),

(h+11° +(k+5) =

= I+ k7 +22h+ 10k +146 =+ . (2)
Since the circle passes through the point (3, 9),

(h=3V +(k—=9)y =
= W +k°—6h—18k +90 = . (3)

Subtracting equation (1) from equation (2), we get
24h + 32k = -24

= 3h+4k=-3 ... (4)



Subtracting equation (3) from equation (2), we get

28h + 28k = -56

=>h+k=-2...(5)

Multiplying equation (5) by 3, and then subtracting this result from equation (4), we get
k=3

Substituting the value of k in equation (5), we get

h=-5

So, the centre of the circle is at (-5, 3).

Substituting the values of h and k in equation (1), we get

F=(=5=1" +(3=11)" =100
= =)

So, the radius of the given circle is 10 units.

Thus, the equation of the circle is

(x+5) +(y=3) =10°

=+ +10x-6y-66=0
Example 3:

Show that the circles
each other externally. Also find the point of contact.

XAy 22044y +25=0 goq ¥+ =18x=261+25=0 q,cn

Solution:
Equation of the first circle Ci is

XAy +22x+4y+25=0
= (x7 +22x)+ (¥ +4y)=-25
= (" +22x+121)+ (3" +4y+4)=121+4-25

= (x+11) +(y+2) =10°



Hence, radius ri0f this circle = 10 units, and the centre Oz is at (-11, —2)
Equation of the second circle Cz is

4y —18x=26y+25=0

= (x" =18x) + (" —26))=-25

= (x" —18x+81)+ ()" =26 +169)=81+169-25
:;[,r—‘-,‘lj1'+[v|.'—|3J1—]51

Hence, radius r2 of this circle = 15 units, and the centre Oz is at (9, 13).

Two circles touch each other externally if the sum of their radii is equal to the distance
between their centres.

We can prove that circles Ci1 and Cz touch other externally if we can
prove 0102 =r1 + r2.

Now,
0,0, =Jf9+ 11 +(13+2) =25

r+r,=10+15=25
SO0, =r+n

Therefore, the given circles touch each other externally, which is shown in the following
figure:

Let the given circles touch each other externally at point P.

OP _10

0P 15

2
Clearly, P will be on the line segment 0102, and 3



|-" 2x94+3(-11) 2x13+3(-2) )

So, the coordinates of P are *

(—3,4)

2+3 2+3 J

Example 4:

Find the value of A for which the line 3* =47 =#4=3

circle X ¥ —10x—4y+13=0

is a tangent to the

, Where A is a constant.
Solution:
A line will be tangent to a circle if it touches the circle at exactly one point.

For this, the perpendicular distance between the centre and the line should be equal to
the radius of the circle.

Equation of the given circle is

x4y =10x-4y+13=0
= (x" =10x)+{y" —4v)=-13
= (x" —10x+25)+ ()" —4y+4)=25+4-13

= (x=5) +(y=2) =47
Hence, the centre of the given circle is at (5, 2) and the radius of the circle is 4 units.

Jx—dy=5-3 vy =10x—4y+13=0 _the

Since the line is a tangent to the circle -
perpendicular distance between (5, 2) and the line should be equal to 4 units.

[3x5-4x243-2|_,
| B+ |
‘10—; "

5
=[10-4|=20

=10-4A=%20
=10-4A=-20 or10—-4=20
= A=30 or A=—10

So, for A = 30 or -10, the line **~*=*~3 i5 a tangent to the

circle X ¥ —10x—4y+13=0



Example 5:

If the extreme points of the diameter of a circle are (2, —-11) and (12, 13), then find the
equation of the circle passing through these points. Check whether (19, —-4) lies on this
circle or not.

Solution:

Let A (2, -11) and B (12, 13) be the extreme points of the diameter of the circle. Clearly,
its centre O is the mid-point of AB, and the radius is half of AB.

f2412 =11+13Y  _
=(7.1)

So, the centre O of the circle (h, k) is at * 2 2

1 1 : > 1
r =:AH=;«,~,"|[|2—3}' +(13411) =% 26=13

Radius of the circle is

)

Hence, the equation of the circle with centre at (7.1) and radius 13 units is given as

(x=TV +(yv=-1)Y=13% (D)

= x +y —14x-2y-119=0

This is the equation of the required circle.

The point (19, —4) lies on the circle if it point satisfies equation (1).
Now, for the point (19, —4), the LHS of equation (1) changes to
(19=7)V +(=4=1)V =12" +5 =169 =13

= R.H.S.

This shows that the point (19, —4) lies on the circle.

Parabola

Key Concepts

A parabola is defined as the set of all points in a plane which are equidistant from a
fixed line and a fixed point (not on the line) in the plane.



« If the fixed point lies on the fixed line, then the resulting set of points is a straight line.
This straight line passes through the fixed point and is perpendicular to the fixed line.
This is the degenerated case of a parabola.

Standard Equations

« There are four possible orientations of a parabola.

Open towards Right

Standard Equation y?=4ax,a>0

v
A .
Coordinates of Focus (a, 0)
4 -
Xr=-i I_f/
- T =y | Coordinates of Vertex (0, 0)
0 {a, )
\
Y _1.?; dax Equation of Directrix X=-a
Y
i
Length of Latus
4a
Rectum
Axis of parabola Positive x-axis
Open towards Left

2 = —
Standard Equation y A(f)ax, a=




Coordinates of Focus (-a,0)
v
A Coordinates of Vertex (0,0
r=ua
Foo | Equation of Directrix X=a
X' - o -
(-a.0)
r
yd
.--"'/
T Length of Latus 4a
Y Rectum
v
Axis of parabola Negative x-
axis
Open towards Upward
v
A
Standard Equation x?=4ay,a>0
JI,.-“I: = duay
N Fyo,a) [/

Coordinates of Focus 0, a)
Coordinates of Vertex (0,0
Equation of Directrix y=-a




Length of Latus Rectum

4a

Axis of parabola

Positive y-axis

N'--

- =

Open towards

Downward

Standard Equation

x2=-4ay,a>0

Coordinates of Focus (0, —a)

Coordinates of Vertex (0, 0)

Equation of Directrix y=a
Length of Latus Rectum 4da

Axis of parabola

Negative y-axis

Example 1:

Solved Examples




1.

2.

Find the equation of a parabola whose vertex is at (0, 0), passing through the point (-3,
10) and symmetrical along the

X-axis
y-axis
Solution:

Since the parabola is symmetric about the x-axis, and has its vertex at the origin, the
equation is of the form y? = 4ax or y? = —4ax, where the sign depends on whether the
parabola open towards right or left.

Since the parabola passes through (=3, 10), which lies in the second quadrant, it must
open towards left. Thus, the equation of the parabola is of the form y? = -4ax. As the
parabola passes through the point (-3, 10), we have

10025

o

(10)2=-4a(-3)=> 12 3
Hence, the equation of the required parabola is
25

yi=—4x"x =3yt =-100x
J

. Since the parabola is symmetric about the y-axis, and has its vertex at the origin, the

equation is of the form x? = 4ay or x? = —4ay, where the sign depends on whether the
parabola opens upward or downward.

Since the parabola passes through (-3, 10), which lies in the second quadrant, it must
open upward. Thus, the equation of the parabola is of the form x2 = 4ay. As the
parabola passes through the point (-3, 10), we have

9

==

(-32=4a(10)> 40

Hence, the equation of the required parabola is

=5 g 2z n
T = 4?:{—‘_1.' = 10x" = Oy

Example 2:



In a parabolic mirror, an isosceles right-angled triangle is inscribed. The vertex related
to right angle is the vertex of the parabola, and the other vertices are the extremities of
one of its diameter. If the area of the isosceles right triangle is 484 cm?, then find:

. Radius of the parabolic mirror

. Length of the semi-latus rectum
Its depth

Solution:

Let the parabolic mirror have its vertex at the origin and be symmetrical to the x-axis.
So, its equation is given by

.1': = dax e 1)

The given information can be represented with the help of a figure as shown below.

-
-

X' -

L !

U_-. e i

We have the equation of the parabola as

v =4dax

== V= tZ'\"E

[ x.2 uml or I: x,=2 ‘JIZ }

So, the coordinates of any point on the parabola is of the form

Since AOAB is isosceles and is right-angled at O, OM LAB.



Let the coordinates of points A and B on the parabolic mirror given by the

¥ =4ax be {x,l@) and (.‘r._—E\.l"E]

equation ! respectively.

. AB = 4Jax
Since AOAB is right-angled at O,

OA” + 0B = AB°

= {2 + (2 ')+ {0+ (-2Vax )} = (Wax )
= 2(x +dax) = 16ax

= x° = dax

= r=dg

(e, da) de, —da)

Hence, the coordinates of points A and B are and

5 OA =0B=./(4a) +(4a)’ =42a
AB=4ax2a=8a

It is given that the area of triangle ABC is 484 cm?.

éf_}hx OB = 484 ¢m”

= %4«.@”;{ 420 =164 = 484 cm’

. 484 em’ 121em’
= d = =
16 4

:}*u=ucm
2

S0A = 4@:&:% cm = 22«;"'5 cm

(a) So, the radius (AM) of the parabolic mirror is given by

Ta=tugx ! em=22 em
3 i

s s

AM =

11
(b) Semi-latus rectum=2a=2 * 2 =11cm



(c) Depth (OM) of the mirror is given by

OM = OAT = AM® = /(2242 em)* —(22 em)® =22 em

Ellipse
Key Concepts

e An ellipse is the set of all points in a plane, the sum of whose distances from two fixed
points in the plane is a constant.

e The two fixed points are called the foci of the ellipse.
Standard Equations

e There are two possible orientations of an ellipse

Standard Equation 1l—v;—=l a>h
a i
v
Centre (0, 0)
C 1':],.":]
X f‘{:\B X Vertex (xa, 0)
Hﬂwﬁy”'m
D0, —B)
End points of minor axis (O, £b)
1\|J-
P
a W Foci (xc, 0)
Length of major axis 2a along x-axis




Length of minor axis

2b along y-axis

Length between foci

2c along x-axis

Relation between a, b and ¢ a =b"+c’
25
Length of latus rectum
o
.. C
Eccentricity (e<1) -
4
Standard Equation ;—+1—: La>h
rooar

Centre (0, 0)

Vertex (O, xa)

End points of minor axis (xb, 0)




Foci (O, xc)

Length of major axis 2a along y-axis
Length of minor axis 2b along x-axis
Length between foci 2c along y-axis
Relation between a, b and ¢ a=b+c
2h°

Length of latus rectum
o

Eccentricity (e< 1) -

=

Solved Examples
Example 1:

The centre of an ellipse is at the origin. If one of its vertices and one of the end points of
the minor axis lie on the line 5x — 4y = 20, then find:



8.

9.

. Coordinates of the end points of the major axis

. Coordinates of the end points of the minor axis

Length of the major axis
Length of the minor axis
Major axis

Minor axis

. Equation

Coordinates of the foci

Distance between the foci

10. Eccentricity

11.Length of the latus rectum

Solution:

Since the centre of the ellipse is at the origin and one of its vertices and one of the end
points of the minor axis lie on the line, 5x — 4y = 20, they lie on the coordinate axis.

The given equation of the line is 5x — 4y = 20



This line intersects the x-axis and y-axis at (4, 0) and (0, —5) respectively.
v

Since 5 > 4, the said vertex is (0, —=5) and the end point of the minor axis is (4, 0).
. Since one of the vertices is (0, —5), the coordinates of the vertices are (0, +5)

. Since one of the end points of the minor axis is (4, 0), the coordinates of the end points
of the minor axis are (4, 0).

. Length of the major axis, 2a =2 x 5 = 10 units
. Length of the minor axis, 2b =2 x 4 = 8 units

. Since the coordinates of the vertices are (0, £5), the major axis of the ellipse is along
the y-axis.

. Since the coordinates of the end points of minor axis are (x4, 0), the minor axis of the
ellipse is along the x-axis.

. We have a =5 and b = 4. Also, the major and the minor axes of the ellipse are along
the y-axis and the x-axis respectively. So, the equation of the ellipse is given by



8.

10.

11.

4 5
XL
16 25

Wehavea=5andb=4

c=va'—b* =5 -4 =3
Hence, the coordinates of the foci are (0, +c) = (0, £3).

Distance between the two foci is given by
2Cc =2 x 3 =6 units

Eccentricity (e) of the ellipse is given by

=06

Length of the latus rectum of the ellipse is given by

T _2E 4
a 3 units
Example 2:

The centre of an ellipse is at the origin and the major axis is on the x-axis. If the
distance between the foci and the length of the minor axis are 10 units each, then find
the equation, eccentricity and the length of the semi-latus rectum of the ellipse. Also,

show that the point (6, _\ﬁ) lies on this ellipse.
Solution:

Since the centre of the ellipse is at the origin and the major axis is on the x-axis, the
equation of the ellipse is given by

— == )

Where,a>b



It is also given that the distance between the foci and the length of the minor axis are 10
units each. So, 2b = 10 and 2c = 10.

>b=5¢c=5
We know that

c=a —h

== J.ﬁ:‘ 4+t = xn'llﬁ:' +5 = 5\-':5

On substituting the values of a and b in equation (1), we obtain the equation of the
ellipse as

x°

(5v2)

X v

50 25

+"_;,:—l
52

Eccentricity (e) of the ellipse is given by

e =

g=—=

3 ]
a S\E _E
Length of the semi-latus rectum (I) of the ellipse is given by

LA C)

—
o 542

5o

units.

2 P
+—=1
If the point (6, ‘ﬁ) lies on the ellipse 20 25 | then this point should satisfy this

equation. In order to check this, letus putx =6 and y = 7 , in the L.H.S of this
equation.

6 (y _18 7

S

Now, S0 25 25 25 =RHS

% 4

x
+

p — I
This shows that the point 6, —~/7 ) lies on the ellipse 20 25

Example 3:



The centre of an ellipse is at the origin. If the sum of the lengths of the latus recta and
the coordinates of the foci are 36 units and (0, £20), then find the equation of the ellipse
and its eccentricity.

Solution:

Since the coordinates of the foci(0, £20) of the ellipse lie on the y-axis, the equation of
the ellipse is

_+ 2= (1)

b g
Where, a>b
And c =20

It is also given that the sum of the lengths of the latus recta is 36 units.

336
of
— h" =0g

We also know that

c=a -b

= (20 =a” —9a
—a —=9a-400=0
—(a-25)Na+16)=0
—g=25 =16

If a =-16, then b? = 16 (-9) = =144, which is not possible.
If a = 25, then
b* =9x25=225

On substituting the values of a and b in equation (1), we obtain the equation of the
ellipse as



-

oy 1
225 25

X ¥

225 625

Eccentricity (e) of the ellipse is given by

¢ 20 4
e —
a 25 5
Hyperbola

Key Concepts

e Hyperbolais the set of all points in a plane, the difference of whose distances
from two fixed points in the plane is a constant.

e The two fixed points are called the foci of the hyperbola.
Standard Equations

e There are two possible orientations of a hyperbola.

Standard Equation l, —y,_ =1
a b
v
Centre (0, 0)
¥ Vertices (xa, 0)

Foci (xc, 0)




Conjugate axis y-axis
Transverse axis X-axis
Length of conjugate axis 2b
Length of transverse axis 2a
Length between foci 2c
Relation between a,bandc | ¢ =a’ +b°
2b°

Length of latus rectum

o

Eccentricity (e> 1)

Standard Equation




Centre (0, 0)

Vertices (0, xa)

Foci (0, x¢)

Conjugate axis X-axis

Transverse axis y-axis
Length of conjugate axis 2b
Length of transverse axis 2a
Length between foci 2c

Relation between a, b and ¢




2h°

o

Length of latus rectum

Eccentricity (e> 1) -

|t

The hyperbola whose transverse axis and conjugate axis have the same length (a = b)
is called an equilateral hyperbola.

In such a case, the equation of an equilateral hyperbola will be @ @ or @ a

,which reducesto * ~V =@ or ¥V — ¥ =a

or -
Solved Examples

Example 1:

The ratio of the lengths of the major axis and minor axis of a hyperbola is 4: 3. The

centre of the hyperbola is at the origin and its transverse axis is on the y-axis. If the total

length of the latus recta of the hyperbola is 45 units, then find:

Lengths of the transverse axis and the conjugate axis

Distance between the foci

Coordinates of the foci

Coordinates of the vertices

Equation

Eccentricity

Solution:

It is given that the ratio of the lengths of the major axis and the minor axis of a
hyperbola is 4: 3.



A EEJ_U 4

2 b 3
Leta=4x and b = 3x

It is also given that the total length of the latus recta is 45 units. Since there are 2 latus
45

recta, the length of each is 2 units.

_2b° 45
a2
2(3x) _9x 45
4x 2 2
= x=5

La=da=4=x5=20

h=3a=3x5=15
. Length of the transverse axis is 2a = 2 x 20 = 40 units

Length of the conjugate axis is 2b = 2 x 15 = 30 units

. We know that

e =a +b =200 +15 =625=125

Soo=23
Hence, the distance between the foci = 2c = 2 x 25 = 50 units

. Since the centre of the hyperbola is at the origin and its transverse axis is on the y-axis,
its focus lies on the y-axis. Hence, the coordinates of the foci of the hyperbola are (O,
*c) = (0, £25).

. Coordinates of the vertices = (0, +a) = (0, £20)

. Equation of the hyperbola is given by



y o_x _
200 15
p X
==
400 225

. Eccentricity (e) of the hyperbola is given by

c 25 5
e — ==
a 20 4
Example 2:

The eccentricity and the distance between the foci of a hyperbola are 3/2 and 24 units.
The centre of the hyperbola is at the origin and its transverse axis is on the x-axis. Find:

. Lengths of transverse axis and conjugate axis

. Coordinates of the vertices

. Equation

. Length of the latus rectum

Also, check whether the point (-10, =35 ) lies on this hyperbola or not.

Solution:
It is given that the distance between the foci is 24.

S2e=24
—=ec=12

It is also given that the eccentricity of the hyperbola is 3/2.

b | e

. C
ol

12
— —

o
[

—a=8

We know that



k) 3 il
o =a +h

= b=\’ -a’ =12 -8 =80 =45

. Length of the transverse axis = 2a = 2 x 8 = 16 units

Length of the conjugate axis = 2b = 2 x5 = 85 ynjts

. Since the centre of the hyperbola is at the origin and its transverse axis is on the x-axis,
its vertices lie on the x-axis and the coordinates of these vertices are (xa, 0) = (8, 0).

. Equation of the hyperbola is

. The length of the latus rectum is given by

=20

267 2x(45)
8 units

o
¥y
The point (=10, —3¥3 ) lies on the hyperbola 64 80 it it satisfies this equation.

=

On substituting x =-10and y = =35 in the LHS of the equation of the hyperbola, we
obtain

(-10)° (=3+/5)° 100 45 25 9

—_ —_—=1

64 80 64 80 16 16

1

_1__' e

This shows that the point (=10, ~3¥3 ) lies on the hyperbola 64 80 B

Example 3:



A hyperbola has its centre at the origin and its conjugate axis is on the y-axis. It passes
(225 )

through the points (-10, 1243 yand " 4 J Findits equation, length of the latus

rectum and eccentricity.

Solution:

Since the hyperbola has its centre at the origin and its conjugate axis is on the y-axis,
let us assume that the equation of the hyperbola is

A (D)

a b
(10 (123)
= T ;
o i
32
:ﬂ_41 =] o (2)
a R

=]

[ N
25

The hyperbola also passes through the point * 4, So,

xt oy
I

’ i

- h-

[—251?
1 | 0
_ 4 ) (9

_U

3

a I
M5_ﬂ_]
l6a” B

.. A3)

On multiplying equation (2) by 25 and equation (3) by 64, and then subtracting these
results, we obtain



)0 432 [ 625
25(&—4—,]—&% 02 —E—]]=25—a4
La b -

561
i
I'l_}_
5616

A

= h=12

A

= 30

=35 =144

On substituting the value of b in equation (2), we obtain

100 432
a 127

100
- —=

o

1+3=4

= a* =25

—=a=35

On substituting the values of a and b in equation (1), we obtain the equation of the
required hyperbola as

¥

Xy

25 144

Length of the latus rectum is given by

@ 5

We know that . - \,-"”' +bh =51 +127 =13

Eccentricity (e) of the hyperbola is given by

e

e B

e=—=

a 5



