


‘ 7.2 Calculus

INTEGRATION AS REVERSE PROCESS OF .
DIFFERENTIATION

The concept of integration originated during the course of finding
the area of a plane figure. It is based on the limit of the sum of the
series whose each term tends to zero and the number of terms that

sec’ xdx=tanx+c

8. J.cosec xdcx=—cotx+c
jsecrtanrdx secx+c¢

_tends to infinity. In fact, it is called integration because of the 10. J' cosec x cot x dx =—cosec x + ¢
process of summation as integration means summation. But, later ,
it was observed that integration is just the inverse process of :
differentiation. ) ' 11 j = =sin'x+ Cor—cos' x+ C

In - integration, we ﬁnd the function whose differential
coefficient is given. For example, consider the function 5x*, we
want to know the function whose differential coefficient w.r.t.'x
is 5x*. One such function is x°. Again since the differential

= tan~ x+Cor—cot x+C

coefficient of x° +cis 5x*, where ¢ is an arbitrary constant, - 13. =sec x+Cor —cosec” x+C
- therefore the general form of the function whose differential .x\/xz -1 :

cofficient is 5x* is x* + c. v
If the differential cofficient of a functlon F(x)is f(x), rLe,if . . 1+ x)?
1D CWAN Evaluate j d+x) dx.

% Fx)=f(x), then we will say that one integral or primitive : 3 Vx
(1 + x) :
of f(x) is F(x), and in symbols we write J S(x)dx=F(x). . Sol. J JIx
The process of finding the integral of a function is called 2 3
integration, and the function which is-integrated is called the = J de
integrand. o _ - Jx S _
If %F(x) = f(x), thenalso %(‘F(x) +¢) = f(x), where cis = j x2gx 43 j e +3 j 2+ j X2
an arbitrary constant. Thus; here the general value of f f (x)dx is o X2 3 2 3 X2 472
= =—+ +3-—+
F(x) + ¢ and ¢ is called the constant of integration. 172 3/2 5/2 7/2 e

Clearly, the integral will change if ¢ changes. Thus, the mtegral _

o = 2% 42532 6 s 2 7

of a function is not unique. Thus, I f(x)dx will have infinite T Nxtlx +gx +7x +e
number of values, and hence it is called the indefin::> ;ategral of

? x—1 )
J&). o Example 7.2 [RAGIIRTE J ——5 .

2x+l 5x—l

ELEMENTARY INTEGRATION | sol. 1- [ o
Fundamental Integration Formulae o f [ (l)x l(l)x:l

- | : = | = =] {a
4 g e [10 d-g@+e 5) 752

Based upon this definition and various standard differentiation 1V 1 x
formulae, we obtain the following integration formulae: 2( ) I ( )

s 2 ‘e
n+l = s
X . ’ 1)} 5 1
X dx = +e,nz—1 : il 2
1 j Tarlen log5 log2
1 ' -
2. J; dxélog|x|+c, whenx#0 _ INE) kR Evaluate j sec” x cosec?xdx
3. J'e-‘ = +c o Sol. I= I sec? x cosecxdx
x 2
cos® x+sin® x
4. | ddx= +c ' =)\ ——5
—[ log, a : J. cos? xsin’ x
5. Jsinxdx=—cosx+c ' = J(_sec x+cosec2x)dx

6. Jcosxdx=sinx+c : = tanx—cotx+c¢




2 .
4+ .
E‘{ample FPY Evaluate jx COS ¥ cosec? x dx.
+x°

x* +cos” x)

Sol. I= j( cosec? x dx
(1+x2)

jwmseczx d
(1+x ) : :

jcosec x dx— ‘[1+x

=_cotx—tan' x +C

m Evaluate jl+smx‘%x‘

Sol.j LI ™
1+sinx

=j 1 .('1—sinx)-dx

(1+sinx) (1-sinx)

_ J- 1- smx
1-sin’ x
_ jl smx
cos x
sinx
—I =
cos x cos? x

—jsec xdx— jtanxsecxdx

= tanx—secx+C

0<x<m2
Sol. ljtan'l 1-cos2x dx
1+cos2x

_ 2sin’ x
=jtan_1 5 dx
2cos” x

= jtan'i(tanx)dx'=jxdx=§;+c.

Example 7.7 RAEEE j Sei: dx
secx+tanx

S€CX

dx

Sol. j

secx+tanx

dx

_ j secx(secx—tanx)
(sec x +tan x)(sec x —tan x)

Example 7.6 REEE LN 1mcos?x )l g,
_ 1+cos2x

Indefinite Integration

sec x—secxtanx
= I SeC X7 e I
sec x- tan x

= j sec? xdx— j sec x tan xdx

=tanx—secx-i—C

7.3

Evaluate the following
1. J (sec x + tan x)* dx

2. _[(1 —cosx) cosec® x dx

3. ja"“b'“ dx

j tan x
sec x + tan x

5. If

6. Evaluate j—(x’-ksg(il%)dx
x°—=2x+

SlI’l x+ C053 X

sm X 0082 X

7. Find | dx.

8. Evaluate J‘tan_1 (secx+tan x)dx, -2 < x < w2

— (t)+c = —F(ax+b)+C o

Example 7.8 RSN I (x +12)2 dx .
S (x+

x+2
(x+1)2

Sol. | dx




-2 sinAsinB= -B)- +B -
[ 2 sin 4 sin B=cos(4d — B) - cos(4 + B)] J'2(;052(”/4—);/2)

I[cos x—cos 5x]dx : : - -2 I sec (_ — _)

7.4 Calculus
x+1+1 1 1 :
J‘(x+1) = ‘Z‘I CO.Sde_-z—j COSSxdx,:
x+1 . .
= dx 1. 1 sin5x
j(x+1) (x+1) : : 7 =L Smrey +C
= ' -2 , . .
jx+1dx+J(x+1) dx e _ sn21x_sullgx+c
(x+1)™ 1 .
=logpx+ 1|+ —"—+ —logpc+1|——+C dx
1 ’ x+1 E‘(ample71” Evaluate
B )8 13 j(z" 7) J(x=3) (x— 4)
: +
Example yKB Evaluate I Jf__dx. ) Sol. I=J’ dx
4x+17 - . (2x=7) \[(x-—3) (x=4)
I 8x+13 v
Vax+
Bx+14-1 ' j(2x 7)E7x+12
x + :
j Jax+7 - —j
J~2(4x+7) 1, - (2x-7 J(zx 7P -1
4x+ ' ' ! 1
1 = —sec” (2x—7)+¢
=2 |VJa4x+Tdx— dx 2
j ‘[J4x+7
) : E\ample713 Evaluate
_, (Ax+7)? | | @x+7)? ic '[\/ 3x+4 —\/3x+
o3 | 1 -
4><5 . 4x5 . ' '[\/3x+ —\/3x+
= %(4x+7)3/2—%(4x.+7)”2+c - . - | \/(3x+4)+«f3x+1) . i
- . . | (Br+4+\Bx+D)(3x+4-3x+1) |
[N FALE Evaluate jsin3xdx.‘ : _ vl oove) Coe
! V3x V3x
R _ . . 3 .
Sol. sm3x—3sm3.c—4_sn'1 x _ J(3x+4) (3x+1)
i x= 3sinx—sin3x _ v |
4 © : '=§_‘.x/3x+4+s/3x+ldx -
= jsm dx= j3smx sm3xdx _1 .
=§Ide+§IJ3m—-+_ldx
= %Ismx ———Ism3xdx
: 1|Gx+4P%2 | 1|@x+1)*"2
= 3(—cosx _l(_co$3x)+c_ T30 . 3 *3 3 (€
4 4 3 Ix> 3>
3 cos3x -2 2
= ——cosx+ +C 2 ‘
_ 4 12 ’ = 57{(3x+4)3’2 +@Bx+1)¥*+C
[IOIERLY Evaluate | sin2xsin 3xdr.
Sol. Isin2xsin3xdx |RCLICRNER Find the values of a and b such that - |
1 . . J. T+si =tan(-2—+a)+b, . I
= - IZsm?»xsm 2xdx - : sinx 5
. dx ) . ¢
! Sol. Il+smx_'[ I+cos(m/2~ |
= —ij[cos(3x—2x)——cos(3x+2x)]dx os x)
d |

Nl'-‘



!

_1tan(m/4-x/2)

[ 38}
—

Given, j = tan(£+a)+b
1+sinx 2

sa= —% and b = ¢ = an arbitrary constant.

; 3/2 : 2
IR OUCYAEN Evaluate j(x+l) (x “l]dx.
' 2
- . x X
’ 3/2( 2
-1 x -1
Sol. I= | (x+;) ( = ]dx
T
e
. <) .
1

o 1= a2

IR YBLM Evaluate’ J. \/__

Sol. j\/———

o x+2-2.

B ,/x+2 dx

o x+2 _ 2
_'[Jx+2dx '[,[x+2dx

=[xz ax-2 fa+2 ax

~ (x+2)3/2 _2(x+2)”2 iy
3/2 1/2

= 2/3(x + 2)3’2 x+2+C

Example 7.1 7JRSCINES j;f_cta:xdx §

i(3+’ca.nx)

2
sec” X
Sol j3+tanx‘.b‘=

Example7 18 Evaluate j —

*te*

[ & dx=1og 3 +tanxl+ C
3+tanx

X
—dx .

Indefinite Integration

g X —(e +e™)
Sol. IZ"+Z dx = j

Example 7.19 Evaluate J.
+tan x

l—tanx J-cosx—smx
1+tanx

dx= logle"+e *+C

—tfanx

dx.

Sel. I
cosx +sinx

d \
— +
_ (cosx +sinx)

= — —dx =log|cos x +sinx|+C
cosx +sinx

Example 7.20} Evaluate j

—‘[e +1dx

—(e +1)
= [E——dx =log1 + N+ C

e +1
sin2x

Example 7. 3| Evaluate I g : S—dx .

sin? x+b%cos x

jx(a sin x+b20082 x) =(a —b2) sin 2x

.

Sol. I

Sol.

sin2x -

'Nowjz dx

sin x+b2 cos? x

J- (@ —bz)sm2x
a? sin® x +b? cos® x

d .
1 : E(a 2 sin® x +b? cos” x)

dx .
(@ bz)J- a?sin® x+b%cos® x

1
=(——2—b—)108|a251n x + b? cos® x|+C
a -

log(tan gj
Example 7.22 JSEIEE I——— dx .

simx

. I 2x
. d x 5 sec E 1
Sol. —ilog (tan —) = =
dx 2 x sinx

tan —

dx2= flog(tanfz‘—):‘;—[IOg(tm‘1 %)]dx
o)

- 2

N

x
log (tan —2-)
Now, [——2

sinx

7.5




7.6 Calculus

' V2+1
jone i WA Evaluate J'___clg_x_ dx.
; x

1
s d
dx = | (2+] 2 —(2+logx)dx’
[@+logx)? —( g2)
: 3 3
2 )2
_ (2+1c:;gx) +C=2(2+130gx) +C

2

Example 7.24 JRSZEIEGS jtan4 xdx .

Sol. Itan xdx = Itan xtan” xdx = Itan x(sec x- l)dx

SCC X

‘—J‘(sec x- l)dx

=Itan xsec xdx—Jtan xdx?

_ SCC3 X

—tanx+x+C

3
Example 7.25 EEREILES j(tan x—x)tan® xdx. »

Sol. I (tan x — x) tan® xdx = j(tan‘ x—x)(sec? x—1dx

- (tanx— x)*
2

—I(tanx x)—(tanx X)dx = +C

o (sin” x)*
Example 7.26 SR j———— dx.
' )

J-(sm 1x)
V1-x?

= j(sm x)* —(sm x)dx = (S—mi-

4

Example 7.27 [RAEIGEE J(———) (x+log x)?dx .
g x

Sol. _[ (x+log x)2 (ﬁl—) dx = j (x+log x)2 (1 + l)dx
' x _ x

+C

oy
(x+logx) +C

= I(x+logx)zzdx-(x+logx)dx= 3

Example 7.28 AEILEN J‘—ita&dx
. Jsinxcosx
Vtanx
/ 2
Sol. [RE_gy= | cos” X gy

sin xcosx sin xcosXx
: cos? x
2
Jtanxsec” x _
= J———dx = J(tanx) V2 sec? xdx
tanx

1/2

(ta’]‘/xz) +C=2Jtmx+C

R Evaluate j J— dx .
sinx

cotx cosXx
Sol. dx=|——F—=dx
J\/sinx jsm x+/sinx ’
-1/2
-2
= J(sin x)—y2 cosxdx = (sinx) +C= +C

-1/2 Nsinx

dx
Example 7.30 [RHENEE j——-——3

2 (xt+ 1)Z
dx dx
Sol. I= | =]
' Aottt 2 (1 4 _1_)4

3

- 1Ya
1+—1| dx
=J'( .x")
x5

Let 1+L4=t = —_;dx=dt
. 3 1
3 n
= I= —ljt ag=-L1" ¢
4 41

‘Evaluate the following:

_ dx
1. j———ﬁ.___ -
e +e :
2 [
/' 3;J.tan xsin? xdx -
4 J‘COSX smx

(2+2 sin 2x) dx
cos x + sinx

5, I-cosec xdx
6.I sin2x _
(a+bcosx)

7. jsinx cosx cos2x cos4x cos8x dx

J-(l+lnx)5

9, _[ c0S2x—CoS 29

cosx—cosf
i
10. —dx
x+1

dx
11. J' \/;+—\/m

12. [ (1420435 +4x° +Jdr O<[x|<1)

13. Jln( )dxls(x>0)




Indefinite Integration

14

15.

16.

17.

&

x + xlogx
I sec? x tan xdx

j sin® x
) cos8 x

I(ta_nx—x)tanz xdx

4. Jcosecxdx =1In|cosecx =gotx | +ci=

Example 7.31 [JAZIGEE J. sin 2xd(tan x).

Sol I= [sin2x d(tanx)
- = [sin PGLEI
: dx
= Isin 2x sec? xdx
= 2jtanxdx
=2In|secx|+c¢

R IR EF] Evaluate | tan x tan 2x tan3xdx.

tan2x+tanx
1 —-tan2xtanx

Sol. tan3x=

= tan 3x tan 2x tan x = tan 3x — tan 2x — tan x

- J (tan 3x — tan 2x — tan x) dx

1 1 ,
=— glog lcos 3x| + 5 log {cos2x |+ log | cosx|+c

1

133
\/5 sinx +cos x

ExamEle Evaluate I dx.

Inftan

Sol. Let \/5 =rsin @and 1 =rcos 6

7.7




7.8 Calculus

' 3
Thenr= (J§)2+12=2andtane-=—‘lf—=>e=1;-
.j_'_i'___
. 'Jgsinx+cosx
_I . 1
~ J y sin@ sinx + rcos@ cosx

dx

dx

1 ¢ 1 1 ¢
SRLY PR S M _ 0)dx
. or J-cos (x—6) r Isec(x )

=llog.ta_n E.,.i_g] +c
r . 4 2 2
=-1—io tanzc—+£——)+c
2 B 37276
1 x =
= —log|tan | - +— | +c
"2 (212)
|

| Example 7.34 Evaluate_[

-1
sin(x~a) sin.(x—b)

sin(x—a) sin(x—b)

Sol. | I

o J.sin{(x—b)—(;c—a)}dx

sin(a—b) ’ sin(x—a) sin(x~b)
1
sin(a—b)
sin(x—b) cos(x —a) —cos(x—b)sin(x-a)
J- sin(x—a)sin(x—b)
= Em_(;_—EI {cot (x-‘-a) ~cot (x—b)}dx
= ;m {log|sin (x —a)| - log|sin (x-b)| } +¢
.= cosec (a - b)log %’;%:_Z)l +c

Evaluate J {1 +2tanx(tan x+sec x)}l/2 dx.

Sol. j(l+2tan2 x +2tanxsecx)l/2 dx

_[ (slec2 x +tan? x+ 2 tan x secx)l/2 dx

j(secx+ tan x) dx

log (sec x + tanx) + logsecx +¢
log sec x (sec x +tanx) + ¢

i

dx

g(x)=tand g'(x) dx=dt.

T ERe Rl Evaluate chs3 x+/sin xdx

I dx

*J cos x—sin x

3 J- . sinx -
sin(x —a)

4. I tan® xdx

INTEGRATION BY SUBSTITUTIONS
If g(x) is a continuously differentiable funcﬁon, then to evaluate

the integrals of the form I = [ f (g(x))g’ (¥) dx, we substitute

The substitution reduces the integral to J f@adt.
After evaluating this integral we substitute the value of z.

Bt [si(e")@").
Sol. I= [sin(e")a(e®)
Lete=t -
= I= [sin(e*)d(e*)

= jsintdt =—cost+C =—cos(e")+c

~

Sol. [Here, the power of cos x is 3 which is an odd positive
integer, therefore, put z = sin x]
Let z =sin x, then dz = cos x dx

Now J.cos3 x+/sinx dx

= Jcos'2 x+/sinx cos x dx
= J.(l—sin2 x)sin x cos x dx
= I(l—zz)\/;dz

= _[(\[Z— -2z




Indefinite Integration 7.9

E\ample7 KhJl Evaluate j —infL—dx ' = _I_Jt dt
- , .8 +b°sin“x - - 3 '

Sol. Letz=a 2+ p%sin’ x,

= dz=2bzsinxcosxdx=bzsin2xdx =lt2+C
: i ; , 6
it 1= J- 2 SlI;ZJ.CZ dx 1
a” +b°sin” x g ' == {tan' P2+ C
6

=2l 7 . —
1 ' ' - PRV CEYE Evaluate J2x S0 X dx.
=;510g[z|+C' ‘ Vi-x?

1 s 2 . 2 Sol. I= 2x—+/sin” x
= —lo +b°sin” x|+ ’ ol.
% gla sin“ x|+¢ J \/i—)c_
2% 2% Ay
Example 7.39 Evaluatej 2% 2% 2%dx. R\
' 2 g% oy - _ I . -2x e J.(sm x)
1 I=| 2° 2° 2% dx : : : =~ - .
So I X . V1-2 N
Let 22 =t = 2% 2% 2% (log2ldx=dt ‘ ,
. : _ V2 4 : = 1/2__1’
. 1 1 =—f {1-x 1-x°) dx—|{sin" x sin " x) dx
L, J )" 1) el i o e
- " (log2) (log 2) A2 [ 2 :
! 22 (l—x) (sm x)
= 7 20 +C : = - +c
(log 2) . N 1/2 3/2 _
Example 7.40 Evaluatej de Example 7.43 BN J~ e¥* cos(e"*) &
. 1 1 L Jx
Sol FETERNSTE (1 +x1/6) _ " Sol. Put e == 2 ax=2dt
o : ‘ C x _
Letx'=t6 = dx=60dt G
cos(e )
61° ah 5 =
= : dt B x
. J ”2+x .[ 3 (1+x1/6) J.t2(1+t) ;
; o = 2 costdt
. ,
- 6‘[ dt =2sint+c
d+1) _ . 7
On dividing, we obtain. - : =2sin €' +¢
: tan x '
1 1361 FESN Evaluate | —————dlx.
IW——dx GI{t —t+1)———}dt . _ N J a+btan’x
+x! 1+1¢ _
| Sol. [—% g
‘ < 2 a+btan’x’
=6|| —|-|=|+t-log|t+¢]|+C
3 2 : o .
. B _ p(sinx)/(cosx)
: 16 —j &
=2x12 _ 3% + 656 — 6 log (1+x )+c sin? x
: a+b—;
: cos” x
an~) X2 .
Example 7.41 Evaluatej x* o dx. ! .
3 1+x _ =J- sinxcosx
Sol. .I= j 2 tan : dx o - acos® x+sin” x
v L3 I+x : ‘
Lettan™ x” =t ] —lj sin2x dx
. 1 3x2dx=dt:>dx=(—1+—x—)dt 27 acos® x+bsin®x
1+ x° 3x2
N = sz t Xl+ x6 i . — 1 lOg |acoszx+.b'sin2x|+C
1+25 32 2(b-a) -




- 7.10 Caleulus

: . 1+
Example 745 [t ik e

cos” (xe™)

" Sol. Letz=xe, thendz=(1&'+xe) dx =€ (1 +x) dx

- r e (1+x)
= Jcosz(xex)dx

=Idz

: C052 z

= I sec? zdz
=tan z + ¢ =tan(xe*) + ¢

M Example 7.46 Find_[ sin® xdx.

Sol. [Here power of sin x is 5 which is an odd positive integer,

therefore, put z = cos x]

Letz=cosxthendz=—sinxdx

Now I sin® xdx j sin® xsin xdx
= J (sin2 x)2 sin xdx

= I (1-cos? x)? sin xdx

~Je-Pew

=-[ a-27 +2%)dz

» 2 3 cosx
=—cosx+ gcos x—

Example7.47 B! _[sin3 xcos® xdx.

Sol. [Here, powers of both cos x and sin x are odd positive
integers; therefore, put z=cos x or z=sin x, but the power of
cosxis greater, therefore, it is conventent to put z = cos x]

Letz=cosx, then dz =—sinx dx

tural number.

‘ Now /= _[

Now j sin® xcos® xdx

5 x sin xdx

J sin? xcos

_ I (1—cos? x)cos® x sin xdx

j a- 22).25 (—dz)

= -[ (@ -2")dz

26 _Z8 - COS6X cossx
= =-=|+c=- + +c
- {6 8 6 ,

Example 7.48 B3l J.;dx3—

sinxcos” x

Sol. [Here, the power of sin x is ~1 and that of cos xis—3. Since

the sum of powers of sin x and cos x is — 4 which is even
and negative, therefore, put z=tan x.]

Letz=tanx, then dz = sec? x dx

dx
sin x cos® x
j sect x dx
tan x

J- (1 + tan® x)sec? x dx
h . tanx ‘
Let tan x = z. Then, sec? xdx = dz

1 =
== j +z” dz=I (l‘+z)dz=log|z|+ 27_'_0
z

2
=logjtan x| +

X
+c

Example 7.49 Q7RIS Jsinz xcos? xdx.

Sol. [Here, the power of neither sin x nor cos x is an odd

positive integer, but the sum of their powers is an

.even posmve integer. Hence, we will have to change

sin” x cos” x as sines or cosines of multiple angles.]

Now jsm xcos? xdx = jl cos2x1+cos?xdx’

2

L, 1 2
=ZI(1 - cos2 2x)alx_= 2 Isin“ 2xdx

l ¢ 1-cos4 _
=—I ~—0de=%‘[ (1 —cos4x)dx

1f  sindx
=—lx———|+cC
R




Indefinite Integration

. _ o
Example 7.50 QAZIUES j ——dx.

x°—x+1
1
S s
1 Ixz tanf1 P e v 5. J‘\/;dx ——‘[ 1
' REZa R , | (x—-1/2)? +3/4
cot x T dx ' 1
3. dx 4. =
j,/sinx , J.x+\/§ | J (x —1/2) +(\3/2)
dx .e2x__2ex - 1 tan_l (x—1/2)+c
5 | ———— 6. [———dx T ES =
j9+16sin2x j e +1 | 372 \/5/2‘
. 2 2x—1
: : = = tan +C
ax’ +bx . ( J
7. Jx 12 ' .[ 2/3(1+x2/3) ‘[5 V3
.je3'°g*(x +1) & 10, jsecxdx | -
\Jcos2x e 1
- Sol. ,j 1 &
11. jsin3xcoszxdx 2x° +x -1
27 2,x_1
202
Y 1
2 G —@ia?
D U S |x+1/4~-3/4)
272(3/4) |x+1/4+3/4|
=llog x - 172 +C=llog ___2x_—1
3 x+1 3°°12(x+1)

-c
E\ample g Evaluate J ”os ad = dx .
_ _ . sm(x—g)sin(x +—~]

Cosx

~ Sl 1= - —dx
sin(x——)sin(x+—)
o S ix ‘ 6 6
j,de -—0+c—'-tan ' cosx
' / : J .2 .2 ﬂ-'dx
! leeal sin® x—sin” —
. x—al ;. :
=2—ama+x +e " Letsinx=t¢
= di=cosxdx
‘ dx dt
Proof: - = I= .
: I ©-a '[ 2_1
Y 1 '
' ZaJ (x—a x+a) » _J' —
- SRR - —-=
=—(ln|x-a|-In{x+al)+c
v . 1 t"z
=—]—1n el = —llog _10+C
x+ad / 2= lt+=

7.1



7.12 Calculus

2t -
= log‘—1 +C
2t +1

2sinx—1
2sinx+1

[
=}
]

E(ample yEXR Evaluate. I

sin3x

sin x _ sinx -
Sol. 1 =Ism 3xdx = j35inx—4sin3x dx
1
Ry
2
‘[3sec S:c 4xtan dx [Dividing N" and I by cos’x]
Puttingtanx=tandsec x dx =dt, we get
dt "
I= - _ .
5 f.(far_ﬂ .
"/g-” | = 1 |\/—+tanx|
2‘/— |\/_ —tan xl

Example7 54 Evaluate j mdx

Sol. J= [———
° I3+sinzx

1

J.3(sin2 x + cos> x) +2 sinx cosx

dx

sec’ x
3tan® x + 2tan x +3
[Dividing N” and D" by cos’ x]
‘Putting tan x = ¢ and sec’ x dx = dt, we get

-

.. 1'=J dt _1 dt
o 32+ 2u+3 37 2.2,
3

[N CRLE Evaluate J - _1

1+sinx+cosx
2tan x/2

> and cos x=
1+tan” x/2

Sol. Putting sinx =

we have
1

=_[—-—dx
1+sin x + cosx

1—tan®x/2

J———
1+ 2tan x/2 i .
I+tan® x/2

1+tan® x/2

__[ : 1+fan2x/2
1+tan® x/2+2tanx/2+1 —tan® x/2

J sec 2x/2
2+2tanx/2°

Puttingtan Z=y andlsec2 Z ax =dt
: 2 2 2 :

or, seczg dx =2dt, we get

24dt

1.
¥ —jm dt =log |t+1]|+C

=log +C

tan——+l
2

- ;"FORMS

pcosx+qsmx+r

acosx+bsmx+c

}Workmg Rule:

. In this integral, express numerator _
. + p(differentiation of denominator) + 7. -

1 —tan? x/2
1+tan®x/2°




Sol.

. Iu(—3smx+2cosx)+2.(3cosx+2smx)

| ='2.J.1dx+p

Sol.

Example7.56 RN ;i‘i_:zz"‘_’if dx
‘ cosx+2sinx

We have, I = jde
3 cosx+2 sinx

Let3sinx+2cosx=[ gx—(}cosx*FZSinx)

+2(3 cosx+2sinx)

= - 3sinx+2cosx= L(-3sinx+2cosx) |
+ A (3 cosx +2sinx)

Comparing the coefficients of sin x -and cos x on both
sides, we get :

——3/.1+2/’L 3and2u+3l 2=>l=—23—andy——%

dx

3cos x+2sin x

dx

J-—3 sin x + 2cosx
3cos x + 2sin x

= Zx+ u J-it- where-t=3.cosx+25in$c

—Ax+ulog|t|+C — x + 1—log |3cosx+2sinx|+C

Bi-quadr_atic Form

' 2 .
Example 7.57 @aEEE I X r * i dx.
- +

x
1 -1
x +1 Itz 1+? '
ot o B [
x* 41 »2 +— (Y__) +2
x X
1 1
Letx— — =t = d(x——) =dt = (1+—7) dx =dt
X. x . x
I= | @ - L e L)+c
£ +(J2_) V2 2

2 2
1 _l(xz—q
——qtan = +C

Indefinite integration
E(ample7 1.3 Evaluate I —i—dx,
2 +x? 41
R
Sol. I= =|—2%
4
+x2 +1 2 41 +i2
. 1
oy 7
2
(x +l) -2
.x)-
: 1 ' 1) 1
Letx+ — =u,then d| x+— |=du =|1 —— dx=du
x x x° ’
v du 1 u-—1 |
= I= | —— = —=< log |—
: qu -1? 2(1) g u+l
i x+1 1
1 o 2_
=_]0g - X +C=_1- ogfz_x_i_l. +C
2 x+l +1 2 xt x4l
X .
+4
ey RALR Evaluate j dx
x* +16
' 4
. 2 1+—7
Sol. =z +4 dx—j X dx
: x +16 x2 +
%>

Letx— 4 =t, then d(x—i) =dt =>(1 +
x

_ dt =1 an”! t
' jzz+(2\/§)2- 2 (2 2]+c

4
1. 4%

= —— tan
22 22

L fan x'-
22 2x J—
TR Evaluate |Jtan 646.
Sol. Let/ = 640

713



7.14 Calculus -

Let tan =32, Then, d (tan 8) = d (+*) => sec” 0d0=2xdx.

. 2x.dx
o, do= =

2xdx
l+tan® 6 14x

2xdx - 2x°
= I‘/)?X 1+x* =‘[;de

_'Zxdx
=1, .4

sec? 0

_I 2+1/x

1+1/x2+1-1/x"
I= dx
'[ x4+ 1/x%

TSV O 1
- +j

4 41/ x2 +1/x%
1+1/x 1-1/x*
- J’ +I_____2___
(x- -1/x) (x+1/x)" -2

: ) ; 1 B .
Putting x L u in 1st integral and x + — =vin 2nd
x x o

integral, we get
I= J~ j dv

A 74

_J3l

=—1—tan ( ) log ? +C
2 2 v+y2
=—1—tan (x l/x) x+l/x «/—I
2 V2 |x+1/x+«,/—l
1 x2 —1 |x x«/—+1|
= —— tan”'
2 %2 | +x 2+1|
1 tan 6 —1
= — tan"
2 J2tan @

lo
2\/_ g|tan(9 +4/2tan6 +1|
-1
RN e |2 e
J’(Jc +1) 1+x*
Sob. 1=] ol
. (2 +1)\/x +1
P (1-1/x%)
xz(x+1/x)\]x2+1/)c2
(1-1/x%)dx
(10N +1/x)? =2

Putting x + 1/x =¢, we ‘have = J

dt

Aoamputtmgt2 2=y, 2tdt—2ydy, ,
-2 N2 P V2 41/

= —tan  ———— tc¢

o +2)y f N V2

|tan 626+ .

Evaluate the folloWing:

dx

sin* x + cos? x

Some Standard Trigonometric Substitutions

1
IR YA YR Evaluate | ———dx
. _ '[ x? \/1 +x2

Sol. Letx=tan6 = dx =sec’0d0 -

Nt

_[ sec” 9 dO
tan® O sec 0

il

J cosec Ocot 046

—cosec B+ ¢

_ —\/xz +1 .

X

Il

[

' dx
gl Example 7.63 Evaluatej(—zw.
a” +x

dx

Sol. 1= j I

3/2




Indefinite Integration  7.15

Put x=a tan 8=> dx = a sec* 0dO

L 7= ,[ asec? 0

(a2 + a’ tan? 9)3'/2

=J~ a sec® 0
3 (SCC 0)3/2

' 1 do 1 - 1
I= — =— 1| cos 8dO =—sinO+c
= a2 j a2 I a2

: § 1
|06V AT Evaluate j. ——dx
— JO=1)(x—2)

Sel. I= ;dx

j\/xz -3x+2

1

| et
Jx2—3x+———+2
4 4"

I

log (x - %)+ \[xz -3x+2|+C

2

— sec” x
XA LY Evaluate | ————
N 16+ tan® x

Sol =I sec’ x J' sec® x
\/16+tan x \/ +tan? x
Lettanx=1t=>sec’ xdx=df

‘ asecB - I=J' dt :j dt

a (1+tan29) Ji6+2 7242
S ’ =1lo lt%— 2 12 +C
= “Secgde j sec0d0 —1og|sece+tan e|+c &

asec

- 5 W = log |tanx +4/16 +tan® x| +C




7.16 Calculus

s e* . ’ ' -
4 E WX Evaluate | ———dx. : ‘ 1
O e B

(x +3/2)* —(1/2)?

. & e* ' .
. e 3-8
IR Sy L gl t272

=2log p2+3x+2|—

Leté'=t = &dx=dt OBk 32 =S Sy s 5+ C

v x+5+5

s s J\/ - —I\/2 x-+1

- =2log|x*+3x+2|- 510g +C

= sin”! (1] +C =sin™! (e—J+ c
2 2

& , Example JEPA Evaluate I 1+xdx
: E\(ample7 67 Evaluatej ————dx. _ ’ 7

¥ +6e* +5 T
: o +x
" Sol. = = & n S
T 6 S : (er) *6e7+5 l+x l+x 1+
Letd=1= ¢ dv=dt | - —H PG \/__x_
: 1+
. F%Jrs - =j——1+x d
‘ \[x2+x BN
—ft+3 a | - __sz+1 11 1,
|t+3 2| log e"+1+C : . V¥ v 1+x
T 2x2 |t+3 2] e +5 = -2—J'$dt' +—2—I = = dx',whgret=x2+x
=36
"\/_+ log (x+;)+\/x +x| +C

(x + %) + \/xz +x|

+C

7 1
=\[x +x + —lo

EQaluate the following'
1. 2.
JJ__ I -5
4x+1
EvaluateI —3+—2dx. _ , .3 4 2x+3
S R b et
Sol I= I e +_'1 dx ' J‘ ).'5/2 J-
2 43x +2 _ 5. dx 6. |x’d(tan”' x)
. Vi+x’ ’
X 43x+2 - : INTEGRATION BY PARTS
=2 2x+3 -5 | LI Theorem

x2 +3x +2 x* +3x +2

If u and v are two functions of x, then

1 ' ~ du :
~2logl+3x+21-5 [ PO 12 J_u"dx_"U de)_j {EJ de}dx




(integral of second function) — integral of (differential of first
function X integral of second).

Proof: ]
For any two functions f (x) and g(x), we have

2 (1010 5 60 +50 £ (fen
od d
= | (f(x)a;{_g(x)}+g(x)ji;{f(x)})dx= f®) e
= (f(x);‘l’x—{g(x)}) & +j(g(i)%{f(x)})k ~fe)e)
d
= | (f(x)zx-{g (x)})dx

- rea89- J (£ 2 (rep )

Let, f(x)=uand % {g(X)} =v.So thatg(x-)_= | vax

That is the integral of product of two functions = (ﬁr'st-ﬁmction)-x

Indefinite Integration  7.17

Example 7.70 Evaluate,j xsin 3xdx.

Sol. Here, both the functions, viz., x and sin 3x are easily
integrable and the derivative of x is ome, a less
complicated function.. Therefore, we take x as the first
function and sin 3x as the second function.

x sin 3x dx
I O

=x{j' sin3xdx}—‘_’. {% ® | sin3de}dx

__ Cos3x _J- 1{__ cos 3x]
| 3 3

=- -l—xcos3x+lj. cos 3xdx
3 3
1 |

=_ —xcos3x+ —sin3x+C
3 9

(REh [N Evaluate J -xlogxdx.

Sol. I {Ic log x dx
I

=log?c {jxdx}—j_{%(iogx) | xdx}dx

2

1x
=(1 ) -—dx
(logx) 7 -y
2
X 1
= ——2 logx——z-_[xdx
2 ) 2
X 1 (x x°. 1
=—1 —— == |+C=—1 -—¥+C
2 BF 2[2) 2 8*7 g

BT IREEY Evaluate | sin™ xdx.

Sol. Letsin' x=¢ Thenx=sint= dx=costdt
J.'sin_l x dx
= |tcostdt
11
=tsint - [1(sin)dt

=tsint—j sintdt

=ts'int+cost+C=xsin'1x+' yfl—sinzt +C
=xsinx+ \/1— 2+ C

Example 7.73 Evaluatej XTI oy

1—cosx
X —sin x x sin x
. — dx= - dx
Sol j l—cosxdx jl—cosx'j

1—cos x

= [ ic'osevc-2 de
2 2

. ¢2sinx/2cos x/2
*J- . 2 dx
2sin” x/2



7.18 Calculus

=—1-_’.xcosec2£—_”<:ot£dx o
2 I i 2 2 .
L N P Y. .—jl(—zcotf)dx

—_[cotfdx+C
2

' x x x

——xcot 2+ [cotZax— [ cotZax+C

=-xcot '[_COZ __[_02 _

.=—xcot£+C

.2 v :

Example7.74 Q3 f (x) is a poiynomiél function of the nth

degree, prove that _Ie"f(x)d:_c =e*[f(x)
S+ )= () +

where 1™ (x) denotes i:{ )
Sol. I= [ f(Ddx o
=/@ - e £/ (xya
=/ F-fe+fe )
IW LD E- [

=f(X) e'x—f'(x) &+f7(x) ex—f"'(x) &+ J‘e"f""(x)dx
continuing this way we get I=f @) -f (x) + f”(x) L)

+( 1) f‘"’ (x)]
Exmple 7.75 Evaluatej sin™! , [—— d.
. a+x

Sol. I= j sin!, [—X— &«
' - Na+x

Letx a tan® 9=>dx 2atanesec 0de

5 J sin” \/ 0 2asec? OtaanB

= 2aj’ Gseczetanedé -
I

2
tan” 6 tan (7]
=2a[0- 5 —j_ 5 do]

= a[@.tanz 0-[ (sec? 9—1)de]

= a[etan2 9—tan6+9]+c , where,

_,\/E
a

HD @]

INTEGRATION BY CANCELLATION

IR eV OGO Evaluate I (c

Sol. J-(cosx—logxsm)dx ‘ )

smx)dx .

x
=J wdx—j sinxlogxd.i-

- ;
= c_:osxlogx-j —sinxldgxdx—j sinxlégxdx

(integration of 1st integral by parts)
=cosxlogx+c¢ .

. E2ELNI WAl Find an anti-derivative of the function

&) 8" @) —f"()g ().

Sol. The required anti-derivative is given by
[{r@e" () - () g ()} ax
=[7() () ax- Jf" @50 b

{f(x)g @-] rme e dx}

e r -] rwee dx}
~/®g' @ -8 @+C

D eIl Evaluate J (3x2tah—l-—xseczv.l)dx. |
x x
2, 1 21) | |
Sol. I 3x® tan——xsec” — |dx

X ‘ X

= J.3x2 tanldx—jxéec_z'ldx-.-

. x

= ’tan—l-x3 —-.j(sec2 —1-)( 12')x3dx - J'xsecz-l-dx
X x)\ x x

3,1
=x tan—+c

X




e AN Evaluate I eF — > dx.
— ' (x+1)” =
x'.
(x + 1)
- J' & fil_—zldx
C(x+D)

dx

Sol. | &

’

=je" 1 + ! dx= L e +c
x+1 x+1) 1 x+1
1-
amne 51 L Rt
) 1—cosx

¢ xf1-sinx

1. |l —— | dx
S0 Je Ll—cos_x]

1- 2sm£cosi
— 'ex 2 2 dx
2sin2£
2

= J & —1—cosec2 X _cot i)dx
C 2 2 2 .

,=_—je" cot£+(cot§-) dx -
_ T2 2

<
=—_¢cot = +c
-ecots Te

Example 7.82 Evaluate j {sin(log x) +cos(log x)}dx.

Sol.I = I{sm (10gx)+cos (log x)} dx
‘Letlogx=t. Thenx=e ' dx=¢dt
= I= je (sin ¢+ cos £) dt

=g‘sint+c
=xsin(logx) +¢

logx
E(ample yA:xJ] Evaluate J dx.

a+ logx)
log x
Sol. I= - dx
0 j(1+logx)2
Letlogx=t.Thenx=¢ =dx=édt
e
= .
. j(t+1)2
=J’e" L 1 ~ | dt
@+ @+
e’ X

—te=——
=1 T Gogx+D ©

Formula-~

I R
je‘" sinbxdx = —

' Cer a4+ b

> (asinbx—bcoébk) !

Indefinite Integration

Proof: I=[ e sinbxdx

cos bx

= ""jsmbxdx Iae‘”‘ dx +¢
= % E)S—bx+ajle cosbxdx +c
b b _

7.19

= —¢ .CObe+a[ jcosbxdx Iae‘”‘ Slnbxdx»+c
b b _

b
. ax COSDX a[ o Sinbx a
oo OO A B2
b b b b

. 2 ' )
= 1+12— I=—e‘“M+ie‘”sinbx +c
b b b

=1=

ax .
asinbx—bcosbx
a +b* ( )
Similarly, we can prove that

(b sinbx +acos bx)

et RSN Evaluate je2x sin 3xdx.

Sol. jezx sin 3xdx

ax
je‘”‘ cosbxdx = —
a* +b?

= -—— —(2sin3x—3cos3x) +¢
f+¥( 53%)

: 2x .
e .

= —13—(251113x—3co_s3x) +e

BV EWARE Evaluate Jsin(log x)dx.

Sol. Letl= J-sin (log x) dx -
Letlog x=1. Then x =¢' = dx=édt

t

o =jsint é dt= % (sint —cost) +c

Hence, jsin (log x)dx =% [sin (log x) — cos (log x)] + ¢

EPPSEET Evaluate | & .

|
Sol. I= j & Fdx
letsin ' x=t=>x=sint=>dx=cos tdt

= I= je’ costdt



7.20 Calculus

t
& . _
= ?(smt+cost)+c

Evaluate the following:
J' xsin? xdx

2.1f [ f(x) de=g(x), then | () dx
3.1 [ g(@)dr = g(x), then 2@+ (}dx -
4. Icos\f; dx

5. J‘XS]II x

\,1 —x?
6. ftan™ xdx

P
. log| tan— [dx
7 Jcosx og( | .2)

2
log x—1
8. e, =
'[_ 1+(log x)*

e (2 —x)dx
9. | (1—_7)—\/?
©10. " (1 +tan x + tan” x) dx
11. [sin®(logx)dx |
12. [[f(g"0)- " g

1-x

-1

.| tan — dx
13 I 1+x

INT.EGRATIONl BY PARTIAL FRACTIONS
Some Definitions

Polynémial of Degree n.

. : -1

Anexpression of the type P (x) = @gx" + a;x" 7" + -+ ta, | x
+ a, where ag, @y, a,, ..., a, are real numbers, gy #0and n, a
positive integer, is called a polynomial of degree n.

Rational Function
A function of the form —S , Where P and Q are polynomials

x © +3x

> .
+Ux -3 +x

is called rational function e.g. 2

Proper and Improper Fractions

Any rational algebraic function is called a proper fraction
if the degree of numerator is less than that of its
denominator, otherwise it is called an improper fraction.
X +x+2

+4x* - Tx +1

For example 3 is a proper fraction.
¥ :
4 —9x% —10x + 7
x> +4x+5

x
Whereas

(% — 4x +2) +| 2x

s is an improper fraction.
To integrate the rational function on the L.H.S,, it is
enough to integrate the two fractions on the R.H.S, which
easy. This is known as the method of partial fractions.
Here, we assume that the denominator can be fractional

into linear or quadratic factors.
Partial Fractions
x+7
2x-3)(3x+4)
. The two fractiops on the RH.S. are

Consider the rational function
—_ l — l
2x-3 3x+4

called thepartial fractions.




ion
its
Rl

w

2x-1

Bualuate [ e e

Sol. Since all the factors in the denominator are lihgar, we have

J- . 2x—1

(x—D(x+2)(x—3)

-] 1 S S ’
=DEY-2) (BE+2(5) AB)x-3)

i

1 1 1
- = ~1]-=1 +2|+—= log|x-3|+C
610ng 1 3 og|x+2| 5 g |x—3|

2x ‘
ll Example 7. 88 Evaluate jmdx
x x

2x
Sol. Let] = Im
Puttingx2=tan'd 2x dx = dt, we get_
N (0 S U P
= j(t+1)(t+2)_j 1 £ +2 a

=log|t+1|-log|z+2|+C
=log|x?+1}|-log|x?>+2|+C

indefinite Integration  7.21.

Bvalute [ —————— dx.
O . sinx—sin 2x
A\ f 1
sinx—sin 2x
J- 1
(sinx — 2 sinx cosx)

. 1
- jsinx (l —2cosx)

.[ sinx

! sin’ x (1 ~2cos x)

_ J- . sinx e
(1 —cos x) (1-2cosx)
Puttingcosx=t,a.nd—sinxdx=dtofsinxdx=—dt,weget

. —dt
=
: j (1-2) (1 ~21)

1 .

=leyar e
I -1 + 1
PSS TEnTE
v L
/

2) ’(1¥2z)

* (-1/2)(3

1 1
_—log|t—t|-=log|l1+¢
~ log |1—|~ log 1+]

2 ’
+§- log |1-2t]+C

- %log |1 —cosx]| —% log |1+ cosx|

+= log[l 2cosx|+C

1—
IREHITIWALN Evaluate I———(l—c_?‘-—;dx
cosx(l+cosx

Sol. Let I = [- 1-cosx .
cosx (1 + cosx)
Letcosx=y.
1—-cosx - 1-y 1 2
" cosx(l +cosx)  y(1+y) y 1+y
12
_ ‘ : " cosx 1+cosx
1—cosx
s 1= = dx — | —dx
d Icosx (1 +cos x)dx J cosx 'f 1 +cosx
= I= |secxdx — | ————
j °x chos x/2

.J'secx—J. sec® x/2 dx

y
W

log |secx+tanx| -2 tanx/2+C



7.22 Calculus
Example 7.91 QBOEINEIL _[ (=D =2(x=3) de. .
. . (x—H(x—5¥x-6) . .
Sol. / Improper fraction -~

I—I(x )(x—2)(x— 3)

(x-8)(x-5)(x- 6)

proper fraction

it
Sy

) (x-2)(x=3) - (- )x-9)x=6)
RS T Py E
\ (adding and subtracting 1)

ol 3x2x1
=
e

HENE2)

4x3x2 5x4x3 ]

+ +
1(x-5)(-1)  O(x-6)
=1+3log}x—4|-24log|x-35 |+3010g|x—76|+C

x* +1
Example 7. 92 Evaluate I(—-mdt
X — X+

J‘ x* +1
(x—l Y (x+3)
x* +1 A B C
- + 5+
‘ (x 1) (x+3) x—l (x 1) x+3
S RHI=AG-1)E+)TBETI)TCH- 1)2 )
Puttingx—1=0,ie.,x= 1in equation (2), we get2=4B =

"B= %.Pu’ttingx+3=0, i.e.,x=—3inequation(2),We get

10=16C=C=

Equatmg the coefficient of f on both the sides of the 1dent1ty

3
ofequatlon(Z),wegetl =4+C=4=1- C_l—-sé_g

Substituting the values of 4, B in equation(1), we get.
x4l 1 1 5

¢-1f (x+3) = E(x_l)”g(x,”)
=>I= . I

+_-8—J.x+3

3
I==} -1 —————+—lo x+3{+C
= 8oglx I TCEE g |x +3]
Example 7.93 BREUEIE I—x—z—
(x-D(x" +4)

X
o
- Sol j(x~1)(x2+4)
. X __A_ Bx+C
Let(x—_m_'x—l-l-xzw% (.1)
= x=A@+H+Bx+OE-1) @

Putting x = 1 in equation (2), we get 1=54

0N

Putting x =0 in equation (2), we get 0=44-C .
Putting x =— 1 in equation (2), we get—1 =54 +2B-2C

Solving these equations, we obtain 4 = %,B =1

» S
and C=%
- Substituting the values of 4, B and Cin equation (1), we obtain
. 1
x 1 5% T3
(x-1) (x +4) 5(x-1) X +4
_ 11 (x—4)
5(x-1) 5 (xz +4)
g L _lj x4
sdx-17 5 x2 4
L N —I
59x-1 107 2 +4 2+
%loglx 1|-——Olog(x +4) + :x ;tan ! % +C
1 1 2 4=x
gloglx II—T log (x +4)+5tan (E) +C

2

Example 7.94 Evaluatej 3 X

—
(2 +D(x%+4)

2
x 1
Sol. | ——mdx=— —
‘[(x2+1)(x2+4) 3 [x2+4 x2+1]

Example795 Evaluatej sin .

smx

sinx sin x
Sol. I
-[ sin4x -[ 2sin2x cos2x

_ _[ sinx
4sin XCcosx cos 2x

_ J- coSX
cos® xcost

_1 cosx
- 4J(1—sm x) (1 —2sin? x) *

J C0S X COS 2x

Putting sin x = ¢ and cos x dx = dt, we get

=y
Sl




T S e

1-¢ 1_(\/&})
D VU0 PO 171 % WL NV EEP L 1S
2728222 - \/_tl
- Il +smx| Il + ﬁsmx'
|1 smxl Il w/ismxl

Evaluate the following: »
1 X+l
R T
3. | SnX 4. I—X—B—dx
sin4x x-D(x-2) -
j dx _ 6 J- cc:s 2xsin 4x2¢ix '
sinx(3+cos” x) cos - x(1+cos” 2x)

INTEGRATIONS OF IRRATIONAL FUNCTIONS

Example 7.96 [JRGNEE J\sz + 2x + Sdx.

Indefinite Integration - 7.23

Sol. J.\[xz +2x I+5dx = ‘H(x+1)2 +4 dx

(x+1)y(x +1) + 22

1
2
-1
+5-(2)2 log | (x + 1) +/(x+1)" +22| +C

(x+1) \/xz +2x+5+2log
|(x+1) + i +2x +5|+C

Evaluate I \/———

1
2

Sol. I= I\/E_T

Puttlngx #and dx =2t dt, Wegetl 2_[ tdt
~1-2 [
S
J‘\/—_dt‘+2 j-\/l—_—;—z-dt

dt+2j( t) ldt‘

il

»

o ‘ —_—
1=—j——r_1_t2 de+2 [1-2 ar —2]——#_1 —d
I=— 231 =% +2x%‘|it _l—tz» +sin_1t]

¢

-1

—2sintt+C

1=——2\/ — +t\/ 1-£% —sin” t+C
Ji=x(Jx —2)~sin™ Jx +C

Example 7.98 RSEIBES I( x—SWx? +xdx.

.od '
Sol. Let(x—5)=4 Zx-(x +x) + 1. Then,

x=5=AQ2x+H+p



7.24 Calculus

Comparing coefficient of like power of x, we get 1=21and

l+,u——5 = A= —andu——l—1

2
o J-(x—,S) \,xz +x dx
J-[% (2x +l) - %:l \/xz + xjdx
%J'(Zx' +'.1)\[x2 +xdx—%j  +x dx _ | | ' | (1—2t)1/2

- C=\1-2t+C

1 11 Y (1} - o 23}
=§Md“a‘f\[(“5)" _‘(5) d, - ( )

1——2— +C =
x+1

. 1 :
Puttingx+ 1= ;and dx =——lz—dt , we get
‘ Ty

where t=x*+x

_1#72 uj1 Hl) (le 1y
23/2 212\ 2 2 2

Bvaluate [———dx.
' (1 ——xz) i+ P

Sol. Putting x = % and dx =-— iz dt, we get
2~

v : : | | |
Evaluate Imdx , - (——l—)dt
| I=| _

¢ o J' tdt-

Sol. Letl= | L | - ( _Lz) 1+ L (2 ~1) e +1
-3) Jx+1 : S t t
Letx+1=Fanddx=2tdt s Let?+1=4 weget 2tdt = 2udu

’ 1 2t _ . _ 1-_J
ad= | dt . -
(t2 —1—3)J;—2 _ ' ' ' u? (*/_)
= a5 ] = | ' -=——1—logu—_i_-'2—+c
== _2-[1:2 -22 _2*2(2) 1,°g|t+2|+-c o o W2 T |u+2|
. .l_log__x_il;% +C _ ,‘” +1 \/_ iC
' 2‘/_ \/t—+—1 2|
. —17 +1-2
=- log| % +C
?‘/5 iz+1 +2

1 _
Example 7. 100 QRS EIGEE dx.
o ' _ j (x+1W x* -1

.

|ﬁ: Vx|

J‘(J«:+1.) x* —ldx N '\/l+x +\/§xl

Sol. Let [ = +C




Indefinite Integration 7.25

= % @ -22 +par
Evaluate the following: 5
: 1 2t , 1
1 . 21 . =—'£ [——-3—+t]+c,wheret= 1+—4-
Lt 2w | Vs
(eI -1 ? +1)\/1+v JIERTE
: ' . 3. Evaluate j——-—dx
: x+
3. |sec® xdx \ O
I J(x 1)\/;4__ , \/ 1 . 1/3
. . » ‘ v ' » _ (x_x3)l/3 B xz -
R N B i It et
(o +4)x* +1 ‘ (x+DVx2 +x+1 1 - Ht »
. Putting — =1, —dx=——,weget
x +1 ’ ) x2 x3
b ‘[ - ' 1 41
' I=——[tPd =—21"?+C
_ . (1 a3
MISCELLANEOUS SOLVED PROBLEMS L) e
1. Evaluatej . 4, EvaluateI 3 ! =3 /; dx
«]1+x [(x—l) (x+2)]
! T
Sol. —J 2 —J- Sol. 1= .[ 1V -dx
\/:xz 3 1+ (x+2) (x+2)2' R
w@:w:w’/rm;d,solvt x4
P . ) _ - x-1_ 3dx
1(__3.) p Let _x+2_t =>.(x+2)2 =dt
let t= 1+—‘12- = —d—t-=——x—— 24 _ ' -
SR oy e =>I='1J—-1—dt
. v+;2_ : 3 13/4_
R I o o 1( 4
) dx'— : : =—|—1+C
C. :3 .;5.""—‘,—1?1‘.7, . . : s 3(1/4]
S T : Y : .
T 1 =dpaic
= ¢ o J2 o[ R4 C= =145 +C 3
o f X S va
v ‘ ‘ 4(x-1
. 1 2 = — +C
=——1+x%+C : 34 X+2

X

: ' 1og(x+,/1+x)
ﬁvaluate j x'n (1 +x")‘1’2 dx. 5. Evaluatej \F
DA | : 1+ %
A
Sol.

I—I o 1D I T = 72 ~ Sal Putlog (x+ y1+ x* )=1=> 1
_ (1+x) . x? (1+1/x) v , ,1+x2
Letl+—ﬂ- =tzand:5—dx=2tdt J-log(x+ J1 x2)dx
X p oo : ’ ——— =
\/1+x2

= I= ‘ - '
'[ X3 (1+1/x )”2 _ : =Jtdt=%[log(x+\/1+x2)]z+c'i-

dx =dt, then

Sin x COS x

1 2t dt v
== : 6. Evaluate Jl——tali dx.
. . SINXCOosSX
1 Jta N
== j(zz—l)zdg, . : Sel. e J ANX seo? x dx
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i _
dt ,wheret=tanx

=202+ C= ZJ x+C

7. I
j\lsm X cos X

) L . 1 : ,"! .
Sol. Here both the exponernts (— —151 and - 5) are negative
. 1 11 . ‘
pumbers and their sum | — 373 »is—4 whichisaneven
' dx
number therefore we puttanx=t; —— =dt

COS2 X

1= | de
sin'’3 xcos!’? x

dx

Jl tanlm XCOS4 X

Q +ta11 x)sec? xdx
I tant'3 x

_(Qata
J A3 s

2

8 .
=—=t3 t 3 +C (where t=tan x)

oo | W
i
N W

F

I sinx
2+sin2x
sin x

Sol. [—>BX
° I2+sin2x

_ ljsmx+cosx (cosx smx)dx
2 2+sin2x

lj-smx+cosx J-cosx smx
27 2+sin2x 2+sm2x

o lj sinx+cosx j - cosx—sinx
2

3~ (sin X—co8 x) 1+ (sinx+cos x)?

S J- J. where ¢ = sinx —cos x
1+2 and » =sin x +cosx

_\/_'
S B+t

I\/_ (sinx— cosx)l
|J_+(smx cosx)l

tan u+c

11 e
2243

U
—E’&m (sinx+cosx)+c

Evaluate the following :

.[ 2(1+x )4/5
1+x* : .
.[ 2(x +1)3/4

1/4
4. jﬁx—_g")— dx

5, x-1 & _ N 4

\@ I(x+1)\53 +x%+x

6 [x In (e)dx

7 ‘[ dx ?“t*— €= 4
R T B = N
2, T A S A
. J———WITT] -
- '.-COS x sin

ey

. 10, J"secs x cosec’ x dx

EXERCISES

-1
3. Evaluate
j 2 +1) \/ 1+x*

4. IfI, =Jcos'l x dx, prove that

1_ -1 . n -1
I, = ~ (cos" xsmx) +(T) I,




Indefinite Integration - 7.27.

o —xsin. 1. |
5. Evaluate j(—l—xi—m;iii a. —sin2x +C b —lsian +C
. x(l—xe“’s,x), 2 , 2
. 1. .
6. Evaluate ' _ _ c. —-z—sm’x +C d —sin*x+C
‘ tan~) x g 2 ’ 1—-_ 2' . ] ) . .
J=—= (Se"']““z\) +°°S"( xz} dx (x>0). 4. Ifj—ci)ﬁ’il—dx=’Acos4x+B, then
1 +x° : 1+x cotx—tanx '
2 - . _ a.A=-12 ' b. 4=-1/8
7. Evaluate J. x - dx. _ c. A=—1/4_ d. None of these -
> 'x\ﬁcz +ax+1) (x2 + Bx + 1) oo o P )
. ‘5, The primitive of the function x |cos x| when E<x<n: is
} 2x : : . )
8. Evaluate |———F=—= dx. - given by ]
,J.(l_xZ),/x‘*_l a cosx+xsinx+C b.—cosx—xsinx+C
_ 5 E ' c. xsinx—cosx+C- d. None of these + C
9. Evaluate I———- v e .
| 3 /xz 1 6. ‘[x_(;c"—+-1— is equal to

A3—-x . -1 ( 1 ) ’ :
10. Evaluate sin” | == 3 —x |dx. : R _ \
\,0' I 3+4x V6 . a. -l-log( ad )+c b. llog(x +1}+c
. n n

11. Ev.aluate _[,/sec x —i dx. 3 x

. B . B ) x" . . :
f c. lo +c d. None of these
12. Evaluate j 1 + cosecx dx (0 <x.< n/2). g(x" +1] _ ne‘ €s -_
4
13. Evaluate L cos X - & - x  3x. .
N ‘ Isin3 x{sin® x +cos® x5 T J4smx cos> cos— dx is equal to

a. cOsx+%cos2x—%cos3x+C

Objective Type

PERLR

Each question has four choices a, b, ¢, and d, out of which only b. cosx— Yo rx—Lcos3x+C
one is correct. : : 2 3.

1. j—,ﬂ—.{—dxis equalto . . ' e cosx+-1—c052§c+lcos3x+C
sin 5xsin3x ' : , 2 3

- a. log'sin 3x — log sin 5x + ¢ : 1 1

1 _— d. C'OSx—Ecost+§cos3x+C

b. ;log sin 3x+ Slog sinox +¢ 8. Let x = £”(¢) cos ¢ + f*(i) sin ¢ and y = - f"(§) sin ¢

1 1 | Y (o]
. —logsin3x —=log sin 5x +¢ - + f(f t. Then- [HI—1 + L4
.c‘ 3 ogsl 5 g f()cos en'j{(dt) (dt)-il dt equals

d. 3logsin3x~5logsinSx+c . a SO Ot b. f7@O)+ [T O+

' o e fO+f"O+c df'O-7"O+c
2. _Nl +sinx dx is equal to o /9 { ® Fo-770
- ; .9, | ——————=——tdx,a#nn,neZ isequal to

a. —2 41 —sinx +C = J'\/sin3xsin(x+oc)

b. sin (x/2) + cos (x/2)+ C . a. —2 cosec ¢ (cos ot—tanx sin )2 + C

¢. cos (x/2)—sin (x/2)+ C . “b. —2(cos &+ cot x sin )2+ C

4. 21 Zsinx +C : | ' . ' ¢. —2 cosec a.{cos a+ cotx sin @)*? + C

) . d. —2 cosec o (sin @+ cotx cos &)+ C -
J. sin x;cps X dxis equal to s _q‘xq-li
.1-2sin” xcos” x . 10. _f dx isequal to

X2PF 4 0xPH 4]



7.28 Calqulus

p : ) g

x . x

————icC b —
xP* +1 xP 41

q P

x x

i~ +C d. vy
xPH 41 ‘ x4l

1. X I, =[(in x)" dv, thenl,+nl,

n o ’
a M+c h x(nxy-1+C
x : ,
c.»x(]nx)"+C d None of these
j x+2 dx 1sequalto

(x +3x+3)J}+1
B ST T T

N Y Ba+y) B NEeES))

C. ;_\%tan".l [Tf_ﬁ) d. Nong of these

13. J sin2x ———————dxis equal to
. sin® x+cos* x

a. cot™! (tan’x) + ¢
¢. cot™ (cot’x) + ¢

b. tan™! (tan’x) + ¢
d. tan™ (cot?x) + ¢

_[ secx dx is equal to |
\/7111 2x +A +smA . .
a'; secA\/tamc cosA—sin4 +c¢

B. \/5 secA\/tanx cosA-sinA +c

c.> s/i secAJEnx cosA+sind +c
d. None of these

15. If [T +sinx f(x)dx= % (1+ sin x)*2 + ¢, then [

equals .
a. CoOs x - b. sinx
. ¢ tanx d. 1

16. Let [e*{f(x)- f'(x)}dx = §(x). Then [e* rxyax is
a. ¢ ({f) =e%f(x) b. ¢ (x) - e (x)
e SW@HESE) & SO
Xdx

@ +52) 1+ 1 +22)
the value of f(1) be - '

17. Letf (x) = j

a. log(1+2) b. log(1+\/§)—%r-

c. log(l+ ‘\/5) + g d. None of these

21. The value of the mtegral I

and £(0) = 0, then -

___dx_3 andy =0 when x = 0, find the value of
(1+x )E
ywhenx=11is
a 1 _ b 2
N/
¢ 242 : d. None of these
19. [Jx (1+x'"%)* dx is equal to

18. Ify= J‘

e — X
n- 13- 15

P/
| 17
6 1227 _ixn/s +_6_x13/6 _ixS/Z
11 . 13 15

LI G
17

' 4 6 4
c {x2/3 42 e O 136 T si2

4 e o 6 s 4
a2 {xz/a + 2 e w6 4 s

+
11 13715

1 16
+—x
17 te

d. None of these

‘ 20. Ifjx 1+ dx= A(l+x3)8/3+B(1+x3)5/3+c,then

,B= 2 ,B=_

1
.

-

b.4=

OO | s -
W |

a4

c. A4

B=

d. None of these

W | o=

1
8,
(1 - cos 9)*'7
(1 + cos 0)°'7

»1( 9) b, L
11 2 T 11
n

et

dois

\Il"'
—
o
o
w
SRS~
|
+
@)

- d. None of these

1-
22 Ifj -x! dx =alnl+bIn +1|+c, then
x(1+x7)
a a=1,b=z b a=—1,b=2
7 7
c a=1,b=—-2— d a-—_—l,b——g
_ 7 7
| .
23. jsm ( ]dxls equal to




a. x tan™ x — In‘|sec (tan™' x)| + ¢
h x tan™' x + In |sec (tan™ x)| + ¢
c. x tan~! x —In |cos (tan™ x)| + ¢
d. None of these

24. j dx is equal to
sin xcosx ' :

a. %’m(tanx)irc h %ln(tanzx)+c :

c —;—(ln(tan x)? +c¢ d None of these

25. I—zSLn———dx is equal to

(3+sm2x)
a l 2+smx cOS X
2 2 -sinx+cosx v
1 -1 (smx+cosx)+c
e
'b.—!- 2+sinx—cosx
2  {2-sinx+cosx
i sinx + cosx
_ 1 _tapt [SIREFCOSYY,
2V2 ( V2 )
. %]n 2+sinx¥cosx

2—sinx+cosx

7 %

d None of these

9
.is equal to

26, |———
I(4x2+1)6
-5 -5
a —1—(4+—!2—) +c h l(4+L2) +c
5x x 5 x
Ly, 2\S 1 1Y
c. —(l+4x ) +c d —|4+—| +c
10 ' 10 x*

27. Iem“l *A+x+x7) d (cvot_1 x) is equal to

-1 -1
tan
a —€™ *+c A
-1 'm—l
c. —xe™ T+¢ a xe™ “+c

28. If I——g—— = ax/cotx +b\/tan3x + ¢, then
_ \/sin3xcos"‘ x

' a.a=-1,6=13
c.a=-2,b=4/3

b.a=-3,b=2/3
d. None of these

1 | sinx +cosx
——tan! (—————— +c

Indefinite Integration 7.29

4x-1
29. Iﬂs——x—dx_isequalto

cotx—tanx

a l1n|sec2x|—100522 +c-
2 40> e

b 1lnlsec2x|+lcoszx+

. = - c
2 4

1 - 1 )
cf —2— In |_cos2x|——‘-{cos2 2x+c¢

. _ .
d =In |cos2x|+lcos2 x+c
2 4

1 1-x° -1 :
30. If | ——=dx=alog|———=——|+b,thenaisequalto
Ixx/l—-x3 \/l—x3 +1 .
a. 13 b. 2/3
c. -1/3 d. -2/3
dx S U .
31 Ifsz o e 7 =-[f()l " +c, then f{x)is
a. (1+x") ' b. 1 +x"
¢ x"+x" d. None of these
32. .[ x-1 dx is equal to
T xNx+l

a. ln |x.—\/x2_—;|—tan‘l'x+.c
b In |x+ Ve —1|—tan~ x4
c. ln.lx—ml—sgc_l.x+c
d-In |x+\/x—2—_—'—i|—sec_1x+c

B K I=] % thenTis equal to

3/2°

\/0 (2ax+x2)

_x+ta 1 x+a.
b - ———=+¢

2ax +x°- o a\[2ax+x2

x+a
3 3
2ax +x° a \2ax +x

34 1 o 1+42

. Iff '(x)v= ——=—=— andf(0)=- , then f(1),
\/0 -x+ \fx2 +1
is equal to '
a. —log (V2 +1) - b. 1
o I+2 d None of these
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35. Iex Ztanx +cot? x+£) dx is equal to
o 1+tanx 4
\

' /4
a. e tan(-z—xJ+c

c. e tan(-:%ﬂ - x) +c c. None of these

! i
b. €* tan»Lx-——)+c
4

36. The value of the integral I(xz- +x)(x % +2x)0 gris
a. %(x'2 +2x)“/10 +c b —g—(x+‘1—)“?1° +e

c. g(x + 1)““0 +c d. None of these

3.0 [ =gl (+x))+btan x
R _-.x+2)(x +1)
+§h1'|x+2.[+C, then
a a=—i,b——z' b a=i,b=--2
5 10 5
c a———l—',b=g- -d. a=i,b=g'
_ 1007 5 107
38, Ifdex=ax+bmpsinx+3cosx|+c,
' 3cosx+2sinx . . -
.then . ,
a a=—£,b=li “h a=——z—,b=£
130 39 13 13
c. a=—13,b=—1—5 o d a=——7—,b=—£

13 39 - 13 13

39. _[3e —%” —dx = ax-+bIn (4¢" + 56™) + C, then

4¢e* +5¢7"
a.a=—l,b= Z hd=1b=z
8 8 8 8
SRS SR S S |
: 8 8 8 -8

40. j cos x —cos” SOSXZ OB X s equél to
l1-cos®x .,

a. %sm (cos3’2x)+C b. %sm (cos3/2x)+C

c. %COS*l(cosyz x)+ C d. None of these - i

41. If I'(x) means log log log ... x, the log beihg repeated r
times, then [[xI ()PP ().l ()] " d is equal to

r+l
al™(x)+C "~ h l—@+c
S r+1
c. rx)+C ~ d None of these

2. I= J.(\/E(;a - ‘,/tanx) dx,_then]equals- :

a V2 log (\fianx - eotx) +C

b V2 log |sinx + cosx + MHC

h \/5log|s'inx—cosx+-\/—2-sinxcosx[_+C _

d «/—?:loglsin(x +7/4) + ZSinxcosx-|+C.
” '

——,then I equals
3/2
(az —B? 2) /

43. IfI= J’

2 __ ¢ h—2__icC

a. —_———
\/az -2t a \/az —bx*
o ‘
c. ———+C d None of these
b2 2 »

X -
44. J.e" (x+x° +2x5)ex2 dx is equal to

1 2 4 - 1
a —xe* e +c - h —x%* +c
2 : 2

1 2 4
c. ~e¥e* +c 2
: 2

1 2 4
d.Exexe" +c -

2xb4x

' me” ),
45, .[ ( 5x/2b3x + ]dx (Wherﬁa,bERU_isequalto

1 2x33x .
a. ——_6]11 5 3a2"b3x1n—a b +k
ab e
1 1 1 Tk
6ln_ 20 aszsx eabe3x

1 .
P Zka ln(az"b3 )+k

1
d. 6lna2b3 2xb3x
ln(x+\/l+x )
V1+x?

=ay1+x’ In (x+V1+x%)+bx +c, then

aa=1,b=-1 b a=1,b=1
¢ a=-1,b=1 da=-1,b=-1

——In (@) + k.

46; I j



) _
—2005
47, J-cosec X

— 2005 dx is equal to
cotx _ tanx
A ———setc b. —— t¢
(cos x) (cosx)
2 —_—(t% +c d. None of these
(cos x)

2x% —12xf (x) + f(x)
(6f(x)- x)(x -/ (x))

48. TExf(x)=3f2(x)+2, then |

equals
1
a. —2—1—‘ +c b. —2——+c '
x° = f(x) x" + f(x)
S | 1
c. ———+¢ d. +c
x—f(x) x+f(x)
49. If If(x)sinxcosxdx-— -——1———1nf(x)+c then
| -2
f()isequalto _
: 1 1
@ sinx +b? cos®> x.  a® sin® x—b° pos2 x
' 1 | 1
c. d. o

a? cos? x+ b* sin® x

\/7 )

" &® cos? x —b?sin® x

equal to
\
a. & L + ol +c
1+x? ,/(1+x2)3,
b. € L X i+e
\R1+x2)3
\
e’ - L= +c
c .
' J;fxz \/(1+x2)5/

d. None of these

51, & —— is equal to

(l+x/;)\ﬂx—
1++/x e 1+

e (e

Indefinite Integration- 7.31

(ax* — b) dx

x\[c2 x? —(ax2 + b)2

a. L sin”! (ax +2)+k b. csin™! (a +2)+c
C x x

52. The value of J' is equal to

- b
ax +— _
¢. sin” X \+k d. None of these
c
53. Ifj = a (tan’x + b) Vtanx +c , then
cos® x s

=g 0m
54. 1f [ xlog(1 +1/x)dx = f()log(x +1) + g(x)
+ Ax + C, then
- wfe)- %xz b g® =logx
c. A = X d. None of thesé

55. If I =I , then 7 equals

I yx° -1 1
a 3 + tan x-11+C
x
> )
-1
b LY st x2—1]+c
2| «?
1 x2—l
c. — +tan -11+C
2 x
‘ d.% “x - J)c_—J+c

56. IfI. .= [cos™ xsin nx dx, then 7 I, ; —4 1, , is equal to
m,n 4,3 3,2 €q

a. constant b. —cos’x+C
c.—cos“xcos3x+C d cOs7x—cos4x'+C
57. If I——d—x—-— —-—[f(x)]l/"+C then f(x) is
n (n—-1)/n
(" +1) |
a (1+x7) b 1+x
e X"+x"-

d. None of these
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58. 4]“

dx is equal to

3 | 6B
a a +x +a
a Va® +xP +—Inj——=—=7 +c
2 |Wab+x' —a
6 8 3 .
Na® +x° —a'|
Y a6h1-——-——3'+c
Va® +x* +a
3 , 6+ 8 3
X —a
a +c

c. Va®+x® +92—1n_

\la6 +x8 +¢13

Jab +x® +a.3
Vo +x% -a*

59. If I=[¢™ log (" + 1) dx, then I equals

a x+(e=+1)log(e+1)+C
b x+(e&+ Dlog(es+1)+C
c. x—(e*+1)log(e+1)+C
d None of these

d o®hn +c

60. If jxe" cos xdx = ae™ (b(1 — x)sinx +cxcosx) +d, then
a.a=1,b=1;c=—1 ha=

c.a=1,b=-1,c=1

6l IfI=j ,—Z_Tidx,thenlequals

a. ,/x+ ,/5 x +3sin” ,’ +2 +C
h x+2 \/5 —x +7sin™ 1}# +C
c. ,/x +2 JS—x + 5sin™ ‘F—;—Z +C

d.'None of these
62. J'e‘a‘“‘ (sec x —sin x)dx, is equal to

g €77 cosx+C b € sinx+C

tan x
¢ —e™*cosx+C da e secx+C

is equal to

63j~f1:_;

“J()
\/

a %\/1+x2(2+x2)+C b %\/l+x2(x2—1)+c

c —1—'(1+x2)3/2 +C
3 .
dx

64. If I =
' I secx +cosecx

, then I equals

a l(cc»SJ‘c+sinx—Llog(coseclzx—cosx)J+C
20 V2 |

L
2

C. 7—2— )
4l [sin x —cosx] - L loglcose;: (x +7/4)
2 NP

—~cot (x + 1t/4)l +C

65 IfI= I sin2x di, then I equals
: 3+4cosx)
3cos x+8 +C b 3+8cosx ‘C
(3+4 cos x)2 16 (3+4 c:o_sx)2
3+cosx c d 3 —8cosx L C
(3 +4cosx)2 , 16(3+4-cos x)2

dx is equal to
2 2
a e m("—"lj +C b+ m(;"il +C
2 x+1 S 20 \Wx—-1
. 1 m(—x 1) #C¢ a ofm(E
4 x+1 4 x-1

67. jJe—‘———l dx is equal to
a2 I:\/e"—— -tan“ \/Z:] re
b. e"-1;tan"\/§—_1+c
d. 2 [J;‘—:+M" \/eT-_1]+c

d. —\/l+x x*-2)+C .

1 )
b. —{sinx — cosx ——= log | cosec x + cot x| | +C
( >~z 8 'v')

. ' 1
(sm x + cosx +—2- log |cosecx — cosxl) +C

Tt

e

Each

q more



68. Iy_csinxsec3 x dxis equal to
1 5 . 1 2 :
a E[sec qc—tanx]+c b. E[xsec x—tanx]+c

1 1
c. E[xsec2x+tanx]+c d — [sec?x+tanx]+c

69. J'e" (xz +1) dx is equal to

(x+1)

a. (ic;l-)ex +c
x+1

c.e*(x+ l)(x—1)+c_

2
70. I(x_'_ ) dxlsequalto
a.ex( ad )+c b.'ex(x+2)+c
x +4 x+4
AN 2
c. &2 2\+c d 2x¢ \ie
x +4 x +4

7 JM dx is eq‘ual to
( .

h e (x x 1)+c
S ilx-1

d None of these

2
2 +3 cos x)
sin x . 2 cosx
a | ——|+c¢ h - +c
(3cosx+2) (3smx +2)
2cosx \ 2 sin x _
ce. | —— |+¢ d|————|+¢
3cosx+2 3sinx+2

| Multiple Correct
Answers Type

Each question has four choices a, b, ¢, and d, out of which one or
more answers are correct. '

"Z‘-"‘i )
f:: _[ x* +2ch ¥ cosec xdx is equal to
4 x°+
% a cotx—cot'x+c b ¢—cotx+cot'x
b -1
% c. —tan“x— COSCY ¢ d felogm F_cotxtc
sec x :
2. If Ismxd(secx) =f(x)— g(x)+c,then

A a. f(x)=secx b f(x)=tanx °’
c. glx)=2x d gk)=x

k3, -Nl + cosecx dx equals '

: a. 2sin7! 4fsinx +c¢ b. .s/—2_cos“ Jeosx +c

c c—2sin (1-2sinx) d cos™ (I-2simx)+¢c

HIIUT I G NGy cuwvis "

4. Ifl= J‘sec2 xcosec” xdx =4 cot x + Btanx + Ccotx

+ D, then
1
a A=—— h B=2
3 L
c. C=-2 d None of these

5. A curve g(x) =jx27(1+x+x2)6 (6x% +5x +4)dx is
passing through origin, then
a g()=— b g(l)="—
g 7 g) 7

7

e g 1)—l dg-1)= i’

4
If ‘Hcosecxﬂ dx = k fog (x) + ¢, where kis a real

~

(09\

onstant then

a k=-2,f(x)=cot’x,g(x)= 1/cosecx -1
b k=—2,f(x)=tanx, g (¥)= ,/cosecx —_1 N

cot x

\/cosecx -1
cotx

d k=2,f(x)=cot™ x,g(x)= m

. . 3
7. IfI= jfﬂx——su—lidx = P cosx + Qlog | f(x)| + R, then

¢ k= 2f(x) tan'xg(x)

cos 2x
a. P=1/2,0= 2
ol 2 4Ji
b, P=1/4,0= =
o y X ,JE
) -\/Ecosx+1
c. =
J2 cosx =1
s/fcosx—l
d fX)=—f—""—
\/Ecosx+1
x—l .
3. Ifj 2x dx = AF (x— 1)+ BF (x—4) + Cand
( —5x +4) : - :

Fy= [ then

a A=-2/3
c. A=2/3

b B=(4/3) &

d B=(8/3)&

9. If Ixz e dx = e (ax® +bx4-c)+d;then
aa=1 h b=2

1 : - <7
c.c=z ~ddeR
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10. If n!

a. both f(x) and g (x) are odd functions

b. f(x) is monotonic function
¢. f(x)=g (x) hasno real roots

Jf(x)dx 1.3 ..
g(x) e

2.
1. If j x_—x+31
P D)2

e“dx = e* f(x)+c,then

a. f(x)is an even function

b f(x) is a bounded function

¢. The range of /(x)is (0, 1]

'd. £ (x) has two points of extrema -

12, IfIde=Af(i) +B, then
cot x —tanx

BN f =

a A=- b B=

00| ==

' R
¢. f(x) has fundamental period 7
d f(x) is an odd function

13. Ifjsin—lxcos'lx dx =f(x)

: [Ax —xf (x)-2 1—x2:l+2x+C,then

a, f(x)=sinx b f(x)=cosx
e A= % dA= %
14. If f(x)= j ———-—dx and £(0) =0, then
a. f(x) is an odd function-
b. f(x) has range R

¢. f(x) has at least one real root
d f(x) is a monotonic function

f S —fee)tothen
N/ X +ax +1 ‘ ,

a f(x)is iI;Verse trigonometric ﬁinctiop for |a|>2
b. f(x)is logarithmic furiction for |a| <2

¢. £ (¥) is quadratic function for |a| > 2
g () is rational function forja] <2

Reasoning Type

Each question has four choices a, b, ¢, and d, out of which only
one is correct. Each question contains STATEMENT 1 and

STATEMENT 2.

" a

h.

| Linked omprehensio
Type ‘

" Based upon ‘each paragraph, three multlple choice questions

. Statement-1: For—1<a<4 J' 3

. Statemeat 1: j{f () ¢'(x) — f'(x) ()}

if both the statements are TRUE and STATEMENT 2 is the

correct explanation of STATEMENT 1 -

if both the statements are TRUE but STATEMENT 2 i
NOT the correct explanation of STATEMENT 1

. if STATEMENT 1 is TRUE and STATEMENT 2 is

FALSE.

. if STATEMENT 1 is FALSE and STATEMEN% 2 is

TRUE.

X

. Statement 1: J.éx sinxdx = %(sinx—cosx)+c.

Statement 2: [e*(f(x)+ f/(x)) d=¢" f(x) +c.

dx
x“+2(a- Dx+a+5
—Moglg(x)]+c where A and c are constants.

1

Statement 2: For—1 <a <4, is a:

7 X +2a=Dx+a+5
continuous function. :
in x dx

Statement 1 I (x> 0) cannot be evaluated

Statement 2: Only differentiable functions can be
mtegrated .

. Statement 1: .[3—— - ,1.;.
\/1+x

Statements 2: For integration by parts we have to follow
ILATE rule.

. Statement 1: If the primitive of f(x) = 'sin 7zx + 2x —4 has

the value 3 for x = 1, then there are exactly two values of x
for which primitive of f(x) vanishes.
Statement 2: cos 7 x has period 2.

1 -1
10 000) {log ¢ (x)—log

F)} de= {log o )} ‘e
2 X

Statement 2: I(h(x))" W (x)dx = (h(x)™! +
- ‘ : " n +.l

have to be answered. Each question has four choices a, b, ¢, and d,
out of which only one is correct.

“ For




For Problems 1-3 ' )

y=fx)isa polynomial function passing through point ©,1) and
which increases in the intervals (1, 2) and (3, =) and decreases in
the intervals (= oo, 1) and (2, 3).

1. Iff(1)=—8, then the value of f(2) s

a 1-3 b -6
c. —20 _ d -7
2. Tff(1)=—8, then the range of f(x) is
a [3,%9) b [-8,)
c. [-7,%9) d (=, 6]

3. If f(x) = 0 has four real roots. then the range of values of
leading co-efficient of polynomial is

a. [4/9, 1/2] b. [4/9, 1]
c. [1/3,1/2] - d Nore of these

For Problems 4—6
If 4 is square matrix and A is defined as &' = + 4

+ £+£ + = —l{f(x) g(x’)], whereAv= [x x]
o2t 3! C21g(x) f(x) X x

and0<x< 1, Iis an identity matrix.
4. jggi)—dx is equal to
f)

b logle‘—e;’|+'c
d None of these

a log(efte™) +ec
c. logle”—1|+c

5. [g@+ )sinxdx is equal to

X
a. 32— (sinx — cosx)

2x
(2sinx —cos x)

X
c. ES_ (sin2x —cos 2x)
d None of these
6. j f(x)
Jg®)

a ——1—— —cosec(e) t¢
2Ve" -1 '

dx is equal to

—sec(e) +c
ef—e’

c. 1 —_+secl(e)tc¢
e ~1 -
d None of these -

PR

THUCSH T BiGyraowe: raw~

For Problems 7—-9
Euler’s substitution

"Integrals of the form JR (x, \/axz + bx +c) dx are

calculated . with the aid of one ‘of the three Euler
substitutions

1. \/axz +bx+c =txx \/—c; ifa>.0;
2. Jax? + bx + ¢ =oxx e ife>0;
3. \/axz + bx +¢ =(x—a)tif dx2+bx+c=a(x—d)

(x—b)i.e., ifaisareal rootof 2+ bx+c=0. ..
7. Which of the following functions does not appear in the
1

primitive of -
! 1+\/x2+‘2x+2
© alog ft+1] b log |t+2]

C —1— : d. None of these

t+2 . .
8. Which of the following functions does not appear in the

dx

x+\/x2»—x+'1

¢ logjt-1f

9. [— xdx
(\f7xf10-x2)
forx as
WSt 26 5- 1
2 +1 . £+2
_ 285
3% -1

if tis a functionofx 7

- primitive of if ¢tis a function of x?

b log, t— 2]
d logjt+1]

a. log | ¢|

can be evaluated by substituting

d None of these

C. X

aticatch ype | w
Each question contains statements given in two columns which
have to be matched. . : '
Statements (a, b, ¢, d) in column 1 have to be matched with
statements (p, g, 1, §) in column 2. If the correct match are
a-p,s,b-5,¢-p,q and d-s, then the correctly bubbled 4 X 4 matrix
should be as follows: :
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1. _ - Column 1 ¢
2F ._1”’ N i Sl T T
a If [—=—dx=ksin" (f(x) then £ is greater than.
&
NS c >
b If j—(—‘/—f-)—gdﬁam ~
(\/;) +x cxX
4.
€
c J'—J—CLZd)c=k-lnP'C|",F
(x +l) »
of mtegratlon then mk i s great' .
a: j—dx—'"—kmn ‘mitan
5+4cosx e '
— '8
2. |. : ~ Columnl . y
Arg
Subj
L
2,
3.
3. 7 Columnl
.. “,’—-x+] 4,
a j =
—4x? +4x
1 5.
b. —-—dx
x(x=2)
\ PR 6.
G J-—_dx x =  ~‘2* =
K " TN 7.
‘ti'd' ‘[
8.
nteger Type 1+2cosx 5
2. Letgx)= [ ——2)—dx and g(0) = 0, then the value of
1. Let f(x) = J.xsm * (1 + x cos x-In x + sin x) dx and $e(m2)is 10.
2 ' 2
T\ &« (x* +Ddx
f(_jz_,thenthe value of [cos(f(n))| is 3. Let Kx) = | =————=andk(-])=5—, then the 11.
-2 [cos((m) | o JE

valu_e of k(-2)is




indefinite Integration 7.37

4. If jx2 6 dr= e (ax® + bx +c) +d, then the value \,\12- E.valuate J.cos 20 lIl(cos@ ﬂ-s?ne ]de. m—EE, 1994)
ofla/bc| is ’ : (fose —sin6
5. Iff(x)z I—?’JCZ—+1dx and f{0) =0, then the value of [2/(2)| 13. Evaluate I——% - (IT-JEE, 1996)
1)} ’ x(1+xe) :
is .
6. 16/0)= Vx g0 =~ 1,and [ fog(x)dx =Afog =)+ B 14. Evaluate | ;1; 1 +ﬁ dx. (UT-JEE, 1997)
tan™! (fog(x)) + C, then 4 + B is equal to ‘ ., .
[Reosa=sinz £ | 15., Bvaluate |52 *2 (IT-JEE, 1999)

dx=Aln|cosx+sinx—2j+Bx+ C. 2 +D)*(x+1)

cos x +sinx —2

Then the value of 4 + B +|4]is 2% +2

: : 16. Evaluate jsin‘1 [———] dx. (OT-JEE,2001)
. xY (eY xY eY i \/4x2+8x+13
8, Ifj‘(—'—) + —] Inxdx = A|Z| +B|=| +C,then : : :
[¢) e x e x _ 17. Evaluate forme N, ' '

the value of A + B s [P +22" 4+ x5 435" +6)"d x> 0.
L o i Objective a
Subjective ]
o - . : ~ Fill in the blanks
sin x .
1. Evaluate [ —————dx. (IT-JEE, 1978) 4 6 |
s ‘ o ~Ax+ Blog (97~ )+ G, then
2 e” — S
X . .
2. Evaluate |———dx. (IT-JEE,1979) - - - _
. J‘(a+bx)2 : ' ? A ~,B _ ,C ‘
3. Evaluate the following integrals: : ‘ Multiple choice questions with one correct answer
: 2 . 3 - 5
a J' 1+sin(£)dx b J' X dx. ' 1. The value of the integral J-(:()szx-l-—(:()ix dx is
: \2 Y l-x : , sin“ x + sin” x
. (IIT-JEE, 1980) a. sinx—6tan™ (sinx) + C
4. Evaluate [(¢“*+sinx)cosxdr.  (UT-JEE,1981) b. sinx—2 (sinx)~'+C
. D ‘ ¢. sinx—2 (sinx) "' -6 tan! (sinx) + C
5. Evaluate | —D% (UT-JEE, 1983) d sinx—2 (sinx)-! +5 tan (sinx) + C
: (x+ 1y
. 2
x° -1
dx L 2 : ’ dxis equal to
6. Evaluate IW (HT-JEE, 1984) \9"‘ x3 \/2x4 _ 2x2 +1 ‘
. _ J2xt - 227 +1
7. Evaluate j L ‘/;. . (IIT-JEE, 1985) a Y—— —+C.
. 1+ \/;C- A 4 ) ~
. -1 -1 5 v
sin” Vx —cos VX P 2
8. Evaluate . (OT-JEE, 1986) y2x" =2x" +1 :
‘[Sin_I\/J_C+COS_1\/; : b E—— +C |
,/cos 2 . ‘
9. Evaluate [Y= * . . (@T-JEE, 1987) Sy
Sm x ' , . 1 — " +C
- 2
X .
10. Evaluate I («/tan x + \/cot x)dx. (IT-JEE,1989) ‘
MYy J2xt 22 +1
| 1 i+ %) a ¥ " T 4c
11. Evaluate j L dx 252

Tl Prvs

(IIT-JEE; 1992]
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1+x x?
1 [ ———
j (x —x} J-x\/(l x)
Jx\/(l—x4)+J J(i—x4)
- R
x* (1-x
=_E'|- (1_“2)u+EJ. \i(l—v2

(Putting 1 — x*=1?, —4x® dx=2u du in the first integral

dx

and x> =v, 2x dx = dv in the second integral) -
_ 1 du -1
_EJ i +=sin" v
1 1 u-1 1
- = —.—log|——|+—=sin" vie
2 21 u+l
1 \i(l x) -1
=——log———+ sin” (x )+c
4 ,/(1—x ) +1
I i (2c0527‘c—1)”2dx
sin x

[V cos? x —1)sin xdx
sin2 x\/(z cos? x—1)

_ ¢ @-ndt

(-t ),/(2:

(Putting cos x =t,— sinx dx = df)

I (i _2(1-A)+1 t)+1

Q-2 )\/(2r
dt

=2
J \/(2t 1) J (1-1%) (2:2—1)
=1 +1I,(say) : _ Y

%logiﬁt+«/2t2 —1‘+C1

And putting ¢= 1/z, dt.= (—l/zz)dz we get

Ol I)J(;——J

2=V, —zdz=vdv

Now I; =

Putting 2

1 v—1
‘ _ —1 +C
= L= 5% og(vﬂ) 2

56

= | ———

=1

ANSWERS AND SOLUTIONS

i

B |

N =

N | =

log|“——

(2t —1)+t

(cos2x) —cos x|

log

Hence, from equatlon (1), we get’

I= «/Elog [/2 cos x ++/(cos2x) |

x -1

(x +1)\Jx +1

o (l—l/x )

X2 (e +1/ VE2 +1/ 5

- (1-1/x%)dx

. (x+1/x)\/(x+l/x)2—2

Putting x + 1/x = ¢, we haveI f

,/(cos 2x) +cosx|

|w/(cos2x cos;gl +C
I./(cos 2x) +cos xl

dt

t\]t -2

Again putting £-2= y 2t dt=2y dy, we get

_J' n-! ¥y
(y +2)y «/_ \/_
_ lta.n'l VX2 +1/x% te

2 2 '

. I, =J cos” xdx

=cos" ! x Jcosxdx +(n.—l) J(sinz x) cos” ~2 xdx

= (cos"_l x sinx) +(n -1) J. cos” 2 x(l —cos? x)dx

= (cos"'1 x sin_x) +(n-1) I I:cos"'2 x —cos” x]dx

n
n

Here, 1 =j

put xe*

(1 —xsinx)dx

()

n

=1, +(n-1)1, = .(cos"_? x sinx) f(it—l)([,,_z)

= 1 (cos"'lb xsin x) +(

n-1 -
—)In—2

¥ =¢ so that (xe°®* (- sinx) + ™) dx = dt




L (7‘1)

1 -3
_,Let;3—.—1=y = dy=t—4dt

1 rdy 1 :
= 1=—517="§10gIY|+C
1 1
—— Zlog|=-1l+C
3083
g,
' = ~ + dt
= jl—t I1+t+t

. 1' : »
=10glt|——§— log| 1——t|—§ logjl+t+2|
where, ¢ =xe**

6. Note that sec™ 1+x? =tan’'x;

N
cos™! 1 x2 =2 tan 'x
1+x

-1y '
= I= J-elt:“xz I:(tan'1 x)? +2tan”" x] dx

(forx>0)

‘ [put tan™'x = 7]
= [e' (@ +2n)ar '

'1 :
Putx+ l =z . (l— —-2—) dx=dz
X x

=1

=J- dz B
Jz+a)(z+ B)

- dz
\/zTJr (o + [3):2_ +of

dz

=5

Indefinite Integration

=log z+(_xd|2-ﬁ— (z}a)(z+ﬂ) +c
=log |x+—+ - (z+a)(z+ﬁ) +c
- X .

X P4

(222 + (@ + B) x+ 2

=log
: 2x

_\[(x2 +ax+1)(x2+Bx+1)

=log x+l+a;‘3— (x+—1-+a)(x+l+ﬁ) +c
X

X

2
! \’xz +ox+1 —\,xz + Bx +1
=log — +c
2 ' Jx :

) - : : 2
=2iog [sz +ax +‘1\/—_\/F+ Bx +1) e
_ : x :

‘ 2x
. [——=—=ax
j(1 ~-x%) \/x4 -1

=J' - 2x
(2- 3/2\/724_1

_ 1[x2_1)”2 o2 —1) 2% — (o2 +1)2x

t dx=dz
2(x* +1 (* -1y
-1 -2x
,/ +1 & —1)
—2x
dx=dz
xz- 3/2\/’2
x* +1
glvenmtegml— sz =z+c= 1+c
x [

. '_’Wn'te I= I4—x‘/—2—__— and put. x¥—1= 2,50 that
X qfx ~1 _

2xdx=2drand
I =.' 4 gt = dt
'[(t2 +1)2 t t (# +1)2

v = [ gt

7.39

]+.¢ |
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10.

_ 2t
2 +‘[t (t2 +1)2 “
t2l 1 1
- t2t+1 J' * ~dt /

N )

- +1
Lt lentiec
28241 2
=%{Yx " ttan™t a2 —1]+c
x
HereI J 3- x)dx

putx— 3cos 28 =>dx=—6 sin26d6

sin” (?/l_—g ,/3 —3cos26)"x

(-65in26) d6

J 3 -3 cos 29
3+3c0520

= j_s—‘ﬂ sin”! (sin §) (=6sin2 0) d6
cosf :

=-6 [o (@sin’ 0)do

=— 66 (1-cos260) d6
——6{——Iec0526d6} _ -
_ 6% (,sin26 [ (sin26

- {7_(9 5 _[1( > Jdo)}

+6 0 sin 20 N cos29}+c
2 4

- ) 2
-1 -3 cos_l(i) " +249 ~x? cos! (£)+2x' +c.
4 3 C\2 1

1. 7= _f,/secx 1 dx = j1°°”

cosx
=I (1 —cos x)>< (1 + cos x) 5
cosx  {(1+cosx)

2

1—cos® x

=j 2 dx
cosx 4 cos” x -

=J_Sil;dx

\’COSZ X+ cosx

13. I= |

Let cos x =¢. Then d(cos x)=dt = —sinx dx = dt

e (03] )

=—loglle+=-|+.Jjt+—-] —-|—
2) .2 2

-= —log (t + %)+ N
[}
cosx+5 + 4Jcos® x +cosx

+C

+C

"= -log

12. I=I 1+cosecx dx

_ J-Jl +sin x

Slﬂ X

x x -
sin— + cos = .
_J‘—Z
X
2s1n—cos—
2 2

(- 0<x<n/2)

X x
sin= + cos=
2 2

= 'f —2
\/ —(sin-’zf —cos .’22) |

Putsin > — cos> = t=> | cos % + sin = | dx =2dt
2 2 2 2

dx

=2sint+c¢

= 2sin”! (sinx hd —cbs£)+c
2 2

li)OS4 X

3dx'

‘sin® x(sin’ x +cos® x)5

. 4 ’
cos” X
= I —5 &
. 6 5 .85
sin” x(1+cot” x)

=J‘ | sbeczxdxu

tan6x(l+ 15 )5'
tan” x




Indefinite Integration 7.41 .

Let tan x = p, then sec” x dx = dp

- . ) .
_ 5.b. f(x) = x|cos x|, —<x<m =-x cos x, because cos x is
@ - N |
= I= I 375 .. [E
P 1 negative in | —, 7 |.
P 1+—? 2
) _ -, the required primitive function = _f—xcosxdx
Let (1+—?]=k =-5—Fdp=dk ' Now, use integration by parts
p p n—1
' 1 . 6.a. I= - dx
= = —g.[(k) 315 die , J (x +1) J.x" (x" +1)
, , Putting X" = £ so that n " ~ ' d = dt
l(k2/5) _5__ +e 1
3 2 =>x"-‘dx= —dt
1 +1 " B
D ——dt :
= J= —-= ) . 1¢1
2[ X ] _ e I= [E—== 1)
. (e +1) nlle t+41)
s x+1] ' 1 S
_ _Nabx+l)p 1 215 _1 _
= 2[ 5 ] (1+cot x) = n(logt log(z+1))+C
S 1 x"
Objective Type = ;log( - +1] +C
x

J- - sin 2x

oo A _ . x 3x
sin 5x sin 3x T.b. I= I4smx COSE co§7dx

J-sm (5x = 3x) ' ' v = J 2sin x(cos2x +cosx)dx
sin Sx sin 3x ’

_ J-sm 5x cos 3x — cos 5x sin 3x = I (sir;.3x—sinx+sir'1 2x)dx

sin S5x sin 3x 1 1 .
=COos X — gcos3x—-2-0052x+C

=%logsin3x—%logsin5x+c . :
) dx 2 7 . ’ R
_ I\/1+'sinx ﬁ_siHde | | 8 c. = =f"(f) cos t—f"() sin t+ f”(£) sin t + f7(¢) cos t
1 —sinx . = Lf”’(t)+f’(t)] cos ¢ ’
cos X
- . d " - ’ ’ .
I I —smx sinx +C 7};=—f’ (t)smt—f’(t)cost+f'(t)cost—_f'(t)smt
8y =-/"@+ f0]sin¢
sy, Jaeets | _
1-2sin“ xcos” x o PRCTEPRN 1/2
_ J'(sinzx—cosz x)(sin“ac+cos4 x) - = [(E) +(7)t)) jl
: 1-25in? xcos” x .
. ’ — A+ £ (cos? RPN
=j—coszxdx=—lsin2x+c - [(f @+ SO (cos” t+5in’ 1)
2 ="O+f @

4
4b. I cosdx+1

cotx— tanx ' : axY - dy21/2 _,’,.
_.[ 2cos? 2x : .= Il:(;;) +(Z)] at =f"O+ f(+C

5 sin x cos x dx

cos” x—sin” x 9.c. sin’xsin(x+0)
=Ic052xsm2xdx e ~ =sin® x (sin x cos &+ cos x sin @)
o =sin* x (cos @+ cot x sin @)
1 1 : A _
= — 1 I - — ' . N . 1
_ 4J's_m4xdx _Scos4x+C ‘ v I=J‘_ . dx.

\/sin3 x sin (x + @)
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. 1
= j‘ . : ——dx
sin” x 4/cos @ + cot x s &
cosec” x

_I dx
J&)sa+cotxsma

Putting cos o+ cotx sin & =fand— cosec? x sin ardx = dt,

we have

1 1 172
= {-——dt=——— [ a
, j sin & t smaj- .

1/2
-l
sin o \1/2

= I=—2cosec & Je+cC
=2 cosec ax(cos a+ cotx sin @)'?+C.

pxp+2q—l _ qxq—l

dx
(xP*? +1)2

10.c. j

(x? +x q) |
- (Dividing N and D’ by x*%)
_ .

t t xP +x71 xP* +1

L.c I, =x(lnx) -

=x (ln x)"—nl(,,_l)
= I +n I, =x(in x)"

x+2
(% +3x+3)Vx+1
Puttingx+1= 2, dx=2tdt, we get

12.b. LetI= j

J' 2 +1
42+l

dt

1t
Y ACD

(t_l +3
t)
v 1)
2. t
= Ztan| £ |+C
3 V3

2| 2 +C
3 B+

J- sin2x __sim2x

13.b. 1
sin® x +cos? x

17.b. f@= |

=_[ 2sin x COsx &

sin? x -H;os4 X

_ I 2ta.nxsec x
1+tan* x

Let tan’x =t =>2tanxseczxdx=dt,

d .
2 =tan? t+C=tan" (tan’ x) + C

=1

secxdx

jﬁm (x + 4) cosx

_j- sec® x dx

2sin x+A
cos X

sec? x dx

B TE J‘ftan xcos A+sin A4
_ secAd IZpdp -

14.c.

(tanxcos 4 + smA = p?, then cos A sec? x dx = 2pdp)
I= J2sec4 jdp
15.a. leferentlatmg both 31des we get

,/1+sm x f

= f(x)=cosx

16.c. Here, [ {f()— [ (dx=9(x)

V2 secA tanx cdsA+sin'A +C

= ——(1+smx)”2 cosx

and [ {f()+ [ ()}dx=€"f(x) |
On adding, we get 2 Jex f(x)dx =¢(x)+e”" f(x)

‘xzdx
a +x%) 1+ ﬂx )
Letx tan 8= dx = sec? 0d6= (1 +x°) d6.

2
dx
= o= z
* I(1+x)(1+\f+x)

_ J- tan 0 sec® 6d0
sec’ 8(1 + sec 0)

"j tan’ 0 d0

1+sec6

iy sin” 6d6
cos 6 (1 + cos 2)]

_-Jv 1-cos® 6 d6
cos 8 (1 + cos 6)

1

1$

2



18. a..

19.c.

20.b.

J(l — cos 8) df
. cos @

: =Isec€d9-—jd9

=log (x+ 1+ x* )—tan' x+ C

Given f(0)=0
=  0=logl-0+C
= C=0

= f()=log(l+ {1+ 1)—tan" (1)
=log(1+2)- % |
Let x = tan 6, then dx = sec? 640

' 2
Now y=J' _=I seceéde
(1+x%)?  (1+tan® )2
2q9.
_ j sec 63 46
. (secze)E
2
=8 e-[L0 jcosede
sec” 8 sec@
Hence,y=-sin@+c= X e €)]
: \/1+x2 . "

[--tane—x—f-sme———' X
1 V12 +27

Given when x =0, y = 0 = from equation (1),0=0+¢

=c¢=0
x

\/l+x2

= from equation (1), y=

1
=whenx=1,y=—
)
Letx=t5=>dx=6:%dt
=I= £ q+A) 6l dr
= 1=6 [ +4P+6f+ 4+ de
=6 (S +4r+ 607 +ad + 1% dt
. 9 11 13. 15 17
=6 t_+.4_t_+ﬁ._+.4_t_-+£__ +C
‘ 9 11 13 15 17
6 a3 4 aue L8 e 4 s +_1_x17/6}+c'.
11 13 15 17
Here, [ x*(1+x°)" dx
Let 1 +x*=# and 3x* dx=2tdt
L [P

= R+ P

21.a.

22.c.

23.d.

= I= J'sin'1 (——2 tan 9
_ g 1+tan2@

24. c.

= [@>- 1) (P75 2 dx

= % J‘(tZ_ 1) t7/3

_2 o33
Sj(t -3y ar
=2-{3 t16/3 3ol
16 0
1 .
§ 1+ - (1+f)5’3+c
2/7
Let J-(l cosB)/
(1+cose)97
— J(Zsin29/2)2/7 I(sm9/2)4/7
(2cos? 0/2)°"2 27 (cos8/2)"*"
put=r . L
2
R (smt)‘“7 » .
- j (cos t)m/7 .(Here m+n==2)
= j(i:ant)‘“7 sec? tdt -
Puttant=u.'.'sec2tdt=du
. 11/7
= 1= [u*du=%— +c tans)'M7 +
J 11/7 ( n0)
7 : 0 11/7
= —| tan— +C
u( )
I= j dx=a1n|x|+bln|1+x7|+C
x(1+x )
. . 1-x’ a 78
Diff. both sides, we get =—
: , x(1+x7) x  1+x
= 1-x"=a(l+x")+7bx’
= a=1,a+7b=-1
= b=-2/7
, . oy
I= Ism ( )dx letx=tan 6
142

= dx=sec? 0d06

) sec’ 0d0

=-2J'9sec26d6

=2(6 tan O~ Insec §))+ C
=2(xtan~'x—Insec (tan ' %)) + C -
L In(tan x)

sinx cosx

I= dx ,lett=In (tanx)
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- dt _ sec® x = —je‘a“_"dx——x eﬁ“_“+‘[em_l’d5c+c
dx  tanx ' ' ~
_ tan”! x
dx =—x e +C
= di= sinx cosx ' dx
8.d. [=[——-
: [ 3 5
= I= jtdt=1t2+c=l(1n(tanx))2+c SIn X C0S"x
2 2 dx
2sinx - . N - 3
25.¢. I= | ———mm— Sm’ x 8
J. (3 +sin2x) , o 2 cos” x
. . . 4
_ J-smx+cosx+s1n.x—cosxdx : o[ x
(3 +sin2x) » : tan> x
) . o 7 (1+tan® x)sec? x
_ Ismx+cosx _ [—sinx+cosx = I—J——s—dx
3+sin2x (3 +sin2x) tan” x
}; l¢2 Let t=tanx = d ¥ sec’ x dx
2
Putting ¢, = sin x — cosmeI andtz—smx+cosxm12, = I= _1:'/’; dt
we get t
e = T - ey
B+0-£)] [3+(t2 -1} - T X ».
=J‘ dt '_I'dfz : = -2t 2'+3}--t3’2'+C .
4-f 2+ a o g
1 2+t' ) ‘ : _ . =;2cmx+§ tan’ x +C
e 008
4. _tl 2 . = a=;2'b='§
~1h12+ﬁnx—amx ltmrlsmx+amx +C " cosdr—1
- - .. |T—F - . 0O
4 |2-sinx+cosx| 2 2 . . I= j STXT
) » cotx— tanx
26.d. = J‘ X dx _ j—ZSin 2x(sin xcos x) &
(4x* +4) (cos® x—sin? x)
dx _ _J‘Sin22x Sin2xx
=J 1\¢ cos2x
3 .
* (4+x_2) _ J-(cossz—l)siBZxdx
o cos2x
1 . g
i d(4+x—2) Lett=cos2x=>dt%v25m2xdx.
T2y | 101-7) . 1 %
— = I= —{——=dt=—In|t|-—+C
(4+x2) : =gl g2
_ _ .
(4+ 1 )_5 , = 51n|cos2xl_—%co522x+c
- -5 : ) \ _
=_.;.,__x5—+c= %(44.%) +C 30.a. Putting 1—1}=y2,—3x2dx=2ydy,we'get
L= X . . . : )
1 v 1 3 dx
27.c. I= [e* *(U+x+x )( ( z)dx) x1-x
+x ‘ 20 1
-1 vx \ =_§ 1 Zdy
=—Je'a“ Jf(l+ Z)dx -
1+x7, 1 y-1
’__#:_/‘ . em-lx —glog ——+1 +C .
= [ et "dx—jx 5 dx
1+x

31

32

33. ¢

H.d



| 1-x° —1

ogl———

|N1-x +1

e

xZ(xn +1)(n—l)/n

T dx

- J. : N
x2 xn—l (1+_"_) .

p
_ dx
- jx‘n+1 (1+x—n)(n—l)/n,_

+C =a=

) | =

1
3

31.b. We have j

Putl +x"=t¢

" lde=dt = d __dt -

xn+l n
dx l¢ dt
= ij(xn +1)(n—1)/n - nJ.t(n-l)/n
1/n-1+1
1 ¢ ym 1 ¢
= -1\t dt =—— ——+C
nJ. n 1/n-1+1

=—frpCc=—(1+xM"+C

_ _ dx
) J-x/xZ—l : '[x\/xz—l
=1n.|x+\]x2+1|—sec_1x+c

33.¢. Write 2ax + x* = (x + a)*— &’, and put x + a = a sec 6,
so that dx = a sec Otan 6 40
_ J-asec Otan

de
& tan® 0 :

J- cosB
2 sin 9
1

5 +C
a“sin@

C:—_l___ﬁa_— +C

a® tan@ a’ \’2 X +x°

. By rationalizing the mtegrand, the given integral can be
written as

f@= f(x+ ,/x2.+1)d_x.
'=§ -325\/ 1+logx+\/x +I+C

Putting x = 0, we have £(0) = Cso C=—~1/2~ /32

1 1 1 i 1 1)
=4 = J2 + =1 1+2|+-=—-—=
andf(1) 5 + 5 N2 5 og| N | ( ;)

1 secH

SR g S g A S
g
-9

s

Indefinite Integration  7.45

Llog 1+ ¥2) =~ log (V2 - 1)

35.b. j (———2“’” +tan2(x—£))dx
tan x 4

36.a.

37.c.

38.c.

3=2a- 3b2 -3g+2b=>a=

39.a.

‘3cosx+2sinx

fe (e s
- ot un(x- e

Given thatI= J (2 +0)(x 2 +2x7°) 0ax

or  I= [(+D( +20)0dx

Nowputx2+2x t=>(x+1)dx a
5 = J‘tmo at_1.10 0 _5 o~
2 211 11
__.(x +2x)11/10 C
I—'—dx7—=ama+x2>+bm-lx
(x+2)(x" +1) v
o Lnpeae
Differentiating both sides, we get ' :
1 2ax b 1
2 = 2 + 2 +
(x+2)(x*+1)  (1+x%) (+x*) S(x+2)
1  (x+2)(5b+10ax) +1+x°
(x+2)(x* +1) 5(+x%)(x+2)

= 5=(1+x)+5(b+2ax)(x+2)
Comparing the like powers of x on both sides, we get
14+10a=0,b+42=0,10b+1=5
= a= ——L, b - 2
100 -5
Differentiating both sides, we get

3sinx+2cosx _ + b(2cosx—-3sinx)
(2sinx+3cosx)
_ sinx (2a—-3b) +cosx (3a+2b)
- (3cosx+2sinx)
Compa.ring like terms on both sides, we get
12 15

— b=_—
13° 39

j 3" —5¢7"
4€* +5¢F
Differentiating both sides, we get
3e™ -5¢7" —a+h (4" -5¢™)
4e" +5¢7F 4" +5¢7F
= 3 —5e*=a(4e +5¢ V) + b4 -5¢7)

=ax+bln (4 +5¢ M)+ C
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. Comparing the coefficient of like terms on both sides, we _ let X b =1, then tlna’b’ dx=ds
get _ g :
1 7 = - j 2,3 2
3=4(a+b),—5=5a—5b=>a=-—§,b=§ : 6lna’b’ t
oS X —COS° X cosx; . = __1__ ]nt_J
40. c. j s ———dx= I ————j—smxdx o 6lnab’ \ ¢
1—cos’ x —CoS” X o . _
j —dt j dt, whe e.t 0s = ! (lnet)+k
= == re {=COSX = ——
1-¢ / £12y2 - 6lma’b’\ t /-
. ’ ) _ 1 lnasz3x +k
———j JT cos“(t3’2)+c - 6t a b
41. a. - . In +‘ 2 1y
Alea Pne, 1 d6.0. 1= [x P g o= (01
Il =tand ———5 & =di, weget R oNxTHL
xl(x)l x)...I" (%) E . dt_ x
j ! —jldt—t+C ")+ C dx  x*+1

*2 ()P (x)...I7 (%) - . .
J-cos x —sinx = I= Iln(t+Vt2 —l)dt i

\/cosxsmx » ' : : ' St
Putsmx+cosx—tsothat2smxcosx—t -1 o /
_ o . L= 1n(t+\/t —1)¢- j Liar
SR L N S o=t 1n(t+\/;2_—_1)—— dt
= \/Elog|sinx+cosx+,/sin2x|'+‘c IR ' 2 Vtz 1
o . tin e+ D) -V -1+C

.[ 32 -
(a2 157 =) ' | \/;+—x—ln(x+\ﬁ:;_) x+C

42.b.

43.b. Write I =

and put 2h2 = t+ b, so that (~ 24%/x%) dx = dt | > g=1,b=-1
; (~1/2a%)ar o - 2005
= o ' cosec” x —
I I I 2005 dx
a2 g ] :
= — | dt= +C _ -20 o dx
) .[ pEN = I(cosx) 2005 ¢ osec? xdx—ZOOSJW
_ 1 +C _ = (cos x) 2% (- cot x)
2 (2,2 _p2\/?
a (a /x” —b ) . | ~ f(-2005)(cos )72 (—sin x)(—cot x)dx —2005 | —‘2%5——
i . . cos X
= = +C - ' ___tx ¢
a* (a2 —bzxz) (cosx)2005
44.d. Puttingx’ =1, ‘ | ' ) x)
8 | 48.a. ()= 6}}; ;(c)) .

1 2 24t
I= =& Q+t+2t7)ear
S )

Now I= | 2GE-6fEN D)

2 2 2 6 -_—
= lje’ [t +(e_’ +20%" )]dt 6/ @) -0~ f (x))

: RN ——,f 22— 4 1
je [f(t)+f(t)]dt——e (te )+C , P-f@Y  *- ey
wheret=x* 49.a. Differentiating, we get :
| R A(C)]
Ina® - " na?*b** : = 2(b2 a?) sin x cos x
45.b. I= IXLSaS"’zb” +2a2xb4x}dx=_[_6;£—b3§_dx f)




MGG Ut e e

[ntegrating both sides w.r.t. x

{ 7 ' . - | dx
= L =_p?cos® x — a&® sin* x , _ cos> x 2sinxcosx cos? x
f(x) : cos’ x
1
= @)= 55— B sec dx sec? x(1+tan x)
i = ———pm——"dx
a sm‘ x+b° cos x I I —
- 1 1-2x ' =
© 50.a. Ie"(\/___z_—\/_iﬁ+\/7x A — 5) let¢= «/tanx
! 1+x 1+x%) (+x )_ (1+x°) o _ soc? xdx
: = dt=
1 x ( -1 T ox J 24tanx
=¢* +e* =" + +C .
243
NE Ja+x2y N Ja+x?) o = —j(l+t it
Using [e*(f(x)+f"(x))dx, we get
' s
o - t
=¢e" f(x)+c ‘ : = Jf[t+?]+c
dx /
51.d. Let I= _ . _ '
fem ) TP Y=
, . . _
If =sin p, then——‘— dx=cospd . . .
—J ZSmpcos pdp _
{1 +sinp)sinpoosp 54.d. jxlog(1+—1—)dx
. x
= 2'[(1+sinp) = _[xlog(x+1)dx—-jxlogxdx
: : ' 2 2 2 g2
1-sinp)dp _x X e e[
=2 I(——-S—mzl)—g S lop(x D=3 [T dr = lopx o [ e
cos” p L . : T
— X 1 1 X 1 »
= Z{J-sec2 pdp —J(tanp sec p) dp} ‘ = ‘2_1°g(x+1)*5J‘(x—1f;-;_—l)dx——2—logx+zx
=2 (tanp—secp)+C 2 52 1 2
. = —log(x+1)——logx——| ——x -
T 2(Vx -1) 2 2 2{ 2
=2 - +C= +C 1 1
(1-x) - Ji-x) \ —:—Z-log(x+l)+zx2+C
2 | ’ 2 2
—b) dx x x 1 1
S2.c. Letl= j (ax b) - =—5-10g(x+1)—710gx—510g(x+1)+5x+c
x\/g2 —(ax2 +b) _ _ _ . '

SRR

Hence, f(x)= f——l,g(x)=—llogx and 4=
b b_ , 2 2 2
—— |dx put ax+;—t ‘

=] — b : 55.d. I=
e —-(ax+2) -'-(a-;;)dx:dt- ) I ‘/"_

* Letxz—l—t2 = 2xdx=2tdt
' o+ 2 , t - dt
= I= dt=
= J__L = sin™} (L) +k =sin”! X +C : j(t2+1)2t I-(t2+l)2
2 2 (o4 _C
et —t / , _
- But tan'1t=
h dx t +1
= L ’
cos> x+/sin 2x _ _ t +jt o
o ' . , £+1 7 (2 +)D)
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241-1

dt

= _ +2tan”

2 +1

1 ¢ 1
= e— + —
2241 2

_1 x—
2 x2

- 2t +2Jt(t2

+1)%

Ve—ar

tryC

gi—l]w

56.c. I, 3= [ cos* xsin3xdx

Integrating by parts, we have

cos3xcos*x 4
__————gjcos3xsmxcos3xdx

4,3 3

But sin x cos 3x = —sin 2x + sin 3x cos x, so

I 3=- 3

3

7
Therefore, 514,

cos3xcos’x 4

.cosxcos® x
—  — +— jcos xsin2xdx

4
—.5 Icos4xsin3xdx+C

4 .
‘_13’2_—514’3 +C

+
3
4 " cos3xcos’ x
g LA LW
37372 3

or7ly 3—4I; ,=—cos 3xcos'x+C.

57.b. We have | (

dx

x2 X" '+ 1)(n—1)/n

dx

1 (n—-1)/n’
x2x"! (1 + )
) x

- | dx
xn+l (1+x—n )(n—l)/n
dx dt
Putl +x "=t & —mx " dr=dt=> —== —
x
v J dx _‘_l dt
= ) o NCE nd (aDin
1 1n
1 -1+ -1t
=_1 ngy =——+C
nj't dt n
‘ —_ tl/"'-i'c
58.c. Puttmga +x8=7, we get '
' 3 - 3| -
a t—a|
= I= dt =t+—In +C
‘ J‘t -at 2 lt+d’

59.c. I=-¢ "log(e +l) +J

x

dx

e +1
&
=—e*log(es+ 1)+ J.e”‘ 1
= _elog(e+1)—log(e*+1)+C
—e~*log(e+1)=log(l+e)+x+C
—(e=+Dlog(e+ D+x+C

il

60.b. I= J.xe" cos xdx

= xe* sinx—-j(xex +¢e” ) sin xdx
= xe* sinx—xex(—cosx)—j(xe‘+ex) cos x dx
X D
- Ie sin xdx
= xe*sin x + x & cos.x—_[xe" cos xdx
—Iex(cosx+sinx)dx

= . 2I=xe (sinx+cosx)-e*sinx+d
= 2[=e{(x—1)sinx+xcosx)+d

= I= %e"((x—l)sinx+x¢osx)+d
1
= a= —,b=-1, c-—l
2’
. Put2 +x=1¢2 sothatdx= 2tdtand

= | “772 (2t) dt 2[\7-7 dt .
T -1 +7 Sin_l. (%J +C
Jx+2 5= x +7 sin™ [‘/’j/?}c

I= [ ™% (sinx—secx)dz

= Jsinx e‘a“"dx—jsecx e dx

= ¥ cosx+Jcosx " sec? xdx—_fSecx_eta“"dx

=-cosx e *+C

dx x X x2dx .
=22 - et t=y1+x2
I\/l+x2 J\/l+x2 ) o

1+x

SaRS
1




= %\/1+x2(x2-—2)+C

6.d. I:jsmx'cosx‘ix

sinx+cosx

dx

1 j-(sinx +<,:osx)2 -1
) sin x+ cosx

1 1
—— 1 -  \dx
5 I[Sm X +COs x \/5 ) (x+ﬂ/4)i\

1
os x| ———=1loglcosec(x+m/4
[smx c sx] ;) g| ( )

Nl'—'

—cot(x+m/4)|+C

_ j sin.2x
(3+4cosx)3
and put3 +4cosx= t, so that — 4 sin x dx = dt

_ij(i;i)dt=l(_ 3 1)+c
g 4 . ¢ glr 27

_ 2t -3 _- 8cosx + 3
162 16(3 +4 cos x)

(x 1) | ‘
= [ x+1 dx,lett=1n(x———1)
x+1

dt  x+1 {x+1 (x- 1)} 2
= @ —=

65.b.

+C

dx x-1 (x+1) (x —1)
dx dt

= =
x*-1 2

. . VY
= I= ljtaft=lt2+c=l m(x——l) +C
2 4 4\ \x+l1
67.a. 1= [{e* —1 dx

. : 2
Leté‘—_1=t2=>é‘dx=2tdt=>dx= o

+1
262
= I—Itt +1dt_jt +1dt
2(t +1) 2, Zdt
j 2+l IZdt 241

=2t2tan' ¢+ C

—2e —1- 2m—1J771+c
68b jxsmxsec xdx
' 1

= .[‘x sinx —5— dx
. cos” x

HIULI G g e - - -

_’-xtai]xseczxdx

xj éccx(sec xtan x)dx— j[sec x(secrx tan x)dx]dx + C

2 2 )
sec x Sec” X
-| dx +C

=X
2
=x5602x_tanx+c
2 .
Gl Cahd)
69.a. | o dx
je ¢ —1+2)
(x + 1)?
_J‘ [X—l —2_7}(&
x+l  (x+1)
- .[ " [f(x) +f(x)] dx, wheref(x)= -1
&=

(x + 1)?
1

()
‘x+1
oY L, (e[ dxts
70.a. I= (x+ )e"dx=je" ¥ +oxta dx
xt+4) (x+ 4"
YMEICER) 4
= Je [(x+4)2.+(x +4)2 @
'—J- l: . 2]‘1"
x+4 x+ 4|

R
x+4

3+2c08X

71.a. Let I= _[ > dx . Multiplying N” and D" by

2+3cosx)

cosec? x, we get

3 cosec’ x + 2cot x cosec x)

= I= j(

(2cosec x+3cot x)

_ -3 cosec? x —2cot xcosec x &
' (2cosec x + 3cot %)

1 +C=| 2% |+C
2cosec x +3 cot x 2 +3 cosx
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Multiple Cofrett | = cos™! (I—ZSin2 t)+C

Answers Type ' &

(Putting vsinx =sin t)

1. bed , , ‘ = cos™' (cos2t)+C
I= Jx—-;—cos—icoseczxdx o =2+C .
x“+1 : ' . -
: » ( Vsinx >0 = sin¢ >0=>te(0 —)]
_ J-x2+l+cos2x—lcoseczxdx o : 2
P | ' = 2sin™! (\/sinx)+C :
.2 ' ‘ 4. a,c.  J= |sec? xcosec® xdx
= J‘(l_szn_ x]coseczxalr ‘ ‘[ ,
X+l ‘ J.(sm x+coszx)
) 1 ‘ v co$? xsin* x
=J cosec” x —— dx o
x“+1 J-sm x+cos* x+2sm xcos? X b
" cos® xsin® x
= —cotx—tan  x+C
‘ cos? x
4 T —J sec? x +2cosec? x+2 T |dx
= —cotx +cot x.—_—2-+C sin® x
2 2
= - +
— —cotx+oot- x+C | tanx -2 cotx '[(.:Ot xcosec” xdx
2. b,d. : ' - Sx
’ ' =tanx—2 cotx ot x
» jsin xd (sec x)
| d(secx) : 5. a,¢.809= [x? 1+ x+x?)5(6x" +5x+4) dx
= _[ —dx= J.sinxsecxwrxd)?

o = J‘(x'4 +x° +x5)5(6x° +5x* +4x3) dx
- 2 g o
= J.tan - xdx = I(sec x—vl)dx =tanx-x+C letx6+x5+x4=t=>(6x5+5x4+4x3)dx_=dt

‘= f(x)=tanx, gx) =x gw= [ar= —+C——(x‘f+x5+x6)7+C

3. a,d. _
7
= J-\/(1+smx (1- smx)dl-: ‘ g(0)=0 =x=0 = g(1)=3— alsog(—_l)=%
\/smx (t-sinx) | cot x
I cosx | ) ) | 6- bd. I '[ cosee x+1dx= J,/cosecx
/sm x (1-sinx) ' » put cosec x — 1 = # = — cosec x cot x dx = 2¢dt
cos ' » . j —cotxcosec x 2dt
x . = - _ —
= j = dx : cosec x./cosec x —1 1422
1 1 )
J— = —sinx
4 ( in ) . . =22tan t+c¢= -2tan"' Veosecx—1+C
—dt 1 '
= I_————z (Puttmg E—smx=t) = —2[§—cot_l W]+C
1) 2
(2 = 2cot™ Vcosecx—1+C
| t ) -1 . . i -1 cotx ’
= —sin +C = —sin~ (1-2sinx)+C . = 2cot” ——=etC
(1/ ) 1/cosecx+1
I O +C—£ 7. a,c. Letcosx =1, = cosx=¢=> cos 2x=2¢>— 1 and
cos (1 Zsmx) 2 o dt——smxdx Thus
= cos ! {1-=2si : I3
cos™ (1-2sinx)+C | _J» Jz -4 .
221

27

= cos™! (1—2(@)2)+C '




i

1 |
Ejdt— j2t _1

1 3 1y It—l
= —fm——= X — +C
2 22 2 \/—t+1
=lcosx— 3 log «/Ecosx—l +C
2 4\/5 ' \/Ecosx+1'
x/—cosx 1
S P=1/2,0= —_—
© 0= \/— S = J2 cosx +1
\/—Z_cosx+1
=1/2,
or Qo= J— f( x)= \/Ecosx—l |
8. a,d. -
2x C ' D

(x—l)(x—4)=;jl+x—4

2x=C(x—-4)+D(x—-1)
C=-2/3,D=8/3

! (=23 83\ 4
I(x—l)(x-:x)zxabc_je [xl x-—4)dx

—2—F(x D+ e F(x— 4)+C

» A=—2/3,B=8/3e3
9. a,cd
jx e P dx = e ¥ (ax +bx+c)+d
Differentiating both sides, we get
e T= e'z"(2ax+b)+(ax2+bx+c)(—2e 2")
=e¢ > (-2ax* +2(a— b)x+b—2c)

= a=1,2(a-b)=0,b—2c=0
= b= 1,c=l
C2
10. a,c,d.
+
Let j(x D
) (x 6 +1)

dx.

_ I (o +1)° =2x°
2+ -2 +1)

(x +1)dx
—j -x +1) J.(x +1)

! ((x ) iy @

X

In the first integral, putx — —=¢
X

(1+-—15)dx= dt
X

and in the second integral put C=u

o=
3

then I j1+tt _—J-l+u

-1

e 2
= tan t—gtan u+C

= tan™’ (x,—.—l—)—ztan“l(x3)+c
x) 3

Here, f (x) = xé 1 and g(x)= x
Both the functlons are one- -one.

) Also f (x) 1+ —1— ¢0 Hence f(x)is monotomc

1. L
Also If j—Txdx'=_ (—lf——lj)dx

11 a,bc

J-x —x+1 Fdx
( +1)3/2

. : x“+1 x : '
= || e dx -
, J {(x2 +D7? (& +1)3’2}

gl

- [ 17+ /e, where ()=

W} —

X

=ef(x)+c= +c

% +1

The graph of f(x) is given in Fig. 7.1.
—— — —— X

-3 =2 - 10 1 3

N

. Fig. 7.1
From the graph £ (x) is even, bounded function and has the
Tange (0, 1]

12. a,¢.’

cost2xsin2xdx 1 ¢ . 1
J‘———_———.———= - J‘.sm4x dx=— —cos4x+B
cos 2x - 2 v 8
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13.

a,d. :
J’sin_1 x cos ! xdx = Jl:zrz— sin_lr x— ('sin"1 x)z]dx

= %(Jcsin'lx-h[l—x2 ) - (x(éin_l x)2+sin_1x\'1—x2 —x)

+C
(integrating by parts)

=sin' x [%x—xsin‘lx-d 1-x? ]+§\/1—x2 +2x+C

14.

Reasoning Type

1.a.

2.d.

o f ) =sin" ' x, f(x) ='sinx
a,b,c,d.

(x8 +4 +4x4) - 4x*
‘[ x*—2x? 42

_ (x* +2)2 - (2x2)2 N
J (¢ -22* +2)
(¢* +2 —2x?) (x* +2+ 2x?)

% I (x4 -2x? + 2)‘

dx

5o

.=x—+———+2x+C
5 3

'Je"sinxdx.
Lp ., . .
= —Z—Ie (sin x + cos x + sin x —cos x)dx

= l(J'e"(sinx+cosx)dx——je"(cosx—sink)dx)

N

MI'—-

(e sinx—e COSJC)+

N —

= —e’;(sinx—cosx)+c

For x> +2(a~1)x+a+5 =0
ifD<0=>4(a—1)*-4(a+5)<0
=a*-3a-4<0or(a—4)a+1)<0or-1<a<4

Thus for these value of g, X* +2(a—1)x +a+5 cannot be
factorized, hence '

= Atan~|g(0)| +¢
% +2a-Dx+a+5 e

Hence, statement 1 is false and statement 2 is true.

cannot be evaluated as there does not exist any

3.b. jsmj‘ix

method for evaluating this (integration by parts also does

sinx - . . .
not work); however, —— (x > 0) is a differentiable -
: Soox

function. Hence, both the statements are true but
statement 2 is not a correct explanation of statement 1.

”wrx i

it e
2 )

Thus, both the statements are true but statement 2 is nota
correct explanation of statement 1.
5.b. f(x)=msinwx+2x-4

4.b.

=glx)= _[(nsinnx+2x—4)dx = —COSTTX +x2 —dx+¢
Alsofil)=3=1+1-4+c=3=¢=0 -

= g(x)= —cosmx+x> —4x

AA
VANVARVIAN

24

-3 -

. Fig.7.2

Hence, both the statements are true but statement 2 is not
a correct explanation of statement 1.

= J'{f (x) ¢'®) - f"(x) 9(x)}

{log ¢ (v) ~log f()} dx

ore
= flog ¢(){ ¢(x)} {lgqb(x)}
Tre 1F e 21 @

Linked
Comprehension Type

For Problems 1-3
1.d.,2.b.,3.a.

" Sol. From the givén data, we can conclude that % =0,

atx=1,2,3.
Hence, f'(x)=a(x—1)(x-2)(x-3), a>0

£ ARBL SRRSO Re TS

For

Si




= fo= fa’-6x Flix- 6)dx

1l

a-J'(Jc3 —6x% +11x—6)dx

x*  1ix 2
al ——2x N Wlabdi —6x +C
4 2

Alsof(0)=1=c=1

I

4 2 '
= f(x)= a(%—2x3+1—12{——6x]+1 )y

)= a(;%)+1,f(2)=;2a+1,

6= a(-%)ﬂ o

= The graph is symmetrical about line x =2 and the

range is [f(1), ) or [£(3), )-
Ld. f(1)¥—8= a=4 (from (2))

Q)=-7

2.b. f (3) = _8. Hence the range is [— ,)
3.a. If f(2)=0,thena=1/2"

If £(1)=0, then a=4/9

= For fourroots of f(x)= 0,ac [4/9,1/2]

. ]
N\ N
—4
Fig.7.3
For Problems 4—6
. 4.a.,5.b.,6.c. . .
2 22| 253 225
Sol. A= * .x = A= |, 4=
lxox 2% 2x° 21 225
‘and so on : ‘ '
2 3
Thenet=I+A4+ LA s
S92 3t _
2axr 225 2x? 225°
x4+t xt——+——+
_ 2! 31 ~21 3!
2xr 2% o 2%
x+=—+ goee lbx+—+——+
2! 3! 2! 3!

Plnisrpracs - con

5.b.

6.c.

_1]e +l e -1
2le ¥ +1

= f(x)—e +1andg(x)=e2"‘—1

j2‘+‘1 —je +e*
j(g(x)+1)smxdx

dx =log|¢*—e™|+C

_ ='Je2x sin xdx

e2x
5

&* +1
£ T
j\/ e -1

(2sinx—cosx).

J' e2x dx ‘[ 1 dx
= +
o1 e

J e2x ” J_ & "
= ; L " +sec () +C. -
e -

For Problems 7-9

7.d,8.b,9.a

Sol.

7.d. Here a = 1 > 0; therefore we make the substitution

\/ x2 + 2x + 2 =t—x. Squaring both sides of this equality
and reducing the similar terms, we get '
e .
2 —di= 4+ 2t +22
2(1+9) 2+

2 2
t° =2 t“+4+ 4
1+\/2+2 +2 =1+t~ = .
X AZE LTIy 23+ 0)

Substituting into the integral, we get
o j'z A+ @ +2+2) e J(t2 +26 + 2) dt

v arn20+ 0 A+ 0@+ 2%
Now let us expand the obtained proper rational fraction
into partial fractions: '

W+ =1>-2= x=

£+2+2 A B D
=717 tem e
E+)@E+2)y t+1 t+2 (t+2)
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i c. Add and subtract 2x% in the numerator, thenk=1 and m = 1.
8.b. I= _[ ———— & ,
2
+ 2 —x+1 d I= [———
* o j S5+4cosx
Since here ¢ = 1 > 0, we can apply the second Euler _ -
substitution: - J_ . dx
[x? —x+1=m-1 S(Sin2 §+cos2 §)+ 4(0052 ;—sinz %)
2t -1 ) ' :
=Qt-D)x=(@*-1)xx= : : .
-1 : . 2 X
dx ) s€C E .
Substituting into 7, we get an integral of a rational fraction: = J - o I dx
» 9cos® = +sin® = 9+tan’ >
J~ dx 262 + 2t -2 2 2 2
x+\/x - x +1 tE-DeE+n* o
. - Lett=tan= = 2dt= sec’ —dx
N 212 4+ 2¢=2 A B D _E _
ow ————————_-=—: 5
- - ! 2dt 2
t@-D@e+D ¢ -1 @+ t+1- - =j 2=—tan“‘(£)+c
9.a. Inthiscase,a<0andc<0; therefore neither the first nor : 9+t 3 3
the second Euler substitution is applicable. But the - ’ - _
quadratic 7x— 10 —x* has real roots &t=2, =5; therefore ‘ - anl =)
we use the third Euler substitution: ' =2 4 a5
J7x—1o—x2 =Jx - 2) G—x=(x-2)t '
= 5-x=(x-2) | o k=2 =l
5+ 2t 33 .
= = 2. a.—>r, b.os, ¢e—>q, dop.

241

X
Matrix-Match Type §

1. a.—)p,q, b.—>rs, c.—p., d.—p,q..

2x
e’ —1
a. —dx
Ier +1

. ) ) _Je —e
a, Letl= dx = —=dt e +e*
J 1-4* 10%21\]142
Putting 2* = £, 2% log 2 dx =dt - _ fe_ﬂdx
] ; 1 : ' : e +e
= int'| - = in"'(2* : P
I log2 om (Jfrc og2m @) +C =log(e"+&™)
=log(e® +1)-x+C
x= 1 :
log2 ' h1=j—-—— —j
& (e +e) (2" )
iy -
Wl +(Jx) Pute®+1= £ =5 26% dx= dt, we get
Wx)' |1+ .
\/—) sl=ifta=—2lic=- 1 ¢
Put —oy =y, Yoo 2 258t (e +1)+ '
Wxy a2y | -
- ere”
- e I- [S—dr—| dx
1+¢* e +1
_ [ 2dy _ 2 _2 41
—J‘5(1+y) "‘Eln‘“”"’c' 5111 + 1 Pute *+1=t=—e*de=dt
= 1=—j——( )dt=j1—1 dt
2 5 t t
= a==,k=—
5 2

=logt—t+C




[N

Indefinite Integration 7.55

=log(e*+ ) —(e*+D+C
=log(e+1)-x~e —1+C
=log(e&+1)—x—e*+C ’

A T
~x , f(—)———+C = C=0
dl=j——1—dx=jfe——dx 2) 22

o S =x()"5 flmy=n(m)’ =

o fo)= J(F@) +xF'(x) =xF@)+C
fo)=x-x"5+C

cos x(cosx + 2) +sin®x

: : 2.(4) g)= dx
= I=—j '\ _ J- (cosx +2)°
2 : .
t“ -1
—Ico I sin? x
=—log \:t+ t* —1]+C cosx+2) cosx+2
: I
=-log [e""'+ \/e'zx —1] +C : §
: B 1. sinx— sin? x dx+J sin® x .dx
SJ1-e¥ : " cosk+2 c + 2)2
— _log {_1__’_ Jl-e }+C k42 (cosx+2) (cos x +2)
e e . .
' : ) - sinx +C
sogl)=
=—log[1+\/1—e ]+loge"+C - . cosx +2
7 . g0)=0 = C=0
=x- log[lhh —é ]+C ’ 1
E @)= cosx +2 =& 2 =5
3. a.—=p, L b.—p,q.% C.Pp, QNS ' " |
. j x* —x+1 xtoxAl o J-[ .B C }dx | 3.Q) k(?)=_[( +3x+6)”3 _
—4x% +4x x x- 2 (x-2)? | putx3+3x+6_—_t3 - 3(x2+1)dx=.3t2dt
_ 5 - ) ‘
X -1 B C D ] tdt t
b |——Sd&= t—t—3 dx. k(x —-———+C
j_x(x ~2)° j[x 32 -2 <=2 ==
3 (. k(x)“—(x +3x+6)"7 +
j_ﬂl—z—dx = L—x—ﬂ?—l]ﬂ}dx
x(x-2) T\x(-2) K-1)= —(2)2’3+c = C=0
(3 +1-x(x -2) — 23, 213
- || R k(x)——(x 34675 1D ( )
i x(x-2)" 1
_ 5[( 2)]
= j ﬁi—+—B—+ ¢ +1|dx 2 5 .
x x—2 (x—2)2 : 4.4 J.x e Fdx = "‘(ax2+bx+c)+d '
' leferentlatmg both sides, we get
J. x +1 J. ek 2E) g(x) dx‘ , 2 _eZI(Zax+b)+(ax2+bx+c)(—26 )
x(x — 2) Jc(x—2)3 ’ ‘ = (2a+2a- b);c+b 2).
where k is constant # 0 and g () is a polynomial of degree = a='—%,2(a—b)=0,b-_2c=0
~ less than 4. ' ,
. 1 1 1
Py = a='-——,,b=——,c=——
Integer Type [ : 2 2 4
' . | 3x2 41 -
L) fx)= Ixsmx(l+xcosx-mx+smx)dx 5.9 f)= I(thl_)gdx
1fF(x) smx esinxlnx . ] _(x _1) 4x2
| - [y J

RV
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o b‘—l - 4x V
= - dx
J-|i(x2 _1)2 +x (xz _1)3]

' dx 4xdx 4x .
="I(x2—1)2+xj(x;—) J[()I ; dx)dx

-1

X

"o
f0)=0 = C=0

= fx)=-

X
(? -1y
Now f(2)7 -2

9

6.(0) fog(x)=Ve* —
1= [ ~1ax

t 'x S
= t2+1dt {where \Je* -1 =1} '
=2¢-2tan't+C
=2Je* —1 —2 tan™ (,‘/exﬂ__1)+c

=2 fog(x)—2 tan™ (fog(x)) + C
" A+B=2+(-2)=0

7.(3) ‘—‘iix—'(Aln'lcosx+sinx—2|+Bx+C)

cosx—sinx
. cosx+sinx—2

_Acosx — Asinx + Bcosx + Bsinx—2B

: cosx +sinx—2
. 2=A+B,-1=-4+B,A=-2B
. A=3/2,B= 1/2 A=-1
= A+B+|/l|

' 8.0) j[(g) +(§) ]mm

(1+lnx—1ne)dx=% dt
. (lne+1nx—1ne)d£=%dt

< (Inx)dc= % dt

orf_;Aj(H;)}dt:‘ Jra[a

=t—1+C'
t

o (2] e

Archives

Sub]ectlve

Slnx
1. I= j dx
sin x —cos x

j ZSmx

sin x — oS x

1 J-si_nx+ cos x +sin x — cOSx
2 sin x — cosx

cos x + sin x
Py Idx
Sm x — CoS X

Il

=1 10g|sinx—cosx|+ % +C

[\

2 1= |2 &
) (a + bx)*

Letat+bx=t=>x= (t ;a)

It —2at+a‘ s

1 2
—3 t—2alog|t|—-— +C

1 ' a
7 a+bx 2alog|a+bx|- +C
a+bx

= R/sinz hud + cos? X + 2 sin ad cos f'dx-.
4 4 4 4

= ij(sin d + cosf) dx
4. 4




_ i[—cos x/4 L §in x/4] s

1/4 1/4

=44 sm——cos—]+C
4 4

2
_ b
I j ,__l_xdx

Letl—x=t>=dx=-2tdt
-7y
= [2—"2 (—2par
[F—=¢29

=-2 [ -2 + Dt

5 .
=2 ’——2L+t +c
5 3

=_2- (1-x)5/2 _ 2(1_x)3/2
. 5 3

. j(ehg" + sin x) cos x dx

= j(x+ sin x) cos x dx

=_jx coS X '+-§- j'sianc_lx

. [Usinge

+JT—_x]+C

logx

=xsinx— Isi_nxdx + -12— (——E(-)S—Jﬁ) +C-

2

. 1
=xsinx+cosx— Z cos2x+C

J-(x—l)e
(x+1)
J'(x+l—2)e &
(x+1)
=J'- 1 ___2 e'xdx
[ +1)? x+D ]
1 1
= * dx
J.L(x+l)2 +((x+1)2) ¢
= ex
(x'+1)2
dx
6. Let | : T
? x.x (l.+ x_4)

B

=x]‘

Put1+i——t=>—dx dt::»E _a&
x* x x 4
J' 1 -3/4+1
I =— +C
: 3/4 —
_ 4t 4 —3+1
4
' i 1/4
~—t"4+C=—(_1+—4) +C
X

1-+/x
7. I= dx
I 1+x

Put x = cos” § = dx =—2 cos Osin 846

I= —J. cos 0 2 sin @ cos 840
1+ cos 9
sin@/2 . \
= 2-2sin 6/2 cos 6/2 cos 6.d0

cos 6/2
=_2I(1 —cos 8) cos 6406

=~Zj(cos 0—cos? 6)do

=_2!(0036_M_)d0 .
2 -

'=—'2[sin0—l(9+sin20)]+c

.2 2 -

=-21-x +%[cos“'\/;+'\/;,/1—x]+c
[usmgsmG J1-x]

=-2 1—x+cos‘\/y—c+\/—,/1—x+C

sml x—-cosIJ_

-~ Letl= '[sm'1 x + cos IJ_dx
We know that
sin? Vx +cos'_1 Jx =m2 | ¢)]
Also cos™ x =m/2—sin” x @

Using equations (1) and (2), we get

sin! x ~(mr2-sin™ \/E)dx

= I " 7;/2r

= Ej(zsin-l" ¥ —nl2)dx
T . ’

- % “'sin;l \/;d%—jldx‘

Let x = sin” 0= dx =2 sin 6cos 0d 0
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9.1

-4 [ sin (sin 6) 2 sin O cos 0d6-x+C
T

= i jesmz'ede—x+c

900520 cosze

_ i
IE -
[Integrating by parts]

900329 stB]
4
4

2 -x+C
n -

=Zx—n[—28m'~/—(1 2x)+2J_,/1— ]

=x+C
= z[ x - x* — (1 —2x)sin™ J;]—x+C
/4 , 7
A 2
_ I‘/,(‘:?S x dx
sin x

_ J\/coszx. —sinx 0
sin x
= _Hcotzx -1 dx

Putcot? x— 1=y
=>cot2x—1+y
=- 2cotxcosec xdx = 2ydy -

= dx= Yy
' J1+32 @+ %)
| y X ydy
= I=- : -
jJHyz @+
. &
=— dy+2
j\/ +1 J(y2+-2)_\/?+1
=—log|y+ ¥ +1]+2], )
d ' :
where [, = j " 24 =
& +2) \[y +1
1 . dt
. Put =- =dy= -5
Ul y p Yy - t2
dt
=

I

T

Nowlet# +1=2

lx d 9]—x+C.
2

= tdt=zdz

=

._ I(1+ 2z2-1)) z

= I=-log|y+ ¥’ +1]- L og
wherecotzx 1+y

10. J.(,/ nx +.cot x) dx

J’SlIlX‘l‘COSx

sinxcos x

_ ‘\/EJ‘SIDX+COSde

Vsin2x

=‘/§I sinx+cosx ‘dx‘

\/1—(si_nx—cosx)2

\12y2 +2+y

_J—I

Jl—t—

2sin” t+C
= 2'sin_1(Sinx—-posx)‘+C

- I[IN‘ «/(‘IIJ{)]

I+ 1n(1+-§/§)

1
LetI=:[3/;+§/; ) J%/;+J; -

i A

\/222+2;y .

+ C,

0]




12.

I«/§+~/—

Letx= y so thata’x— 12yll dy

_ j% dy=

=12 'j(y7;y6 +y° -y +y> =y +y—1+——1-—) dy
-y +1

6 5 4 2
12 ¥y PN A A
g 76 5 4 3

+——2—-—y+10g|y+1|]

+C

12
12 om 1/3

_2pen

+ 3x
3

+ 252 12 sm
5

— a6 - 1262+ 1210g |24 114G @)

1n(1+x”6
“j 1/3

Letx 2° 5o that dx = 6zsdz
‘ J-ln(1+z)

Z+Z

= 6z° dz

J-6z In (z +1)
. z+1
Putz+1=t==>dz=dt

' _1\3
=, 12=J.§_(L__;1)_—E£ dt

=6j(t2 -3t+3—1)1ntdt
Ji ;)]

_ 2 _ !
—6[I(t 3t +3) Int dt Itlntdt]

3 2 3 a2 2
6| -3t |ine- | L3y |le B0
3 2 \3 2 t 2

)

Thus, we get the value of Jon substituting the values of I i

and I, from equations (2) and (3) in equation (1).

Let fcos26 m(°°s 9 +S'm0')-d9

cos@ —sin@-

= mtw)‘[ c0s20 dO
cos@ —sin0

~ J- (sin 26)(cos6—sinb) 2
2(sin6 +cos6)  (cosH —sin 0)*

_sin20_fcos +sin6 _I
2 cos@ —sinG

J (sin 20)
(sin® +cosG) (—sin@ +cos)

- .
= [= 9 46 =Linisec 26]
cos20 2
o I=sin20ln |0 *cosO 1y 1sec29)+C
Ncos@ —sin@ 2 .
' +1 )
13, 1= [0
x(1+xe) : : S
_J- e (x+1)
xe (1+xe)

- Pu¢1+xe‘=t=>(xe*+e*)dx%dt

=—log| 1—t|+logl - % +C |

£ ] 1
—log |-~ +cC
A

1+xe"|_ 1 _ic
—xe"l 1+ xe*

. ( . X -
~log l+§e - 1 +C
\ xe® ) 1+ xe

14, Putx=cos 9=>dx——200s9sm0d0

=) (-

2
qosG:mGdG)dx
cos” @




7.60 Calculus

_4I1—cos9d9

cos 6
=—4[(seco-1)dp
=—4[log|sec 8+tan 8|- 01+ C

,fl—x cos™!
=411 _ C
4 Log \/;+ '\/.; \/— +
=—4|log T+yi-x — cos™! \/;jl.;.cv
L J; ' .
J- X +3x+2
X+ (x+1)

_ j-x(xz +)+2(x+ 1)
D e+

I SR SRS Ny S
I(x2+1)(x+1) * j(x2+1)2

x+1 oY 2 .
= - — &
_ I(z(xz +1) 2(x+1)]dx+j(x2+l)2

%log|x2+1|——log|x+l|+ tan'x+21
\ ; ' s a2
whereI=-J.-(xz—+l)—2. Putx—tanﬂﬂdx—se;c 640

_Iseczea'e
= T van? 6y
=J-cos_20d0
=Ilfcos29d9
=l(6+sm29)+c
2
-1p 229 lic
2 1+tan” @
1, o, 1 :
=2 tan'x+ = +C
2 T I 2
thegivenintégral
| 1
%log|x2+1[——log|x+1|+2tan-
+tan! x + x2+c
1+x
2 . x
~ L yogl E ) 2t — 4
4 Tl(x+D*| 2 1+x .

2x+2

N .
T ————dx
“’4;\:2 +8x +13- .

2x+2 &
\/(Zx +2)* +3?
[put 2x+2=3tan 0= 2 dx =3 sec? 0dg)

= [sin1 [ 22229 —seczede
- 3secH

je seé 640

N W

I
N W

{Otan 6 - J’tan 046}

[SIEM)

{ftan 6—log|sec 8} +C

) 2
g{zx+2tan (2x+2) log[ 1+(2x+2] D“LC
2] 3 3 -\ 3,
=% {%(x+l)ta.n'i (x+1))—1og,/4x2+8x+13} +C
I(x”' +x°"
J‘ x
_J'( 3m-1

Let2x3”'+3x2”'+6x’"—t=>dt 6m(x*™ ‘+x2'" 1+;{"")abc

I

Y

il

g )(2x2"' 32" +6) "
](x)( 2m | 3ym +6) dx dx

x4 )(Zx +3x2"' +6x™ )/m dx-

i1
= I= tl/m =—_— +
= J 6m 6m1 . ¢
m ° .
L +3x2"'+6x’")(m+l)'/m+C
6(m+1)
Objective
Fill in the blanks
4" + 67>
1. Wehave [———— d Ax+B1n(9e2‘ 4H+C
9¢* —4e™

Differentiating both sides w.r.t. x, we get

4¢" + 6 *

18B&
. - |
O9¢* —4e™*

+
9¢* — 4e™*




45 + 66 _(94+18 B)e" —4de™
9¢* — 4e7* 9¢* —4e”
—=94+18B=4;,—-44=6
s A=_3/2,B= (4 + 2) 1.3

- 2 )18 . 36

C can have any real value.

=1

Multiple choice questions with one correct answer
1.c. Let

cos” +cos”. X
dx

1%j

2 4
: cos” x+Cos Xx) COS X
_ J‘( ) &

sin? x + sin? x

sin® x (1 + sin® x)

_ Tl — sin? x + (1 — sin? x)?
=J-[ sin“ x + (1 —sin x)]cos_xdx

sin? x (1 + sin® x)

_"-(2—3sin2x+sin4 X) cos x

.2 ) dx
- sin® x (1 + sin” x)

Putsinx=t=>cosxdx_=dt

I j-2—3t2 +t

dt
Lt

= .

st

2.d.

Indefinite integration

2 6
=|{1+=- dt
I( ' t2+1)

=f— % —6tan? () +C

=sinx—2 (sinx)"' - 6 tan” (sinx) + C

‘ x° -1
I= dx
2 J2xt 2x% +1
4_4
4 2_.14__“1_
x 7 xt
1 4 4
=Put2- —+—=t = |~~~ —< dx=dt
P (x3 xs)
1cdt 20t
_—]l===—4+C
=>I—‘4j P 4
2 1
2——+—
T4
V2R L.
2 .
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