Z-Transform

introduction

s Z-transform is a discrete-time counterpart of Laplace transform.
+ For a discrete-time LT! system with impulse response h[n], the response
y[n] of the system to a complex exponential input of the form z" is
yln] = 2" H(z)
where, H(z) = Transform function of the system

z-transform
Z-transform of a general discrete time signa!

(z)
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¢ Therange of values of 'z’for which above equation is defined give ROC of
Z-transform.
L Z-transform are used for digital filter design, sampled data control system.

Region of Convergence (ROC)
ROC is the region of range of values for which the summation

o
> Xnlz™" converges.
N=-co
Properties of ROC
*  The ROC of X(z) consists of a circle in the z-plane centered about the origin.
* ROC does not contain any poles, it is bounded by the poles.
* 1t x[n] is of finite duration then ROC is entire z-plane except possibly
z =0andforz — oo,
* ifx[n] is aright sided sequence and if circle | z| = ais in the ROC then
all finite values of z for which |z| > a will also be in ROC.
* Ifx[n] is a left sided sequence and if circie | z| = ais the ROC then all
finite vatues of z for which | z| < a will atso be in ROC.
* ifx[n]is two sided and if the circle 1 z| = aisin the ROC, then the ROC
will consist of a ring in the z-plane that includes the circle | z| = a.



Properties of Z-transform

Linearity

X4 [H]Lﬁ‘@ (Z), ROC = R1

X5 [N] —Z£1s X5 (2), ROC =R,

Time shift

x[n] —Z7  x(2), ROC =R

“ax,[n] + bxofn}—ZlsaX,(2) +bX,(z) | ROC = Ry nR,

Exponential multiplication or scaling in z-domain

x[N] 2T, X(z) with ROC = R

Time reversal

x(n] 4%, X(z), then

x[n — ng] —5Ls 270X () |; ROC=R
[a™[n] =-“Ls X(z/a) |;ROC = 1ai R
—EI5 Xz )|, ROC = 1/R

Differential in z-domain

| ROC = R

Convolution in Time

x[n] L)

X{(z) with ROC = R,

hin] —ZL 5 H(Z) with ROC = R,

[x[nl«A{n] —21 X@rH

Accumulation

«in] —21 5 X(z), ROC =R

Z.1

1. ROC = Rz |> 1

Iunilateral Z-transform

x[z] =221 3 xinlz™
zl 2 Xt
Left Shift
| xn+ 1—21 5 7 x (2) ~ 2% (0) |
Right shift

x{n = 1}-———) Z ' x(2) + {1y

XN — 2]—21 5 772 % (2) 4 X(=1) + x(—2)

First difference

| XN - xIn—11=(1-2")x(2) |

{onjugation

[ x " fnj=x"(z") |

Initial value theorem

I for n<0

X[O]z zlfl x(z)

Final value theorem

=] = -

ey

xfee) = fim(T=7") x ()

1) x .(z.)
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Characterization of LTI Systems Using Z-Transform

Causality

+ Adiscrete-time LTI system is causal if and only if the ROC of its system
function is the exterior of a circle, including infinity.

+  Adiscrete-time LTI system with rational system function H{z) is causat if
and only if.
(a) the ROC is the exterior of a circle outside the outermost pole; and
(o) with H(z) expressed as a ratio of polynomials in z, the order of the

numerator cannot be greater than the order of the denominator.

Stability
AnLT! system is stable if and only if the ROC of its system function H{z)
includes the unit circle, |z} = 1.



+ A causal LT} system with rational system function H(z) is stable jf and

only if all of the poles of H(z) tie inside the unit circle i.e., they must g E___ e Rﬂal%@ “Sﬁ‘l"fa‘mf‘iw ; o
have magnitude smaller than 1. Element Time domain representation | Z:domain representation
Inverse Z-transform | % 2]
1 .n—T 1. Adder
x[n}= o gbx_(z) 2" dz e E

%ofi] X;[2]

*  Where the symbol qE» denotes integration around a counter clockwise

circular contour centred at the origin with radius a. 2 Multiplier x[n) D ax[n] xiz] D ax|z}
Some Common Z - transform Pairs
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